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Introduction

In an interesting and stimulating series of papers [H1], [H2], [H3], Hopper
presents some special exact solutions of the shape evolution of a piece of vis-
cous matter driven by surface tension on the free boundary.

Hopper’s paper [H1] is of a conceptual nature and consists of two parts. In
his first part Hopper derives an evolution equation for the change of shape in
time: The unknown function in this evolution equation is a Riemann mapping
function from the unit disc onto the region occupied by the fluid at time ¢.
Hopper’s evolution equation is a partial differential equation of a very special
nature, requiring ’compensation of analytic singularities’. In [H1] we find, what
might be called, a pseudo Lagrangian description of the piece of matter and
several other innovative concepts. However, a lot of important mathematical
and physical details are missing in [H1]. In my view e.g. the kinematical aspects
are completely neglected in [H1] (and also in [R]).

Chapter 1 in my paper might well be called: "Mathematical addenda to Hopper’s
derivation of Hopper’s equation’.

In the second part of [H1] and also in [H2], [H3], Hopper finds solutions of his
equation which are of type Q(z, A(t)). He makes a clever guess of a parametrized
set of analytic functions Q(z; A), such that substitution of them in the evolution
equation leads to one ordinary differential equation for A(?).

In Chapter 2 of this paper I study several mathematical aspects of Hopper’s
equation. On the ’state space’, which is a part of an ellipsoid in Hilbert space,
Hopper’s evolution equation can be considered as an infinite system of ordinary
differential equations. For this system there are 3 ’exhausting’ series of finite
dimensional sub systems leading to solutions which are: 1. Complex polynomials
with real coefficients, 2. Complex polynomials with complex coefficients, 3.
Rational functions. Some local results on these finite dimensional sub systems
are presented.

For numerical solutions to the same problem which use Lorentz— Ladyzhenskaja
potentials I refer to work being done in Eindhoven [VM1], [VM2], [VM3].

I wish to thank Dr. H.K. Kuiken of Philips Research Laboratories for drawing
my attention to these interesting problems.



1 A shape—evolution equation

1.1 Formulation of a Stokes problem with a free boundary

On a simply connected open domain G; C IR? with a smooth boundary 8G; we
consider the system of Navier-Stokes equations for the unknown velocity field
v(z,t) = (vi(z, 1), v2(z,t)), z = (z,y) and the unknown pressure p(z, 1),

D d
p d—f =p ;3%+p(2~V)2= -Vp+nlAuv+pg
(z,9)€G, t>0,
Ve=0,

with the boundary condition
Tn=—-y(V.n)n=—ykn ondGy.

Here T is the stress—tensor (= stress-matrix)

dy dv\T
e —prea] () +(2)].
Further, n(z) and x(z) are the outward normal and the curvature at points
z € 0G,.
The relevant physical constants are: The density p [M L~3], the viscosity
n [ML™1T~] and the surface tension y [MT~2].

Note that with this boundary condition the surface is supposed to behave like a
membrane.

Next we introduce dimensionless quantities. Put

v=Xs =Rz 1=2%%f
U v
U _E D2
p—Rp h:...R //da_wR.
G

Then the Navier-Stokes system becomes

~ - . 2
S—d—gz-—Vﬁ+AQ+ﬂg i

¢ 7 Z€G
Vi=0



n= —EL)._ on 6G¢

with
=~ R . 0v; . 07;
r—r;'j = —7' 7;] ——175;; + (5‘53"" 6:7:.) .
i R?p
If the Suratmannumber S = — gR and the Bondnumber B = —— are very

small, e.g. if R is very small, it suffices to solve Stokes’ equations on G;. (We
omit the tilde ~)

Av=Vp
in Gt

Va=0

Tn=—kn on 9G; .

An equivalent formulation is
VT'=6T;=0
in Gt

V=0

Tn=—kn on 0G; .

1.2 The general solution of Stokes’ equations

In this section we want to describe the general solution of the Stokes system on
a fixed, simply connected open domain G C IR?

62'01 62‘!)1 _ @
8z ' Oy Oz

9%vy | 0%va _ Op

fz? + oy By
6v1 3?)2__
E+—a;-..0.

Suppose that the pair (v, p) solves this system on G and let T be stress tensor
obtained from this solution.

Then because of the simple connectedness of G there exists a ‘streamfunction’
¥ and an ’Airy function’ ¢ such that

v=(v,v2) = ($y » —¥s)

T

(3 )= o).



The latter can be argued as follows: Since V - T = 0 the stress tensor T must be
of the form

— Iy Gy
T= ( —fr =9z ) )
The symmetry of T' then requires —f; = g, which says V . (f,g) = 0. Hence
(f,9) = (—¢y, ¢z) for some function ¢. Note that, if v is given, the streamfunc-
tion 1 is determined up to a constant C and the Airy function is determined up
to a linear function Az + By + C.
Taking the trace of T' we find

p= %(¢zz + dyy) = %A‘ﬁ .

Combining this with the equation Ay = Vp we find the Stokes equations in
Cauchy-Riemann form

0 0
35 (389) - - (8¥) =0

9 1

dy 2
So (%Aqﬁ) + i(A4) is an analytic function on G, therefore AA¢ = 0 and
AAYP =0, so the functions ¢ and % are biharmonic.

Any biharmonic function ¢ on a simply connected domain G can be represented
as

88)+ 5= (AP =0.

¢=2Re(ZHi+¢), z=z+1iy
with f) and g analytic on G. Cf. [M], pp. 106-111.

Following the same reasoning we put

Y =Im(Zf2 + g2)

with f» and g, analytic on G.

From the Cauchy-Riemann representation of Stokes’ equations it follows that
Ji' = f7. Consistency in the stress tensor requires g = g4. So there are constants
A,B,D,F € R and C, F € C such that

fi=fo+Az4+iBz+C, g1=¢g2+Dz+iEz+ F.
Define

p=fat+Az, x=92.
Then

¥ = Im(Ze + x)
¢ =2Re(Zp +Z2(iBz2 4+ C)+ x + (D + iE)z + F)

= 2Re(Zp + x) + 2Re(zC + (D + iE)z + F) .



Onmission of the second term leads to the same stress tensor. Summarizing: The
state of the system is described by the analytic functions ¢ and x and

lo+iv=%p+x.

Note that ¢ is uniquely determined by the state (v,p) and that addition of a
complex constant to x leads to the same state. Conversely, any pair of analytic
functions ¢ and x leads to a solution of Stokes’ equations.

1.3 Kinematic and Dynamic Quantities expressed in ¢ and x

In a straightforward way the velocity field v(z) = (vi(z, ), v2(2,y)) and the
stress tensor field T'(z) = [T;;(z, y)] can be expressed in the analytic potentials
o and x. Write z = = + 1y.

o v1+iv2=¢y—i¢x=%Im(fso+x)—iga;Im('fso-"X)
= Im(—ip + iZ¢' +ix") — i Im(p +Z¢’ + X')
= Re(—p +Z¢' +x') — i Im(p +Z¢' + X')
=~Rep—ilme+z9 +x
=—p+29 + X
. Ti1+Tor=-2p=—A¢ = -2ARe(Zp + X)
= =8 Re ¢’ = ~4(¢' +¢)

. To2 — T1y + 12712 = — oz + dyy + 2idey

32 2 2

_ 8. . .8 .
=( 2—5;:—2-+26—y2)Re(z<p+x)+41ax—ayRe(z‘P'*‘X)

6112 6v1 . .
=2 a—y -2 a—z -+ 2l¢1~y = —4’(/);-!! + 2l¢3—y

—_ 44 62 N >, - —_ <A n
=4 gogy [ Im(Ze +X) + Re(Zp + x)] = —4(Z¢" +X") -

Stress orthogonal to a given curve



Tn=  ~320+2¢ys bzy Imz \ _
. n = ey ~1A4 - 2¢., ~Rez |~
= 1A¢(=Im i +i Re z) + (2¢yzIm 2 — ¢y Re 3) +
+ i(¢zyIm z + 29y Re 2)
= 3i(A¢): — 2L bey + ity )Z
. 62 PR
= i{A Re(Zp + x)}s - 2{29z—ay (2o +iy)}z
= 2i{(¢’ + ¢'2) + (29" + X")2}

— d Al vy
=2 - (¢ +p+X) .

Note that if we replace ¢ by ¢ = ¢ + C + 8z with C € C, f € R and keep
the same y than a rigid motion is added to the velocity field vy + iv,. However
this modification does not affect T" and T'n.

1.4 A road to Hopper’s equation

In continuum mechanics there are two conventional ways of describing the motion
of matter. In the Lagrangian description each matter particle gets its own label,
A say, and one wants to find the position £ of each particle X as a function of
time, i.e. one looks for the function z = F(X,1).

On the other hand, users of the Eulerian description are not so much interested
in the position of each particle. In the Eulerian description one wants to calculate
the velocity field



31(:'5: t) = E(_F_‘_ (2) t), t)
with
Bt =5 E1) .

In this paper we want to determine the evolution of the shape of a piece of
matter and the positions F(z,t) of the particular and the velocity fields v(z,t)
are not so relevant.

Instead of the Lagrangian or Eulerian approach we use what we call the “Pseudo—
Lagrangian picture”: At each time? a fixed domain D in f-spa,ce is mapped by
a function z = Q(¢, t) onto the actual configuration of the piece of matter. The
function © is made ’more or less rigid’ by requiring extreme smoothness of it.
In our 2 dimensional case, following Hopper [H1], we require it to be analytic.

Y x=F(X,9) 9|

N

\ X=F(x ¢ Actual
‘Pari‘u:'e I;Lelg\_J‘\_(_y Canfl"urait'on

at timet.

Lag rang {an Coar'c(nvaf es’

Coovelingtes® / wnit circle

lPseualo Lagranjta.,

We now gather some convenient kinematical expressions.
The trajectory of particle X in configuration space is

tesz(t) = F(X,1) .

The trajectory of particle X in Pseudo-Lagrangian coordinates is
t £(X,1) = Q7 (E(X, 8),1)

Differentiating the identity



Q=@ ). =¢
according to t leads to
(DQ7)( QU AE ) + (27)*(QE, 1), 1) = 0.
Here the dot - denotes partial differentiation to t. So
(@) (2 t) = —(DY~H(Q (2, DAL (2, 1), 1) -
For the velocity field in configuration space we find
v(z,t) = E(—E‘_ (z,1),1) -
Since
9¢(X,1)
ot

we find for the velocity field in Pseudo-Lagrangian coordinates

w(, 1) = (D27)Q(E 1), )(Q(E, 1), 1) + (27)*(Q(E, 1), 1)

= (DQ7)EX, 1), ) EX, 1) +(Q7) (E(X,1),1)

= (D)~ (€, 1)[u(Q(, 1), 1) — (&, 1)) -

Our ultimate goal is to calculate
0,1 for g =1

which represents the shape of our piece of matter.

Now suppose that at time ¢ the fluid occupies a domain G; C JR2. Fix a point
in G; and choose z -+ iy coordinates such that this point becomes the origin.

Introduce a conformal mapping @ : D — Gy, with 2z = Q((,t), ( =

§+in. D

is the unit disc in the complex { plane and ©(0,t) = 0. Note that Q is uniquely
determined if we require ©’(0,t) > 0. Suppose further that at time ¢ the state
(v, p) of the Stokes system is described by the complex analytic ’potentials’ ¢
and x. If necessary we may add a uniform rotation velocity field to »(z,1) in
order to arrange that ¢’(0) € IR. Cf. the remark at the end of section 1.3.

5]
_’;: §'+c’?/

n = @i%(s)

g |
D

At the boundary 8G; of G,, see picture, we have the boundary condition

Tn = —kn.
With the potentials ¢ and x this becomes, in complex notation,



d, — — d .
i — (200 7} = § — efals)
2 (29 +o+x) =i o el
which leads to
20z + o +x) =€+ Cy, atdG;.

The constant C; can be made zero by addition of a suitable constant velocity
field to vy(z, t).
Then combination at G, of the latter result with

vy +ivy = (—p + 2¢’ + X')
yields
2(vy + iv2) = —4p + &2C) | at G .
With the parametrization Q(e'?,t) for G, this becomes
201 (2(e'?, 1), t) + 2iu2(Qe¥, 1), 1) = —4p(Q(e¥, t), 1) + % .
Rewrite
w = (DQ)"'z - (DQ)"!Q
in the complex {-plane

e (UG, 1) +i0a(QG 1Y) QUG
C(Cyt) - Q’(Cyt) Q/(C’t) .

At 8D we have { = ¢**, § € R, and
Re e=#((e?,2) =0 .
With € = o and @((,t) = p(Q¢,t),t) we arrive at

20(0,t) L Qo) 1 (o)1)
oQ(a,t)  oV(o,t)  2|Q(o,t)| c
We now make the important observation that the two terms on the right hand

side are the respective real and imaginary parts of an analytic function F(|Q/(¢,?)|)
restricted to the boundary @D. This analytic function F is uniquely defined by

Re F(I2'(¢ D) =

1
gy ¢€0P
Im F(|Q'(0,t)])=0.
Summarizing, we find on D the relation
26(¢,8) = (¢, 1) F(IE D) -2 0) -

We now proceed to derive an evolution equation for § in which the unknown
complex analytic potentials ¢ and x play no role.

In 2(2¢' 4+ ¢ + x’) on G substitute z = Q({,¢) and put x(¢,t) = x(¢,1),1),
(¢, t) = (Q(¢,1),t). At the boundary 8D this leads to



o X\ _ o))
2(QDT,+¢+-_—,) cedD.

Q/  le)l’
Suppress ~ and substitute 2p = ¢Q'F — Q and its derivative. Then, at 8D
—(QQU(F - ITI’I) + %(9?2") -QUOFY =2X .

After complex conjugation and writing ¢ = o, |o| =1,

TUQF-QUUF) + —;—t(—ﬁ Q)y=2x".

. d . d
- — i —_—— —-50 _ 3
With o = €** and T e™ = this becomes
ie~10 i(e"o QQ F)+ i(ﬁ Q)=2x' ondD.
do dt
Hopper [H1], writes & = —ie~* 4 for 'differentiation along the unit circle’.

Then
—-d (—Q Q) - —-d (aﬁ Q' F())) = 2x
dt do

which is Hopper’s evolution equation for the shape of a piece of viscous matter
driven by surface tension.

2 Some mathematical analysis on Hopper’s
equation
2.1 Mathematical generalities on Hopper’s evolution
equation
On the closed unit disk D C € we look for solutions Q(¢,t), ¢ € D, t > 0 of the
evolution equation

(H) %(’ﬁ Q) — Edz((ﬁ Q F(IQ)) = =2x' = analyticon D .

Solutions £ are required to be (at least) analytic on D and continuous on D.
Remind that, by definition,

= 1
Q(Cit) = Q(? »t)
and also that F(|Q'|;¢) is analytic on D and uniquely defined by

, _ 1
o Re (20D = gl

Im F(IQ'(0,8)) =0

¢(€adD

10



The righthand side —2x’ of the evolution equation is an unknown analytic func-
tion. Therefore the question:

Does the cancellation of singularities inside D determine the shape evolution?

Note that if Q(¢,t) solves (H) then also e?()Q((,t), ¢ : R — IR arbitrary, is a
solution. This type of nonuniqueness can be resolved by requiring ©'(0,t) > 0.

DEFINITION. (Set of states & C X)

L= {Q}, with
w —
. Q) = Z n{”; D-—C, analytic
n=1
o Z nla,)* =1, means: AreaQ(D) =7
n=1

v, K<l () #0.
Q € T means: Q is analytic on D, Q is continuous on D and Q') #0for [¢| < 1.

Note that ¥ is a part of an ellipsoid in the Hilbert space.

allipsoicdl in Hilbert space

— -

Calculate

Q= Z kakE[Ck—l-l =
£>0, £30

e -]
= Z { Z (¢-m+ 1)atat-m+1} "=
m=-~00  {=max(0,m)
00

= E unr("™ .

m=-00

11



Note:

o0
m>1 = yp= Z (-—m+1)Tas-mt1 -

=m

There are two matrix forms for this expression:

uy G 24, 3a; 4day --- ay
Uz Gy 243 3a, . oo az
Uu3 - a3 2a4 . . veo as -
Ug Ty as
ay 2a2 3asz 4agq --- ay
0 a 2a, 3az - az
o o & 2m - a5
0 0 0 a - a4

In short u = N(@)a = M(a)a.
Note that if Q((,t) = Yooy 6n(t)(" satisfies (H) then

‘gz / Q(2)Q'(2)d= =-‘% ; fa )2 = % u(t) =0.

|2z|=1

Hence

0
T Z £jay(t)? = constant = 7 ,
£=1

which means ’conservation of area’.

In the next theorem we gather some results on a Taylor series representation

of F(|)).

THEOREM.
e For all Q € X the function
1 ’ ’ 1 '-'1" = n
5[0 (?)] 2= Y anl
w00

is analytic and single valued on an annulus % < [(|< R, R> 1.
¢ Define

FIC N =a0+2 D an" =3 BaC"
n=0

n=1

then F satisfies the conditions (F)

12



27 P o

1
on= / {33 mlamaeim=00} "% eineas

0 m=1 £=1

. ar=0e>0 o.pn=0n

. {am}CR = {an}CR. (m)

We now calculate the second term in (H)

d 1, ., ’ —
EZ(CQ(f) Q') FIEQ =

;,%{c D um™T™ ) Bal™Y =

m=-—oo n=0

i i (n -m—+ 1)ﬁnumcn—m - Z (—k + 1) [Z ﬁnun-l-k]c_k .

m=-o0 n=0 k=—c0 n=0

The singular part is

i (_k + 1) [ i ﬂnun+k] C—k .
k=1 n=0

Now the condition of cancellation of singularities leads to the following infinite
system of ordinary differential equations

ay 2as 3az 4dayg --- \ a
0 a1 2a; 3ajz ds
_El_ 0 0 a; 2(12 53 =
@l 0o 0 0 a T3
0 0 O 0o - ( a; 2a; 3az 4ay q;
0 Bo B P2 - 0 a1 2a2 3a3 3
— 0 0 2,30 2;81 o 0 0 ai 2!12 53
0 0 0 3,30 .. 0 0 0 aj -('1-4

\

In short
d

= 5 {M(a)a} = -B(a)a} , a(0)=ag, -

Let there be given an initial condition g¢(0) = g4 and put uy = M(a,)d,. Now if
from the infinite system of quadratic equations

13



M@dg=u.

a is locally solvable as a function of u around u = ug then the initial value
problem is reduced to an initial value problem for the infinite system of quasi-
linear differential equations

d

5 4= —Ble@)u, u(0)=y .
Not much can be said about the solvability of this dynamical system at this
moment. If every solution is a trajectory on the above mentioned ellipsoid in
Hilbert space then the shape would remain simply connected if the initial domain
is simply connected. Most probably such a deep result does not have a simple
proof.

Will it open
its mouth ?
2.2 The real polynomial Hopper problem
If we substitute the Ansatz
N
Q¢,t) = Z a,(t)(*, n€EN, ap: [0,00)— R
n=l

in Hopper’s equation (H) we find, e.g. for N = 4, the following finite system of
ordinary differential equations

Uy 0 0 0 0 ua
dluw|__| - B A 5B uy
dt Uz 0 O Qﬁo 26, Uz !
U3 0 0 0 3ﬁ0 U4
n short % = —B(a)u with
u; a; 2as; 3az 4day a
Uz _ 0 ay 2a2 30.3 as
uz | 0 0 a; 2a as
uq 0 o 0 a aq

14



a; 2a; 3az 4ay ay
_ as 2(23 3a4 0 as
- as 2&4 0 0 as
aq 0 0 0 as
in short u = M(a)a = N(g)a and
1 27 N N -}2_ '
fule) = 2600 3= [ { D5 D momarei™0r} Herds
. 0 m=1 {=1
Denote ¢ = (1,0,0,...,0) = w.
The following properties are straightforward
PROPERTIES of 8,, 1<n< N
. ﬁo(g_)>%, forallge T
N ﬁn(g)=%6no, 1<n<N
. Pn(a) -0 alsg—w, 1<n<N
o Bo(a) T oo ifa—0T.
The derivative of u, e.g. is N = 4, is found to be
ay 2a; 3az 4day a1 2a; 3az 4das
i!é - as 2(13 304 0 + 0 a 2a2 3(13
da | az 2a4 O 0 0 0 a 2a
ag 0 0 0 0 0 0 a
So
2 0 00
-d—'-‘tf(w) {06100
de=""1 0 0 10
0 0 01

Applying the Inverse Function Theorem we find that @ can be solved locally as
a function of u in a neighbourhood of u = w.
Via the method of variation of constants we find for the components u;,
2<Jj<N,
_U=n
lu;(t)] < Cje~"n *.

1
So w is a local attractor. Near w there is exponential decay: |a - w| < Ce™2".

15



Note that there are special solutions a(t) with a;(t) # 0, an(t) # 0 and
az(t) = ... = any-1(t) = 0. These are the typical solutions in Hopper’s work.
He ’guesses” shapes with one parameter and then solves an ordinary differential
equation for this parameter as a function of ¢, ¢f. [H1], [H2], [H3].

EXAMPLE (Hopper 1990).
Try to solve Hopper’s equation by the function

(¢, 1) = a(t)¢ - —CL N

N+1
with a(t) > b(t) > 0 and N € IN fixed.
Calculate
. Q =a-V
— 1 b
= - — — —(N+1)
* G=er-wr1¢
° W: bC"N
ab

= - — ¢~(N+1) _ gpe-(N-1)
) ( +N+1)C w1l okt

= - -1 ab —Ny-1
. —(99) : "(a )T = (Y T
ifa>bt11enm<§
. F = ap +2anCY +208¢N + -0,

2r
1 _1 2ab 1
ao(a,b)=ﬂ(a2+b2) 2 /(1—-m COSG) 2do
0

ab+ ab

. (QQ’) = 2(aa + —-)( +( )(’ (N+1) 4 Taylorseries

C-—(N+l) .

d — N
' Nyl —
o T [€QQ (g + 2an¢M)] = abao(a,b)N T
The system of two ordinary differential equations

aa + =0

N+1

ab + ab = —abag(a, )N

16



can be written explicitely

= aola, b) ab’N

= aopla, _—(N+1)a2—b2
. a?bN(N +1)
b= —co(a, )y yr 52

This system is singular if ¢ = b. At this point the decay of b is faster than
exponential. For small b there is exponential decay

1 1
b(t) mboe 3N (727 R Yy,

2.3 The Complex polynomial Hopper problem

If we substitute the Ansatz
N .
QG =) ant)®, NeN, n:[0,00)—C
n=1
in Hopper’s equation (H) we find, again, the finite system of ordinary differential
equations

d

4= —Blau,
but now with
1 2% N N . _l .
ﬁfl (Q) = (2 - 6n0)z; / Z Z meamate‘l(m-l)s} 26—;n’ds ,
! 0 m=1 (=1

and
u= M(a)@ = N(@)a S).

Note that vy = @1a; + 2aza2 + ...+ Nayany € R. So in order to make quasi
linearization possible, at least locally, we require u; € IR. Then (unlike Hopper
in [H1]) we find that the system (S) consists of 2n—1 real equations with (2n—1)
unknowns.

Now define
H: R R™ ! : gu= M(a)a
witha; € R, u; € R.

The real derivative DH of H at g is, with complex notation and z = (21, .. ., 2n),
21 = 71
a; 2a; 3az dag Z1
0 ay 2(12 3(13 =:i'.2
D =
a= H(Q')_ 0 0 e 2ar Z3
0 0 0 a Z4

17



a4y 24, 3az 4dag 2
+ a2 253 354 0 29
a3 2y 0 0 23
a4 0 0 0 24

The real linear mapping DH(a) is invertible at @ = w. So also in the complex
case w turns out to be a local attractor. With the modifications mentioned in
this section, the complex polynomial Hopper problem can be attacked with the
same methods as the real polynomial Hopper problem in the preceding section.

2.4 The Rational Hopper Problem

The Hopper equation
d = / d = ’ — r s bs)
EZ(QQ ) - d_C(CQQ F) = -2x' = analyticon D

can be written

!
Q[(1+C ).’F+C.’F’—— -—-]—-(Q.’F' % = analyticon D .
Following Hopper we take the Ansa.tz

N A N =
chnz_; 1"a’nc’ Qz; C_an’
SIS

n=1 (C T )2 ,

N - N - -
PN An Apcrn
Q= — + —
,gl (€ —2) nz; (€ —an)?

After substitution in Hopper’s equation and rearranging

(TC ) [1+¢ SyF 4o - ]+

[Z (C—a )2]C-7: Z =@ Otn) Z (C‘?‘f_")z = analyticon D .

Since 27 order and 1°¢ order poles have to compensate each other on D we find
the following two sets of ordinary differential equations

ap

en FoE T
o = ~F (@, ]

An _ ~[an (@) ém 0’(an)]
An Q'(— ) Qpn Q’(a
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Remind that, in this special case, F is a function of ay,...,an, 41,..., AN.

So we have 2N complex, coupled, explicit ordinary differential equations which
are locally solvable.

EXAMPLE (Hopper 1989).

Exact solution of the problem of coalescence of 2 equal cylinders.
Take
1-v? s
z2=Q(¢,v(t)) = T 7 -
(1+v2)z 1+¥%

The inverse of the ’parameter function’ v(t) is

1
1 22 -1
t=3v [ [k(1+E*)2 K(k)]™" dk
v
with K an elliptic integral. See [H1].
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