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On some Bessel-function integrals arising in a

telecommunication problem

by

J. Boersma and P.J. de Doelder

Introduction

The present note deals with the evaluation of the following Bessel-function

integrals:
; e Jé(u) F o Jg(u)
(151 f mdu 4 ] (uz-uz)( 2_u2) A, mE= 2 3
0 1 0 g 2
where ul, u2 are the first and second zeros of the Bessel functicn Jo(u),
i.e., u, = 2.4048, u, = 5.5201 to four decimal places;
f W 3 ()T, (ur) £ u® I (w3, (ur)
0 0 0 0 Xl
(1.2) 5 > 2 du { 5 5 > B [ my (=013,
5 e an® (0 - v) (u -v2)
0 i 0 1 2
£ u® g, (w)J.(ur) W™ g, (u)J. (ur)
1 0 1 0
elke3) aal oy aur; m= 2,4,
(u2_v2)2 (u2—v2) (u2-v2)
0 1 0 1 2

where 0 < r < 1 and Vl’ v2 are the first and second zeros of the function
£(u) = Jo(u)Yo(ur) - Jo(ur)YO(u). The notation f in (1.2) and (1.3) denotes
that the Cauchy principal value of the integral is to be taken. The inte-
grals above were encountered by Mr. S. Worm (Eindhoven University of
Technology, Department of Electrical Engineering, Group ET) in his research
on satellite antennas. The integrals (1.1) with Jg(u) replaced by Jf(u) and
ul, u2 being zeros of Jl(u), were studied before by Dérr [1]. DSrr's inte-
grals came up in the mathematical analysis of elastically supported, thick
circular plates.

The integrals (l1.1) are special cases of the general integral

© m 2

&

X Jo(x)
(1.4) Im(a,b) = f dx

0 (x2 - az) (x2 - b2)



where a and b are real. Likewise, we introduce the integrals

© m
f X Jo(x)Jo(rx)
(

E155) K (a,b;xr) = dx ,
m x2 ) a2) (x2 -b2)
0
< Jy (x)J (rx)
(1.6) L (a,b;x) = { dx ,
” 0 —a )(x —b2)

with real a and b, and 0 £ r £ 1, which contain the integrals (1.2) and

(1.3) as special cases. In section 2, Im(a,b) is expressed in terms of the
Hilbert transforms H{Jg(x)} and H{Jg(x) sgn(x) }. Likewise, Km(a,b;r) with
m= 1,3, and Lm(a,b;r) with m = 2,4, can be expressed in terms of the
Hilbert transforms H{Jo(x)JO(rx) sgn(x)} and H{llel(x)Jo(rx)}, respectively.
These Hilbert transforms are evaluated in section 3. Final results for
Im(a,b) whenm = 0,1,2,3; for Km(a,b;r) when m = 1,3; for Lm(a,b;r) when

m = 2,4; and for Worm's integrals (1.1)-(1.3) are presented in section 4. It
is found that 11 and I3 are expressible in terms of Bessel functions J and

Ve I0 and 12 can be expressed in terms of a generalized hypergeometric func-
tion of the type 2F_. Section 5 deals with some extensions inveliving the
Hilbert transforms H{Jz(x and H{J (x) sgn(x)} where ne=110, 1,4,... ledin wEhe
Appendix it is shown that the Hilbert transforms H{J (x)} and H{J (x) sgn(x)}
can be expressed as integrals of the complete elllptlc integral K; a table

of such integrals was compiled by Glasser [7].

Reduction of Im' Km' Lm to Hilbert transforms

Starting from the partial fraction decomposition

bl 2 212 2 212 212' 2121'
(x"=-a”) (x"-b7) a -b x“ -a X —bj
we have
1 l—.w Jé(x) J. (%)
(2.2) Io(a,b) = 5 7 | f > > dx - { > 3 ax| =
a =-b 0 X =-a 0 X =-b



h 1 1 2 1 1 1 2 1 1 ‘[
(.0 Lo ]a { T X S~ Teai s 73 )[ Y f e
2(a” -b") J
0 0
J2 = J2(x)
O 1 0
= { 2 f X =b b
S " 2ba?-bd) 3 e
In the same manner we establish
=) 2 T 2
1 Jo(x)sgn(x) 1 -[ Jo(x)sgn(x)
(253) Il(a’b) = 2 :][ a5 dx - 2 2 i ) dx .
2(a”-p9) e 2(a”-b) _/
t 32 (x) 2 © 32 )
(2.4) I,(ab) = ——— }[ e i f o i
2(a“=-Db") - 2(a”=-b) "oy
© ) 2 - )
3 (x)sgn(x) b2 Jo(x)sgn(x)
(2.5) 15 tm by } —— - — ][ ———ax.
2( b - 2(a”-v°) _/

In the above results it is understood that a # b. Thus for m = 0,1,2,3,

Im(a,b) has been expressed in terms of the two Hilbert transforms

2 g Jg(")
(2.6) H{Jo(x)} == f dx ,
. ™ X - y
o _2
2 1 Jo(x)sgn(x)
(25:7) H{Jo(x)sgn(x)} PR f sty (8
T X-y

-0

where y is real.
Likewise, we express Km(a,b;r) withm = 1,3, and Lm(a,b;r) with m = 2,4, in
terms of the Hilbert transforms H{Jo(x)Jo(rx)sgn(x)} and H{Ix[Jl(x)Jo(rXJ},

respectively, viz.,

) f Jo(x)JO(rx)sgn(x)
2)

(2.8) K, (a;bjr) = - dx
2(a®-p%) _ d
1 pt Jo(x)JO(rx)sgn(x)
¥ - YR Xx-b e 3
Z(a* ~=b")



a2 £ Jo(x)JO(rx)sgn(x)
(2.9) K3(a,b;r) = > 5 f ey dx
2(a” =-Db") L
b2 Jo(x)Jo(rx)sgn(x)
S x-b s
2(a” -p°) __
¢ 1xl3, (x)3 (%)
(2.510) Lz(a,b;r) = 21 > f - - 9 dx i
2(a®-p°) _’ gits
£ 1x|3, (%) T (rx)
¥ .21 2 ][ : —bo ot
2(a®-b%) _’ 4
2 £ 11T, (x) T (rx)
(2.11) L, (ab;jx) = —= )( e a4y
2 X =&
2fa+B") o
1 b2 } !xIJl(x)JO(rx) e
2(a® - b?) F

-C0

The pertaining Hilbert transforms are determined in the next section.

Evaluation of Hilbert transforms

Consider first the Hilbert transform H{Jo(px)Jo(qx)sgn(x)} where 0 < p < q,

q # 0. We start from the contour integral

1
J Jo(pz)Hé )(qz)

(3.1) e

dz = 0
C

where the contour C consists of the real axis with a semi-circular indenta-
tion |[z-y| = § above y, and a closing semi-circle |[z| = R + » in the upper

half-plane. It is understood that arg z = 7 along the negative real axis.
e
g [

From the asymptotic behavior of Jo(pz) and the Hankel function o gZ) e
is easily found that the contribution of the semi-circle |z| = R vanishes as
R -+ », The contribution of the semi-circle |z-y| = § tends to

(1)

3 niJO(py)Ho (qy) as § -~ 0. Thus by taking limits in {3.1) as R > = and

§ -0, we find



® (1)
Jo(px)HO
X-y

(gx) (1)
dx = mi Jo(py)Ho (qy)

(3.2)

We now take real and imaginary parts of (3.2). Remember that for x > O,

Byt () = 3 00 + 1¥0x) .
(3.3)
Hél) G T Hé“ (1) - 23 () = = T () + Q¥ (x)

cf. Watson [2, eg. 3.62(5)]. Thus we find

[++) g -
1 f Jo(px)Jo(qx,sgn\x)

(3.4) H{Jo(px)Jo (qx)sgn(x) } = roy X-y i
= - J V) ¥ lalyD ,
: Jo(px)Yo(q|XI)
(3.5) HIZ (px) ¥ (alx)) } = = f g dx = Jolevidglavisgnly} .

-0

valid for 0 < p £ g, q # 0. The present results are in accordance with the

well-known reciprocity relation (cf. [3, form. 15.1(1),(2)])
(3.6) H{E(x)} = g(y) &= H{g(x)} = - £(y)

The result (3.4) can also be derived from Watson [2, eq. 13.53(4)], viz.,

S (px)J . (gx) 3o (px)J 5 (gx) sgn (x)
0 0 oy 0 Q
(ST f x2 2 r2 dx = 5 f St dx
0 —o
= )i Jo(pr)Hé*) (qr) ,

valid for Im r > 0. Taking the limit r - v real, we have according to

Plemelj's formulae [4]

i .F Jo(px)Jo(qx)sgn(x)
(3.8) %niJO(py)Jo(qy)sgn(y) 5 ]

dx
X-Y

-0

1)
=}l Iy (py)HC()“ (qy)

from which the result (3.4) is cbvious.



Starting from (3.4) we readily find the Hilbert transforms

-Jo(ry)YO(lyl) o i1 0 TN
(3.9) H{Jo(x)Jo(rx)sgn(x)} =
—JO{Y)YO(rIy]) r Xzl ’
2 |
(3.10) H{Jo(x)sgn(x)} = - Jo{y)YO(lY1) ;

as needed in the evaluation of the integrals Il’ I3, K,, K, of section 2. It

1
is remarked that reciprocal Hilbert transforms may be established by use of
(3.6) . The same remark applies to all further Hilbert transforms evaluated in
this section.

Next we differentiate (3.4) with respect to p or gq, thus leading to

13013 H{lxIJl(px)Jo(qx)} -le(py)YO(qul) ’

(388 H{lx|3,(px) T, (ax) } = - iyl 5, (py)Y¥, (aly]) .

valid for O £ p < g. As a special case we have

- {yl Jo(ry)Yl(lyi) i O Ty et
(3.13) H{llel(x)JO(rx)} =
-y 3, )Y (xiyl) . oz > 1

this result is needed in the evaluation of the integrals L2, L4 of section 2.
Notice that (3.11), (3.12) can be rewrxitten as
{3,445 " H{leJl(px)Jo(qx)}

©

= -11? J Jl(px)JO(qx)sgn(x)dx +y H{Jl(px)Jo(qx) sgn(x)} ,

-0

(3.15) H{lleO(px)Jl(qx)}

_I
3 |

J Jo(pX)Jl(qX)Sgn(X)dx +y H{Jo(pxFJl(qx)sgn(x)}

-0

Then, by use of the auxiliary integral [2, eq. 13.42(9)]

o [0 PR o T
(3.16) J Jo(at)Jl(bt)dt =4 1/(2b) , b=a,
0 ILl/‘b » b >a.,



we establish two additional Hilbert transforms

(3527 H{Jl(px)JO(qx)sgn(x)} =5 Jl(py)YO(q|y|) ’
2 )
(3.18) H{Jo(px)Jl(qx)sgn(x)} - I (ey) ¥, (alyl)sgnly)

valid for 0 € p £ g. These transforms become identical when p = q, because

of the Wronskian relation [2, eq. 3.63(12)]

: 2
(3.19) Jo(qy)Yi(qul) - Jl(qy)Yo(CI]Yi)sgn(y) e sgnly) .

Setting p = q in (3.14) and (3.15), we may proceed backwards to obtain

| 1 1
(3.21) H{llel(qx)Jo(qx)} ﬂ—i-le(qy)Yo(quI) plts IyIJo(qy)Yl(qIYI) ;

or equivalently

(3.22) H{llel(qx)JO(qx)} -ile(qy)Yo(qul) - illeO(qy)Yl(quI)

This result may be interpreted as the average of the limits of the trans-
forms (3.11) and (3.12) when p + ¢. In the same manner we may determine the

Hilbert transform (3.13) when r = 1, viz.,

(3.23) H{llel(x)JO(x)} = - ile(y)yo(iyl) - inIJO(y)Yl(IyI) i

Consider next the Hilbert transform H{Jg(x)}, as needed in the evaluation of
the integrals I of section 2. Referring to Luke [5, egs. 13.4.6(12),

(13) ] we have

o’ 12

2 /2
: a2 e Fal® & g g
(3.24) {uo(x)} b = g dx = - = J HO\Zy cos §)de

where HO denotes Struve's function of order zero. The derivation of (3.24)
goes back to D8rr [1] who proceeded as follcows. Replace Jé(x) by the inte-

gral representation [2, eq. 2.6(1)]
/2

J JO(2]x] cos 9)ds
0

o 2 2
(3.25) Jo(x) = Jo(lxl) =

SRS

and interchange the order of integration, thus leading to



(3.26)

2
Fet(n) J.(2|x| cos 8)
%‘ { g dx 2 ds { 0 (S5

X-y
Here the inner integral may be found from [3, form. 15.3(13)1], viz.,

1 0

(3.27)

¢ 3 (2]x| cos 8) £ 4t
f e dx = - sgn(y)Ho(Zlyl cos 6) = - H,(2y cos 9)

-0

since Ho is an odd function of its argument. As a check, the result (3427 )

has also been derived from Watson [2, eq. 13.51(7)]. By inserting (3.27)
into (3.26), the result (3.24) is precisely recovered.

Starting from the series representation of H. (cf. [2, eq. 10.4(2)])

0
® n 2n+i
- i
(3.28) H,(2) = y {=1) é;z) —
n=0 T'(n+3)T(n+3)
we have through a term-by-term integration
m
m/2 © (_l)n 2n+1 12 2n+l
(3.29) H_ (2y cos 6)dae = ) X (cos 8) as
9 n=0 T'(n +2) T'n +3)
0 : 2 2710
4 O i el IO TP TP e e e
L= 3 ST 3 Fod B S nite
n=0 F(n-+2)r(n-+§0 F(n-+3) 2T (2) n=0 (2)n(2)n(2)n
where we used the notation (Pochhammer's symbol)
m%1=am+1)'“(a+n—1), n =8l ,2 B s (m0= il

The final result in (3.29) is immediately recognized as a generalized hyper-
geometric function of the type 2F3; for the general definition of qu see

(6, Sec. 4.1]. Thus we find

o 2 TI'/2
2 1 To (%) 2
(3.30) H{Jo(x)} A f - o G wleis J HO(Zy cos 6)de
-0 o
2
111 s
=—§XF
S dra 1l
3 e o



We have tried to simplify the 2F3-function by expressing it as a product of
series qu with smaller parameters p and q. However, a search through the
list in [6, Sec. 4.3] was not successful.

As a check we shall now re-derive (3.30) in two alternative ways.

In the first procedure we start from

Jg(") [hig I
(3311} J i dx = J Jo(x)dx(t i) J e ds
-0 -0 O =

<] (=]
+4 Fi
= i f Ao ds J Jg(x)e e dx
0 -
o =]
§ tisz 2 >
=t 94 { e ds f Jo(x)cos(sx)dx . Tminzie s0M
0 0

Let z + y real, then by addition of the two results in (3.31) we obtain

4 Jg(x)
{ dx = -2
X-y

-0 O

(3..32)

— 8

sin(sy)ds J Jg(x)cos(sx)dx :
0

)
Thus the Hilbert transform of Jo(x) has been expressed as a successive

Fourier cosine and Fourier sine transform. From [3, form. 1.12(21)] we quote

5p_£(i52_1) i D

O(x)cos(sx)dx =

-]
(3.33) J 32
0 0 g 2 <igEchoo |

By means of [6, eq. 3.4(6)] the Legendre function P‘i can be expressed in

terms of a hypergeometric function F, viz.,
2 & 2
(3.34) P_i(is -1) = F(},4;1;1-1s7)

Inserting (3.33) and (3.34) into (3.32) we find

=]

]

-0

; 2 :
X-y dx F(4,4;1;1-1s")sin(sy)ds

2 2
Jo () [
0
1
-2 J F(&,i;l;l—sz)sin(Zsy)ds .
0



- A=

The latter integral is evaluated through series-expansion of sin(2sy) and

term~-by-term integration, yielding

(31.86)

1
Rt g
2 J F(3,3;1;1-s%)sin(2sy)ds
0

© 2n+1
= (-1)"(2y) e
Ay 2nZo (2n+1): J F(%'%Illl S )S ds
0 T i
2 2n+1
i (-1)"(2y) ST
= nzo T jF(%,z,l,t)(l o -
0
@ 2n+1
258 B Y rap o ey
7 nzo (2n+1) ¢ Tiar D Tl
= R 2071 3
&g 2L L) I(1)F(n+1) I(n+2)T(n+1)
T o BN I‘(n+—3—)1"(n+%)

where we used [6, eqs. 2.4(2), 2.8(46)]. The final series in (3.36) can be

rewritten as

= 2n+ ke
(-1) " (2y) 2" ¥
(3300 i )
R 22n ,(g_ 2 3
A 2

Dt U 8y
3 T &3

Njw —
pjw -
ofw

N

in accordance with (3.30).

Our second approach uses Mellin transforms. From [3, form. 6.8(33)] we quote

& s-1 iy 1
J 2( ) s-1 . 2 I'(l-s)T(is)
0

X = ’ 0 <Res <l

(3.38) M{ng} = -
I ' (1-1is)

Then by means of the inversion formula for Mellin transforms [3, form.

6.1(1)] we arrive at the integral representation

Cctiw T
5 : l 3
B et L ade 2o W R T B L S B R | TN e
0 0 B : T
W IF (=.2s)

According to [3, form. 15.2(29)] we have



e

-s
x| dx = - tan(ismsgn(y) |yl S, O <Res <1.

-S 1
(3.40) H{lx| }=; ][

-0

X-Yy

Combining (3.39) and (3.40) we find

C+iw

s-1 b
(3.41) H{Jg(x)} = - n(.) f £ L(1-s)I(}s) tan(%sn)lyl—s dsis
2mi 3
el I (1-1is)

The latter integral can be evaluated by closing the integration path by an
infinite semi-circle to the left. The integrand has simple poles at
s =-2n-1, n=20,1,2,..., inside the contour. By means of the residue

theorem we obtain

@ -2n-2

2 - -
(3.42)  HEsZ00) = - senty) | Lo In+BTCRob 2, 20
n=0 r (n+-2-)
N S RE e L D e R o
B Z0 F3 +£) I +-§-) 3
n= (n > n >
P y T n. TR
TN Zo By A2 i i
Lo 1 W
2
1A ;-
= - éx F y
2233 3 3
Z' 323

in accordance with (3.30).
Yet another (formal) derivation of (3.30) uses the theory of Meijer's G-

function. From [6, eq. 5.6(56) ] we have

4
0,0,0

"-i G11 x2

2
(3.43) Jo(x) = 13

The Hilbert transform of this G-function is given in [3, form. 15.3(s1) ],

ViiZ vy

it o M)

%,0,0,0,1J

=L
2

g W 22| 2
(3.44) H{Jo(x)} =7 ° sgn(y) Gyg |y




RE

The result in [3, form. 15.3(61)] is stated under the condition p+g < 2(m+n)

for the original Ggg. Strictly speaking this condition is not fulfilled for

Gié. Using the series-definition [6, eq. 5.3(5)] of the G-function, we find

from (3.44)

1

(3.45) H{Jé(x)} T e g('*g““l”“l (yz)*3F43
rSr&rdrd 2

2 2 2 2 2

]

I

1
&)

so in spite of the condition p+g < 2(m+n) being violated, the correct result

is recovered.

. Final results for Im, Km, Lm and Worm's integrals

2 ! J
By means of the Hilbert transforms H{Jg(x)sgn(x)} and H{Jo(x)} as given in
(3.10) and (3.30), we now determine the integral Im(a,b) as defined by
(1.4), for m = 0,1,2,3. The results presented below pertain to Im(a,b) when

a # b. Then Im(a,a) is found by taking limits as b -+ a.

Case m = 0. From (2.2) we derive

( )
1 4,11 ;-az] AP ,—b2
B e e———— 3l
(4.1) I,(a/b) - 3 T 2F3i 33 2F3i 3 3
- - Bl Bl = Rl
then
2 & P ,—a2
(4.2) Io(a,a) = lim Io(a,b) = - T o% 2F3 3 3 3
¥ Raatg



- 13 =

Casem = 1. From (2.3) we find

& .
(4.3) . S e e [Jo(a)YO(lal) - Jo(b)Yo(lbl)] ! a#b ,
2(a” -b")
then
(4.4) T RaT, e e o [T .(a)y.(lal)]
5 e S TR Rl B

]

f% [Jo(a)Yl(laI)sgn(a) + Jl(a)Yo(laI)] 1

Case m = 2. From (2.4) we derive

4 2 f il i i o
(4.5) e s |t
a L212l2 )
2 r1,1 I"b21
- b 2F3232 ’ as#b,
b 272 )
then
5 2
1 1 -2 il 2 -a
55 T G > : -|_ : ; :
(4.6) I,(a,a) = - 7a aa |2 2F3 3 TEE gl 0 3 N8y 3
T3 R ] 2'2"2

Case m = 3. From (2.5) we find

o i 2 L .
(4.7) 13(a,b) R [a Jo(a)YO(|a|) b uo(b)yo(]bl)] , a#b,
2(a” =-b")
then
o L aa . 2 ;
(4.8) I;(asa) = - ey [a Joxa)Yo(Iai)]

= 1 { I - { i
g Llaldg@ly, (Ja]) + ad (a)Y,({af) 2JO(§)YO‘Ia|), 3

Worm's integrals (1.1) ccrrespond to the special cases I_({u, ,u

o [
where m = 2,3. The results for m = 3 simplify because of Jo(ul) =J

I Im(ulluz)
O(uz) =803
furthermore, we employ the Wronskian relation [2, eg. 3.63(12)]



iVl 52

¢ 2] 2

(4.9) Jo(ul)Yl(ul) - Jl(ul)YOaul) = - Ji(ul)Yo(ul) = ;EI
In this manner we find for Worm's integrals:

4 & g2 ,~uf
ey St e Fals 3 g '

3'3'37 |
2
desi il -u : H il -u
4 4 2 * TR gL e ‘ 2]
ot L A AT “12F3[3 A | madaladl s ;
b 2L FEEDE) 202 "2

4.12) I-(a ) 3 I ) 0
(4. 3 ueug) =5 3(ul,uz, .

It is remarked that the present results hold for any zeroc u, or any pair of

1

Zeros ul,u2 of Jo(u).

The 2F3-series in (4.10) and (4.11) were numerically evaluated by mr. A.
Baayens & dr.ir. J.K.M. Jansen, thus leading to the numerical values

(4.13) T S A

29y 1) = 0.17983191 , L (ul,uz) = - 0.010883441

2

where ul, u,. stand for the first and second zeros of Jo(u).

2
Consider next the integrals Km(a,b;r), m=1,3, and Lm(a,b;r), m= 2,4, as
defined by (1.5) and (1.6). In section Z these integrals were shown to be
expressibie in terms of the Hilbert transforms H{Jo(x)Jo(rx)sgn(x)} and
H{[xIJl(x)JO(rx)}. The latter transforms were evaluated in section 3, see
(3.9) and (3.13). The results presented belcw pertain to Km(a,b;r), Lm(a,b;r)
when a # b. Then Km(a,a;r), Lm(a,a;r) are found by taking limi;s'as b > a.
Throughcut it is understood that 0 < r < 1, although the case r = 1 might be

handled as well by use of (3.23) instead of (3.13).

Case of Kl' From (2.8) we derive

i

(4.14) Kl(a.b;r)- = - ——-—5-'——:— [Jo(ar)Yo(!aI) = Jo(br)Yo(lb!)] , @& #F b,

2(a“ -b“)

then
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(4.15) Kl(a,a;r) == 18im Kl(a,b;r) = i% é% [Jo(ar)Yo(laI)]
b>a
= é% [Jo(ar)Yl(Iai)sgn(a) + rJl(ar)Yo(lal)] .

Case of K3. From (2.9) we find
(4.16) R imihie) = ol ra? 5 (arkR tad) .~ bR Bl IS0 e %
3 - SR 0 0 o ety
2(a” =-b") 3
then
= .1 48 (.2 !
(4.17) K (a,a;x) = - ol [a JO(ar)YO(lal)J

I
ENE

[IaIJO(ar)Yl(IaI) + arJl(ar)Yo(Ial) - 2Jo(ar)Yo(IaI)] ’

Case of L?’ From (2.10) we derive

m

(4.18) L,(a,bjx) = - T [la!Jo(ar)Yl(lal) - lbIJO(br)Yl([bI)] Jarts i
2(a®“-b")

then

(4.19) L,(a,a;r) = - %d% [lalJo(arwl(IaI)]

= %-D—Jo(ar)Yo(iaI) + rJl(ar)Yl(IaI)sgn(a)] ]

Case of L4. From (2.11) we find
T 3 Al
{4.20) L, (a,bjx) = - ———([|a| " J.(axr)¥, (|a]) = |b|~ T (br)Y, (|b])] ,a # b,
4 2 2 0 1 0 1

2(a“-b")
then

LS 3
(4.21) L,(a,a;jx) = - == Claj Jo(ar)Yl(!aI)]

= % [- a2Jo(ar)YO(iaI) + a2rJl(ar)Y1(]ai)sgn(a) —2!aIJO(ar)Y1(IaI)] :
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Worm's integrals (1.2) and (1.3) correspond to the special cases Km(v ,vl;r),

1
1,v2;r), respectively. Hence, explicit
results for Worm's integrals can be obtained from (4.14)-(4.21) by substitu-

Km(vl,vz;r) and Lm(vl,vl;r), Lm(v

tion of a = vy b = v,. No further simplification of these results can be

2°
achieved, as it is only known that V,r V, are zeros of the function
£(u) = Jo(u)YO(ur) - Jo(ur)YO(u).

Evaluation of H{Ji(x)sgn(x)} and H{Ji(x)}

The results (3.10), (3.30) for H{J (x)sgn(x)} and H{J } can easily be
extended to the Hilbert transforms H{J (x)sgn(x)} and H{J (x) } where
n=20,1,2,.... The derivation runs along the same lines as in section 3.

Thus we find as an extension of (3.10),

(x) sgn(x)

1 o |
(5.1) H{J (x) sgn (x i f g dx = Jn(lyl)Yn(IY!) v

with the reciprocal transform

1 Jn(lxl)Yn(lxl)
™

2
os=an dx = Jn(y)sgn(y)

(5.2) H{Jn(lxl)yn(lxi)} =

-0

The extension of (3.30) is found to be

@ .2 2
I (x) 1 1 SN
B 8
(5.3) H{g_(x)} =% ][ ;_ dx = = § Falaka 3
& . ™ (4n” - 1) -2—,5-+n,-2-—n

To derive the latter result we start from the integral representation
[2, eq. 2.6(3)]

m/2
A TS RN
(5.4) I (x) = Jn(lxl) -l J JO(2lx| cos 8) cos(2n6)ds ,
0

then
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2 5 & 1/2 s Jo(2|x] cos 8)
(5.5) H{g"(x)} = — (-1) { cos (2n6) dé f dx
n 2 X-Yy
m
0 -0
T/2
2 n
= - ;-(-1) [ cos(2ne)HO(2y cos 6)de
0

by means of (3.27). The latter integral is evaluated by term-by-term integra-
tion of the series expansion (3.28) for H
1.5.1.(309:1

o’ employing the integral (6, eq.

m/2
20%+1 1 s GBi28+2)
(5.6) I cos(2n6) (cos 6) dae = oY)

3 3
0 2 F(§~+2-+n)r(§~+2-—n)

as an auxiliary result. As a check the Hilbert transform (5.3) has also been

derived by each of the alternative approaches of section 3.

Appendix

The Legendre function P“i occurring in (3.33) is expressible in terms of a

complete elliptic integral K of the first kind [6, p.174], viz.,

(A1) P_i(cos 8) = % K(sin }6) .

Starting from (3.32) and (3.33), we make the substitution isz-l = cos 6,

s = 2 cos 38, leading to

2
Jo (%) 2
(A2) f g dx = - J P_i(is - 1)sin(sy)ds

-0 O

P_£(cos §) sin(2y cos i6) sin ig de

]
1
(@]
g_ﬁd

T
. %-‘[ K{sin }8) sin(2y cos }8) sin }6 48
0

Setting u = sin 36, we find by means of (3.30),



=i

1 2

2,3} u e A Pty
(A3) J K(w)sin(2y(l =u ") *) ————pdu'='2y .F
2,4 2443

0 (1 -u”)

DW=

308
Fenn
The present result is not contained in Glasser's table [7] of integrals of
the complete elliptic integral K. By expansion of (A3) in . a-power-series in

Yy, we obtain

n
(_1) 2n+1 2.n -
(a4) ) mre S J K(u) (1 -u*)" udu
=0 0
4 ei (1 (0
b4 - g WS n!
it e 1"

By equating corresponding powers of y, we are led to

1

' ' 12
(A5) J K(u)(l_u%nudu=_u-_=1 m_i_i_)_ A
@ @t rm+d
0 2’n'2'n - 2

The latter result can also be obtained as a special case of [7, form. I(23)].

A direct derivation of (AS) proceeds by replacing K(u) by its hypergeometric-
series representation followed by a term-by-term integration. The result (AS)
holds generally for n > -1, where n is not necessarily an integer.

A further result is found by differentiation of (A3) with respect to y:

1 2
’P 2 % [1 11 7y
(A6) | K(u)cos(2y (1l -u™)?*)udu= 215‘3 § 2 i g .
0 PR D

This result does not appear in Glasser's list [7] either.
Next we shall evaluate the Hilbert transform H{Jg(x)sgn(x)} by the same pro-

cedure. Similar to (3.31) we have

® 32 (x) sgn (x) - 2
(A7) J G s dx = J JZ(X)Sgn(x)dx(i i) J eﬁs(x_z)ds
X-2 0
ek 2 ’
= +i J tisz 3 J Jg(x)sgn(x)e;isx TN
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(=]
=2 J etlszds ( Jg(x) sin(sx)dx , Imz 2 0.

Let z »~ y real, then by addition of the two results in (A7) we obtain

co

g(x)sgn(x) 2 '
} —m——dx = 2 J‘ cos (sy)ds J Jo(x) sin(sx)dx .

-0 0 0

oo ©

(a8)

The inner integral is obtainable from Watson [2, eq. 13.46(4),(5) with u = }]
or from [3, form. 2.12(27)] (here the minus sign in front of the second result

for s > 2 is incorrect and should be omitted) :

& iP_i(l-isz), O g B,
(n9) J Jg(x) sin(sx)dx =
0

Lo e A wakiae
LG
Both functions can be expressed in terms of the complete elliptic integral K

according to (Al) and [6, eq. 3.13(8)1,

/2 g™

(a10) Q_i(cosh n = 2

Thus combining (A8) and (A9), we make the substitutions 1 - isz = cos 6,

s = 2 sin 36, and 552—1 = cosh n, s = 2 cosh in, leading to

(al1)

¥ Jé(x)sgn(x)
[

S

-]

2
J P_§(1—§52) cos (sy)ds +;2r- I Q_é(£s2—1) cos (sy)ds
0 2

T
f P_g(cos 8) cos(2y sin 46) cos 16 de
0

[=<]

+-72? J Q_,(cosh n) cos(2y cosh in) sinh fndn =
2
0
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T
=% J K(sin 18) cos(2y sin 48) cos 1€ 46
0

f‘ K(e ") cos(2y cosh in) sinh in 4 dan .
J

0

In the latter integrals we set u = sin 46 and u = e_n, respectively, then by

means of (3.10) we find

1 1
2
(a12) f K(u) cos(2yu)du + J K (u) cos(y l—+£2> lL—lu du = -"TJO(Y)YO(Iyl) s
0 0 oy .

IN]

Here the second integral can be simplified by applying Gauss' transformation

[8, form. 164.02]:

ST T

(A13) I A ) wners .
1 + (1<=%&%)

By making the latter substitution, we have t = 2u£/(1 +u) and

(A14)

-

1
[ K(u) cos (y A ;u : ;u du
0 ut /

il

£J5[1+(1-t2)5]x(t) cos (&) L=t ] -
0 S 1-(1=t)Y (1)1 e -t 4]

2)£

dt

i

{ A

i 2! at
J K(t) cos( t) g8
0

o

Inserting (Al4) into (Al2), we arrive at the elegant result

1 o
(Al15) K(u) cos(2yu)du + K{u) c:os(2 § 880 7r—Z-J (v)Y.(lyl)
A X g o e et
0 0

The present result can also be found in a more direct marner by use of Okui

[9, form. 2.5(1)], yielding
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-TI;K(£S). 0 =ig < 2,

2 2
EK(E)’ s> 2,

(ale) J Jg(x) sin(sx)dx =
0

which can be shown to be equivalent to (A9), though it is of course much
simpler. The result (A15) does not appear in Glasser's list [7]. It does not
seem possible to separately evaluate the integrals in (Al5). On the other

hand, by rewriting (Al5) as

1 -
2
(a17) f K(u) cos(yu)du + J K(%) cos (yu) %‘l= = “—4-Jo(£y)Yo(iy) ol pi0,
0 1

it is easily recognized as the inverse of the Fourier transform [9, form.

2.7(1)1]

oo

A 23 K(u) y 20 RN L,
(a18) -~ J (— T) Jody) Yo (dy) cos(yu)ldy =4 ,
0 EK(";’) r e

In the same manner one may evaluate the Hilbert transform H{Jo(x)Yo(lxI)}

obtainable from (3.5)..Similar to (3.31) and (3.32) we find

£ I (Y, (Ix)) r
f 0 0 dx = - 2 J sin(sy)ds J Jo(x)Yo(x) cos (sx)dx
X=-y E ’

-00 0

I

(A19)

ﬂJg(y)sgn(y) .

Here the inner Fourier cosine transform can be obtained from (A18). Thus we

are led to the following companion result of (Al5),

1 1
2
(A20) f K(u) sin(2yu)du + J K (u) sin(%¥0 %% = %r Jg(y)sgn(y) .
0 0

The result (A20) is again recognized as the inverse of the Fourier sine
transform (Al16) due to Okui [9].
As a final remark, Glasser's list [7] of integrals of K could almost trivially

be extended by inverses of the Fourier transform results as compiled by Okui

Lgd.
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