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List of principal symbols,

X5 ¥y 2 3 = cartesian coordinates

Ey Ny &

Py Oy Z = cylindrical coordinates

r, 6, ¢ = gpherical coordinates

I;, T;,'T; = unit vectors in spherical
coordinates

E = electric field vector

H = magnetic field vector

A = magnetic vector potential

F = electric vector potential

dA’ by = scalar potentials

u = permeability; oxder of
agsociated Legendre functions

€ = permitivity

k = %} = w/;; ‘ = wave pumber medium

W = angular frequency of wave

A = wavelength

k =k dl- 62/k2 in a circular waveguide

Yy=a+ B = propagation constant

o = attenuation constant;
top angle cone

g = phase constant

vp = phase velocity

Ve = group velocity

Bv(z), Jv(z), Yv(z), Hv(z) C o= solytions to Bessel equation
of integer order

bv{z), jv(z), yv(z), hv(z) = solution_to Bessel equation

: of fractional order

LB, Pt, Qt = golutions of Legendre functions

v = order of Bessel equation;

: degree of Legendre equation

h(uQ) = harmonic function

n = normal vector

.85 = Poynting vector

X = angle of diffraction

k(y) = inclination factor
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Summarx

This report comprises a fundamental study of the near fields

of a conical horn antenna, For this purpose the field components
of the conical horn are deduced from Maxwell's equatioms.

It appears that it is possible to approximate the aperture
field of a finite conical horn antenna from the fields within
an infinite conical horn.

From the radiating antenna aperture the fields outside the
antenna can be computed and compared with the various measuring
results.

In this way a clearer insight is obtained into the usual
approximations which are related to the flare angle and the

length of the horn.



1. Introduction

Horn anteénnas are well known as primary radiators for large
parabolic antennas. Recently the conical horn antenna has
become more popular in large reflector antennas owing to

its properties of symmetry. The formulae concerning the
properties of conical horn antennas with relation to their
aperture field are mostly approximations. Most authors
(refs. 14, 13) indicate that the aperture field of a conical
horn antenna is similar to that of a circular waveguide but
with spherical wavefronts. It is further explained that the
approximations are valid if the flare angle of the conical
horn is small and the horn itself long. Mostly, further
information with regard to the length of the horn and the
limitations of the flare angle is not available, It is the
purpose of this paper fo investigate the expressions used
and the influence of small flare angles and large apertures.
Therefore, in Section 2 the field equations within the conical
horn are deduced from Maxwell's equations, using electric
and magnetic vector potentials., It is further investigated
what requirements are to be made on the horn parameters in
order that the aperture field may be represented by fields
of a circular waveguide with spherical wavefronts.

The near field radiation pattern of the horn antenna is
discussed in Section 3 and especially the equation

- ik = N
EP=-1-1; E, (1+0.1)=— .ds,

referred to by several authors (refs, 13, 14, 15), using the
zone construction of Fresnel,
This report comprises part of the graduate work of Koop (ref.19).
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The aperture field of a conical horn antenna

Introduction

An antenna is capable of maximum power transfer if the radiation impedance
equals that of free space, viz, 120w ohms. In microwave engineering it is
common practice to use horn antennas with a diameter much longer than the
wavelength, In that case boundary effects may be neglected if the

radiation impedance of the antenna equals that of free space.

In this chapter we shall discuss how the dimensions of a conical horn

antenna are to be chosen so that it is well matched to free space.

We will also discuss the aperture fields of a conical horn antenna, to see
under what conditions the aperture fields can be approximated by the
fields of a waveguide with circular cross-section but with spherical wave

fronts.

Vector potentials

In a homogeneous source-free region with the restriction of time dependence

jut

to the time factor e , the field will satisfy the following Maxwell

equations:

vV x E + jwuﬁ = (2.1)
Yy xH - jueE = 0 (2.2)
v.E =0 (2.3)
VVE=0 . (2.4)

These equations can be solved by introducing vector potentials. Any
divergenceless vector is the curl of some other vector; therefpre,
as VH =0

H=Vxa, (2.5)

where A is called a magnetic vector potential,
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In the same way the electric field E can be represented by

In analogy with A the quantity F is called the electric vector
potential. It is also possible to represent the field by a
combination of both vector potentials A and F, Part of the field

will be expressed in A, the remaining part in F (ref. 1).

Magnetic_vector potential

Substituting Eq. (2.5) in (2.1) we obtain
v x (E+ jupld) = 0 .
Any curl-free vector is the gradient of some vector, hence

- juph - Vo

[oo]]
[}

A »

where @A = ¢A(x,y,z) ig an arbitrary electric scalar potential.

Substituting (2.5) and (2.8) in (2.2) gives

VxVxK—‘k2K=-jwev¢A y
the frequently encountered parameter k = 3% = yw/pe and is called
the wave number of the medium.
Depending upon the coordinate system used, a value of A has been
chosen, in such a way that the simplest solution of Eq. (2.,9) is
obtained. For rectangular coordinates, this equation becomes by
a vector identity

7(V.A) - AA - KR = - jueve, - |

For cartesian coordinates the best choice appears to be
V-K - 'jLuE@A .

simplifying Eq. (2.9) to

2

AA + KA =0

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)
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This equation is known as the Helmholtz equation or complex wave

equation,

Electric vector potential

From Eq. (2.2) and Eq. (2.6) it is readily found that

H=- judF - Ve (2.12)
where éF is an arbitrary electric potential. If Eq. (2.6) and
Eq. (2,12) are now substituted in Eq., (2.1) we obtain
= 2= .
Vx Vx F - kF = - juuve, (2.13)
being similar to Eq. (2.9).
The principle of duality
The results obtained in Sec. 2.2 have been collected in Table 2.1 .
Table 2,1, Table 2.2,
magnetic vector potential A | electric vector potential F
H=VvxaA E=-VxF A F
VxH= juE -~V x E = juul E H
-V x E = juuH Vxf = juek B -E
E = V._=
V.E 0 H 0 QA 'QF
VH=0 VE=20 £ u
VxVxK'-kZK--jmsaA vaxi‘-k2§=—jmuvq>F u €
EA = = jwuA = V¢A HF = -jweF - V¢F k k

As will be noticed the equations with electric or magnetic vector
potential have the same mathematical form, therefore, their
solutions will also have the same mathematical form. In this case
they are called dual quantities. In table 2.1., equations for the
magnetic vector potential are obtained by systematically inter-

changing the symbols, in accordance with table 2.2.
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It is often convenient to divide a problem into two dual parts,

For example, the Maxwell equations can be

position of the equations derived in Sec.

let E, and H, be the fields belonging to

A A

fields belonging to F, then the following

jmsEA

V= ﬁF = jweEF

<
P
e

1

H

regarded as a super-
2,2,1 and Sec. 2.2.2;
A and EF and ﬁF the

equations are obtained:

=Hy *H

= jwuﬁA

juuly .

The total solution, being the superposition of the two partial

solutions, becomes:

H=vVxaA-+ wj—-V xVzx f-_

Jwu

Em-VxF+-—VxVxA
Jwe

(2.14)

(2.15)

Depending upon the purpose we can carry out the calculations in
the case of F 2 0 and A 20 or F 20 and A= 0

The vector potential in a spherical coordinate system

Spherical coordinates are most suitable to describe field equations

Fig. 2.1 Geometry of the

coniecral horn

of conical horns and conical
waveguides, If we place the
apex of a cone in the origin
of a spherical coordinate 7
system (Fig. 2,1) and if we
use the z-axis as the axis
of symmetry, the equation

of a cone with a top angle o
will be

b=a , (2.16)

We will first carry out our

calculations in the case that
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=0 and A # 0. In a spherical coordinate system A = (Kr’ %, I¢),

where
Kr = Kr (r, o ¢) 1]-1_ s
K@ = (r, o, ¢) ?l.-e ’
A¢ = A (r’ @] ¢) ¢ »

Er’ Eé and I¢ being the unit vectors ina spherical coordinate
system. As we are free to choose A and as we want the simplest
expression possible, we let A depend on one coordinate only,

hence

1-\=AT and Fz=0 .,
r'r

In a gpherical coordinate system (see Appendix B)

_ | | BAG N T L
VxA=;-m BG(ASLHG)“3¢ +——-.-—_--—.——'-(rA)'

24| _

1]
Sl -GV vl RO

As A depends only on the coordinate r, Eq,(BY reduces to

T 1 BAr T 1 3Ar T
vx (Arlr) “Teino "3 o TI0 ’ (2.17)
In accordance with Eq. (2,5) the field vector H can now be written
in its spherical components:
Hr = O (2.18)
1 aAr
He ® T sin g 9¢ (2.19)
1 aAr
M e e ——— 02
H¢ T T3 . (2.20)

The components in spherical coordinates of the vector A can be
found from the equations (2.18), (2.19), (2.20), (2.5) and (B3)

giving
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_ ) 3 gin © BAr 3 1 BAr
VxVx A)r T Em B |58) Tt " "86( 3% )r sin O 39 (2.21)
N
(VxVxA)B= T 3% (2.22)
_ 1 32Ar
OxVxB, =coms - e - (2.23)
We are now able to solve Eq. (2.9) if the quantity V@A is also
written in its spherical coordinates., For that case we will use
equations found in Appendix B:
v, = iié i+ 1-3i§ T+ ---—1———-Efé I B.1)
A or 'r T 30 Tsino? 1 ' )
If we substitute the equations (2.21), (2.22), (2.23) and (B,1),
the © and ¢ components will give rise to the following equations
82-Ar 3¢A ‘
w5 " - v 55 (2.26)
and
azAr 3¢A
m = - Jue —a? * (2.25)
The quantity QA is still an arbitrary scalar [éq. (2.8)]. If we
take '
BAr
- JweéA = 57 ) (2.26)

the equations (2.24) and (2.25) become identities, If we substitute
in Eq. (2.9) the equation E = E%E VxH and use for ¢A the Eq. (2.26),
it is readily shown that

E o= o] azAr + kA (2.27)
r Jue ar! T . :

The © and ¢ components of the field vector A can be derived
immediately from the equations (2.22) and (2.23) as E = "j":')? vxVxk |
giving 2
1 8 Ar

EO - Joet TR T (2.28)
1 aZAr

E¢ " Juwer sin @ BT 59 . (2.29)




_2 l7-

Expanding Eq. (2.9), if we use the r component of Eq. B,1 for
the.scalaF N (?efil, p{267) and Eq. (2.21), the r component
of Eq. (2.9) becomes

2 2

8 AL 1 3 34 1 AL o
+ 35 )50 G55 (* 53 7 +kA =0

ar2 r2 gin @ r” sin” & 3¢
This equation represents the scalar Helmholtz equation for
spherical coordinates and it can be shown that the equation

is equivalent to

By, + kzwA =0

A .
where wA = —E is a solution of the Helmholtz equation,

The Helmholtz equation in spherical coordinates in WA’ namely

2
1o J2al, 1 s ) Al 1 P
;E x ar rzisin 0 %8 9 r2 sinz_e B¢2

A

can be solved using the method of separation of variables, if we
let

¥, = R(x) H(®) ¢(4),

This method has been described elsewhere (ref.l, p.265) giving

the following trio of separated equations:

2

1 d . dH , __N -
Rl smede ) vlv + 1) —— H=0
sin @
2
) 2
+ 0 =0
ay?

p and v being separation constants,

Eq. (2.33) is related to the Bessel equation., The solutioms are

+ k2¢ =

{2.30)

0

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)
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called spherical Bessel functions with an arbitrary solution‘bv(kr)

related to cylindrical Bessel functions by

by (k) =\ - Byyy (1) (App.C)

Eq. (2.34) is related to the Legendre equation with the solution

LU

y cos © (App.D)

Eq. (2.35) has harmonic solutions like cos po, sin ué, eJu¢*
E_Ju¢; etc,, or commonly named h(u¢) .

If Ar = rwA we have solutions such as
u
Ar = krbv_(kr). L, cos 6. h(ug) (2.36)

A possible cheice will be (see also Appendices C and D),

s =k (D () + epSP )} (g, (cos ©) + ¢yQf (eos O} x

xl{C5 cos ug + C6 sin wo} . (2.37)

The same procedure can be followed if A = 0 and F = FrIr'

In accordance with the duality principle we shall find in that
case that Er = (0, We may draw here the conclusion that these
waves are TE to r. In the same manner the equations (2.18) to

(2.20) prove that A = ArIr’ and F = 0 gives waves TM to r.

Field components in spherical coordinates for an arbitrary field

Generally A = Arlr and F = F.i.. In the case that both H_ 20
and Er # 0, we choose Ar so that it gatisfies:

BZA .
1 by 2
Er = -jTE- -—;:2' + k AI (2.27)

In the same way we choose F. to satisfy the dual equation of Eq. (2.27)

viz,

H o= e _J.+k2Fr (2.38)
r  Jum 2
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of a TM and a TE field expanding Eqs.(2.14) and (2.15) (ref.1,p.269).

If Ar exists and Fr z 0, the field will be TM to r; if Ar g0

82A .
1 r o, kZA
JWE N arz T
BZF
ﬁl—' L kzF
Juu ar2 T
aF 32A
_ | r o, 1 T
r sin © 9¢ jwyr 3r 80
2
) BAr 1 ] Fr
r sin ©® J¢ jwer dr 30
2
1 BFr 1 3 Ar
r e jwer sin ©  3r 36
1 A BZF
1 o, 1 r
r 30 jwyr sin © dr 3¢

and Fr exigtg, the field will be TE to r.

The field components within an infinite long conical waveguide

with circular cross—-section

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

The field equations which have been deduced in the previous sections

can very well be used to calculate the fields within a circular
conical waveguide. For this purpose we will consider the field

components of a wave which is propagated in the direction r for

r > 0.

Pirst some modifications to the solution supplied by Eq. (2.37) of
the differential equation (2.9) are introduced.

The harmonic solution h (u¢) can only exist if u is an integer.
The solution is still arbitrary if we choose p=m and m > 0.

A further simplification might be achieved, if the coordinates

are taken in such a way that h(m¢) = sin m¢.

The arbitrary solutions of the Legendre equation Lﬁ (cos®) can

be further limited if we notice that Lz {cos@) should be finite
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for 0 < @ < 7, In that case (see App. D)
m m
Lv (cos ©) = Pv ( cos ©),

where v can be found from the boundary conditions.
Finally, as we consider long distances r, where a travelling

wave in direction r should be present,

bv (kr) = héz) kkr) s being a Hankel function
of the second kind (App. C).

A possible solution for Ar and F will be

A =C, .kr . h\()Z) (kr) B (cos ©) sin m¢ | (2.45)
F =C kr h(z) kz) P®, (cos ) sin m (2.46)
r F° V! ) Py by .

where v is found from the boundary conditions for TMr waves

and v' from the boundary conditions for TEr waves,

Using recurrence relations for br (kr) (see Appendix C3.5), we
find that

%; [%bv(x)]= b, (x) + xb! (x) (2.47)
& b, (x) | = .b (x) I-"-(‘” D 2.48
-d—;f xv(x -xvx —-—--x—z-—-—— (- )

I1f Eqs., (2.47) and (2.48) are used in combination with the
Eqs. (2.39) to (2.44), we find the following field components

for ™ waves

E_ = -jc, YL 1D () 27 (cos 0) sin mg (2.49)
B =0 (2.50)
E, = jo, <28 [h\fz) (ke + ke h\Ez)'_ (k.r)-_| P® (cos 6) sin mp  (2.51)
Hy = C, ﬁ"-ﬁ—ﬁ h\()z)' (kz) P (cos ©) cos mé (2.52)
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. mk 2 '
E¢ = -_‘|CA EE?‘EEET5{§§ }(k?) + kr héz) (kr)] Pf cos@ cos m¢ (2.53)

H¢'= C, k sin 0 h\Ez) (kr) P‘:' (cos 0) sin mé . (2.54)

For TE waves we will find

E_ = 0 (2.55)
1 L)
B_ = -iC, %:_}) 2% @) P, (cos 0) sin mo (2.56)
2
Ee = —CF EE%&E‘ h&,) (kr) P:' (cos Q) cos mp 2.57)
. .ksin © 2 ‘ . ! ! .
Hy = iCq ——EE%}EL [}é,) (kr) +kr hé%) (kr)] P?, (cos 9) sin mé
: (2.58)
E¢ = -CF k gin © hi%) (kr) Pﬁz (cos 0) sin m¢ (2.59)
. mk 2 2)!
H¢ = —JCF rsin [hg,) (kr) + kr hé,) (kr)] Pﬁ, (cos ©) cos md .
(2.60)

The boundary conditions can be found agsuming that the waveguide
boundary is a perfect conductor. These conditions require that
the tangential component of the electric field vanishes at the
boundary, Therefore, there will be no tangential electric field

component at the surface of the horn or E, = 0, and consequently

¢

the boundary condition for TM waves will be
P® (cos 8) . =0 (2.61)
v ° Oma *

and for TE waves

[g-e- P?:, (cos 9)]e=a = - gin o Pl\]:: (cos a) , (2.62)
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Characteristics of conical waveguides

In this section some characteristic quantities of conical waveguides
will be discussed, to obtain a clearer insight into the physical
behaviour of the fields within a conical waveguide, Partly the

work of Barrow and Chu (ref. 2) and Schorr and Beck (ref. 3) will

be dealt with in this section as well.

Tﬁe propagation constant for exponentially propagated waves

Y, =9, * Bv’ where a is the attenuation constant and Bu the
phase constant, may be defined as the logarithmic rate of decrease

of magnitude and of change of phase

au ]

= 3T MU (2.63)

<
el

where u represents any component of the field and the wave is
propagated in the direction r.

It can be proved (ref. 2) that for increasing r where r »>> A, the
phase constant g and approaches k,

The phase ?elocity vé and the wavelength Ah ofzthe waves within
the horn are given_P? vp = wle and Ah(u,r) = EE ;

the group velocity Vg is given by Vg = dw/dBv. v

The characteristic wave impedance in the radial direction is given

by
E E '
e . ¢
Z(t)==— =~ . (2.64)
v H¢ He

From the Egqs. (2.49) to (2.60) it is readily seen that Zv is
independent of © and ¢ but it is a function of the cone angle o and
the mode v.

It is common practice (ref, 4) to distinguish 3 regions in which
yv(u,r) and Zv(r) have a different behaviour.

In the region kr << v + } the phase constant g << 2r but it

A
increases rapidly with r until it approaches the value 2n which

X
is the phase constant in free space. The group'velocity is very
low, almost zero. Therefore the signal will be'propagated at a
low velocity. The waves have apparently a hybrid character,

being a mixture of standing and travelling waves (ref. 2),
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This region is often called the attenuation region.

The wave impedance is mainly inductive for TE waves and
capacitive for TM waves, If r is increased, the real part
of Zv increases as well, while the imaginary part decreases,
It has been found by Schorr and Beck (ref, 3) that the wave

impedance in the attenuation region can be approximated by

B 2v+2
- \/'_fx_ me(2v + 1) (Ex .5 (2.65)
\)’E E L\J P(\) + i) . P(\) + %) ( 2) ;;E
Z (B- . x(2v + 1) (E ZV— bA2 (2.66)
vt ST+ ) LT+ %0 2 kr

I' being the gamma function as explained elsewhere (ref. 5, 6.1.6).

Within the region kr a v+} the impedance becomes more real,

Bucholtz (ref. 4) has calculated for TE waves and kr = v+}
1

— -1

2
Tz 3 .
— \lH 3 6 .
Zv’En-v;.ZRl—;—.v—_'_{ (J_‘/B)'U%-'{ )
3

where

2
r(x)
el ags ] (2.67)
1 2.68
T(§9

For our purpose the transmission region kr >> v+} is most important,

The behaviour of the waves in this region approaches asymtotically

to that of travelling waves in free sgpace,

If r decreases, and consequently the radius of the horn increases,

the influence of the walls of the cone becomes smaller.

For both ™ -and TE waves the wave impedance approaches to %n(ref-4) and

the propagation constant
'Y>"d+'8--l-+'k
3 N

if the field is expressed as u = %-e‘Jkr.

For a finite horn with a length T for which kr, >> v+} the fields

near the aperture do not differ much from the fields at the aperture
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of an infinitely long horn. The horn has a wave impedance
which is nearly equal to that of free space and is said to

be well matched to free space.

The quantities mentioned above have only significance if

the field varies harmonically with increasing r; this means
that the opening angle should not be too large { < 400...500).
If the wall of the conical waveguide has a finite conductivity,
the effect of this is greater in the attenuation region than

in the transmission region. This is explained by Barrow and Chu
(ref. 2), vho indicate that the power dissipated in the walls

of the horn is approximately proportional to the square of the
tangential magnetic field strength at the wall. For the same
amount of transmitted power, this magnetic field is much larger
in the attenuation region than in the transmission region, and
so power loss 1s also greater,

Consequently, the curves of the attenuation constant o as a
function of radial distance will be steeper for practical horns
than for ideal horns with a perfect conductivity (ref;2, p.56).
We will now determine the above characteristies by using the
equations (2.49) to (2.60) for the wave impedance for TE and ™M

waves. We find

. uﬁ 1 h$?" e
2o~ |iw * 2D Gy

and
il N
yA = jy= |- 4+
VoM = |k hEZS (kz) :

It is readily seen that

ZoE * o ”

mlt
-

These expressions for the wave impedance depend on v but can be
used for any different flare sangle,

From Eqs, (2.49) to (2.60) expressions are also to be found for
the propagation constant ¥y,

(2.68)

(2.69)

(2.70)
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and (2.59) for TE waves will lead to the propagation constant

Yl,

(2.52) and (2.54) for TM waves and (2.56), (2.57)
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BN
N BN e
pY

(kr)

while Eqgs. (2,51) and (2.53) for TM waves and Egs.

]
Y2,v k E%N

(2)
(x)+th(X)

(2)'

-1

IR

In all cases Eq. (2.63) has been used.

(2.72) can be simplified by realising that (see also App. C 47)

|

9

(b (X)+xb (x)

Bx X v

X

Therefore,

Yz,v

Ag will be noticed from Eqs., (2.68), (2.69) and (2.74), th

=—k —]—+'
X

behaviour of Zv

= - 15 (bv(x)+xbs(x) + bv(x)(igi:le.

= - 15 (b (x) + xb!(x) + —,1; 9:2- (xb (x})

X

2
X

Xh(zex viv+ 1) _

2
X

+

CQ )—xhiz)rgi

(x)

viv+ DT
2

1
X

1.
X

1 h?)' (=)
=+
x hi?; (x)

x
O
by

x)
hzzi ) ]|

X=kr

x=kr

2)!
3 ; h (x)+xh (x)

X=kr

and Y, is mainly determined by the factor

(2.58) and

(2.60) for TE waves result in a different propagation constant

x=kr

e

(2.71)

(2.72)

(2.73)

(2.74)

This factor can be simplified in accordance with the method followed

in Appendix C (Sec, 3,6) to
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(2)

1, Hv+i(x)

B 0 | xeke

which approaches for x >> | and x >> v to ~j. (4ppendix C3.6).
Therefore Zv and Yy will approach their free space values

if the following conditions are fulfilled:

(kr)2 >> v2 for YZ,v
kr >> v for Zu,E . zv,M and Tl,v
and kr >> 1 for Yl,v’ Y2,v' Zv,E and Zv’M . (2.75)
Bucholtz (ref. 4) derives complicated expressions for 2 in

VB
the attenuation region, the transmission region and alse in

the region‘kr = v+i,
The equations are not mentioned here as they are not used any
further. Interesting, however, is the dependence of the real and

imaginary part of Zv as a function of v,

E

]

Once values have been found for Zv B it is not difficult to
»

M using eq (2.70).

]

It will be proved in this chapter that the conical horn is well

find values for Zv

matched to free space if kr >> v for the highest mode we want
to use,
The mismatch is readily found by using the expression of Bucholtz

for ZV if kr » =

’E p—
(v + D -1 5
ZvE"\leo'.'T l+ 2 (1+.I('—)+lll.l
’ 8 (kr) T
w120 T L)+ — |V and kr being large (2.76)
| 8(kr)

If the mismatch should not incregse by 1Z it is readily seen that

the minimum length of the horn should be at least

Yuin = OV * DA (2.77)
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The requirements with regard to the matching of the horn to free
space are not the only factors to be considered when dimensioning
a horn.

Very important is also the required beamwidth, which is in close
relationship with the aperture (ref. 6, p.193).

Mostly no problem arises if small beamwidths are required, but

if the aperture should be smaller than is advisable for correct
matching, attention should be paid to the method of Geyer (ref.7).
He purrounded the horn edge by one or more conducting collars
which act as short—circuit quarter wavelength stubs. It appears

that in this case the mismatch of the horn decreases considerably.
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2.8 The fields in the transmission region.

In this section the fields in the transmission region are
calculated for the case that the flare angle is small and

the distance from the fieldpoint to the apex is large. This
is done to enable the field in the aperture of a conical
horn to be compared with a conical waveguide,

We will give only relations for TE waves.

If T™M waves are required they may be readily found by means
of the duality principles.

We will consider the equations (2.55) to (2.60) and introduce
some modifications. If the flare angle a of the cone is small
and the distance r from the fieldpoint to the apex is large we

can write, in accordance with Appendix D.5,

P? (cos ©) = [—¢1 mJ () [l + 0(gin %9%]

m
and

%5 P" (cos 0) = - sin © ' (cos @) =

v v
_ [¢,]m+1:l; @ [1 + oGein 2],

where

p= (2v +1) 8in } 0
and

P! o= %% = (v+41)costo .
Further,

sin2 10 = § [l - cos@J -} [l -1+ iez - %I-GA + .....J

- 4o [1 - 0($;DJ .

(2.78)

(2.79)

(2.80)

(2.81)

(2.82)
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Even for 0 = 20° the error in Eqs., (2.78) and (2.79) is not more
than 37 (See also Appendix D.3), Substitution of the results
obtained here in the Eqs, (2,535) to (2.60) yields in the following

field equations for the TE waves:

Er = 0
: m
Hr = 'jCF 2—£§E%ll hé?) (kr) ['(v'+i) cos ig] Jul{(Zv'+l) sin %O} sin m¢
(2.83)
m
Ee = -Cp §%§—§ h:?)(kr) [—(u'+i) cos ie] J {(2v'+l) sin ie} cos my

m

(2.84)
o+l !

E, = —Cp k hé%)(kr) [—(Q'+£) cos ie] ] {(2v'+1) sin }0 } sin m¢
m

(2.85)
H o= -2t (2.86)
e Z 4 B
AU
EQ
H = (2.87)
¢ Zv',E
From Appendix C it is explained that
(2) - l_[- =3 (x= *m) 1-')
he (kr) = —|je 7 4+ 0 (;7i
x=kr (App.C.35)
If we use this relation, Eqs. (2.84) and (2.85) may be written as
E =C ] [ (2v'+1) sin ie] cos m¢ e-'jkr (2.88)

and

E¢ = Cy J [(2u'+1) sin ie] sin m¢ e_jkr . (2.89)
' Vm
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where, assuming that « is small and kr large,

m+]

| ] . v
CM,Z -JCF T exp [J XE ﬂJ[-(v'+£) cos i@J
and

m 1 |

(2.90)

m

%, 1

- . = -C
CM,Z sin @ (\J""&) cos %e M

1 m
(cos i@)z k'ro

= Oy, 2

In Eq. (2.91) «' is by definition
k! = %6-(2v'+1) sin 40

which for small 6 turns into

It is also possible to determine values for v and v' from the

boundary conditions.
From Eq%. (2.61) and (2.78) we find for TM waves

Pﬁ (cos a) = [-(v+§) cos ia} m. Jul{(2v+1) sin ia} =0
or

Jm{(2v+l) sin ia} =0, as a <1;-

. . th
I1f we call (2v+1) sin 4o = Em®  Spn will represent the n

zero point of the function Jm(x). For every value of €m there
will be a value of v. Therefore we obtain as boundary value

for the ™ mode
m,Tr

Yo 4 [ETEE%H -1 ] ’

»2 (cos ie)z (2v'+1) sin 10

(2.91)

(2.92)

(2,93)

(2.94)
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If the flare angle o is small,vmn will be large. In the same way
boundary conditions for TE waves are found using the Eqs. (2.62)
and (2.79) or
J. 0
NOE
resulting in
L I mn o _
vmn } [sin Ta 1] s {2.95)

. t . !
where E'mn is the n h zero point of Jm (x).

Comparison of circular waveguides and conical horns

The field expressions for waves in circular waveguides are
found in several textbooks (ref. 6) and will therefore not
be deduced here in detail. If the cylinder coordinates py, ¢
and z are used (Fig. 2,2) and we calculagte the fields in an
infinite circular waveguide, we find expressions which are
very similar to those found for infinite conical waveguides.
For reasons of simplicity
N we discuss here only the
circular waveguide components
\\\ ‘ Ee and E¢ for TE waves,
a ’ Q The other field components of

TE waves and the components

of the ™M waves give similar

results,

\ . : It is found elsewhere (refs.
6, 8) for TE waves polarised
in the y direction (Fig., 2.2)

that
Fig. 2.2 m]m(x'p) E_Ymnz
E = juwp.sin mpm——on— °
p P
(2.96)
' =Y, .2
E¢ = juwu k' cos mé Jm (x'p) e o , (2.97)
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1
where Jm (K‘p)p=a = 0, a being the radius of the waveguide.

If the aperture diameter 2a is large compared with the wave-
length, y_ = jk (ref. 6, p.205),
If we compare Ep with Ee from Eq. (2.88), and E¢ from Eq. (2.97)
with E¢ from Eq. (2.89), we find a great amount of similarity,
If the flare angle of the conical waveguide is small, it is
even possible to convert the field equations for conical waveguides
into those for circular waveguides. In that case the spherical
coordinates have to be converted
Table 3 into cylindrical coordinates
according to table 3. In this
cylindrical spherical _ conversion the original plane
coordinates  coordinates wavefront of the cylindrical

waveguide changes into a

z r spherical wavefront. Therefore,
0 p corresponds with r® and not

¢ ¢ with r sin @, although for small

Uz T angles both are nearly equal,

Up Ue To make complete conversion

U¢ U¢ possible, there are two

conditions to be met, First of
all the phase constant R should
be neariylequal to k, which can be realised if the diameter of the
horn is large (2a >> 1), and secondly the flare angle of the cone d
should be so small that for all angles OJ(cos i@)zzz 1, with emaxsa'
Except for the harmonic terms sin m¢ and cos my the equations ‘
for conical waveguides and circular waveguides are now similar

and interchangeable using table 4.

Table 4
circular waveguide conical waveguide
e'JkZ e-Jkr
<! ;—9 (2v'+1) sin 30 & '+ /x

jupk' | QM’2= —jCF %-exp(jz% 1) (=(v'+}) cos }6}

m+1
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Conclusion and final remarks

It has been proved in the previous sections that if the dimensions
of a conical horn meet certain requirements, it i1s possible to
prescribe the aperture fields of a conical horn by means of the
modes of a circular waveguide, however, with a spherical wavefront,
The requirements which the horn has to meet can be given only
roughly.

(1) The flare angle should be small, i.e.

(cos %u)zﬂt 1

although according to Appendix D (Sec. 3) this requirement
is not very severe,

(2) The length of the horn should meet two requirements, viz,

/E;ﬁ >> 1 and

ke, >> v'!
which means that the diameter of the horn (2a) should be large

compared with i),

It is advised to calculate the error for various values of a and Vy s
preferably by means of a computer.

The phase centre of conical horns with a small flare angle fed by

a circular waveguide is not situated in the cone's apex. If a is

made smaller, the phase centre will move toward the aperture,.

If o = 0, in the case of circular waveguides the phase centre is
situated in the aperture., If the horn is very short and the aperture
diameter small, it even appears that the phase centre is located in
front of the aperture outside the horn (ref. 18), At the junction

of the circular waveguide and the cone higher modes are excited

but rapidly attenuated., Schorr and Beck (ref. 3) have even calculated

the length of the journey of higher modes in the attenuation region,
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The near field of a conical horn antenna

Introduction

The conical horn antenna is often used as a primary radiator for
near field cassegrain antenna systems, Although the far field

is treated very well in several handbooks (ref. 6), the near
field is still a subject of discussion. It is often calculated
by means of the integral

~jkr

= _ jk = -7, €
Ep =i j[ E, (1 + n'lr) ds
5

and the geometry of Fig. 3.1. The integral has been used by

several investigators (refs. 13, 14, 15).

Fig. 3.1

The assumptions which are generally made to justify the use of

Eq. (3.1) are rather vague. It is thought that the assumptions are
justified if the total flare angle of the horn is not too large
and the length of the horn is not too short in terms of wavelength.
In this case the field at the aperture of the horn is the same as
that which exists at the game cross-—section of an infinjte horn,
neglecting spillover around the rim of the horn. The field is said
to exist at a distance that is at least a few wavelengths from

the mouth of the horn,

The aperture field EA has been taken in accordance with the Ep and
E¢ components of the TE11 mode of a circular waveguide but with a
spherical phase front (see also Egqs. (2.96), (2.97) ).

A further assumption without explanation lies in the fact that the
factor (EA.I;)(E¥I;) in Eq. (3.12) can be neglected with respect to
E, (1 + n.ir).

(3.1)
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It appears that Eq. (3.1) gives results which very well agree
with measured values, The assumption that the phase centre is
situated at the apex of the cone of the horn is not true in

all cases; it appears that if the flare angle becomes very small,
the phase centre moves towards the aperture, In the case that
the flare angle is zero, the phase centre is situated in the
aperture plane (ref. 6, p. 343).

Various examples of horns with different flare angles and

their phase centres are shown in Fig. 3.2.

d

3

%—L‘_’/’:ﬂf‘
_\ —_— ]
b

Fig. 3.2
Aperture diameter; D, = 12.2A; Dy = 14% D, = 11.3x
i flare angle (o): a, = 3.5° 3 og = 9.50; an = 25°
length of horn bA = 1007 ; bB = 53) ; bC = 13,4%
phase centre : PA = 897 PB = 5k 3 PC =0
A = ref, 15 B = ref. 14 C = ref, 13

It will be shown in the following sections that Eq. (3.1) can only
be used if the phase centre coincides with the origin of the
coordinate system, Therefore, for horns with a small flare angle

the phase centre will have to be determined before using Eq. (3.1).

General considerations on the approximations

In discussing the electromagnetic field from a conical horn antenna
we shall make use of the theory of Silver (ref. 6, p.158-160) who
has found that, if the scattered field over a surface is known,

the field at an external point P is given by



-3.3-

1
Ep © 4miwe

H [kz(ﬁ X ﬁA) p + {(nx ﬁA) . V(VY) + jwe(n x EA) x vl d5.(3.2)
A

In this integral EA and HA

aperture of the horn according to the geometry of Fig. 3.3.

represent the scattered field over the

P(R,6,¢): fieldpoint

S(R;,0,,6,) = S(b,91,¢1): source point

A: spherical surface

PA: circular

phase centre in origin

Fig. 3.3

The conical horn in a spherical coordinate system.

The integral is based on field and charge distributions over a

closed surface and a boundary curve PA

Using the equations B4, B> and B6 from Appendix B, Eq. (3.2)

can be written in a different way. For this purpose we let

ﬁx'ﬁA = U and nx EA = V, and after some calculation we find
E o= ([ fjwe ikl + ) Tx I - k2 I x (I x O)
p Gmjuwe ’ jkr r r r
A
S ey - s@iy T
T . (1 + jkr) {0 3(U.1r) 1r} P d8 (3.3
or
E=-g£ O+ I xT-O I x @z +
P L} jkr® r 5 T r
A
s @ gy - 3@.D) T | vas (3.4)
e’ jkr jkr vt r )
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If we make the assumption that 1 + 3%;-$t1 and use a vector rule

for the second term we f£ind

Ep=_%.%§§ [Ir v-(--)i (1 ) . +(§)%ﬁ+
A
s Bt G- 3@1) I }]'w ds (3.5)
e’ jkr Tt Tr *
or
Ep=—£;lgs [Irxﬁ+(l‘s-)£u(1+ >~(—)2 (1 i (1+—%;
A
|
» {T—:-EE; (1 Jkr)}} (3.6)
Approximating once more 1 + E%E-by'l, we finally find
- r
Ep = - %% 55 Ir x V - (—D% 1 X (1 X ﬁ)] v ds 3.7
A L
. i [+ .= N | Pk
Hi{ 1rx{anA-— (E-) i x (anA)} . ds (3.8)
A L

Eq. (3.8) is subject to the following restrictions.

. The aperture field is known and spherical and is regarded as
primary source.

2. The currents and fields outside the horn are ignored; this
is better met if the aperture becomes larger in terms of A.

3. The integration is carried out over an open surface. To
fulfil Maxwell's laws a charge distribution is introduced
along the geometrical optical boundary of the aperture.
In our case the boundary is in the rim of the horn.

4, ‘*3’11'5 1.

5, The configuration of the horn behind the aperture (z < b cas a,

Fig. 3.3) is not taken into consideration.

In accordance with these restrictions © may not be too large.
If 0 is equal to o or smaller, we may expect good results with
Eq. (3.8).

The error made by taking 1 + ?%? =] decreases rapidly.
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If, for example, r = 5A

1 -3
|1+ Tor ~ 1+ 0, 5,10 and
arc |1 + Tl_| ~ -2°
jkx! T

3.3 Approximations for well-matched horns

If the characteristic wave impedance of the horn is equal or
nearly equal to that of free space in the aperture (120m ohms),
then

4

H= ('::T) . ; X E > (309)

where s is a unit vector of the Poynting vector S. If the
origin of the coordinate system corresponds with the phase centre,

s = n, therefore,

a1
i
n
=5
[l
"
| =]

(3.10)

in the spherical aperture plane of the horn (Fig. 3.3). The components

from Eq, (3.8) can now be simplified since

i x(@xE) = (Ir .E)an- (. i)E, ,
Pk, - - & o5 ]--\E:
n x HA =nx [V: nx EA] u) [( . EA) n EA] = - V; K
and
OSSR SICOLE 0 IR GRS O SIS JU T

Substituting the expressions (3.11) in Eq., (3.8) this becomes
Bp=fs (g, a+d T -G . I) GeI)|2
P m A r A r r
A

which is used by several investigators (refs. 14, 15)., If a conical

-jkr

. ds , (3.12)

horn is used, the aperture field is assumed to be spherical. In that
case the integral can be solved by substituting in Eq, (3.12) the
following relations:
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2 .
8= b~ sin ©, dO, d¢
1 1 1
s}

2

r = (b%>+ R° - ZbR cos Y)5

cos y= H.ﬁl = sin © . sin 0, cos (¢ - ¢1) + cos QO cos O

1 1

E'{r = 3—525;1¥:J1 (see also Fig, 3.3)
For most practical cases the contribution of (EA. Ir) (n + Er)
from Eq. (3.12) can be neglected with regard to the contribution
of EA (1 + E.Ir). This seems rather unlikely for cases where the
distance from the fieldpoint P to the aperture is smaller than

the aperture diameter D. The situatiop is illustrated in Fig. 3.4.

Q n

A

The orientation of EA’ Ir and n with respect to fieldpoint A

Fig. 3.4

The contributions of the two terms under discussion to the field

in the points A, B and C from the aperture point Q are of the

same order, However, as will be explained in the following section,
LI Eq. (3.12) has to be allowed

for in the case of field points close to the aperture,

the phase of the factor

The theory of Fresnel zones

According to Huygens every point of a wave front may be considered
as a centre of a secondary disturbance giving rise to spherical
wavelets, The wavefront may be regarded as the equiphase envelope

of these wavelets, Fresnel suggested that the secondary wavelets

(3.13)
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mutually interfere. The combination of the two theories is what
is known as the Huygens Fresnel principle.

This geometrical optical method gives satisfactory results for
finite wavelengths provided the fieldpoint P (Fig. 3.5) meets

certain requirements (ref, 6, Ch. 4):

‘aperture =
equiphase plane

Fig. 3.5

The Huygens Fresnel principle with C being a point of stationary phase

1. P should bot be situated in a focus or a focal plane.

2. P should not be situated at an optical shadow boundary.

3. The primary wavefront of the aperture may locally be regarded
as plane, which means that Rl >> §A,

4, The secondary wavefront at P should locally be plane as well,

i.e, r, >> ix,

in Fig. 3.5 spheres have been constructed with the centre at P
and with radii Ty Tt ix, r+ 2x}X, etc. The lines intersecting
the aperture plane form the zones of Fresnel, The field contribution
du (ref, 17, Ch, 8) due to the element dS at Q is:

-jkR

1 ~jkr
e e
R] . r ds . (3. 14)

dau (P) = K(x) U
o
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where U0 is a comstant and K(xj an inclination factor describing
the variation with direction of the amplitude of the secondary
waves with x, X being the angle of diffraction. The maximum of K
is found in the original direction of propagation for y = 0, and
K=20for y= %-.

The total field at P is given by

IR . -ikr
UP=U0—R-1—- ....—_..r__K(x) dS,
A
A being the aperture plane,

Eq.(3.15) may be evaluated using the zone construction of Fresnel.

The contribution of n Fresnel zones can be approximated by (ref,17)

U= 5[11] (®) +U_ (P)]

where
-jk(R +r )
-\ e o n+l
Un (P) = 2j UO —*-*E-;-:To— -1 Kn N

For the last zome yxapproaches to gu where the values of K become
very small, therefore Un is neglected with respect to Ul’ thus
Eq. (3.16) becomes

Up =4 U (R)

The field is apparently mzinly determined by the half of the first
Fresnel zone, which is concentrated in an area around C. This point
is often called a point of stationary phase (ref., 6, p. 119); the

jkr

phase of e varies very slowly in the neighbourhood of such a

point.,

Final conclusions

By means of the theory of the preceding section we are now capable

to judge whether the approximations announced in section 3.3 are

correct, If we take, for example, a conical horn (Fig., 3.3) with a=30°

b

(3.15)

(3.16)

(3.17)

(3.18)
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r = b = 12X (meaning that D = 12X and kb = 75), and if we take
the fieldpoint under discussion at a distance R = 22X from the
aperture, we have an average horn, and are able to compare our
results with those of Li and Turrin (ref, 13).

In the point of stationary phase C (Fig. 3.5) we find that
E,.i_ =E,.n=0 (3.19)

and

(1 + E.Ir) =2 (3.20)

EA A

since E, is a tangent to the aperture and EA l_ﬁ.

A
In the vicinity of C also

|(EA.Ir) @ 1) << [B 0+ I (3.21)

We will now prove that the contribution of the entire aperture field
to Ep is mainly determined by the stationary points C so that

in Eq., (3.12) (EA.ir)(n+ir) can be neglected with respect to:

EA.(I + n.ir).

We will assume that the fields in the aperture are equal to the

mode of a circular waveguide with spherical wavefronts.

TE11
According to Section 2.8 these fields are given by

s J (', .p) sin m¢
Ep Jup . 11 > (3.22)

and

E, = jwuk?!

6 J1 (Kllp) CO8 mp (3.23)

11

The amplltude over the aperture varies slowly with 05 Jl

sin X « In the

being of the form cos x and — J (x) of the form

H plane for @, = a the amplltude becomes zero, The direction

1
of polarisation is mainly in the y direction for those parts

of the aperture where E, is largest,

A
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o = 30°
b = 12X
R = 22X
£
6 Fresnel 8 = 0° and 30°

zones

18 Fresnel
zones

Fig. 3.6

Field approximations by Fresnel zones

We will now study the points P, and P, of Fig. 3.6; both meet the

requirements for geometrical o;tical methods as stated in Section 3.4,
For the first Fresnel zone we may approach n G:Ir. The other Fresnel
zones lie close to each other, so that contributions of adjacent

zones will be cancelled, Moreover, the amplitude in the H plane
decreases nearer to the aperture's edge, Therefore, we may conclude
that the Huygens-Fresnel principle gives a satisfactory first
approach and may use the approximations 3,21, For the points P

1
on the axis of the conical horn we may, therefore, use the equation

ik = -+ . e
Ep = %1?-[[ EA (1 + n.1r)
A

-ijkr
ds . (3.24)
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The fieldpoints P2 are chosen in such a way that © ® a but 6 < a,
which means that P2 also meets the requirements of section 3.4,
90 The

o are less correct than those for P] as the
adjacent Fresnel zones for P2 points are not symmetrical.

Therefore, the assumptions made for P, also apply to P

approximations for P

It is also found from a point of view of geometrical optics

that propagation is strongest in the n direction and zero

when perpendicular to n, so that the area around the stationary
points is most important.

Therefore, and keeping in mind the approximations of Sec, 3.4,
for all points P where @ < o it is permissible to use Eq.(3.20).
Apparently this equation when used for the entire aperture gives
similar results in case that integration is only carried out over
half the first Fresnel zone.

Measurements have been carried out by Li and Turrin (ref. 13)
and it is noticed that the results correspond very reasonably
with the theory.
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APPENDIX A

Coordinate transformations

(1) Transformation of rectangular coordinates into cylindrical coordinates,

1e cos ¢ -gin ¢ 0 1p

Iy - ai? $ cos ¢ 0 I¢

i 0 0 1 i
2z

(2) Transformation of rectangular coordinates into spherical coordinates,

=

sin 8 cos ¢ cos 8 cos ¢ =-sin ¢\ /1

x r
Ey = | gin @ sin ¢ cos & sin ¢ coe ¢ Ie
- . v
i, ‘ cosIG gsin G 0 1¢

(3) Transformation of cylindrical coordinates into spherical coordinates,

s . T
1p sin © cos O 0 1
1¢ - 0 0 | i,
1z cos @ -8in © 0 1¢

The symbols i, used throughout this Appendix, indicate that only unit

vectors have been employed.

Fig. Al Fig, A2

Spherical coordinates Cylindrical coordinates
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APPENDIX B

Vector Analysis

Below are some important vector equations in spherical coordinates,

which have been used throughout this report.

oa T 1 3a + -
vVas K3 1y + T 30 0 * r sin O 3¢ 1¢ (B.1)
) 3A
- 1 3 2 13 . 1 9
v.A r2 oY (r Ar) r sin @ 30 (AO sin ) + r sin 8 3¢ (B.2)
3A
1 3 . o |+
VXA = T [36-(A¢ sin Q) —33']1r +
3A - A
| 1 T 3 T 19 ri- (B.3)
4+ L s e — L - .
- '[sin ® 9¢  ar (rAcp)l o * T [ar (rhy) - 33 ]lq;
2 1 3 .20 T da L s2a
7Pa =ta = e (272 4 —a— L (sin0 ) + — 232 (B.4
2 or 3r’  r sin O 90 50 " Ziinlo a4’ 4)
1 —ikey L 1, 1 -jkr 7 |
Ve ) = (Gk+) e I (B.5)

= 1 _-jkry _ {23774y 7 3. 1, , 7 7 ':"_K. 1 1 =jkr
(A.V)_V (r e ) [k (A.1r) 1+ 1:,(,]k. + -r-)(A.:.r) i s ?(Jk + -;)l Te

(B.6)
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APPENDIX C

‘Bessel Functions

1. Introduction

In this Appendix only those properties and relations with Bessel
functions will be discussed in dealing with the probleﬁs and
theory of Chapter 2,

More about Bessel functions are to be found in various handbooks
(refs. 5, §, 10},

The Bessel equation of integer order v is represented by
Zz.w'”+ 2u' + (z2 - vz)w =0,

with solutions of the first kind Jv(z) and J_v(z), of the second
kind Yu(z) (also called Neumann or Weber functions). The solutions
of the third kind, known as Hankel functions, are related to the

previous ones by

1) = 56) + § 1,0

(2} .
Hv (z) = Jv(z) -3 Yv(z)

The solutions of the Bessel functions are represented in Figs.C1-C6;

some properties of them are very important,

X cad

P

: "'1

X0 1 33 4 5 8.7 8 F DARDHBE RO NN

Fig. C1
J, (x}

(C.1)

(€C.2)



Fig. C.«+ Jo(ﬁ‘,‘), Yo(x)l Jl(x), K(I)

-,0-: ,’;,,til
-t : /
Flg_ C . Jm(x): Ylﬂ(m)) anfl:

3 Mo(z) =Y Jho(2)+ Yio(z).

-

Fig. Cl&: J‘;'(IO) and Y\J(lo).
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Solutions of the first kind J,(x) are finite for all values of x,
Solutions of the second kind Y,(x) are finite for x # 0 and for
x = 0 equal to - =, For v > 0, Ju(x) is limited for all values

of x and Yu(x) will be - = for large v,

2. Limiting forms and relations

2.1 Limitingﬁfotms for small arguments

For x *0 and v fixed (ref. 5’9.1.7)

~ (EyV i \ _ _ _
Ju(x) ,~(§J TCosr 1y 8 vE =1, =2, =3, ...

(2)

\Y

1

v, e-iaPe v inPwe-1 o &% vzo

2,2 Asymptotic expansions for 1ar§g_orders

If v + » through positive values and all other variables remain
fixed (ref. 5, 9.3.1) then

3,60 % /2_:?5 (%)v

~ 2 fex\™¥
‘Yv(x)- - V;; (53)

2.3 Relations between solutions (ref. 5, 9.1.5 etc.)

I_®) = (- I (x)
Y_(x) = (D7 ¥ (x)

2.4 Recurrence relations (ref. 5, 9.1.27)

If Bv(x) denotes an arbitrary solution of the Bessel equation with

integer order, then

(C.3)

(C.4)

(C.5)

(C.6)

(c.”)

(C.8)
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E% Bv(x) * Bv—lcx) * Bu+l(x)

2 B! (x) =B _ (x) - B (x)

v-1 v+]

B (1) = B,_ () -

W<

B, (x)

3

L v -
N (=) E'Bv(x) Bv+l(x)

2.5 Generating functions (ref. 5, 9,1.44, ete,)

cos (xcos ¢) = Ja(x) +2 I (-l)k JZk(X) cos (2k¢)
k=]

k

. — % -
sin (X cos ¢} =2 L (~1) J2k+l

k=v

(x) cos {(2k + 1) ¢}

2.6 Asymptotic expansions for large arguments (ref. 5, 9.2.1)

If v is fixed and x + @ then

J,(x) =\f% cos (x - 2y : 1 T + 0(%)

Yv(x) = V%; sin (x - 22—2—1 T) + 0(%9

g) e
H¢m=ﬁ;exp[ﬂx-“z‘n]+m%b

© - - » - »
where a series I 3 X k is said to be an asymptotic expansion of a
=0

function f(x), k

if
n-1 1 _
£(x) - £ g x = 0(x ™) if X + e
k=0

We write
f(x} n T a x-k .
k=0

(c.9)

(C.10)

(C.11)

(C.12)

(C.13)

(C.14)

(C.15)

(C.16)

(C.17)

(C.18)

(C.19)

l(C.ZO)
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The series itself may either-be convergent or divergent (ref. 5, 3.6.15).
2.7 Zeros [Ref. 5, 9.5.12]

If v remains fixed and s >> v, the sth zero-point of the Bessel
. 1 ! -
solutions €y;s of Jv(x) and o of Y'(x) are (s + iv - Dn .

N t 1
The zero-points Ev,s of Jv(x) and 9, of Yv(x) are

28

(s + 4v - D o (C.22)

The first positive zero-point in these golutions will be found
for s=1, with the exception that the first zero-point 56’1 of
JS(x) will be zero.

The expansions give a very good approximation alsoc for small
values g > v

This feature is a well-known property of asymptotic expansions.

3. Bessel functions of fractional order

3.1 Introduction

The Bessel differential equation

zzw" + 2zw' + [22 - n(n+])] w=0, {C.23)

where n=0, *1, %2, ...,

has particular solutions, namely spherical Bessel functions of the

first kind:

i (2) -V;Z'—;- Jn+5 (z) , (C.24)

of the second kind

y (2) -\]% L (2) (C.25)

and of the third kind

D (2) = j_(2) + iy (2)

2
h:(1 )(z) = 3p(@) - jy,(2) (C.26)
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or for arbitrary solutions (See also Figs. C7 - C9)

by = 3,,@ -

3.2 Limiting values as x +~ 0 (ref, 5, 10.1,4)

1

. n
Jn(x)——;x * 1 -3-5- .-...'(2n+!)

y, (®) ~ [1.3.5. ..., (an -1ﬂ

n+1

n+l

Ta 0 = DMy

3.3 Recurrent relations (ref. 5, 10.1.19).

DL b =, )+, )
z(?v+1)b;(x) =vb _,(x) - (Db, (0

b = b (0 - 2L b (x)

by x) = E‘bv(x) - bv+1(x)

3.4 The function héz)(x)

Following Eq. (C.27) we may write

8P L1 .

With Eq. (C.18) we obtain for large x

h529 (x) = ;lc-l-:’lexp [-j(x - -\2’- -n)] + 0(;7';];-)] .

x) § n=0,*1,+2, ...

(ref. 5, 10.1.15).

0, 1, 2, ...

(C.27)

(C.28)

(C.29)

(€. 30)

(.31

(C.32)

(C.33)

(C.34)

(C.35)
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For large values of v we find, using the Eqgs;- (C.23, C.24, C.25) and
Egs. (C.5 and C.6)

h\()Z) - .-,V"__x [JW_% ) - Y, (x)]&

2
W\ e (= o AR Iy %}
X 2u(v + §) v+
or
v} v+i
0% ) v ‘ O R [ (C.36)
v 2v + ]
V2x(2v + 1)
To obtain a better insight into the function héz)(x) we will
first study the behaviour of the function Héii(x). To this end
we write
2 .
H§+i (x) = Mv+§ exp (*39v+%) (C.37)

where Mv+i = IHSi; (x)| and 6v+

According to Abramowitz (ref. 5, 9.2.28) we find for v = constant and

large x:
2 i
M mV?— [1 + 4, -‘i-—'2—1-+ J , (C.38)
and
2y+ 1 4y® =1
ev'\'x— 4 T+ 8x +-.-|| (C.Bg)

Eqs., (C.38) and (C,39) yield

4
v(u viv + 1)
v+§ vHﬂ xz o } (C.40)
Oy~ X - Y ; L “("2; 1) ' (C.41)

It is a well-known property of asymptotic expansions that the
function is very well approximated for large values of X, By the

first term of the expansion we may, therefore, conclude that for x > v
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2 \}
Mv+§ - (EE)

v + 1
2
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(See also Fig. Cl10}.

This figure shows ¢learly that Ov+£ varies linearly with x for x > v-
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3.5 The derivatives of the function Bv(x) = x bv(x)

From Eq. (C.32) we bbtain, writing bv(x) = %-Bu(x),
x_2 B, ®) + =B, (x) =B | (¥ 3 B, (x)

A' =A -y_a
or Bv (x) Bv—] (x) T Bv (x) .

From Eq. (C.33) we obtain

(C.42)

(C.43)

(C.44)
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v+ ]2

Bv (x) - B, (x) (C.45)

]
Bv ) + 1

Eq. (C.44) ﬁow yields
B @ =3x [ @ - 33, )

Bv i (x) + 2 B {x)--B' (x) | (C.45)
x

Substituting Eqs. C44 and C45 in Eq. C46 we obtain

-

B (x) =] Y3 -3 (] LB (- Y
By (0 = [E5, 00 -3, ] ¢ YR - 2[5, 00 - FB,0]

A

v v
=3, (x| - *;f*;z‘J . (C.46)

Hence,

2 Ixb @] =xb .‘.’.§l_.+__1_)_..1] (C.47)

2 v AV} 2 N
ax x
f
- - _ i h\()z) (x)
3,6 The function y + ';TET?;;
v

Using Eq. (C.27) we find for the derivative of the Hankel function
of the third kind

a2 . &®
\) (x) = [- . H\H‘& (X)]
1 i w(2) m ('
E T M @ YRR @ (.48)
As

(2) (x) = \[ﬁ; éfi (x) it is readily seen that
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(2) (2)"
h\) (x) - 1 + Hv+£ () or
h: ) x E H (x)
v v+
(2)" (2) .
% —(-r—-h“ =L —rr‘”* = (C.49)
X th (K) 2x v+% (x)

In accordance with Abramowitz (ref. 5, 9.2.18) we will write

q(2)" (x) = N

\)+l exp (-] ¢V+i) , Where

V4

v is a constant and N real, Far large x we obtain the asymptotic
expansions (ref. 5, 9.2.30).

3
\[;x [ v(v + D, l2 _ _] (C..50)

4x
and
' v '\)2+\)+]
¢'\)+imx_-2—ﬂ+-—__§;{—-—+‘.... . (C.S])

If x > v Eqs., (C.50) and (c.51) rapidly become

2
vl ™ V—;T"; {C.52)

if\.x-%'n . (C.53)

=

¢

v+

Using the results found for H v (x) (Egqs. (C.40) and (C.41) ), it

is readlly seen that

L@
LS S, (C.54)

H\H’}

Therefore, if x »>> | and x > v
L2
1 v . .
Ty F . (C.55)
¥ n

v
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To obtain a better insight into the errors which have been made
in the approximations, the real and imaging parts of ,

, .
H{v,x) = Hiz) /Héz) are shown in Figs, Cl1 and Cl12 as a function

of x, v being a parameter (ref, 2).

20

Fig. C1! Fig. C12

Figs. C13 and Cl4 give the reprocal value of Hv . being
. b ]

1
H(v.x)

i G ) - , which is important for v >> 1,
- »

Fig. C13 | Fig. Cl4
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APPENDIX D

Legendre functions

1. Introduction

In this Appendix we shall mention some important properties of
Legendre functions as far as they are required to understand
Chapter 2 of the present report, Further properties of Legendre
functions are found in various handbooks and in some papers
(refs, 5, 10 +.uu4)e

We will employ Legendre functions only with real arguments x
which are found for z » x + j.0,

The associated Legendre equation is

2 _
(1 - x2) w" - 2y +[v(v +1) —-‘-‘-—-2-] w=0
1 - x

where x = cos © is the argument and @ likewise a real number;

v is the degree and y the order of the equation, and if y =0
the equation is called Legendre equation,

The equation has solutions of the first kind Pg {x) and of the
second kind Qt (x). We shall only discuss here solutions of the
first kind,

1f V is the non-negative integer n, P:

is called a polynomial
of degree n, unless u is a non-negative integer m. In this case
P: is a polynomial of degree n-m, which vanishes identically

if m > n, The functions in which m=0 are known as Legendre

polynomials and written B (ref. 11, p.79).

2. Some properties and equations of Legendre functions

If p = m (m = integer) and x = cos O, the gsolution of the first

kind (ref., 4) can be written

m/2 I'(1+v+m)

P? (cos 0) = -1)%, (1-x2)™ 2, Flm-v, mvil; mHl;

29 ¢ 1+v-m) . ( 1+m)

(D.1)

1-x%

——

2

(D.2)
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In this equation I' represents a-gamma function (ref. 5, 6.1);

see also Fig, DI,

- 4. ‘,2 e : ? } * Figc Dl .
F(x) = (x-1)! = I(x-1)
2 1

T'x

b

[y
I S gy
L
]

The function ¥ is the Gauss hypergeometric series (ref. 5, 15.1).
The series converges for |z| < }, In our case z = $(1-x) and

@ < x < 1 so that we meet the requirements of comvergence,

Pf (x) is finite for x = 1.

Further (ref.4, p.218),

p® x) = (-1)™ T{U-m+ 1)

v T(v+m + 1)

P‘-\’j (x) . (D, 3)

For small values of v the following asymptotic expansion (ref.4,p.223)

can be used

u(cos Q) = [wj u[J (y) + (sin 56) 2¢ u+] () - T2 () +
. 4 . 9 29
+$ 3,3 W)+ Gsin o) P AREORS SR
2

$ B30 W Y I @+ Er 3 v+ ol(sin 100)°]@.4)

In Eq. (D.4) ¢ = (2v + 1) gin }0 and
Y' = (v + 4) cos {0
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It is further assumed that © + 0; |v] + ®; x is finite and # 0;
p and argument v are arbitrary.
Jones (ref, 11, p.79) has shown that Eq. (D.4) can be simplified

considerably to
P;u (cos @) = (y") Ju () [ 1 + 0(5in2 50)-I (D.5)

The derivative of Eq. (D,5) gives

- !
a p {cos @) = - 5in O Pvu (cos 0)

do v

o Nk 3w [1+ 0sin® 1] (D.6)
If u is the non-negative integer m we find from Egqs. (D.5) and (D.6)

P® (cos ©) = {-(v+}) cos 103", 3_ {(2v +1) sin fe} [ 140{Gsin $00}] (0.D)
and '

d _m s m'
R (cos @) = - sin 0 , P, (cos @)

= -(-(+Dcos jo}™ 3*_{(2v+1) sin {0} [140(sin® )] (D.8)

Fig, D2

The zero-points of Pi(cos %) ¢ v al n=},2,3,...
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Eqs. (D.7) and (D.8) hold for small O and large v. These requirements
are met in Chapter 2 as for cones with small emax = ﬁ, v automatically
becomes large (Eqs. (2.94) and (2.95) ).

The zero-points of the function PJI (cos a) are graphically given

in Fig. D2, in accordance with Bucholtz (ref. 4). From Eq. (D.3) it
can be seen that these zero-peints are equivalent for P\lj (cos a).

Some further examples of Legendre functions are given in Figs, D3 and

D4, viz. pg (x) =P (x) and B (x) forn =1, 2, 3 and x = cos o.

PhI)
1\
,l
2.0~ . _/' \\
K] - ] — .
Py =~
//z’ -7 \\ \_
Pal cose) 7 / \ ‘
|
10 e
Py
5 -
]
WL /A
/
1 -5 -
o* 10° 30° 50° n° 20° aol~ ,/
4
4
N
-5 A5
Fig. D3 Fig. D4
Pn(cos 0). P;(x).

3. Approximations of associated Legendre functions for small 8.

Putting x = cos @ into Eq. (D.1) we obtain:

2
sinze dw + #in © cos O %%-+ [v(v+l) sinze - uz] w=20 - (D.9)
d
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For small values of @, sin @ = © and cos © = 1; other approximations

are

.2 2 1 2 29% 2

Sln 9=e [l--j'e +-7|'-§-...‘.] 9‘.@

. 2 2 2 4 )

sin © cos O e[i 50" +-50 J x 0 (D.10)
Then the result is

2 a2y dw 2 2

0 _—f+ Baé-+[\)(v+l)® —u]w=0, (p.11)

de

where w = £(8).

1f we make the substitution n = © Vu(v+1) , the equation becomes

2
2 dw dw _ -~ 2 2 _
gt Tg ] w=0. (D.12)

This equation is known as the Bessel equation (Appendix C) of
integer order for cylindrical polar coordinates with Bu(n) as an
arbitrary solution., Therefore, for small values of @&, Eq. (D.1)

has the solution

Lt (cos @) & G B, (n) , (D.13)

C being a constant.
Apparently
u —~ . .
P, (cos )= C Ju[ Yv(v+1) © I- (D.14)

The constant C can be found by comparing Eqs., (D,7) and (D.14).
It is readily seen that for small values of
1

(2v + 1) sin §0 X (v + }) 0 = vO(l + 5=

and

e'\/v(v+1)=evl+-5-¢.~;ue (I+:'12_\;') ,

as for small conical flare angles a = emax’ v will be large.

Therefore, the constant C becomes
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Approximations of associated Legendre functions
by Bessel functions,

Fig, D6
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¢=[-0v+ g™ (D.15)

The equations (D.7) and (D.14) become equivalent, apart from

a coefficient,

It has been suggested that the above approximations only hold
for small values of ©. It appears, however, that associated
Legendre functions can be approximated by Bessel functions
even for large values since © = %-ﬂ (ref. 12). Piefke has
calculated that the error even for values of {7 is smaller than
1Z. The Figs, D5 and D6 demonstrate the comparison between
Legendre and Bessel functions for TE]2 and TM]l modes. For the
TE]] mode the difference between the Legendre functions and
the Bessel functions is less than 1% even for © = } .

For other modes it appears that up to a horn aperture angle

of 120° the mean deviationg of the Bessel function from the
Legendre function as referred in the maximum is less than 2Z.
The relative errors introduced by Eqs. (D.10) and (D.l1) can,

however, become much larger,
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