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A MULTIPOINT FLUX APPROXIMATION FINITE VOLUME SCHEME FOR
TWO PHASE POROUS MEDIA FLOW WITH DYNAMIC CAPILLARITY

X. CAO*, S. F. NEMADJIEUt, AND I. S. POP?

Abstract. We study a two phase porous media flow model where dynamic effects are included in the capillary
pressure. We present a finite volume method for the simulation of the solution. The method is based on a multi-point
flux approximation. An energy estimate is derived for the numerical solution, and compactness arguments provide
convergence to the weak solution as the mesh size and the time step tend to zero. Finally, we present some numerical
results to confirm the theoretically proved convergence.

Key words. Dynamic capillary pressure, two-phase flow, finite volume scheme, O-method
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1. Introduction. In this paper, we define and analyze a finite volume method for a two phase
flow model in a porous medium:

(1.1) By — V - (ko(u)Vp) = 0,
0y(1 —u) = V- (ky(u)Vp) = 0,
P —p = pe(u) + 70u,

which are defined in @ := Q x (0,7], where Q is a bounded subset of R?, T is a given maximal
time. The unknowns w,p and p are the non-wetting phase saturation, the non-wetting phase and
wetting phase pressures. The equations (1.1), (1.2) are obtained by combing the mass balance and
Darcy’s law ([5, 30, 42]). The permeabilities ko(), kyw(+) for non-wetting phase and wetting phase
are given monotone functions. The gravity is neglected in the model. In order to close the above
system, we prescribe the initial and boundary conditions

(1.4) u(0,-) = u®, in Q,
(1.5) p=p=0, at 0Q for t>0,
where u is a given function, which will be specified later.

Equation (1.3) expresses the phase pressure difference p — p, as a function of v and dyu. In
classical models (see [5, 30, 35]), one assumes

p—p :pc(u)a

where p., the capillary pressure is a monotone function of saturation w. This however, holds only if
measurements are obtained under equilibrium condition. Experiments (see [6, 16]) have invalidated
this assumption, whenever flow is more rapid. One possible extension is (1.3) as proposed in [29],
where 7 is a positive damping factor (7 > 0).

Standard models, obtained for 7 = 0 have been intensively investigated in the reservoir simula-
tion. In this sense, existence and uniqueness of the weak solutions are proved in [35], but assuming
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that initial and boundary conditions bounded away from 0. This has been extended to the case
of arbitrarily chosen saturation for initial and boundary conditions. The existence can be found in
[3, 12] and the uniqueness of weak solution was proved in [12]. For numerical schemes, we refer to
(14, 8, 10, 17, 20, 22, 43, 45, 46]), where finite element method, mixed finite element method, discon-
tinuous Galerkin method are analyzed, or linear iterative schemes are investigated. In particular,
for finite volume schemes, we refer to [11, 24, 39]. Whenever 7 > 0, (1.1) - (1.3) becomes a so-called
non-equilibrium model. In this case, the existence and uniqueness of a weak solution is obtained
in [13, 26, 27, 40], but in a simplified context when the total flow is assumed to be known. This
allows reducing one equation in (1.1) - (1.3). In this case, but in the heterogeneous case, if no entry
pressure presents, numerical schemes are discussed in [31]. Also, variational inequality approaches
have been considered in [32] for situations including an entry pressure. Further, we refer to [18]
which gives the coupling conditions analysis. In [44], they consider numerical algorithms for un-
saturated flow in highly heterogeneous media for this model. For the full model, the existence and
uniqueness of the weak solutions are proved in [34, 14], but assuming that the equations are non-
degenerate (i.e. all non-linearities are bounded away from 0 or +o00). The authors in [33] present
discontinuous Galerkin scheme for this case. The authors have given the numerical investigations
in [28] in heterogeneous case. In the degenerate case, we refer to [15], which gives the existence of
weak solutions for the model in an equivalent form.

In this paper, we show that the approximate solution of the system (1.1) - (1.3) obtained by
a multi-point flux approximation finite volume scheme converges to its weak solution. The rest of
the paper is organized as follows. In Section 2, we give the assumptions on the data and the define
the weak solution. We introduce the finite volume scheme in Section 3, and show the existence
of the numerical solution. In Section 4, we prove the convergence of the scheme by compactness
arguments. In the last section, we present some numerical results that confirm the theoretically
obtained convergence.

2. The weak solution. To investigate the system (1.1) - (1.5), we make the following as-
sumptions

e (A1) Q is an open, bounded and connected polygonal domain in R? with Lipschitz contin-
uous boundary 99Q. Q denotes the closure of Q.

e (A2) The functions k, and k,: R — R are C!, and there exists § > 0 such that § <
ko(u), kyw(u) <1 for all u € R. We assume k, to be an increasing function with k,(u) = ¢
for u < 0 and k,(u) = 1 for w > 1. Also k,, will be considered to be a decreasing function
with ky(u) =1 for v <0 and ky(u) = § for u > 1.

e (A3) p. : R — R is an increasing function of u, p. € C', p.(0) = 0 and there exist
My, M, > 0 such that m, < p,(u) < M, < cc.

e (A4) 7 > 0 is a positive constant.

e (A5) The initial condition u® is in C° N W,"(Q).

REMARK 1. It is not necessary to take p.(0) = 0. We just expect to obtain a consistent
boundary condition for ulaq = 0. If p.(0) # 0, one can impose plaa = p.(0) or define a 'new non-
wetling phase pressure’ p:= p — p.(0) + pe(u) + dyu to make sure that u = 0 at the boundary (see
[25]). Furthermore, the proofs here can be extended easily to other types of boundary conditions like
non-homogeneous Dirichlet or Neumann.

REMARK 2. The choice of u® € C(S) is for the ease of presentation, since the proposed
discretization of the gradients involves continuous functions. While these are available pointwise
approximations due to the spaces where these are sought, taking u® € WH2(Q)\Q would not be
sufficient to define its discrete gradient. This is however, needed in the proof, but not for the
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scheme itself. If u® is not continuous, then one may take into convolution with a grid-size dependent
mollifier.
Furthermore, we define P, as

(2.1) P.(u) = / pe(s)ds.
0
Clearly, by (A3), P. is convex and for all u € R
(2.2) Po(u) >0, with P,(0)=0.
Also one has
(2.3) pe(a)(a —b) < P.(a) — P.(b) for all a,b € R.

In the following, we define the solution for the system (1.1) - (1.5):
DEFINITION 2.1. (u,p,p) is a weak solution of the model (1.1) - (1.5) if u € W12(0,T; L?(2)),
p,p € L2(0,T; W, (), and for any ¢,+ € L*(0,T; Wol’2( )), A€ L2(0,T; L*(Q)) there hold

(2.5) —(Opu, ) + (kap, Vw) = 0,
(2.6) (0=, A) = (pe(u), A) + 7(Ipu, A).

As mentioned before, existence and uniqueness results can be found in [14, 15, 34]. Note that by
(A3) we obtain u € WH2(0,T; Wy *(Q)) (see [25]).

3. The finite volume scheme. In this section, we introduce a finite volume scheme for the
system (1.1) - (1.5), then give the a priori estimates.

3.1. Meshes and notations. To introduce the finite volume scheme to the system, we con-
sider an admissible mesh (see [23] pp. 38).

DEFINITION 3.1. Let Q be an open bounded polygonal subset of R?. An admissible finite volume
mesh of Q, denoted by T is a family of triangular disjoint subsets of Q0 such that two triangles may
either be disjoint, or share a node, or a full edge. The set of all edges including the boundary ones
is denoted by £. The geometric centers of the triangles form the set P. In other words:

e The closure of the union of all the triangles is ;

e For any K € T, there exists a subset Ex of € such that 0K = K \ K = Uy,cg,. 0. Further-
more, £ = Uge7EK -

e For any (K L) € T? with K # L, either the 1-dimension Lebesgue measure of K N L is 0
or KNL =Y 6 for some o € £. There exists a subset Ex of & such that 0K = K\ K =
UJESK

o The family P = {xx}xer is such that v € K (for all K € T) and it is the geometric
center of the volume K.

Further, we assume:

2vmy My ) <0< W—arccos(ziﬂanp).

e (A6) The angles 0 of any triangle K € T satisfy arccos(w AT,

REMARK 3. If p.(+) is a linear function with respect to u, the assumption (A6) can be relazed
to 0 < 6 < m, which is practically fulfilled by any triangular mesh.

Throughout this paper, the following notations are used: the mesh size is defined by size(7) =
sup{diam(K), K € T}. The sets of interior and boundary edges are denoted by Eint, resp. Eext:
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Ent = {0 € &0 ¢ 0N}, and Eexy = {0 € ;0 C 0N}. For a triangle, we denote by m(K) its
measure. We introduce some notations for the triangle K € T (see Figure 1). P;, P;, P, denote the
vertices of the triangle K, z is the geometric center of K, P; ;, Pj 1, Pr ; are the midpoints of the
segments P; Pj, Pj Py, Py P;. P;/s ; is the point on P;P; which satisfies m(P;P; 2 ;)/m(P;P;) = 1/3,
similar to P;/5 ;. We let P, stand for the set of all vertices P;, Pys for all edges midpoint, Pr for
all points P;/5 ; introduced above. We use K, (r = 1,j, k) to denote the quadrilateral determined
by P, zx and the midpoints P, ., P., of the edges. Let O'}Q denote the segment P; P ;, U?(i denote
the segment P; Py ;. Then we denote epl = T P2 g €p2 = Tk Pijo 1 as the vectors. Let n,:
and n, be the normal vectors to P;P; and P, P; outward to K;. Finally, we define two vectors

,ug}(_,uaé as follows (see [37, 41]):

/j‘a}(i : ea}( =1,
(3.1) Mok, ok, =0

2 re;1 =0
MUKi UKi )

2 re,2 =1
‘LLUKi o5

Observe that ot and ng1 , respectively p,2 and n,2 are parallel.

Py
Fic. 1. A triangular finite volume and the associated modes, edges and vectors

3.2. The scheme. To define the scheme, some notations are needed.

DEFINITION 3.2. Let Q be an open bounded polygonal subset of R%, T be an admissible mesh
in Section 3.1. h = % denotes the time step for any N € N and t,, denotes the time at t = nh for
n € {0,...,N}. Let X(T,h) be the set of functions that are piecewise constant in both time and space,
i.e. v from Qx (0, Nh) to R such that there exists a family of real values {vi, K € T,n € {0,...,N}},
with v(z,t) = v}k for a.e. x € K, K €T and for a.e. t € (nh,(n+1)h], n € {0,...,N —1}.

Further, for considering discrete gradients, additional values at edges o will be needed. In [1],
Aavatsmark has defined four freedoms in each triangle: one in the center and three at the midpoint
of each edge. In [38], the authors define six freedoms at each edge but not in the center of triangle.
Here, we define seven freedoms in each triangle. To give the full discretization for the system (1.1) -

z8

~— —~



A Multipoint flux approximation finite volume scheme for two phase porous media flow with dynamic capillarity5

(1.5), we use {u’t, K € T,n € {0, ..., N}} to denote the discrete approximation of u, the value u’ is

the approximation of u(zk,nh), and the same for p, p}%. For given K € T and with P, being one

of its nodes, r € {1, j, k} a counterclockwise ordering, v, , p", , p; denote the approximations
Ky K K

7

of u(xpr/27r+1,t”), ﬁ(a:pr/,z,r“,t”), p(xpr/zwl,t”) and it is similar for ugi , ﬁgi s P2
e e e

Observe that, due to (3.1), given a vector v € R? one has

(32) V= (V : eo‘}< ) NU}(T + (V . e(r%ﬂ") /*Lof(r .

r

This inspires the definition of discrete gradient: for K € T and r € {i, j, k}, let the values v, LRSI
V2. be given, the discrete gradient in the quadrilateral K, is

(3.3) Vi, vk = Vgy, = VK) - fig), + (V2 —VK) - o3, -

Then for any n =0,1,..., N — 1, we define the scheme as follows
n+1 u?(

(3.4) m(K)%

ko (uj) <m<a}<,.> (@ =Pt moy, + (B2 =) oy, ) -1y
k

=1,

r

+ m(O’%C)((ﬁZ}tl - p?;rl) H’a’}( + (ﬁ:‘;’tl _ﬁ}l(+1) Mo’%r> : nU%T>a

n+l _  n
(3.5) —m(K)w

:kw(u’r}?—l) Z (m((j}(r)((ngj _p7Il(+1) /’[’a}(r + (pg%;l _pTIL('+1) NJ%’(T> . no}q
r=i,j,k

r r

(o ) (0 =P oy, + 02 = D) bz, ) ngg(r>7

—n+l _  n+l _ n+1 urlL(—i_l B UTIL(
(3.6) Pk i =pe(ux )+ T

for all K € T. Similarly, at each edge o € &y, we impose

ug,d — u:,d
(3.7) 237#21 _pn1+dl _ pc(unzl) 4t B (I, =1,2)
UKT O-Kr UKT h

and the flux continuity of each phase
k (un-i-l) (—n+1 _ —n—i-l) + (7n+1 _ 7n+1) X
o\Up pgk Py No}w p(.,%( Pk Uaf{r Ng|L

(3.8) ko (i) (G = D) toy, + B = D) b ) 0z = 0,

r r
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ke (u "“)((p"l+1 i) oy, + pd =P NJK>‘HK|L

(3.9) o (i) (05 = ) by, + WL =) oz ) - mni = 0.

Here L is the neighboring element of K sharing the edge o, and np |k is the unit normal vector
from L into K. Whenever 0 € Euy, the values Dol ,ﬁ(,K ,pgK 1Py2 are set to 0. One takes

u”f;l =0 (lg=1,2) forany K € T and r =i, j, k such that O’K € Eoxt- Also, flux continuity holds

each half edge o and for the discrete gradient is used.

Initially, we take u% = u%(z ) for any K € T. This makes sense since u® € C(Q). Ifu® ¢ C(Q),
then one takes as explanation in Remark 2, u% = n7 % u®, where 7 is the standard mollifier ([21]).
Clearly, since u® € W,"*(Q2), one has [|u} — uOHW(},z(Q) — 0 as size(T) — 0.

3.3. A priori estimates and existence of the fully discrete solution. In this section,
we discuss the fully discrete solution to (3.4) - (3.9). We first provide some elementary results that
will be used later.

LEMMA 3.1. Let m > 1 and &, b € R™ be an m-dimensional real vectors, je{0,...N}. We
have the following identities:

N . ] N N ) ) N )
(3.10) Z(a] —a]_l,Zb"> :Z<a3,b’> —(aO,Zb’>,
N AJf | | 71173 Jj= j=
(3.11) Z<aﬂ-a]*1,aﬂ>:§(|a |a°2+Z\aJ a1 P?)

=1
’ N N 1 1
i oy _ L 2, * 12
(3.12) ggaﬂ,m—zgw +2;|au,

where < -,- > s the inner product in R™.
LEMMA 3.2. Discrete Gronwall inequality: If {y,}, {fn} and {g.} are nonnegative se-
quences and

Yn < fn+ z geyk, for all n >0,
0<k<n

then

Yn < fn+ Z Jrgr exp( Z gj), forall n>0.

0<k<n k<j<n

The existence of a solution to the discrete system (3.4) - (3.9) can be obtained by a Leray -
Schauder argument, as done in [39]. One has
LEMMA 3.3. Let n € {0,1,....N — 1}, and assume u" given. Then there exists a solution

(u }L{H,ug}tl, Zﬂ,ﬁ?fl,15”“,p”jl,p?jl,pnﬂ,pnjl)KGT to the discrete system (3.4) - (3.9).

Without entermg into detaﬂs “the proof requires a priori estimates, which are obtained below.
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LEMMA 3.4. A C > 0 not depending on h or size(T) exists such that, for any N* € {0, ..., N—1}
we have the following:

(3.13) Zth YD mE) Ve, P Vi, ot

n=0 KeT r=i,j,k

+Zh2k uid™) Y m(K) Vi pi - Vi pidtt
n=0 KeT r=i,j,k

+’7’th ( _UK>2—|—Zm(K)P( N <
n=0 KeT KeT

Proof. We start by proving the following:

m(ok,) 0,y (o) ;.

.].4 == =
(3.14) Mol ORI (K.

To see this, we refer to Figure 1 and take without losing of generality r = i. Note that m(Pz g Py ;) =

m(PxgP; ;) = %m(PinPk) since xx is the geometric center and Py ;, P;; are midpoints. This

gives m(K;) = ym(P;P;P,). With 0y, being the angle spanned by e 1, and p_z,, the matching
K, K,

height of zx to O'K is [e_ e \cos@ |, due to (3.1). Therefore, one has

1
m(K;) =2m(Pzg P ;) = 7m(0§§"i) (I =1,2),

SO

This immediately implies (3.14) since P 1q and ngrd are parallel and have the same sense.
K;

Then multiplying (3.4) by p"“7 (3.8) by m(ak )p"{H and m(oK )p 2 ! respectively, adding the

three equalities and summing the resulting over K € 7' "we find that

(3.15) 3 m( P =0 ko(up) > m(K) Vi, i Vi, ot

KeT KeT r=ij,k

Similarly, we also obtain

(3.16) Zm(K)(u}z{ﬁ-I _un n+1 th‘ n+1 Z m(KT)V;Q n+1 VKT n+1.

KeT KeT r=ij,k
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Adding (3.15) and (3.16) gives

(3.17) WY ko(ui) > m(K) Vi PR Vi pitt
KeT r=i,j,k
+hz k n+1 Z ( )VK pn+1 VK p’n+l
KeT r=i,j,k
+> m(E) (i - uf) (0 - pit) = 0.
KeT

Further, multiplying (3.6) by m(K) (u}l(+1 — u%) and summing the resulting over K € T leads to

(3.18) > m(E) (P — P (i — )
KeT
n+1 n+1 n unK+1 — ’U/?( n+1 n
= 3 e (i — ) + 737 () I (),
KeT KeT
Using this into (3.17) gives
(3.19) WY ko(uf) Y m(K )V, pitt - Vi, pit!
KeT r=i,5,k
+1?Y k(i) Y m(E) Vi pitt - Vi, pit!
KeT r=i,j,k
Y m(E) (i = uf)® + h Yy S m(E)pe(upt) (ui — u) = 0.
KeT KeT
Recalling (2.3), one gets
(3.20) WY ko(ufth) Y m(K) Vi, pptt - Vi, it
KeT r=i,j,k
+h2 Z k n+1 Z ( )VK pn+1 VK pn+1
KeT r=i,j,k
—I—TZ:mK(u}?rl ul) +hz ulp ) <hz
KeT KeT KeT
Summing the above equation from 0 to N* for any N* € {0,..., N — 1} gives
(3.21) Zh S k(i) T m(K) Vi, pitt - Vi it
n=0 KeT r=i,j,k
P k) Y m VBV
n=0 KeT r=i,j,k
a2 .
+¢th (7K) + 3 m(E) P ) < 3 m(K)P(u).
n=0 KeT KeT KeT
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This proof is then concluded by using the continuity of p.(-) and (A5), yielding

|

To obtain estimates in terms of the discrete gradients of the saturation, we first prove the result
below:

PROPOSITION 3.1. Given «, B € [my, M,] and two vectors a,b € R% (d > 2) such that the

angle in between is y € [arccos(%), = arccos(%%)], one has
(3.22) alal® + B|b]* + (a + B)|a| |blcosy > 0.
Proof. The case b =0 is trivial. If b # 0, let x = ‘%‘ Then, the proof reduces to showing that

ax® 4 (a+ B)cosy x + 3 >0,

2y My

oA, > One has

for all z € R. Since |cosy| <

A = (a+ B)*(cosy)? — 4af
dmy M,

< (a+p)? (m, + M,)?

B my, M, 153 I5)

—4ap

one immediately sees that A < 0, which concludes the proof. O
Now we can provide the a priori estimates
LEMMA 3.5. If h < T, for any N* € {0,..., N — 1} it holds

(3.23) SN mK) Vi uy TP <

KeTr=ij,k

. M
Observing that %Z < g < 2

— )
Mp

where C' is independent of h, size(T ), or N*.
Proof. Subtracting (3.6) from (3.7) gives

h(p"z*dl PRt — h(p”?j P

(3.24) =h<pc<u”f;> m(u;z“))w(u”zl W)~ r(ul, —uf) (L= 1,2),
Kr

Multiplying (3.24) by m(K)u, a Vi, ug ! adding the resulting for I; = 1 and 2 and summing
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over r € {i,j,k}, K € T and n € {0,..., N*} for any fixed N* < N gives

th Z VK pn+1 VK anrl) VKTUTIL(+1

n=0 KeTr=ijk

_th Z VK pc( n+1) VK ur}t{-ﬁ-l

n=0 Ke&Tr=i,jk

+ Z ST m(E) (Vi ul™ = Vi ufe) - Vi ufd™.

n=0 KeTr=ij,k

Applying on the left the Cauchy-Schwarz inequality and using Lemma 3.1 for the last term on the
right gives

2O D mK) Viaeuy T+ Z > > m(E) Vi upt! - Vi ujel?

KETT 3,7,k n=0 KeTr=i,j,k

+th > m(K) Vi, pe(uith) - Vi uit!

n=0 KeTr=i,jk

S 3D IETTAINTIES 3D olb SRR L

KeTr=ij,k n=0 KecTr=ij,k

FISRY S ml) Ve u

n=0 KeTr=ijk

By Lemma 3.4, the second term on the right is bounded uniformly in h, size(7) and N*. This
gives:

2O > mK)|Viuy TP+ Z SN mE) Vi u! - Vi [

KGTT—i,j, n=0 KeTr=i,j,k

+Z Z Z )V, pe(u "+1) Vk. u’;("'l

n=0 KecTr=ijk

<C+5 th > m(K)| Vi, uitt

n=0 KeTr=i,j,k

Furthermore, the third term on the left is positive. To see this, observe that for any n € {0, ..., N*},



A Multipoint flux approximation finite volume scheme for two phase porous media flow with dynamic capillarity1

K eT,re{ijk} there exist £1,& € R such that

th > m(K) Vi, pe(uidh) - Ve ufd!

n=0 KecTr=i,jk

.
=Y hy > m(&)((pc(ug;p = peluid™ gy, + (el ) = pelufe™)pog, )

n=0 KeTr=ij,k
n+1 n+1 n+1 n+1
' ((UG}(T B UK )'uo-}(r + (u"i B uK )Iuo-%(r)

r

Y Yom (zoc &) (= e oy, 1)+ pit) (27— i, 1)

n=0 KeTr=i,j,k

(pc(§1)+pc(§2))( n:: urlL{Jrl)ma}(‘ (un’jl n+1)‘:ua | 605(7_9)>~

Note that to avoid an excess of notions, we omitted any additional indices for &1, £, which actually

depend on the particular n, K or r. Observing that v the angle between Hol. and Ho?. satisfies

v =7 — 6 and by (A6), |cosy| < 2"17%, using (A3) and Proposition 3.1, one immediately gets
P p

that the above is positive. This gives

N*fl
T—h Z Z ‘VKUNJF1|2<OJr th Z K)|Vk. un+12
KeTr=ij,k n=0 KeTr=ijk

and the conclusion is a direct consequence of Lemma 3.2. O
4. Convergence of the scheme.

4.1. Compactness results. To prove the convergence we recall Definition 3.2 and use the
time-space discrete values to construct a sequence of triples defined in Q x (0, 7T:

(4.1) vrp(z,t) =vg forall ze€ K and te (nh,(n+1)h], n=0,..,N—-1,
and we define the discrete gradient in 2 as

(4.2) Vyurp(z,t) Z Vi v forall ze€ K and t€(nh,(n+1)h], n=0,..,N—1

r=i,j,k

Further, we will use the discrete version of the seminorm in the space L?(0,T; W12(Q)).
DEFINITION 4.1. (Discrete seminorms) Forv € X (T, h) enriched with values {(v?, ,v7, )|K €
Ky Kr

T,r=14,j,k}, define

1/2
‘ |1T—<ZZ (|v1 _’UK‘ ‘/J’UK |2+|U2 _UK| |MUK 2)) ’

K r=i,j,k
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for allt € (nh,(n+1)h], n=0,...,N—1, and

N 1/2
1,7,h = (z:ohz Z m(Kr)<|U;L}<T - 'U?{‘QLU’U}(T |2 + |'UZ%(T - U%F'Moir |2)> .
n

= K r=i,j,k

|v

Note that | - |1,7 and | - |1,7,» are the discrete counterparts of the gradient norms for functions in
W12(Q), respectively L2(0,T; W2(Q)). Clearly, these are seminorms in the corresponding spaces.
Following the Lemma 3.4 and Lemma 3.5, we have

LEMMA 4.1. Under assumption (A3), if (ur.n,pr.n,p7.h) € (X(T,h)))? solves the system

(3.4) - (3.9), one has

o7 nli7n + 1T alirs +uralirn <C and Jupalis < C for allte (0,7,

where C' does not depend on size(T) or h.

The following is a discrete counterpart of the Poincaré inequality. Before stating it, let (vg, Vgl
Vo2 UJ}{]_ , vgg{j Vgl vgik) be given 7-tuples for any K € T satisfying Vgl = Ugz = 0 whenever
U}{T,U?(T € Eoxt. Let X%)— be the space of piecewise function v : @ — R, v|x = vk, endowed with
the discrete gradient Vv by using the additional values, and || - || 12(q) we mean the L?-norm of
the piecewise constant v. Then we have

LEMMA 4.2. (Discrete Poincaré inequality) A constant C' > 0 depending on €2, but not on
size(T) exists such that

[o()Z20y < Clvfi 7

Proof. We essentially apply the technique in [23]. For o € &, define x, from R? x R? to {0, 1}
as

L fzylne #0,
0, [z,ylno=0.

(4.3) Xo(z,y) = {

Let e be a given vector and = € Q. Let D, be the semi-line having the origin x and continuing

in the direction of e. Let y(x) be such that y(z) € D, N 9N and [z, y(z)] C Q, where [x,y(z)] =

{Bz+ (1 - P)y(x),B € [0,1]} (i.e. y(x) is the first point where D, meets 9Q). For y(x) such that

Xo(x,y(z)) = 1 and if o € g, let K|L be the triangles adjacent to o, where K is the one closest to

x. Let vk, vy, be the corresponding values. Also, let v, be the value from {vgzd JI=1,2,r =143k}
K

corresponding to the past of ¢ in K intersected by D,. For g € Ext, one takesrvL =19, = 0. Also if
the intersection point happens to be vertex in P or edge midpoint in Py, then one takes arbitrary
Vg, Vi, vr. The choice is not important as finally, we integrate for = € €.

Along [z, y(x)], we define

[ve — VK| + |ve —vr], if o€ &nt and xo(z,y) =1,
(4.4) Dov = (v, —vkl|, if o€ Ext and x,(z,y) =1,

0, if Xo(x7 y) = 0.
Let now K € T arbitrary. For a.e. x € K, one has

(4.5) lor| < Xo (@, y(2)) Do
oc€e€
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Using the Cauchy - Schwarz inequality, this gives

(4.) ol <3 0D DTS e,

oe€

for a.e. = € R?, where ¢, = |n, - e|, n, denotes a unit normal vector to o, and

|HUK| ‘/"UL‘7
#, ifO’chxt.
(o

L + 1 lf (S 5int>
(4.7) dy =

As in [23], we show that for a.e. z €
(4.8) > Xo(@,y(x))dyco < 2diam(Q).
oce€

Given now e and x € K for any K € 7 and assuming that D, does not go through any vertex.
Assuming o7, € LNOSY, L € T, let z,, € (2 be the the point of the intersection e 1, (Ig=1or 2, r =
Lo

i,j or k) to o, whenever y(z) € oﬁ'v. Since the control volumes are convex, there exists zc € K

and lies on the extension of O';?T in opposite direction such that

(4.9) ng(ac,y(x))dgcg < |(zo — xo,) - €] + diam(€2).
oe€

Further, using x¢,z,, € Q gives (4.8). Integrating (4.6) over { and using to (4.8) this gives

Z lvg |2dx

KeT /K
. (|vo = vic] + [vo = vi])? / [vo — v
<2diam(Q -, d -, de2 KLY,
<2diam( >(g JRECRTEE . I R )
Since [, Xo (@, y(x))dz < diam(Q)m(o)cy, one has
Z/ v |*da
KeT /K
<a(diam()?( Y m(@) ([t lvs = vk + oy llvo = v22) + 3 m(0) (e llvo — vic]?).
o€Ent 0EEext

Recalling (3.14), Definition 4.1 and Lemma 4.1, we have

01720y < Clofi -

With this lemma, one has uniformly with respect to 7 and h

HuTﬁ”%Z(O,T;L?(Q)) + ||?T,h||2L2(0,T;L2(Q)) + ||pT,h||%2(o,T;L2(Q)) <C.



14 X. CAO, S. F. NEMADIJIEU, I. S. POP

Now we show the following lemma about space translations.
LEMMA 4.3. Given the trianglarization T and v € Xg-, let © be the extension of v by 0 to the
entire R. Then for any n € R2, one has

(4.10) 15(- +n) = ()22 gy < 200li 7Inl(n] + Csize(T)),
with C > 0 only depending on ) and not on v, n or T.
Proof. For o € &, using X, as defined in (4.3), and for n € R?, one has
|o(z + 1) — ()| SZXU(m,x +n)Dyv, for a.e. z € Q,
oc€e€

where K, L are the volumes adjacent to o. Following again [23], but defining d, as in (4.7), one
obtains

(4.11) [z + 1,1) — (2, 0)]?
3 (lve = v| + |[ve — vr|)?
<
a (UEE- e (I7 v 77) doCo
Y ol )M).Z (z, % + n)doc
= Xo\T, n docy UegXU ) 1)0gCo,

for a. e. x € R2. Here ¢, = |n, - o
exists C' > 0, only depending on 2 such that

i 7|, and n, denotes a unit normal vector to o. First, by [23] there

(4.12) Zxa(x, x +n)dyce < |n| + Csize(T), for a.e. x € R2.
ocel

Further, observe that for all o € £,
| el myda < mioyeqll.
Therefore, integrating (4.11) over R? and using (3.14) one gets
15¢- +n,-) = 8(, )72 2y

/ Zxaffx-i-n(lv” v | + |ve — v ])? Zxawx+n)dcgd$

o€&int dUCU ce€
_ 2
/ ZXJ:L“:E+77 |UU UK| Zxaxern)d codx
0EEext
< i) - - Csize(T
<( X S ve —vxl + o — i+ Y = d % fo, — kc2) nl(In] + Csize(T))
€ M € Eext
Mo | |Mo .
§2( > m(a)wm —vk? +[ve —vrl?) + D m(0)|poy|[vs —UK|2)|77|(|7]|+CSIZG(T))
o N Tt + Tt | P
<2( " @) (ocllve = vl + o, lvs = vil) + > m(@)|oellve = vicl?)nl(n] + Csize(T))
0€Eint 0E€Eext

=20vl{ 7lnl(|nl + Csize(T)),
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which completes the proof. O

The result in Lemma 4.3 extends straightforwardly to the case where v is time dependent as
well, namely if v is piecewise constant in the space-time volumes as in the case of X (7T, h) elements.
Clearly, when estimating the L?(0,T; L*(R?)) norm, in this case the norm |v|7 -, will appear on
the right. We continue with the estimates for the time translations:

LEMMA 4.4. Let {u%' n=0,..,N — 1} be the u components of the solution of (3.4) - (3.9)
and T, the extension to Q x (0,T] defined in (4.1). A C > 0 exists such that for any § € (0,T)

lurn (s +€) = urn( )iz @uor—e) < G

where C' > 0 only depending on Q and not on &, h or T.
Proof. Letting

2
B(t) = / (UT,h(337t +£) — uT,h(sc,t)) dz,
Q
for t € (0,T — &), one has obviously
2 T-¢
/ (UT,h(% t+8) - UT,h(x,t)> dxdt = / B(t)dt.
Qx(0,7—¢) 0

With ng(t),n1(t) € {0,...,N — 1} such that no(t)h < t < (no(t) + 1)h and ni()h < t+ & <
(n1(t) + 1)h, B rewrites

’I’Ll(t
(4.13) B(t)= > m(K) (u?(l(t) u" t)) 3 m( Z un+1 )’
KeT KeT n=ng(t)
Using the Cauchy-Schwarz Inequality gives
nl(t)—l
(4.14) B <NY m(K) > (upt —uk)”.
KeT n=ng(t)

Defining x(n;t,t + &) as

1, if nke(tt+6,
tt -
Xt +6) {o, itk (1,1 + €],
(4.14) becomes
N-1 )
B <N xaltit+€) > m(i) (i - uie)
n=0 KeT
SlnceO<f n(t,t+&)dt < & we have
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Following (3.20) and according to (A5), one has

P i) () < b Y mP),

n=0KeT KeT

which gives

T—¢
/ B(t)dt < CT,
0

and the proof is concluded. O

4.2. Convergence results. In this section, we show the convergence of the finite volume
scheme. Following the a priori estimates obtained above, one has

THEOREM 4.1. There exists a sequence (Tm, hm) such that size(Tn) — 0, hy — 0 as m — oo,
and the triple (ut,, h,, DT, hy DT hy) cOnverges weakly in L*(Q) to the solution (u,p,p) in the
sense of Definition 2.1. Moreover, ur, p, converges strongly to u in L*(0,T; L*(12)).

Proof. Lemma 4.1 gives that (ur n,p7.h, p7,1) is bounded uniformly in L2(0,T%; L*(Q2)). This
gives immediately the existence of a sequence (Tp,, hy,) and of a triple (ur, n.., P70 by PTon b ) SUCh
that it converges weakly to a triplet (u,p,p) in L?(Q). Then, by Lemma 4.3, Lemma 4.4 and
Theorem 3.11 in [23], we obtain u € W2(0,T; W, %(Q)), p,p € L*(0,T; Wy *(€2)). Furthermore,
Lemma 4.3 and Lemma 4.4 and the Kolmogorov-M. Riesz-Frécht Theorem (Theorem 4.26 in [7])
also give the strong convergence: ur,, p,, — w as m — oo. In the following, we show (u,p, p) is the
weak solution of Problem P. To do so, we let ¢, ¢ € C?(Q2x[0,T)]) such that ¢ = ¢ = 0 on 9Qx [0, T,
(-, T) = ¥(-,T) = 0. For \, we make the assumption as A € C(Q x [0,7]), A(-,T) = 0, which
means that pointwise values make sense. Multiplying (3.6) by hmA7,, h, (Tx, (0 + 1)hy)m(K),
summing the resulting for n € {0,..., N — 1} and K € T gives

(4.15) Zh > m(E)FE =P M e, (04 D)

n=0 KeTm

—Zh 3" m(E)pe(uft YA @, (n -+ D)

KeTm
+7 Z 3 (K (uf — uf )Mo, (04 D).
n=0 KeT

We denote the last term of (4.15) by T3 and rewrite it as

N-1
T=r > > mK) (! = i) A@, (0 + 1)

n=0 KeT,,
N-1

3 Y m(K)uk (A, nha) — A, (0 + b))
n=1 KeT,

+7 Z m(K) (uK/\ zx,T) —u%)\(xK,hm))
KeTm
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First we have A(zg,T) = 0. Then according to the property of the initial condition, one has

Z m(K)ud Nz, h —>/ Az,0)dz as m — oo.
KeTm

Further, since A € C1(Q x [0,T]), A(-,T) = 0, one has

T
- Z Z W Nz g, (0 — Dhin) — Mg, b)) — 7/0 /Qu(x,t)at)\do:dt as m — o0.

n=0 KeT,

Similarly, since p7., h., — PT. b, converges weakly to p — p, one has

T
Z Z prtl — "+1)/\(xK,nh)—>/ /(p—p))\dtdx as m — 0.
0 Q

n=0 KT

From the above, one gets that (u,p,p) satisfies (2.6).
Furthermore, given ¢ € (C§°(2 x [0,7)))?, for any K € T and n € {0, ..., N} set

G0 el dvgh - 33 mlelhy) e
LGNKId 1

Letting X g x(¢nn+1] be characteristic function of K x (t",¢" "], we use (4.16) to define o7 :
O x(0,T) as

N—-1
(4.17) OTh= D D O X (er gt

n=0 KeT

Further, its discrete divergence is:

(4.18) divrorn, = Z Z (diVKSO%+1)XK><(tn’tn+l].
n=0 KeT

With the definitions (4.16), (4.17) and (4.18), we have @7, 5, — ¢ and divy, o7, — dive uniformly
as m — 00. By the compactness results and Lemma 3.5 there exists a ¢ such that fOT Vrur, divp —
fOT ¢divep as m — oo.
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Now we identify the discrete gradient limit ¢ with Vu:

T
/ / UT, b AIVTOT 1y
0 Q

N—-1
=3 Y m(K)uft (divepl™)

n=0 KeT

N—-1
— n+1 +1
Y Y Y Y m(oyiL) Ok B

n=0 KeT LeNK I,=1
N-1 2

_ n+l n+1 +1
=— Nam E (uf E : 0K|L "KL

n=0 K|L€EEint a=1

N-1 5
==Yk 3 mlog) e mn (0 )+ 008 <)
n=0  K|LE&w, la=1 - I
N—-1 2 (O'Id )
LK ;
=_ hom (7‘(11:;21 ug-{-l)‘uLdlK' nox
n=0 K|LEEn 1a=1 "U’L|K| LK
Iq
m(oy, ;)
T‘(u:?dl — )| nK|L) cpptt
gLl KL
N-1 9
m(L) m(K) .

- Z B Z Z < 5 (un;til szrl) :U’L|K+ 5 (unj;l _unJrl) /‘K‘L> o

K|LEEm; Ia=1 TKiL

/ / VTHL uﬂru m ' K % / / é‘ <p

Therefore Vu = £ in the sense of distributions, and in particular, u € L2(0,T; W12(€2)). Similarly,
we can also obtain V1., pr., n, — VD, V7., DT ., — Vp weakly in L2(0,T; L*(Q)) as m — oo.

myltm

Now we concentrate on A = fOT Jo Eolu
and approximation of ¢ denoted by ® and ¢ j:

P = p(wg, (n+1)h), KeT, nec{0,.N—1},
(4.19) Ot = §(x,, (n+1)h), oc€& ne{0,..N—1},

1
orn =P

)

z €K, te(nh,(n+1)h) foralln={1,..,

YVp - Vodadt. To do so, we define the discretization

N -1},

Then multiplying (3.4) by hm¢}" := hmo (2, (n+ 1)h) and (3.8) by hme¢™ ! := hm(z_1, , (n +
UK,. Ky
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1)hy,) and summing over K € T, and n € {0,..., N — 1}, with r = P;, Pj, P, and I; = 1,2, one has

'n.+1
AU S0 Sl Sl N I S (i S R T

n=0KeT,r=i,jk

1 1 1 1
(<¢Z;{, =) oy, + (00— i) oy, )ddt.
T
= / / ko (U 1 )V T DT b V T @ T e At
0 Q

Then we have

T =A71, b, — A

T
2/ /ko(uTm1hm)vaﬁTm~,hm va¢Tmh dxdt — / / VP Vodxdt

/ / (UTr o )V T DT b ¥ T @ n At — / / W TDT, b 'VTm¢Tm,hmd$dt} Ty

/ / WV T DT b * Y T OTon b At — / / w)Vp - ngdxdt} Too

By the assumption (A2), the compactness of Vypr p, the regularity of ¢ and wr, 5, — u as
m — 00, we easily obtain

(4.20) T51 — 0 asm — oo.
Furthermore, for T5; since we have V. p7.. n.. — VD, it is also easily obtained that
(4.21) Ty — 0 as m — o0,

which together with (4.20) implies At p,, converges weakly to A as m — oo. In the same way,
one gets the convergence for fOT fQ kw(u)Vp - Védadt, which concludes the proof. O

5. Numerical results. We consider a test problem similar to (1.1) - (1.3) but with constant
diffusion coefficients and linear relationship for p.(u). Without losing the generality, we set the
diffusion coefficients to be 1 and p.(u) = u. Specifically, for Q@ = (0,1) x (0,1), we consider the
following problem

(5.2) O(1 —u) —Ap =0,
(5.3) p—p=u+T1ou.

To close the system, we prescribe the boundary conditions:
p=p=0 at 09,
the initial condition

u(z,y,0) = sin(27z) - sin(37y).
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In this case, an explicit solution can be found:

—137%t

m) . Sln(2’ﬂ'l’) . Sin(?)ﬂ'y),

u(z,y,t) = exp(

—137%t 1 13772

Oy gin(2n2) - si I e d
33 igrer) Snre) sinBry) - (5 = 5oy ) an

p(z,y,t) = exp(

— 1372t 1 13772

5 1arz) Snre) sin(3ry) - (5 +

2 202+ 137'7r2))'

p(z,y,t) = exp(

The convergence results obtained here are based on compactness arguments, without having rigorous
error estimates. Nevertheless, for this specific example, since an explicit solution is known, we
estimate the order of the scheme as follows.

After constructing a mesh and taking uniform time step, we refine it uniformly three times by
having the mesh size and time step. We start with a uniform mesh as shown in Figure 2 (a). For
each of the discretization parameters, we compute the L? and W2 errors at t = 1/16:

(5.4) B, = ( /Q (u(z, ) —uT,h(az,t))2dm)1/2, ED, = ( /Q (Vip(z, 1) —VTﬁT’h(x,t))de)l/g.

The results in Table 1 refer to EF 4, Eg- ,» which are representative for the scheme. All other
errors have similar behavior. We estimate the order by computing

B, o,
(5.5) a:logQ(Eui’), ﬁ:logz(Epi’).
T/2,h/2 T/2,h/2

Based on this , the scheme is first order convergence in both L? and W2, Observe that the order
in the approximation of the gradient is the same as the L2-order, this being a consequence of the
multipoint flux approximation. One of the advantage of the proposed scheme is that, theoretically,
it is robust with respect to the meshing. Since p. is linear, no restriction applies for the meshing.
To evaluate the behavior of the scheme for non-uniform meshes, we use as starting point the non-
uniform mesh in Figure 2 (b). Note that this mesh is built without any connection with the
solution, such at the changes in or magnitude of the gradient. The results presented in Table 2
show practically no change in the order of the scheme.
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. ol 7
: |
- | W

Fi1G. 2. The uniform mesh (a) and nonuniform mesh (b).

No. of cells EY, a EY . B
43 % 8 8.6546x 10~ 4 - 5.7211x 1073 —
4% % 8 4.3880x 10~* | 0.9799 | 2.8433x 10~3 | 1.0087
45 x 8 2.2097x 10~* | 0.9897 | 1.4191x 10~3 | 1.0026
456 x 8 1.1088x 10~* | 0.9949 | 7.0912x 10~* | 1.0009

TABLE 1
Convergence results for uniform mesh, 7 = 1.

No. of cells EY, Q EY . B
43 % 8 8.7661x 10~ % — 7.8924x 1073 —
44 % 8 4.4138x 10~* | 0.9899 | 3.8945x 10~3 | 1.0190
45 % 8 2.2160x 10™* | 0.9941 | 1.9390x 10~3 | 1.0061
45 x 8 1.1104x 10™* | 0.9969 | 9.6800x 10~% | 1.0022

TABLE 2
Convergence results for nonuniform mesh, T = 1.

The two results up to now were obtained for the case of an isotropic diffusion operator. However,
the multipoint flux approximation considered here applies to anisotropic cases too. To see this, we
consider the following problem:

5.6) diu—V - (KVp) = 0,
(5.7) O(l—u)—V-(KVp) =0,
(5.8) p—p=u+Tou.

With k; =1, ks = 5, K is defined as

(5.9) K= (%1 é) .
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The boundary conditions remain unchanged:
p=p=0 at 09,
as the initial condition
u(z,y,0) = sin(2rz) - sin(37wy).

Again, an explicit solution can be found:

—497%¢
u(z,y,t) = exp(ﬁfﬁ) -sin(27z) - sin(37y),
_ —4972¢ . . 1 497712
p(l‘,y,t) = eXp(m) . Sln(2ﬂ'1’) . sm(?my) . (5 — m), and
— 4972t 1 49772
1) = 7" " ). sin(2 . sin(3 e T N
p(.0,1) = explg g -sin(2ma) -sin(3my) - (~5 + 5 po)

For the numerical tests we carried out the same steps as before: two meshes (uniform and non-
uniform) are refined successively three times. We compute the same errors, and observe that even
in the anisotropic case, the scheme still remains first order convergence for both meshes. The results
are given in Tables 3 and 4.

No. of cells EY, Q EY B
43 % 8 8.7790x 10~ 4 — 1.8338x 1073 —
4% % 8 4.4681x 10~* | 0.9777 | 9.0883x 10~* | 1.0127
45 % 8 2.2544x 10™* | 0.9869 | 4.5329x 10~ | 1.0035
45 x 8 1.1324x 107* | 0.9934 | 2.2647x 10~* | 1.0011

TABLE 3
Convergence results for uniform mesh, 7 = 1 and in the anisotropic case.

No. of cells EY a E%h 3
43 % 8 8.8311x 10~ 1 — 3.1188% 1073 -
4% % 8 4.4791x 10~* | 0.9794 | 1.4995x 10~3 | 1.0565
4% % 8 2.2569% 10~* | 0.9889 | 7.3982x 10~* | 1.0192

4% x 8 1.1330x 10~ | 0.9942 | 3.6810x 10~* | 1.0071
TABLE 4
Convergence results for nonuniform mesh, 7 =1 and in the anisotropic case.

One of the known features of the model (1.1) - (1.3) is that their solution does not satisfy a
maximal principle. Instead, effects like saturation overshoot can be observed both experimentally
[6, 16] and analytically [19]. To investigate this aspect, we present some numerical experiments
carried out with the relative permeability functions as

kw(s) = sts, ko =(1— 5)1'57
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where s := 1 — u denotes the water saturation. Further, the capillary pressure function is
pe(s) =1—s.
We take the domain (z,y) € Q = (—5,10) x (0,10). The initial condition is (see Figure 3)
s9 = (s, — 51)/(1 + exp(—4x) + 5;), for any y € (0, 10),

where s;, s, € [0,1] are two constant values, s; = 0.9, s, = 0.1.

10

Fic. 3. The initial saturation.

At the lateral boundary, we assume 0 flux in the y direction for each phase:
—ko(s)py = —kw(s)py =0, alongy =0 and y = 10.
At the inflow and outflow boundary, we assume a given, constant total flux in the x direction:
—ko(8)Ppz — kw(s)p, =1, along 2 = —5 and = = 10.
Further, we assume that
s(=5,y) = s, s(10,y) = s, for any y € (0,10),

and compute the pressures accordingly.
The numerical approximation of the saturation is displayed in Figure 4 for 2 times. Observe
the occurrence of an overshoot.

Fi1G. 4. The saturation att =1 (a) and t = 3 (b) with T = 1.
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