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Abstract

We analyze a special case of the Local Defect Correction (LDC) method introduced in [4]. We
restrict ourselves to finite difference discretizations of elliptic boundary value problems. The
LDC method uses the discretization on a uniform global coarse grid and on one or more uniform
local fine grids for approximating the continuous solution. We will prove a close correspondence
between this LDC method and the Fast Apative Composite grid (FAC) method from [6,7]. This
result makes it possible to explain important properties of the LDC method, e.g. concerning the
size of the discretization error and the convergence rate.

A.M.S. Classifications: 65N22, 65N50

Keywords : local defect correction, fast adaptive composite grid method.



1 Introduction

Many practical boundary value problems produce solutions that contain several high activity
regions. In these regions the solution varies much more rapidly than in the remaining part of
the domain. This behaviour of the solution may be caused by the differential operator itself,
by the forcing term in the differential equation, by the boundary conditions or by an irregular
boundary (e.g. a re-entrant corner).

If one wants to discretize such a boundary value problem on a uniform grid, then due to
the large variations of the solution in the high activity regions, a relatively small grid size
is required to obtain a sufficiently accurate approximation of the solution. However, outside
the high activity regions the behaviour of the solution is much more smooth and therefore a
(much) larger grid size seems to be sufficient in that part of the domain. So approximating the
continuous solution on a single uniform grid is often computationally ineflicient for boundary
value problems that produce solutions that contain high activity regions.

Instead, the solution can be approximated using several uniform grids with different grid
sizes that cover different parts of the domain [1, 4, 7]. At least one grid should cover the
entire domain. The grid size of this global coarse gridis chosen in agreement with the smooth
behaviour of the solution outside the high activity regions. Besides a global grid several local
grids are used that are uniform too. Each of them covers only a (small) part of the domain
and contains a high activity region. The grid size of each of these grids is chosen in agreement
with the behaviour of the solution in the corresponding high activity region. In this way every
part of the domain is covered by a (locally) uniform grid whose grid size is in agreement with
the behaviour of the continuous solution in that part of the domain. This refinement strategy
is known as local uniform grid refinement. The solution is approximated on the composite
grid which is the union of the uniform subgrids.

In [4] Hackbusch introduced the local defect correction method (LDC) for approximating
the continuous solution on a composite grid. In this iterative process a basic global dis-
cretization is improved by local discretizations defined in the subdomains. At every step this
iterative process yields a discrete approximation of the continuous solution on the composite
grid.

The fast adaptive composite grid method (FAC) by McCormick [6, 7, 8] is an iterative
method for solving a given discrete problem on the composite grid. Approximations of the
solution of this discrete problem are computed by solving (discrete) problems on the global
and local grids. In [7] it is noted that ” in essence FAC is very similar to LDC but differs in
several simple but important respects”.

In this paper we present a further analysis of the LDC method. In [4] an overlap parameter
d > 0 is introduced and an analysis of the LDC method for the case d > 0 (independent of the
grid size) is given. In this paper we analyze the LDC method for the case with minimal overlap,
i.e. d = 0. The main result of this paper is that under certain (reasonable) assumptions the
LDC and FAC methods are equivalent: the resulting iterates of both methods are the same
(although the algorithms are different!). This result has some interesting consequences for the
analysis of the LDC method. For example, using the underlying composite grid system (that
is not used in the LDC algorithm) bounds for the discretization error, in a finite difference
setting, can be derived. Also the convergence theory of the FAC method yields an indication
of convergence properties of the LDC iteration.

The remainder of this paper is organized as follows. In Section 2 we describe a model
situation of a problem on a composite grid. In Section 3 we present the LDC and FAC
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Figure 1: Examples of €, QF, Qf‘ and (..

methods. In Section 4 we prove an equivalence between these two methods. In Section 5 we
discuss certain implications of this equivalence result and we present some numerical results.

2 Model Situation

In this section we introduce notation and describe a model case with a global coarse and a
local fine grid. In Remark 2.1 we discuss possible generalizations.
We consider Dirichlet boundary value problems

LU=f inQ,
U=g atdq, (2'1)

with @ = (0,1) x (0,1), 9Q the boundary of Q and £ a scalar linear elliptic second-order
differential operator. Dirichlet boundary conditions are chosen for ease of presentation. We
assume that problem (2.1) is such that the continuous solution varies very rapidly in some
(small) part of the domain, which is contained in the region €; C Q. In the remaining part of
the domain the continuous solution is assumed to behave much more smoothly. The boundary
0% of Q; consists of two parts. A part that coincides with 9§? and a remaining part. The
latter part is called the interface I' = 9Q;\0% (see Figure 1). We note that we may have
0 N O = {0}, in which case the interface T’ coincides with 9%;.

In order to compute a numerical approximation of the solution U we discretize (2.1) with
respect to some discretization grid using finite differences. We assume that the finite difference
matrices that appear in this section and in the following sections are all regular.

We use two uniform grids, a global one and a local one. The global coarse grid Q is a
uniform grid with grid size H that covers the domain Q. The local fine grid Q/ is a uniform
grid with grid size A that covers the region Q; (see Figure 1). The space of grid functions on
QF (Q}) is denoted by FH (FF). Since the continuous solution varies (much) more rapidly
in @ than in the remainder of 2, a (much) smaller grid size is needed in €, than in the
remainder of © to provide the required level of resolution: h < H.

We assume that the interface I' coincides with grid lines of Q. Also we assume that all
grid points of QH N Q; belong to Qfl. We note that £} does not contain grid points on the
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Figure 2: Partitioning of Q; o: grid point of Q¢,e: grid point of Q}, x: grid point of T'H.

interface T' (see Figure 1). These fine interface grid points generate the fine interface grid
T». The coarse interface grid T¥ consists of all coarse interface grid points x € Q¥ NT. The
corresponding spaces of grid functions are denoted by ]-'111 and fIH respectively.

Below we will also use a so called composite grid. The composite grid Q. is a nonuniform
grid that covers the domain Q. It is the union of the global coarse grid @ and the local fine
grid QF (see Figure 1,2). The space of grid functions on the composite grid is denoted by ..

Related to these grids we now introduce discrete operators and appropriate intergrid
transfer operators.

First we discretize (2.1) with respect to the global coarse grid 7. At each grid point
x € Q¥ the differential operator in (2.1) is replaced by a finite difference approzimation. This
yields the basic coarse grid problem:

LHWH = fH on QH, (2.2)

with uf, fH € FH and LH : FH — FH. The Dirichlet boundary values in (2.1) are incorpo-
rated in fH.

For a given v ¢ FH (e.g. v = uf) we consider a corresponding fine grid problem
on Qf‘. For this problem artificial Dirichlet boundary values are specified at all grid points
x € T*. Related to this we introduce the trivial injection rr:

H

(rrv)(x) = vH(x), xeTIH, (2.3)

with ¥ a grid function that is defined on IH (but not necessarily on the whole grid Q)
and an interpolation operator

pr: .7:151 — f[}f (2.4)

In practice one will use linear or quadratic interpolation (cf. Section 5). A finite difference
approximatijon on Qf‘ using boundary values derived from v then results in a system

Lt} = f} — LEprrrof on QF, (2.5)

with v,h,f,h € flh, L;‘ : FP— .7-',", L} - Fft — Fl. Natural Dirichlet boundary conditions
on 9 N 9 are incorporated into f*. The incorporation of the artificial Dirichlet boundary
conditions on I in the system is given explicitly by the term —-LI’lprrrvH .

Finally we consider a discretization on the composite grid Q.. At all grid points x € €,
the differential operator in (2.1) is replaced by a certain finite difference approximation. We

denote the resulting composite grid problem by

Leue = fo on §, (26)



with ., f. € F. and L. : F, — F..
The composite grid-is partitioned in the following way (see Figure 2)

Q. =QcuTfuQr. (2.7)

We assume that at all grid points x € Q¢ the same finite difference formula is used as in
the discretization process on the global coarse grid in (see (2.2)). Define the trivial injection
re+ Fo — FH by

(Tcwc)(x) = wc(x), we € Fe, XE QH, (2.8)

Then we have:
(Leu)(x) = (LHr.u)(x), x € Qc, (2.9)
fo(x) = fA(x), xe€Q, (2.10)

with L7 and f¥ asin (2.2).
Define the trivial injection vy : F, — ]—‘Ih by

(rawe)(x) = wo(x), w, € F. x€ QL (2.11)
We assume that in x € QF the composite grid discretization is of the following form:
(Leue)(x) = (Lrauc)(x) + (Lhprrorauc)(x),  x € O, (2.12)

fo(x) = fH(x), x€Qk, (2.13)

with L}, LE, f and rr as in (2.5) and pr as in (2.4).

There are several options for choosing the composite grid discretization in the interface
points x € I'H. However, the general form of the FAC iteration applied to the composite grid
system does not depend on this choice (cf. Section 3, (3.18)). In Section 4 we will consider
one particular choice which results from the analysis of the LDC method.

Remark 2.1. In [4] a much more general setting is presented. For example, for the LDC
method it is not necessary that the local fine grid is a refinement of the coarse grid ((27nQ;) C
QF). Also the setting in [4] allows the use of a variety of discretization methods. Due to this
generality the analysis in [4] uses several technical assumptions which may be hard to verify
in concrete situations. In this paper we restrict ourselves to the specific situation described
above. This makes it possible to give a detailed analysis of the LDC method without technical
assumptions.

3 LDC and FAC methods

In this section we describe a Local Defect Correction method (LDC) and a Fast Adaptive
Composite Grid method (FAC). Both are iterative methods for computing a discrete ap-
proximation of the continuous solution on a composite grid. An important property of both
methods is that essentially the iterative process only uses uniform grids (a global coarse one
and a local fine one).

In the LDC iteration the global coarse grid @ and the local fine grid Q} are used to
compute a numerical approximation of the continuous solution U of (2.1). At each iteration




step a discrete problem on QF and a discrete problem on Qf‘ are solved. The local defect
correction iteration was introduced by Hackbusch in [4]. There Hackbusch introduces a pa-
rameter d > 0 which is the measure for a certain overlap. In this paper we only consider the
case d = 0 (cf. Remark 4.3).

We introduce the following notation. We use a local coarse grid

Qf .= qnQH, (3.1)

and the space of grid functions on Qf is denoted by Ff.
We define the trivial injection r : .7-'," — FH by

(rof)(x) = vP(x), e Fl,xeQf. (3.2)
We will use the characteristic function x : /! — FH given by

H
(xw)(x) := { '(t)u(x) 22 ng\Q{{ . (3.3)

In LDC one starts with solving the basic coarse grid problem (2.2). The resulting uf is
used to define boundary values for a local fine grid problem, i.e. we solve (2.5) with v¥ = u¥
resulting in a local fine grid approximation u{‘ By solving the local fine grid problem we
aim at improving the approximation of the continuous solution U in the region £;. However,
the Dirichlet boundary conditions on I'* result from the basic global coarse grid problem and
the approximation u' can be no more accurate than the approximation u¥ at the interface.
In general, local phenomena cause the approximations uf(x) to be relatively inaccurate at
all grid points x € Q. Therefore the results of this simple two step process usually do not
achieve an accuracy that is in agreement with the added resolution (see e.g. [2], [4]). In the
local defect correction iteration coarse and fine processing steps are reused to quickly obtain
such accuracy.

In the next step of the LDC iteration the approximation ul is used to update the global
coarse grid problem (2.2). The right hand side of (2.2) is updated at grid points that are part
of QlH . The updated global coarse grid problem is given by

LHgh = _fH (3.43.)
with

H h H H x H
fH(X) - { ;L}}(;I)ul )(X) + (LF Tu )( ) ); E ng\QIH (34b)

The operators Lff : FH — FH and L : Fif — F/ are coarse grid analogues of L} and L
in (2.5) and they satisfy:

(LHw™)(x) = (L:HwHIQ{I)(X) + (Lo |pn)(x), wHeFH, xeaf.  (35)
Using (3.3) we can rewrite (3.4a), (3.4b) as follows:

LH'EH = fH + X(LIH’I‘[’U,{" + LIHT["U.H - fH) (36)



So the right hand side of the global coarse grid problem is corrected by the defect of a local
fine grid approzimation. Once we have solved (3.6) we can update the local fine grid problem:

Lpa} = f - Lprrra®. (3.7)

The approximations ¥ and ﬁf of U are used to define an approximation of U on the
composite grid:
—h h
- _Ja(x) xefy
Be(x) = { #H(x) x€Q\Q -

In [2] an error analysis for this approximation that results after only one LDC step is given.
In the LDC iteration global problems like (3.6) and local problems like (3.7) are combined
in the way described above.

LDC

Start: exact solution of the global problem
LHu£I = fH on QH
exact solution of the local problem

h H }
Liujo = f = Liprrrug on QF

computation of a composite grid approximation

h h
. u,,o(x) x € {
Uc,0(x) := { ull(x) x€ QC\Q;‘

t=1,2,...:

a) computation of the right hand side of the global problem
= (=07 + x I rdog + x L reufly (3.8a)

b) exact solution of the global problem

LA = fH on QF (3.8b)

c¢) exact solution of the local problem

L?“ﬁi = f} - L{prrruf’ on QF (3.8¢)

d) computation of a composite grid approximation

h h
ey d (X)) xey d
tei(X) := { H(x) x e\ (3.84)




Remark 3.1. In the LDC iteration it is not necessary to compute the composite grid approx-
imation explicitly. (3.8d) is added for reasons that will become clear later on.

- In practice the systems in (3.8b,3.8¢) will be solved approximately by a fast iterative method.
Then one can take advantage of the fact that one has to solve problems on uniform grids.

Any fixed point (a7, 4}') of the iterative process (3.8) is characterized by the system (see [4])

LHGH — yL#reaH — xLHEra} = (1 - x)f7 on QF,

. ; 3.9
Lrat = fP ~ Liprrra? on Q. (3.9)

Below we describe the FAC method. Note that the LDC method is most naturally inter-
preted as an iterative discretization method. The FAC method is an iterative solver for an a
priori given discrete problem on the composite grid.

We consider a given composite grid problem as in (2.6) with L. such that (2.9), (2.10),
(2.12), (2.13) hold. In the FAC method approximations of u, from (2.6) are computed in an
iterative way. At each iteration step a discrete problem on the uniform global coarse grid and
a discrete problem on the uniform local fine grid are solved exactly and the resulting solutions
are used to improve the current iterate.

First we introduce a restriction operator 7. : F. — F¥. We assume that 7. is the trivial
injection at Qc UTH:

(Fowe)(x) = wo(x), w,€F,, x€ Qe UTH, (3.10)

Let @, be an approximation of u.. Inserting . into the system L.u. — f. = 0 yields
d. := f.— L.i,. (3.11)
The composite grid defect d, is restricted to the global coarse grid and to the local fine grid:
df = Fd,, (3.12)
dt = ryd,. (3.13)

In (3.13) ry is the trivial injection from (2.11).
An approximation v € FH of v, is computed by solving the global coarse grid problem

LHpH = gH (3.14)

with L¥ as in (2.2) (cf. (2.9)).
Also an approximation vlh € f,h of v, is computed. The approximation v¥ of v, that results

from (3.14) is used to define Dirichlet boundary conditions on the interface in the following
local fine grid problem (cf. (2.5), (2.12))

. Lhovp = db - Liprrro®, (3.15)

with L}, Lk, rp as in (2.5) and pr as in (2.4).
The approximation v} from (3.15) is used to correct the approximation i, of u, at grid points
of Q}:
e(x) 1= (%) + v(x), x€Qk (3.16)
At grid points x € Q.\Q} the approximation v# from (3.14) is used to correct the approxi-
mation .:
(%) 1= Ge(x) + v (%), x € Q\Q. (3.17)



The FAC iteration is an iterative process that combines local and global discrete problems
in the way described above.

FAC
Start: Initial composite grid approximation u. o given.

t=1,2,...:
al) computation of the composite grid defect

d.:= fc - Lcuc,i—l (3.183.)

a2) restriction of the composite grid defect to the global coarse grid

df = 7.d, (3.18b)

a3) restriction of the composite grid defect to the local fine grid

dy = rad, (3.18¢)
b) exact solution of the global problem
LHvH = g on QF (3.18d)
c) exact solution of the local problem
L} = df — Lpprrro® on QF (3.18e)

d) correction of the composite grid approximation

Uei(X) 1= Ugio1 (%) + vf'(x), x € Qf (3.181)
Uei(X) 1= i1 (x) + v (x), x € R\ (3.18g)

Remark 3.2. Tteration (3.18) was introduced by McCormick in [8] as the fast adaptive com-
posite grid method in its delayed correction form.

- The fixed point of this iterative process is given by the exact solution of the composite grid
problem (2.6).

- For ¢ > 2 the composite grid defect is equal to zero at all grid points that do not belong to
the interface.

- The FAC method as in (3.18) is not applicable to nonlinear problems. In case L. is nonlin-
ear, the method should be used in FAS-form (see [8]).

We note that in the FAC method u.o is not specified yet. A possible choice for this
initial approximation is the approximation that results from the starting procedure in the
LDC method.




4 Comparison of LDC and FAC

The local defect correction iteration and the fast adaptive composite grid iteration have been
described in the previous sections as discretization and solution methods for a boundary value
problem whose solution contains a high activity region.

From (3.8) and (3.18) it is clear that computationally the iterative processes are very
similar. At each iteration step a discrete problem on the global coarse grid Q2 is solved
exactly. The resulting solution is used to define a discrete problem on the local fine grid
Qf‘ and this discrete problem is solved exactly. The solutions of these problems are used to
compute a new approximation of the continuous solution U of (2.1) on the composite grid.

The starting point for FAC is a composite grid problem L.u, = f. that results from
discretizing (2.1) on the composite grid .. This discrete problem has to be defined a priori.
At each iteration step an approximation of u. is computed by solving discrete problems on
the uniform grids Qf and Q} (not on the composite grid!).

In LDC the discretization process and the solution process are coupled. The ’limit discrete
problem’

LHH — xLErpa ~ xLfima} = (1-x)f7 onQH (4.12)
Ltak = ff — Liprrraf on QF (4.1b)

is an implicit result of the iterative process. At each iteration step an approximation of this
limit discrete problem is computed. In LDC we only discretize with respect to uniform grids
(in contrast with FAC). In the solution process only discrete problems on uniform grids have
to be solved (as in the FAC iteration).

In the remainder of this section we assume that the discretization processes on the global
coarse grid and on the local fine grid are given. Then the results of the LDC iteration only
depend on the choice for the prolongation operator pr. The results of the FAC iteration
depend on the finite difference scheme that is used at the interface grid points and on the
choice for the prolongation operator pr, the restriction operator 7. and the initial composite
grid approximation wu.g. As stated in Section 2 we consider linear problems and we assume
that the finite difference operators L, LIH , Lfl and L. are nonsingular. In this section we
also assume that L7 L,H , L;’ correspond to 9-point stencils.

In this section the main result of this paper is presented, namely that under certain
reasonable assumptions the LDC iterates and the FAC iterates are the same.

First we prove a result for the limit value (@, 4}) of the LDC iteration. At grid points
x € ff two approximations exist: #(x) and @}(x). We show that these approximations are
identical.

Lemma 4.1. The limit value (4, @}) of the LDC method satisfies
afl(x) = ap(x), xeQf. (4.2)
Proof. According to (4.1a) and (3.3) we have
(LR (x) = (LE rraf)(x) ~ (L maf)(x) = 0, x € Qff.
From (2.3) and (3.5) it follows that

(LA )(x) = (L' ¥ lr)(x) + (L rraf)(x), xe€Qf.



ThllS
. ~h
L{I quQIH = LIPITIUI .

Since we have assumed that LIH is regular we have that

i (x) = mab(x) ¥ ab(x), xeQl.
a

As a consequence of Lemma 4.1 the coupled system (4.1) can be represented as a certain
composite grid system. To show this, we first introduce some further notation related to the
composite grid.

Define @, € F. by

ap X h
fel) ‘={ 0 x € 0 = oM (43

Define N
M™.={xe Qff | distance(x,T') = H}

The space of grid functions on QF\Qf, I'H is denoted by FH and .7-'15 respectively. Note that
FH = 7H @ FH. We introduce L¥ : F¥ — FH and LIQI : ff{’ — FH such that (cf. (3.5))

(LHwH)(x) = (LHwH |QH\QIH)(X) + (LHwfpn)(x), wf e FH, xe OI\Qf.  (44)
Let the trivial injection ry :f,h — .7-'15 be defined by
(rpwf)(x) := wi(x), w}eFt, xeTH. (4.5)

Now we can represent 4. from (4.3) as the solution of a composite grid system.

Lemma 4.2. The composite grid approximation @. from (4.3) satisfies:

L., = f. (4.6a)
with
> Ly Liprrr )
L.= ! r , (4.6b)
¢ ( Liry LY
< h
]
. = - 4.6
Ye ( uH|QH\Q{I ) ’ (169

. ] ) ., (4.6d)

Proof. First note that
L}ay + LprrraH o= f
1% rpPrrre IQH\QI fi

10



holds due to (4.1b).
Also note that for x € Q7\Qf we have
R X 4.5 R R
(L?rfuf‘ + L?uH|QH\QfI)(x) (4.5) (L{-,IUHFH + quH|QH\Q{1)(x)
4.2 R .
@ + L g o) ()

W ()
A
a.

Remark 4.3. The composite grid problem (4.6) is such that (2.9), (2.10), (2.12), (2.13) hold.
Furthermore we have specified the discretization in the interface points x € T' (cf. (4.4)).
From Lemma 4.2 we see that the LDC process induces a natural corresponding composite
grid system. For this result to hold the assumption d = 0 is essential.

In the remainder of this section we assume that L. is regular. In a finite difference setting
this assumption will be satisfied in general (cf. Section 5 and [3]).

Below, in Theorem 4.7, we derive an expression for the iteration matrix of the FAC method
applied to the composite grid problem in (4.6). First we introduce notation for the restrictions
e and o from (3.10) and (2.11) respectively. Also we introduce corresponding prolongations.
We use a block partitioning corresponding to F. = F @ FZ, FH = FH ® FH. Then the
restrictions 7. : F. — FH and vy : F. — T,h can be represented as :

Fo = [6 H ra =11 0], (4.7)

with 7 : F! — F a given restriction operator.
For the prolongation p, : F — F, we assume a given prolongation operator 5 : f}H - .7-'[‘
(e.g. p = 7T). We use the following prolongations:

ﬁcz[g ?]’TCIT:I:é]' (4.8)

Below the following operators P; : . — F, play an important role:
Py := p (L) Y Lo, Py =gt (L) eyl (4.9)

In Remark 4.9 below we will see that the error propagation of the FAC method is determined
by the operator (I — P,}(I — Py)(I — P).

First we note that this operator does not depend on 7, p from (4.7), (4.8).

Lemma 4.4. The operator (I — P;)(I — P;)({ — P,) is independent of the choice of , p in
(4.7), (4.8).

Proof. First note that I — P, does not depend on #, p. The operator I — P; is of the form

[ g : } so (I — P;)p. does not depend on p.

11



Further we note that L.(I — P,) is of the form [ g

7. O

2 ] 50 FciC(I — P;) does not depend on

The following lemma will be used in the proofs of Theorem 4.7 and Theorem 4.8.
We use block partitioning corresponding to 7 = FF @ FH F.=Flo FH.

Lemma 4.5. The following holds

(I- PP = [ 8 (L )_;LFPF’T ] (LH) 15, L. (4.10)

Proof. Note that

(I - P2)P1 = (I - TCIT(L?)_ITCII:C)Z;C(LH)_lfcic
[ 0 —(L})~'Liprer } [ p 0 ] (LH)i. b,

) 1 0 I
- [ 8 —(L?)_;L'EPFTF ] (L)',

0.

Remark 4.6. From the result in (4.10) it is clear that (I — P;)(I — P;) does not depend on
the choice of j in (4.8).

Theorem 4.7. If the FAC iteration (3.18) is applied to the composite grid system in (4.6),
then the iterates u.; (¢ > 1) satisfy

ey = Muci1+ - M)(j;c)_lfc, (4.11a)
with
M = (I-P)I-P). (4.11b)

Proof. Clearly the FAC method applied to (4.6) is a linear iteration, with fixed point .. So
it is of the form as in (4.11a).
Using (3.18) we get:

- 00
Ue; = Uei-1t rclT(L{L) 1('rcldc - L{'l‘pFTFvH) + l 0 I l 'UH

—17h R
- uc,i_1+P2(ac—1tc,,-_1)+([g ?]-[g (L) qu”’”"“D(L”)%Lc(ac—uc,i-l).

Using Lemma 4.5 results in

’U,C,,‘ —_ ’[llc = uc,i_l - &c + Pz(ﬁ,c — uc,,'_l) + (I - P2)P1(’&c - uc,i—l)
= (I - P)({ ~ P)(uci-1 — ).

This proves the expression for the iteration matrix in (4.11b). o

We note that a result as in Theorem 4.7, but then in a variational setting, is also proved in
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e.g. [8].
Theorem 4.8. The iterates uc; (¢ > 1) from the LDC method (3.8) satisfy
Uei = Mug;_q + (I — M)(Lo)™' fe, (4.12)

with M as in (4.11b).
Proof. Note that, due to Lemma 4.2, (4.12) is equivalent with

Uei — ﬁ'c = M(uc,i—l - ﬁc)- (413)

In LDC we use a trivial injection operator r;; so with r, as in (2.8),i.e. 7. = [ @I 0 ], we

I
have (cf. (3.8a))

FIo= Q=) + xLffroudiy + xLf el
= ( - X)fH + XLHTcuc,i—l
LHrcuC,t-_l + (1= x)(fH - LHrcuC,i_l). (4.14)

We now consider the term (1 — x)(f¥ — LHrcuc,i_l). We will show that for all x € QF the
following holds: '

(- X)(fH - LHTcuc,i—l))(x) = (fc(fc - ﬁcuc,i—l))(x)- (4.15)

For x € Qf the left hand side in (4.15) equals zero due to the definition of x. On the other
hand, for x € 2, we also have

(iC(fhc - jfcuc,i—l))(x) ([F 12)](fc - i’cuc,i—l))(x)

= (F(f = Lufioy = Liprrruly))(x) = 0,
due to (3.8c). So (4.15) holds for x € QF.
For x € Q¢ = Q\(Qf UTH) we have

((1 - X)(fH - LH"'cuc,i—l))(x)

il

(fH - LHTC“C,!'—I)(X)
(FT-LMefl)(x) = 0

due to (3.8a,b).
On the other hand, for x € Q¢, we also have

(Fo(fo = Leueio1))(x) = (fFH — LHuH )(x) = 0.

So (4.15) holds for x € Q¢.
Finally, for x € T, we have

Q=) = Lrauc; ) (%) = (f7 = DHreueiog)(x)
= (Fefo)®) — (LHreuci—1)(x)
(Fefe)x) = (5l ueimal g, qm)(9) ~ (Lff i lar) (x)
= (Fofe)(x) = (Letteim1)(x)
=" (ol fo = Letteio))(%).
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So (4.15) also holds for x € TH.
Combination of (4.14), (4.15) yields

fH = LH"'cuc,i—l + Fc(fc - ic'“'c,i—l)- (416)

For u.; in the LDC method we have:

. o 0 _ .
Ue; — U [ 0 I ] u,H + rclT(L;‘) l(f,h - Ll’lprrruf’) — U,

(3 3]-[3 i

) R _ Lh —-17h A
(4'—1'6) —(I - Pz)’ll,c + l: g ( ! ) ILFPFTF ] (LH) 1"'ch(Uc - uc,i—l)
[ — (LM -1Lk T

= —(I - Pg)?:l.,: + (I - PQ)Pl(ac - uc,i—l)

) _(Th=-171h ]
g (L}) ILpprTr retleiots (4.17)

+

where in the last equality we used Lemma 4.5. Now note that

0 —(LyLgprrr | _ [0 - Lpprre [ (7 0] _
@ ) I Te = @ l I r @ I = I—PQ.

Using this in (4.17) we get

Uei — U = —=(I = P+ (I — P2)Py(tic — ucim1) + (I — Po)uci—1
(I - P2)(I - Pl)(uc,i—l - '&'c)a

which proves (4.12). o

From Theorem 4.7 and Theorem 4.8 it is clear that there is a close correspondence between
the FAC method applied to the composite grid system in (4.6) and the LDC method. Firstly,
both methods are linear iterative methods with the same unique fixed point @.. Secondly,
both methods have the same iteration matrix M = (I — P;)(I — P;). Of course, this implies
that both methods have the same convergence rate. In the FAC method we are still free to
choose the initial composite grid approximation u.g. A possible choice is the approximation
that results from the starting procedure in the LDC method (3.8). With this initial approxi-
mation both methods yield identical iterates.

Remark 4.9. The iteration matrix of both the FAC method applied to (4.6) and the LDC
method is given by M = (I — P)(I — P;).

Often it is advantageous to analyze the more symmetric operator M = (I—P)(I—P;)(I-Py).
Such an analysis immediately yields (sharp) results for M, because due to (I — P;)? = (I - P,)
we have (M) = o(M) and || M*|| = | M*~Y(I - P,)| for k > 2.
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5 Implications of the Equivalence Between LDC and FAC

In this section we discuss some consequences of the main result in Section 4: the equivalence
between LDC and FAC. Some of these consequences are illustrated by means of numerical
results.

We recall that the main assumptions for this equivalence to hold are the following;:
o for the overlap parameter d in the LDC method from [4] we take d = 0;

e for the FAC method we use a composite grid system as in (4.6). So for discretization
an interface grid point is treated as a coarse grid point;

e for the FAC method we use the same starting procedure as for the LDC method.

Below we will illustrate certain phenomena using numerical results for the following model
problem:

-AU=f inQ=(0,1)x(0,1), (5.1a)
U=g ondl, (5.1b)

with f and g such that the solution U is given by
U(z,y) = ${tanh(25(z +y — 1)) + 1}. (5.1¢)

The solution U is shown in Figure 3. Clearly this solution varies very rapidly in a small part

Figure 3: The solution U from (5.1c).

of the domain and is relatively smooth in the remaining part of the domain. For §; we take
1 1
U= {@n)lle-1< 7 Aly-11< 1) (52)

The discretization is as follows. Using the LDC approach we only have to specify a global
(coarse grid) discretization (cf. (2.2)), an interpolation operator pr (cf. (2.4)) and a local
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(fine grid) discretization (cf. (2.5)). Both for the global and local problem we use the stan-
dard 5-point stencil for the Laplacian. For the interpolation pr we use piecewise quadratic
interpolation (motivation below).

Below we discuss certain aspects concerning implementation, discretization error and con-
vergence rate.

Implementation. With respect to implementation the LDC approach has an important ad-
vantage compared to the FAC method: in the LDC algorithm we do not use a composite grid
operator (L. in FAC). In LDC we only need a global coarse grid discretization, a local fine
grid discretization and an operator pr for interpolating artificial boundary values on T'.

Discretization error. An important consequence of the results proved in Section 4 is that for
the discretization error of the limit of the LDC iteration it is sufficient to analyze the compos-
ite grid discretization in (4.6) (which may be easier than an analysis of the coupled system in
(4.1)). Note that in this discretization the treatment of the interface points is rather unusual.
It turns out that, at least for the finite difference case, stability and reasonable error estimates
can be proved. A detailed analysis of the finite difference discretization on composite grids
for problems as in (5.1) is presented in another paper [3]. Here we just give a typical error
estimate from [3]. By ds n(y) we denote the local discretization error in the grid point y. By
T'% we denote the set of grid points in Q] next to the interface T, i.e.

¥ = {x € Q| dist(x,T) = h}.

Due to the interpolation needed on I' the local discretization errors in points y € I'; depend
on o := H/h. For the composite grid discretization as in (4.6) applied to a problem as in
(5.1) the following estimates are valid:

max _|dpp(y) < CiH?, (5.3a)
yeQ\QF 7
max [|dpp(y) < C,h?, (5.3b)
yeQr
)rrnez})“dh,y(yﬂ < Cs0?HY, (5.3¢)
h

with 7 = 0, 1if pr corresponds to piecewise linear or quadratic interpolation respectively. The
constants C; depend on higher derivatives of U and due to the local high activity we have
C2 > Cy, Cy > C3. In [3] it is proved that the following global discretization error estimate
holds:

lliic — Ulleo < C(C1H? + C3h? + C3HIH), (5.4)

with C a small constant that does not depend on U, h, H.

As usual in finite difference estimates, the result in (5.4) has the disadvantage that high
(fourth order) derivatives are involved. However, the estimate in (5.4) nicely separates the
influence of the high activity region (C,h?), the low activity region (C1.H?), and the interpola-
tion on the interface (C3H’*'). Note that all constants in (5.4) are independent of o = H/h.
Based on (5.4) we used piecewise quadratic interpolation in the experiments below.

We conclude that the LDC approach results in a stable composite grid discretization for which
an error estimate as in (5.4) holds. Based on (5.4) we expect the following. If we take H = Hyg
fixed then halving h should result in quadratic convergence until a certain threshold value
h = hpin is reached. Then halving H and using a constant refinement factor o = H/h equal
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to gg := Ho/hmin should again result in quadratic convergence. This behaviour is confirmed
by the results of Experiment 1.

Convergence rate. First we note that the asymptotic (for A | 0) analysis in [4] is not valid
here, because in [4] the assumption d > 0 (independent of H) is crucial. A rigorous analysis
for the case d = 0 is not available (yet).

However, there exists convergence theory, in a variational setting, for the FAC method (e.g.
in [8]). In spite of the fact that the composite grid problem in (4.6) does not fit into a vari-
ational setting, the equivalence between LDC and FAC leads us to the claim that the LDC
method will have convergence properties similar to those of the variational FAC method.
Therefore (cf. (7, 8]) we expect a convergence rate that is independent of H and of o = H/h.
This claim is supported by the results of Experiment 2.

Ezxperiment 1 We solved the problem in (5.1) with Q; as in (5.2). The composite grid dis-
cretizatijon is as described above. In Table 1 we show the discretization error |4, — Ul| for
several values of H and o. The results are in agreement with the estimate in (5.4).

FEzxperiment 2. We solved the composite grid problem described above, using the LDC (or
equivalently FAC) method. Below in Table 2 we give the average error reduction per iteration
(in || . |lso) in the first 4 iterations, for several values of H and ¢ = H/h. The convergence
rate appears to be independent of both H and o.

H=1/20 H =1/40
oc=1 o=2 oc=14 o=28 oc=16 =16
1.22e - 01 1.60e—02 3.68¢—-03 859%¢—04 5.79¢—04 | 1.42¢e - 04

Table 1: Discretization error |G, — Ul|e in Experiment 1.

H=1/20 =2
c=2 a=4 c=8 |H=1/20 H=1/40 H =1/80
1.0e— 02 14e—02 15e—02| 1.0e —02 1.0e—02 7.4e— 03

Table 2: Error reduction in Experiment 2.
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