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1.  Introduction

In Monte Carlo simulations of electron transport in low 
temperature plasmas, it is commonly assumed that the elastic 
momentum transfer cross section  and the total cross sec-
tions for the inelastic scattering processes and for ionization 
provide sufficient information about electron interactions with 
the neutral background gas. The approach to forward scat-
tering with increasing energy in electron-neutral collisions 
is usually not taken into account although some authors have 
done so by using simplified models for the angular scattering 
based on classical theory using a screened Coulomb poten-
tial or purely empirical formulae (see, for example, Boeuf 
& Marode [1]; Kushner [2]; Surendra et al [3]; Belenguer & 
Pitchford [4]). The absence of detailed knowledge about the 

differential scattering cross sections (DCS) for electron-neu-
tral collisions generally precludes more precise calculations.

Previous work suggests that the additional information 
about the DCS’s is not very important in electron swarm con-
ditions (low degree of excitation and ionization, uniform field 
[5]) except for high values of reduced electric field strength, 
E/N, the ratio of the electric field strength to the neutral den-
sity or when high precision is required. See for example, 
discussions in Haddad et  al [6]; Phelps and Pitchford [7]; 
Thomas & Thomas [8]; Reid [9]; Kunhardt & Tseng [10], 
Stojanovic and Petrovic [11]; among others. The conclusion 
from this literature is that the elastic momentum transfer cross 
section and total cross sections for excitation and ionization 
provide sufficient information for calculations of reasonably 
accurate swarm parameters up to E/N values of some 1000 Td. 
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Note that assumptions related to the exact treatment of ioniz
ation processes are also important at high values of E/N. For 
example, assumptions related to growth renormalization [12, 
p 724, 725, 729] and energy sharing in ionization can impact 
the swarm parameters significantly [7, 13]. In this work we are 
mainly interested in effects of anisotropy on parameters that 
are more sensitive to the shape of the DCS at small scattering 
angles. For that purpose a special test case is developed where 
the impact on the range and straggling of an electron beam is 
considered.

Recently Zatsarinny and Bartschat (ZB) calculated the 
DCS’s for elastic and a number of inelastic processes in argon 
for electron energies ranging from threshold to 200 eV [14]. 
These results are available through the LXCat website [15]. 
These calculated cross sections  are in excellent agreement 
with recent high-precision measurements (Allan et  al [16]) 
Thus, these calculations provide an opportunity to benchmark 
assumptions commonly made about the influence of aniso-
tropic scattering in Monte Carlo simulations in conditions 
where the electron energy distribution function is not in equi-
librium with the local value of E/N. The work presented in this 
paper is a step towards this objective.

In section 2 of the following, several models for angular 
scattering are described, and the extent to which these models 
accurately represent the approach to forward scattering with 
increasing incident electron energy is evaluated by comparing 
with the DCS’s from Zatsarinny and Bartschat for elastic 
scattering and for excitation of the upper resonance level, 
4s′[1/2]1, with a threshold at 11.828 eV. The DCS for this pro-
cess is representative of most of the other allowed transitions. 
In section 3, we present results using the different models for 
anisotropy in Monte Carlo simulations of range, straggling 
and backscatter of electrons injected from a surface with a 
given energy into a background gas. In section 4, conclusions 
and a discussion about the relevance of this work to more gen-
eral discharge situations are presented.

2.  Differential scattering cross sections

The total cross section, Qt( )ε , is defined by integrating the 
DCS over all scattering directions Ω. By assuming azimuthal 
symmetry the scattering directions can be calculated from 
d 2 sin dπ χ χΩ = . The relation between the cross section and 

the DCS, d ,

d

( )σ χ
Ω
ε , is then given by

Q 2
d ,

d
sin d ,t( ) ( )

∫π
σ χ

χ χ=
Ω

ε
ε

� (1)

with ε the energy and χ the angle between the velocity vec-
tors of the incident particle before and after the collision. The 
angular distribution, I ,( )χε , can be obtained by normalizing 
the DCS with the total cross section

I
Q

Q I,
1 d ,

d

d ,

d
, .

t
t( )

( )
( ) ↔ ( ) ( ) ( )χ
σ χ σ χ

χ=
Ω Ω

=ε
ε

ε ε
ε ε

� (2)

A consequence of this definition is that the angular distribu-
tion has the property

I2 , sin d 1.( )∫π χ χ χ =ε� (3)

Equation (2) is a convenient formulation for our purposes 
because the shape of the cross section can be changed while 
keeping the total cross section, Qt, constant. This is an 
important consideration when comparing results using dif-
ferent scattering models for the inelastic cross sections. For 
elastic collisions the constant quantity should be the elastic 
momentum transfer cross section so as to maintain the same 
momentum and energy loss in elastic scattering. This is easily 
accomplished in Monte Carlo simulations by setting the total 
elastic cross section equal to the momentum transfer cross sec-
tion and thereafter assuming isotropic elastic scattering. The 
momentum transfer cross section Qm can be calculated from

Q Q I2 , 1 cos sin d .m t( ) ( ) ( )( )∫π χ χ χ χ= −ε ε ε� (4)

Three types of analytical models for the angular distribu-
tion I ,( )χε  will now be discussed. The first is derived from 
classical theory screened Coulomb scattering, and the second 
is from the Born approximation for inelastic scattering. These 
are all dependent on a single parameter. Thirdly, purely 
empirical formulae have also been proposed to describe the 
approach to forward scattering and these will also be briefly 
discussed.

In all cases, for numerical convenience in Monte Carlo 
simulations these analytical models are kept simple. In that 
case it is possible to obtain an analytical expression for the 
scattering angle in terms of a random number R by inverting

R
I

I

2 , sin d

2 , sin d
.0

0

( )

( )
∫

∫

π χ χ χ

π χ χ χ
=

′ ′ ′
χ

π

ε

ε
� (5)

The denominator in this expression is equal to one.

2.1.  Elastic screened Coulomb scattering

Expressions for the angular distribution for elastic scattering 
have been derived for screened Coulomb scattering and pre-
sented previously in the low temperature plasma literature as 
discussed in [4, 17, 18].

Belenguer & Pitchford [4] based their work on the 
screened Rutherford formula for differential scattering cross 
section given by Strickland et al [19] who express the angular 
distribution as,

I ,
1

2 1 cos
,

2
( ) ( )

( )
χ

η η
π η χ

=
+

+ −
ε� (6)

where η is the Coulomb screening parameter. According to 
Mott, the screening parameter can be calculated theoretically 
as [20, p 463]3

3 Mott uses ( )/ /η α= = =π π
ε

Z s Z s0.565 0.565e

hv

e m

h
2 1 3 2

2
2 2 3 2 2 e

2 2 4

2  with s dimen-

sionless. Note that a factor 
( )πε

1

4 0
2 is required to convert to SI units. Mott uses 

s  =  0.66 to get agreement with the high energy limit of the Thomas-Fermi 
function. Additionally Mott mentions that in order to get agreement with the 
DCS from Hartree-Fock calculations for Z  >  10 the values cover the interval 
between ⩽ ⩽s0.46 0.68.
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Z1.89 eV
,

2 3    /
η =

ε
� (7)

with Z the atomic number of the colliding particle and ε the 
energy. Strickland et al refer to Jacob [21] for the screening 
parameter, who gives an expression similar to equation (7) but 
with a prefactor of 10.9. The differences in the prefactor are 
not critical for the discussion here. Let us simply point out that 
several previous works have used the larger prefactor ([22,  
p 70] [23, p 34] [24, p 610]). Note that a higher prefactor 
causes the DCS to change from an isotropic to a forward 
directed distribution at a much higher energy.

The ratio of elastic momentum transfer to total elastic cross 
section, Q Qm t/ , from the data compiled by Hayashi [25] in 
argon for energies up to 10 keV is not consistent with screened 
Coulomb scattering with a screening parameter depending on 
1/ε . In an attempt to improve the accuracy of the angular dis-
tribution in equation (6), Belenguer and Pitchford let η be a fit-
ting function determined by matching to the Hayashi data for 
Q Qm t/ . Although there is no reason to suppose that an angular 
distribution yielding a good representation of Q Qm t/  will also 
represent well the forward peak. Nevertheless, we use this 
ratio to fix η because these data are sometimes available for 
elastic scattering of electrons and atoms or simple molecules 
whereas there are very few other data related to the angular 
distributions.

A similar approach was taken by Okhrimovskyy et al [17] 
who proposed a generalized expression for the angular distri-
bution for screened Coulomb scattering:

I ,
1

4

1

1 cos
,

2

2
( ) ( )

( ( ) )
χ

π
ξ

ξ χ
=

−
−

ε
ε

ε
� (8)

where ( )ξ ε  is a fitting function. Equation  (8) reduces to the 
angular distribution for conventional screened Coulomb scat-
tering when [17, 18]

E

E

4

1 4
,H

H

/
/

ξ =
+
ε
ε

� (9)

with EH representing one Hartree. Equations (6) and (8) are 
identical for 1 2 1/( )ξ η= +  and so the screening length in 
equation (6) can be formally identified as

E

8

3.4 eVH  
η = ≈

ε ε
� (10)

This expression differs again from equation  (7) in the 
prefactor but also by the lack of dependence on Z. Note that 
this relation is purely formal because η can no longer be 
identified with the physical concept of a screening length for 
the Coulomb potential. We will henceforth not use the term 
screening length, but will retain the symbol η and allow it to 
depend more generally on energy. As mentioned above, an 
alternate approach for estimating the energy dependence of 
the angular distribution is to choose η or ξ so that the ratio 
Q Qm t/  is well represented by equation  (6) or (8), respec-
tively. However, in order to use this method, both Qm and 
Qt must be known. The ratio can be calculated analytically 
from

Q

Q
2 1 ln 1

1
2 ,m

t( )
( )

⎛
⎝
⎜

⎞
⎠
⎟η η
η

η= + + −
ε

� (11)

where 1η−∞< <−  for 1Q

Q
m

t( )
>

ε
 and 0 η< <∞ for 1Q

Q
m

t( )
<

ε
.

Okhrimovskyy et al provide estimates of ( )ξ ε  (and hence η)  
for Ar, N2 and CH4 based on the data compiled by Hayashi 
for the ratio Q Qm t/ . As noted by Okhrimovskyy, a form for the 
angular dependence based on a screened Coulomb potential is 
not expected to be valid for polar molecules or other systems 
without spherical symmetry. Note, too, that many people use 
the formula for the scattering angle derived by Okhrimovskyy 
from the theory of screened Coulomb scattering for both elastic 
and inelastic scattering whereas inelastic scattering tends to 
be more peaked in the forward direction for a given energy 
(see for example, [20, p 483] or the data from Zatsarinny and 
Bartschat on LXCat [15]).

Scattering angles can be related to a random number via

R

R
cos

1 1 2

1
.

( )
χ

η η
η

=
+ − +
+ −� (12)

2.2.  Inelastic scattering

An expression for the angular distribution of inelastic scat-
tering can be derived from Mott et al [20] and Massey et al 
[26]. Interestingly this formula appears to be identical to an 
empirical formula suggested by Surendra. Surendra [3] used 
this formula for the elastic and inelastic scattering cross sec-
tion of electrons and atoms. Surendra’s expression is given by

I ,
eV

4 1 eV sin ln 1 eV
,

2
2( )

( ) /

/ ( / )⎡
⎣

⎤
⎦

χ
π

=
+ +χ

ε
ε

ε ε� (13)

with eV used to obtain a dimensionless expression. 
Okhrimovskyy [17] and Khrabrov [18] note that this expres-
sion does not reduce to the correct limit for screened Coulomb 
interactions at high energies. Additionally Okhrimovskyy 
observed that the energy normalization is arbitrary (for 
example 1 eV or 1 Hartree) and has no scientific background.

Based on the work of Mott et  al [20, p 477, 493] and 
Massey et al [26, p 437] an expression for excitation can be 
obtained from

I K K K
K

d
1

,
2

( ) ∝� (14)

with

K k k k k2 cos ,n n
2

0
2 2

0 χ= + −� (15)

representing the momentum change of the scattered electron 
[20, p 476]. The relation between momentum and energy is 
given by

k

m2
.k

2 2

=ε
�

� (16)

This approximation uses the expansion Kz Kzexp i 1 i( ) +�  
and is therefore not valid when the momentum exchange is 
large. Note that the momentum exchange is largest for back-
scattering. The formula is therefore most accurate for small 
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angles. Additionally the assumption is made that the relative 
energy transfer in collisions is small. Substituting this result in 
the DCS and changing variables from K to χ gives

I
K

, sin d
sin d

.
2

( )χ χ χ
χ χ

∝ε� (17)

After normalization the DCS is given by [27]4

I ,
2 ln 1 2 cos

,
1

1
2( )( )

( )
χ

β

π β β χ
=

+ −β
β

+
−

ε
�

(18)

with

1 ,n

n

0β = −
ε
ε� (19)

where n0ε  is the atomic transition energy and nε  the ini-
tial energy of the electron. By applying the substitution 

eV 4

1 2/
( )

= β
β−

ε  it can be shown that the inelastic formula is 

identical to Surendra’s formula.
Alternatively, the parameter β can be determined from Qt 

and Qm as was done by Surendra [3]. In terms of the inelastic 
formula this ratio can be expressed as

Q

Q
1

1

2

1

ln
.m

t

2

1

1( )( )
β
β

= −
+

−
β
β

+
−

ε�
(20)

The momentum transfer cross section for inelastic processes 
are rarely available and so this approach is of limited utility. 
For this DCS the scattering angle is related to a random 
number via

R
cos

1 1 exp

2
.

2 2( ) ( )
χ

β β
β

=
+ − +

� (21)

2.3.  Empirical formulae

In this section  various empirical formulae and the corre
sponding relations between scattering angle and random 
number are discussed. The considered DCS are isotropic 
scattering, forward scattering and empirical formulae given 
by Kushner, Longo et al, Belenguer et al as well as another 
convenient formula representing a best fit to the calculations 
of Zatsarinny and Bartschat.

Isotropic scattering is often used to describe the angular 
behavior of elastic collisions. The angular distribution is 
constant

I R,
1

4
, cos 1 2 .( )χ
π

χ= = −ε� (22)

The ratio of the momentum transfer cross section  and the 
total cross section  reveals that for an isotropic DCS the 
momentum transfer cross section is equal to the total cross sec-
tion  (Q Qt m= ). Inelastic processes are sometimes modelled 

with forward scattering. In that case the electron continues in 
the same direction without being scattered

I ,
2 sin

, cos 1.( ) ( )
χ

δ χ
π χ

χ= =ε� (23)

Longo and Capitelli [29] propose another way of using Qt and 
Qm for elastic scattering, when both are available, in Monte 
Carlo codes. Their idea is to model the DCS as the sum of 
two terms one representing isotropic scattering in the forward 
direction ( 2⩽ /χ π ) and the other isotropic scattering in the 
backward direction ( 2⩾ /χ π ). The magnitudes of each of the 
two terms are adjusted for consistency with known values of 
Qt and Qm. Kushner [2] introduced an empirical expression 
for forward scattering which is given by

I
n

,
2

8
cos

2
,n( ) ⎜ ⎟

⎛
⎝

⎞
⎠χ

π
χ

=
+

ε� (24)

with n an energy dependent fitting parameter. Kushner sug-
gests to set n  =  3 when no experimental data are available. 
This parameterization contains no dependence on the initial 
kinetic energy and thus will not be able to reproduce the DCS 
for a large spectrum of energies. In this case the connection 
between the scattering angle and a random number is given by

Rcos 2 1 1.n2 2( ) /( )χ = − −+� (25)

Another empirical formula has been suggested by Belenguer 
and Pitchford [4] and is given by

I I I I, cos cos .0 1 2
2( ) ( ) ( ) ( )χ χ χ= + +ε ε ε ε� (26)

This method requires Qt( )ε , Qm( )ε  and Qv( )ε  (the viscosity 
cross section, obtained by multiplying the DCS by 1 cos2( )χ−  
and integrating over all angles) to obtain the values of I0( )ε , 
I1( )ε  and I2( )ε . The calculations reported by Belenguer and 
Pitchford used data from Hayashi [25] for these quantities for 
elastic scattering. It is also possible to combine multiple pro-
cesses in a single DCS

I
C

C,
4

1
1

2 1 cos
.

2
( ) ( ) ( )

( )
χ

π
η η

π η χ
= + −

+
+ −

ε� (27)

This functional form represents the sum of an isotropic 
component and an anisotropic component represented by 
the screened Coulomb form. In that case the energy depen-
dent parameters C and η can be derived from direct fits or by 
imposing two constraints. In this work a direct fit using

C
p

p ,
1

2( ) = +ε
ε

� (28)

and

d
,

d
1

2

( ) ⎜ ⎟
⎛
⎝

⎞
⎠η =ε
ε

� (29)

was used with pi and di fit parameters.

2.4.  Comparison to the ab initio DCS

This section  contains an evaluation of the theoretical esti-
mates of the DCS’s given in the previous sections. Only the 

4 Based on the theory of the generalized oscillator strength [20, p 478] [28] 
the same angular distribution is obtained.
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results for the excitation from the ground state to 4s′[1/2]1 are 
shown since the results of the other optically allowed trans
itions are very similar. The results for incident energies of 25, 
80 and 200 eV for the inelastic process and the 200 eV for the 

elastic process are shown in figures 1(a)–(d). The half-width-
at-half-maximum (HWHM) for the angular distribution of 
both processes is shown in figures 2(a) and (b). The labels in 
the figures are explained in table 1.

Figure 1.  The DCS for various angular distributions and initial kinetic energies. The inelastic process refers to excitations towards 
4s′[1/2]1. The labels are explained in table 1. Legend: ZB (blue); Mott (magenta); SC (dashed line, red); SCI (dashed line, green);  
Surendra (cyan); Kushner (dashed line, black); SC Q Qm t/  (red); SCI Q Qm t/  (green). (a) Inelastic DCS at 25 eV. (b) Inelastic DCS at 80 eV. 
(c) Inelastic DCS at 200 eV. (d) Elastic DCS at 200 eV.

Figure 2.  The HWHM for various angular distributions. The labels are explained in table 1. (a) Excitation from the ground state to 
4s′[1/2]1. (b) Elastic collisions.

Plasma Sources Sci. Technol. 25 (2016) 055026
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The excitation process is not well described by any of the 
generalized models. The best results are obtained by using 
the ratio Q

Q
m

t( )ε
 to estimate η in the elastic screened Coulomb 

formula. This approach roughly describes the increased prob-
ability at small angles and the subsequent decay for larger 
angles. The HWHM of the angular distribution is also roughly 
described accurately by this approach. However the oscil-
lations at larger angles found by Zatsarinny and Bartschat 
are of course not reproduced. Especially the probability for 
backscattering is underestimated. The inelastic formula with 
the analytical parameterization gives the best agreement 
with the HWHM derived from the data of Zatsarinny and 
Bartschat. However the angular distribution does not describe 
the peak well and significantly overestimates the probability 
for large angle scattering. Similarly a fit of Q Qm t/  using the 
inelastic formula underestimates the peak and its width while 
it describes the large angle scattering relatively well. The 
remaining methods describe neither the peak nor the width 
accurately.

For elastic collisions the theoretical expressions perform 
better. The model SC which uses the parameterization given 
by Okhrimovskyy performs well for the probability at small 
angles. The HWHM of the angular distribution approaches the 
correct value for energies above 60 eV. The decreasing trend 
for the probability at larger angles is also reproduced. However 
the oscillations in the angular distribution which lead to a con-
siderably larger backscattering probability are not captured by 
the model. Interestingly the model proposed by Surendra and 
the SCI fit of Q Qm t/  also produces a reasonable agreement 
with the scattering probability at small angles. The backscat-
tering probability is slightly underestimated. Additionally the 
width of the angular distribution follows a similar behavior 
as the SC model for energies above 100 eV. In comparison to 
the SC model the decaying trend for the probability of scat-
tering is much smaller. This trend is more in agreement with 
the large angle behavior of Zatsarinny and Bartschat, but still 
cannot capture the various oscillations.

In summary, the simple models aim only to capture the 
approach to forward scattering with increasing energy. They 
are not intended to reproduce the structure at low energy or the 
backscatter at intermediate energies. The inelastic processes 
are approximated most accurately with the SC Q Qm t/  model 
where ‘accuracy’ is evaluated by comparing the probability 
at small angles and the HWHM of the forward peak in the 

calculations. This approximation still underestimates the scat-
tering probability at small angles by a factor in the order of 
2 at 200 eV. Additionally the width of the angular distribu-
tion is overestimated by this formula. The inelastic processes 
are therefore not accurately represented with the theoretical 
formulae. The elastic cross sections are most accurately repre-
sented by the SC model. Both the probability for small angles 
and the width of the distribution are described accurately. 
However the large angle scattering is underestimated.

3.  Quantification of anisotropy using Monte Carlo

The effects of the different scattering models are investi-
gated for Monte Carlo simulations of a very simple model 
system using the modelling platform PLASIMO [23, 30]: a 
50–200 eV electron beam injected into a background gas of 
simplified argon atoms. Electrons in this energy range occur 
in negative glows near the cathode in dc gas discharges and 
constitute perhaps the most basic system in which effects of 
anisotropic scattering are expected to show up. The simplified 
argon atoms that are considered can interact with an electron 
according to the following processes:

	 •	An elastic process.
	 •	An excitation process. The angular distribution is taken 

from the excitation from the ground state towards 
4s′[1/2]1. The cross section  of the inelastic process is 
scaled to vary the importance of the inelastic collisions.

This two-level system is sufficient for the purpose of com-
paring quantities calculated with different models for the 
angular scattering for both processes individually5. The scat-
tering of the elastic process is approximated with two different 
models. These are isotropic scattering and the DCS calculated 
by Zatsarinny and Bartschat. Different scattering models are 
considered for the inelastic process.

The scale factors that are considered are based on the sum 
of all cross sections. These cross sections are given in figure 3. 
The data for the excitation processes are obtained by inte-
grating the DCS provided by Zatsarinny and Bartschat. The 

Table 1.  Definition of the labels that have been used in the figures 1(a)–2(b).

Label Explanation

ZB Quantum mechanical calculation of DCS data from Zatsarinny and Bartschat
Mott Elastic screened Coulomb (6) with η from (7) for the screening parameter
SC Elastic screened Coulomb (6) with η from (10)
SC Q Qm t/ Elastic screened Coulomb (6) with η from the ratio Q Qm t/  (11) using the data from ZB for elastic scattering
SCI Inelastic screened Coulomb (18) with β from (19)
SCI Q Qm t/ Inelastic screened Coulomb (18) with β from the ratio Q Qm t/  (20) using the data from ZB for inelastic scattering
Surendra Empirical formula proposed by Surendra (13) for elastic and inelastic processes.
Kushner Empirical formula (24) suggested by Kushner with n  =  3.
CUS Direct fit using (27) for optically allowed inelastic transitions with C given by (28) and η given by (29).

5 The data set provided by Zatsarinny and Bartschat does not contain the 
ionization process. An improved model can be made if the DCS for the 
ionization process is more accurately known. Additionally, when ionization 
processes are included other choices impact the model as well. One of these 
choices is the energy sharing ratio. In this work only the impact of the DCS 
on the range and straggling is evaluated.
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DCS for the ionization process was not calculated so the total 
scattering from other calculations of Zatsarinny and Bartschat 
is considered here in calculating the sum of the total cross sec-
tions [14, 16, 31]. The strongest excitation process is the trans
ition towards 4s′[1/2]1. However the ionization process has an 
even larger cross section. In order to represent approximately 
the sum of all inelastic and ionization processes, the trans
ition towards 4s′[1/2]1 should be scaled by a factor of about 
10 as indicated in figure 4. An overestimate of the importance 
of the inelastic DCS can be obtained by scaling the inelastic 
process with a factor of 100. Both cases are investigated. The 
total cross sections and momentum transfer cross section for 
the elastic and inelastic processes considered are displayed in 
figure 5. For 50>ε  eV the elastic and the inelastic processes 
have approximately equal probabilities when isotropic scat-
tering is used with Q Qt m=  for elastic scattering.

The simulated geometry consists of an infinite half-space 
(z 0⩽ ). This plane represents a cathode. Electrons are emitted 
with a given energy from the center of the cathode at r  =  0 
with a velocity directed normal to the surface. Electrons back-
scattered to the cathode are removed from the simulation. In 

this test the focus lies on the distribution of the inelastic scat-
tering events. Electrons that do not have enough energy left 
for another excitation process are therefore removed. Two sta-
tistics related to this position are collected

	 •	Range: It is defined as the average position in space 
where electrons are removed from the simulation,  
i.e. where their energy drops below the excitation 
threshold. These electrons will be referred to as ‘stopped’ 
electrons. The range can thus be calculated from

R z zP r z V, d ,z
0

( )∫= =
∞

� (30)

		 with P r z,( ) the probability density function of stopped 
electrons per volume V.

	 •	Straggling: It is a measure of the spread in the range. It is 
defined as the standard deviation of the range and can be 
calculated from

S z R z P r z V R, d .z z z
2

0

2 2( ) ( )∫= − = −
∞

� (31)

Analogous expressions can be derived for the radial direction. 
A total number of 108 electrons is considered. The Monte Carlo 
code used for these simulations is described by Brok [23] The 
standard deviation of the mean (range) is then given by [32]

S
S

n

S

10
,R 4

= =� (32)

with R representing the range and S the straggling. Similarly 
the standard deviation of the straggling is approximated with

S
S

n
S

2 1
7 10 .S

5

( )
=

−
≈ ⋅ −

� (33)

Since the straggling is of the same order of magnitude as the 
range the relative accuracy of both quantities is in the order 
of 10−4.

For an initial energy of 200 eV and a scale factor of 10 
the distribution of stopped electrons is shown for different 

Figure 3.  Cross sections obtained by integrating the DCS from 
[15]. The ionization cross section is taken from [14, 16, 31]. The 
excitation cross sections deviate slightly between both datasets.

Figure 4.  The ratio of the sum of all inelastic processes (including 
ionization) relative to the excitation process towards 4s′[1/2]1.

Figure 5.  The total and momentum transfer cross section for the 
elastic and the inelastic 4s′[1/2]1 transition are shown. The inelastic 
cross sections are scaled by a factor of 10.
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elastic and inelastic scattering models in figure  6(a), (c) 
and (e). The spatial profile of stopped electrons using the 
data from Zatsarinny and Bartschat is similar to the profile 
obtained using forward scattering (FOR). The calculated 
range using isotropic scattering (ISO) is significantly reduced 
in comparison to the other models. These differences can be 

explained by noting that the probabilities for an inelastic col
lision are in the order of 50% for 100>ε  eV. For isotropic 
inelastic collisions all collisions are isotropic while for for-
ward scattering only half of the collisions are isotropic. The 
differences between FOR and the ab initio results are much 
smaller since for 100>ε  eV the ab initio results converge to 

Figure 6.  Spatial profile of stopped electrons expressed as a density by dividing the number of electrons removed by the local volume. 
The results are normalized by 0ρ  which is calculated as the total number of electrons divided by the displayed volume. An input energy 
of 200 eV has been used in all cases. The scale factor for the inelastic transition is varied and the DCS of the elastic and inelastic DCS are 
varied. (a) Elastic and inelastic scattering: isotropic; scale factor: 10. (b) Elastic and inelastic scattering: isotropic; scale factor: 100.  
(c) Elastic scattering: isotropic; Inelastic scattering: forward; scale factor: 10. (d) Elastic scattering: isotropic; Inelastic scattering: forward; 
scale factor: 100. (e) Elastic and inelastic scattering: ZB; scale factor: 10. (f ) Elastic and inelastic scattering: ZB; scale factor: 100.
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the FOR model. The differences between FOR and the data 
from Zatsarinny and Bartschat are more pronounced on the 
axis since the probability of forward scattering decreases for 
lower energies in the ab initio results. Further away from the 
axis the discrepancies between the two sets are smaller, since 
electrons that can reach these positions encountered at least 
one (random) large angle collision.

The data for all considered models is shown in table 2. The 
table shows that the CUS model, given by equation (27), and 

the elastic screened Coulomb fit using SC Q
Q

m

t
 provide an accu-

rate description of the range and straggling. In comparison 
with the ab initio data the relative errors for the axial range are 
in the order of 1%. The elastic screened Coulomb model (SC) 
and the inelastic screened Coulomb model (SCI) are less accu-
rate with relative errors ranging from 5 to 10%. In the absence 

of any DCS or Qm data the CUS and SC Q

Q
m

t
 models cannot be 

used. The best approximation in such a situation is the FOR 
model with a relative error of 2.4% in comparison to the ab 
initio data. The backscattering for most models is predicted 
correctly within 2% of the data from Zatsarinny and Bartschat. 
The exceptions are the isotropic and SCI models which differ 
more from the baseline case (ZB) than the other models do. 
Similar conclusions can be made when the DCS calculated by 
Zatsarinny and Bartschat is used for elastic collisions. In fact 
the results only differ up to 2% in comparison to the simula-
tion that uses isotropic scattering for elastic collisions with the 
same momentum transfer cross section. The results confirm 
that the elastic collisions are approximated well with isotropic 
scattering. This is expected since figure 1(d) shows a DCS at 
200 eV that decays slowly as a function of scattering angle.

The influence of use of different models for anisotropic 
scattering can be emphasized by using a scaling factor of 
100 for the inelastic process. These results are shown in 

figure 6(b), (d) and (f ). The spatial profile of stopped electrons 
using the FOR model is still quite similar to the results of the 
ab initio calculations. The main differences are visible on the 
axis. Due to the increased cross section of the inelastic col
lision the probability of an inelastic collision is larger than two 
times the probability of an elastic collision for 20>ε  eV. As a 
result many electrons in the FOR model did not have a single 
elastic encounter. These electrons are still on the axis when 
their energy drops below the threshold energy. Another effect 
of the increased probability of the inelastic process is that the 
differences between the ab initio results and the ISO model 
are much more pronounced in the spatial profile of stopped 
electrons.

The data for all considered models is shown in table 3. Again 
the CUS and SC Q Qm t/  model give the best reproduction of the 
axial range. The relative errors are 7.1% and 4.1% respectively. 
Even for these extreme conditions the FOR model produces a 
relative error of only 15.6%. These errors are mainly caused 
by the fact that the ab initio data contain a small probability 
for large angle scattering. This effect is more pronounced for a 
DCS at lower energies. The predictions for the axial range by 
the SC and SCI models are off by 24.7% and 36.1%, respec-
tively. Thus for an initial kinetic energy of 200 eV the FOR 
model also requires no additional input and performs better. 
The backscattering is not well predicted with such large cross 
sections. Most models make an error in the order of 14–22%. 
Larger errors are made for the ISO and the SCI models. The 
impact on the results induced by changing the elastic cross sec-
tion to the calculated cross section by Zatsarinny and Bartschat 
now is a bit stronger. However the impact is restricted to about 
5% and is therefore still relatively small.

Similar tests have been made for input energies of 50 eV. 
The results of these tests are shown in table  4. For a scale 
factor of 10 the results are similar to the ab initio results, since 

Table 2.  Results for a scale factor of 10 and an input energy of 200 eV.

Simulation Rz (m) error (%) Sz (m) error (%) Sx (m) B (%)

Isotropic elastic scattering with Qm from ZB

ZB 1.98 10 02× − 0.0 1.16 10 02× − 0.0 1.50 10 02× − 51.6

CUS 2.00 10 02× − 1.3 1.18 10 02× − 1.1 1.53 10 02× − 51.1

FOR 2.03 10 02× − 2.4 1.19 10 02× − 2.3 1.53 10 02× − 51.0

ISO 1.45 10 02× − −26.7 8.74 10 03× − −25.0 1.19 10 02× − 65.1

SC Q Qm t/ 1.97 10 02× − −0.5 1.16 10 02× − −0.7 1.51 10 02× − 51.4

SC 1.87 10 02× − −5.3 1.10 10 02× − −5.2 1.48 10 02× − 52.6

SCI 1.79 10 02× − −9.6 1.06 10 02× − −8.9 1.43 10 02× − 55.2

Anisotropic elastic scattering from ZB

ZB 2.01 10 02× − 0.0 1.18 10 02× − 0.0 1.51 10 02× − 50.8

CUS 2.03 10 02× − 1.3 1.19 10 02× − 1.1 1.53 10 02× − 50.4

FOR 2.06 10 02× − 2.5 1.20 10 02× − 2.3 1.54 10 02× − 50.3

ISO 1.45 10 02× − −27.5 8.77 10 03× − −25.4 1.20 10 02× − 64.7

SC Q Qm t/ 1.99 10 02× − −0.6 1.17 10 02× − −0.7 1.52 10 02× − 50.6

SC 1.89 10 02× − −5.8 1.11 10 02× − −5.3 1.49 10 02× − 51.9

SCI 1.80 10 02× − −10.3 1.07 10 02× − −9.1 1.43 10 02× − 54.6

Note: ‘R’ represents the range, ‘S’ the straggling and ‘B’ the electrons backscattered to the cathode. The top section shows the results by assuming an 
isotropic DCS for the electrons with the elastic Qm from ZB. The bottom section shows the results by using the elastic DCS calculated by ZB. The labels are 
defined in table 1.
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the probability for an inelastic process is low. The ISO model 
produces the largest relative error with 9%. The errors for the 
FOR model is in the order of 2–3%. The usage of forward scat-
tering as an approximation for inelastic processes thus appears 
to be very accurate. For a scale factor of 100 the differences in 
results from the various models are more pronounced. Again 
the ISO model has the largest relative error with 31.4%. The 
FOR model reaches a relative error of 15.5%. The relative 
errors for predicting the range for a beam of 50 eV are similar 
to the errors for the 200 eV beam. The relative error of the 
predicted straggling is about 5% larger for the 50 eV beam for 
a scale factor of 10. The differences between the predictions 
for the beams are thus relatively small.

3.1.  Extrapolating the cross sections

The elastic and inelastic optically allowed total cross sec-
tions can be extrapolated with

Q c
cln

,t 1
2( ) = +

ε
ε
ε

� (34)

which is based on a simplified Bethe formula for excitation 
cross sections [33, equation (10)]. The high energy part of the 
momentum transfer cross section  can be extrapolated with  
[7, equation (A.2)]

Q
s

s
,m

1

2
2( )

=
−ε� (35)

with ci and si fit parameters. The limit of the ratio of both 
expressions gives

Q

Q
Clim lim

ln
0.m

t→ →
= =

∞ ∞

ε
εε ε

� (36)

Using this result in combination with (11) or (20) shows that 
the angular distributions for higher energies are approaching 
forward scattering. It is therefore expected that forward scat-
tering is also a good approximation at energies above 200 eV.

Table 4.  Results for a scale factor of 10 and 100 and an input energy of 50 eV.

Simulation Rz (m) error (%) Sz (m) error (%) Rx (m) Sx (m)

Scale factor 10

ZB 6.62 10 03× − 0.0 4.26 10 03× − 0.0 1.47 10 07− × − 5.04 10 03× −

FOR 6.78 10 03× − 2.5 4.33 10 03× − 1.5 3.77 10 07− × − 5.08 10 03× −

ISO 6.02 10 03× − −9.0 4.04 10 03× − −5.3 8.88 10 07− × − 4.90 10 03× −

Scale factor 100

ZB 1.62 10 03× − 0.0 1.04 10 03× − 0.0 1.46 10 07× − 9.61 10 04× −

FOR 1.87 10 03× − 15.5 1.12 10 03× − 7.6 1.44 10 07− × − 8.89 10 04× −

ISO 1.11 10 03× − −31.4 8.40 10 04× − −19.6 1.15 10 07− × − 9.71 10 04× −

Note: ‘R’ represents the range and ‘S’ the straggling for a specific coordinate. The definitions of the abbreviations for the simulations are given in the text.

Table 3.  Results for a scale factor of 100 and an input energy of 200 eV.

Simulation Rz (m) error (%) Sz (m) error (%) Sx (m) B (%)

Isotropic elastic scattering with Qm from ZB

ZB 5.01 10 03× − 0.0 2.59 10 03× − 0.0 2.27 10 03× − 18.6

CUS 5.37 10 03× − 7.1 2.59 10 03× − 0.0 2.35 10 03× − 14.9

FOR 5.79 10 03× − 15.6 2.79 10 03× − 7.8 2.18 10 03× − 14.6

ISO 1.98 10 03× − −60.5 1.26 10 03× − −51.5 1.64 10 03× − 58.6

SC Q Qm t/ 4.80 10 03× − −4.1 2.41 10 03× − −6.9 2.51 10 03× − 16.0

SC 3.77 10 03× − −24.7 2.11 10 03× − −18.4 2.54 10 03× − 22.0

SCI 3.20 10 03× − −36.1 1.93 10 03× − −25.4 2.34 10 03× − 33.3

Anisotropic elastic scattering from ZB

ZB 5.13 10 03× − 0.0 2.54 10 03× − 0.0 2.25 10 03× − 19.1

CUS 5.51 10 03× − 7.3 2.52 10 03× − −0.9 2.33 10 03× − 15.4

FOR 5.99 10 03× − 16.8 2.67 10 03× − 4.8 2.14 10 03× − 15.5

ISO 1.98 10 03× − −61.4 1.26 10 03× − −50.6 1.64 10 03× − 58.6

SC Q Qm t/ 4.88 10 03× − −4.8 2.39 10 03× − −6.1 2.50 10 03× − 16.1

SC 3.80 10 03× − −26.0 2.12 10 03× − −16.7 2.54 10 03× − 21.8

SCI 3.21 10 03× − −37.4 1.94 10 03× − −23.8 2.35 10 03× − 33.1

Note: ‘R’ represents the range, ‘S’ the straggling and ‘B’ the electrons backscattered to the cathode. The top section shows the results by assuming an 
isotropic DCS for the electrons with the elastic Qm from ZB. The bottom section shows the results by using the elastic DCS calculated by ZB. The labels are 
defined in table 1.
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4.  Conclusions

Analytical formulae for the DCS have been compared with 
the DCS calculated by Zatsarinny and Bartschat who used 
the B-spline R-matrix method for elastic and inelastic col
lisions for electrons with argon. The forward scattering of the 
elastic DCS can be approximated accurately by the screened 
Coulomb model that uses the parameterization given in equa-
tion (10). However the large angle behavior is not taken into 
account which makes the overall agreement rather poor. The 
inelastic DCS can not be accurately captured by any of the 
formulae that have been considered. Due to the lack of good 
analytical formulae direct fits of the DCS using equation (27) 
have been considered as well.

The degree of anisotropy has been quantified by comparing 
the range, straggling and backscattering of the various DCS 
models in a Monte Carlo simulation. An imaginary atom 
has been considered were only one elastic and one inelastic 
process is possible. The excitation process towards 4s′[1/2]1 
is scaled by a factor 10 to approximately represent the total 
inelastic cross section  of Ar. The simulations indicate that 
the DCS from the calculations of Zatsarinny and Bartschat 
can be approximated accurately. Errors in the order of one 
percent are obtained by using a direct fit of the DCS or an 

analytical fit using the ratio of Q

Q
m

t
. For a scale factor of 10 

for the inelastic cross section  the errors using pure forward 
scattering are in the order of a 2–3% which makes the for-
ward model almost as accurate as a direct fit. Additionally, 
replacing the isotropic elastic scattering by the DCS calcu-
lated by Zatsarinny and Bartschat only modifies the results 
up to 2%. This confirms that elastic scattering is accurately 
represented by the momentum transfer cross section  from 
Zatsarinny and Bartschat and assuming isotropic scattering. 
It should be emphasized that the total elastic cross section and 
the elastic momentum transfer cross section are different, as 
shown in figure 5. By using scale factors for the inelastic pro-
cess of 100 the total inelastic cross section  is overestimated 
by a factor 10 approximately. The relative errors for the direct 

fit and the Q

Q
m

t
-method are in the order of 0–7%. The forward 

model gives relative errors of 7–15%. Based on the considered 
tests the following recommendations are given

	 •	For inelastic collisions, assume forward scattering (i.e. do 
not change the velocity angle)

	 •	For elastic collisions, use the momentum-transfer cross 
section Qm (rather than the total cross section) for the col
lision probability, combined with an isotropic scattering 
angle from equation (22).

	 •	This simple treatment performs better than any of the other 
theoretical/empirical analytical formulae for the range of 
conditions considered in our analysis, and we expect it 
to perform at least as well for general low-temperature 
plasma modeling purposes. The only way to obtain more 
accurate results is to use the full DCS, provided this is 
available.

There are a few caveats concerning these recommenda-
tions. The first is that our analysis did not take into account 

ionization because the data set from Zatsarinny and Bartschat 
does not include the ionization DCS. Ionization involves 
the additional question of how energy and momentum 
are shared between the primary and secondary electrons, 
a question that is not directly related to the anisotropy 
issue but can be equally important [13]. Secondly, in some 
molecular gases, unlike the argon-like gas in our analysis, 
angular velocity scattering by low-threshold rotational and 
vibrational processes can contribute significantly to the 
overall electron momentum losses. We could imagine that 
treating such low-threshold inelastic processes with for-
ward scattering has consequences for the electron swarm 
parameters [34].

Previous works [6, 7] suggest that anisotropic scat-
tering effects on swarm parameters are generally small. 
Calculations by Hagelaar of swarm parameters in Ar using 
cross sections  from Zatsarinny and Bartschat [31] have 
been made for two types of scattering models (forward 
and isotropic) and two types of energy sharing models for 
ionization (50/50, the energy is split evenly between the 
electrons; 100/0 the secondary electron gets no energy). A 
more realistic description of the energy redistribution [35] 
yields results intermediate between the two limiting cases 
50/50 and 100/0.

The calculations show that changing the DCS for the ine-
lastic processes from isotropic to forward scattering results in 
relative differences larger than 1% for E/N values above 100 Td  
for the mobility, average energy and the ionization rate. For 
the transverse and longitudinal diffusion coefficients differ-
ences of the order of 1% are already observed for 10 Td. At 
1000 Td the relative differences increased up to 29–32% for 
the mobility μN. The impact of the energy sharing models 
is shown to be of the order of 1–9%. For the ionization rate 
coefficient the impact of the anisotropy at 1000 Td appeared 
to be 21–24% while the effect of the energy sharing model 
was smaller with 1–10%. For the mean energy at 1000 Td the 
effect of both models is smaller with the inelastic scattering 
models changing the results in the range of 13–15% and the 
energy sharing models changing the results only with 1–2%. 
The longitudinal diffusion coefficient shows relative differ-
ences up to 100% at 1000 Td induced by the anisotropy. The 
energy sharing model induces differences up to 35% at 250 Td.  
These results confirm that anisotropy is also important for 
swarm parameters and that over the E/N range considered 
(10–1000 Td) its impact is comparable to the impact of the 
energy sharing models.

A more detailed study, that includes low-energy threshold 
processes, is required to evaluate the effect of anisotropy on 
swarm parameters relative to other assumptions in swarm 
calculations related to how electron number changing pro-
cesses are taken into account.
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