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Summagx

In order to be able to deal with the equalization of nonlinear digital
communication systems, one has to know something about the theory of
nonlinear discrete-time systems.

As an introduction some important aspects of linear continuous systems,
linear discrete-time systems and nonlinear continucus systems are
repeated. Then the Volterra series description of nonlinear discrete-
time systems is introduced. After the derivation of the conditions for
stability, the higherdimensional z-transform representation and the
analytical properties of the system functions are discussed. To facilitate
the back transformation of the higherdimensional z-transform, the
association of variables is introduced. Cascade connection and inversion
of nonlinear discrete systems is then treated, followed by a method for
the measurement of the Volterra kernels. Finally, some attention is paid
to the synthesis problem.

The contemplated equalization of a nonlinear digital communication
channel is reduced to an inversion problem. For the implementation of the
equalizer the synthesis of nonlinear discrete-time systems is invoked. As
an example the Volterra kernels of a nonlinear system have been measured
and an equalizer for that system has been designed and realized. From the
measured eye-pattern of the equalized system it follows that the method,

as developed in this report, satisfies very well for this kind of problems.
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II.

Introduction

A nonlinear digital communication system can be considered as a nonlinear
discrete-time system. Speaking of systems, we consider a "black box", the
contents of which is of no concern. It is assumed that the "black box"

has cne input and one output terminal. System theory describes, in a
general way, the relation between the input and the output sighal. In

this approach the system itself is characterized by a system function (for
a linear system) or a set of system functions (for nonlinear systems}.
This report starts with the system theory of nonlinear time invariant
discrete-time systems, as far as it is of concern for the communication
system in question. Most of this material can be found in other papers,
however, as far as the knowledge of the author goes, not in such a compre-
hensive way as in the underlying work. As an introduction some important
aspects of linear continuous systems, linear discrete-time systems and
nonlinear continuous systems are repeated. For the sake of brevity we

speak in the sequel of discrete systems if we mean discrete-time systems.

Linear continuous systems

In relating input and output signals of continuous linear time-invariant

systems, Fourier and Laplace transforms appear to be elegant tools [1]}. The
input signal is represented by the function x{t/), whereas the corresponding
output signal is Qenoted by y{t). Let the impulse response of the system be
given by A(%), then the output signal y(¢) is written as the convolution of

the input signal x(t) and the system functicn A(%#) as follows (see also

Figure 1)
y(t) = [ rit)z(t-t)dr . (1)
x(t) h{t) yit)
——cepaa fo——————-
X{p) H(p) yip)

Figure 1 : "Black box" representation of a linear continuous system.
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If the impulse response has the physical limitation of being causal, the

integration (1) extends from zero to plus infinity. The rather complicated

operation of convelution can be avoided by using Laplace or Fourier trans-

forms, Define the transforms of the signals x(t) and y(t} by respectively

X(p) and Y(p). The system function H(p) consists of the transform of the

impulse response #A(t}. Now the transform of the output signal is found to

be

Y(p) = H(p)X(p),

(2)

which means an important simplification with respect to the convolution (1}.

This reduction originates from the fact that the function eptis an eigen-

function of a linear time-invariant continuous system [1].

Linear discrete systems

For linear discrete systems the input time sequence is given by {x(m)}, the

set of input signal values at the characteristic instants ¢ = mT, m integer.

The corresponding output sequence is denoted by {y(m)}. In this case the

discrete impulse response sequence {h(m)} characterizes the system. For these

systems the input output relation reads [2]

yim) = ¥ m(K)z(mk).
k

{xtem} {h(m)}
X(z) H(z)

vt}

Figure 2 : "Black box" representation of a linear discrete system.

This discrete convolution is now simplified using the z-transform [2]

¥rz) = H(z)X(z),

y(z)

(3)

(4)

where Y(z), H(z) and X(z) are the z~transforms of {y(m)}, {hA(m)} and {x(m)}
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respectively. Simplification (4) is related to the fact that the sequence
{2} is an eigenfunction of linear time-invariant discrete systems.

Figure 2 gives a pictorial representation of a linear discrete System.

Nonlinear continuous systems

A well-known method for the description of nonlinear continuous time-invariant
systems is given by means of the so-called Volterra series [3,4]. The output

y(t) is related to the input xz(t) as

yl(t) = _{L hl(r)x(t—r)dr +-'°fo _i hg(rl,‘rg)x(t—Tl)m(t—Tg)drld‘rg + e
o0 n
+ _Ofoqi R (TysTosessT,) 1:21 a(t=T.)dT, + ouy (5)

where hlft) is the impulse response of the linear term as given by (1) and

hn(tl,tz,...,tnl is called the nth order impulse response. Here multidimensional
Laplace transform is helpful to evaluate (5) in a more elegant way. The n-

dimensional Laplace transform of hn(tl,t2,...,tn) is defined as

( )b Toe Tty
H(Pyseesp,) = J'_OJ; B (tgsenest,) T e e, )
—co 2=1
For the inverse transform it is found that
g Fjo +7
1 JIJ O”IJW n pit;
h(t,-..,t): T ——— " e H{p ’0.-,p) He @-, (7)
nol 7 (2ﬂj)n Gl—jm Un-jw n o1 =1 *

where ¢ +.,0 are within the region of convergence of Hn(pl""’pn)' By
"

1
means of (6) and (7) the signal transformation x(%) =+ y(t/) is calculated in
four steps [4].

1) calculate the laplace transform X(p) of x2(t).

2) Construct the set of functions

n

Yﬁ(pz,...,pn) = Hﬁ{pl,...,pn) iEI X(pi) (8)



for all »n relevant to the system in question.
3] From (B) we calculate, by means of the inverse Laplace transform,
yn.(tj"“-‘tn)'

4} Find y(t) by setting
y(t) = §y (t,o o, t), (9)
n

Step 3) of this procedure is often rather difficult, Evaluating Equation (7)
is not easy and tables of transforms for any order are not particularly
practical, Moreover, step 3) results in yn(tl""’tn)' whereas one mostly

is only interested in yn(t,...,t). This suggests that the procedure as
outlined above is more complicated than necessary. Indeed, a better procedure
called 'association of variables' is suggested by George [3] and in its most
general form derived by Reddy and Jagan [5]. This method breaks down an
n-dimensional Laplace transform Yn(pl""’pn) to an one-dimensional Laplace
transform yn(p). The general formula for this process is

O tje O 5

1
Y (p) = ————= f - f Y (D=t = e omU L aUoslpseeasth o).
n (2wj)n 1 Uz—jw Unﬁf” n 172 n-1*"1°"2 n-1
,duldug...dun_l . (10)

A repeated application of Cauchy's residue theorem makes the evaluation of

this integral rather easy.

Volterra series representation of nonlinear discrete systems

To gain insight into the description of nonlinear discrete systems the

situation as depicted in Figure 3 should be considered.

{ptm)} {atm}
{xtm} {atm)} >< {bm)} - {y(m)}

Figure 3 : Example of a second order nonlinear discrete system,




A sequence {x(m)} is supplied to a linear discrete system with an impulse
response sequence {afm)}. The output of this subsystem is described by {p(m)}.
Sguaring the latter sequence yields the sequence {qﬁw)} which, in its turn,

is supplied to a second linear discrete system, described by its impulse
response sequence {b(m}}. As output {y(m)} of the system considered, we take
the output of this latter linear discrete system. So the overall system, being
spoken of here, consists of a cascade connection of two linear systems with a
squaring device in between. The sequence {p(m)} is given by

plm) =} a{klx(m-k) , (11)
k

whereas the output of the sguaring device is readily seen to be

atm) 2 p%m) = (] apink)]’ =
%

D atk)z(mk) | allzlm-1) =

® A
= z Z alklal(l)ximk)xeim=-1} , (12)
k1

output {y{m)} is found by applying the discrete convolution (3) to {g(m/}

and {b(m)}. This yields

Yo(m) = 1 bir)q(m-r) =

r
= ] blr} § } alk)a(l)x(m-r-k)x(m-r=1). (13)
r k1

Introducing the new variables {=p+k and j=r+l, Equation {13) is written

as

yom) = [ b(r) } ] ali-r)a(j=r)z(mi)z(m=j) (14)
r g



and by changing the order of summation

¥o(m) =
2 T

Z Y b(r)a(i-rialj-r)e(m=-i)clm=g). (15}
Jjr

As second order impulse response of the given system we define

hz(i,j) 4 Y blr)ali-r)alj-r). (16}
»
Substituting (16) into (15) yields

yolm) = § 1 k(2,5 )a(m1)a(n-j). (17)
L)

Comparing this equation with (5) we see that y2(M) of (17) represents the
second order term of the discrete Volterra series, Because of the absence
of a linear term we call the system of Figure 3, a second order power system.
In the general case we speak of a polynomial system.

Let us now consider the system as depicted in Figure 4, where the connection
between the two linear systems, given by their impulse response sequences
{afm)} and {b(m)}, consists of two parallel signal paths: a direct connection

and a squarer.,

{p(m)} ‘ fatm)}
{xm)}—sf fatm)} btm)}  b—{y(m)}

Figure 4 : Second order system with two signal paths, i.e. a second order

polynomial system.

The two signals are added before supplying them to the linear system {b(m)}.
It is obvious that the sequence {p(m)} is identical to that resulting from

Figure 3. The sequence {q(m)} now reads




gim) = pim) + pg(m) =

= ¥ alklx(m-k) + § § a(kla(l)x(m=-k)x(m=1} . (18)
k k1

From this equation the output sequence becomes

y(m) = § blrigimr) = § b(r) } alk)z(mr=k) +
r

r k

+ ) b(r) § } alk)al(l)x(m=r-k)x(m-r-1)
r k1

yI(m) + yg(m) ' (19)

where yz(m) stands for the linear (first order) term and y2(m) for the second
order term. As can readily be seen the second order term equals Equation (13},
which resulted after some simple manipulations in Equation (17}, The first

order term is reduced likewise

y,m) =} blr) § ali-r)z(m-i) =
r T
=} ) birlali-rlx(m-i) = ] klfi)x(m~i), (20)
ir i
where
ho(i) = ] b(rla(i-r). (21)
r

By means of (19), (20) and (17), the output sequence of a second order non-
linear discrete system is described as a functional of the input sequence and
the first and second order impulse response seguences.

Resuming we have for a second second order polynomial system



yim) = ] hy(iz(m=i) + ]} hy(i,i)a(m—i)z(m=3) . (22)
7 i4d

From a generalization of this result to higher order systems, it follows

that

ym) =} h(Dami) + ] -7 hy(2,2)xlm=i Julm—i,) + o
(4 'LI ‘LZ

] e ; R (Tgeeent Jalm=t ) si(m= ) + ... (23)

11 n

This relation is the discrete version of Equation (5) and is called the
discrete Volterra series. In many papers, for instance [6] and [7], this
series has been derived from the continuous one by considering sampled-data
nonlinear continuous systems. Apparently, the problem arose for the first
time in that kind of systems. Considering complete discrete systems from
the very beginning of the investigations, as is done in this paper, does
not yield any difference in the results.

From (16) it follows that hz(i,j) is a symmetrical function of % and
J« We wonder whether it always can be assumed that the higher order impulse
responses are symmetrical, because we know from literature [4] that such is
the case for the higher order impulse responses of nonlinear continuous
systems. This question will, under some weak conditions, be answered
affirmativeiy as is shown below. Let us separate an arbitrary second order

impulse response sequence in a symmetrical and an anti-symmetrical part

hy(iyd) = hy (1,4) + by (1,5) , ' (24)
where

noy (6,50 &y (3,20 8 ¥lhy(4,5) + y(5,1)) (25)
and

. . e oy A . e . .
ho (tsd) = =hy (§,1) = %{hzlt,g) - hz(g,z)} . (26)
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Substitute the anti-symmetrical part into (17). This yields

yo(m) =% 1} {hy(4,5) - hy(d,t)}elm-L)a(m=j) . (27)
1

Assume that all input values x(m) are bounded, i.e. |x(m)| < C for all m;
{ an arbitrary finite real value. Then for the first term of (27) we have

% Z X [hg(’i,j)x(m—i)x(m-j)[ <% ¢ Z E ]hg(i,j)| . (28)
i T J

Moreover, if the series z Z hgfi,j) converges absolutely, the summations
1 g
over 7 and J in the first term of (27), are allowed to be interchanged. Then

Equation (27) reads

y2(m) =%73 Z hgli,j)x(m—i)m(m—j) +

J 7z

-%5 7 hgfj,i)x(m—i)x(m—j). (29)
14

Qur next step is to substitute 7 for J and vice wversa into the first term
of (29). It is then readily verified that the right-hand member of (29}
vanishes. The requirement of absolute convergence of Z z hg(i,j) is a
condition for stable systems, as will be shown in thetnixt section. Thus,
for stable systems with bounded input, a possible anti-symmetrical part of
the second order impulse response has no influence on the cutput. Without
loss of generality it can be assumed that hg(i,j) is symmetrical. This

result also appears to be valid for higher order impulse response seguences,

as is shown by a similar reasoning as above for second order systems.

Conditions for stability

A system is stable if any bounded input signal causes an output signal that
is also bounded. This means that for input signals, which satisfy |x(m})| < C,

for all m and for C an arbitrary finite value, the corresponding output
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satisfies |y(m)| < D, for all m and with D an arbitrary but finite value.

In the case of linear systems this means

lym)| =] § a(k)xim=k)| < C] |h(k}] . (30)
k K

Stability follows if

J|R(k)] <= (31)
k

In a similar way as in [1} it is shown that (31} is not only a sufficient,

but also a necessary condition for the stability of linear systems. To find
stability conditions for nbnlinear systems we take a look at Eguaticns (19)
and {22). Then it follows that if both yl(m) and yzfm) are bounded, we have
a sufficient condition for stability. This requirement for ylﬁn) leads, via

the preceding argumentation directly to the conclusion

12:. \h (2)] <= . (32)

For the second order term we have

ly,omi| = 1 T ) hy(d,d)x(m-Exlm-5)] <
T J

LA

LY r (2,30 L fetmet)| L |atm=3)] <
T J

[7aY

RLNCR I (33)

3

¢? 3
)

Stability is gquaranteed if

"~
u

LY k(a0 <= (34)
i g

A second order nonlinear system is stable if the conditions (32) and (34)
are satisfied simultaneously. We emphasize that these conditions are sufficient

but not necessary.
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In general a higher order system is stable if all impulse responses

hn(il,...,in), necessary to describe the system under consideration, are

absolutely summable.

As an example, consider the system as depicted in Figure 5. All switches are

synchronously closed at the instants m? (m integer).

{

L Bt B R 1 bt) e {y(m)}

fotm) fotm)

Figure 5 : A second order sampled-data nonlinear continuous system.

The continuous subsystems a(t) and b(t) are given by

alt) = e
t 20 a,B > 0. (35)
b(t)

il
®

Supposing T = I, the related discrete subsystems are given by means of

1]
®

aim)}
m>0 . (36)

b(m}

1
®

From this the overall system impulse responses are found, using (16) and (21)

1 . T
i) = § BT el
r=0

hyli,d) = ’””"?”3Je—Brem(i—r)e-a(j—r) : (37)
r=(

If we want to answer the question of stability, as far as the first order term

goes, We have to look at the series
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o _: 1 _ o o _ Z{o~B)
P 1LY = Y | | =
=0 r=0 =0 I1-~-e
1 p -i0, ~iB 1 s -ia T -iB
|l L e -7 | ¢ e "+ 1 e )
1-¢48 7 i3 | |7 - B 220 i=0

o #B . (38)

By means of d'Alembert's ratioc test [B8] it is easy to see that both series
of (38) converge and thus the first order impulse response is absoclutely

summable. Let us now consider the second order term

«f cf [rm,n(‘b,J)e_Bre_a(i-r)e—a(J'-P)‘ =

=0 §=0 r=0

I F I Ui iabiocda B

i20 j=0 1 - B

1 ST -fitdla | —(i+ih+ min(i,5)(20-B)
Sy [, L N TR R
-e 1=0 4=

< I 120;-3' 7S e-—(z+g)u+ - e-(1,+J)a+m1,n(1,,3)2ae-mm(z,.])8}

l-e =0 j=0 1=0 F=0

o0 - -] . . o o« . P

< Iga_B .z ‘z e—($+3)a + .2 'z eﬂﬂiﬂ(%,J)B} , (39)

|1 - | 1=0 =0 =0 F=0

a}‘%-

The general term of both series of (39) tends to zero if © and j go to
infinity. This is Stolz's necessary and sufficlent condition feor the
convergence of double series [8]. Now it is concluded that the system as

given in Figure 5 is stable because it is shown that both conditions (31)

and (34) are satisfied.

VII. Higher dimensiocnal Z-transform description of nonlinear discrete systems

Define the two-dimensional z-transform as

4 S B
Xy(2,2,) =n§ n? zo(mymyz, * oz, © (40)

172

then the inverse transform is given by [2]
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m,2—1 m,-1
1 5 Xzfzz,zz)zl'l z 2
(enj) ¢; €y

xzfml,mg) = dzldzz 3 (41)

where 01 and Cg are contours within the region of convergence of X(zl,zg).
Recalling (3) and (4) an artificial variable is introduced in (15) such

that this equation is rewrxitten as [6]

Yolmyamy) = E } E b(rla(i-rla(j-rlx(m ~i)zlm,~j) =

Z b(r) z ali-r)x(m,~i) g alj-r)zln,~j) . (42)

Taking the two-dimensional z—-transform of (42) yields
™

Yolzp,2) =] § 1 b(r)} ali-riz(m~t)z, °.
ml mz r 1

My
A Za(j-r):c(mg-j)zg . (43)
Jd

Substituting into this equation the new variables

p 4 T -r
(44)
q é Jj-r,
gives
!
Y,(z,,3,) = 1 ¥ It} a(p)z(m,~r-p)z, .
m, m, r r
2
My
) alq)z(m r-qlz, . (45)
q
Introduce the variables
A _
n,=my - r
(46)

This changes (45) as follows
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-n.,-r
I br) ] [ alplain-pz, .,

r n,p

Y (31,22)

n
4]

-n,—r
I I alqaingzqlz, °

n2q

) b(r)(zlzg)"r ) a(p)m(nl—p)zl-nl .
r ny D

-n
! I alqlzingqlz,
ny q

2 _

B(zlzz)A(zI)A(zzJX(zl)X(zz) . (47)

We have now developed an input output relation in the two-dimensional z-domain,
of a second order power system. This relation is in its general form written

as

Yzle,zg) = Hz(zl,zz)X(zl)X(zg) . {48)

In the given example of Figure 5 the second order system function reads

H2(31’32) = B(zl zsz(zl)A(zz) . (49)

The first order system function of this example is readily found by applying

{4} to (37). This yields

H,(z) = A(2)B(2) . (50)

For A(z) and Bfz) we have

Alz)

2
m=0 2 - e

T _-wm_-m z
e —

(51)

y gBm,m 3

m=0 3 - e

B(z)
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Substituting these expressions into (49} and (50) gives

2
H,(z) = = 2 r s
{a—e " J){z—e ~)
Z .3 L3 3
_ 172 1 2
Hzfzz,zg) = — A T . (52)
172 1 2

For arbitrary higher order systems we define the n-dimensional z~transform
(see [6],[7] and [9])

-m -m

Xn(zl,...,zn) 4 Toeee ¥ xn(ml,...,mn)zl . z, no (53)
m m
7 n
with the inverse transform
1 m1-1 mn-l
xn(ml,...,m ) = — §“,§ Xn(zi,...,zn)zl e B dzz...dzn R
{2njl" C, C

1 "n
{54)

with Cl,...,Cn contours within the region of convergence of X(zz,...,zn).
An nth order system is defined by a set of system functions
{51(3),H2(31,32),...,Hﬁ(zl,...,zn)}. From the definitions it will be clear
that the higher order system functions Hi(zl"'°’zi) are the 7-dimensional
z—transforms of the higher order impulse responses hiﬁnl""’mi) and the
other way around, i.e.

™ i

Holzp,eo0,2.) = Yoo ) omysesssm.)z, ves By (55)
m m.
1 z
and
1 $. ; -ml—l M=l
holm oo ym.) = ——e—vd.p H.(z_,0..,8.)2 - dg, «ve dz. .
1 1 (Zﬂj)t 61 ., ¢t 1 1771 2 1 7

{56)

Finding the ocutput {y(m)} of such a system at a given input {x(m)} gues,

aleng a similar four step procedure as given in Section IV, as follows
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1) Calculate the z-transform X(z) of the input sequence {x(m)}.
2) Construct the set of »n functions

7z
Yi(zl,...,zi) = Hi(zl""’zi) T

X(zj) T T 1,000 (57)
J=1

of the mth order system.
3) Calculate the inverse transforms {yi(ml,...,mi)} of (57).
4) The output {y(m)} is found by means of
n
y(m) = .Z yi(m,...,m). (58)
1=1
Here we meet the same difficulty as in the continucus case, namely the need
for extensive tables for multi-dimensional z—-transforms as needed in step 3)
of the procedure. But again, since we are only interested in yi(ml,...,mil =
= yi(m,...,m), the association of variables is possible, as will be shown in

Section 1X,and thus the difficulty mentioned above can be avoided.

VIII. Properties of the system functions

In Section VI it has been shown that a sufficient condition for the stability
of a system is that the impulse response function of any order is absolutely
summable. Moreover, it has been shown, that it is always allowed to assume
that the impulse responses are symmetrical in all variables. From {55) it
follows that the system functions Hi(31’°"‘zi) have the same property. If a
system function is not symmetrical it can always be written in a symmetrical

form as follows

_ 1 J
(B2 eisz )Yy = 77 [g_ 270001, (59)

where the summation over J extends over all possible permutations of the

1 variables Zyssees% ;. For the case 1=3 this means
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1 .
== +
[Hs(zl’zz’zs')]syrrm. = [H3(21,22,33) + 33(32,33,31) Hs(zs,zg,zl) +
. . o e
{60}
The impulse response functions can be symmetrized in the same way. For the
sake of simpler notation the unsymmetrical form is often preferred.
Assuming that the sufficient conditions for stability are satisfied, we

shall derive analytic properties of the system functions. Let us consider a

second order system, then we have

3 g
|Hz(zl,zz)l'= ) holmympla, “a, | <
My Mg
7 Ty
s 1 1 lhytm,my)|. |z, NEPE I (61)
my m,

Because of (34), and if causality is assumed, the system function H2(21,22)

is analytic outside and on the unit circles, i.e.
' > 1. 62
a1, la,l » 1 (62)

0f course this property is also valid for higher dimensions, so that in (56}

the unit circle can serve as contour for all integrations.

Association of variables

As indicated in Section VII the use of tables of multidimensional z-transforms
is avoided by a technique named 'association of variables' [3], [5], [7] and
[9]. This technique reduces the multidimensional z—transform t0 a one-dimen-
sional z-transform, which is transformed back to the time domain by means of

a one-dimensional z—transform table or the integral (54) with n=I. Back
transforming the n-dimensional z—~transform Yn(zi""’zn) results in a function
ynﬁﬂl,...,mn) of n variables in the time domain., For time-invariant systems

one is only interested in the function of one time variable yn(m,...MJ,
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where ml = my S . = m, = m, Consider the two-dimensional transform given
by (41}, evaluated for my = m2 =m
-1 m-1
ygnn) = y2(m,m) = ———2—5- $ ¥ (zl,zz)zlm 32m dzld o s (63}
(2njl)” €, C, °~ ¢
172
Let
z, = u-l
;R
g = U (64)
_.-1
dzJ d32 = u “dudz .
Substituting (64) into (63) yields
Yy(m) = ———1—5 $ 4 YZ(zu_I,u)zm_Iu_ldudz =
(emgl)™ C, C
172
_ 1 1 -1 -1 m=1
= 53 Cﬁ [§F3'£ Yo (au “,ulu “dulz Tdz . (65)
1 Y2

The integral between the brackets reduces the two-dimensional z-transform
to a one-dimensijonal z-transform, whereas the contour integral along 01
represents in fact the one-dimensional inverse transformation of the z-
transform in the brackets. It is the operation between the brackets that is

called the 'association of variables' and reads for the two-dimensional case

A 1 -1 -1
Fz[Yz(zl,zz)] = 5;3-g Yg(zu sulu “du (66}

2

where T, [Y2(31,32)] is the formal notation of the operation which reduces
the two-dimensional z-transform to a one-dimensional z—transform.For systems
satisfying the sufficient conditions for stability and excited by bounded
and causal input sequences, the function Yzle,zg) has no singularities

outside CI {see Section VIII). Suppose that YZ(ZI‘zz) has a singularity at

3, = a, then |a| < 1. Consider the function Yz(zu-l,u) and let us have a lock
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-1
at the point 24 = g. Because la[ < 1 it follows that ]ul > [z], which
means that the function Y(zu_l,u) has no singularities inside Cg due to

. . -1
singularities inside C_ arising from the term zu ~[7].

1
In the n-dimensional case the operations (63)-(65) are performed

successively -] times, This yields the general assocjation formula

([7] ana {9))

A 1 -1 -1 -1
rn[Yn(zl""’zn)] = s $uun § Yn(zul Ug * s Uy ,uj,ug,..,un_l) .
(w7 ) Cn-l 02
-1 =1 -1
Cup Uy weeuw dhl,dhz ‘e dhn~1 ) (67)

At integration alcng Ci it should be kept in mind that there are no

singularities within Ci arising from singularities inside Ci- In {(67)

Il
the association is being given in a certain order, but the association can

be performed in any arbitrary order. The (n-2)-fold integral (67) is

readily evaluated by repeated application of the residue theorem.

Example

To illustrate the method, given in this section, we consider the system
as depicted in Figure 5 and ask for the second order impulse response

sequence, the z—transform of which is given by (52). From (52) we find

-1
-1 - _Z 2u U
Hg(zu Su) = B TS s . {(c8)
2—e " zau -e  u-e
and
2 2 3 1 -1
T [#,(2,,2,)] = $ — ——— — u du =
A 21r,;r'6'2z—eﬁz:,'u1-.9"’u—e(Jl
= z Res. { —z o] z — u_l} =
z-¢ u=e au ‘-e  u-e
32
= oM : (69)

(z-e_B)(z—e—

)
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By means of the inverse one-dimensional z—transform integral, this

expression is back transformed to the time domain. This gives

2

hym) = - e & s =
amg 01 (z-e “)(z-e ")
zm+1
) Res.z:e_e {(z-e_s)(z—e_ga)} ’
+ Res. { 1 }= Clai + e (70)
PR (z—e_B)(z-ehza) 1-02378 4 m20tB

An important rule connected with the association of variables, is given

by
Fn[G(zlzg cer zn)Yn(zl,zz,...,zn)] =
= G(z)Fn{Yﬁ(zl,zz,...,zn)] R (71)

which is easy to verify by means of (67),

Cascading and inversion of nonlinear systems

Describing the overall system function of a cascade connection of linear
systems is very easy. Linear system theory learns that one only needs to
multiply the system functions of the constituting subsystems. For nonlinear
systems matters are more complicated because of the interaction between the
system functions of different order of the subsystems, as will be seen in
the sequel. We shall calculate the first, second and third order terms,
which are the most important ones for practical applications; of course,
terms of higher order are derived in a similar way. Consider the cascade

connection of Figure 6.

~ v S
H
Figure 6 : The cascade connection of two nonlinear systems.
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The input output relation for the subsystem X is denoted in the z-~domain

as follows

P(z) = KI(z)X(z) + FZ[Kg(zl,zg)X(zz)X(zZJI +

+ FS[Ké(zl’22’33)X(21)X(22)X(23)] » {72}

whereas this relation for the subsystem G is given by

Yz} = Gl(z)P(z) + F2[62(81’32)P(31)P(22)] +
+ FS[Gs(zl,zz,zg)P(zl)P(zg)P(zg)] . (73)

Substituting (72) into (73} gives us the input output relation of the

cascade system H

Y(z}) = Gl(z)Kl(z)X(z) + Gl(z)F2[K2(zl,z2)X(zl)X(ng] +
+ 61(z)Fg[Ks(zl,zz,zs)X(zl)X(zg)X(zs)]+

# Ty[G, (5,3, ){K, (2,)X(z;) + T [K2(31,32JX(31)Xr32)]z + .00

2 1

. {Kl(z2)X(22) + FZ[Kg(zl,zz)X(zl)X(zz)]zz Lo I

+ TG (22,8 ){K, (2, )X(2 )+ ...}.{KI(zg)X(22)+ .

. {Kﬁ(zg)x(z3)+...}] Foaee (74)

where Fz[...]z means that the one-dimensional z-transform, resulting from
1

the reduction by means of the association of variables, has tc be evaluated

at 23,3 Fg[...]z means evaluating at 224, From {74) it can directly be
2

Seen that

Hlfz) = GI(Z)KI(Z) . {75)
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Collecting the second order terms yields

GI(z)FZ[KZ(zI,zg)X(zl)X(zz)] + F2[G2(zl,zz)K1(zl)X(zl)KI(zz)X(zz)] =

= T,6, (2, 3,)K,(z

5 I,zz)X(zl)X(zzJ + G2(z

1’32)K1(21)K1(22)

. X(zI)X(zz)] . (76)

In this latter equality use is made of rule (71} and it follows

Hg(zl,zz) = GllengK2(zl,32) + Gz(zl,ngKl(zl)KI(z2) . (7N

To find the third order term H3(31’22’23) we collect the third order terms

of (74)

Fs[H(zl,zg,zs)X(zI)X(zz)szs)] =
= G (2)T (K (2,2 20K (2, )X (2)X(2,)] +

+ FZ[GZ(zl,zz)Kl(zl)X(zl)Fz[Kz(zl,zg)X(zl)X(zz)]zz] +

+ Fg[Gz(zl,zz)Kl(22)X(zz)FZ[KZ(zl,zz)X(zl)X(zz)]zl] +

+ F3[GS(21,32,23)K1(zl)Kl(zg)Kl(33)X(zI)X(22)X(33)] . (78)

Applying (71) to the first term of this expression yields FS[GI(ZJZZZB)'

. Ks(31,zz,zs)X(zl)X(zg)X(z3)]. Using the symmetry properties as discussed
in Section VIII, the second and third term are shown to be equal. After
b i r z T .
addition of these terms it follows 2 2[62(31, 2)K1(21)X(zl) 2[K2(31,32)
.X(zl)X(zz)]z ]. This functional consists of two operators that reduce a
2
two-dimensional 2~-transform to a one-dimensional z-transform. By means of

the definition integral (67} for the association of variables it is shown

that this term equals r3[G2(ziz3’z2)K2(ZI‘ZSJKI(32)X(21)X(32)X(z3)]' Thus




- 23 -
for the system H the third order system function becomes
33(31,32,33) = GI(zlzzzs)Ks(zl,zz,zs) +

+ 262(3 2 zz)Kgfz

123 1’23)K1(z2) * G3(zl,z2,z3)K1(zl)K1(zZ)KJ(zs). {79)

It can be seen that the first order term of the cascaded system depends only
on the first order terms of the constituting subsystems. The second order
term of the overall system depends on the first and second order terms of
the subsystems and the third order term of H results from the first, second
and third order terms of ¢ and K. .It appears to be a general rule that an
nth order term of the cascade connection contains only terms of order »n and
lower of the constituting subsystems [10]. As an interesting exercise it is
left to the reader to derive the system functions of the second order system
of Figure 5 from the constituting first order systems and the squarer.

Once the formulae for cascading are derived, the inversion can be treated
as a special case thereof. If the action of a system is, in a symbolic way,

denoted by X and the action of a cascade connection by ({see Figure 6)
H=GK, {80)

then the inverse of a system K is denoted by K-I and defined as
K°K=1, (81}

S0 the formulae for inversion are found by taking (75) equal to unity and

(77) and (79) egqual to =zero and by solving the resulting equationérfor G.

This leads to the inverse cperators G=K“1 as follows

—Kz(zl,zg

Kj(zl)Ki(zg)Kj(zizg)

J

Gz(zl,zz) =
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) _ -stzl,zz,zg)!{lfzjzs) + 2K2(zl‘33)K2(3133‘32)
GSL31’32’ZSJ = . (82)
KI(zI)KI(zZ)KI(zg)KI(3133)}(1(2:13233)

We want to emphasize that none of these inverse system functions exists if
the linear term KI(z) equals zero. It has been shown [10] and it is readily
verified that the pre-inverses of a system are identical to the post-

inverses.

Measurement of the Volterra Kernels

In the preceding sections it was assumed thgt the multidimensional impulse
response functions, or Volterra kernels, {hiﬁnl,_,}, mi)} were known. One
can imagine situations where these functions are unknown. In these cases one
would like to have a measuring procedure to find the kernels. Eykhoff [11]
and Alper [12] gave a method based on excitation of the system by a stochastic
process and the kernels follow from correlation measurements.
Because of the theoretical and practical difficulties of this procedure we
shall discuss here a method based on the direct measurement of responses at
deterministic input signals. The method is developed by Schetzen [13] for
nonlinear continuous systems, but can, in a complete similar way, be applied
te nonlinear discrete systems as is shown in the sequel.

The response of a system at an excitation by an input sequence {x(m/)} is
denoted by {y(m)x}. Let us consider a power system of the second order.
Suppose that the system is excited by the sum of two input sequences {xl(m)}

and [xg(m)}. Then it follows from (17)

=3 L Ayt ) [y m=i) + x,(m=)] [z (m=F) + x,(m=3)]

yz"")a: z 3

12

) ; hy(i,§)a, (m=i)z, (m=j) + E } hy(iyd )2y (m=i)z, (mmj) +

+ 2 ; } hz(i,j)mlﬁw-i)xzfm*j) s (83)
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where in the last term use has been made of the fact that hz(i,j) is

symmetric in ¢ and j. Equation (83) is rewritten as

Yo(m) = Yo m)  Fy.(m)_ o+ 2y, (m) » (B4)
2 x 2 x, 2 g 2 (xzxg)
where
A . . . .
Yo (m) (2,2,) ) hy(i,§)z, (m=i)ey(m=F) . (85)
2 g

For {xI{M)} and {xg(m)} we take respectively the unit impulse sequences

Gmo and Gmn’ where Gmn is the Kronecker delta function

I form=mn

s, & (86)
0 form#Zn .
From (85) it follows
yz{m)(‘smo‘smn) = hg(m, m-n) . (87)
Substituting (87) into ({84) yields
hg(m, mn) = %{yg(m) - yg(m)é. - ygt’m)(S 7. (88}

5m0+5m mo mm

Now the measuring procedure is clear and proceeds into the following steps.

1) Excite the system by the sequence 5m0 and measure the response.

+§

mn

2) Excite the system by the sequence QWO and measure the response.

3) Calculate from the result of step 2) the response at the excitation by
6mn' Because the system is assumed to be time-invariant this is only a
shift over an » units delay.

4) Subtract the responses of steps 2} and 3} from the response of step 1).

5) The second order kernel hzﬁw, m-n} is found after dividing the result of

step 4} by two.

Of course the procedure has to be repeated for all relevant values cf 1 to
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determine the second order kexnel over the whole range of integers ¢ and j.
The method as given, results into hgﬁn, m-n), i.e, the values of hg(i,j)
that are on the straight line j=i-n in the {7,j}-plane. For the full
dimensioning of the kernel it suffices to determine the values on the
diagonal and the upper left or lower right half of the {Z,j}-plane. This

because of the symmetry of h2(i,j) .

- , - R , j+

L-1
Figure 7 : The range of A(i,j) in
the {Z,j}-plane and the
points on the line j=i-n.
0
0 n -1 i

In Figure 7 the range of 7 and jJ of a system with finite duration of the
two-dimensional impulse response of lengéh L is depicted, together with the
points on the line j=i-m,

If we are dealing with a second order polynomial system, the procedure
as described above will still result into the second order kernel hZ(i,j).
This can readily be seen, since from (20) it follows

Hlfm)m1+x2 - ylﬁﬂ)$1 - ylﬁw)xz =90 (89)
The first order kernel of a second order polynomial system is obtained by
establishing the impulse response of such a system being hI(m) + kz(m,m);
once hz(i,j) is known, hlfi) is found by subtracting hz(m,m) from the
impulse response.

The given method is also valid for higher order systems. To obtain

yn(m)(m j use is made of the identity

1 " e
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n

nlr, oo & =T (x Fetx )
n "

7 - [(x1+. . .+xn_1)n+. L] *

1

n

# [aphes vz, )]+ (-1

n
tooakr, ] . {30)

The first term of this expression consists of the sum of all x2's raised to

the power #n. In the second term, each term is the sum of (n~1) different

x's raised to the power n, There are (nfi) terms of this type. Each term in

the third term of (90) is the sum of (n-2) different x's raised to the power

n., There are (nfg) such terms, etc. for all terms in (90); In such a way

the function % (%,,...,% ) is found, since the contribution of kernels of order

lesg than * is zero. This follows from (23) and

(x1+,..+3:n)1: - [(x1+---+xn_1)i+---] + "'(-IJn-l[x1n+"'+xnn] =0

for i = 1,...,n-1. (91)

The validity of (91) is not shown here, but is found in [13]. A system of
order n is fully determined by starting with the measurement of
kn(zl,...,tn). Then the measurement can proceed for hn—l(ll"“’tn-ll by
subtracting the contribution due to hn’ etc., In this way all kernels are

successively measured, starting with the kernel of the highest order.

XII Synthesis

The synthesis of circuits is a problem that is more difficult to solve
than the analysis. This statement holds ésPecially for the most general
case, From the analysis it is most times possgible to derive synthesis
methods for specific cases. In this section we shall deal with two such
cases. The methods will be outlined for second order power systems and
since the generalization to higher order is quite straightforward, this is
being left te the reader.

For the first case we repeat Equation (49) here



H2|_zl

- 28 =

,32) = 3(3133)‘4(31)‘4(32) .

(92)

From Figure 5 it follows that a system with this kind of transfer function

can be represented as two linear systems, separated by a squaring device as

depicted in Figure B.

i m—

A{z}

Figure 8 :

decomposed as 3(3132)‘4(31)‘4(32) .

B(z)

Synthesis of a second order system, whose system function is

From this it follows that a second order function that can be decomposed

like (92), is synthesized as given by Figure 8, namely a linear system Alz)

followed by a squarer and this followed by a second linear system B(z).

x{m-1) x(m-2) k(m;a)
x{m) —gti -1 o I e
] 3
- _ .
h,{00) hy{0,1)} hy0.2){
2~
+ e
x{m-1) —
h,{1,0) h012) | .!‘
z- ‘
g = - -
x{m-2) -
h,(2,0) h,(2) h,(2.2) !
2!
t ! tH - -
) ' i | '
Figure 9 : Synthesis of a second order kernel,

= =i

—a-y,(m)
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The second method is more general;its only limitation being that it
leads to realizations with a finite impulse response (FIR). To show the

method, Equation (17) is repeated here

yzﬁn) = Z Z hz(i,j)x(m~¢)x(m~j) . (93}

r4a

It is easy to verify that the circuit of Figure 9 realizes this function,
The boxes with the label 'z-l' represent delay devices, which give one
unit delay.

The scheme is further simplified by using the symmetry property of hgfi,j).
The lower left or upper right part of the weighting coefficients and
multipliers is then omitted. The diagonal elements remain unchanged, but

the other weighting coefficients get twice the value of the scheme of

Xim-1) x{m-2} x(m-3)

x«m»-—r 2 o o0 BESH cume oo IIESEN s wnby
i L i

ho,0)

1

2hio.)

|
P
]
1
;

2hio,2)

2hi0,3)

4—T+
[

= yim)

hi1,1)

i

2hiv,2)

[

2h1,3)

]

!

Figure 10 : The simplified realization scheme of a second order kernel.
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Figure 8. In fact, one delay line suffices, because the information of the
second delay line is also present in the first one. We then get the scheme
of Figure 10,
The limitation of finite impulse response is rather theoretical than
practical,
In Section VI it was shown that for stable systems
.l%m hl(Z,5) =0 . (94)
Tyd7®
So in practical situations the system is approximated by a FIR system of
a satisfactory length,.

XI1I. The equalization of a nonlinear digital communication channel

An important application of the theory given in this report is the
equalization of nonlinear digital communication channels. Such channels
can be considered as discrete-time (sampled data) systems. We implemented

a system as given in Fig. 1l1.

—_— H{w) ————— Holew) ot

Figure 11: The simulated communication channel.

The input of this system is driven by a binary random segquence of
rectangular pulses of duration 80 usec at a rate of 12.5 kb/s. and the
output is synchronously sampled. Because the linear transfer functions
HI(wJ and Hzfm) are not well defined the time-discrete transfer functiocns

of the overall system are measured by means of the method given in
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Section XI. The results are

¢,(z) = 0.27 + 0.168577 + 0.12272 + 0.0482™° + 0.0182"% + 0.0082°,
Gylz,,3,) = 0.044331'132'1 + 0.0264z1"232"2 + 0.0131'3z2"3 + 0.00431”43
+ 0.001631_532—5 + 0.0156z1"2z2'1 + 0.005831_322_2
+ 0.001831_432_3 + 0.000831'532“4 + 0.015631_132_2
+ 0.005831—232_3 + 0.00182,"%2,"% + 0.00082, %2, . (95)

Due to the dispersion of the system the several information carrying pulses

overlap at the output of the system. This phenomenon 1s called intersymbol
interference. Removing this disturbance is called equalization and is
reached by cascading the system with another system such that the cascade
connection has a transfer function equal teo unity. In fact this means that
we have to look for the inverse system as has been treated in Section X.
For the system functions given by (95) the inverses KI(z), Kz(zl,zg) and
stzz,zg,zg) according to (82) are calculated. The inverse system has been
realized by means of a four stage shift register, a set of "and"-gates
forming the multipliers_and a reslstor matrix, forming the weighting
coefficients, This network is used as a pre-inverse system. The guality

of the equalization is shown in Figure 12, where the eye pattern [14] of
the equalized system is given together with the unequalized one. As an
intermediate result the eye pattern of the system with the linear

equalization is also shown.

It is seen that the nonlinear functions Kgle,zz) and K3(zl,32,83) give
a substantial contribution to the equalization. For a detailed description

cf the system and the egqualization we refer to [15].

2

~4



a - The eye pattern of
the unedqualized

system.

b - The eye pattern in
the case of linear

equalization.

c — The eye pattern of

the equalized system.

Figure 12
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Concluding remarks

It has been shown that many aspects of neonlinear continucus systems can
be treated in a similar way for nonlinear discrete-time systems. Not all
questions have been answered and the treatment is by no means complete;
for instance, neither the problems of stochastic input signals have been
dealt with nor has the question of the convergence of the Volterra
series been considered.
The purpose of this report is to gather the introauctory material on
nonlinear discrete-time systems as far as it is indispensable for the
equalization of nconlinear digital communication channels. In [16] an
extensive bibliography is found, which can serve as a guideline for
further reading.

From the reported experiments it follows that the theory as treated
in this report is sufficiently and serves gquite well to be able to

equalize a nonlinear communication channel,
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