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Let M denote a measure space metrized by the metric d, and let u denote a
regular Borel measure on M so that bounded subsets of M have finite n-measure.
In [Fe], Theorem 2.8.18, Federer introduces conditions on the metric space

(M,d) such that the following important result holds true.

(1) Theorem.
Let the function £ : M -~ € be integrable on bounded Borel sets. Then there
exists a null set Nu such that for all r > 0 and all x ¢ M\IVu the closed ball

B(x,r) with radius r and centre x has positive p—measure. Moreover, the limit

TR Lem v B G T)) [ £y
ri0 B(x,r)

exists for all x ¢ M\Nu. The function f : x »-?(x) is p-measurable with f = £

almost everywhere.

Examples of such metric spaces (M,d) are the following (cf. [Fel)

- Finite dimensional vectorspaces M with d(x,y) = v(x-y) where v is any
norm on M.

- A Riemannian manifold (of class 2 2) with its usual metric (cf. [Hil).

- M, the disjoint union éf metric spaces (Mj,dj), j € N and d, the metric

defined by

|
—

d(xz,yj) = 9 # ]
d(xz,yl) = dQ(xg,yZ) i

Here the spaces (Mj’dj) are supposed to satisfy Federer's conditionms.



Let X denote a Hilbert space and R a positive self-adjoint Hilbert-Schmidt
operator on X. So in X there is an orthonormal basis consisting of eigenvectors
of R with eigenvalues Py > 0, k € N. The dense subspace R(X) of X contains

all £ € X satisfying

<o

=2 2

Here (- , + ) denotes the inmer product of X. With the sesquilinear form

=1 -1
(f,g)p = (R £,R 'g)
R(X) becomes a Hilbert space. Now let the linear operator D be well-defined
on R(X) and let it map R(X) into LZ(M,u). In addition, suppose that the com-
position map D o R : X ~» LZ(M,u) is Hilbert-Schmidt. This assumption ensures
that the series
©

! 2 2
(2.1) Y ey IDv |
R LT

converges and hence that
ol 2
25 14
(2, 14) kzl Pre Ikal € LI(M,u).

Since bounded subsets of M have finite y-measure, every member of LZ(M,u) is

integrable on bounded sets. So we can apply Theorem (1) to each element Dbk

of LZ(M,u). It yields null sets Nél), k ¢ N, such that the limit

(3.1) 9, (x) = lim (B (x,r)) | J (D, ) du
40 B(x,r)



exists for all x € M\Nél) and all k € N. Each function % extends to an
everywhere defined representant of the equivalence class ka.
: 2 (2)
Since ]ka[ € Ll(M,u), k € N, we get null sets N~ such that
3.8 [o 0% = lim u@Bx,) ! J Pv Pan . xe VA
r+0
B(x,r)
and because of relation (2.ii) we get a mull set N(3) such that
iy . -1 vn 2 2 3
(3.1i1) 2 0 |¢ (x)]2 = lim p(B(x,r)) z o |D'v | i ' M\N( ).
Ll e k k
k=1 rv0 k=1

B(x,r)

Let N denote the null set ( 1] Nél)> U ( U Néz) ) u N(3). For convenience
P keN keN
sake we take @k(x) = 0 whenever x ¢ Np.

In the next lemma we put the measure theory needed for the announced main

result of the paper.

(4) Lemma.
6 Iy p— .
a) Let x € M and set Qx = kZ] Ok @k(x) vy Then ex is a member of R(X).
b) Let x € M\V. and set ¢ (r) = u(B(x,r))_] z p2 Dv. du )v, .
P X &L oA k k
k=1
B(x,r)

Then ex(r) e R(X) for all r > 0 and

TimEilke. = (p)lliii=-0 ,
r+0 - # P



Proof.

The proof of part a) is a consequence of the definition of the functions P

and of relation (3.iii).

In order to prove b) we take x ¢ M\Np. Then for each r > 0 the inequality

s % B

| frmal (o) ( [oyra)
B(x,r) B(x,r) B(x,r)

1

3

< u(B(x,r)) "ka"LZ(M,u)
is valid. It yields the estimate

7 pz» va du’2<u(B(xr))( T o2 10w 112 )
Gy B k ’ gy e k'L, (M,u)

B(x,r)

and hence by (2.i), ex(r) e R(X).

Now let € > 0. Then ko € N can be taken so large that

(%) ) pi |(pk(x)|2 < ez
k=k0+1

and r, > 0 so small that for all r, 0 < r < r,, both

0,
(%) 0, () = u(B(x,r) " j @v)dul| <e
’ B(x,r)
and
(%) Y pi u(B(x,r))"l [ lekyzdu < 2€2
k=k .+1

0 B(x,r)



The inequalities (*) - (#%*%) lead to the following estimation
2 _ ¢ 2[——_ -1 e 35
[ e, ex(r) ||p = | Z P [(pk(x) n(B(x,r)) J’ (ka) du}vkllp 2
k=1
B(x,r)
ko - . y 2
- ( y o+ ) ) P ‘(pk(X) - u(B(x,r)) J (ka) dul
k=1 k=k.+1
0 B(x,r)
Now by (%)
g -1 %l s
Y op o, (x) - u(B(x,1)) [(Dv)du‘ ST g T
k k k k
k=1 k=1
B(x,r)
and by (x) and (*+x*)
- 2 =1 2
Y Pk wk(X) - u(B(x,1)) J (ka) du‘ <
k=k.+1
0 B(x,r)
v 2 - - 2 -1 ¥
£2 7 oy Je ,®|“+2 § o \u(B(x,r)) J Ov )du{ <
O K=k +1 ¥ k
0 0 B(x,r)
< 282 + 2 z pi p(B(x,r))_] Dv lzdu < 662.
k=k  +] B
0 B(x,r)
So we have proved that
1
le e.x(r)||p<z-:<6+kzl pk> s 0<r <.



We now come to the main result of this paper.

(5) Theorem (Measure theoretical Sobolev lemma).
For each f € R(X) there can be chosen a representant Df in Df such that the

following statements are valid

@
~

i) Vf = z (f’vk)wk, where the series converges pointwise on M.
k=1

ii) For each x ¢ M the linear functiomal f - D%(x) is continuous on the

Hilbert space R(X); its Riesz representant is e -
o]

iii) Suppose ) pﬁ |<pk|2 is essentially bounded on M. Then the convergence
k=1

in 1) is uniform outside a set of measure zero N.. Moreover

0

as>0vx€M\No : |0 (x)| <S el

iv) For all x ¢ M\Np

(D5) (x) = lim u(l’a(x,r))—1 J (Df) du .
rv0
B(x,r)

Proof.

(>

Let f € R(X) and put Pt = z (f,vk)@k. So obviously Df e Df.
k=1

i) Since (f,e ) = z (£,v,) 9, (x) and since ¢_ ¢ R(X) the series converges
S W k™ Tk X

pointwise on M.
ii) Trivial, because ﬁ%(x) = (f’ex)b'

iii) By assumption there is a null set NO such that

1

i wot 2 2 \?
S = sup z pk |¢k(x)’ < o,
xeM\NO k=1 /



Thus for each f € R(X) we get the estimate

K

k=L

L (Ev) 0 (0)

< s(kI{< o ](f,vk)lz)i

for all X,L ¢ N with K > L, uniformly on M\NO.

iv) Let x ¢ M\IVp

(DE) (x)

and let f € R(X). Then

(f,<’.x)Q = lim (f,ex(r))p -

ri0

lim u(B(x,r)) "

rv0

e

DRS:

k=1

,vk)< vakdu>.

B(x,r)

Summation and integration can be interchanged because

IA

IA

Thus

NHe~18

k

i

2
llfllp (

1

I~ 8

we find

V%) (x)

J |(f,vk)0vk| du <

B(x,r)

lim 1 (B(x,1)) "
r40

lim u(B(x,z)) "
r+0

B(x,r)

B(x,r)

- i 2 2
f ok2|<f,vk>|2du> (kgl fok |0, | du)
B(x,r) ~ B(x,1)
T o2 1ov, 12 ) LB (x,1))
e k'L, (M,u)

J( Z] (f,vk)DVk>du =

J (Df) du .

<



Illustrations (The classical Sobolev embedding theorems on [0,21T]n) "

On the n-dimensional cube Cn = |:O,21r:ln we take the usual measure

dx = dxl...dxn. In LZ(Cn) the operator A,

is well-defined and A has an orthonormal basis of eigenvectors

0t 2% s ]
ek(X) = (%ﬂ) elklx...elknX

where k € Zn, k = (kl""’kn)' Obviously we have

il 2
Aek— (1 +k]

2 n
+"'+kn)ek , k e Z

Theorem (5) leads to the following result.

(6) Corollary.
letm € N withm > n/2, and let 0 < 2 <m-n/2, 2 € Z. Then there is a null

(2) /

n

set N such that for each u € A ™ 2(Lz(Cn)) there exists a representant u
-of u with the following property: For all ¢ € (Nu fon-, |a| < 2, there

exists ¥ such that

% s 0% W@ <y Null_.
xeC \N(Z) * s
my - I
o o ¥ AN 3 0Ln
Here 0" denotes the differential operator D = <a_}c_> (ﬁ) , and
1 n

-m/2

Il e ||m the Hilbert space norm of A (LZ(Cn))'
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Proof.

/2

. -m
Note first that A

A—m/zek

So the operator DA

is a bounded operator on LZ(Cn) satisfying
-m/2 y
e

= (1 + k? + .. + kz) © and further that Da & = ila[ k]

n
/2 is Hilbert-Schmidt if the series

kezZ™ (l-k?+...+kbm

converges. Comparison with the integral

X%al S xian
J 5 g dX]... dx
2 (1+x1+...+xn)
R

shows that for 2m - 2|a| - (n-1) > 1 this indeed is the case. Hence we find
that for |a| < & <m-n/2 the operator DaA-m/Z is Hilbert-Schmidt. Since
jek(x)| =1, x e [0,2r]", it also follows that the function
xe ) I(DGA_m/2 e, ) (x)| is bounded on C_.

keZD K n

So Theorem (5) and the previous observations yield the desired result.

(CE. TReds)
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Epilogue.

One of the authors (De Graaf) has set up a new theory of generalized functionms,
[G]. This theory is based on holomorphic semigroups. Each nonnegative self-
adjoint operator A in a Hilbert space X gives rise to a space of generalized
functions TX,A' In [G] each generalized function F is an initial condition

u(0) = F of the equation

da
b Pl Au .
The corresponding solution U has to satisfy uF(t) ¢ X, t >0, and

-tA -tA

UF(t-+r) = e uF(t), t,T > 0. (Heuristically, uF(t) =@ uF(O).)

E.g. for each w ¢ X and m > O, Amvv is a member of TX A

Based on this theory of generalized functions, a theory of generalized eigen-—
functions has been developed, see [EG], where a central role is played by
Theorem (5) and by the so called commutative multiplicity theory (cf. [Brl).
The main result in [EG] can be stated as follows:

Let A be a self-adjoint operator in X such that the operators e—tA, LD,

are Hilbert-Schmidt. Then any self-adjoint operator T extendable to a closed

operator in TX 4 has a complete set of generalized eigenfunctions in TX A
3’ b

Moreover to almost each point A in the spectrum of T with multiplicity my

there correspond precisely m, generalized eigenfunctions out of this complete

A
set.
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