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Mixing properties of the generalized
T, T~ process

Frank den Hollander, University of Nijmegen *
Jeffrey E. Steif, Chalmers University of Technology T

Abstract

Consider a general random walk on Z? together with an i.i.d. ran-
dom coloring of Z*. The T,T~'-process is the one where time is
indexed by Z, and at each unit of time we see the step taken by the
walk together with the color of the newly arrived at location. S. Ka-
likow proved that if d = 1 and the random walk is simple, then this
process is not Bernoulli. We generalize his result by proving that it
is not Bernoulli in d = 2, Bernoulli but not Weak Bernoulli in d = 3
and 4, and Weak Bernoulli in d > 5. These properties are related to
the intersection behavior of the past and the future of simple random
walk. We obtain similar results for general random walks on Z%, lead-
ing to an almost complete classification. For example, in d = 1, if a
step of size « has probability proportional to 1/|z|* (z # 0), then the
T, T~ '-process is not Bernoulli when o > 2, Bernoulli but not Weak
Bernoulli when 3/2 < a < 2 and Weak Bernoulli when 1 < a < 3/2.

*Research partially carried out while guest of the Department of Mathematics,
Chalmers University of Technology, Sweden in January 1996.

TResearch supported by grants from the Swedish Natural Science Research Council and
from the Royal Swedish Academy of Sciences.



1 Introduction and main definitions

1. Definition of the 7,7 '—process. We begin by describing the process
that will be the object of our study.

For a fixed integer d > 1, let {X;};ez be i.i.d. random variables taking
values in Z¢ and having marginal law m. Let {S,},cz be the corresponding
random walk on Z? defined by

n 0
SOZO,Sn:ZXi(n21),Sn:—ZXi(ng—l),
=1 i=n+1

i.e., X; is the step at time 7, 5, is the position at time n. Next, let {C.}, cya
be i.i.d. random variables taking values 41 and —1 with probability 1/2 each.
We think of this as a random coloring of Z?, i.e., C. is the color of location
z. The walk and the coloring are assumed to be independent. Throughout
the sequel, the symbols P, ' will denote probability and expectation w.r.t.
walk and/or coloring.

Now consider the process

{Zz}zeZ with ZZ == (XZ, CS,)

We shall call this the T, T~'—process associated with m. (The name is
explained in Section 1.5.) The goal of our paper will be to study the mixing
properties of this process.

Since both the step taken by the walk and the color of the newly arrived
at location are recorded, knowing the past {Z;};<o of the T, T '—process is
the same as knowing the past {S;}i<o of the walk and the colors of all the
locations in {S;}i<o. Asking about the mixing properties of {Z; };cz therefore
means asking what effect this knowledge has on the future {Z;};50. Since
the steps are 1.i.d., the latter boils down to the question of what can be said
about the colors encountered in the future given that the coloring is known
on a certain (random) subset of Z°. If the random walk is recurrent and
irreducible, then this subset is all of Z<.

We end this subsection with a result proved in [26].

Theorem 1.1 ([26]) For any m, the T, T —process associated with m has
a trivial right tail.



Trivial right tail means that N,>10(Z,, Zn41,... ) only contains sets of prob-
ability 0 or 1, where o(Z,, Z,41,... ) is the o—algebra generated by the
random variables {Z,,, Z,41,... }. So Theorem 1.1 already tells us that the
T,T~1-process has reasonably strong mixing properties.

In ergodic theory, within the class of stationary processes whose one—
dimensional marginal has finite entropy a process with a trivial right tail is
called a K—automorphism (K) (see [38] p.207; the entropy of a random
variable X is defined to be — 37, p; log p;, when py, py, ... are the atoms of the
distribution of X, and is taken to be oo when the distribution is not purely
discrete.) We mention that K—automorphisms can also be defined outside
the class of stationary processes whose one—dimensional marginal has finite
entropy, but doing this would take us to far afield.

2. Definition of Very Weak Bernoulli and Weak Bernoulli. We iden-
tify a process {Y, },ez taking values in a complete metric space F' with a
complete probability measure ;1 on F'Z in the obvious way. (The o-algebra
is the completed Borel o-algebra w.r.t. p. The Borel structure refers of
course to the product topology.) Stationarity of the process corresponds to
this measure being translation invariant.

To define the concept of Very Weak Bernoulli we need the following notion
of distance between probability measures, called the d-distance in ergodic
theory.

Definition 1.2 If 1, iy € P(FN), with F' a countable set and N a positive
integer, then

— . 1 N
d(p1, p2) = lnfy P {/ (ﬁ Z 1{771‘75&‘}) v(dn, df)} )
1= 41, V2= 2 =1

vEP(FNxFN):

where vy and vy are the 1-st resp. 2-nd marginal of v, a typical element of
FN x N s denoted by (n,&) = ({n:i },, {&Y,), and P(E) denotes the set

of probability measures on E.

The infimum runs over all couplings (or joinings) v of y; and gy. The r.h.s.
without the infimum measures the expected percentage of errors under the
coupling v.

If S C 7 is finite, then we let o(S) denote the sub o-field of § = F%
generated by the atoms {w € Q :w = on S} where 5 ranges over F'®, and
we let Atom(S) denote the collection of these |F|I¥! atoms.



Definition 1.3 A translation invariant measure u € P(F%) with F a count-
able set is called Very Weak Bernoulli (VWB) if for all € > 0 there exists
a positive integer N = N(¢€) such that: If n > N and S C (—o0,0] N Z with
S finite, then

(o, 1l /A) < €
for all A € Atom(S) except for an e—portion as measured by fi.

Here /,L|(07n] denotes the measure on F(O7NZ

obtained by projecting p onto
the coordinates (0,n] N Z, (t](o,n/A means p, conditioned on A, and the
proviso in the last line means that the union of the atoms A where the above
inequality fails has g—measure < e. In words, VWB means that for large n
and for any m < 0, the future up to time n conditioned on the past down to
time m can (for most pasts) be coupled with the unconditioned future with
an arbitrarily small percentage of errors (which pasts may depend on n and
The concept of Weak Bernoulli, to be defined next, arose in the ergodic
theory community when the Ornstein isomorphism theorem for i.i.d. pro-
cesses ([29] p.6) was extended to more general processes (see [9]). However,
it was in fact formulated earlier by Kolmogorov under the name “absolute reg-
ularity” (see [2] Section 4.4). It is sometimes also referred to as “f—mixing”

(see [4]).
Definition 1.4 A translation invariant measure u € P(F%) with ' a com-
plete metric space is called Weak Bernoulli (WB) if

lim H/“L(—OO,O]U[n,oo) — H(=c0,0] X M[n,oo)” = 07

n—0oo

where || - || denotes the total variation norm of a finite signed measure.

In words, WB means that the past and the future beyond time n are asymp-
totically independent as n — oo.

It will be useful for us later to have a characterization of WB in terms of
couplings.

Proposition 1.5 (/2] Theorem 4.4.7) A stationary process {Y, tnen is WB
if and only if there is a process {Y,!,Y"},cu such that:

(1)) Yo nem, {Y Y nem and {Y }cm are equal in distribution,

(ii) {Y,}nem and {Y,}n<o are independent,

(ii1) a.s. there exists a positive integer N such that Y =Y for alln > N.
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From Proposition 1.5 it is obvious that WB implies VWB. Even for finite
state stationary processes the reverse is not true in general. The first coun-
terexample was given in [36]. Another example comes from [32]. An example
in the context of skew products (see Section 1.5 for the definition of a skew
product) was given in [35]. We shall see still more examples in this paper.

3. Bernoulli vs. Very Weak Bernoulli. Two stationary processes (F%, 1)
and (G%, v) are isomorphic if there exists an invertible measure-preserving
map from one to the other that is defined a.e. and that commutes with shifts.

Definition 1.6 A stationary process is called Bernoulli (B) if it is isomor-
phic to an i.i.d. process.

It is generally difficult to see directly if a process is Bernoulli or not.
However, the following fact is important and helpful.

Theorem 1.7 ([29] p.44, [31]) Let the state space F be finite. Then B is
equivalent to VWB.

(An alternative and simpler proof of this fact is given in [20].) For infinite
state processes the situation is slightly different.

Theorem 1.8 Let the state space F' be countable. Then VWB implies B.
Conversely, if the one—dimensional marginal of the process has finite en-
tropy, then B implies VWB. However, the latter may fail without the entropy
restriction.

PROOF: Theorems 4 and 5 on p.53 in [29] state the following continuity
principle. If Y™ = {Y(™1 2 is a sequence of stationary processes that
are all functions of a stationary process X = {X, }nez, such that each Y™
is B and such that the sigma-fields (Y ™)) are increasing in m with X be-
ing measurable (up to sets of measure 0) w.r.t. the sigma—field generated by
Unmo(Y(™) then X is also B. Next, we note that it is easily proved that if a
countably infinite state process is VWB, then the process obtained by collaps-
ing any infinite set of states into a single state is also VWB. Combining these
two facts with Theorem 1.7 above, the first implication immediately follows.
The second implication (under the entropy constraint) can be obtained by
a straightforward modification of the proof in [20]. Similarly, it is trivial to



find examples (necessarily failing the entropy condition) that are B but not
VWB. For instance, take any ‘block construction’ of a finite state Bernoulli
process and add at the first position in a block a number that describes the
block exactly. This is a countably infinite state Bernoulli process for which
a.s. the past determines the future and so we lose the VWB property. O

Within the class of stationary processes whose one-dimensional marginal
has finite entropy, B implies K ([5] p.280). Therefore the import of Sections
1.2-1.3 can for this class be be summarized as follows:

WB = VWB < B = K.

For general countable state processes all of the above holds except the <—.
(The fact that B implies K requires the definition of a K—automorphism in
this more general context, which we have not given.)

Despite the fact that B and VWB are not equivalent in general, it turns
out that they are equivalent for the 7', 7' ~!-process.

Theorem 1.9 The T, T~ process is B if and only if it VWB.

We shall sketch the proof in Section 1.6. Most of this sketch is due to Jean-
Paul Thouvenot (personal communication). The proof is a digression, since
the m’s for which we prove that the T, T '-process associated with m is
not VWB all have finite entropy (see Theorem 2.8 below and the comments
afterwards) and hence the equivalence with not B follows from Theorem 1.8
anyway.

4. Brief overview of results. The following theorem due to S. Kalikow
was the main motivation for the present paper. As usual, simple random
walk refers to the case where at each step the walk chooses uniformly from
its 2d nearest neighbors.

Theorem 1.10 ([17]) The T,T ! —process associated with simple random
walk ind =1 is not B.

Remark:
Theorem 1.10 above solved a problem that had been open for over 10 years.



It showed that even for a ‘natural’ process like the T, T~'process it is possi-
ble to be K (recall Theorem 1.1) and yet fail to be B. Examples of processes
that are K but not B were known earlier (see [28] and [30]), but they were
clearly constructed for the purpose. The result proved in [17] is actually a
little stronger in that it is shown that the process does not even satisfy a
weaker property called loosely Bernoulli, but we shall not deal with the
latter concept here.

The main results of our paper are formulated in Section 2. Here we give
a brief outline.

1. We show that a necessary and sufficient condition for the 7',77 '~
process to be WB can be given in terms of the intersection properties of
the underlying random walk. More specifically, let I be the intersection
set of the forward part (future) and the backward part (past) of the
walk. Then the process is WB if and only if || < 0o a.s. The expected
value F|I| can be computed as a simple sum involving the Green’s
function of the random walk. While E|I| < oo of course implies that
|| < oo a.s., the converse is not true in general and a counterexample
will be presented. However, we show that the converse is true for a
large class of random walks, including all the symmetric ones as well
as the ones with finite variance. In Section 5 we characterize to some
extent the random walks for which the Green’s function sum is finite
resp. infinite.

2. We show that transience of the random walk is a sufficient condition for
the T, T'~!-process to be VWB. We also show that recurrence together
with some ‘mild assumptions’, namely, the existence of a positive mo-
ment of m and a certain property involving the intersections of the
random walk, implies that the T',7~1-process is not VWB. In Section
7 we show that this latter assumption holds when at least one com-
ponent of the random walk is in the domain of attraction of a stable
law. This will extend the result in [17]. Transience is equivalent to the
Green’s function being finite.

The problems that we study are intimately connected with questions con-
cerning intersection properties of random walks. Such questions can be quite
difficult, as evidenced by the existence of the book [21].



5. The T, T '—transformation (for ergodic theorists only). This sub-
section is a brief digression into ergodic theory. It is not needed in order to
read any other part of the paper and so the reader may want to skip it and
move on to Section 2.

An ergodic theorist will be more interested in the 7', 7~ !-transformation
(from which the T, T~'-process arises). We briefly explain what this is and
what our results tell us about it.

Definition 1.11 A dynamical system is a quadruple (Q,B,pu,T), where
Q is a set, B is a o—field of subsets of Q, p s a probability measure on B,
and T is a bijective bimeasurable measure-preserving transformation on 1.

An important example of a dynamical system that often arises in ergodic
theory is a skew product.

Definition 1.12 Let (Q,B,u,T) be a dynamical system. Let {T,}.eq be
a family of bijective bimeasurable measure-preserving transformations on the
measure space (', B, '), with (w,w") — T, (&) jointly measurable. Then the
resulting skew product is the dynamical system (0 x ', B x B, x i/, T)
where

T(w,w') = (T(w), T,(w").

(One easily checks that T is measure—preserving. )
The T, T~ !-transformation is a particular family of skew products. Let

© = (%)%, B, 1), where
1 = m” for some probability measure m on Z*

and B is the completed Borel o—algebra w.r.t. u. Let ©'= ({+1, —I}Zd, B v),
where

v = [(1/2)841 + (1/2)6_]%

and B’ is the completed Borel o-algebra w.r.t. v. Abbreviate Q = (Z%)% and

Q= {41, —1}Z£d. Let T' be the bijective bimeasurable measure-preserving
transformation on © given by the left shift

(Tw)(n) =w(n+1) for all w € Q and n € Z.



For w € Q, let T, be the bijective bimeasurable measure-preserving transfor-
mation on O’ given by

(Tw(w')) (2) =W'(z +w(0)) for all W' € Q' and z € 7.
Here a typical element w € ) is written

{..yw(=1),w(0),w(l),...}

and similarly for «’ € €. The resulting skew product is called the T, 77—
transformation with measure p.

Note that the only freedom we have with the above system is the marginal
m of p. This marginal represents the step distribution of the random walk,
while v represents the law of the i.i.d. random coloring. The term 7', 77!
now comes from the original case studied by Kalikow, which was d = 1
and m = (1/2)641 + (1/2)0_;. Then we are essentially shifting the second
coordinate in the skew product either to the left or to the right, i.e., we apply
T or T7' with T denoting the shift on the color sequence.

Given a dynamical system (€,B,p,7T) and a countable partition @) of
2, we obtain in a natural way a stationary process {Y}, },ez, defined on the
probability space (2, B, i) and taking values in @, by letting Y, (w) be the
partition element of () containing 7" (w). We say that () generates if B is
contained (up to sets of measure 0) in the o—algebra generated by {Y} },.cz.
When @ and )’ are two finite partitions that generate, then Theorem 1.7
implies that the stationary process associated with ) is VWB if and only
if the one associated with @) is. This says that the property of VWB is
an isomorphism invariant for finite state stationary processes and hence is
an intrinsic property of the dynamical system. However, the existence of
VWB processes that are not WB implies (using Theorem 1.7) that a similar
equivalence for WB fails to be true. Because of this fact, an ergodic theorist
might not consider the concept of WB natural, since it is not an intrinsic
property of the dynamical system. However, from a probabilist point of view
it is obviously important.

The next observation we ask the reader to make is that the 7", T~ —process
associated with m can be obtained by taking the T, T~ ~transformation with
1 = m?% and letting Q be the countable partition of € x ' generated by the
pair (w(0),w’(0)). (Note that @) is a finite partition if m has finite support,
which means that the corresponding random walk has bounded step size.)



The advantage of having a partition () generate is that the dynamical
system 1s then isomorphic to the stationary process associated with ). How-
ever, in our T, T~ '~transformation the partition based on (w(0),w’(0)) does
not necessarily generate. In fact, it generates if and only if {5, }oez = %°
a.s., a condition that is slightly weaker than recurrence and irreducibility to-
gether. Therefore, if we prove that the 7', T~ !-process is B, then this does not
necessarily imply that the T, T~ '~transformation is B. (If the T', T~ !-process
is not B, then it follows from [27] p.350 that the 7,7~ '-transformation is
not B.) However, to prove that the 7,7~ '~transformation is B, we can pro-
ceed as follows. Fix k and define a process {Z*},cz containing somewhat
more information than the 7', T~!-process, namely, at time n we record the
step of the walk together with the color of the location the walker newly
arrives at and the colors of all the locations within k& units. In other words,
ZF = (X,,{C.}.eB,15,)) where By = [k, k]?N 7.

The proof that for transient random walk {7, },cz is VWB (see Theo-
rem 2.6 below) carries over immediately to show that {Z*},cz is VWB for
each k. It is also clear that B x B’ is the o-algebra generated by U.Fy,
where F}, is the o-algebra generated by {Z*},cz. It therefore follows from
Theorem 1.8 above and from Theorems 4 and 5 on p.53 in [29] that the
T, T~ ~transformation is B. (For the content of the latter two theorems, see
the proof of Theorem 1.8 above.)

Also the proof that {Z,},cz is WB under the appropriate assumptions
on the random walk (see Theorem 2.2 below) carries over immediately to
show that {Z*},cz is WB for each k.

6. Sketch of the proof of Theorem 1.9 (for ergodic theorists only).
Finite codings of i.i.d. processes are trivially VWB. Moreover, it is easy to
show that any coding can be approximated in the d-metric by finite cod-
ings for which the state space of the image process is finite. (The d-metric
was only defined for a finite number of variables but can easily be extended
to stationary processes by requiring the couplings to be jointly stationary.)
Therefore we need only show that the set of VWB processes is closed in the
d-metric. This is proved in [20] for finite state processes and extends imme-
diately to processes whose one—dimensional marginal has finite entropy. The
argument can, however, also be carried out for general countable state pro-
cesses, provided we can extend an entropy theorem due to Rohklin stating
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the following: if {A,,, B} is a jointly stationary finite state process, then
nh—>r<r>lo H(AlHAm}mSOv {Bm}mﬁ—n) = H(A, HAm}mSO)’

where H(-|-) denotes conditional entropy. In particular, the argument in [20]
could be carried over if we could verify the above when {A,} is any finite
state process and {B,} is the T, T '-process {Z,}.

In fact, Rohklin’s proof could be carried over after we prove the following:
if {C,,D,} is a jointly stationary ergodic process with {C,} a finite state
process and {D,} an i.i.d. process, then

nh_}r(r)lo H(Ci{Cm <o { D tmc—n) = H(C1{Cn }m<o)- (1)

To prove (1), we first use the relativized Sinai theorem to find a process
{F,} that is a stationary coding of {C,, D, }, such that {F,} is i.i.d. and
independent of {D,,} and such that its entropy is

H(C1{Cnym<o: A D fmen)-

It suffices to prove that the two quantities in (1) are within a fixed € > 0.
Fix such an ¢ and use the fact that

H(Cl |{Cm}m§07 {Dmv Em}meZ) =0

to construct a process {F,} (defined on the same probability space) such
that {C,, D,, E,, F,} is jointly stationary, the entropy of Fj is less than
¢, and {C,} is measurable w.r.t. {D,, E,, F,,}. It is easy to show that if
{D,,E,, F,,G,} is jointly stationary, where the partition corresponding to
(i1 can be expressed as the partition corresponding to {D},, E,, F}, },<n for
some N with {D/} a process simply obtained by collapsing the state space
of {D,} down to a finite number of states, then

[ lim H(GiH{Gobnzo {DusYngen) = HG{Gubmeo) S . (2)

Next, a simple computation shows that if (2) holds, then it also holds
when {G,,} is replaced by any process that is a finite state factor (coding)
of {G,}. It is also easy to show that the above property is preserved under
taking d-limits in the {G,, }-variable. Finally, since {C, } is measurable w.r.t.

11



to {D,, E,, F,}, it is a d-limit of the above type processes and hence (1)
follows. O

7. A comment about more general groups. We finally mention that
given an arbitrary random walk on an arbitrary discrete group ¢/, one can
define an associated T',T~!-process completely analogously to the case G =
Z°. All of the results that we obtain for ¢ = Z" also hold for general groups
(provided they make sense in this more general context). The proofs are in
fact identical. However, we decided for concreteness to restrict our discussion
to Z?. See [6] for a classification of recurrence vs. transience of random walks
on countable Abelian groups.

2 Main results

In this section we state our main results. Proofs are deferred to Sections 3—4
and 6-7.

The random walk is recurrent if P(S, = 0 for somen > 0) = 1 and
transient otherwise. We write S[k, /] to denote the set {Sk, Sky1,...,5¢},
i.e., the collection of all the locations that are hit during the time interval
[k, {]. The random walk starting from « is denoted by {S7},cz and defined
by S¥ =« + 5,,. Throughout this paper we assume that the random walk is
irreducible, which means that given any z,y € Z" there is an n > 0 such
that P(S? =y) > 0.

1. Weak Bernoulli. Theorem 2.2 below gives a necessary and sufficient
condition for the T, T~'-process {Z,} to be WB in terms of the intersection
properties of the underlying random walk {5, }.

Definition 2.1 We say that the random walk {S,} has property O if
|50, 00) N S(—00,0]] < o0 a.s.

Remarks:

(a) The two sets in the above intersection are independent.
(b) It follows from the Hewitt—Savage zero-one law (see [7] p.174) that the
event in the above definition has probability 0 or 1.

12



(¢) A d = 1 nearest neighbor random walk with nonzero drift satisfies prop-
erty ©.

(d) A recurrent random walk cannot satisfy property Q.

(e) Simple random walk satisfies property © if and only if d > 5 (see [21]
Section 3).

Theorem 2.2 The T,T '—process {Z,} associated with the random walk
{S,} is WB if and only if {S,} has property Q.

2. Relationship between property © and the Green’s function. We
begin with some notation. Let

pa(z,y) = P(S; =vy)
falz,y) = P(SZ =y, S5 #yfor0<m<n).

Let pu(2) = pa(0,2) and fu(z) = fo(0,2), and

G(z) = Lisopa(r)
Fz) = Yisofulz).

(i is the Green’s function of the random walk. G/(z) is equal to the expected
number of visits to @ starting from 0, F'(x) is the probability of ever reaching
x starting from 0 (note that F'(0) = 1 because fy(0) =1 and f,(0) = 0 for
n > 0). The step distribution is m(xz) = py(2).

Remarks:

(f) By irreducibility, G(x) = oo for all « if the random walk is recurrent and
G/(x) < oo for all z if the random walk is transient.

(g) The renewal relation p,(x) = > o fm(€)pu—m(0) implies that for tran-
sient random walk F(x) = G(x)/G(0).

(h) For transient random walk G determines m (see [37] Section 2) and so
distinct transient random walks have distinct Green’s functions.

We are now ready to relate property ¢ with properties of the Green’s
function. The first observation is that (see Remark (g))
1
G2(0)

£(]8[0,00) N S(—00,0]]) = 3 F(a)F(—2) =

zeZ?

We therefore obtain the following corollary.
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Corollary 2.3 If Y  ya G(x)G(—2) < oo, then the random walk {S,} has
property O.

The interesting question is whether the converse is true. It turns out that
the answer is no.

Proposition 2.4 There exists a random walk {S,} in d =1 with
£(]8[0,00) N S(=00,0]]) = oo

1510, 00) N S (=00, 0] < 00 a.s.
On the other hand, the converse is true for a large class of random walks.

Theorem 2.5 Assume that ) e G(2)G(—x) = co. Assume that the ran-
dom walk {S,} satisfies at least one of the following two properties:

(i) symmetric (i.e., m(x) = m(—x) for all x),

(ii) finite variance (i.e., Y. cqga|z|*m(z) < o0).

Then {S,} does not satisfy property Q.

Remarks:

(1) It turns out that the only reason why property © need not correspond to
Yovemd G(x)G(—x) < oo is that the random walk run backwards need not be
the same as the random walk run forwards (see Corollary 4.1 below).

(j) It is possible to improve on conditions (i-ii) in Theorem 2.5. For instance,
it can be shown that property © also fails when }°, e G(2)|G(2) —G(—2)| <
oo and sup,5o n'0p,(0) < co for some § > 0. We shall, however, not pursue
this line.

In Section 5 we shall characterize to some extent which random walks
satisfy the Green’s function criterion Y za G(2)G(—2) < oo,

3. Very Weak Bernoulli. Our next result gives a sufficient condition for
{Z,} to be VWB (which we also believe to be necessary).

Theorem 2.6 If the random walk {S,} is transient, then the T, T~ —process
{Z,} is VWB.
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Our final result, an almost converse to Theorem 2.6, tells us that if {5, } is
recurrent and satisfies some mild assumptions, then the 7', T~!'-process {7, }
is not VWB. To describe this, we introduce a property that concerns the self-
intersection behavior of the random walk and that plays a role analogous to
property Q.

Definition 2.7 A random walk {S,} has property & if there exist con-
stants C,y > 0 such that for all integers M, N > 1 and all r € (0,1)

where E]]\V{T, s the event
{3rc{1.... . N}L|T| =N
[ = )M, iM) N S[(G— )M, jM) # 0 Vi,jeT}.

Remarks:

(k) The upper bound in the definition of # is uniform in M.

(1) In [17] it is shown that simple random walk in d = 1 satisfies property #
with €' =20 and v = 1/3.

(m) If some coordinate of the random walk satisfies property #, then the
random walk itself also does.

The main result of this section is the following:

Theorem 2.8 Let {S,} be a recurrent random walk satisfying property #
and Y, cza |2’m(z) < oo for some § > 0. Then the T, T~'~process {Z,} is
not VWB.

We already know from Theorem 2.6 that recurrence is a necessary condi-
tion for {Z,} not to be VWB. Despite the fact that recurrent random walks
can have arbitrarily fat tails (see [11] or [34]), the assumption of a finite
d—moment is rather weak (although it can be shown to imply that m has
finite entropy). As far as property # is concerned, we believe that this is no
restriction at all.

Conjecture 2.9 Fvery random walk {S,} satisfies property #.
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4. Sufficient condition for #. In this section we formulate a sufficient
condition for #, thereby giving content to Theorem 2.8.

Definition 2.10 A one-dimensional random walk {S,} is in the domain

of attraction of a random variable Y if there exist lwo sequences of
constants {b,} C R and {a,} C R with a, > 0 such that

Sy — by,

an

=Y (n— o)

(= means convergence in distribution). The possible limiting random vari-
ables Y are called stable laws.

Remarks:

(n) Before we proceed, let us recall the following facts about stable laws
(see [7] Section 2.7). The normal distribution as well as the constants are
stable laws. Modulo translations and scalings, all other stable laws can be
parametrized by two parameters: o € (0,2), called the index, and 6 € [0, 1],
measuring the skewness. The density functions of these stable laws are known
only in very few cases. The stable law Y corresponding to o € (0,2) and
0 € ]0,1] has the properties

limg oo 2 P(|Y] > 2) € (0,00)

. P(Y>z
hmgg_)OO PJHmL) = 0.

(o) The case a = 2 corresponds to the normal distribution. If E(X}) < oo,
then it follows from the central limit theorem that {5,} is in the domain of
attraction of a normal distribution where the sequences can be taken to be
an =/n, b, = nE(Xy).

(p) It can deduced from [8] pp.574-581 that if {5, } is in the domain of attrac-
tion of some stable law with index o € (0, 2], then the sequence {a,, } is of the
form a, = n%L(n) with L a slowly varying function, i.e., lim;_ LL(E?;) =1
for all x > 0.

Theorem 2.11 Let {S,} be a one—dimensional random walk that is in the
domain of attraction of a nondegenerate stable law where the centering se-
quence {b,} can be taken to be = 0. If, in addition, o > 1 and/or 6 € (0,1),
then {S,} satisfies property #.
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Remarks:

(q) Random walks in the domain of attraction of a stable law with index
a > 1 must have a step distribution m with finite mean ([7] p.153). In that
case the centering constants can be taken to be = 0 if and only if m has zero
mean ([3] p.347 and [7] p.159). The centering constants can also be taken to
be = 0 if m is symmetric ([7] p.153).

(r) We shall see in the proof of Theorem 2.11 that v in property # can be
taken arbitrarily close to 1/(1 + «).

(s) Random walks in the domain of attraction of a stable law with index
a < 1 are not recurrent and centering is unnecessary (see [3] p.347).

Theorems 2.8 and 2.11 together with Remarks (m) and (q) imply the
following corollary.

Corollary 2.12 Let {S,} be a recurrent random walk with 3, cya |2'm(x) <
oo for some § > 0 and having some coordinate in the domain of attraction
of a nondegenerate stable law with index o. If either of the following holds:
(i) o > 1 (in which case the coordinate must have zero mean)

(ii) a =1 and the coordinate is symmetric,

then {Z,} is not VWB. In particular, if {S,} is any zero mean finite variance
random walk in d =1 or 2, then {Z,} is not VWB.

Example 2.13 Let d = 1 and m(z) = C/a? for x # 0. The corresponding
random walk is recurrent ([37] Example 8.2) and is in the domain of attraction
of the Cauchy distribution ([7] Theorem 2.7.7). By the above corollary, this
gives us a random walk with infinite mean for which the associated 71", 7'~
process is not VWB.

3 Proofs of Theorems 2.2 and 2.6

1. Large blocks in random walk intersections. To prove Theorem 2.2,
we need the following lemma. This says that if the intersection set of the
past and the future of a random walk is infinite, then it contains infinitely
many blocks of arbitrary size.

Definition 3.1 Given a set A C Z?, the k-interior of A is defined as
mtk(A) = {l’ € A Bk + g A},
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where By = [—k, k]* N0 7.

Lemma 3.2 Assume that {S,} does not satisfy property ©. Then for all
k>0
‘intk (S[O, o0) N S(—oo,()])‘ = 00 a.s.

PROOF: As the claim is trivial in the recurrent case, we may assume that
the random walk is transient. Fix & > 0. By irreducibility, there exists a
positive integer N and a § > 0 such that P(B; C S[0, N]) > §. Moreover,
since By is symmetric around the origin, it follows that P(B, C S[—N,0])=
P(By C 5[0, NJ).

We first show that

‘intk(S[O,oo)) N S(—oo,()]‘ = 00 a.s. (4)
Let To = 0 and Fo = {Bx C 5[0, N]}. Inductively, for r > 0 let

Tryw = inf{m>T.+N: S, €5(—00,0]}
Er’—l—l = {Bk + STT_H - S[Tr—l—h Tr—l—l + N]}

Since the random walk does not satisfy property O, all the T,’s are finite a.s.
Clearly, the events FE, are independent and each has probability at least 4.
Hence, by Borel-Cantelli, a.s. infinitely many of them occur. So, the future
of the random walk infinitely often fills a box of size k& around some site in
the past of the random walk. By transience this happens around infinitely
many distinct sites. Hence we have proved (4).

We next repeat the above argument, but backwards in time. In fact, let
Up=sup{m < 0:5,, € int(5]0,00))} and Fy = { B+ Su, C S[Us— N, Up]}.
Inductively, for r > 0 let

Uy = sup{m < U, — N: S, €intg(5[0,00))}
Fr-l—l = {Bk + SUr+1 - S[UT-I-I - N, Ur-l—l]}-

By (4), all the U,’s are finite a.s. Clearly, the events F). are independent and
each has probability at least 4. Hence, by Borel-Cantelli, a.s. infinitely many
of them occur. This, together with transience and the fact that intx(ANB) =
intp(A) Nintk(B) for all £ > 0 and all sets A, B, completes the proof. O
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2. Proof of Theorem 2.2. The proof comes in two steps.
1. We first assume that property © holds and verify the conditions in Propo-
sition 1.5 to prove that {Z,} is WB.
Let

{Xitie, {C;}ZEZd7 { X! Ve, {C;/}zeﬂd
be independent copies of the steps of our random walk and of the colors of
our random coloring. The process {Z/, Z"}, cx that we construct below will
be a function of the above four families of random variables. Let {57 },.cz

and {S”},exz be the random walks associated with the above increments (see
Section 1.1). Define

Z = (X).C%) (0 € )
Z! = (X, Cly) (n<0).

For n > 0, let the first component of Z” be X!. Then, clearly, condition (ii)
and most of condition (i) in Proposition 1.5 are satisfied. We now need to
define the second component of Z! for n > 0 in such a way that {Z”},.cz
is equal in distribution to {7, },cz and Z/ = Z” for large n a.s. It is easily
checked (using property ©) that this can be accomplished by letting the
second component of Z/ be

Cg, il 5], = S| for some k <0
& otherwise.

The idea here is that if at time n we are back at a location at which we
have been before then we must use the C"-coloring, while if we are at a new
location then we are free to use the C’-coloring (which of course we want to
do).
2. We next assume that {Z,} is WB and that property © fails. We show that
this leads to a contradiction.
If {Z.} is WB, then by Proposition 1.5 there is a process {7/, 7"}, e

such that:
() {Zn}nems {2 }nem and {Z"},cw are equal in distribution,
(ii) {Z] }nem and {Z]},<o are independent,
(iii) a.s. there exists a positive integer N such that 7! = Z" for all n > N.
Write

Z, = (X..Y)

Zn = (XLYD).
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Let {S! }hem and {S”} ez be the random walks associated with the two first
components. Let )’ be the event that for all £ > 0 and all n € Z,

Sppe =5, =Y =Y and 5, =S/ =Y/, =Y/ (5)

Trivially, P(€') = 1 by (i) (which says nothing other than that if the random
walk visits the same site twice then it must see the same color). We may now
assume that € is our entire probability space. Next, for z € Z¢, let

R(2) — Y! if S = z for some n > 0
(2) = 0 ifS! #£zforalln>0

and
)Y it S = 2 for some n <0

/!
R(Z)_{@ if SV # z for all n < 0.
Note that R'(z) and R"(z) are well defined because of (5). In words, the func-
tion R’ tells us the colors of the first process but only for those locations the

forward random walk of the first process reaches. Similarly for the function
R" and the second process. Now, for k& > 0, let {2} be the event that

‘{z € inty, (S’[O, o0) N S”(—oo,()]) :

R'(w) =+1 and R"(w) = —1 for all w € By + Z}‘ = o0.

(Note that Qy is measurable with respect to {Z] }.>0 and {Z/ },,<0.) In words,
Q. is the event that there are infinitely many translates of Bj with the
property that: (a) they are contained in the forward walk of the first process
and the backward walk of the second process, (b) they are colored +1 in the
first process and —1 in the second process.

We claim that P(€y) = 1 for all k. Indeed, since property © fails, Lemma
3.2 together with (i) and (ii) implies that |int;(S'[0,00) N S”(—o00,0])] = oo.
Since the walk and the coloring are independent for {Z,}, it follows (again
via (i) and (ii)) that P() = 1. This in turn implies that P(Ng>ofl) = 1
and hence that

P ({Ni>o} N{Z], = Z, for all large n}) = 1.
The proof is now completed by observing that

{0} N{Z], = Z!! for all large n} =0,
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giving us the desired contradiction. O

3. Transient random walks have zero density intersections. To prove

Theorem 2.6, we need the following lemma.

Lemma 3.3 [f{S,} is transient, then

N—oo

lim E(% Nf 1{S, € S(—c0,0]}) =0.

PRrROOF: Recalling the notation introduced in Section 2.2, we have

1 N-1

E(ﬁ 2 1{S, € S(—c0,0]})

The r.h.s. tends to zero as N — oo by bounded convergence, because

IA

1 N-1
N > P(:Jc =S, € S(—oo,()])

zeZd n=0

¥ 5 ) Sl
%xem 6=0) X2 o)

i min{j]—\lf— 1, N}pj(()).

i=0

320 pi(0) = G(0) < oo by transience. O

4. Proof of Theorem 2.6. We verify the VWB property. In fact, we prove

that there is a process {7/, 7"}, ez such that:
() {Zn}nems {2 }nem and {2/}, cm are equal in distribution,
(ii) {Z] }nem and {Z]},<o are independent,

(iii) Timn oo B (% S Lzipzm ) = 0,

It is easily verified that this condition is sufficient for {Z,} to be VWB (see

Definitions 1.2 and 1.3 in Section 1.2).
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The first half of the proof of Theorem 2.2 provides us with a process
{72, 7"} nem satisfying (i) and (ii). Next the explicit construction of this
process and Lemma 3.3 guarantee that (iii) holds as well. O

4 Proofs of Proposition 2.4 and Theorem 2.5

Proof of Proposition 2.4. Consider the random walk whose step distribu-
tion is given by

m = bd_q + Z andy,

n=0

i.e., a left—continuous random walk. We assume that:
(1) b + ZZO:O an = 17
(ii) b > >0 s na, (so that the mean is finite and negative),
(iii) 3202 n(n — 1) @, = oo (so that the variance is infinite).
Property (ii) implies that the random walk is transient with S, — —oc a.s. as
n — oo and 5, = o0 a.s. as n — —oo. Therefore |S[0, 00) N S(—00,0]| < oo
a.s. Next, the left—continuity implies that

|50, 00) N S(—00,0]] =1 +sup S, — inf S, > sup S,
n>0 n<0 n>0
(the latter is a.s. finite by (ii)). However, it is proved in [19] that under (i)
and (iii),
E S, ) = oc.
() = e
O

Proof of Theorem 2.5. We distinguish the two cases stated in the theorem.

(i): The symmetric case m(x) = m(—=x).
We shall use the second moment method, whereby one obtains a bound on
the second moment and then applies the Cauchy-Schwarz inequality.

Let Vy = |S[0, N] N S[=N,0]| and V = |5][0,00) N S(—00,0]|. Clearly,
Iimy_ee Vv =V as. and limy_oo EVy = EV. The latter is infinite by our
assumption that Y ze G(2)G(—2) = oo. Now, Lemma 3.1 in [25] tells us
that (because of the symmetry)

E(V3) < 4(EVy)? for all N. (6)
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We show that this implies V' = oo a.s., as desired.
By Cauchy—Schwarz, we have

1 1
BVy = E(Vwl{Vy > 5EVN}) + E(Wi{Vy < 5EVN})
1 1 Lo
< (EVR):P(Va > §EVN)2 + 5 EVx.
This together with (6) implies that

1
P(v > §EVN) > P(VN > EVN) iE(V]i) > 5

Letting N — oo and using the fact that limy_., FVy = EV = oo, we
conclude that

1
P = > —.
(V=ocx)> T:

Finally, noting that the event {V = oo} is an exchangeable event w.r.t. the
steps of the backward resp. the forward walk, the Hewitt—Savage zero-one
law tells us that P(V = o0) is 0 or 1, and hence we conclude it is 1.

Remark: Lemma 3.1 in [25] and the above argument in fact give us the
following corollary.

Corollary 4.1 If SV, 8@ SK) gre k independent copies of the same
arbitrary random walk, then

|nE, S@o, o0)| < oo a.s. if and only if E (| ne, S@o, oo)|) < 0.

The latter is in turn equivalent to 3=, ca[G(2)]" < 0.

(ii): The finite variance case Y, |z|*m(z) < oo.

Under the finite variance assumption, it follows from Theorems 5.2-5.4 below
that Y, e G(2)G(—2) = oo if and only if d <4 and m has zero mean. Let
us therefore look closer at this class.

For d = 1 or 2, the random walk is recurrent and hence does not sat-
isfy property ©. For d = 4, equation (6) follows from [24] pp.511-519 (see
also [25] p.666) and hence the exact same argument as above shows that
@ fails. For d = 3, we can extend the random walk ‘by adding some steps
in the fourth direction” and thereby obtain an irreducible zero mean finite
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variance random walk in d = 4. By the above, this extended random walk
will have ) cza G(2)G(—x) = oo and so from what we just saw will not
satisfy property ©. Therefore the original walk clearly does not either. (This
conclusion can also be seen directly from [23] pp.496-497, where the limits
of the moments of Viy/F(Vn) as N — oo are given in terms of Brownian
intersections.) O

5 Characterization of the Green’s function
criterion

In this section we list some cases for which
Y Ga)G(—x) <oo, ()
e %

by appealing to various results scattered over the literature. We shall no
longer be concerned with when { and ¢ are equivalent. This was already done
in Section 4. We recall that all random walks are assumed to be irreducible.

Lemma 5.1 [f the random walk {S,} satisfies
po(z) < Aln+1)7 for all x € Z4n >0
for some constant A and with o > 2, then { holds.

PrROOF: Write

Y, Ga)G (=) = Y, 050 g Pml®)pa(—2)
Zm,nzo pm+n(0)

Dm0 Alm 4n 4 1)7
A3 i1 gt

A

a

Theorem 5.2 { holds for an arbitrary random walk {S,} in d > 5.

PROOF: Recall that m is the step distribution of {S,}. Let {S,} be the
modified random walk whose step distribution is

(1/2)m + (1/2)o.
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Proposition 7.6 in [37] tells us that the assumption of Lemma 5.1 holds for
{S,} with o = d/2 (and some constant A). Since d > 5, Lemma 5.1 implies
that ¢ holds for {S,}. Next, it is easy to check that the Green’s function for
{gn} is twice the Green’s function for {5, } and hence ¢ also holds for {5, }.
O

Theorem 5.3 Let {S,} be an arbitrary random walk in d < 4 whose step
distribution m has zero mean and finite variance. Then { fails.

PROOF: For d = 1 or 2 such a random walk is recurrent by [37] Theorem 8.1.
For d = 3, [37] Proposition 26.1 states that

Ga) < (14 ]2))7"

(the < means that the ratio of the two sides is bounded between two positive
constants independent of ), easily implying that < fails. For d = 4, it was
pointed out in [22] that zero mean and finite variance is not quite enough to
conclude that

Ga) =< (14 [2)7*

(although this is true if one assumes a little more). However, it is shown in
[22] that zero mean and finite variance does imply that

G(z) > C(1 4+ |z|)~? for some C > 0,

again easily implying that < fails. O

Remarks:

(a) Combining Theorems 2.2, 2.5, 5.2 and 5.3 (or Theorem 2.2 and Remark
(e) in Section 2.1), we obtain one of the claims made in the abstract of our
paper, namely that the 7', 7' ~!-process associated with simple random walk
is WB if and only if d > 5.

(b) Similarly, combining Theorems 2.2, 2.5 and 5.3, we obtain the fact that
the T, T~ -process associated with any zero mean finite variance random
walk in d <4 1s not WB.

(c¢) It is obvious that any random walk having at least one coordinate whose
step distribution has a finite nonzero mean satisfies property © (even though

¢ may fail).
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Theorem 5.4 Let {S,} be an arbitrary random walk having at least one
coordinate whose step distribution has a negative mean and finite variance.

Then & holds.

PROOF: Let {5/} be the random walk obtained by projecting {5, } onto any
coordinate and let GG’ be the respective Green’s function. It is easy to see

that
Y. G(a)G(—x) < ) G'(2)G (~x)

xEZd rEX

and hence it suffices to prove the theorem when the random walk is one—
dimensional. In that case clearly,

|50, 00) N S(—00,0]] <14 sup S, — ir<1£5n

n>0

and so, in order to prove <>, it suffices to show that E(supnzo Sn) < 0o (note
that E(supnzo Sp) = —E(inf,<0 5,) and recall (3)). However, this follows

from [19] by the negative mean finite variance assumption. O

Note that the example in the proof of Proposition 2.4 shows that the
conditions in Theorem 5.4 are sharp.

One cannot really hope to characterize in much fuller detail than in The-
orems 5.2-5.4 which random walks satisfy property . We conclude our de-
scription by looking at a certain l-parameter class of random walks of a
special form, namely

m(x) < (1 + |o])=1*),

where d > 1 is the dimension and 3 > 0 is arbitrary. For this class the steps
have a finite mean (finite variance) if and only if 3 > 1 (8 > 2).

Theorem 5.5 ([39]) If 3 € (0,min{d,2}), then
G(x) =< (1 + |z])"
Easy algebra and Theorem 5.5 give us the following corollary.

Corollary 5.6 Let d < 4. Then { holds when 3 € (0,d/2) and fails when
B € [d/2,min{d,2}).
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For our special family, the theorems in this section now cover all the
cases except for d = 1 with g € [1,2] and d = 2,3,4 with 8 = 2. For d = 1
and # € (1,2], the random walk has a finite mean, zero or nonzero (this
obviously cannot be ascertained from the assumed form of m and either is
possible). If the mean is zero, then it is recurrent by [37] Theorem 8.1, and
so property < of course fails. If the mean is nonzero, then we cannot say
anything. For the case d = 1 and = 1, we cannot say anything except when
m(x) ~ C(1 + |z|*)~'. In this case [37] Example 8.2 shows that the random
walk is recurrent and so property < again fails. Lastly, we are not sure about
the cases d = 2,3,4 with 8 = 2, although it seems that { should certainly
fail at least when d = 2 or 3, since in these cases Corollary 5.6 indicates that
the respective ‘critical 3’s” are 1 and 3/2 (while in d = 4 it is 2).

Remark:

(d) Combining Theorems 1.9, 2.2 and 2.5 and Corollaries 2.12 and 5.6 to-
gether with a standard theorem about domains of attraction ([7] Theorem
2.7.7), we obtain the last claim made in the abstract of our paper.

6 Proof of Theorem 2.8

In this section we extend Kalikow’s proof of Theorem 1.10 in [17] to much
more general random walks. The proof is somewhat involved and is there-
fore organized in six subsections. The basic idea is a renormalization type
argument leading up to a contradiction.

We give a slightly different presentation than Kalikow does. In addition,
we need to take care of the fact that the steps of our random walk may
be unbounded, which introduces a new ingredient into the argument. Other
than that, the ideas all come from [17].

1. Notation and main proposition. In order to carry out the proof, it
will be easiest to have our random walk defined on a canonical probability
space. We therefore let () = (Zd)ZZ be given the product probability measure
all of whose marginals are m (the step distribution). We further let X; be the
random variable on  given by X;(w) = w; and S,(w) the random variable
on 2 given by S,(w) = >, w;. Of course, these have the distribution of
the steps resp. the positions of the random walk (see Section 1.1). We shall
abbreviate S|a, b](w) = {5, (w) }a<n<p and w(a,b] = {w;}aci<s.
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In the proof several parameters will occur:

nOvL € ]N7 Po € (071)7

(or)k>0 ©€ IN with limy_e ap = o0,
(ﬁk)kzo g (0, 1/4] Wlth limk_mo ﬁk = 0,
(mi)r>1 € IN with limg_e my = 0.

These will be chosen appropriately later (see Section 6.6). Given the above,
let (nx)r>1 be the sequence of integers defined by

Nk+1 = ONE (k Z 0) (7)
and (0;)r>0 be the sequence of events defined by
Oo = {w e Q: |S[1,ne](w)| > L}

and
9k+1 = 924.1 N 9%4-1 N 92';1 (k > 0)
with
Oppr = {w €N VICH{L2,....,00},|Z| > P :
Ji,j € T with S[(i — V)ng, ing](w) 0 S[(j — g, juil(w) = 0}

01 = {wEQ: ‘iE{1,2,...,0%}:w((i—l)nk,ink]Q@k‘§akﬁk}

o,y = {weQ: S[0,m)(w) C By, }-

(Recall that By = [/, (]* N Z".) The event ), depends on the random walk
up until time ny (i.e., on w(0,ng]) and hence in the above we are identifying
f; with a subset of (Zd)”k. The definition is recursive since (%’H is defined in
terms of .

The symbol w suggests the word walk. We shall use the symbol ¢ to
suggest the word color. For ¢ € {—I—l,—l}zzd, we let (w,c(w)) denote the
element of (Z" x {41, —1})™ whose components are

(w0, c(w))m = (wmvcsm(w)) (1 <m < ny),

where ¢, denotes the color of location z. Let ¢; be a random element from the
probability space ({+1, —I}Zd, v) where v is product measure with marginal
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(1/2)641 + (1/2)6_4. For k > 0, wy € Oy, ¢ € {+1,—1}%" and p € (0,1),

define the event

Akwiezp {01 € {+1, —1}Zd : Jwy € 0, such that

Ly H{(wr, e (1)) # (w3, 62(102))m} <

In words, this is the event that there is some walk wy in 5 such that the

ny—futures of (wy,ci(w;)) and (wsq, ca(wy)) have d-distance at most p. Note

that A%%12? is measurable w.r.t. ¢; restricted to S[1,ng](w;) (i.e, the sites

visited by the random walk associated with w; over the time interval [1, ng]).
We next introduce the function

fr(p) = sup {P(Ak’wl’c2’p) Dwy € Ok, e € {1, —1}%61}.
The following proposition shows why this is a key object.
Proposition 6.1 If the random walk is recurrent and

limgeo fi(poo) = 0 for some po, >0
limpse P(6S) = 0,

then the process {Z,} is not VWB.

PROOF: To prove this result it will be expedient to use an equivalent defini-
tion of VWB given in [35]. Namely, a stationary process (Y;);cz is VWB if for
all € > 0 there exists a positive integer N = N(¢) such that for all n > N,

3({1/2'}2'6(0,71], {K’}ie(o,n]/{yi}ie(_oo,o]) <€

except on a set of pasts of probability at most e.

In our case, conditioning on the past of the 7,7 1-process is exactly
the same as conditioning on the entire coloring, since the random walk is
recurrent. Let {Z¢} denote the T, T~'-process conditioned on a given coloring

c. We shall show that for all ¢ € {+1, —1}%",
hggigfa({zn}ne(om, {25 ne(om)) = Poo > 0.
This certainly violates the above condition.
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Let QF = (7)™, QF = {+1, =1} and QF = QF x QF. Fix ¢ and consider
any sequence of couplings of {Z,},e@n,] and {Z¢}ne(m,)- These are just
measures P, on Q% x QF with the appropriate marginals. If £}, C QF x QF is
the event that the two processes are within p., in d-distance, then it suffices
to show that

k—oc0

To prove this, let
Uy = (05 < QF) x QF and Uy = QF x (65 x QF).
Trivially,
Pe(Uy) = P(65) and Py(Uy) = P(65).
Next, it follows from the definitions of f; and K} that

Pe(Ex\(Ur U U3)) < fi(poo)-
This gives us

Pi(Er) < filpoo) +2P(07),
which approaches 0 as & — oo by assumption. O

Thus, we are left with checking the assumptions in Proposition 6.1.

2. Estimate for P(6). The following lemma provides us with an estimate
for each of the three events of which 8, is the intersection.

Lemma 6.2 Let {S,} be a recurrent random walk satisfying property & with
constants C' and v, and assume that Cs = E|X,]° < co for some § > 0. Then
for all k>0,

(i) P(0F) < O,

g
(i) P(050) < (1) provided P(05) < 45,
(ii1) P(OY)) < Oy (Z21) 75,

NE41
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PROOF: (i) This is immediate from the definition of 8}, and property .
(ii) Abbreviate py = P(6f) and define (recall (7))

Clearly, the Y;’s are i.i.d. {0,1}-valued with P(Y; = 1) = pi. A standard

large deviation argument now gives

ag
P0iL) = P(ZYZ' > Oékﬁk)
=1

< M —/\akﬁk _ A AL

< ir;ge [(1 = px) + pre’]

< iﬂg exp[—AarB + (€ — Dagpi]
>

— exp |—aw{1og () - (1= 2)}).

Since pr < éﬁk by assumption, the term between braces is > log 8 —1 > log 2,
proving the claim.
(iii) Estimate

P(egilfl) = P(S[Ovnk-l-l] g Bmk+1)

< nk+1P(|X1| > mkH)

Ng41

Mek+1 -6 5
< nk-|—1( ) E|X1|-
N1

a

3. Estimate for fi(p). The next lemmais a key step in the proof. It provides
us with an important recursive inequality that we shall need in order to carry
through the argument.

Lemma 6.3 Let k > 0 and suppose that p—‘”;f <1—30. Then

Frer1(Prs1) < F| By, P (o)
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PRrROOF: For w € 041, let D, and &, be the index sets defined by

D, = {z e{L,2,.. o} w((i — Dng,ing) € ek}v

£ = {(1,7) € D x Do 810G — g, imel(w) 0 SIG — Ve jmel () = D).
We shall show that if w; € 041 and ¢ € {41, —I}Zd, then

k+1w1,c2,
A W1,C2,Pk+1 g U(i7]‘)egwl UI,JEBm;H_l
{ (T_S(i—l)nk (wl)Ak’U(i_l)nk (w1)7TI(C2)7pk) (8)

N (T—S(J_l)nk (w1) gk,oU=1m (wl),TJ(cQ),pk) }7
where o denotes the left-shift on (Zd)ZZ and 7 denotes the natural action
of Z* on {+1,—1}%". For (i,j) € &,, the two events in the last line are
independent. Since the coloring is stationary and since |E,| < |Dy|? < af, it
now is immediate that (8) implies the statement of the lemma.

To prove (8), we assume that ¢; € A¥bwiczPeer We can then choose a
wy € Oy for which

nk1+1 il H(wr, e1(wi))m # (w2, c2(w02))in} < Prtr-

This immediately implies that (recall (7))

Hz e{l,2,...ax}:
L s H 01 1 (w01) # (w03, e2(w02))n} < prf|

Z Ozk(l — p—;:—l)

Next, let F denote the latter subset of {1,2,...ax}. Since wy,wy € 11 C
041, we have that |D,, | > ap(1 — Bi) and |Dy,| > ag(l — B), so

|F N Dy, N Dy, | zak(1—p;“ —28).
k
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By assumption, this last expression is at least o 3;. Hence, since wy € 041 C
jt1- it follows that there exist ¢, 7 € F ND,, N D,, with

S[(i = )ng,ing](w1) N S[(7 — Dng, jng](wy) = 0. (9)

Consequently, (¢,7) € &,,.
Next, let
I' = S(iz1yn, (we) and J = 51y, (w2).

Since wy € Oryy C 077, we have that [,J € B
F NDy, N D,,, it follows that

e € (T_S(i—l)nk(wl)Akvg(i_l)nk(w1)771(c2)7pk)

Finally, since 7,5 €

M1

) E (T_S(J_l)"k (’LUl)Ak,o'(J_l)"k(wl),TJ(CQ),pk) ,
completing the proof of (8). O

4. Requirements for the parameters. We are now ready to collect our
various estimates and to formulate some requirements on our parameters so
that the two conditions in Proposition 6.1 are met.

Fix po > 0 and let prr1 = (1 — 385)px (recall that gx € (0,1/4] for all
k> 0). Then the condition in Lemma 6.3 is satisfied. Suppose that

k>0

Then pi | poo > 0 as k — oo. If pg could be chosen such that
Jim fi(pi) =0, (10)

then obviously the first condition in Proposition 6.1 would be met since
p — fr(p) is clearly increasing.
[terating the inequality in Lemma 6.3, we get

k
f ( fO pO 2k H ak—f|Bmk_z+1|]2z‘ (11)
/=1

Suppose now that

022k

| < cHE (k2 0).

(IT) There exists Cy < oo such that ay|B

ME41
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Then

. LIRS
filp) S Lol exp [ 2]
ok U
= [fo(po)]” exp {chzgﬁ}-
Hence (10) would follow as soon as fo(po) < exp[—C2((2)] with ((2) =

Yk

Now, for any ng and py < 1/ng and for any w; € 0y and ¢, € {+1, —I}Zd,
if the event A%*1<2:70 occurs then wy (whose existence is guaranteed in the
definition of A%“2#0) must be identical to w; over the interval [1,ng].
Therefore the random coloring ¢; must agree with ¢; on the set S[1, no](wy),
an event which has probability (1/2)ltmel(e)l] Since |S[1, ng)(wy)| > L for
wy € Oy, it follows from the definition of fx(p) that the conditions

(ITT) po < 1/ng
(IV) L > Cy((2)/log2

will guarantee that fo(po) < exp[—C2((2)], implying (10) as desired.

Next we turn to the second condition in Proposition 6.1. If P(65) < éﬁk
(k > 0), then by (I) this condition would be met. The case k = 0 gives us
one requirement involving ng and (3, namely

1
(V) P(S[Lno]| < L) < gﬁo-
Using the fact that
P(041) < P(0i) + PO + PO,

together with Lemma 6.2, we obtain our last requirement

1 1 Bk Mek+1 -6 1
1 — < - k>0).
(V1) Coézﬁl3 + (2) + Csngta ( e ) < 85k+1 (k=0)

Note here that ()% is only an upper bound for P(075,) if P(05) < 04
(see Lemma 6.2 (ii)). However, if this inequality holds for & < ko then (VI)
guarantees that it also holds for k = kg 4+ 1. So we can apply induction.

5. Lemma about the range of the random walk. To verify (I-VI), we
need the following property. The proof is due to Harry Kesten (personal
communication).
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Lemma 6.4 Abbreviate R, = |S[0,n]|. Then

lim mf P(Ry, > V/n) =

N—o0o n>

PROOF: A straightforward calculation gives that E(R2?) < 2(ER,)? for all n
(see [25] p.664). Hence, as in the proof of Theorem 2.5 in Section 4,

1

P(Rn > —ERn) > (BR.)” 1

— for all n.

TE(R2) = 8

[N]

Pick N > 1 integer and estimate
P(Ry, < %ERn) < [P(R. < %ERn)]N < (g)N

It follows that
lim inf P(RNn > ER )

N—oon>0

Next, by reversing the order of the steps in the random walk, we have (recall
the notation introduced in Section 2.2)

ER, = Zzzo P(Sk gé {507517"'7Sk—1})
— Zz:OP(Ogé{Sl?S?v"'vSk})
= ZZ:o[l - Z?:l fé(o)]

where f7(0) is the probability that the first return to 0 occurs at time £. Using
the equation

( _5m0+2fé pmf )

we have for any z € (0, 1) that

S AER = 1 D) = [0 T )]

k>0 >1 m>0

-1

Putting z = 1 — X and using that there exists a C; < oo such that p,,(0) <
C1/v/m + 1 for all m ([37] Proposition 7.6), we find
1 3
S (1= =) ERy = Con + 1)
n

k>0
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for some (s > 0 and all n. Finally, because FE R}, is increasing in k and K R;, <
iER, (1 > 1), the Lh.s. is bounded from above by (n + 1)ER, 37,51 e~ (=1,
Hence we obtain £ R, > Csv/n + 1 for some (3 > 0 and all n. O

6. Choice of parameters. We now complete the proof of Theorem 2.8 by
showing that our parameters can be chosen so that (I-VI) are satisfied. We
may of course assume that ¢’ > 1 and v < 1 in the definition of property #.
Put
1
b = Ak +1)%

This guarantees (I). Next put
ax = (8000C)7 (k + 1),

where (' and v come from the definition of property #. A trivial computation
(left to the reader) shows that each of the first two terms in the r.h.s. of (VI)
is at most Bgy1/24.

Now let L be arbitrary. The rest of the parameters will be chosen in terms
of L. All the estimates below will hold uniformly in L.

Put ng = €, L?, where C is chosen so that

31
. 2
gg P(IS,CL L) > L) > 39

which is possible by Lemma 6.4. Then (V) holds because £, = 5. Put
po = 1/2ng. Then (I11) holds. Next, put Cy = L/2. Then (IV) holds. Finally,
put (recall (7))

Mg = (100C5)F (k +2)F (ngr) F
Then another trivial computation (left to the reader) shows that the last
term in the r.h.s. of (VI) is at most (x41/24. Therefore (VI) holds.

Now, all our parameters except L have been defined (some in terms of L)
and the conditions (I) and (I1I-VI) hold uniformly in L. The last step is to
choose L so large that (II) holds. This goes as follows.

It is immediate to check that for all £ > 0,

16k

ni < (8000C) k5 CL L2,

This in turn gives us that

146

16(k 5

(k+2)% [(80000) 5 (k + 1) "5 ¢ L2

Sl

M1 < (100C5)
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Calling the r.h.s. of the last inequality a(k, L) (as v,C, Cy, Cs are fixed), we
see that to prove (II) it is enough to show that for some L > 1,

(d is the dimension). To do this, it suffices to show that for any positive
number A there exists an L > 1 such that

Lok

ARRARLA < cT? (k> 0).

But the latter is trivial. O

7 Proof of Theorem 2.11

In this section we prove the sufficient condition for property # stated in
Theorem 2.11. As stated in Conjecture 2.9, we believe # to hold in general,
but unfortunately we are unable to prove this.

Proof of Theorem 2.11. Fix M, N > 1. Let
YM = 1{S[( — )M, iM] 0 S[(j — )M, jM] # 0}
and

W= Y v

1<i<j<N

Then we can estimate the probability of the event in Definition 2.7 as follows:

PEY,) < P(Y¥ > 1rN(@N —1))
(12)
< Lapvoy Zisicey PG = 1),

Next fix 1 <1¢ < 5. For arbitrary 2 > 0 we obviously have
P(S[(0=1)M,iM] 0 S[(j — V)M, jM] # 0)

< P(|S—1ym = Sg-nml| < 2h)
—|—P(maX0§m§M |S(i—1)M—|—m - S(i—l)M| > h)
+P(maxo<m<ir |SG—1)M4m — Si-1ynm| > h)

37



and hence

27]

M _ o
POV =1) < P(ISGoyul < 2h) +2P( max [Su] > h).  (13)

We shall estimate each of these terms separately, then choose h appropriately
and finally sum over i, j, to get an estimate for the r.h.s. of (12).
Theorem 1 in [12] tells us that there is a C'; < oo such that

P(Sn:ac)§g (v € Zyn >1).

an
This immediately implies

Ci(2h + 1
P(ISgol < 2) < SEEL, (14)
a(j-i)m

Next, it follows easily from the same Theorem 1 in [12] that there are Cy < oo

and 0 < A < a such that
apN A

For arbitrary i > 0,

P(SM>h) > Z%ZIP(STH>h,5k§hf0r0§k<m,SMZSm)

> CP(maXOSmSM S > h)7

where ¢ = inf, >0 P(S, > 0). A similar estimate holds for P(Sa < —h) with
(" =infu>0 P(S, <0). So

P( max || > h) < (l + %)P(|SM| > h).

0<m<M ¢

Now, the support of a stable law Y with indices «, 8 is all of IR when o > 1
and/or 6 € (0,1) (see [3], p.348-350). Consequently, we have (,(’ > 0 in that

case. Hence we obtain that that there is a (5 < oo such that

2P( max S| > h) < @(%Mﬁ (15)

0<m<M

with A as above.
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Next, combine (13-15) and pick
Lo s
Uj—ymanm

Then a small calculation gives that

o
PYM=1)<C, (M) A
2, aM
for some Cy < oo. Now, as mentioned in Remark (p) in Section 2.4, we
have apy = MéL(M) with L a slowly varying function. The above inequality

therefore becomes
A
e L= M) |
P(YM = 1) < Oy(j — i) amen | ZUH) -
( 1,j ) = 4(.] Z) [ L(M)

Finally, Theorem 1.5.6(ii) in [3] states that, given any slowly varying function
L, for every § > 0 there exists a D = D(§) such that for all 1 <7 < j and
all M > 1,
L L=
D(j—i)’ = L(M)
Therefore, choosing any § < 1/«, we finally get

P =1) < Cs(j — i)™

= () G-

Now recall (12) to find that property # holds for some constant C' and with
~ as above. O

< D(j —1)’.

for some (5 < oo, with

Remarks:

(a) From [33] p.6 and [12] one can see that the A arising in the above proof
can be taken to be arbitrarily close to «, thereby verifying Remark (r) in
Section 2.4. With the help of the methods in [12] it might be possible to prove
property # for a class of random walks outside the domain of attraction of
a stable law. However, we shall not pursue this line.

(b) Combining Theorems 1.9 and 2.6 and Corollary 2.12, we obtain one of
the claims made in the abstract of our paper, namely that the 7', T~1-process
associated with simple random walk is B if and only if d > 3.
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8 Related Problems

One of the main open questions that remain for the 7,7 ~!-process is the
following:

I. For simple random walk in d = 1 or 2, is the second coordinate of {Z;};cu,
which is {Cs, }icm, a Bernoulli process?

One would suspect that, like {Z; };cz, it is not. However, this does not follow
from the proof in Section 6. Part of this question is very much related to
some interesting recent work in [1], [14], [15], [16] and [18]. In these papers,
the following question is studied:

II. For simple random walk in d = 1 or 2, can one determine the values
{C.},ega if one is given the values {Cs, }ien?

If the answer is yes, then we say that C' is retrievable.

Note that both questions concern the recurrent case, so that from the val-
ues {Z; }iez it would be trivial to find the values {C}, .ye. However, without
the first coordinate of {Z;},cz we only see the colors that are encountered
but we do not see where the walk is.

One way to formalize question II is as follows.

HI Fix d =1 or 2. Let C,C" : Z* — {+1,—1} with C # C' be two given
colorings, and let {5, } ez be simple random walk. For { € X, let %, (u&.) be
the probability measure on {+1, —1}% given by the distribution of {Cs, }:>
({C% }ise). Are pify and pgo mutually singular measures for all (7

If the answer is yes, then we say that ' and €' are distinguishable.

It is easy to see that there are C' # (" for which p¢ and per are identical.
For example, if C'(z) = C'(=z) for all z € Z?, then obviously p¢ and pe:
are equal. Or, in d = 1, if C" is an even shift of C', then % and pé, are not
mutually singular for all /. In d = 2 there are more interesting examples: if
the coloring is obtained by either alternately coloring vertical lines +1 and
—1 or by tiling with 2 X 2 squares and alternately coloring these squares +1
and —1, then in both cases the process {Cg, }iso is just a sequence of i.i.d.

+1’s and —1’s.
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The following conjecture was raised by den Hollander and Keane and
independently by Benjamini and Kesten (see [1]).

Conjecture 8.1 Let d = 1. If C and C' are two colorings and if there is no
even integer k such that C(k+n) = C'(n) for all n or C(k+n) = C'(—n)
for all n, then C' and C" are distinguishable.

The following theorem is a result is this direction. Let v be product mea-

sure on {+1, —1}%* with each marginal being (1/2)d,1 + (1/2)d_;.

Theorem 8.2 ([1]) Ind =1 and 2, every coloring C is distinguishable from
v-a.e. coloring C'.

(Related results are contained in [14], [15], [16] and [18].)
Theorem 1.10 and Theorem 8.2 have in fact more in common than might
first be apparent. The methods of [1] should be able to show that:

() Ind = 1 and 2, v-a.e. coloring C has the property that u% and [, b, dv(C’)
are mutually singular for all /.

(The same statement with ‘v-a.e. coloring C” replaced by ‘every coloring C’
clearly implies Theorem 8.2.)

The proof of Theorem 1.10 in Section 6 essentially shows that for every
coloring ¢ of Z or #?, the processes {Z,}n>1 and {Z2},>1 (which is {Z, }n>1
conditioned on ¢) cannot be coupled well in the d-metric. Property (*), on the
other hand, says that for v-a.e. coloring ¢ of Z or Z?*, the second coordinate of
{Z, }n>1 and the second coordinate of {Z¢ },>1 cannot be coupled so that they
eventually agree with positive probability. The difference between Theorem
1.10 and (%) is therefore that:

— the former deals with the ‘larger’ process {7, } and shows that it does not
satisfy a weaker type of coupling property,

— the latter deals with the ‘smaller’ process {Cs, } and shows that it does not
satisfy a stronger type of coupling property.

Therefore the two results, though related, are not directly comparable.

We conclude our paper by reflecting on some possible extensions of the
results formulated in Section 2. Throughout our paper we have assumed
that the random coloring is i.i.d. This was essential for our methods. It is
an interesting problem to find out how much of the i.i.d.-property can be
relaxed. For instance, the T, T ~'-process associated with a random walk
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that is transient (resp. satisfies property ©) and with a random coloring that
has strong mixing properties other than i.i.d. is it VWB (resp. WB)? If we
only want the T, T~ !'-process to be K, then we can refer to [26]. There it is
shown that K holds for arbitrary (irreducible) random walk when the random
coloring is totally ergodic.

Another interesting direction is related to ‘induced systems’. For exam-
ple, in [13] the following problem is studied. We again have a random walk
and a random coloring, where the latter is assumed to be stationary but not
necessarily 1.i.d. However, we only observe the system at the times when the
random walk hits a location colored 41, and at those times we report the
local coloring. Such a process is stationary and is what is called an induced
system in ergodic theory. It is shown in [13], among other things, that un-
der weak conditions the induced system is mixing. This result was recently
strengthened in [10] to show that under the same conditions the induced sys-
tem is even K (and was also extended to general groups). An obvious problem
that one could study is whether the induced process is VWB resp. WB. This
has so far not been done, not even when the random coloring is i.i.d.

Acknowledgements. We would like to thank Harry Kesten, Greg Lawler,
Jean-Paul Thouvenot and Benjy Weiss for discussions.
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