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Coordination of two robot manipulators based on position
measurements only

A. Rodriguez-Angeles’ H. Nijmeijer |

Abstract

In this note we propose a controller that solves the problem of coordination of
two (or more) robots, under a master-slave scheme, in the case when only position
measurements are available. The controller consists of a feedback control law, and
two nonlinear observers. It is shown that the controller yields ultimate uniformly
boundedness of the closed loop errors, and a relation between this bound and the gains
on the controller is established. Simulations results on two two-link robot systems show
the predicted convergence performance.

1 Introduction

Synchronization, coordination, and cooperation are intimately linked subjects, and some-
times they are used as synonymous to describe the same kind of behavior, mainly in
mechanical systems. Nowadays, there are several papers related with synchronization of
rotating bodies and electrical-mechanical systems, see for instance (Blekman et al. 1995),
(Huijberts et al. 2000), and communication systems (Pecora and Carroll 1990). Rotat-
ing mechanical structures form a very important and special class of systems that, with
or without the interaction through some coupling, exhibit synchronized motion. On the
other hand, for mechanical systems synchronization is of great importance as soon as two
machines have to cooperate. Typically robot coordination, and cooperation of manipula-
tors, see (Brunt 1998), (Liu et al. 1997), (Liu et al. 1999), form important illustrations of
the same goal, where it is desired that two or more mechanical systems, either identical
or different, are asked to work in synchrony.

In robot coordination the basic problem is to ascertain synchronous motion of two (or
more) robotic systems. This is obviously a control problem, where at least for one of the
robots a suitable feedback controller has to be designed, such that this robot (slave) follows
the other robot (master). This problem is further complicated by the fact that frequently
only position measurements of both master and slave robots are available. This partial
access to the state of the system has been the reason to develop model-based observers,
which are integrated in the feedback control loop.

In practice, robot manipulators are equipped with high precision position sensors, such as
encoders. On the other hand the velocity measurements are obtained by means of tachome-
ters, which are often contaminated by noise, or moreover, velocity sensoring equipment is
frequently omitted due to the savings in cost, volume, and weight that can be obtained.
For these reasons, a number of model-based robot control methods have been proposed
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(Nicosia and Tomei 1990), (Canudas et al. 1992). In these methods a velocity observer is
integrated in the control loop, although exact knowledge of the nonlinear robot dynamics
is assumed, which in practice is generally not available. To overcome this drawback, robust
tracking controllers only based on position measurements have been proposed (Canudas
and Fixot 1991), (Berghuis and Nijmeijer 1994), (Wong Lee and Khalil 1997). However,
all the aforementioned papers deal with the tracking control problem, and not with the
robot coordination problem.

In this paper we present a novel approach for the coordination of two robot manipulators,
assuming only position measurements of both robots. This approach is based on the
design of two nonlinear observers and a state-feedback controller. The general setup to be
considered is as follows.

Consider two fully actuated robot manipulators with n joints each, such that one of these
robots (master) is driven by an input torque 7,,(-), that ensures convergence of the joint
variables ¢m;, ¢m € R™ to a desired trajectory ¢q4, gq € R*. However, the input torque 7, is
unknown, at least for the controller design of the second robot (slave), as well as the joint
velocity and acceleration variables ¢, ¢,,. Under these assumptions, the goal is to design
a control law 75(-) for the slave robot, such that its joint variables g¢s, ¢s € R" synchronize
with the variables g, ¢, of the master robot. Also we assume that the joint velocities
and accelerations ¢y, {, are not available; therefore from this fact and the assumption
that ¢, ¢, are not available, the control law 75, that is to be designed, can only depend
on position measurements of both robots, i.e. ¢, qs, and estimated values of the joint
velocities and accelerations g, ¢m, 4s, §s- Notice that the goal is to follow the trajectories
of the master robot gy, ¢, and not the desired trajectories gq, 4q; therefore knowledge of
qd, 44 is not necessary to design the control law 7, for the slave robot.

This paper is organized as follows. In Section 2 the dynamic model of the robot and some
of its properties are presented. The feedback control law and the observers for slave and
master velocities are proposed in Section 3. In Section 4 the convergence properties of
the closed loop system are examined. In Section 5 a simulation study shows the predicted
convergence performance. Sections 6 and 7 present some remarks and general conclusions.
Throughout this paper standard notation is used, in particular, vector norms are Eu-
clidean, and for matrices the induced norm || A|| = v/Amax (AT A) is employed, with Amax (+)
the maximum eigenvalue. Moreover, for any positive definite matrix A we denote by A,
and Ajps its minimum and maximum eigenvalue respectively.

2 Dynamic model of the robot manipulators

Consider a pair of rigid robots, each one with the same number of joints, i.e. ¢; € R?,
where 7 = m, s identifies the master (m) and slave (s) robot respectively, and all the joints
are rotational, actuated and, without loss of generality, frictionless. This does not mean,
however, that they are identical in their parameters (masses, inertias, etc.).

For each of the robots, the kinetic energy is given by T;(g;,¢;) = %q'iTMi(qi)tji, i=m,s,
with M;(g;) € R™™™ the symmetric, positive-definite inertia matrix, and the potential
energy is denoted by U;(g;). Hence, applying the Euler-Lagrange formalism (Spong and

Vidyasagar 1989) the dynamic model of the robot is given by
Mi(@:)Gi + Ci(gi> )6 + 9i(@:) = T i =m,s 1)

where g;(g;) = E%Ui(qi) € R™ denotes the gravity forces, C;(g;,q;)¢; € R™ represents the
Coriolis and centrifugal forces, and 7; denotes the [n X 1] vector of input torques.
In the subsequent sections we use the following properties.



e If the matrix C;(g;,¢;) € R*™"™ is defined using the Christoffel symbols (Spong and
Vidyasagar 1989), then the matrix M;(q;) — 2C;i(g;, ;) is skew symmetric, i.e.

T (Mi(qi) — 2Ci(q, qi)) z=0 forall z€R 2)

e In addition, for the previous choice of the matrix C;(g;, g;), the Coriolis and centrifu-
gal term C;(q;, ¢;) can be written as

[ 4} Cinlgs) -|

Cila: 6.) =
w\41y Y1)

—
2
S’

i_ @ Ci:n(%') J

where Cj;(g;) € R**™ j =1,...,n are symmetric matrices (Craig 1988). It follows
that
Ci(gi, 7)y = Ci(gi, y)z )
Ci(gi, z + az)y = Ci(a; 2)y + aCila, z)y

for any scalar « and for all ¢;, z,y, 2 € R”.
e The matrices M;(q;), Ci(gi,q;) are bounded with respect to g;, (Lewis et al. 1993),

SO
0< Mi,m < ||Ml(qz)|| < Mi,M for all q; € R" (5)

1Ci(qs, z)|| < Ciar ||| for all ¢,z € R". (6)

3 Feedback controller

As stated in Section 1, it is assumed that there is no access to (¢m,Gm) and (gs, §s), but
only joint positions ¢,, and ¢; can be measured. Therefore, the controller 7, can only
depend on positions measurements (g, ¢s) and estimated values for the velocities (g, gs)
and accelerations (g, gs)-

3.1 Feedback control law

If the variables (g, qs) and (gm,ds,Gm,Js) were available and all the parameters of the
slave robot were known, then the control law 7, can be considered of the form proposed
by Paden and Panja (1988)

Ts = M (QS)q.m + CS(Qm QS)Qm + gs(QS) — Kgés — ers (7)

where the tracking errors eg, é; € R* are defined by
€s = 4ds — gdm, €s = g5 — Gm, (8)

M(gs), Cs(gs,ds), 9s(gs) are defined as in equation (1), and K,, K4 € R**™ are positive
definite gain matrices.

With the control law proposed by Paden and Panja (1988) in mind, and under the
assumptions that the estimated values are available, and the nonlinearities and parameters
of the slave robot are known, we propose the controller 7, for the slave robot as

Ts = Ms(Qs)gm + Cs(QS7Es)Em + 9 (Qs) - Kdgs - ers (9)

A~ A A~

were ¢,, €, qm,’q’m € R" represent the estimates of ¢s, é;, ¢, and §,, respectively.



3.2 An observer for the tracking errors (e, é;)

We denote estimated values for the tracking errors e, és (8) by és,gs; these estimated
values are obtained by the nonlinear Luenberger observer

d . ~ .
%es = é;+ Aée (10)
d~

Z2 = M,(gs)™! [_Cs(qs,gs)gs — Kgés — Kpés] + Agé

where the estimation position and velocity tracking errors é,g are defined by

A ~

€ :=e; — &g, €= és — €, (i1)

and A1, Ay € R™™™ are positive definite gain matrices.

3.3 An observer for the slave joint variables (g, §s)

Lets gs, 21'\3 denote estimated values for ¢, ¢s, to compute these estimated values, we propose
the nonlinear observer

d . ~ .

%qs qs + Lplen (12)
d~ _ R -~ n

(_J_qu = MS (qs) ! [_Cs (an qs)es - Kdes - ers] + LP2€7]

where the estimation position and velocity errors &, and gn are defined by

o~

én =5 —qs én =g — ds, (13)

and Ly, Lys € R"*™ are positive definite gain matrices.

3.4 Estimated values for ¢,,, ¢n

As stated, the master robot variables ¢, ¢, are not available, therefore estimated values
for g, Gm are used in 75 (9). From (8) and the definition of the estimated variables é;,és,
ds,qs, we can consider that estimated values for ¢p,, ¢m, Gm are given by

(jm = qu — &
Qm = ‘js - és (14)
Qm - dtqs dt 8-

4 Ultimate boundedness of the closed loop system

In the closed loop system formed by the slave robot (1), the control law (9), and both ob-
servers (10) and (12), the closed loop errors are the tracking errors (es, é5), the estimation
tracking errors (é,/é\), and the estimation position and velocity errors (én,gn), which are
defined by (8), (11), and (13).

To simplify the stability analysis, we make the following assumptions on the positive
definite gain matrices Kp, K4, Lp1, Lp2, A1, Ag.

Assumption 1 The gain matrices A1, Ay and Ly1, Lpy satisfy

A =Ly, Ay=Ly. (15)



Assumption 2 The gains Kp, K4, Lp1, Lp2 are symmetric matrices.
In addition, the following assumption is required.
Assumption 3 The signals ¢n(t) and §y,(t) are bounded by Vs and Apy, i.e.

Vi = sup lgm ), (16)
Ay = sup (|G (O] - (17)

In practice, it is often not difficult to obtain on the basis of the desired motion g4(%), ¢4(t)
and ¢4(t) of the master robot bounds on ¢, (¢) and §,,(¢), although due to friction effects,
tracking errors, etc., the actual motion of the master robot may differ from its desired
motion.

Our main result can be formulated as follows.

Theorem 4 Consider the master and slave robots, which are described by (1), and the
slave robot in closed loop with the control law (9), and both observers (10), (12). Given
scalar parameters €4, Ao, tho, Yo, Such that

Ao >0, po>0, 7 >0, e,>max{0,e4}, (18)
and if the gain matrices Kq, Ky, Lp1, Lpa are chosen such that

Lyom > max {2, v2, Lp2qs Lpaqs, Lp2es } »
Lyp1,m > max {40, Yo, Lprgs}
Kpm > max {Kpqg2, Kpgs} ,

Kam > max {Kaq1, Kags, Kags; Kags } + (19)

then, the errors ég, eg, g, é, gna éy in the closed loop system are uniformly ultimately
bounded. Moreover, this bound can be made small, by a proper choose of Ky and Ly pr.
The scalars €46, Lp2ga; Lpags, Lp2g6s Lpigss Kpgzs Kpgs: Kdqr, Kags, Kags, Kige are given
in Appendiz A.

Proof: The proof of the theorem is divided into two steps. First the formulation of the
closed loop error dynamics is given in Subsection 4.1, and then the stability analysis is
presented in Subsection 4.2.

To simplify the closed loop error dynamics two coordinate transformations are introduced.

-~

Lemma 5 Consider the tracking errors (es, és), the estimation tracking errors (&,¢) and
the estimation position and velocity errors (ep,é,), which are defined by (8), (11), and
(13).

Introduce the coordinate transformation defined by

g:=¢é-— éT) (20)
and
qg = es—(q
é— = és— q +Lplq (21)
é = €—¢ +Lp1 q “LpleIQ-

5



Define the vectors z,y € RS as

N I (22)
T . -T _ ;T - ~T )
Yy = [ q qT q T €y e{ ] ) (23)
then x and y are related by
z="Ty (24)
where
T 0 I —L,; 0 07
010 I 0O
001 0 IO
T= 0 00 I 01 (25)
000 0 IO
L0 00 0 0 I
Proof: The proof follows from the definition of the coordinate transformations. 0

In the new set of error coordinates, the closed loop error dynamics can be formulated as
follows.

Lemma 6 Consider the closed loop system formed by the slave robot (1), the control law

(9), and both observers (10), (12). Then, in the variables (e,,,en) (G,§), and (q,q), defined
by (13), (20), and (21), the closed loop error dynamics are given by

Ms(‘]s) éj‘f‘Cs(QSa(js) §+Kd g '{‘qu = _CS(QS’q.S)g’r] + Cs(‘]mgn) é'_’*‘
_Cs(QSa én)Lplq +Cs (QS7 QS)Lplq +
+Kgén + KaLp§ — Kpd +

+M(g,) (Lp1 § ~LpiLpd) (26)
d
-G = §-L 27
] G —Lpd (27)
d . .4 I
dt g = —Ms(gs)” le (G + &y) — Lp2q — Gim, (28)
d > 5
Zon = en— L,1é, (29)
d’.\ _ ~ A~ Ny TN ~ ~
%en M;(gs) 1{_Kp (q +én) — 2C5(gs,ds)én + Cs(gs, €n)én} — Lp2 (G + &y) - (30)
Proof: See Appendix B. =

4.2 Stability of the closed loop error dynamics

First we introduce a result that supports the stability analysis in the following subsec-
tions. This result is a modified version of a theorem by Chen and Leitmann (1987), (see
also (Berghuis and Nijmeijer 1994)), which states that a system is uniformly ultimately
bounded if it has a Lyapunov function whose time-derivative is negative definite in an
annulus of a certain width around the origin.



Lemma 7 (Berghuis and Nijmeijer 1994) Consider the function g(-) : R -+ R
gly) = ao — a1y + oy’ y € RY (31)

where a; >0, 1=0,1,2. Then g{y) <0 if y1 <y < y2, where

aq — (a% — 4a2a0) a1 + (a% - 4a2a0)

Y1 = 2002 3 Y2 =

S0y (32)

Proposition 8 Let z(t) € R* be the solution of the differential equation
©(t) = f(z(£),1)

with f(z(t),t) Lipschitz and initial condition x(to) = o, and assume there ezists a function
V(z(t),t) that satisfies

Py 2@ < V(2(®),t) < Pu ll2@®)]%, (33)

V(z(t),t) <lle@)ll - g (le@)l) <0 for all y1 < llz(®)l| < 2 (34)

with Py, and Py positive constants, g(-) as in (81), and y1, y2 as in (32). Define § :=

VPR Pyr. If yo > Sy1, then z(t) is locally uniformly ultimately bounded, that is, given
dm = 0y1, there exists d € (dp,y2) such that

|zo|| <7 =llz(®)]| <d for all t>ty+T(d,7),

where
T(d,r) 0 r<R
,T) = 2_p_R2 B
—af}%{:al}];_}ist R<r<é lyz
and R =6"1d.

Consider the vector y € R®" defined by (23), and take as a candidate Lyapunov function

1
V() =5y Py (35)
where P(y) = P(y)? is given by
i e { M(gs) Ao M (gs) ] 0 0 1
1 MoM(gs) Kp+ XKy
I p@I }
P(y) = 0 . 0 :
(y) [ ,U'(Q)I Lp2
I @)
0 0 R K
2 [ 7(677)] Lp2 A
(36)
€0, Ao € R are positive constants to be determined, and p(g), ¥(é,) are defined by
~ —H A 7
(@) : ° v(En) = (37)

1+ lgl)’ 1+ leyll

with po,7, € R positive constants to be determined, 1(¢), v(é,) are bounded, such that

—po S p(d) <0, and — <y(&) <0. (38)



Sufficient conditions for positive definiteness of P(y) are
K Ao, L 2 v
dm > ANoMs A, p2,m > MaX {.U'oa 'Yo} (39)

Therefore, conditions (18-19), with the boundedness from above of 1(§), v(é,), imply that
there exist constants P, and Pjs such that

1 1
5Pl < V() < 5Pu ol (40)

Along the error dynamics (26-30), and under Assumption 2, the time derivative of (35)
becomes

V(y) = —y Q)Y + By, ds, Gm) (41)

where
- T >y - T -1 -~ . -~
B (ya gs, Qm) = &0 (q Cs(‘]s; en) q +en Ms(Qs) (Cs(QSa en) - 203(‘]57 QS)) €n +
I . - ] > . -
+EoAo G M(‘]s)q + EvoqT <CS(QS7 en) - Cs(Qs: QS)) g+
T > . ~ T c N
—€o0 q (CS(QSa 6,7) - Cs(‘]s, QS)) Lplq — &0 4 CS(QSa QS)en +
_5o>\ho (GS(QSagn) - CS(QS7 QS)) Lplq - 50)\o‘jTCs (QSa ‘js)/é\n +

LT AT ~ _ ~ A\
+pqg g+ Y€y €n —+ ’Ye?;Ms(QS) ! (CS(QS7 en) - 2CS(QS7 QS)) ep +
T

G Gm — 1" Gm (42)

and Q(y) = Q(y)” is given by

Qu Q12 Qi3
Qly)=| QL Qn Q (43)

T QL Qs

with the block matrices
_ Kg— A\oM;(gs) 0
Qll - 80 [ 0 )\oKp

Qp =2 [ ~Mi(¢s)Lpn Ky — (Ka— Ms(as)Lp1) It ]
2 _)\oMs(QS)Lpl >‘0 (Kp - (Kd - Ms (QS)Lpl) Lpl)

Q . 6_0 —Ky 0
B=9 | XKy 0
Qg2 = —pl T % (MS(QS)—le + l‘Lpl)
3 (Ms(as) " Kp+pLp1)”  pMi(gs) " Kp + Lpz (I + Lyp1)
Qus = [ 1 0 Lo, 3M(a) T Ey ]
5 (MS(‘JS)_le + Lp2) 5 ((:U’ + ’Y)MS(QS)_IKP + ’YLpQ)

Q33 - _’YI T % (Ms (qs)_le + '}’Lpl)
L (My(gs) ™ Kp +vLp1)"  ¥Mj(gs) " Kp + Lpz (vI + Lp1)
To conclude stability of the variable y defined by (23), we require positive definiteness of

Q(y) and boundedness of the term B(y, §s, Gm) along the closed loop error dynamics, these
two requirements are developed in the following subsections.



4.2.1 Boundedness of 5(y, s, Gm)
First, from the definition of 1(q), v(é,) (37), it follows that

i g (i) & a <
=— < - 44
£q g M<1+l|c}l|)q §<—p||d (44)
T
AT €pe AT ..
2= (12 )4 < [ )
Then by boundedness of 1(g), v(é,) (38) we obtain that
LT 2|2 AT -~ 12
B4 G<pol|g|l , and Yénen < Yo enH . (46)

On the other hand, the definition of the tracking errors (8) implies that
gs = €5 + dm
Then, from the definition of g, (21), we obtain a relation between ¢, and ¢, which is given
by
q.s =q + q _LpIQ'f' q'm- (47)
Finally, the definition of the inertia matrix M (g;) implies that

d _ OM(gs) .
EM(qS) - aqs qs

hence, by property (5) and since g, appears like argument of sinusoidal functions in M (g;),
we can conclude that

M(Qs) =

< Mispm |15 (48)

My 5]l < |[92(a5)
where

M $,pm = H qS) S Ms,pM-

Then, (46-48), properties (5), (6), and takmg into account Assumption 3, imply that
B(Y, ds, 4m) is upperbounded by

B (Y, ds, dm) < Bo (un, Var, Apr) (49)
with
o (s Virs ) = <o [d” Qoo lall (Mopar ~ Cone) + Cope o ae i} +
[P ozt + ] - st + vie - 2y

+70(Ms mCS M+ 1)} + Lo

"~ coChne L m I ol + 2] +

WMQH{,W Coar) + Lot 1l (2 — Mopm) ) +
il (] + i) +
o[ () ottt (] )
—eoroCoaallal & || (4] + Var) = Ase (] - o ) +

stz o[ [ Jif = ).

+eoho

+Eoo

|VM( s,pM — CsM)+5oCs MLle“

9



where the vector yy € RS is defined as
T . s - ~ ~ > a 51
yv = |la|| lall {a| lal |eén] leqll |- (51)

4.2.2 Negative definiteness of V(y)

From the upperbound of B(y, ¢s, §m) (49), the upperbound of u(g), v(é;) (38), and con-
sidering the vector yy defined by (51), it follows that V(y) (41) can be upperbounded
by

V(y) < —ynQnyn + 51 (yn, Var, An) (52)

where the matrix @y = Q% is given by
Quy Qu2y Qusy

QN = Q%” Q%zN Q23 (53)
13n Q23N Q33N

with the block matrices

Qu. =¢ [ Kam — MM s —I0Var (M pps — Cisar) ]
o ? _%AOVM (Ms,pM - Cs,M) )‘oKp,m

Q12 __ & [ _Ms,MLpl,M Kp,m - Kd,MLpl,M + Ms,mLIQﬂ,m - Cs,MLpl,MVM :I
N =

E —AoMs,MLpl,M >\o (Kp,m - Kd,MLpl,M + Ms,mLzz;l,m - Cs,MLpl,MVM)

€o [ —Kam + Cs Vs — 296 M 7. Cs me,* 0 ]

Q13N = E _AoKd,M + AOCS7MVM 0

Q29 = [ . —Ho % (Ms_’r}‘),Kp,m + ,UoLpl,m) ]
N 5 (Ms_,r%-pr,m + ,UJoLpl,m) Nongth,m + Lp2,m (/110 + Lpl,m)

Qo3 = |: _'YoMs—,#zCs,M . %Ms_,r%zKp,m }
v % (Ms_,'ranp,m + Lp2,m) 5 ((No + ’YO)Ms:r%LKp,m + 'YoLPZ,M)

Q33 — —Yo (1 + MS_’%'LCS,M) + 2M3—:7}105,MVM %‘ (Ms_,r}zKp,m + 70Lp1,m) - 70M;;7}105,MVM
N % (Ms_y»,}zKp,m + ')’oLpl,m) - ’YOMS—";),CS,MVM ’YoMs_,»,}n,Kp,m + Lp2,m ('Yo + Lpl,m)

and (1 (yn, Var, An) given by
B (T \ =17 £ 1zl ¢ Coo N O &l +
FPLAYN, Vi, A]‘VI/ = & ”q” 1o 19l \u/[s,p]vj — U, M)+ Cs,prlipi M “q| i

Gl

2

|

|

—1 - 2 = o ~ H
~2Min o [ | ] + ] - Zowatal =T | +

~e0Cs, 1t L1 117 O Nl + (] + coCoune || || 4] (Zr.00 Nl = [[&])) +

oo || Il (@] (Mopar = Conr) + Zpvae ldll 2Cs.00 = Mogm)) +
+eoroCs,u Nl @] (Lovaa Nal = &) = 4w (g - moti@t). 69

If the gains Kg, Kp, Ly1,Lp2 and the constants €,, Ao, tho, Yo satisfy conditions (18) and
(19), then Qn given by (53) is positive definite. Therefore (52) and (54) imply that

V(y) < luwll (c0 — Qum llywl + s lynll?) (55)

10



where @y, > 0 is the minimum eigenvalue of @y, and ag, ap are given by

a0 = (1+ /o) vVAn (56)

ay = (€04 /o) ( CsvrLpt m + \/)\o(Ms,pM -+ CS,M)) + 2M5_,T%105,M ( Lpip + ——

+ (1 + \//\_o) (soCs,MLI%LM + \/eoOS,M) +
+\/5o>\oLp1,M(\/Os,M + \/20$,M + Ms,pM)

Then the right-hand side in (55) corresponds to (34), and together with (40) and proposi-
tion 8, allow us to conclude uniformly ultimately boundedness of yy (51) and consequently
of y (23), and thus, by (24) we can conclude that the original state z given by (22) is uni-
formly ultimately bounded.

Moreover, oy depends explicitly on Ly ar, such that yo defined as in proposition 8, can
be made small by a proper chose of Ly a7, and thus the upperbound for the closed loop

errors €, e, €, €, €y, é, can be made small. Notice that the minimum value for y; is given
by Qnm/(2a2), such that this minimum value depends on the minimum eigenvalue of Qx
(63), which depends on K .

On the other hand, a region of attraction is given by

B={xeR6” | ||x|1<“7;1—2“,/§—:;}. (58)

where T is given by (25), Py, Py are defined by (40), and y2 as in proposition 8, with
(34) given by (55). The region of attraction B (58) is proportional to ys, such that the

region B can be expanded by increasing ys.
[ |

5 Simulations

The master (m) and slave (s) robots considered in the simulations are planar manipulators
g; € R?, i = m, s, with revolute joints, working in the x-z plane. The dynamic model is
given in Spong and Vidyasagar (1989), and their parameters are listed in the following
table '

Table 1. Parameters of the master (m) and slave (s) robots.

m (mass) [Kg] | I (mass centre) [m] | i (inertia) [Kgm?] | I (length) [m]
link 1 (m) 10 0.54 0.02 1.0
link 2 (m) 7 0.42 0.01 0.8
Tink 1 (s) 12 0.6 0.05 1
link 2 (3) 5 0.5 0.03 0.8

The controller for the master robot 7, is the adaptive control law proposed by Slotine
and Li (1987). The desired trajectory for the master robot is given by

1+ 0.25sin(wt)

94(®) = | (.8 +0.25 cos(wt) [rad]

with w = 0.5.

11



The initial conditions for both robots and the observers (10), (12) are listed in tables 2

and 3.

Table 2. Joint initial conditions.

joint 1 (m) | joint 2 (m) | jointl(s) | joint2 (s)
4(0) [rad] 0.8 1 138 0.1
4(0) [rad/s] 0.4 0 -0.2 0.5

Table 3. Initial conditions for observers.

joint 1 | joint 2
és(0) [rad] 0.5 0.8
&(0) [rad/s] | 07 | 04
7©) [rad] | 05 | 0.7
4s(0) [rad/s] | 0.4 0.2

The gain matrices, involved in the controller (9), and both observers (10), (12), are con-
sidered to be of the form kI, where k is a scalar and I € R?*2, The scalars associated with
these gain matrices are chosen to be

Table 4. Controller gains.
K, | Ka | b1 | A2 [ I
100 { 10 | 50 | 50 | 50

Ly
50

As it is shown in figures 3, 4 the tracking errors are uniformly bounded, as well as the
estimation errors, which are shown in figures 6 - 9. On the other hand the simulations
were run for different values of the gains, it was observed that by increasing the gains
K, Ly, the bound of the closed loop system can be made arbitrarily small, at the same
time by increasing K, the convergence time can be decreased. And thus, we can conclude
that the performance showed in the simulations agrees with the stability result obtained
in Section 4.

Joint positions g1s, g1 [rad) Joint positions ¢us, gom {rad]

9om

1 L
20 25 30

15 15
Time {s] Time [s]

Figure 1: Joint positions qis, q1,, and gz, gom.
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Tracking position errors ey, es, {rad]. oot -
1 ——— . — :
08| |
2038 B n :
: » ; ; ; I I
1 H H i ; H H 10 12 14 6 18 22 22 E3 28 El
ik i

Joint velocities ¢is, Gim [Tad/s]

Joint positions gas, gam [rad/s]

. T . . T .
o i
05 ;
=
=3 : : :
S : : :
& : : :
15 i : :
£ : : :
g2 H : B
& 2
; ; ; ; ; ;

o 5 15 20 25 30 [ 5 25 30

Time [s]

15
Time [s]

Figure 2: Joint velocities ¢15, ¢1m and gas, Gom.

Tracking position errors ey, €y, [rad).
T T : : : ; . :

L : 1 20
4 5 [ 8 ) 10 Time {s]
Time [s]

Figure 3: Tracking position errors ejs, eas.

Tracking velocity errors éy5, €y, [rad/s].

‘Traclk(mg v'elomt‘y OITOTS €1, €25 I[rad/ 's] B

o
-0.005 E
H H H : H : H -0.01 - v y . v L L i
H H H H H H H 10 12 14 16 2 2 28 30

4 5 6
Time [s]

Figure 4: Tracking velocity errors é;5, €2s.
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Input torques 715, 7o, [Nm).

T T T
700 H 1
600 : 7
500} : 1

o 1 2 s [ s 10
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Time [s]

Figure 5:

Master pos. est. errors ¢im — Gim, Gom — Gom-

1
= )
IS
&
g i
&
| osf T
£
S
o
5 06 1
g
=
>
| o4 7
g
=
o<
. N N U S S B

4 5 6
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Input torques 715, 725 [N0).

~ i H ; H ; i i ; H

10 12 14 16 18 20 22
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Input torques 7y, To;.

wio® Master pos. est. errors Gim — Qum, Gorm — om-
T i T T T [ T
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S | A

R Il
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Figure 6: Master position estimation errors G, — Gim, Gom — gom.-
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Figure 7: Master velocity estimation errors a1m
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<o Slave position estimation errors éy,, &, [rad].
, ; . : T ; - ; "

Slave position estimation errors éi,, é3, [rad].
—— TP
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IS
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Figure 8: Slave position estimation errors €i,, €2;-

Slave velocity estimation errors 'éln,gzn [rad/s].

Slave velocity estimation errors ’é\l,,,gzn [rad/s]

Q
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& =
&
& i)
(D ‘§4,02
& [
()

6 18 20 22
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Figure 9: Slave velocity estimation errors €1y, €2;-

6 Remarks and discussion.

e It is important to notice that the proposed control law gives rise to coordination in
the joint space. Coordination in the Cartesian space is obtained only in the case in
which the length of the links of the slave robot are equal to the corresponding links
in the master robot.

e In the state space representation (69), (70), the state 7y has been partially substi-
tuted, this is done as to take advantage of the available information in the system,
i.e. the position measurement gs.

e The variables g, fj, defined by (20), can be interpreted as the estimation error in
the joint variables of the master robot ¢m,¢m, and thus, q,é give an idea of how
good the estimation of the master robot variables can be made based on measured
and estimated variables of the slave robot. So, the slave robot, under the proposed
controller, can be considered as a physical estimator for the master robot dynamics.

e The uniform ultimately boundedness result is of local nature, with region of attrac-
tion given by (58). This region of attraction and the bound for the closed loop errors
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depend on ys (see proposition 8 and Subsection 4.2.2) in a proportional way, such
that by expanding the region of attraction, the upperbound for the closed loop errors
increases, and thus a compromise has to be done.

e In order to fulfill conditions (18) and (19), some bounds of the slave robot struc-
ture and the master velocity and acceleration must be determined. Even without
knowledge of these bounds, the closed loop system can be made uniformly ulti-
mately bounded, by selecting the control gains large enough. However, such high
gain implementations are not always desirable in practical circumstances.

7 Conclusions

In the present paper we have designed a control scheme for coordination of robot ma-
nipulators that requires only position measurements. The control scheme is formed by
a feedback controller, which utilizes estimates for the tracking errors, as well as for the
velocity and acceleration variables, these estimates are obtain by two nonlinear observers.
The resulting closed loop system was proved to be uniformly ultimately bounded. Also a
relation between the bound of the errors and the design parameters was given, which can
be used to guarantee the desired tracking accuracy.
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Appendix A

Consider the matrix Qy given by (53); AQ; represents the determinant of the ¢ — th
leading minor of Q. Sufficient conditions for positive definiteness of Qn are given by
(18-19), with e46, Lip2qa, Lp2gss Lp2ges Lip1gs, Kpe2, Kpgs, Kagr, Kag3, Kags, Kage given by

qul = Ao-Zu:s,M7
2
K _ AOV]\%(MS,IJM_CS,M)
P2 — K4 m—AoMu ?
2
K . _EvoLpl,MMsz,M
pg3 — 8uo ’

K43: denotes the solution of the equation AQ3 = b1 Kgg3 + b2 = 0, with b1,b2 the
resultant coefficients in the factorization of Kg4,, in AQ3, and Ky, substituted by Kggs-
Lpoqs: denotes the solution of the equation AQ4 = ajLpzgs + az = 0, with a1, a2 the
resultant coefficients in the factorization of Lyo m in AQ4, and Ly, substituted by Lpjog4.

v/ 8€0 A0 Kp mlto

Lpigs = o,
Kggs: denotes the solution of the equation AQs = c1Kggs + c2 = 0, with c1,¢2 the

resultant coefficients in the factorization of K4, in AQs, and Ky, substituted by Kggs.
Lpags: denotes the largest solution of the equation c¢; = dy + d1Ly2gs + d2L§2q5 = (),
with ¢; as in Kygs; do, d1,dy the resultant coefficients in the factorization of Lpg m in c,
and Ly, substituted by Lpags.
Kg46: denotes the solution of the equation AQg = r1Kgee + 2 = 0, with r1,r2 the
resultant coefficients in the factorization of K4, in AQs, and Ky, substituted by Kgg-
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gq46: denotes the solution of the equation 71 = s1646 + s2 = 0, with 71 as in Kyg; s1, 52
the resultant coefficients in the factorization of ¢, in r1, and g, substituted by cg.

Lpags: denotes the largest solution of the equation s1 = t,+t1 Lpogs +t2L§246+t3L§’,2 6=
0, with s as in eg4; to, t1,%2,t3 the resultant coefficients in the factorization of Lys p, in
s1, and Lpg ;, substituted by Lyoes-

Appendix B

First, we obtain the error dynamics in terms of the tracking errors (e, €;)
tracking errors (€, ¢é), and the estimation position and velocity e
we consider the coordinate transformation defined by (20), (21).
Tracking error dynamics

Substitution of the control law 74 (9) in the slave robot dynamics (1) yields the closed
loop error equation

-~

Ms(‘]s)@s + CS(QS7 gs)gs = Ms(‘]s)/‘.]\.m + Cs(qs@)qm - Kd/é\s - ers

by adding and subtracting Kgés + Ms(qs)Gm + Cs(gs, ds)gm, and considering the tracking
errors defined by (8), this equation results in

Ms(‘]s)és + Cs(Qs; st)és + Kgés + ers — Ms(Qs) </q\m - Qm) + CS(QS;Es)Em +
_Cs(QSa QS)Qm — Ky (gs - és) - (59)

From (8), (11), (13), and (14), the following equalities can be established

>

Gm —qm =

€ —éy
Gm—Gm = E—6 (60)
dm - Qm = €— én
Considering (11), (13), (60) and property (4), it follows that
Cs(‘]saas);].\m - CS(QS) QS)Qm = Cs(Qsa QS)E - 203(‘137 (js)gn + Cs(ngn)gf] —+
+Cs(gs, €n)és — Cs(gs, €n)é. (61)
Substitution of (61) in (59), and considering (11), (60), yields
Ms(‘]s)és + Cs(‘]s, QS)és + Kgés + ers = Ms(‘]s) (g_gn) + Cs(QS7 ‘js)/é\+
—2Cs(QS7 (js)gn + Cs(‘ls’grl)gﬂ +
+CS(QS7 én)és - CS(qS7 en)e +
+Kgé (62)

Estimation tracking error dynamics

If the states z1,72 € R" are defined as z1 := e, 22 := €5, then (62) has the state space
representation

d
Ewl = T2 (63)
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Z‘l—th = Ms(Qs)—l{_Cs(QSaq.s)$2 — Kgzo — prl + MS(QS) (/e\—/c;n) +

+Cs(gs, Qs)g —2C5(gs, q's)/é\n + Cs(‘]sagn)gn + CS(QS,/é\n)f@ -+
—Cs(gs, én)e + Kaé} (64)

and the estimation tracking errors (11) in 1, 2, are given by

~ -~

=1, —6,  &=my— s (65)

Therefore, from (63), (64) and the nonlinear Luenberger observer (10), the estimation
tracking error dynamics are given by

d ~

%6 — T_Ae

7 é 16

d".\ -1 . o~

%e = Ms(‘]s) {_Os(q87 QS)$2 — Kgzo — Kpl'l -+ Mg(‘]s) (e - en) +

+CS(QSa qs)/é\_ 2C; (QSa q.s)/é\n + CS(QSagn)gn + Cs(Qs;é\n)JI'Q +

—Cy(gs, én)é + Kgé + Cy(gs, 45)€s + Kaés + Kpés} — Agé.
Considering (13), (60), (65) and after a straightforward computation, these equations
reduce to

e = €—Are (66)
d’.\ _ ~ NS RNy ~
i M(gs) " H{—Kpé — 2C5(gs, 4s)én + Cs(gs, én)én} — Aoé (67)

Estimation velocity error dynamics

From the definition of the tracking errors (8), it follows that
gs = €s + dm.- (68)

Therefore, if the states 21,29 € R are defined as z1 := ¢s, 22 := ¢, then from (62) we
obtain the state space representation

d
4. = 69
dt”! #2 (69)

d — . . o o
—(Ezz = M,(q,) 1{_Cs(qs,zQ)es — Kgés — Kpes + M(gs) (e - e,,) +

+Cs(q$; 22)2_ 2C; (QS; 2'2)21; + CS(QSagn)gﬁ + Cs(@s;/é\n)és +
_Cs(QSa én)é + Kdé} + gm (70)

and the estimation velocity errors (13) in z1, z9 are given by

o~

éy = 21 — s, €y = 22 — - (71)

So, from (69), (70) and observer (12), the estimation position and velocity error dynamics
are given by

d . ~ A

o én — Lp1é&y

d’.‘ — . . o o
Een Ms(‘]s) 1{_Cs(q5’ 2’2)63 — Kgés — ers + Ms(qs) (e - en) +

+Cs(q$y z2)g - 203(%7 Z2)g77 + Os(QS7gn)€n + C (stgn)és +
‘“Cs(Q.s, én)é + Kqé + Cs (QSa QS)és + Kgés + ers} - Lp2én + Gm
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considering (13), (60), and (71), these equations reduce to

d ., > .
Een = 67] - ple,, (72)
d - d ~ =~ -1 -~ ~ . .

oo = %(e —én) + M;(qs) " {—2Cs(gs, 22)éy + Cs(gs, €n)én} — Lp2éy + G- (73)

Finally, from (67) and (73), it follows that

d -~ .
d ~

—é = My(qs) " {~2Kpé — 2C;(gs, ds)én + Cs(gs: €n)én} — 2828 + Lpoéy — im (75)
where the fact that z9 = ¢, has been used.

Coordinate transformations

Consider the coordinate transformation defined by (20), subtraction of (67, 74) from (66,
75) gives rise to the dynamics for g, q

d

o _ ;_L -
dtq q p1q

d - _ . - .
Eq = —M,(gs) le (q+6n)_Lp2q—Qm

where Assumption 1 has been used.
From (67), (74), it follows that

d

Sen = & Lpéy
d’.\ _ ~ ~ PR TN ~ ~
o My(gs) " H{—K, (§+ &) — 2C5(gs, 4s)én + Cs(gs, €n)én} — Lp2 (G + &p)

And on the other hand, the tracking error dynamics (62) in g, g,q is given by
Ms(Qs)és + CS(QSaq.s)és + Kqé, + ers = Ms(‘]s) é-I‘CS(QS)q.S) q +
_Cs(QSa q's)/é\n - Cs(‘]sa/é\n) q -+
+Cilgs, En)és + Ka (§+8,) . (76)

Then, by adding and subtracting Kpq+ Cs(gs, QS)Lplg+Kdelq+M(QS)(Lpl q —Lp1Lp14)
from (76), and considering the coordinate transformation defined by (21), it results in

Ms(‘]s) é"‘CS(QSaq's) (j"‘Kd q_ +qu = _CS(QS7q-S)g7] + Cs(q.s*ygn) (.?“‘
~Cs (‘Is; én)Lpl(i +Cs (q$7 q's)Lpl(j =+
+Kgéy + KqLp1d — Kpg +

+M(Qs) (Lpl q~ _Lplelq) -
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