EINDHOVEN
e UNIVERSITY OF
TECHNOLOGY

Connections between some results on the generalized linear
least squares problem

Citation for published version (APA):

Poley, A. D. (1981). Connections between some results on the generalized linear least squares problem. (EUT
report. WSK, Dept. of Mathematics and Computing Science; Vol. 81-WSK-01). Eindhoven University of
Technology.

Document status and date:
Published: 01/01/1981

Document Version:
Publisher's PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

* A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOl to the publisher's website.

* The final author version and the galley proof are versions of the publication after peer review.

* The final published version features the final layout of the paper including the volume, issue and page
numbers.

Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

» Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
* You may not further distribute the material or use it for any profit-making activity or commercial gain
* You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:

openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 04. Oct. 2023


https://research.tue.nl/en/publications/3a08998e-f552-414a-b4a5-c07f5b81cb5d

TECHNISCHE HOGESCHOOL EINDHOVEN TECHNOLOGICAL UNIVERSITY EINDHOVEN

NEDERLAND THE NETHERLANDS
ONDERAFDELING DER WISKUNDE DEPARTMENT OF MATHEMATICS

; e‘ééés_z‘ -

7’;« oo 10 157%
v ’»'fws.‘u_,;

LR

Connections between some results on the

generalized linear least squares problem

by

A.,D, Poley

T.H.~Report 81-WSK-01
May 1981



Abstract
This paper deals with the generalized least squares problem
"find £ which solves min{HKsz | IM(LE -h)ll2 is minimal}l."
] ] + + .
It is shown that the solution can be written as f = LMKh’ where LMK is
a solution matrix such that, in case of nonuniqueness (i.e. N(ML) n N(X) = {0}),
f has minimal Euclidean norm. This L;K is uniquely determined by Penrose-

like conditions.

1980 AMS Mathematics Subject Classification. Primary 65F20; Secundary 62J05.



I.

Introduction

In this paper we will consider the generalized least squares problem
(1.1.1) "find a vector f which minimizes IM(Lf - h)“z."

If ML does not have full column rank, then f is not uniquely determined by
(1.1.1) and we can prescribe additional conditions for f; for instance, we
can consider the problem

(1.1.2) "find £ which solves min{HKfH2 | IM(LE - Wi, is minimal}."

In these problems K, M and L have to satisfy no other conditions than that
their dimensions fit together. However, it is immediately clear that, if
N(ML) n N(K) = {0}, even problem (1.1.2) has no unique solution.

To start with, in §2 we consider a statistical problem similar to (1.1.1)
and in solving that we follow the methods used by C.C. Paige [11].

In §3 we use similar methods to solve the more general problem (1.1.1),
Afterwards we simplify the solution and obtain a good starting point for
attacking problem (1.1.2) in 84. First we solve this problem under

the condition N(ML) n N(K) = {0} (cf. Eldén [2]), next we consider the
properties of the solution found without assuming that condition.

In 55 we discuss what Penrose~like conditions the solution matrix corre-
sponding to problem (1.1.2) satisfies, and under which extra condition

a matrix, which satisfies these conditions, is unique. Also we compare our
results with those of Ben-Israel and Greville [3, Sec. 3.3].

Finally, in the last paragraph we consider the solution of problem (1.1.2)

by use of Lagrange multipliers.

We list a few notations to be used throughout this report:
* R(A) and N(A) stand for the range and nullspace of a matrix A, respecti-

vely.



* || . | means the Euclidean vector norm.

*I|A.l|F = (tr(AHA))é is the Frobenius matrix norm.

* A ¢ RR or A ¢ LR means A has full columm rank or full row rank, respecti-
vely.

* A matrix U is called left-unitary when UHU =1,

« gt means the orthogonal complement of a subspace S.

* Superscripts to a matrix refer to the Penrose conditions which that

matrix satisfies. These conditions are

(1) AXA = A, (3) a0l = ax,

X, @) @l = xa.

(2) xXAX

. . . . . 1
For instance, if X satisfies (1) and (3), we write X = A( ’3).

(1,2,3,4) which satisfies

The pseudoinverse (or Moore-Penrose inverse) A
+
all four conditions, will be denoted by A .

* The M,K-weighted pseudoinverse of L is defined by

+

+ +
L = (T = KEQK) (ML),

where Ey =1 - (Ml)+ML, cf. Eldén [2, §2].

2. Paige's method of solution

Paige [1] considers the following stochastic model. Let W be a nonnegative
definite Hermitian matrix and w a stochast with E(w) =0 , &(WWH) = UZW.
Let y = Cx + w, with C a known matrix and x a fixed but unknown parameter-
vector. The problem now is to

(2.1.1) "estimate x from a realisation of y."

Let W = BBH with B € RR, then (since first and second moments of w and Bv

are equal) Paige's model can be reduced to the following equivalent form.



2 .
Let v be a stochast with E(v) = 0 and E(VVH) = g 1, Let y = Cx + By, with
C a known matrix and X a parameter-vector. In stochastics it is shown (see
Appendix) that problem (2.1.1) leads to
"find to a given y ¢ R((C|B)) vectors x and v that minimize
(2.1.2)
fvll© under the condition y = Cx + Bv."

The essence of Paige's solution method is to decompose C as

R1
C=Qr = (QQ) {5

= QR,,

with Q unitary and R, ¢ LR, and to define

1

T] Q H
1

T =| — e ——ii

2 Q2 )

B'

Then the condition y = Cx + Bv is equivalent to

§

(i) QIHy Tlv + Rlx,

(i1) Q,y = T,v.

Since R1 has full row rank, there exists a solution x of (i) to every y
and v, Hence (i) does not constrain v and the compatibility condition
y € R(C) + R(B) is equivalent to QzHy € R(Tz). As is well known, the

minimum 2-norm vector v that satisfies the compatible system (ii) is

Vo= T2 Q2 V.

So x has to satisfy
H
(2.1.3) Ryx = (Q, - TIT2+Q2H)Y = Q]H(I - B(QZHB)+Q2H)Y-

The solution of (2.1.3) with minimal 2-norm can be written as
s o ta Hoo o Hoo+, H _ + H .+ H
X := RI Ql (I B(Q2 B) Qz )Y = C (I B(Qz B) Qz )Y'

The matrix C+(I - B(Q2HB)+Q2H) will be called the solution matrix to
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problem (2.1.1).

Remark. The condition B ¢ RR is necessary for the reduction of Paige's model

to its equivalent form, however, it does not play any role in the solution

method of problem (2.1.2).

Application of Paige's method to problem (1.1.1)

Now we will derive the solution of problem (1.1.1) by a method similar to
that used in §2., By defining v := -M(Lf - h) we can formulate (1.1.1) as
(3.1.1) "find f and v that solve min{lvll |le + v = Mh}."

f,v

So we can use the results of §2, with B=1I, C = ML = QR = QlRl with Q

unitary and R, € LR. If we substitute this in (2.1.3), we find that £

1

must satisfy
(3.1.2) R £ = q,"(1 - 0,0, = o, mn.

The solution with minimum 2Z~norm of (3.1.2) is
o= R]+Q1HM}).

. + H + . . .
Since R] Ql = (ML) , we thus obtain the well-known minimum 2-norm. .

solution of (1.1.1),
- +
(3.1.3) £ = (ML) Mh.

If we want to obtain the solution matrix of problem (1.1.1) in a form
similar to that of problem (2.1.2) in 52 (e.g. for reasons of symmetry,
see §5.3), we observe that (1.1.1) is also equivalent to

(3.2.1) "find f and v that solve min{livl |M'MLf + M'v = M Mn}."

Using again the method of §2, nowfézth c =M = 5§ = alil with 6 uni-

tary and ﬁ] ¢ LR, we find after substitution in (2.1.3) that f must

satisfy



(3.2.2) R f = 611*(1 - M+(52H'M+)+ q,Hn'mn
The solution with minimal 2-norm of (3.2.2) (énd so of (1.1.1)) is
(3.2.3) f := (') 1 - M+(62H‘M+)+ ?jzﬂ)m"”mx ,
which should be equal to (3.1.3). Indeed, we have
(3.2.4) @My (r - w" (@’ = ow”,
which can be proved by verifying that the left-hand side of (3.2.4)
satisfies the four (ML)+~Penrose conditions:
() M. oyt - M+(52HM*)+ EZH)M+1~£L
= "ML CML) MM = ML (since QML = 0)
@ oyt a - wt @ oy (- M@,
= o) M0y (- M@, g,
(3 vyt - ut @ 8,
= u@ - 4,8, @ - v @, g,
= MM+(I - (ﬁzﬂmfjeaanf)MM+ is Hermitian ,
@ oMt - M@ O

o+ ] ..
= (M ML) M ML is Hermitian.

Remark. In (3.2.1) we could, instead of M+, take an arbitrary (1)-

(1)

inverse M' ’, Then the condition in (3.2.1) is equivalent to
- D
v =Mh~-Lf) + (I -MM" ")z,
with z arbitrary. Under this condition, llvll is minimal for any fixed

f (and varying z) at v = ~M(Lf -~ h) if and only if

i - M =0,

(1)

that is, if M is also a 3~inverse of M.

Conclusion. Problem (1.1.1) is equivalent to
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"find £ and v that solve

(3.2.1") | |3
min{ [l vil [M(I’B)MLf - w53y oy 3gye
f,v
. (1,3) . .
with M an arbitrary (1,3)-inverse of M.

With € = M(I’S)ML = Q'R' = 6;%;, Q' unitary, §i ¢ LR, we find

(3.2.30¢ = Pyt - w0 @GR gD

Indeed, we have

(3.2.4')(M(1’3>m)+(1 _ M(l,3)(‘8‘55‘1{”(1,3))+ aéH)M(i,B)m(I,B) - omy? ’

which can be proved in the same way as (3.2.4).

Application of Paige's method to problem (1.1.2)

Now we consider the problem (1.1.2) under the extra condition
N(ML) n N(K) = {0}. We remark that the vector f which minimizes
(1.1.2), is that solution of (3.1.1) which minimizes I Kfll. So we

can start from condition (3.1.2),
le = QIHMh
and reformulate the problem as

"find f that minimizes {lIK£l | R f = Q]HMh}-"

i B Pt
Let Rl = RPp = (Rl I 0) 5! = R]P]H , with P unitary and R]
P
2
regular (this is possible since RI e LR).
g p
Now define g = | — | = | —= |f
) p
2

Then Kf = KP,g, + KP2g2 and R]f = §!g1 = Q1HMh, which implies
~-1

g = Rl QIHMh. Then our problem becomes
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(4.1.1) "find g, that minimizes IIKPli;’QIHml + KP,g, II."

It is clear from the definition of R1 that R(ML) = R(Pz), hence the
condition N(ML) n N(K) = {0} is equivalent to KP2 ¢ RR.

So problem (4.1.1) has the unique solution
- _ + -]
Thus we find under the condition N(ML) n N(K) = {0} the unique solution

for problem (1.1.2) to be

+
£ =Py * Prgy = Lyghs
where

+ + ~—] + +
(4.1.2) Ly = (T - P, (kP KR, K] QiHM = (1 - 2,(kP,)"R)OL) M .

Since ML = Q1Rl = QIEIP]H, we have
+ H
EO = (I - (ML) ML) = PZPZ .
+ Ho+ +
(KE)) ~ = (KP,P,") = P,(KP,) ,

which shows that (4.1.2) is another form of the M,K-~weighted pseudo-

inverse of L as defined by Eldén [2, 52].

The method of §4.1 can also be applied to problem (1.1.2) directly.

H
P
Let ML = LPH = (L1 l o) 'iﬁ‘ with P unitary (so R(Pz) = N(ML))

P,

and il ¢ RR (P1 is the same as in §4.11!).

. H g]
Then define P f =: g =
&2
s0 Kf = KPIgI + KP2g2 s MLE = ng; .
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~ ~ ~ 4
Since L, € RR, HLgI - Mhll is minimal iff g, = L, Mh. Then our problem

becomes

(4.2.1) "find g, that minimizes nxplil*m + KP,g, II."

Again, N(ML) n N(K) = {0} implies KP, € RR and problem (4.1.1) has

the unique solution

+ o~
g, = ~(KP,)"KP,L "Mh .
. o~ H ~ + + . . A
Since ML = L.P P.L. = (ML) , we again find, under the condition

11 > “ 171
N(ML) n N(K) = {0}, that problem (1.1.2) has the unique solution

+

f = L;Kh, where LMK

is given by (4.1.2).
IE NOML) o N(K) = {0}, then Lph (with Ly defined by (4.1.2)) still
solves problem (1.1.2), but it is not the unique solution, since the
component of f in the intersection of the two null-spaces is arbitrary.
We shall derive a special property that characterizes L;Kh among all
solutions of problem (1.1.2). The first point where non-uniqueness
occurs in the derivation of 8§4.1 is that the solutions of (4.1.1) are
given by
¥ ] +

g, = -(kp,) ke ¥ Q]Hbfh + (1 - ke )RR)Z
with z arbitrary. This leads to the result
z b

£ = Lgh + P (1 - (KP2)+KP2)2 - L;th + "52

where P, := P (1 - (KP2)+KP2). Now we remark that

~
a2
1]

+H H + H +
whon) ™ - ke, e, e, (1 - ke, TRRY)
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Mlomy e, - KH(KP2)+H - Pz(xpz)*KP2 + KH(KP2)+H(KP2)*KP2)

1

2

H, . +H + _
MO(ML) TP, (T - (KP,) KP,) =0,
since R(Pz) = N(ML). Therefore
2 + .2 o+ 2
N = HLMKhH + HPZ(I - (KPZ) KPz)zH ,

which leads to the conclusion:

f = L;Kh is that f that satisfies (1.1.2) and has minimal 2-norm.

Generalized Penrose conditions and their solutions

It follows from §4 that problem (1.1.2) admits of a solution matrix

X in the following sense:

{5.1.1) "for each h, f := Xh is a solution to problem (1.1.2)."

We shall noé characterize X directly. If (for all h) f := Xh minimizes

IM{Lf - h)ll, then for all h and all 6&f,
2 2
IM(LE - b)IIT < IM(LX - I)h + MLSFll ™ ,
which is true iff
5.1.2) ow)Max - 1) =0 .

If X satisfies (5.1.2) then f minimizes [[M(Lf ~ h) ) iff £ = Xh + 6f
with ML 6f = 0, hence, iff f = Xh + (I - (ML)+ML)z, z arbitrary.
Consequently, f = Xh is (for all h) a solution to problem (1.1.2)

1ff for all h and all =z,
2 *+ 2
IRXh ™ < IRKXh + K(I ~ (ML) ML)zl
or, equivalently, iff

(5.1.3) ®OK@ - omy*M) = 0.
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Hence, X is a solution matrix to problem (1.1.2) iff X satisfies

(5.1.2) and (5.1.3).

Since in the original problem L only occurs in the combination ML,

we may assume without loss of generality that R(L) n N(M) = {0} (or

equivalently N(L) = N(ML)).

Lemma. The conditionms (5.1.2) and (5.1.3) are equivalent to (5.1.2) and

(5.1.3") (KX)TK(L - XL) = 0 .

Proof. 1) If (5.1.3') holds, then

0 = @0k - xuy@ - o) = @oka - omyhy,

since N(L) = N(ML), i.e. (5.1.3) holds.

ii) If X satisfies (5.1.2), then
0= om)™ma - L = en)ha - x0)

hence also
ML(L - XL) =0 .

So if (5.1.3) holds, then
0= ol - o™y a - x) = @ofka -z,

i.e. (5.1.3') holds.
Now we observe that

ILXL = L,
{5.1.2) is equivalent to {
MHMLX is Hermitian ;

K(X1LX - X) = 0,
(5.1.3") is equivalent to {
KHKXL is Hermitian .

So X satisfies (5.1.1) iff X satisfies the four Penrose-like
(1) LXL = L , (3) MMLX is Hermitian ,

(5.1.4)
(2) R(XLX -~ X) = 0 , (4) K'KXL is Hermitian .

conditions:
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5.2. Let us now search for a general solution of the conditions (5.1.4).
First we remark that (5.1.4) is equivalent to (5.1.2) and (5.1.3).
In 53.1 we had ML = QR = Q_R, and in §4.1 we had R, = RP" = RjP ".
Consequently N(ML) = N(P]H) = R(Pz) and

+ H

I - (ML) MLL = P2P2 .

If X, satisfies (5.1.2), then the general solution of (5.1.3) is
X=X, + P2,

with Z arbitrary. Then (5.1.3) becomes
p.p. Bkx = 0 ,
272
or
e 'K(x, + Pyz) = 0 .
This implies that
z=-&p,)KX + (I - (kP,)"KP )Z'
- 27 ™o 2 2 :
with Z' arbitrary. So the general solution of (5.1.2) and (5.1.3) is
X = (1 PZ(KPZ) K)(XO + PZZ Yy .
with Z' arbitrary.

We can take XO == (ML)+M, which satisfies (5.1.2). Then for the corre-

sponding

~ * +
XO = (I - Pz(KPZ) KyY(ML) M

we obtain

~ - 3= H,\ ~
XOLXO = (I ~ PZ(KPZ) K)PIPI XO = XO s
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which in general is not true for other solutions X. Since the general
solution X can be written as

o _ + H + a + .

X (1 P2<KP2) K)Pll’1 ML) M+ PZ(I (KPZ) KP?_)Z s
and

+ H + _
(,(I - (KP,) KP,)) (I - P,(KP,) K)P, =0 ,

we see that the special ﬁo

F-norm. Regarding uniqueness, X is independent of Z' and therefore unique

is the solution of (5.1.5) with the smallest

iff P, (1 - (KP2)+KP2) = 0 or equivalently iff N(KP,) = N(2,) = {0}. The

5)
latter is equivalent to R(Pz) n N(K) = {0}, so to N(ML) n N(K) = {0}.

Conclusion. If N(ML) = N(L) and N(L) n N(K) = {0}, then X = L;K as defined

by (4.1.2) is the unique matrix satisfying the conditions (5.1.5).

Remarks. 1. Without the assumption R(L) n N(M) = {0}, we can maintain

(n (B

§5.1 if we feplace L by M "ML in (5.1.3'), with M an arbitrary

(1)-inverse of M. Then

M({XL - L) =0 ,
(5.1.2) is equivalent to {
MHMLX is Hermitian ;

K(XM(I}MLX -X)=0,
(5.1.3') is equivalent to
KM, is Hermitian ;
and (5.1.5) becomes

(1) MLXL - L) = 0 , (3) MMLX is Hermitian ,

@ koPvix -0 =0, &) KxPm is Hermitian .

2. Instead of looking for a solution matrix X for problem (1.1.2), we

may also consider the problem

"find X that minimizes {llKXIIF

IM(T - LX)!IF is minimall}."
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It is easily shown that X solves this problem iff X satisfies (5.1.2)

and (5.1.3).

Ben-Israel and Greville [3, Sec. 3.3] find the same conditions (5.1.5)
for the solution matrix of problem (1.1.2), although they restrict them-
selves to the case that KIiK and leM are regular, so K and M ¢ RR, which
implies N(L) = N(ML) and N(ML) n N(K) = {Q}. To construct the solution,

they take the Cholesky factorisation of KIIK and MIIM,

KK = e R, MM = RR

with RK and RM both regular matrices, and then find

e = R R DRy

P

see [3, Ex. 3.39]. By observing that

&

0

Ry

K=(UIIU2) ,Mx(VIIVZ)O—-v

with U = (U1 l U2) and V = (Vl | V2) both unitary, we can write

e -

Law

-1, H -1+, H
Re Uy Uy (RlRe ) 0y V) Ry
-1, H -1 H + Lot +, +
= RK U1 (V]RMLRK U, ] VIRM = K (MLK ) M.
It is easy to verify that under the condition K and M ¢ RR,

+ +. 4+ + + +
LIK =K (LK) = (I ~ PZ(sz) K)L

with P, left-unitary and R(Pz) = N(L), and

2

+ oo+, 4 H + 4+ H
Lyp = ()M = L7(1 - ¥ (Q, ¥M)'Q,) ,
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with Q2 left~unitary and R(QZ) = N(LH). Since under the same condition
. + + __+ . .
(even if only N(ML) = N(L)) LMK = LIKLLMI’ we can give four alternative

. +
expressions for LMK:

(5.3.1) Ly = K @uxD™  (ef. [3, Ex. 3.39])
(5.3.2) = (1 - Py ®p )OO MM (ef. [2])
.3.3) =k @) - we, )M,

(5.3.4) = (1 - e OLYT - M+(QZH~M+)+Q2H) ,

where P, and Q, are left-unitary matrices with R(Pz) = N(L) and R(Qz) = N(LH).
We now ask whether the expressions (5.3.1) - (5.3.4) still satisfy our Pen-
rose conditions under less stringent conditions than K € RR and M € RR. We
already saw that this is true for (5.3.2) under the only condition N(ML) = N(L).
It is easily found that the Penrose conditions are satisfied by (5.3.1)

and (5.3.3) if K € RR, and by (5.3.4) if M ¢ RR.

We can settle the difficulty M ¢ RR (but still K € RR), by not considering

Lf - h, but M+M(Lf -~ h) instead. So by analogy we obtain the solution matrix

+ + o+ + o+ .+ + o+ o+
LMK = (M ML)IKH‘ML(M ML)MIMIM = (M ML)IKM MLLMI .

Thus (5.3.4) becomes

vyt _ + + + _wten Bytyts H
(5.3.4 )LMK = (1 PZ(KPZ) KM ML) (I M (QZ M) Q2 )
where now Q, and P, are left~unitary matrices, with R(Pz) = N(M+ML) and

R(QZ) = N((M+ML)H). With these P, and QZ’ expressions (5.3.1) - (5.3.3)

2

remain the same.

If also K ¢ RR, we have a greater problem in finding alternative expressions.
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If we restrict ourselves to f € R(K+) = (N(K)}i, then there is no problem,
since the restriction of K to R(K+) is injective. Then we define f := K+Kz,
and solve the problem

"find z that minimizes { Kzl |HMLK+Kz ~ Mhll is minimal}."

The solution of this problem is

N
f

= @K'R)h + Sy,

]

+ N .
with R(S) = N(K) and y arbitrary. So f = K'Kz = K K(LK K)MKh is unique. As

‘before we have four expressions for the solution matrix:

K oenxh

+ + o+
(5.3.5) K'R(LK'K),p

(5.3.6) =xa - KPZ(KP2)+)K(MLK+K)+M
(5.3.7) = K othaxHta - M+€Q2HM+)+Q2H)M+M
(5.3.8) =K'(I - sz(KP2)+)K(MfMLK+K)+M+(I - (Qzﬂnf)+qzﬂmﬁ)m ,

+
where P, and Q2 are left-unitary matrices, with R(Pz) = N{M MLK K) and
+ %+ H
R(Qz) = N((M MLK K)")
Without the restriction f ¢ R(K+), we were not able to find a generalization

for the expressions (5.3.1) and (5.3.3).

Optimization theory

We now want to solve the problem (1.1.2) using some optimization theory. A
general form for this problem is

"find x that minimizes {f(x) | g(x) = b},"”
where f and g are sufficiently smooth functions. The theory of Lagrange
multipliers states that a solution & of this problem corresponds with

the x-coordinates of a saddle point of the Lagrange functional
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L(xz,z) = £(x) + 2 (g(x) - b)

We can find the saddle points from

]

VxL 0 : DE(x) + gﬁDg(g) =0,

#

v,L=20: g(x) =b,

and so we have to solve x from this system.

Now let us return to our problem. We saw in §3 that, using,(3.1.2);'prqb1em
(1,1.2) can be formulated as

(6.1.1) "find f that minimizes {IKflZ |IvI? is minimal A MLE + v = Mp}."

Let us first consider the "inner" problem
. 2
min{livl® | MLE + v = MR} ,

f,v

which is equivalent to
(6.1.2) min{l (0 | T) (ﬁ) I|2] oL | D (5)'—‘-1’1}1}.

We define T := (0 | 1), g := (i] , H:= (ML | I), b := Mh, then problem
(6.1.2) becomes
. 2
(6.1.3) min{lITgll® | Hg = b}.
The Lagrange functional corresponding to (6.1.3) is
(6.1.4) L(g,2z) = 45" T Tg - 2z (Hg - b)
and we find the saddle points from

VgL =0 3 gHTHT - zHH = (0 (ML)HZ =0, z = v;
v L= 0 : Hg = b3 MLf + v = Mh .

So the solution f of the system
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(6.1.5) IH MLy jz) _ [¥b
ML) 0 £ 0

also solves problem (6.1.2) and v = z,

Returning to our original problem (6.1.1), we define

p := (:) , C 3= L H ML , 8= (0 ] K), k := ( Mh) s
M)” 0 0

then (6.1.1) can be shortly written as
(6.1.6) min{fiSpll | Cp = k} .

The Lagrange functional is now
H_H H
L(p,r) = ip 8 Sp + r (Cp - k),

and we find the saddle points from

VpL =0 : pHSHS + rHC = 0; SHSp + CHr== 0;

VrL=0:Cp=k.
Then the solution p of the system

e ) ) - (o)

also solves (6.1.6). After suLstitution of the expressions for 8, C, p

and k, this system becomes

0 ¢] I ML Z 0

o xk ow? o] |f 0

I M 0 o |r, T v
om0 0 o] lr, 0

where the vector (zH, r]H, rzﬁ)H is a vector of Lagrange multipliers.

Now let U2 be left-unitary and R(Uz) = N(C), then it is easy to verify

(cf. Eldén [2, corr. 3.3]) that
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-}
+
shs ct Uz((SUz)HSU2)+U2H Cre
(6. I .?) = ]
+ \H + (H_ +
C 0 (CIS) —(SCIS) SCIS
+ +
where CIS = (I - U2(8U2) s)c .
In the same way as before, we find
W
. 1wl f1- enoew)”? (ML)
(6.1.8) C = = + + +H .
omy® o o) -0yt o)
We know that UZUZH =1-cc=1- cct (since C is Hermitian), and so
0 0 0
vy, = P © | 25,
0 I - (ML) ML P2
with P, a left-unitary matrix such that R(Pz) = N(ML) .
So, we can take U2 = 0 .
) B, #\"
By combining the previous results we find for SCS CO the formula

displayed in fig. 1.
Consequently, the solution of problem (6.1.1) (and so of (1.1.2)) with

minimum 2-norm is again found to be
+ +
£f=(~P,(Kp,) K)(ML) Mh ,

where P2 is left-unitary and R(Pz) = N(ML).



(sts CH)“' )

\ C 0/ ~

0 0 ",

+ H + +
0 P, ((ke,) ke )P, (1 - p,xe) 0,
€, @€, - peey T —eh k- rey e, R,
+ + + H + H + +
(€D, @), - R T (e K1 - ke, (k) IK(ET)
o+ (1 w\t (1 -wmoen)t oyt
with ¢ = \ H ) = \ N + +8)
(ML) 0 ML -(ML) (ML)

+

«h,,

+ +
(1 - PZ(KPZ) K)(C )22

+ H + +
-(C )}ZK (1 - KPZ(KPZ) JK(C )22

+ H + +
=(€1), K (1 - kP, (K2)) IKR(CT),,

fig. 1

4

_OZ_
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The method of Légrange multipliers can also be applied directly to
problem (1.1.2),
"find f that minimizes {H#Kfll |IM(Lf - h}llis minimal}."”

The "inner" problem is easy to solve, since

I M(LE - h)Il is minimal iff MLf = ML(OML) Mh.
Hence, problem (1.1.2) becomes
(6.2.1) "find f that minimizes {IKEN? | MLE = ML(ML) Mm}."
The corresponding Lagrange functional is

L(E,r) = 4Tk Re + fPome - mLow) M) .
Then the solution f of the system

g ot £ 0

ML 0 v ML (ML) "Mh
satisfies problem (6.2.1).
Similar to (6.1.7) it is easy to verify that

H

g oemyf]

+ +
~P2((KP2)HKP2) P, ML) 1¢
ML 0 ceny1of ®om) T ROL T

where (ML);K = (I - PZ(KP2)+K)(ML)+ and P2 is left-unitary with
R(Pz) = N(ML). So again we find for the solution of problem (1.1.2)

with minimum 2-~norm,
£ = (ML);KML(ML)+Mh = (I - PZ(KP2)+K)(ML)+Mh.

Appendix. Equivalence of problems (2.1.1) and (2.1.2)

We start from problem (2.1.1), i.e.
"estimate x from a realisation of y = Cx + w."

. . . . 2
Here C is a known matrix; w is a stochast with E(w) = 0, E(wwH) = g W,
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where W is a nonnegative definite Hermitian matrix. As in 82 we set
H . . .
W = BB with B ¢ RR, and w = Bv, then v is a stochast with E(v) = 0,

E(VVH) = 021.

Definition. A linear function ¢ : x - pHx is called estimable if there
is a linear function ¢ : y - qHy such that the stochastic vector

y = Cx + Bv satisfies E(qﬂy) = PHX~

Then ¢(y) is called linear unbiased estimator (LUE) of g¢(x).

. . . . . H
Since for arbitrary q we have E(qHy) = qHCx, ¢ is estimable iff p ¢ R(C),
and ¢(y) = qHy is a LUE of o(x) = pHx iff CHq = p, For any q satisfying

the latter condition we have
H H .2 H, .2 2H__H 2 H
E((q y-px)) = E((q Bv)“) = c°q BB q = 0°q Wq .

Definition. § : y - QHy is called best linear unbiased estimator (BLUE)

of ¢(x) = pHx if
&H e H H
§ W4 = min{q Wq|Cq =p}.

Using a Lagrange multiplier %, we find that § is BLUE of p iff § and

~

% satisfy

(A.1.1) g ¢ a) = 19] .
c 0 2 P

Remark. It is clear from (A.l1.1) that W§ ¢ R(C) and the system is compa~-

tible iff p e R(CY).

Definition. An observation y is called compatible iff y ¢ R((B|C)),

so iff y ¢ R((W|C)).
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W C
H
Lemma, Consider the matrix A = (CH 0 ), where W = BB ,
H

Then (”) € N(A) iff r ¢ N B—) A x e N(O) ,
X CH

and (32’) € R(A) iff y e R((B|C)) A z ¢ rech.

vW C r BBHr + Cx = 0,
H

Proof. ( = { is equivalent to {
——e c 0 b4 rHC - 0.
This implies

0 = rHCx = -rHBBHr,

s0 BHr = 0, and consequently Cx = 0.

Therefore

H
{;) e N(A) » [r ¢ N % = (R((BIC)))'L] A [x e N(C) = (R(CH))l3,
c

which implies that
y H
| € R(&) ®»y ¢ R((B[C)) A z e R(C) .

The lemma implies that the system

W c 2 y
(A.1.2) c 0 2] = 1o

has a solution iff y is compatible. If y is compatible, X is to be determined
from (A.1.2) modulo N(C).

Now let y be compatible and let ¢ : x = pHx be estimable, then §, T and ¥ are
determined as above, and we have

3 = dy = e + o) = -2l + ol = pfiz = o(®) .

So for a given compatible y and with % as above, the BLUE for any estimable

function ¢ : x = pHx, is pHﬁ. In particular, Cx is estimable and its BLUE
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is § := CR.
2. Now we start from problem (2.1.2), i.e.
"find to a given y ¢ R((CIB)) vectors x and v that minimize l[v]l
under the condition y = Cx + Bv."
By definition y is compatible. Using a Lagrange multiplier r, we find that

v, r and x have to satisfy the system

H

-1 B 0 v 0
(A.2.1) B 0 ¢ el =yl .
CH x 0

This system is equivalent to

W C r y q
{(A.2.2) H 0 = ol V~= Br.

a
"

. " H, .
So the solutions x and v of problem (2.1.2) are x = X and v = B'f, with

and ¥ as determined in the first section of this appendix,

(514

Conclusion, Since both problems ((2.1.1) and (2.1.2)} lead to the same

solution set for x, the equivalence of both is evident.
For a more professional look into these matters, see e.g. [4, Ch. 3].
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