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Introduction

This paper deals with the constitutive equation for the stress tensor as proposed by Larson.
This equation is based on the notion of partial extending strands in a polymer melt. In the
limit cases, the model contains the Upper—convected Maxwell model and the differential
approximation of the Doi—Edwards model. First, an expression for the stress tensor in
terms of global moleculair quantities is derived. The constitutive equation is then obtained
in the same way as Larson did, although with a different result. This equation is partially
formulated in terms moleculair quantities. Approximations are formulated that contain
only averaged variables. Next, alternative deriviations are given, one based on a formalism
as proposed by Peters, the others on energy considerations, both yielding the same results
as with the first derivation. All deriviations are restricted to a steplike deformation.

Incorporation of the relaxation terms is straight forward but left out for convenience.

The stress tensor

The free elastic energy is given by:
W = Ws + Wc

W5 orginates from the internal energy of structural elements and W orginates from the

combinatorial entropy of the elements. The structural elements are considered as linear

springs:
;?(f{) =ak
The free energy in one chain is:

U(|R|)chain = 5R-R



The free energy W in a unit volume is therefore:

. - * 3
where v is the number of chains per unit volume. The rate W, using the expression for R
?

=L-R -~ §(;1;1:D)ﬁ in a steplike deformation, is:

W, = 7a<R-R> = va<D:RR — £@n:D)R-R> = va(1—¢)<RR>:D

For ¢ = 0, the motion of the structural element is affine, for { = 1 the Doi/Edwards limit

is obtained.

The proces of a steplike deformation is, in this case, a reversible proces. The stress tensor

o5 can therefore be defined from:

Ws = 03D = Va(1—§)<f{f{>:D 5 O = Va(1-§)<f{fi>
For a entropic spring a = 2kT52

o5 = 2VkTﬁ2(1—f)<§.ﬁ.>
For the rate W, it holds in general:

¢ = kT tr(<A> — D))



In case of a steplike deformation, and incompressible material, i.e. tr(D) = 0 this becomes:

W, = kT tr(<A(D - u)>) = kT L¢(<nn>:D)I = 3kT ¢<nn>:D

This, again, is a reversible proces. The stress tensor ¢ can therefore be defined from:

\;Vc = gD = kT §<;1f1>:D - O = 3VkT§<;1£>
The macroscopic stress is the sum of the two contributions o5 and o
o= 05+ 0 = 2GA(1—-¢) <RR> + 3G¢ <nn>; G = kT
The constitutive equation for a steplike deformation
The deriviation given is restricted to a steplike deformation. Incorporation of the relaxation

terms is straight forward but left out for convenience.

The configuration continuity equation reads:
Wil (g =0
dt OR

The equation for the rate of the structural element end—to—end vector for a steplike

deformation is postulated as:

B

I

= w18
T—
e

R=L-R-— §(ﬁﬁ:D) R;



where ¢ is the slip parameter. Combining both expressions :

%4 8 (y1-R - gg(anD) R) = 0
ot OR

- - LR ] .,/ A .4 . > .
Multiply with (ARR + Bnn), where A and B are constants, and integrate over the

configuration space :

J (ARR 2 4 ARR 2_.(yL-R) - ARR 2 (ve(nn:D) R) +
5 at ok oR

Bon X + Ban . (yL-R) ~ Ban 2 (y¢(an:D) R) dR? = 0
o aR R

The first term:

-t-)ézé -v3_d > —v3’_d >
J} AR 9 aite = (| ARRy a) = GreaRR>

=2

intermezzo

Consider a function f(ft) in the configuration space, for example f(f{) = ARR, and a

function ¢(ﬁ,t). Then:

Vitp) =L y+12%
ot at ot

® %
I
o

from which it follows:

8y _ 0
)



Notice that I£ = 0 but & <> # 0.
o o

The second term. Integration by parts:

Jr ARRO_.(yL-R) aik® = Jf O_.(ARR yr.-R) a3 =J JL-B.9_(ARR) dit3

= — <L-f1-g—,(Aﬁf{)> = —L-<ARR> — <ARR>-L¢
R

intermezzo

In the foregoing use is made of:

2) 2.(34) = (g.ﬁ_.;)A + a-(gﬁA)

-)a > > + > -»6
b) a.'——_;(RR) =a IR.+RR(3, —;—)
R oR
—aR+f{ﬁ(i;-§
0R
= aR + RI-a
= aR + Ra

¢) The first integral on the right side equals zero because 1 goes to zero at large lfl[.

The third term:

—J ARR 2_.(ye(an:D) R) dR? =
5 R

J

~[ &..(ARR-p¢(n:D) B) ai® + [ peanD)R-2(ARR) ats =
ok 4 ok



<§(ﬁﬁ:D)ﬁ-Z—§(Aﬁf{)> =2< §(ﬁﬁ:D)Af1ft>

The fourth term:
Jf Ban 2 gRte = Sﬁ(f Bang dit?) = $<Bin>
at
Q Q
The fifth term:

J Ban . (yL-B) dR® = J
bR

.(BAn yL-R) dR® — J (¢L-R)-2(Ban) dR® =
o o IR

9_
aR
> B EE A -»B > -+ ¢
—<(L-R)-5(I —nn)n + n3(I—nn)-(R-L°)>
R R
— <BL-nn + Ban-L¢ — 2B(n-D-n)nn>

intermezzo

In the foregoing use is made of:

a) 9 .(Bun) = B (mn)
aR

9_
R

8 + g + 1 +
b) &t = L(#/|R|) = 2(1-1n)
oR oR R

-+ -+ -+ -+
¢)n-L-n=mn-D-n



The sixth term:
—J Ban 2. (y¢(an:D) R) dRt® =
0 OR

—J 9 _(Bn-yE(n:D)R) dRS + j pean:D)R-2 (Ban) dR® =

<¢(@En:D)R-I(Ban)> = <£(mnD)(R-2(1 — an)n + 1(I — 1m)-R)> =
OR R R
<¢(an:D)(B(2 —1)n + Ba(n —1)-R)> =0

Putting things together:

(ai-t-<Af{ﬁ + Bon> —L-<Af{f1 + Bon> — <ARR + Bﬁﬁ>-L_° +
{ i ! ! ! I}
1 4 2 5 2 5

2<E(ﬁﬁ:Dl(A1f,ﬁ + Bllﬁ)> + 2<B(fl)1;1:D);1;1> - 2<§(£ili:D)Bﬁﬁ>

3 a 5 a

The numbers idicate the contribution of the different terms, Notice that an extra term,

indicated with an ’a’, is added to the contribution of the third term and subtracted at the

end.

Using the definition of the upper convected derivative:

-+ v >+ + -+ > +- +
<ARR + Bnn> + 2<¢(nn:D)(ARR + Brn)> + 2B(1—¢)<(nn:D)nn> = 0




This result differs from the equation as found by Larson (Larson 1984, (32)). The extra

term as found here is underlined.
The stress is given by (Larson 1984):
o= 2GAH1-¢)<RR> + 3G¢<an>; G = kT
Using the approximations:
<¢(a2:D)(ARR + Bnn)> = <¢nn:D><ARR + Bun>
<(an:D)nn> = <n:D><nn>

it follows, for a steplike deformation:

V + » L
o+ 2¢é<nn>:D o + 6G£(1—€)<nn:D><nn> = 0

Notice that for & = 0 the classical equation o = 0 for rubber elasticity is obtained. For { =

1 the Doi/Edwards differential approximation is found.
Using the definition:



10

this equation can be rewritten as:

Vo2 2(1-

o+ §G—(a'c:D) o+ —g-G—EQ(ac:D) g.=10
With the definition:

o5 = 2GAA(1—¢)<RR>

this can also be written as two coupled equations:
Vo9

a.) ac + W(UC:D) 0'c = 0
Voo

b) os + m(lfc:])) 0s=20

Larson used the following approximation:

chn> = LOPRR | 20-OFPRR + 3¢om
A1-FR-R - 201-HFR-R + 3¢

<2(1—Qﬁ2f{ﬁ + 3§ﬁﬁ>= o
S21-gpR-R + 36> L9

Using this approximation, the original equation can be written as:

V. o9 6G&(1—

o+ [rte1 + gt (o) o =0
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This result differs from the equation derived by Larson who found:

Vo2
o+ st D) a=0

With a similar approximation as used before, the system of two coupled equations can be

decoupled, giving a two mode version of Larsons constitutive equation:

2(1-£)GA? RR_ 3¢G<2(1-£)Gp" RR> _ ,5.q _0s

C=3 G an = 3¢{G 4 4 4
70 = 3¢G<m> =3¢ <2(1—§)Gﬂ2R-R <2(1—£)GA?R-R) tr{os)

Using this gives the appproximated decoupled set:

v
a) oc + gzz;z(a'c:D) Oc = 0

v
b) os + tr2a_s (a's:D) Og = 0
Again, with the approximation for o, with:
tr(0) = L(A<RR> + B<nn>) = A<R-R>+B -+ <R-R>= %(tr(a-— B)

and the approximation:

o= A<BR> + B<an> = A<BR> + B<—~—RR> 5 (A + B —0—
IR|? <|R|>

_A_ﬂ.g)_<ﬁﬁ> - Os % (]__._%_(i. o
tr(o) — B tr( o)
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these two equations can be replaced by the one equation in terms of & only as derived

before.

An alternative derivation of the Larson model
The deriviation given is restricted to a steplike deformation. Incorporation of the relaxation

terms is straight forward but left out for convenience.

The time derivative of the stress tensor o = A<ﬁfl> + B<ﬁﬁ> is:

o= A(<RR> + A<RR>) + B(<mn> + <an>)

-

where n = E{ . With:
IR|

R=L-R—¢@mDR; 1= IEI (I—1n)-R
R

the expression for the time derivative o can be rewritten as:
§=L-o+ o-L¢ — 2¢<(an:D)(ARR + Bon)> — 2B(1 — £)<(an:D)nn>

Using the definition for the upper convected derivative, this becomes:

v > > -+ +- +>
o+ 2é<(an:D)(ARR + Bnn)> + 2B(1 — {)<(nn:D)nn> = 0
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The term <(ﬂﬁ:D)(A<ﬁfi> + B<ﬁf1>)> is approximated as:
<(ﬁﬁ:D)(Aﬁf1 + Bﬁﬁ)> N (<ﬁﬁ>:D)(A<f{f{> + B<ﬁﬁ>)> = (<ﬁﬁ>:D) o
By definition:
<mn> = % oe
Using this gives:
Zr+ gé—(crc:D) o+ g(-Elg:-ﬂ(o‘c:D) og.=0
With B = 3¢G the same expression is obtained as derived before.

An alternative derivation of the Larson model based on energy considerations

A constituve equation for R is postulated in terms of a slip tensor A which is only a

function of averaged values and given by:

R=L-R-A-R; A = {(g)(oc:D)I

The rate of the internal free elastic energy for the case of linear springs is:

W, = 20kT@2 <R-R> = 20kTf? (D:<RR> — f(0)(0c:D)R-R)
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For a steplike deformation it holds:

W;s = os:D

With the stresses o5 = 2VkTﬁ2<ﬁ‘f{> and o, = 3§G<ﬁﬁ> it follows:

*Y

>:D 1

an:D> 3G

<RR>:D . <
3G<R -R><nn:D> 3G<R-

(o) = =
R

Using this result for the derivation of the constitutive equation for o5, the original equation

for steplike deformations is obtained:

v
os + g-é(ac:D) ogs=0

The rate of the combinatorial free elastic energy is:
V-Vc = kT tr(A)

With A = f(0)(oe:D)L:
V.Vc = 3vkT {(0)(0oc:D)

For a steplike deformation it holds:

Wc = O'C:D
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Combining both expressions:
3kTi(a)=1 - flo)= %—G
which is in agreement with the result obtained for the internal free elastic energy. Using

this result for the derivation of the constitutive equation for o, the original equation for

steplike deformations is obtained:

7 o
O¢ + géz(a'c:D) Jc = 0

In order to attain one constitutive equation, instead of the two coupled equations, a

constituve equation for R is postulated in terms of a slip tensor A which is only a function

of 0.

# = L-& —f(o)(D)R

The rates of the free elastic energies for the case of linear springs is:
W, = 2kTS <R-R> = 20kTS? (D:<RR> — £(0)(o:D)R-R)

V.Vc = 3vkT (0)(0:D)

For a steplike deformation it holds, using G= vkT:

W = oD = W, + W = 2G4 D:<RR> — 2GS {{0)(o:D)R-R + 3G (0)(o:D)
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From this it follows:

f(ﬂ')= oD —2Gﬁ2 D1<ﬁ.ﬁ>
oD(3G — 2GB2<R-R>)

Using tr(os) = tr(o) — 3£G and the approximation for o5 in terms of o, the function (o)

can be rewritten as:

(o =—§——
(©) tr(a)}

Using this result for the derivation of the comstitutive equation for o, suprisingly the

constitutive equation for steplike deformations is obtained as found by Larson.

Reference:
— Larson, R.G., A Constitutive Equation for Polymer Melts Based on Partially Extending
Strand Convection, Journal of Rheology, 28(5), 545—571 (1984).
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