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Abstract.

Starting with a Hilbert space LZ(RGU) we introduce the dense subspace
R(zz(na,u)) where R is a positive self~adjoint Hilbert-Schmidt operator

on chm,p). For the space R(thmﬁu)) a measure theoretical Sobolev lemma
is proved. The results for the spaces of type R(Lz(ﬁﬁ,u)) are applied to
nucléar analyticity spaces SX,A = tgg emt’x(x) where e_tA is a Hilbert~-

Schmidt operator on the Hilbert space X for each t > 0. We solve the so-

called generalized eigenvalue problem for a general self-adjoint operator

T in X.
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Introduction

Let Lz(]R,u) denote the Hilbert space of equivalence classes of square
integrable functions on R with respect to some Borel measure u. In this
paper we only consider finite nonnegative Borel measures. The elements of

LZ(IR,u) will be denoted by [-].

Consider the orthonormal basis ([q)k]) in LZ(IR,u). Then every

kelN
[f] € L,(R,u) . can be written as
2

-]

©.1)  [£]= ] ([£1,0eDle,]
k=1

where (+,+) denotes the inner product of LZ(IR,u). The series (0.1) con-

verges in Lz—sense-, i.e.

N
0.2) J lf - z ([f],[¢k])$k|2du -+ 0 as N » =
k=1

for all T ¢ [f] and all ?6k € [cpk], k ¢ N. However, in general, not very
much can be said about the possible convergence of the series (0.1).

For a positive self-adjoint Hilbert-Schmidt operator R on L2(]R,u), the

dense subspace D(R—l) of LZ(JR,u) is defined by
-1 T -2 2
0.3) [f1eDR ) e | o [([£1,0pD]|" <=
k=1

where Px > 0, k ¢ N, are the eigenvalues of R and [cpk] its eigenvectors.

In [EGH] we have shown that for any choice of representants ;k € [cpk],

k € N, there exists a null set ’Z\\fu' such that for all [f] € D(R-l) the series

>

0.4) I (C£l,le Do,
k=1



converges pointwise outside the set Nu' In the present paper we make the

canonical choice

x+h

J P du .
zx~h

(0.5) Ek(x) = lim u({x~h,x +h]) "'

h+0

It will lead to a measure theoretical version of Sobolev’s lemma.

The first sections of this paper contain the measure theoretical results
which we need to solve the so~called generalized eigenvalue problem for

self-adjoint operators,

In order to get a theory of generalized eigenfunctions we need a theory
of generalized functions, of course. Here we employ De Graaf's theory [G].
This theory is based on the triplet

{0.6) SX,A cXc TX,A

where A is a nonnegative self-adjoint operator in a Hilbert space X. The

space SX A is called an analyticity space and TX A2 trajectory space; they
k] b

are each other's strong duals. We give a short summary of this theory in

the preliminaries.

Here we look at nuclear analyticity spaces SX;A. We shall prove that to any
self-adjoint operator T in the Hilbert space X there can be associated a
total set of generalized functions in TX,A which together establish a so-
called Dirac basis. (Cf. [EGII] for the terminology.) If T is also a conti-

nuous linear mapping from SX A into itself, then each element of this Dirac
‘ >

basis is a generalized eigenfunction of T. In addition it follows that to



almost each point with multiplicity m in the spectrum there corresponds
at least m non~trivial independent generalized eigenfunctions. In order
to obtain this result we employ the commutative multiplicity theory for

self-adjoint operators. (Cf. [Br] for this theory.)

Preliminaries

In a Hilbert space X consider the evolution equation
du _ _
(p.1) T - Au , t>0

where A is a nonnegative unbounded self-adjoint operator. A solution F of

(p.1) is called a tragjectory if F satisfies

(p.2.1) Vt>0 : F(t) € X

(p.2.ii) v s e TAR() = Flrea) .

£50 Y150

We remark that lim F(t) does not necessarily exist in X-sense. The complex
t+0
vector space of all trajectories is demoted by TX A The space TX A is con-
2 b

sidered as a space of generalized functions in [G]. The Hilbert space X is

embedded in TX,A by means of emb : X G TX,A’

(p.3)  emb(w) :tme Ay, wex. -

The analyticity space SX A is defined as the dense linear subspace of X
¥

consisting of smooth elements of the form e-T!iw where w ¢ X and 1t > O.

-1
- -=A
So = U e tA(X) = U e " (X).We note that for each f ¢ S
X,A £>0 neN X,A
there exists 1 >0 with eTjkf € S and, alsc, that for each F ¢ T and
X,A X,A

for all t > 0 we have F(t) ¢ S . The space S is the test function

X,A X,A

space in [G].



In TX 4 the topology can be described by the seminorms
3

(p.4) FelF@Iy » Fely,,

where t > 0. The space TX A is a Frechet space. In SX 4 ve take the induc-

» 3
tive limit topology. This inductive limit is not strict. A set of seminorms
is produced in [G] which generates the inductive limit topology. The pairing

<+, > bhetween SX,A and TX,A is defined by

TA
(p.5) <g,F>:= (e "gF(1))y , BE€ SX,A’ F e TX,A‘
Here (-,-) denotes the inner product of X. Definition (p.5) makes semse for
T > 0 sufficiently small. Due to the trajectory property it does not depend
on the choice of t. The spaces SX A and TX A are reflexive in the given to-
) b4 k4
pologies.
The space SX A is nuclear if and only if A generates a semigroup of Hilbert-
>
Schmidt operators on X. In this case A has an orthonormal basis of eigen-—
vectors v, , k ¢ N, with eigenvalues kk' In addition, for all t > O the
series § e Akt converges. It can be shown that f e Sy , if and only if

k=1 ’
there exists 1 > 0 such that

(.6)  (£,v) = 0 k)
and F ¢ TX,A if and only if
@7  <v,F> =05

for all t > 0. For examples of these spaces, see [G], [EGI], (EGP].



1. A measure theoretical Sobolev lemma

Let u denote a finite nonnegative Borel measure on ]R Let ([q)k:])kel\? be
an orthonormal basis in Lz(lR,u) and let (pk)keN be an 22~sequence with
P >0, k € N. Let R denote the Hilbert-Schmidt operator on Ez(}R,u) which

satisfies R[cpk] = pkfapk:l, k € N. Then we define 9(?2"1) c Lz(m,u) by

[£] € DR D) :ew y o2 | (C£1,L0 ])|2 < @,
k k
keN
Here (-,-) denotes the inner product of LZ(IR,u). The unbounded inverse
R-l with domain D(va) is defined by

g1 = 3 ol

(C£1,le, D [o, 1.
kel kK

Py

-

R ~ is a self-adjoint operator in LZCR,u) . The sesquilinear form (-,~)p,
(C£1,08) ) = (R 'C£1,R7'g])

is an inmer product in D(R—l) and thus D(R—'}) becomes a Hilbert space. We
note that the sequence ([fnj'}nam converges to [f] in D(Rﬁi) if and only

. -1 -1 .
if (R [fn]}neN converges to R "[£f] in L,(R,p).

. ' -1
Here we shall prove that in each class [f] ¢ D(R ') there can be chosen a
canonical representant. This canonical choice takes out the continuous re-
presentant of each member of D(R~1) if such a representant should exist.

To this end, we first define the support of a measure.



(1.1) Definition.
The support of u, denoted by supp(u), is defined by

50 ° p{{x-h,x+h]) > 0}.

supp(p) := {x ¢ R | vy
It is not hard to prove that supp{(u) is the complement of the largest open

set 0 for which u(0) = 0, So the complement of supp(p) is a null set with

respect to u. (Cf, [E], p. 11.)

In the sequel the closed interval [x-h,x+h] is denoted by Qh(x). Consi-

der the following theorem.

(1.,2) Theorem

Let [w] ¢ LI(ER,u) and let % € [w]. Then there exists a null set ¥{[w])
such that the limit

w(x) = lim u(Qh(x))"1 J W dy

h+0 Qh(x>

exists for all x ¢ supp(u)\W(Lw]). The function X'*‘;(X) can be extended
to an everywhere defined representant of [w] by taking w(x) = 0 for

x e N([w]) v supp(u)*. The representant w is independent of the choice of

W oe [wl.

Proof., Cf. [WZ], Theorem 10,49,

Since p is a finite measure it follows that LZCR,u) c LI(Hhu). S0 by the

previous theorem there exist null sets Nk u such that
~ y
~ . "'1 -~
. = N
(1.3) ¢k(x) ;:g u(Qh(X)) J 9, du , x e supp(m\ ku

Qh(X>



. L~ * ~
exists. If we define @k(x) = 0 for x ¢ supp(u) v Nk e then 9, is an
2
everywhere defined representant of the class [@k]. The definition of ;k

does not depend on the choice of $k € [@k].

In order to prove our measure theoretical version of Sobolev's lemma we

shall extend the null set U Nk " It is clear that the functions LEklz,
keN ?

k ¢ N, and Z pi ]¢k|2 are integrable. So by Theorem (1.2) there exists

kel ~
a null set ﬁuxa ( u N ) with the property that for all x ¢ supp(u)\Nu,

keN KoV
(1.4) 3,0 % = Lim u(q, )™’ f 5, 1% a
hv0
Q, x)
and
a1 el Bl =g [ (162 5l
k=1 h+0 kel
Q (%)

For convenience we take ;k(x) = (0 for X ¢ supp(u)* U %u. By (1.5) the follo-

wing definition makes sense.

(1.6) Definition

We define [Zx] € D(Rﬁl) by

[e, ]

o« 2~
Y oor 0, (x) [ .
ooy P %k k

0 for x ¢ supp(p)* U ﬁu.

Note that [;X}

The following lemma is fundamental for this paper.



(1.7) Lemma.

For h » 0 and x ¢ supp(u)\ﬁu we write

fe {h}] = kzl pf,: (U(Qh(x))-l J gk(X) du) Lo 1 -
Qh(x}

Then [eX] satisfies

[e. ] = lim [e_{h}]
£ ne ¥

where the limit is taken in the norm topology of D(R‘I).

Proof. Let x ¢ supp(u)\ﬁu and let € > 0. Then we first fix kO ¢ N so large
that

(*). ) pi i?p'k(X)\z < €2,
k

Next, by the relations (1.3), (1.4) and (1.5) there exists h, > 0 so small

0
that for all h, 0 < h < ho
(%) \gk(x) - u(Qh(:!))"l Jgkdul <e , k=l,..k
: Q, (x)
and, also,
(Hx%) ¥ pi U(Qh(x})—l J {gkizdu < 2¢? B
Ko™ Q, () | )
h
Thus we obtain
I105,1 - Ce {n}11? =
e e, =
k
= ( EO * E );32 I, &) - u(Q ) ! J?p' dul2
Y n k

Q, (x)
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Now we have the following inequalities for 0 < h < ho. By (%)

k —
0 ~ - fw 2 2% 2
A A O A R
A Qh(X)
and by (*) and (¥*%x) .
- 2 |~ ~1 ~ 2
0 Q, ()
s2 o2 5. @+ 2 Y o2 lutq )7 { o] ? <
k=i +1 & K k=k.+1 & B k
0 0 Qh(x)

+-]

< 252 + 2 z pi u(Qh(X))m
knko*l Qh(x)

i 2

J f?k}zdu < 6e
It leads to the result’

~ ~ 2 2 s 2
1680 - (Emmn? < (s + 1 op) -

Since € > 0 was taken arbitrarily, the proof is complete.
The previous lemma enables us to prove the following major theorem.

(1.8) Theorem (Measure theoretical Sobolev lemma).
For every element [f] ¢ D(R-]) there can be chosen as representant t e [£]

such that the following properties hold
<3

(i) T = ) ([f],[@k])ﬁic where the series converges pointwise on R.
k=1 .
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(ii) The point evaluation 6X « {f]» £(x) is a continuous linear functional

on the Hilbert space D(R-l} for all x ¢ R. Its Riesz representant in

D(R-l) is £Zx]. So each sequence, convergent in the Hilbert space norm

of D(R_l) is pointwise convergent,

(iii) 1f § pi [i@klzl € L_(R,u), then there exists a mull set E& such
k=i

that the convergence in (i) is uniform on Eﬂ&%.

(iv) Let x ¢ supp(u)\ﬁu. Then

T = lim uQ ) j Tau
h+0
Q, (%)

where T is an arbitrary member of [£].

Proof.

Let [£] ¢ D(R—I) and put f = ) ([f],[@kj)gk.
k=1

(=]

(1) (C£1,Le, D) = kzl ([£1,0p Do (x) , =x e R.

Thus the assertion follows.

(ii) Since f(x) = ([f],[ng)p it follows that the linear functiomal

[f] »-z(x) is continuous.

(1ii) The function 2 pé 3$kl2 is essentially bounded if and only if there
k=1

exists a null set'fju such that

L

T 2 .~ 2\ 2
§ := sup ( z L {@k(x)[ ) < w ,
er“Mh k=1



- 12 -
Thus we obtain for x ¢ ]R\}Zu and all K ¢ N

<] o %
~ -2 2
| T (C£1,09, D o, x)| <8 ( Yoo, 7 [ (C£1,0e, D) )
K=K k k %=k k k

In addition we note that D(R“I) < LW(ER,B).

(iv) lLet x ¢ supp(u)\ﬁu. Then we have by Lemma (1.7)

f(x)

(]

(L1, 05.D), = (C€d, dim Lo, (m]), =

1im ([f],[ex{h}l)p =

hv0
. (3 -1 ~
= lim ( L ([£1,09, 1) u(Q, (=) J 9 du)-
R0 k=1 k b k
Q, ()
Because of the inequality
(1 ) e, Lo 5y au s
k=1
Q, (x)
1 T -2 2 1 ¢ 2 ~ 2
< su(Q, (x) k£] o 1 TELLe D" + 5 kg} O% [ oy |” du

can be interchanged. It yields the result

h+0 J Me=1
Qh(X)
-— r "~
= lim u(Q, )7 Fdy .
h+0 s
Qh(X)

A posteriori it follows that the limit does not depend on the choice

of ?
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The following lemma will be used later.

(1.8) Lemma.

s

The set I'), = N Tqi{(O) iz a null set with respect to u.

0 k=1

Proof. Observe first that Ty is a Borel set. Let Xp be the characteristic
0

function of the set I‘O. Then for all k ¢ N

So EXFOJ = [0], i.e. Iy is a null set. 0

. 8~functions in trajectory spaces

Let “j’ j € N, denote finite nonnegative Borel measures on the Borel sets

in R and let Y denote the Hilbert space @ ["2 (]R,pj) . We recall that for
N ‘ i=1
f,g e ¥, £ = ([flja{:fz],"°}: g = (Eg]]’Egzjz‘”)

o0

(£,8)y = 1 ([fj],tgj])

j=1 Ly (Rou )"

J

In this section we consider a nuclear analyticity space SY 3 and its corres=-
3

ponding trajectory space TY g So we assume that B has a discrete spectrum
3

{Ak l k ¢ N} and an orthonomal basis ((pk)ke]N of eigenvectors such that

o
Be, =1, 09, , k € N, and }: e“)\kt < o for all t > 0. For convenience we
k k 'k k=1
take 0 < Ay s >‘2 £ ... . See the preliminaries.

Let % have components [(pk jj € Lz(m,uj) . Let t > 0. Then by assumption
the series A
T At 2 T At
k k ®
ZI e H[@k,j] ”LZ(R’uj} < ) e < ®,

=1
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So for each fixed j ¢ N the series ) ekt
k=1

of Ll(m,uj). As in Section 1 it follows that there are representants

[I@k j|2] represents a member
3

9, . € [g, .] and a null set ¥ (t) with the following properties
k, ] k, 3 W

J
Lo~ . -1 ~
(2.1.1) q:k,-(X) = lim uj(Qh(X)) J %, j duj
h+0 Q. ()
h
2.1.i1) |3, . |% = lim u.(@Q, (x)~ J 5. .| du,
kyJ ih k,J h|
h40 Q. ()
h
T =2t 2 -1 Y =gt~ (2
(2.1.ii1) § e %kt |G L@ |° = lim u.(Q (x)) [ Yoe kT o, .| ) du,
k,] jh il k,J J
k=1 h+0 k=]
Q, %)
where we take x e supp(u.)\¥ (-1—).
] pj n
Now put ¥ ® =u7J (,}...) and for convenience taka’{pf .(x) = 0 for
uj ngl\] H., 0 k,]
X € SUPPCHJ-)* ] ﬁu (B). Then similar to Lemma (1.7) we get
b
(2.2) Lemma.
Let j ¢ N and let x ¢ R. Put
(i) - ot -1 ~
ALY, kzl u; (@ () v, 5 9H5 ) o
Q, (x)

16) AN
E :te El e ‘pk,j(x> 0

Then the mapping %"(J) ¢ T, o, and for x e supp(u.)\¥ (B)
X Y,B ] uj

~(3) _ 4. =(3)
E = lim £’ {h}
£ hi0 =

where the limit has to be taken in the strong topology of TY 3
»
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A
Proof. Let t > 0. Then | e 2Nt ]?p‘k (%) 12 < 7 " K I@k (Xﬂ
. keN ] kel >3

allne N with 0 < ;I; < t. Hence it fbllows that %}((J)(t) ¢ Y. Furthermore,
it is not hard to see that the properties 2.1(i) - (iii) i‘.mply

l
g |
nzm(—) ' (gfj){h}) ly >0 ash 40

for all n € N exactly as in Lemma (1.7). Now for n ¢ N with 0 < % <t

né"}gj) (t) - o tB (E}Ej){h}) Iy S

_
-(t-“)B —B . .
< lle EP D e @@y . 0

We note that the vector E’}EJ){h} corresponds to the characteristic function

of the set Q’h(x) in the direct summand Lz(m,uj).

(2.3) Theorem.

Let j € N. Then for any f ¢ S B there can be chosen a representant

}'j € [fj] with the following properties

o

(i) f. = Z (f,cpk)}; . where the series converges pointwise on R,
NI k,3
(»

(11) The point evaluation 6 : £o f.(x) is a continuous linear functlonal

3 vn
on SY g Furthemore, § (J)(f) = <f E'(‘])>

(iii) For all x ¢ sa.lpp(;.tj)\?ii1 (B),
i

) = lim u(Qu @)

h+0

Fhl
E Y

. dy .
Qh(X)

The proof of the above theorem is similar to the proof of Theorem (1.8).

Cf. the preliminaries for the definition of <., «>,
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The set {E’}ij) |x e R, j ¢ N} is a concrete example of a Dirac basis. (For

the teminology we refer to our paper [EGII].) To see this, let M denote

o

the disjoint union U TR, where each }Rj is a copy of R, Points in M

ja} £
will be denoted by (x,j). A set B ¢ M is called measurable if B = U B,
o ja]
where each Bj is a Borel set in R. The o-finite measure p = & pj on M is
N 3=1
defined by
o
u@B = ¥ u.(B)
P R
J
- ~(3)
for all measurable sets B= U B, in M. Put £ : M - TY g * (%,3) —»EXJ .
3

=1

Then (M,u,g‘,TY B) is a Dirac basis in T
b4

1,8° (See EEGII]’ Definition (2.1).)

It now follows from [EGII] that f € SY g can be expanded with respect to this
3

Dirac basis.
(2.4) £= 7 J <, 59> 9 qu 0 .
jeN R J

By this we mean

(2.4  £= 3 J <e®Be 505 59 (1) a0,
jeN R £ % J

where T > 0 has to be taken so small that eTB f e SY g Relation (2.4') does
’ .

not depend on the choice of T > 0.

Purthemore, for F e TY g Ve obtain
,B F

F(t) = 3 [ <Fte-1,59> 59 0y an. )
jeN R x X J

with £t > 1 > 0.



- 1? —
In [EGII] we have written
1F>= 3 J <ED 17> B> a0
jeN R

in the spirit of Dirac ([Di], p. 64).

Let Qj denote multiplication by the identity function in LZCELuj). Then the

operator diag(Ql) defined by

diag(@,) () = (@,[£,1,,0f,1,...)

o

with domain ® D(Q
g=1 *
the following result.

) is self-adjoint in Y. For the operator diag(Qi) we have

(2.5) Theorem.

Let j ¢ N and let x ¢ supp(uj)\ﬁu (B). Then
3

. s &) ~(3)
lim diag(Q ) (E_“'{h}) = xE
he0 L X X

where the limit is taken in the strong topology of T& 3
3

Proof. We note first that the null set ﬁp {(B) has been taken such that
j

o =ZA , -1 7o mkpx 2
= ht0 q x) &
h

for all n e H. Now let t > 0. Then

lim o CB (diag(@) - x 1) E}Ej){h} -
140

1 ( (y =% ;k,j(y) duj(y)> 9y -

= lim (2 e-}\kt(uj(Qh(X))- ]
Qh(X)

h+0
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This expression can be treated as follows

y e 2t \uj(QhCX))_l

@ 2
k=1 J @‘X)@hj@>“5@H < -

QhCX)
s ( ] e {u.@h(x))" | l&'k(y)\gdu.(y)})-
k=1 ] / 3
, Qh(X)
. (u.(Q (X))~1 J !y-xlzdu.(y)) <
jh 3
Qh(X)
2
n -
< h2 (1 + z e Ilkk {gk(x)]z)
k=1

for sufficiently small h > 0 and n ¢ N with 0 < — < t.

L
n

(2.6) Corollary.

Suppose diag(Qz) can be extended to a continuous linear mapping on T% B
5

Then diag(Ql)Eij) = xﬁéj) for all j ¢ N and all x € supp(uj)\ﬁu B.
J

Finally we prove that almost all %;J)

are non-trivial.

(2.7) Lemma.

The set {x I%;J) = 0} is a null set with respect to M for each j ¢ W.
. ~(3) _ _ “
Proof. Let j ¢ N. We note that {x fEX =0}= 0 o 5

keNN
proof of Lemma (1.9), it follows that the latter set is a null set with

(0). As in the

respect to My
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3. Commutative multiplicity theory

The commutative multiplicity theory emables us to set up a theory which
ensures that the notion 'multiplicity of an eigenvalue' also makes sense
for generalized eigenvalues. We shall summarize the version of multiplicity
theory given by Reed and Simon in [RS]. This theory is also very well de-

scribed by Nelson in [Ne], ch. VI and by Brown in [Br].

(3.1) Definition.
The Borel measure v is absolutely continuous with respect to the Borel

measure u, notation v << yu, if for every Borel set B with u(B) = 0 also

v(B) = 0.

The Borel measure v and L are equivalent, v ~ p if v <« y and u << v.

It is clear that v ~ y implies supp(v) = supp(u). So it makes sense to write

supp(<v>) meaning ‘the support of each v ¢ <v>,

(3.2) Definition.

The equivalence classes <v> and <y> are called disjoint if

v(supp(<v>) n supp(Kyu>)) = u{supp(<v>) n suppKu>)) ="(’) .

To get a listing of the eigenvalues of a matrix it is natural to list all
eigenvalues of multiplicity one, two, etc. We need a way of saying that

an operator is of uniform multiplicity one, two, etc. Therefore we intro-

duce
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(3.3) Definition.

A self-adjoint operator T is said to be of uniform multiplicitym, | s m < =
if T is’unitarily equivalent to multiplication by the identity function

in LZ(R,U) ® ... & ﬂz(IR,u) where there are m terms in the sum and where

p is a finite nonnegative Borel measure.

This definition makes sense. If T is also unitarily equivalent to multipli-
cation by the identity function on LZ(IR,\)) i3] Lz(IR,\;) ® ... 0 Lz(lR,v) then

m=nand p ~ v, [Brl.

(3.4) Theorem.
Let T be a self-adjoint operator in a Hilbert space X. Then there exists a

decomposition X = X & X1 @ XZ ® ... Xm @ ... such that

(i) T acts invariantly in each X
(i1) T[ X has uniform multiplicity m.

(iii) The measure classes <].1m> associated with the spectral representation

of T r X are mutually disjoint.

Further, the subspaces Xw’XI’XZ’”‘ (some of which may be zero) and the

measure classes <um>,<ul >,... are uniquely determined by (i), (ii) and

(iii).

. Generalized eigenfunctions

Let T be a self-adjoint operator in a Hilbert space X. In the previous
section we have seen that there exists a unitary operator U which sends

X into the countable direct sum Y

oo m L '
(4.1) Y = (mi ji LZ(IR,um)) ® (jfx LZ(R,um))



- 21 -

where some of the finite nonnegative measures uo can be identically zero.

In additiom, the self-adjoint operator UTU" acts invariantly in each of
m

the summands of (4,1); UTU" restricted to @ Lz(]R,um) equals m-times
, j=1

multiplication by the identity function.

Let A be a nonnegative self-adjoint operator in X with a discrete spectrum
{Ak | k ¢ N}, Then there exists an ortolzonormal (vk.)ke]N in X such that

Av, = Akv . Oncemore we assume that E e‘;\kt < o for all £ > 0. 80 the
k k kel
space SX A is supposed to be nuclear.
*

Put B = UAU" and 9 = Uv,, k ¢ N.Then it is not hard to see that
Bq’ks}\k . and further that U(SX,A) = SY,B’ U(Tx,A) = TY.,B' We denote

the components of the elements f ¢ Y by [f§m)] where m ¢ N u {=} and

1 g J <m+ ], Following Section 2 there are representants 'aim% € [q;émgl
such that

~(m,j) | o =ikt ~(m)
(4.2) G, Pt kzi e @k’j(x) Vi

is an element of TX It where m ¢ N y {«} and where ! £ j <m+ 1, For h > 0
3

we put

@ ™ Pmy- g

-1 ~{m)

Qh(x)

Then as in Section 2 it can be seen that

Gf{m’j){h} eDT) , h>0

~and

>3 ° -1 ~
T(Gf{m J){h}) = kzl ((um(Qh(x)) [ y(pl??_)j (¥) dum(y))vk .
Q, (x)
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Following Lemma (2.2), Lemma (2.7) and Theorem (2.5) we have

(4.4) Theorem.
Letme N u {»} and let | £ j <m+ 1., Then there exists a null set ﬁ;m)(B)

with respect to <y > such that for all x ¢ gupp(<um>)\3§m) (B)

. . (m, ) ~(m,j)
(i) lim G {n} = ¢ .
ho X x

(ii) - '5;‘“’5) 40.

(iii) lim Te® D ny = x3@ I
o X x

The limits are takenm in the strong topology of Ti A
*
(4.5) Theorem.
Let T in addition be a continuous linear mapping on SX A* Let m be a number
b
in the multiplicity sequence of T. Then there exists a null set ﬁ(m)(B)
with respect to<<um>>such that for all x € suppé<um§%\ﬁ(m)(8) there are

m independent generalized eigenvectors in TX A
s

Proof. Since T is symmetric and continuous on SX A’ the linear mapping T
. - *

can be continuously extended to TX A2 cf. [G], Ch. IV,
s

Following the previous theorem there exist null sets ﬁ§m)(8) such that for

all x ¢ supp(um)\ﬁgm)(B), 1 €3 <m+1

1im T P (p} = x @I
ho % X
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Thus we find with

T lim G(m’j){h} = lim Taﬁm’j){h}

hto * h+0
that
—7:-~(m,3) wxE(m’J) s 1€ j<m+1.
X X
ol
With Non)(B) = Y Ngm)(B) the proof is complete. O
i=1
It follows from Section 2 that the set {Eim’l)[ me Nu{e}, 1 £j<mn+l,
~(m)

X € supp(%m)\ 7 (B)} produces a Dirac basis in TX PR T happens to be
>
continuous on SX A’ this Dirac basis consists of generalized eigenfunctions
s
of T.

Recapitulated: Let T be a nuclear trajectory space. Then to any self-

X, A

adjoint operator T in X there corresponds a Dirac basis in a canonical way.

Moreover, if T can be extended to a closed operator in TX A then this Dirac
*

basis consists of generalized eigenvectors of T. This is the case e.g. if

T has a continuous extension to Ti Al
k4

Finally we note that we have also investigated the case of a finite number
of commuting self-adjoint operators. Our investigations have led to_results

similar to the results of the present paper. They can be found in [E].
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