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ON THE CONNECTION BETWEEN
A SYMMETRY CONDITION AND SEVERAL NICE
PROPERTIES OF THE SPACES Squ) AND Toy,

AFEM. ter Elst
Abstract.

In this paper it is proved that several topological properties of the spaces Saqu) and
T o) are equivalent with a symmetry condition on the directed set ®.

0. Introduction

This paper is based on a paper [EGK] of S.J.L. van Eijndhoven, J. de Graaf and P. Kruszyriski in
which the spaces Squ) and Teu, are introduced. In Chapter IV of that paper it is proved that a sym-
metry condition implies some topological propertics of the spaces S gy and Toy). In the underlying
paper we show that a weaker symmetry condition is equivalent with all those topological properties and
a lot more.

For the terminology of locally convex topological vector spaces we refer to [Wil].

1. Notations and some known theorems

Let X be a separable Hilbert space, n € IV and let A,, - - - ,A, denote n self-adjoint operators whose
corresponding spectral projections mutually commute, There exists a unique spectral measure E on the
set B(R") of Borel sets of R"™ so that for every ke {1,---,n} the map
A3 E(R¥ xAx R"™*), A a Borel set in R, equals the spectral measure of A,. For every Borel
measurable function f on IR”", there can be defined the self-adjoint operator

fay= | fMde,
Rll
in a natural manner. (See [EGK], page 280.)
For every A € B(IR") let %, be the characteristic function of A. Forallm € Z* let
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Q,, = {le R* :Vkeu....,,,} [)\* (=4 [mg--l,m;,.)}} .

Let B, (R"™) be the set of all bounded Borel sets of R™ and let G* be the set of all maps F from
B, (IR") into X with the property

FAin A) =EA)F(8)  (ArAz € B,(R™)) .
Define emb : X — G* by [embx1(A) .= E(A)x, x € X, A € B,(R"™). The map emb is injective. So the
Hilbert space X is embedded in G*.

let ¢ be a Borel measurable function on R™ which is bounded on bounded Borel sets. Denoie
= {he R™:¢(}) #0]. Remark: ¢ need not be closed.) Let x € X. Define ¢(4)-x € G* by
[9A) - xHA) = HA)E(A)x, A € B,(R"). For every F € ¢{(A)+X there exists a unique x € E{@)(X)
such that F = ¢§{A)+x. Hence an inner product can be defined on &(A)-X such that the map
®A) t E@X) > ¢A4)-X is a unitary map between two Hilbert spaces. The set B,(R") is a
directed set under inclusion, so we can define the following subspace of G*;

Dy=(F € G*: A+ ¢(A)F(A), A€ B,(R"),is a Cauchy netinX} .
For every F € D, define ¢{A) % F = ﬁén ®(A)YF(A) € X. Corresponding to the same function ¢ we
can also define an operator ¢(A ) : G* —» G* by

[$A)F)A) =6A)F@) (F e G*,Ae B,(R").
Let < be a set of Borel functions on [R". Suppose the set @ satisfies the next axiom.

AXIOM 1.

@ is a directed set of real valued Borel functions on IR*™ and every element of ® is bounded on
bounded Borel sets. The set ® has the following properties:

Al.  Each ¢ € ® is nonnegative and the function L +—> ¢QA), A € ¢ is bounded on bounded Borel
sets .

All. The sets §, ¢ € D, cover the whole R",ie. R" = ;;J@ b.

AlIL VQ&Q a\f.felb Elc)() V,,‘Exn [(l""' Im ') l.se\g) MA')S ¢ zg;lzi W(X)] .

The set & induces a new set O

DEFINITION 2.

Let < be a set which satisfies Axiom 1. Then D% will denote the set of all Borel functions f on R"
so that
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i)  f is a nonnegative Borel function and the map A — f(A)}, A € f is bounded on bounded
Borel sets.

i) Vyeo [sup f(A)OM) < o).
& R"

LEMMA 3.
The set @ satisfies Axiom 1.

Proof. See [EGK], Lemma 1.5. 0

Now we can define two subspaces S g4y and Ty of G*. Let @ be a set which satisfies Axiom 1.

DEFINITION 4,
Let SQ(A) = le)‘l} oAY-X .

The topology Giyg for Sequ is the inductive limit topology generated by the Hilbert spaces §(A)- X,
e D

DEFINITION 3.

Let f € ®". Then Sou)cDy. The seminorm s; on S is defined by s;(w) =|f(@A)* wl,
w e S@(A).

THEOREM 6.

The locally convex topology for Seu, generated by the seminorms sp, f € @ is equivalent to the
topology Ging for Sy

Proof. See [EGK], Theorem 1.8. I

Remark: It follows that the topology .4 is Hausdorff.

DEFINITION 7.

Let Touy = {F € G* : Yyeo [#A)F € emb(X)]}.

The topology % is the locally convex topology generated by the seminorms ty, ¢ € @, defined by
to(F) = femb™ (@A) F)I, (F € Tou), ¢ € O).

There exists a characterisation of bounded sets in Tgy).
THEOREM 8.

Let B « T be a set. Then B is bounded in (T o) Tpeoj) if there exist f € O and a bounded set
Byc X sothat B =f(A)-B,.

Proof. See [EGK], Theorem 2.4.1L |

It follows that Teuy = v f(A)-X.
fedt



DEFINITION 9.
The topology Ty for Ty is the inductive limit topology generated by the Hilbert spaces f(A)-X,
f e &

Further a duality between the spaces Sy and Teu) can be introduced.

DEFINITION 10.

Define <,>:SouyXTouy = C

<GA)-x,F>=(x emb(GA)F)) (0 € @, x € EQX). F € Tou).
(See [EGK], page 288.)

Note: Forall f € ®*, w € Squ)and x € X holds: <w,f (A)x>=(f(A) * w,x).

THEOREM 11.

<Sowmy Touy> is a dual pair and the topology Oy resp. Towj is compatible with the dual pair
<Soup Touy> resp. <TouyS eny>

Proof. See [EGK], Theorem 3.1. i

2. The weak symmetry condition
Let ® be a set which satisfies Axiom 1. In Chapter IV of [EGK] the authors require the following
strong symmetry condition on the set ©.

AIV. Veear Joco Tes0 [ES c 0]

With this condition they prove several nice properties of the topological spaces (Seu)Cing) and
(T oa)Tpy)- They note that the operator {(4 ) ¢(A )™ x4(4) extends o a bounded operator on X . So the
set @ satisfies the following weak symmetry condition.

A careful reading of their proofs shows that they use only condition AIV’ to get the nice properties.
The next theorem shows that the spaces § gy and T gy cannot have those nice properties without con-
dition AIV”,

THEOREM 12. :

Let & be a set of Borel functions on R"™ which satisfies Axiom 1. The following conditions are
equivalent .

L D has property AIV’.

L (Touy o)) = (S o A),ci,,d) as topological vector spaces.
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(T oA »Tpeo)) = (T w(a)Tind) a5 topological vector spaces.
(T 0(a)sTpro;) i bornological .
(T oAy Tpros) is barrelled .
(T oa ) Tpnoy) is quasibarrelled .
Saa) is complete .
. S is sequentially complete .
Seuy= N Dy.

fed*

Sown) = S gryy a5 Seis.

For every bounded set B c Squ) there exist ¢ € © and a bounded set BocX so that
®(A): 1p,: Bo — B is a homeomorphism.

I=11
I = Il

m =1

Theorem 4.2.1 of [EGK].
Always (§ oA },G-md) = (T g4 Tina) holds.

Let {e @™ Define W : Tou) > X by W(f(A)-x) = f XA, f € ®",x € X. Let
f e @ Then [WF@A)-x<ECHANxI=UCFHAUSA)-xlayx for all
x € E(f)X). By definition of 7,4, the map W is continuous from (T g,).Tine) into X. By
assump_t_ion, the map W is continuous from (T g ),Teo) into X, so there exist ¢ € @ and
¢ >0 such that | W(F )] < t4(F) for all F € Tgy,. In particular,

1 e, YA =W (g (A)- NS cH(Oxg AN

forallxeXandmeZ“.Sox(kR. A)=0.

LR ¢}

HI=> IV = VI and Il = V = VI are trivial,

Vi= Il

I= VIL
VII = VIIL
Vil = IX.

Always Tp; C Ting. Let Q < Tou) be a T4-neighbourhood of 0. Because Ty, is regular,
there exist absolutely convex Ty4-open Q; C Toy) so that 0 € ©; < ©; c Q. Assertion:
Q, is a bomivore in (Teuytpmy). Let B < Tou) be a Tpm-bounded set. By Theorem 8
there exist f € ®* and a bounded set By < X so that Bo= f(A)- By Let M >0 be so
that fxJ< M for all x € By Since £, is Ty4-open, there exists € > 0 so that for all
xeX, Ixl<e holds f(A)-x € Q,. Then for all t e €, Itl <eM™? we get
t B < ;. This proves the assertion. Hence (3, is a bomnivore barrel and by assumption a
Toroj-€ighbourhood of 0. SO Ting < Tproje

See [EGK], Corollary 4.3.1I1.
Trivial.
Always Sguyc N Df.letF e n Dy Forpe N let

fed* fedt
A, ={Ae R" : 1Al <p), x, =F(@4,) and F, := XA,(A)"‘F- Then F, € Sou
Assertion: (Fp),e v is a Cauchy sequence in Seu). Let f € ®* and € > 0. There exists
Age B,(R*) so that for all AA"e€ By(R"), A5 A, and A > Ay holds
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BWfAYFQA)-fAYFAY<e Letpoe N besothat A, DAg Letp e N, p2p,.
For all Ae€B,(R"), A>Ay we obtain [fA)FQA)-fAIFA)I<e, so
ifAY* F -fAY* Fl=If(A)*x F —f(A)F(J)Ise.Sop > f(Ayx F, isa
Cauchy sequence in X with limit £ (A) % F and the assertion is proved (Theorem 6). Let
Fg € Seu) be the limit of the sequence (F,),e . Let A € By(R"). Then x5 € @* and
FofA) = ya(A) % 1‘7’(,=lr’li_n)2° Xa(A) % F, = xa(A) % F =F(A). S0 F =Fy € Sou)

Let W : Toquy —» € be a linear map which is bounded on T, ;-bounded sets. For all

f € ®" the map x > W(f(A)-x) from X into € is bounded on bounded sets by
Theorem 8, so this map is continuous. In particular: for every A € B,(IR") there exists
unique F(A) € X so that for all x € X holds (x,F(A)) = W(g,s(A)-x). Then F € G*.

Assertion: F € N Dy. Let f € ®* There exists y € X so that for all X € X holds
fed*

W) -x)=(x,y).Letx e X. 'Ihenli;n x.fAYFQA) =

=1im (f (A)Xa(4) x,F (A)) = im W (xa(A) « £ (A)Xa(A) x) = lim W (f (A) - xa(A) x) =
=lim (1s(4)x,y) = (x,y). So weak lim f(4)F(4) =y. But also lim ||f (A)F(A)} =

=1izn ‘su'gl IW({E (A)- xaA)x)! =;s‘§£1 IW(F @A) -x)l =}yl. Sostrong
limf(A)F(A)=y. Hence F e Dy and y =f(A)*x F. So F € N Dy =Sgyu) Let

fedt
HeTgu. There are fed* and xreX so that H=f(A)-x. Then
WH)= (@, fA)kFy=<F,f(A)+ x>=<F,H > By Theorem 11 it follows that W is
continuous.

By equivalence of I and IX: Seu) € Sgugyy= N Dp = N Dy,
fe@rt fedt

See [EGK], Corollary 4.3.1V.,
Let wi,wy, - - - be a Cauchy sequence in Sgu). Then {w, : n € IN} is bounded, so

there exist ¢ € @ and a Cauchy sequence xy,x3, " - in X so that w, =§A) x,,
ne IN.Letx = lim x,. Then lim w, = ¢(A)-x in Squ) i
R0 . B Y0

Remark: It is trivial by now that property AIV’ is equivalent with (7 g ) Tpm;) is reflexive and also with
(8 04):0ind) = (T (4 Tproj) as topological vector spaces. If (T'ou) %) happens to be meirizable, then
property AIV’ holds. '
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