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Determining a Column Shape for Maximal
Buckling Load

Niels Lous,
Adri Mourits,
Jurgen Kok

Free-Lance Advisors:
Jos Brands,
Fons van de Ven

Introduction

The research described in this report is based upon the paper "The Shape of the
Ideal Column” by S.J.Cox, which appeared in The Mathematical Intellingencer,
Vol.14, in 1992.

The author of the paper claims to have found a shape for columns that deserves
the adjective “optimal” or "ideal”. The background for this claim is a — quite
mathematical — reasoning involving functional analysis and other types of difficult
calculations.

From a practical point of view, however, it is questionable if the column shape Cox
presents is as good as claimed. How many constructors would approve of a column
of which, at certain points, the cross section equals zero ? And would you like to
live in a building supported by that kind of columns ?

We would not, and this (negative) desire motivated our quest for column shapes
wearth to be called "optimal” and ”ideal” in practice.



1 Buckling of a Column with
Constant Cross-Section Surface

1.1 The Deflection of a Column with
Constant Cross-Section Surface

In this paragraph, equations are derived describing the deflection of a column’s
middle line if — apart from a vertical force — a horizontal force is applied to it. The
column is assumed to have a constant cross-section surface A along its length; it is
hinged on both ends.

Figure 1 displays the situation we are interested in. The upper side of the column
is loaded with a vertical force P; an equally large reaction force in the opposite
direction results on the lower side. Both the force and the reaction force act along
the middle line of the column. The column’s middle line is subject to a horizontal
force ¢.

1/2

1/2 T

Figure 1: deflection of the column’s middle line, and splitting the col-
umn in two parts to determine the moment M



The description of the column’s deflection y(z) is based upon the constitutive equa-
tion (see [2], pp.4-5)
Yy 1)
" da? ’
combined with the hinged-hinged boundary conditions
d*y d’y
- [ = = {. 2
y(0) = y(t) = S50 = 3D =0 2)
E is the elasticity modulus of the column, [ its inertia moment, and M denotes the
column moment. The curve y(z) describes the position of its middle line ([1]).

In the case of a column with constant cross-section surface, E only depends upon
the material the column is made of, I is constant, and it is possible to derive an
explicit formula for M !

To do so, we proceed as in [6], pp.2-5. Perform the thought experiment of splitting
the column into two parts, as shown by the dotted line in Figure 1. We then find
for the moment along the upper part of the column

My(z)= Py+ %.w,

and similarly for the lower part

My(z)=Py+ g.(z ~z).

Combining these results with the constitutive equation (1) yields two differential
equations: one for the lower part of the column, and one for the upper part.

d? q
: —%ﬁ g = —Pyp — =.(l -
L Ta E.T Py, 2( z)
.y _ g
U: Eff.z.f = —Pyy - 2.
Setting
P
2 _
k= E.I’

they can be rewritten as

oy, g2 4
Lo gt Ho—gppi—o
v. 9wy o g2y, 4

) dz = K Q.E.I’%



The general solutions to these differential equations can be found by the method of
variation of a constant. They look like

L: yp(z) = A.cos(kz)+ B.sin(kz) - %.(z - z)

U: yu(e) = C.cos(kz)+ D.sin(kz) - -éq—P.a:;
A, B, C, and D are constants to be determined from the hmged-hinged boundary
conditions on y(z). Instead of also using the conditions on g—%, we notice that y(z)
should be continuous and even differentiable in # = {/2 — as long as the column does
not actually collapse.
The constants in the expressions for yr(z) and yy(2) can thus be found using

0

y(l) = yu(0)
N !
3;;:{—) = yU(.-)

Bely = Do,

Some calculations, and substitution of the results into the exp1ess1ons for yr(z) and
yu(z) yield a descnptlon of the column’s deflection.

q 1 . q
L: - . sin(k(l — 2)) — —L (I -
(@) = g ez Sl - 2) - gl 2)
7. IR 1 . g
Us @) = spp oy k) - g po

1.2 The Buckling Load of a Column with
Constant Cross-Section Surface

The buckling load of a column equals the vertical load at which even a small hor-
izontal force causes the column deflection to be very large. In this paragraph, an
expression is derived for the buckling load of a column with constant cross-section
surface A, which in literature is called the Euler buckling-load. Details can be found
in [6], pp.2-5.

From symmetry considerations — or from the expressions for yz(z) and yy(z), com-
bined with hard labour — it appears that the maximal deflection of the column occurs
at z = /2. We have

(_{) _ g sin(kl/2) ¢ 1
N3 T Pk cos(ki2)  2.P°2




q
o (tan(ki/2) - (k1/2))

I .«

Using k% = P/E.I, we conclude that the column deflection tends to infinity if the
vertical load P tends to E.I.x?%/I2.

Thus, the buckling load of a hinged-hinged column with constant cross-section sur-

face equals
2

s
Pouek = E.I.ﬁ— (3)

1.3 The Maximal Buckling Load of a Column with
Constant Cross-Section Surface,
Volume V and Length /

If volume and length of the column under consideration are given to be V and {
respectively, the (maximal) buckling load can be expressed as a function of these
parameters. In fact, if the surface of the column cross-section equals A, its inertia
moment is found from

I = k.A%,
where & is a constant which only depends on the shape of the column’s cross-section.
For a circular cross-section k = 1/(4.7); an equilater a,l triangular cross-section has

K =1/(6.v/3) (see [4]).

The column volume satisfies

!
Vz/Ada: - LA
¢

prod V/l.

Substituting these results into the expression for the buckling load derived in the
previous paragraph yields
V2
Piyck, max = !i.E.-l-Z".ﬂ'2. (4)

It is quite clear that the buckling load should be proportional to the elasticity mod-
ulus. Furthermore, if more material is used — if the volume is increased — the column
gets stronger, while increasing the length has a negative influence on the size of the
buckling load.

A less trivial result we may deduce from (4) is that columns with an equilateral
triangular cross-section are stronger by a factor 6.4/3/(4.1) = 1.209 than columns
of which the cross-section is circular ([4]) !

In the sequel, columns with a constant cross-section surface are referred to as pris-
matic columns.



2 General Considerations about
Buckling of Columns

In the case of a prismatic column, the inertia moment 7 is constant, and the moment
M can be determined explicitly. This is not the case in general, and it seems useful to
derive expressions from which the buckling load can be determined for — in principle
- all columns of which the cross-section shape does not change along the length. We
assume the column to be homogeneous, and hinged on both ends.

The following derivation is taken from [2], pp.4-5.

2.1 A Differential Equation
for the Column Deflection

Figure 2 displays the situation we consider. A column with cross-section A(z) is
loaded on the upper end with a force P, acting along the middle line of the column.
This force causes an equally large reaction force to occur on the lower end. A force
g(x) is applied horizontally. If the column assumes its original straight state after
removal of the lateral force g(z), it is said to be in a stable equilibrium; if it retains
its bent form, it can be considered to be in unstable equilibrium.

12

12 x

Figure 2: the column’s unstable equilibrium deflection caused by an
infinitesimal lateral load ¢



Consider now the equilibrium of the column shown in Figure 2 under an infinitesimal
lateral load which places it in a slightly bent configuration. The external bending
moment resulting from the axial load P and displacement y(z) is

M = Puy.

The internal bending resistance follows from conventional beam theory:

E.1
M= —.
R

As before, E is its elasticity modulus, and I the inertia moment. R is the reciproque
value of the column’s curvature, which is given by

1 d*y/dx?

R~ (1+ (dy/da))®*

If the deflection y(z) is assumed to be sufficiently small, the second-order term in
the latter expression can be neglected, resulting in the approximation

1 d*y
R~ da?
Combining the above results, we find the following differential equation for the
column’s unstable equilibrium deflection y:

2

d%y

We only consider columns with hinged ends, resulting in boundary conditions

2 2
v = 220 = v = Ty =0

2.2 The Link between Buckling Load
and Eigenvalues

When discussing the buckling load of a prismatic column, we identified this load as
the one at which even a small horizontal force q applied on the column causes the
deflection to be extremely large. In practice this means that applying a small force
¢ makes the column collapse.

Thus, we are interested in solutions y(z) of the differential equation derived in the

previous sections, for which y(I/2) tends to infinity if P approaches a certain maximal
value.

Now consider

d*y
EI.EQ- + /\.y =0.



Depending on the eigenvalue A, this differential equation may have different eigen-
functions. Suppose we do not load the column at all. It is clear that in that case the
solution to the latter differential equation is the trivial function y(z) = 0. Clearly,
y(1/2) does not tend to infinity in this case !

Now we let the vertical force P applied on the column increase slowly. Nothing much
will happen, until the smallest eigenvalue X is reached, in which case y(z) is the first
eigenfunction of the differential equation. This eigenfunction will be expressed —
among others — in terms of P, and for P approaching a certain maximal value,
y(1/2) may tend to infinity.

This explains — at least intuitively — that the buckling load of the column can be
identified with the smallest eigenvalue A of the aforementioned differential equation

([1], p.18).

Thus, the buckling load of a homogeneous, hinged-hinged column can be found as
the smallest eigenvalue of the equation

d%y
y(0) = y() = 0 (6)

E denotes the column’s elasticity modulus, and [ its inertia moment, satisfying
I(z) = k.A%(2). (7)

A(z) denotes the cross-section surface of the column at height z, and x depends on
the shape of the cross-section. This shape does not change along the column length.

10



3 Buckling of Some Columns
Varying Cross-Section Surface

3.1 "Linear Surface” Columns

A 7linear surface” column is a column of which the cross-section surface increases
linearly with z:

a
—ﬁa
where [ denotes the column length. An example of such a column, compared to a
cilinderical one, is shown in Figure 3. The parameter v is a measure for how much
the cross-section varies along the column; it appears to be convenient to insert the
constant £ in the expression for A(z).

Notice that "linear surface” columns are not conical ! The surface varies linearly
with 2, and so the diameter of the circular column cross-section behaves like /.

Alw) = =1+ 7.7),

3.1.1 The Buckling Load of a
”Linear Surface” Column

The buckling load of a "linear surface” column is found as the smallest eigenvalue
A of the differential equation (5), with hinged-hinged boundary conditions (6), after
insertion of

: z
I(z) = k.AY2) = a®.(1 4 7.7)2.
The resulting equation can be solved after substitution of
T
z=In(1+ ‘y.—l-),
resulting in the linear differential equation with constant terms

2 2
Py d (VA
dz?  dz ay) E

It is easily verified ([6], p.135) that the general solution of the latter differential
equation looks like

y = Ve {A.sin(B2) + B.cos(fz)}

= /14 -}'L {A.sin (ﬁ.lu(l + %ax)) + B.cos (5.111(1 + -}x))} ,

11



where

{ A1
—Jiltye 22
B (a.'y) 'E 4

Form the hinged-hinged boundary condition y(0) = 0 we find B = 0. Substituting
this result into the requirement y(I) = 0 yields

sin (3. In(1 + 7))
Bg.n(l+v) = mmx, meZ

For the first eigenfunction, corresponding to the smallest eigenvalue A — and therefore
to the column’s buckling load — we find

Bn(l+y) = =
2 2
.y 1 )
= {— | A-4+———7.F
A ( l ) {4+1n2(1+7)}

Thus, the buckling load of a hinged-hinged "linear surface” column equals
2 2
a.y 1 w
Powek=1—] 4=+ ——¢ .E. 8
buck ( l ) {4_}-1112(1-!-7)} ' ®

3.1.2 The Maximal Buckling Load of a
?Linear Surface” Column with Volume V and Length !

The shape of the "linear surface” column depends on <, being a measure for how
much the column cross-section varies with z, and so does the buckling load.

The question arises for which value of v the buckling load of the corresponding
"linear surface” column is maximal, given the column’s volume V and its length I.

We have
v Aw)de = & [+ (247,
“ = Tm
Substitution into (8) vields
VZ /29N |1 w2
= =] -+ 9
Fouck = 5B (2+7> {4+1n2(1+7) ©)

12



In Figure 4, the buckling loads of hinged-hinged prismatic and ”linear surface”
columns are compared: we plotted Py .k max 25 @ function of v for both cases —
although the buckling load of a prismatic column does not depend on +.

The "linear surface” column appears to be strongest for v = 0, yielding a buckling
load
V2
Phyck max = "-E“ﬁ—-ﬂ'?; (10)
this may be verified analytically from (9). Notice, however, that the "linear surface”
column corresponding to v = 0 is actually prismatic !

Thus, homogeneous, hinged-hinged prismatic columns are always stronger than their
"linear surface” colleagues if the buckling load is the strength criterion.

13



height

03

-1

0

Figure 3: a "linear surface’

3

width
column compared to a prismatic one

x10%

P.buck

05

1

1.5 25 35

-1

0.5 0 a5
gamma

1

Figure 4: the hinged-hinged buckling load of a "linear surface” column,

compared to that of a prismatic one

'We have chosen the following parameters. The column length { = 3m, its volume being
V =0.75m®. It is assumed to be made of concrete with an elasticity modulus E = 3.10'° N/m?.
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3.2 Conical Columns

The columns used, for instance, in Greek temples do not have a constant cross-
section surface, but they are tapered. We now investigate into the buckling load of
these conical columns, for which the cross-section area satisfies

a’

A) = 2201 +7§)2.

As before, [ denotes the column length, and the parameter ¥ is a measure for "how
conical” the column looks like. The closer v is to zero, the more prismatic the
column is. The constant  is again included in A(z).

Figure 5 shows a conical column, compared to a prismatic one.

3.2.1 The Buckling Load of a
Conical Column

The buckling load of a conical column equals the smallest eigenvalue A of (5) with
boundary conditions (6), where

I(2) = 5.A%(z) = a.(1 + '7.-:;-:)4.

Combining (5) and the expression for I{z), we find

42
(a—l—ﬁ.x)‘l—g—{-y = 0

"dz?
(E 1/4
o = e N
7

E 1/4 5
ﬂ s (;—) .—l—.(l.

This differential equation can easily be solved after substitution of (3], pp.401-403,
p.497)

né) = ylz)
£ = a+pe.
We find 2
2 04 071 .
ﬂ °§ .—d_‘s— + ?? - 07

135



of which the general solution looks like

n = Al cos (-61—5> + B.£.sin (&)

! ) + B.(a+ B.x).sin (

y(z) = Afa+ B.x). cos (m

Form the hinged-hinged boundary conditions y(0) = 0 and y(I) = 0 we can derive
respectively

%:—tan<£g>, %z_ta'n<m>’

leading to the conclusion that

tan (&1_/3) = tan (M) .

As we are interested in the first eigenfunction of the original differential equation —
i.e. the one corresponding to the smallest eigenvalue —, this implies that

_.1_ - _—._.]:____.l_';r
a.f  afla+pl) '

i

Inserting the definitions of a and S, this results in an expression for the smallest
eigenvalue A, and thus for the buckling load of a hinged-hinged, conical column.

2
T
Pyuck = E.a“.ﬁ-.a + )2 (11)

3.2.2 The Maximal Buckling Load of a
Conical Column with Volume V and Length {

The constant a appearing in (11) can be expressed as a function of the column’s
length I, and volume V. This will make it possible to compare the buckling load of
conical columns with that of prismatic and ”linear surface” ones.

The column’s volume satisfies

{ a? i y 62 1
/o= Ndy = =, L.2)dr = ——w——.l.( - 2)
1 /OA(:L)d;L \/E/O(1+£:c)da, b (rrega

1% 1
2 = o T ——————
¢ Ve 1+vy+9Y3
from which R 2
V: o, 1479 )
= kB —rt | ————— | . 12
Poyek = K.E T T (1_{_7_{_72/3 (12)

16



The buckling load of conical columns as a function of 4 is plotted in Figure 6. It is
compared to the buckling load of a prismatic column.

It appears that the conical column with the largest buckling load is again prismatic
— which may be derived formally by considering Py, as a function of 7, and
determining its extrema. The corresponding buckling load is

v: o,
Phuck max = "3~E-}7{-7" ; (13)

Thus, from all column types considered yet, the simplest one is the best as far as
buckling loads are concerned !

Still, a simple, intuitive argument shows that it must be possible to do better than
that. Indeed, the prismatic column appeared to buckle in the middle. One may
therefore expect the column to get stronger if some material is removed on both
ends, and added in the middle !

This observation motivates an investigation into the buckling load of a column type
which we will call parabolic in the sequel.

17
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Figure 5: a conical column compared to a prismatic onel
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3
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Figure 6: the hinged-hinged buckling load of a conical column, com-
pared to that of prismatic and "linear surface” columns!

'We have chosen the following parameters. The column length | = 3m, its volume being
V =0.75m", It is assumed to be made of concrete with an elasticity modulus E = 3.10'® N/m?.
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3.3 Parabolic Columns

Parabolic columns are columns that look like in Figure 7: the cross-section surface
is a parabolic function of z, and

A(z) = (a.2® + bz + ¢).

Notice that x does not appear in the expression for A(x) this time !

A parabolic column may be constructed from a prismatic one by removing some
material on both ends, and adding it in the middle. Thus, it may be expected that
strongest parabolic column with respect to buckling load is stronger than a prismatic
one of the same volume and length.

3.3.1 The Buckling Load of a
Parabolic Column

To find the buckling load of a parabolic column, we again have to determine the
smallest eigenvalue A of (5) with boundary conditions (6), but now with

I = k.AXz) = k.(a.2? + bz + ¢)%

The substitutions leading to a solution of this equation are similar to those used
in the conical column case ~ which could be expected, as in both cases the inertia
moment I is a fourth degree polynomial in z. Writing ([3], nr.497)

Yy Va.z?+ bz +en(z)

1
¢ = /a.xz-l-b.a:-{—cdx

we find

2
k.EANazx?+ bz + c. {%Eg + (a.c — 262).?7} = -Avaz?+ba+en.

It is quite clear that the surface of the column cross-section should not vanish on
(0,1). We may therefore divide the latter equation by va.z? + b.z + ¢, which even-
tually yields

d’y 1., A 2

— = — | (a.c— ~ — | g = =k*.
de? ((a ik ;,:.E) 7 7

19



The general solution of this differential equation is easily found to be

i

(&) A. cos(k.€) + B.sin(k.£)

y(z) = Vaa?+ba+e.

T 1 . T
{A. COs (;\,./0 mdé) + B.sin (k./ﬂ m

1

a)}.

The hinged-hinged boundary condition u{0) = 0 yields A = 0. Substituting this

result into the requirement u(l) = 0 gives

: ! 1
sin (L/O mdf) = 0

l 1
o | ——— = m. Z.
A‘[)a.ﬁg—{—b.{—}-cdg m.x, meE

We are interested in the differential equation’s smallest eigenvalue, and thus in the

first eigenfunction, corresponding to m = 1. Setting

l 1 { o1

we find
2
2 _
Hos g
1, A 72

.7 1o
A= AE}; - s.E.(a.c— Eb )-

The buckling load of a hinged-hinged parabolic column thus equals

w2 1,
Poyck = m.E.ﬁ - k.E.(a.c— :l-b )

h

/01 A~ (z)dz.

3.3.2 The Maximal Buckling Load of a
Parabolic Column with Volume V and Length [

(14)

(15)

If the volume V of the column, and its length [, are given, the constants a, b, and ¢
in (14) can be eliminated. To do so, we assume symmetry — which is clear from the

20



intuitive idea of how we constructed the parabolic column. The material deleted in
both ends is added in the middle, and thus the resulting column is symmetric with
respect to @ = /2.

The mathematical consequence of this symmetry is that the derivative of A(x) is
zero for z = /2,50 2.a.x + b= 0 for 2 =1/2, or b = —a.l. Thus,

Alz) = a2’ —alaz+c

As noticed before, the column cross-section does not vanish on (0,7). This means
that the zeroes of A(z) are not allowed to be elements of this interval. These zeroes

occur at
- i N Vail? —4.a.c
2 2.a ’
leading to the condition
vall? —4d.a.c {
2.a > 2
—4.a.c > 0

As A(0) = ¢ > 0, this implies that a« < 0. Setting ¢’ = —a, we eventually find
c
Alx)=d . (-2*+1lz+ ;z_')'
We proceed by deriving an explicit formula for h. Some calculations, and the use of

standard integrals yield

{ ! 1
— ~1/,. .
ho= /OA (e)de = /0 —a'.:r2+a‘.8.x+cdz

1 ) a'l++vVa?2+4.d.¢c 2
Jn .
Va?l? + 4.4 ¢ a'l—Va?l2 +4.d.c

To simplify the formula’s, we introduce a parameter v. As in the cases of "linear
surface” and conical columns, it indicates "how parabolic” the considered column

a,ctually is. We set
2 .C’

which yields after some calculations

1

5.
In? (1 + 27+ 2 /v.(v+ 1))

1 4.c\?
ﬁ = (T) .’7.(’)’+ 1).
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The factor a.c — 1b%, occurring in (14) can also be rewritten in terms of y:
1 2\?
= =b% =~ 2.(—) a1+ 7).
we— 302 =~c () 2 (147)
We can now express Py, in terms of v and ¢ only:

4,72

+
2
n? (1429 +2./7(0 F _1))

2.c\?
Poyek = .E. 7 (v +1). 1

Using the given column volume V, and its length !, we can finally eliminate ¢ form
this formula as well. In fact

! !
vV = /A(x)dx = /(~—a'.m2+a'.l.w+c)dx
0 0

2
= Cl(g.’}/ + 1),

v__1
1'2/37+1

The buckling load of a hinged-hinged parabolic column as a function of its volume
and length — and of the parameter 4 — thus looks like ([1], p.20)

V2 oy(y 41 4.7
Py = w. B L+ 1) S+1y.  (16)

We determined the maximum of P, as a function of v graphically; it appears
that for v = 0.39, the buckling load of the parabolic column is largest. The column
corresponding to this value of v is plotted in Figure 7.
Figure 8 shows the buckling load Py, of parabolic columns as a function of v,
compared to the buckling load of a prismatic column.

We conclude that, for given volume V and length [, it is possible to construct a
parabolic column that is stronger than a prismatic one of the same length and
volume. The best one can do is to choose v = 0.39, in which case the parabolic
column is 1.65 % stronger than the prismatic one !
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Figure 7: a parabolic column compared to a prismatic one; for the
parabolic column, v = 0.39!
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Figure 8: the hinged-hinged buckling load of a parabolic column, com-
pared to that of prismatic, ”linear surface”, and conical columns!

*We have chosen the following parameters. The column length ! = 3m, its volume being
V = 0.75m". It is assumed to be made of concrete with an elasticity modulus E = 3.10%° N{m?
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4 Determining the Column Shape
for Maximal Buckling Load

In the previous sections, we derived expressions for the buckling load of columns of
different shapes: prismatic columns, ”linear surface” columns, conical and parabolic
columns were considered. The results obtained for the buckling load of parabolic
columns show that it is possible to construct columns which are stronger than pris-
matic ones by deleting some material on both ends, and adding it in the middle of
the column - i.e. by making columns in the shape of a cigar.

This section is devoted to finding the optimal cigar-shape as far as the buckling load
is concerned.

4.1 A Condition on the Shape of a Column
with Volume V, Length [, and
Maximal Buckling Load

As mentioned in (5) and (6), the buckling load of a column with hinged-hinged
boundary conditions can be determined as the smallest eigenvalue A of the differen-
tial equation

dz
Ejm}%%+Ay =0

y(0) = y(i) = 0.

The requirement that the column must have a certain volume V' and length / can
be expressed as

Luwmzm

where A(2) equals the surface of the column cross-section at height z; A(z) describes
the column’s shape.

We now derive a necessary condition on A(z) in terms of u for the column’s buckling
load to be maximal, given its volume V and its length . We use the so-called method
of variations, as proposed in [1], pp.21-23, and in [4], pp.22-23.

Suppose we have found the shape /i(&:) of the column which maximises the buckling

load given V and l. Removing material somewhere from the column, and adding
it elsewhere, then decreases the buckling load. Thus, any disturbance Ao(z) of the
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optimal shape fi(:c), satisfying

i
/ Ag(z)dz =0,
0

causes the column’s buckling load to get smaller. It is intuitively clear that the more
the optimal shape A(z) is disturbed, the smaller the resulting buckling load will be.
Furthermore, it seems clear that this resulting buckling load is a continuous - and
even differentiable — function of the disturbance.

More formally, one may notice that for each choice of the column shape A(z), there
is a buckling load. This means that there is some function f : A — A(A) mapping
shapes A(z) to the corresponding buckling loads — being smallest eigenvalues of
(5). The assumption that we found an optimal shape A(z) then implies that the
function f must have a maximum among the shapes A(z) corresponding to columns
of volume V and length [ !
The observation that the buckling load of the disturbed column is a continuous
and differentiable function of the disturbance says that ¢ : t — A(A + t.4p) is
differentiable for each disturbance Ag(z) satisfying fé Ag(z)dz = 0.
Finally, as A(z) is the shape which maximises the column’s buckling load, we must
have p

?EA(A +t.4p) o 0,
meaning that each change made to the column’s shape is a change for the worse !

Now (5) can be rewritten as

Py A
2 Aty = 0
d:z:2+nE ’

0 = 9 = o
Setting
N l
A(z) = A(z) + t.Ao(z), where / Ap(z)dz = 0,
0

and determining the derivative with respect to ¢t yields

d (d* 1
a@ (dxz) gy (A + tA0) 47

)\ -3 d I )\ ._2 d —
Using ét,\(A + t. Ag)l =0, we find
d d2y A _ A -3
%(W) + AT ) = 2 A Ao
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This may not seem very helpful, until one notices that the right-hand side of this
equation satisfies

fl

t A _
L(?.E.A"B.Ao.y).ydx /(dt (d:z:?) + wE A 2"‘(@)) ydz

L d dzy £d2y d
- /0 dt (Eﬁ) vde = / P
d dy, | d (dy) dy
—(== ~d
'@, / di\de) "z
dy d *fdy d (dy)
o do'dl \dz)
Both integrals on the right-hand add up to zero, and the remaining terms equal zero

- W .
as a consequence of the hinged-hinged boundary conditions (6): y(0) = y(I) = 0,
independent of ¢, and thus also £(y)(0) = £(y)(!) = 0. We eventually find

l A .
/0 (Q.KE.A'—g.AO.y).ydx =0

The latter equation holds for each disturbance Ag(z) of the optimal shape A(z), as
long as [} Ao(z)dz = 0; but this implies

A2 4% = constant =: 2

y = c.A%2 (17)

4.2 A Differential Equation for the Shape of a Column
with Volume V, Length [, and
Maximal Buckling Load

The condition (17) on the optimal column shape A(z) with respect to the buckling
load can be substituted into (5). Some calculations then yield

- d?A dA\? 2 2
A'd:c +2(dm) +§'E-0'

The hinged-hinged boundary conditions (6), combined with y = ¢.A%/?, give

A0)=A()=0
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The above differential equation for A can be solved after substitution of ([3], p.581)

dA - i 203 2 A
—d"f; - p(A)a ?)(A) =p (A), a = 3.K,.E’
resulting in the Bernoulli-type equation
1 . dv 1
§ AEZ + -2' v + a = 0
oY a2
dA A A

The solution of the latter differential equation for v is found by variation of a con-
stant; the result is

B 9
v = —-2.a4+—= =
a4 1 7
o, B _ dA
] -A
% = *V2.a. 6/2({ ,

where 3 is an integration constant.

We thus have found a differential equation for the shape A(z) of the strongest
column with volume V' and length ! with respect to the buckling load. Recalling the
hinged-hinged boundary conditions on A, we find

l

a4 s | Pe-A
dz A

A(0) = A() = o.

4.3 The Shape of a Column
with Volume V, Length [, and
Maximal Buckling Load

We now solve the differential equation for A(z) we derived in the preceeding para-
graphs.

We assume the optimal shape of the column with respect to buckling load to be
symmetrical — as we did when determining the best parabolic column. Symmetry
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implies that

~

“l =
o z=lf2
B = 2.a.A(lf2),
and so
B /1(1/2)-;1
d = +V2.a —

It appears that the solution of this differential equation with the hinged-hinged
boundary conditions on A(z) is a cycloid, i.e. a curve with parameterisation

A = 2 (s +

Alt) = M(l — cos (), 0<tL2m

we refer to [3], pp.382-388 for details. Substitution of a = 2. ——A-E- rields

o(t) = oy A28 —sin (1) + €

A(t)

I

él-./i(z/m.u — cos 6(1)), 0<t<2m

As the column is symmetrical, ¢(¢) = 2.7 — #(2.7 — t), and we can see from the
expression for /i(t) that it is maximal at ¢(¢) = . But from symmetry of ¢(t) it
follows that this maximum occurs at ¢ = #, and so ¢(7) = 7.

We can therefore express the length ! of the column as

| = 2.(a(r)— 2(0))

VEEE 4/2).(6(7) - sin ¢() - 6(0) + sind(0))

V2L 41/2) (5 - 9(0) +sin 9(0).

For the column’s volume we find

[ T, z
V = /()A(a;)d:v = 2./0 A(:r(t)).%gdt

_ 1 [3kE o
= ST A%2). [b(o)(1 cos #)2dd
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- 5 3:'5’1 A)2). (g.(a- ~ 8(0)) + 2.5in6(0) + 7. sin?.gé(())) ‘

Elimination of A({/2) from the two latter results yields

v 7 — 6(0) + sin 6(0)

173 (- ¢(0)) + 2.5in $(0) + 1.sin2.6(0)

We substitute this expression into the one for I, and rewrite the result to obtain

a=tep X (v = $(0) + sin §(0))"

37T (1~ 9(0) + £.5in ¢(0) — .5in2.6(0))

which would be a useful formula for the column’s buckling load if we knew what to

fill in for ¢(0)...

A(lJ2) = 2

From the hinged-hinged boundary conditions we have

0

i

A(0) = é.ﬁ(l/?).(l—cosqﬁ(O))

#(0) = 0.

As z(0) = 0, this implies that the constant £ in the parameterisation of 2 equals
zero. Furthermore, as ¢(0) = 0, ¢(x) = 7, and ¢(2.7) = 2.7, we might as well
choose ¢(t) =t for 0 < t < 2.7.

We eventually find the following results ([1], p.22). The buckling load of a hinged-
hinged column of volume V and length [ is upper bounded by

4 V?
Pbuck max —~ -3'.K.E.74—.'1T'2. (18)

The maximal cross-section surface of the column actually reaching this upper bound
equals

. 4V
/2y = —.—
and the parameter representation of its shape A looks like
31 /2
= —.—.|=.(t-si 19
z(t) i (3 (t - sin t)) _( )
. %

Aty = }z-» (;(1 - ¢co8 t)) , 0<t<2m. (20)

The cycloid-shaped column is compared to a prismatic one in Figure 9; Figure 10
displays its buckling load compared to that over the other column types already
considered.

Notice that the buckling load of the cycloid-shaped column is larger by a factor 4/3
than the buckling load of a prismatic column !
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Figure 9: a cycloid-shaped column compared to a prismatic one!
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Figure 10: the hinged-hinged buckling load of a cycloid column, com-

pared to that of prismatic, "linear surface”, conical, and parabolic

columns?

'We have chosen the following parameters. The column length | = 3m, its volume being
V' =0.75m®, It is assumed to be made of concrete with an elasticity modulus E = 3.10'° N/m?.
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5 Numerical Computation of
Buckling Loads

The analytically derived results in the previous sections are ideal in the mathemat-
ical sense. No attention was payed to constructability of the shapes. In practical
situations, however, this is vital. No constructor needs a column that is very hard
or expensive to build. ‘

The problem might be solved by approximating the cycloid column with simpler,
constructable shapes, while still gaining strength. Numerical results on strength are
fairly easy to obtain.

A discretized version of the differential equation for the deflection of has been imple-
mented. After verification of some results from the previous sections the program
was adapted to solve (approximately) the maximum buckling load problem for a
column consisting of three cylindrical parts.

5.1 Computing the Buckling Load of a Column

In Section 2.2 we found a relation between the maximum buckling load of a column
and the following Sturm-Liouville problem:

Ely"+Xxy = 0

y(0)=y(l) = 0,

where I = k.A%(z). A(z) is the cross-section surface of the column at height z.
For any non-singular positve density function d(z) := 'Eﬁ one can prove that all
eigenvalues except 0 are positive . The smallest non-zero eigenvalue A is equal to
the buckling load of a homogeneous, hinged-hinged column with cross-section A(z).
For the numerical computations the parameters V and ! are both taken to be 1. The
density is taken d(z) = 52—1(—;87

The main ingredients of the numerical algorithm are finite differences and the power
method for eigenvalues. First of all we dicretize the differential equation using a
grid of m equidistant points z; in the interval (0,1) and central differences for the
second order derivative. The approximating problem then becomes:
Find u = (uy,...,u,)7 and g such that

Au = pDu,

where the matrix A contains the differences and the boundary values and D is
a diagonal matrix with elements d;; = d(z;). The smallest eigenvalue y; is an
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approximation for Aq.

This problem is equivalent to
D~ 2AD v = v,

where D=1/? = (Dl/z)-la (Dl/z)ij = \/El;; and v = D-1/2q,

To determine the smallest eigenvalue gy of the discretized Sturm-Liouville problem
we use the power method to approximate the largest eigenvalue p,,, of D/2A~1D/2,
We have 1/p, = 7.

The implemented algorithm uses a grid of m = 34 points (the maximum number
the compiler could handle). The absolute relative error of the computed smallest
eigenvalue is in this case always less than or equal to T%”JW ~ 7.107% We can

check this upperbound for the prismatic column, where Ay = 72. It holds.

5.2 The Maximal Buckling Load of a Column which
Consists of Three Cylindrical Parts

Based on the observations that the problem is symmetrical and that strength is
gained by shifting mass from the ends to the middle, we attacked the optimization
problem in the following way. First we loop over all the grid points in the interval
(0,1). At each grid point z; we vary the radius r; of the column such that

ry f0<e<u
rz)=< 1 iz, <z<l-g
ry fl-~z;<2<1

The radii are then normalized such that the volume of the column is equal to 1. Then

the buckling load for that shape is computed. For each z; the optimal configuration
is stored.

For this grid of 34 points and step size 1/50 we found the following results.
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i xi Pbuck ri/r2 ri

- - - ] " W - - ]2 - a8 - - -

1 0.029 10.6039 0.52 0.299692
2 0.057 11.0984 0.60 0.351617
3 0.086 11.3911 0.66 0.391801
4 0.114 11.5254 0.70 0.420182
5 0.143 11.5419 0.74 0.447416
6 0.171 11.4709 0.76 0.463672
7 0.200 11.3501 0.80 0.487841
8 0.229 11.1936 0.82 0.501728
9 0.257 11.01567 0.84 0.514463
16 0.286  10.8346 0.84 0.519640
11 0.314 10.6527 0.86 0.530563
12 0.343 10.4715 0.88 0.540010
13 0.371 10,3038 0.88 0.544175
14 0.400 10.1471 0.90 0.551404
15 0.429 10.0054 0.92 0.557015
16 -0.457 9.8900 0.96 0.562144
17 0.486 9.8630 1.00 0.564190

The maximum buckling load for this type of column is attained for z; = .143 and
a ratio of the radii of .74. The prismatic column appears for ¢ = 17, where it is no
longer advantageous to shift mass from top and and bottom to the middle (at least
in this approximation). The value Pg,.; = 9.8630 is an approximation for 2. This
type of column has an optimal buckling load that is a factor 1.17 larger than that of
the prismatic column. Compared to the cycloid shaped column we’re halfway there.
Figure 11 displays both the optimal cycloid-shaped column, and its collegue consist-
ing of three cilindrical parts. The dimensions of the latter one have been re-scaled
in order to correspond with those of the cycloid-shaped column.
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Figure 11: a column consisting of three cilindrical parts, compared to
the optimal cycloid-shaped one.}

!We have chosen the following parameters. The column length ! = 3m, its volume being
V =0.75m3. It is assumed to be made of concrete with an elasticity modulus E = 3.10'® N/m?.
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6 Did we Consider a Realistic Problem ?
Material Strength, Carry-able Moments,
and Reinforcements

In the previous sections, we considered a problem which is — according to some
people, at least — quite appealing from a mathematical point of view. Interesting
differential equations are involved, large formula’s occur, and the result is a beautiful
cycloid-shaped column.

The question arises, however, if it is interesting in practice to have information about
the shape of a homogeneous, hinged-hinged column with volume V and length [, of
which the buckling load is maximal.

We decided to ask some experts. The two engineers, working at the Construction
Design Department of the Faculty of Civil Engineering at the Eindhoven University
of Technology did not laugh aloud; but the winked, nudged and said no more...

According to them, for concrete columns, the buckling load is hardly ever a param-
eter which plays a role in the design. Columns usually carry ceilings, which tend
to move as a consequence of wind or heavy people doing their morning gymnas-
tics. They cause moments and tractive forces to occur on both ends. It is far more
important to know how a column reacts upon them !

Often, steel reinforcements are put inside concrete columns to deal with the men-
tioned tractions. The assumption that the column is homogeneous is therefore not
quite realistic.

Last but not least at all, everyone who has ever built a column must notice something
strange about the cycloid-shaped one designed in the previous sections: its cross-
section surface is zero on both ends ! This causes problems if the column is used
to carry a load — which is quite likely to be the case. In fact, imagine a wooden
toothpick that has been used to support a heavy book. The sharp extremities are
almost surely damaged. Similarly, a large vertical load applied on one or both ends
of the cycloid-shaped column will simply cause the extremities to break down !

In the next sections, we first redesign the cycloid-shaped column such that it can
support a vertical load P. Then, we study the influence of the steel reinforcements,

and investigate into the effect of moments and tractive forces applied on the column
ends.

Hopefully, a more realistic column will result...
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7 Taking Into Account the
Material Strength

7.1 Tensions in the Column !
A Restriction on the Column Shape

If you sit down on a sugar cube, it may not be a nice feeling, but nothing will happen
to the cube. If an elephant does the same, the sugar cube probably gives up and
becomes a small, disappointed heap of sugar.

The same is true for columns. If a column has to carry a load which is in some sense
too large, the material it is made of falls to pieces.

It is intuitively clear that this effect has something to do with the column’s cross-
section — which explains why larger columns are used when larger loads have to be
carried. The smaller this cross-section is, the larger the load per surface unit that
has to be carried, and thus the larger the tensions in the material. Indeed, the
occurring tensions are defined as the load, or force, per surface unit.

For a homogeneous column of shape A(z), loaded with a vertical force P, the material
tensions o{z) at height 2 satisfy

P
o(z) = )

Notice that the tensions are defined to be positive if P is a compressive force; for a
tractive force a minus-sign occurs in the right-hand side of this equation.

If a column is made of a material which breaks down if tensions exceed a critical
value oax, we thus find a requirement on the column’s shape A(z):

lo(z)] < omax on[0,]]

Alz) 2 P on [0,1].
' Imax
P
Amin 2 Umax. (21)

A nasty situation occurs. Starting from a prismatic column, we decided to delete
some material on both ends which could be added in the middle to increase the
buckling load. This yielded a parabolic column at first, and a cycloid-shaped one at
last.
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Now, the cycloid-shaped column is seen to be of no use at all, unless P = 0. If P
is larger than zero — but still very small -, it may suffice to remove some material
from the middle, and add it on both ends to satisfy the condition on Ap,j,; but
the larger P gets, the more material has to be added to the column ends, and at a
certain moment we are bound to find back the prismatic column we started from in
the beginning !

Thus, a trade-off has to be made. If P is small, we can invest relatively much
material to make the column look like the cycloid-shaped one, thus increasing the
buckling load; but for large P, most of the material has to be used to satisfy the
minimal surface condition, and the column will only have a slight resemblance with
a cigar.

7.2 Reconstructing the Cycloid-Shaped Column
to Carry a Load P

We redesign the cycloid-shaped column as to satisfy the minimal surface condition
(21).

As for the case treated in Section 4.1 where no restrictions are made on Apj,, we
can derive that

{ )Y .
/0 (Q.E—E—.A"?’.Ag.y).ydx = 0.

In the case under consideration, this equation does not hold for all disturbances
Ao(z), thought, but only for those satisfying fé Ag(z)dz = 0, and A(z) = A(z) +
t.Ao(x) > —£—= on [0,1].

smax

From this we can see that if P = A(2).0max for all #, no disturbances are allowed.
Indeed, in that case the load is so large that no material can be used to increase
the buckling load, and the column is prismatic. If P = 0, the situation treated in
Section 4.1 occurs, and we can again derive

y = c.A%2,
But what happens if P lies somewhere between these extremal values ?
In that case there is an zq €[0, 1] such that
P< /i(:::o).crmax.

As A(z) is a continuous function of z, this implies that it must exceed P/omax in
a neighbourhood of 2g. Choose two z-values in this neighbourhood, say zy and z9,
and assume a := A(21) < A(z;). Define the disturbance Ag(z) by

Ao(z) = a.(6(x — z2) — 8(z — 1)),
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where §(z) is the Dirac §-function. Then

{ A A . A
A -3 - A i-3 o2 a2 2 432 =0,
/(’(Z.K'E.A Ap.y).ydz = a. (Q'RGE'A Y ) (z2)—a (2 G ATy ) (z1)
from which X -
A73(21) % (1) = A73(29). 9 (z2) =2 2.
With a similar reasoning we deduce that A~3(z).y%(2) = ¢? for all z €[0, 1] satisfying
A(z) > £

omax’

If there is enough material to make the column’s surface larger than its minimal
value - n}f e this material must be used in the middle of the column in order to
increase the buckling load. Thus, if there is material available to make a better
column than a prismatic one, its shape will satisfy A(z) = A, for0 <z < a
and ! — ¢ < & <[ for some a, and it will be cigar-like with A(z) > Ay, for all =
satisfying ¢ < @ < ! — a. If there is even more material available, the whole column
will look like a cigar, i.e. @ = 0. In that case, the column cross-section equals its
minimal value only for z =0 and z = L.

7.2,1 Completely Cycloid-Shaped Columns:
a Case we can Solve !

If there is enough material available to make a completely cycloid-shaped column,
we have — in the notation introduced above — a = 0. In this case, we may conclnude
that if restriction (21) is made on the column’s cross-section, the optimal shape A(z)
with respect to buckling load satisfies

y=c.A%? on(0,0).

Notice that this equation may not be valid at the column ends z = 0 and = = [, and
therefore does not violate the hinged-hinged boundary conditions (6).

As in Section 4.2, the latter restriction on z can be inserted into the original dif-
ferential equation, which can then be solved after a number of substitutions. This
vields

L R )

dz
P

Omax

A(0) = A()

=! Amin

This differential equation can be solved in exactly the same way as shown in Sec-
tion 4.3, with one exception: instead of finding that ¢(0) = 0, the hinged-hinged
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boundary conditions (6) now result in
. 1 .
A(0) = ~2~.A(l/2).(1 —cos¢(0)) = Amin

_ 2. Apin

cos $(0) 30/2)

i

Instead of choosing ¢(t) = t, we set ¢(t) to a linear function on [0,2.7], equal to
#(0) for t = 0, = for t = 7, and 2.7 — ¢(0) for t = 2.7. Figure 12a displays some of
these functions ¢(t) for various values of A ;,, while Figure 12b shows the relation
between the column’s minimal surface, and ¢(0).

A consequence of the fact that ¢(0) # 0 is that the integration constant £ appearing
in the parameterisation (19) of z(2) is not equal to zero. Requiring 2(0) = 0, we find

[ ¢(0) - sin ¢(0)

$= =3 T g(0) + sin g(0)’

Combining the results concerning the column of volume V, length ! and minimal
surface Ay, which maximises the buckling load, we find for a parameterisation of
its shape A:

") = gy (0~ e - 40 +aing0) @2
2w 7 — $(0) + sin $(0) s
AW = 30 7 — ¢(0) + 3.sin ¢(0) — £.5in2.¢(0) (1 o), (23)

0<t< 2.
The value of ¢(0) can be found from

Apin ™ — ¢(0) + %.sin &(0) — é. sin 2.¢(0) -0 (24)
v T — ¢(0) + sin ¢(0) )

The buckling load of this column, which looks like a truncated cycloid ~ see Figure 13
-, equals

1 - cos(0) — —g-.l.

>

v (-9 +sing(0)'
" (- 9(0) + 4.5in (0) - 4.5in2.6(0))

Pouck max = gL (25)

Figure 12¢ illustrates how the buckling load depends of ¢(0); and Figure 12d shows
that — as we discussed in the beginning of this section — the column’s buckling load
decreases if the minimal surface Ap;, increases, i.e. if more material has to be used
to make sure the column is able to carry the load P.
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- Some functions fi(A.min,\ 0.25
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fi{Amin,0
Aminffi(0))
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x109 ___ Pbuck = f( £(0)) 3 x10* _ Pbuck = f{ Arain )
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Figure 12:
a. Some functions ¢(t) for various A,,;,

b. The relation between the column’s minimal surface Ay, and ¢(0)
c. The maximal buckling load of a column of volume V and length [ as
a function of ¢(0)

d. The maximal buckling load of a column of volume V and length { as
a function of its minimal surface A
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Figure 13: the hinged-hinged buckling load of a truncated cycloid col-

umn for various values of A ;2

2We have chosen the following parameters. The column length ! = 3m, its volume being
V = 0.75m>. It is assumed to be made of concrete with an elasticity modulus E = 3.10'° N/m?
and omax = 2,5.107 JV/m2
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If the column is required to carry a load P, the best we can do is to choose An;y

such that
P

Omax
Furthermore, we must make sure that the buckling load of the designed column is

not smaller than P, and if we want to minimise the amount of material used, we
can suffice with choosing

Amin =

Pouck max = P = Anin-max

M,

1l

Omax
A 1
min

As an example, suppose the column has to be made of concrete, for which a typical
value of ompax might be omax = 2,5.10° N/m?. If the column has to carry a load
1.108 N — which is quite realistic —, the size of the minimal column cross-section can
be found from Figure 14. It suffices to draw a horizontal line at ¢ = omax, and to find
the abscise of the intersection of this line with the plotted graph: Ap;, = 0.16m2
The truncated cycloid-shaped column satisfying this minimal cross-section surface
constraint is displayed in Figure 15. The corresponding buckling load can be found
from Figure 12¢. It is 22 % more than the buckling load of a prismatic column of
the same length and volume. ’

xlow sigma = P.buck/A.min = f{ Amin)

in

91 +

s -

1}
k| +
£
< g
g *
&  5r
o
1 +
F] 4}
g :

3t ‘.

£
2} te,
.
* . . .
1} P e e,
o .
0.05 0.1 0.15 0.2 025
A.min

Figure 14: the material stresses o the truncated cycloid column can
support as a function of its minimal surface A;,2

?We have chosen the following parameters. The column length { = 3m, its volume being
V = 0.75m®. It is assumed to be made of concrete with an elasticity modulus E = 3.10'® N/m?
and omax = 2, 5.107 me2
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Figure 15: the optimal truncated cycloid column !3

7.2.2 Partly Cycloid-Shaped Columns:
a More Complicated Case

When the volume we can use for a column is only a little bit more than . Ay, an
obvious thing to do seems to be using the excess material to make only part of the
column cycloid-shaped. Indeed, the buckling point lies in the middle of the column
— the whole problem is symmetrical, in fact. It looks more effective to use all the

extra material to reinforce that point, instead of a distributing it over the whole
column.

Therefore, we now consider columns as in Figure 10, with

A(z) = Apin, ¢ €[0, aJU[l —a, I].

We can choose a € (0, 1/2).

In paragraph 7.2 we showed that A=3u? = ¢2 holds for the optimal area A for all
z € [0, [] satisfying A(z) > Apy;p; and if A73u? = ¢? the optimal shape becomes
a cycloid. For the column depicted in Figure 10, this implies that it is cycloid-

shaped for 2 € (a, | — a). It can easily be shown that the formulas describing the
cross-section area become:

4 o 1

cosd(0) = 1- é_Amin-(l - 2.a)‘7r — #(0) + 3.sin ¢(0). — 5-5in 2.6(0)
2V -2.aAnn 7 — ¢(0) + sin ¢(0)

3We have chosen the following parameters. The column length | = 3m, its volume being

V = 0.75m>. It is assumed to be made of concrete with an elasticity modulus E = 3.10%° N/m2
and omax = 2,5.107 N/mz. The resulting value for Amin is 0.16 m?.

(26)
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_1—2.a ¢(t) — sin p(t) — $(0) + sin $(0)
2(t) = 2 T — ¢(0) + sin ¢(0) (27)
/i(t) _ g V —2.a. A (m — ¢(0) + sin ¢(0)) (1 — cos ¢(1))

3 1-2a  “m—¢(0)+ 1.sin¢(0) — 1.sin2.¢(0)’

0<t<L 2.

(28)

Alas ! Formula 7.2.1 for the maximum buckling load can not be used because it
only holds when the total column is a cycloid. In order to find a proper formula for
Pmax we need a formula for y but we did not manage to find one. It is possible,
however, to find an optimal value for & numerically using the formula’s derived in
this section.

x
P
a R
{—al
q——v-
a
0___,.,3/ _.._T__

P

Figure 16: a column with the extra volume centred around the mid-
point
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8 Can Reinforcements be Neglected?

8.1 Introduction

So far we only considered homogeneous columns. But in reality most columns are
made of concrete with reinforcements. Therefore the question arises: are we dealing
with a realistic model? In Paragraph 8.2 we describe why reinforcements are used.
In Paragraph 8.3 we describe a simple method to detect how big the error is when
we neglect these reinforcements and restrict ourselves to the design of homogeneous
columns.

8.2 Why are Reinforcements Used 7

When a column is made it is meant to carry something, so it has to deal with
pressure forces. But in reality a column is a part of a bigger construction with all
kinds of forces working on it. Therefore it also has to deal with tractive forces.
When one has to decide what material is to be used for a column, he or she might
choose concrete because it can deal with a lot of pressure forces, it is relatively cheap
and it has a long life time. Steel, for instance, can deal with more pressure forces but
it is also more expensive and it has a shorter life time because of oxidation problems.
But concrete has one disadvantage: it can not handle tractive forces. Therefore
columns in buildings are made of concrete to deal with pressure forces and some
reinforcements to handle tractive forces, mostly made of steel because it has the
same expansion coéfficiént as concrete, it firms very good to concrete and it can deal
with a lot of tractive force. Moreover the steel will not oxidate because the concrete
protects it when it is put all around the steel.

8.3 What Happens if we Forget
About the Reinforcements ?
The Exclusion Error

We assume that there is enough reinforcement to deal with tractive forces (2% of
the cross-section area will do). If the minimal cross-section area is big enough we
can concentrate on the buckling load, so we are dealing with equations (5) and (7):

2
k BE.AY(z) %}2 +Ay=0.

Including reinforcement will change E.A? into E.A%. What we want to know is: what
is the (relative) error, err, introduced by modelling the column as a homogeneous
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one, or: how large is o
|E.A? - E.A?|

= — 29
err e (29)

Suppose that the reinforcement has the same elasticity modulus E as the material
the rest of the column is made of. Then we can write: E.A%? = Ej.(4 + Ar)z =
(VEy. Ay +Ey.A,)?; the subscript b refers to the basic material the column is made
of and subscript r to the reinforcements.

Changing the material the reinforcements are made of will only influence the E in
the second term:

- o8
A%4V&Aww&;mP=EM%+JE?%ﬁ

Thus, (29) becomes:

2
err = S N I 1f. (30)
Ab + %-Ar

To get a first order approximation of this relative error, we substitute realistic values
(see [7], p.55,57):

Ey, = 3-10°N/m?

E, = 2-10"N/m?

A, = 0.25m°

A, = 0.005m% (2% of 4, ),

and we find
err = 6% (31)

An error of 6 % seems to be quite reasonable. Therefore we conclude that modelling
a column as a homogeneous one is reasonable with respect to buckling forces.
Notice that excluding reinforcements would increase the cross-section of the resulting
optimal column; we are on the safe side of the optimum.

45



9 A Couple of Moments, Please !

9.1 A Differential Equation for the
Column Deflection as a Consequence of
Moments Acting on the Ends

In Section 1.1, we derived a differential equation describing the column deflection as
a consequence of a horizontal force ¢(z) acting on the column’s middle line:

d*y

EIl—=+Py=q.
E is the elasticity modulus of the material the column is made of; I is the inertia
moment; and P is the vertical force with which the column is loaded.
If the column is hinged on both ends, the boundary conditions to this differential
equation are

d?y d?y

= {0} = () = —(]} = 0,
y(0) = —=(0) = y(l) = (1)

I denoting the column length.

Suppose we take
. M
q(z) = x—.(ﬁ(m—mq)—{—é{a:—l«i-:z:q)) (32)
g

i.e. we apply a horizontal force of size M/z, at * = z, and at = | — z,. Taking
limits for z, tending to zero, the force g(z) can be interpreted as a moment of size
M about z =0 and 2 =1 ([6]) !

Notice that in the case of buckling, we were interested in small horizontal forces ¢;
it appeared to be practical to study the homogeneous differential equation obtained
by taking limits for ¢ tending to zero. Now, considering moments, we have to let z,
tend to zero in (32), so that the size of ¢ tends to infinity. This explains why the
homogeneous equation is not quite useful here; we will have to deal with the more
difficult, non-homogeneous one now !

Inserting the expression (32) into the deflection differential equation, we find ([6],
pp.6-7)

d%y
J==2 4y = 33
El——5+\y = M (33)
y(0) = y(I) = 0, (34)
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where ¢ is given by (32). We recall that
I(z) = k. A%(2),

A(x) being the cross-section surface, and x depending on the shape of this surface.

The latter differential equation can also be derived using the method of Section 1.1
. It suffices to notice that applying a moment M in z = 0 causes a reaction force F'
to occur at 2 = [, and vice versa. The resulting moment at height 2 of the column
equals

(I-2).F+aF=LF

From the fact that the moment in 2 = 0 equals M, we find

I.F =M.

9.2 Trying to Derive
a Condition on the Shape of a Column
with Volume V, Length [/, and
Maximal Buckling Load, Able to Carry
a Load P, and to Resist to Moments M

In this section, we try to derive a condition on A(z) in terms of u for the column’s
buckling load to be maximal, given its volume V" and its length {. The column must
be able to carry aload P - leading to a lower bound A, on the minimal surface -,
and must resist to moments M acting on both ends. We proceed as in Sections 4.1
and 7.2, using the method of variations.

It must be noticed that the following results are not quite well derived; we advise
the reader to be very careful...

Equations (33) and (34) can be rewritten as

d*y A -2 -2
E;g{-;—E—EA N M.A y
y(0) = y(l) = 0.

Setting
" {
A(z) = A(z) + t. Ap(z), where / Ao(z)dz = 0,
0

we consider the influence of a disturbance of the optimal column shape A(z). As

the column must be able to carry a load P, we must require A(z) > 5 rrI: — ©on [0,1].

Determining the derivative of the above non-homogeneous differential equation with
respect to ¢, and using %A(fl + t.Ao)l 0= 0, we find

4o
Lo /2 d (&g A _,d
2 (A M) wAgde = (LYY LA A2 )ad
/OA3 (H.Ey M) y-Aodz /o(dt (dx2)+n.EA 5 (W)-yde
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S-‘z..l %
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d M d*y\ d

‘M d ' M dy dA

br2 A M dy
[){3’5. (ﬁgf—M> y—ﬁa}Agd&—O

We again wish to warn the reader: the introduction of dy/dA, for instance, can only
be correct if the mapping assigning to each A a y is bijective on the part of the
column under consideration. Things might go wrong here !

By a similar reasoning as in Section 4.1, we conclude that for all z € (0,1),

2 d
e (;;AEy - M) Y- %ﬁ constant =: ¢’

= = 'ﬁa Q.y“f“Ad‘A .

i

|
|
I
I

It is a relief that for M = 0, the same expression results as in Section 4.1; but this
does not guarantee the latter differential equation for y as a function of A to be
correct. It is therefore maybe even good luck that we did not manage to solve it, so
that no wrong conclusions have been made concerning the column design...
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10 Gravity

We investigated into the effect of gravity on the optimal column shape. In fact, if
the column cross-section surface is A(z), and if its density is constant and equal
to p, applying a vertical force P on the upper end of the column results in a total
vertical load at height z of

!
P(z)= P+ / 9.p.A(2) da. (35)
The differential equation to consider therefore becomes more complicated.

We did not manage to find any directly applicable results; however, we wish to
thank Jos Brands, who invested lots of time into the problem. He transformed the
analytical problem of solving a complicated differential equation into a numerical
one by deriving three equations from which A(z) could be calculated iteratively.

What we have done is substituting realistic values in equation (10) to get an estimate
for the error made by excluding the influence of gravity. The data used are (see
[7],p.233):

Proz = 45-10°N
g = 98m/s’
p = 2410 kg/m?
V = 075m3

The corresponding relative error is:

g.p.V

EPT = o
Proz+9.p.V

yielding err = 4% after substitution. Therefore it is not really necessary to include
the gravity term in calculations to be applied in practice.
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List of Symbols Used!

Symbol Description
A(z) : Column’s cross-section area
Anin :  Minimal cross-section area
for allowable material tensions
E : FElasticity modulus of the used material
g :  Gravity acceleration
I(z) :  Square area moment (moment of inertia)
M : Moment
l :  Length of the column
P : Vertical load
Pk :  Smallest vertical load that makes the column buckle
Pyt maz : Maximum of all Py,..’s in a class of columns
q :  Horizontal load
u Second moment of deflection { 4" )
V 1 Volume of the column
z Vertical coordinate of the column’s axis
i Horizontal cobrdinate of the column’s axis

i

Constant only dependent on the shape of the column’s
cross-section shape

o(z) :  Material tension

O maz : Maximum tension of the used material

!Local variables not included
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