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Abstract 

From the recurrence relations of the Jacobi polynomials we compute the 

d d 
matrix entries of the differential operators dx and x dx with respect to 

the corresponding orthonormal ·bases of normalized Jacobi polynomials. 
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Some notations 

In this paper we consider the Hilbert spaces 

'. ' a 8 
. X 13 = L2 ([ - 1 , 1 J , (1 - x) (1 + x) dx) a, 

and the positive self-adjoint operators A Q in X 
a,1-> a,S 

2 i - d 
A = -( 1 - x ) - - «13 - a) - (a + S + 2)x) dx 
a,S dx2 

where we take a and S larger than -1. The operator A Q has a discrete 
a, I-> 

spectrum {n(n + a + S + 1) I n € IN u {O}}. Its normalized eigenvectors are 

the normalized Jacobi polynomials R(a,8) 
n 

where 

= [a + S + 2n + 1 
2a+S+1 

(-1 )n 

, 2n n. 

(cf. [2J, p. 209). 

r(n + 1) r(n + a + 8 + I)]! p(a,B) 
r (n + a + I) r (n + S + I) n 

[ (1 - x) a+n (1 + x) l->+nJ (ddX)
n Q 

In our study of distribution spaces based on Jacobi polynomials, cf. [IJ, we 

needed an estimation of the matrix entries (VR(a,B) ,R(a,S» Q and 
n -k a ,I-> 

«xV)Ra,S ,R(a,S» S where (.,.) Q denotes the inner product in the 
n -k a, a, I-> 

Hilbert space Xa,S and where V denotes the differential operator d: • 

Exact expressions for these matrix entries are not knoYn. In this note we 

present such expressions. Also we give estimates for the considered matrix 

entries. 
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Results 

In [2]~ p. 213, the following relations can be found 

(1) vp(a,S) = Hn+a+S+1)p(a+I,S+I) 
n n-I n= 1,2, •••• 

. (a+ 1 S+ 1) We express the polyno~als PI' as finite combinations of the poly-n-
(a, S) nomials Pk ' k a 0,1,2, ••• ,n-l. So we write 

n-I 
p(a+I,S+I) = \ (a,S) pea,S) 
n-I L Y n- I k k • 

k-O ' 

(a,S) "" 0 2 In order to compute the coefficients Y k ' n 0,1,2, ••• , k - ,I, , ••• ,n, 
n, 

we use the following relations which can be derived from [2l,. p. 2'13 

(2. i i) 

where 

a = 1 
21 + a + S + I 
1+a+S+I' 

1 + a 
b n "" - ~----~~--~ 

N 1 + a + S + 

P(a+1 ,S+I) So starting from 1 we 

and then by (2.ii) p~a,S+I) 

u'+a+S+2 
c 1 = 1 + a + S + 2 ' 

1 + S + 
, d1 = 1 + a + S + 2 • 

p(a,S+I) + d p(a+I,8+ 1) by (2.i) 
get c1 1 1 1-1 

= a pea,S) + b p(a,S+I) and also by (2.i) 
t 1 t 1-1 ' 

p(a+I,S+I) p(a,S+I) 
1-1 = c1_ 1 1-1 P(a+l,8+1" t 

+ d t _ 1 t-2 ' e c. 
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The sketched process terminates, because V 
p"q>-1 

p(p,q) 
0 - 1. It can be 

described by the following directed graph. 

b b n-1 b n-2 b 
n n 

--~ - ~ -

a an- 3 n 

(3) / 
}ff 

~ 

~ 

c n-3 

--~ - ..... -
d d n-l d n-2 

d1 n 

The graph (3) shows the following: 

c t is multiplied by at or b t 

d t is multiplied by dt - 1 or c t - l 

b t is multiplied by b t - 1 or a t - 1 

every factor ends with some a . 
q 

The above examinations yield the following result: 

p(ex+I,S+1} = 
n 

n 

I 
p=O 

b ) 
p(ex,S} 

••• d k 1 C k b k ••• 1 a n- + n- n- n-p+ n-p n-p 

with the convention d d - 1 and b b - I; equivalently n n+1 n-p n-p+1 

(4) 
p (ex+ 1 , S+ I) _ 

n 
d b b ) P(ex,S) 

•.• n-k+1 cn- k n-k ••• t+1 at t 

Thus we find that 

(ex,S) n-t 
Yn,~ = L (d ••• d k 1 C k b k ••• b~+1 a~) • 

~ k=O' n n- + n- n- ~ ~ 



- 5 -

A simple calculation yields 

(5) /a,8) = (_I)t r(t+a+8+1)r(n+8+2) (2t+a+8+1) • 
n, t r ( n+ et+ 8+ 3) r ( t+ a+ 1 ) 

~ (-I )k(2k+a+8+2) r(k+a+l) 
k;t r(k+8+2) • 

Let 0(a,8) denote the X a-normalization factor for the Jacobi polynomials, 
k a,~ 

(6) :::a (2k + a + 8 + I r(k+I)r(k+a+8+1»)~ • 
2a+ 8+ 1 r (k+a+ 1) r (k+ 8+ 1) 

Then we obtain for the matrix of V with respect to the orthonormal basis 

(R(a,8»m f X 
n n=O 0 a,8 

(7) 

o if t ~ n, 1,n € lN u {O} 

/a'IS} (n+a+8+1) 
n- ,t 

if t = O,I, ••• ,n-l, n € IN. 

With similar methods we next compute the matrix of the differential operator 

xV with respect to (R(a,8»m • From [2J, p.213, we obtain the following n n:::aQ 

identities: 

(l_x)p(a,S) (x) = 2 (n+a) p(a-l,8)(x) 2(n+ 1) p (a-I, e) (x) . 
- n 2n + a + 8 + I n 2n + a + S + 1 n+l 

and 

. 
(I +x) P (a ,13) (x) = • 2(n+8) p(a,S-I)(x) + 2(n+ 1) p(a,I3-1) (x) 

n 2n + a + S + 1 n 2n-+ a + 13 + 1 n-l 

Adding these relations, we obtain the following formula 

---
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Xp(CL,S) (x) '" ~ ___ =--~ 
n 2n + CL + S + 1 

Thus it follows that 

(8) (XV)p(CL,S)(X) _ !(n+CL+S+2) xp(CL+l,S+l)(x) = 
n+l n 

+ (n+l)p(CL,S+l)(x) + 
n+l 

With the relations (2.i) and (2 ~ ii) we get 

and 

where 

p(CL+l,S) k 
I dk = k 

1=0 

p (a, S+ 1) 
k 

.. I b k t=O k 

a ... 
J 

c. = 
J 

2j + CL + S + 
j+a+S+I' 

2j + CL + a + 1 
j+CL+S+I' 

pea,S) ~ 

d~+1 C
1 1 

p(CL,S} ~ 

b1+1 a~ 1 

~ j +a 
b. :: - -:------':!...---::~---:-

J j+CL+S+I' 

... j +S 
d j = j + CL + S + 1 • 

Finally, substituting the above values ~n (8) we get for the t-th coeffi­

cient, 0 S ~ S n, in the expression of (xV)p(CL,S) 
nTI 
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~ 1 r(Ii+a.+2) · r(~+a.+6+1) + (_I)n-N+ (n+l\ N (2~+ +6+1) + 
1. r(n+a.+6+3} rCt+a.+I} N a. -

~ 1 n + a. + 8 + 2 (2t+ +6+1)· r(t+a.+8+1} (1 + Ii~ · 1 2). 
2 2n + a. + 6 + 3 a. r(n+a.+6+2} n + a. + 6 + 

• [(_I)n-t+l T(n+ci,+2) T(Ii+8+2)]_ 
r(t+a.+2} + r(t+6+1) -

The (n-l)-th coefficient in (8) is given by 

n + a. + ·6+ 2 
i 2n + a + a + 3 «n+l)~n+l + (n+l)~n+l) = n + 1 • 

P
().-! ,).-D Remark. If a. = 6 = A - i, then the polynomials lead to the so-
n 

called Gegenbauer polynomials 

From the above computation we . obtain , 

n-l 
(xV)CO.) =2: (4k+2A)C(A) + 2n C(A) 

2n k=O 2k 2n 

n-l 
(xV)C(A) = 2: (4k+2A-2)C

2
(kA+)1 + 

2n+l k=O 
(2n+ 1) C ().) 

2n+l 

This result corresponds with the well-known formula 
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cf. [21 10 p. 22 1 ~ 

Now for 0 S i < n+l we put 

e(a, S) . r(i+a+S+l) (-1 }n-i+l . r(n+a+2) . r(n+S+2») 
(9) n+l,i:= H2t+a+S+1) r(n+a+S+2} r(i+Cl+J) + r(i+S+l) 

Then the matrix of the operator (xV) with respect to (R(a,S)"" is given by n n=O 

(10) «xV)R(Cl,S) R(a,s)} 
n · 'i 

o 

:= n 

if i :> n· n € IN u {O} 

if i := n , n € IN u {O} 

ifOSi<n and n € IN 

Above we have computed the explicit values of the matrix elements of the 

operators V and (xV) with respect to each orthonormal basis (R(a,S»"" O. . n n:= 

The next step is the derivation of sufficiently sharp upper bounds for these 

values. Therefore we need the following result. 

(11) Lenma 

Let c,d > O. Then there exists a positive constant K > 0 such that for c,d 

all m € IN 

r(m+c) c-d 
r(m+d) S Kc,d m 

Proof 

From [3J we take the following inequality: 

V I-s ..- r (m+ 1) < ( + 1) I-s 
m€IN Vs ,OssSI: m ::. r(m+s) - m 

-." 
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We proceed as follows. Let m € IN. Then 

r(m+c) 
r(m+d) 

== r(m+c} r(m+l) 
r(m+l) r(m+d} . 

Moreover we have 

and, also 

Since 

r(m+c) 
r (m+ 1) = (m+c-l) 

r(Ii1+c- [c n 
(m+c- [c]) r(m+1} S 

r(m+I) 
r(m+d) 

1 r(m+J) 
~ (m+d-l) ••• (m+d-[d]) r(m+d-[d]} S 

( 
1 \[d] l-d+[d] 

S m + d _ [dJ) (m+l} • 

(m+c-I)[C] [c]-[d] 
-(m+~d---d"":"--') ['-:d"""'l ,. m . 

we finally get 

r(m+c) S (c}[c] m[c]-[d] mc-[c]-l (m+l1 1- d+[dJ S 
r (m+d) 

The previous lemma gives rise to the following estimates 

(12.i) 10k 
(a,S) I (2k + a + S + I r(k+l)r(k+a+a+1»)! ~ 

,. \. 2a+S+ I r (k+a+ 1) r (k+S+ 1) , 

o 
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= ( (2.k+cx+ 8+ I) (k+a+ 11 (k+ 8+ I) r(k+2.} r(k+cXt 8+31 )~ 
cx+6+1 s 

2. (k+a+8+1) (k+cx+8+2) (k+l} r(k+a+2.} r(k+8-412.) 

(
SUP {(2k+a+S+I) (k+CL+I) (k+6+ll } K ) 

s cx+ S+ 1 11 K ....... a. 2 , B+ I (k+ 1) . 
e:1Nu{O} 2 (k+CL+S+l) (k+CL+6+2) (k+l1 ,cx+ ~TIoJ' 

::K: C Q (k+ 1) ~ 
a,1oJ 

( 12.ii) I Ok (a, S) I-I = (2
a

+
s
+ 

1 
(k+a+S+ ll(k+a+ S+2) (k+l) r(k+cx+2l r(k+S+2»)~ 

(2k+a+S+I) (k+a+1) (k+8+1) r(k+2) r(k+a+S+3) s 

for some positive constant D Q' 
a,1oJ 

I (a,8) I ' I r(n+a+2) r(~+a+8+1) I . 
(12..iii) Yn , ~ .:::. r :n+a+S+3) rU.+a+1) (2~+a+8+1) • 

= r(n+S+2) r(t+a+8+3) 12t+ a+ 8+ l ' (t+a+l) I 
r(n+a+S+3) r(.~.+a+2) (t+a+8+J) U,+a+S+2) 

• (~ 2k + a + 8 + 2 r(k+a+2)) 
k~t k + a + 1 r(k+8+2 ), S 

{ 1
(21+a+8+1}(1+a+l} I} K K • 

S le:~~{O} (1+a+8+1) (t+a+8+2) 8+1,a+S+l a+8+1,a+l 

n 
\ a-8 
L Ka+1 ,8+1 (k+l) ~ 

k=t 

n (k l)a+l(t 11)8+1 
=: Ea,S k~t n: I. k : < Ea ,8(n-t+l) 

~ 
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(I2.iv) l a(Cl'IS~1 s 1(n+Cl+o+2) [12g,+Cl+S+1 111+Cl+II r(n+a+2)rU.+Cl+S+3) 
n+ , x. 2 I-' 1 HCl+S+I II g,+Cl+S+21 r(n+Cl+S+3) rCg,+Cl+2) + 

121+Cl+S+III g,+S+11 r(n+S+2) r(1+a+S+3)] 
+ 11+Cl+S+I 1 I g,+Cl+S+2 I r(n+Cl+S+3)rC1+S+2) S 

s Hn+Cl+S+2) r SUp (121+Cl+S+l I1 1+Cl+l l ) ° 
~g,EINU{O} 1 1+Cl+S+lll 1+Cl+S+21 . 

(

n + 1)S+1 
° K K x. . + 

Cl+ 1 , Cl+ S+ 2 Cl+ S+ 2, a+ 1 n + 1. 

( 
12g,+Cl+S+ 1 1 1 1+S+ 1 1 ) 

+ sup ° 
iEINU{O} I Ha+S+1 I I HCl+S+2 I, 

Cl+-l 
° K K (1 + 1) ] s 

S+I,Cl+S+2 Cl+S+2,S+1 n .+ 1, 

s F a (n+1) 
Cl,1-' 

for some well-chosen positive constant F a" 
Cl,1-' 

With the estimates (a. 13.i-iv) we find 

o if k ~ n 

(13) 

if 0 S k < n 

Here Go> 0 is a constant dependent on C a' D a and E 00 Also 
Cl,1-' Cl,1-' Cl,1-' Cl,1-' 

o if k > n 

( 14) I «xV)R.(Cl,S) R.(a,S» I s n 
n '-K Cl,S 

if k ... n· 

if 0 S k < n 
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