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Summary 

The H-drive is a servo system consisting of perpendicular axes in the horizontal plane 
on which linear motors can translate. In order to make the H-drive underactuated, a 
link is mounted on top of one of its linear motors. The link is not actuated, it is free to 
rotate. 

In order to cancel the disturbing effects of the rotating link on the performance of the 
H-drive as a servo system, input output linearization (further referred to as I 0  lineariza- 
tion) is implemented. The I 0  linearizing control law is based on a rigid body model for 
the H-drive. The model does not include horizontal tilt motion of the translating axis. 
Merely friction in the bearing of the link has been accounted for. 

Choosing the actuated DOFs as outputs, the relative degree is well defined. For this 
choice of output functions, the zero and tracking dynamics simply coincide with the 
link's motion that arises when the control goals for the actuated DOFs have been 
realized. The stability of the tracking dynamics depends on the reference trajectories 
imposed. In case of the zerodynamics, the angular velocity of the link will asymptotically 
decay to zero. The link will come at rest at some arbitrary position. 

An additional servo &stem is employed to control the H-drive. By doing so, the so called 
"virtual internal model following control" approach is implemented. The additional 
servo system prevents tilt motion of the translating axis. Moreover, the additional 
servo controller is able to suppress unmodelled phenomena such as friction and cogging 
forces. 

Stabilization and tracking experiments are performed. Simulation results agree quite 
well with the experimental results in case of the actuated DOFs. Because the effects of 
static friction are underestimated using a continuous friction model, the link's motion 
is not well predicted by the simulations. The currents measured are significantly larger 
than the currents simulated. Reason for this are disturbances such as friction and 
cogging. 

Experiments show that I 0  linearization is successfully implemented. The underactuated 
H-drive proves to be a system very suitable for the application of I 0  linearization. The 
actuated DOFs are globally stabilized using linear pole placement techniques. Thanks 
to the additional servo controller, a robust form of I0 linearization is obtained. Due to 
a servo error in the low level servo loop, no exact I 0  linearization can be obtained. 



. . 
Summary 11 

The main recommendation is to remove the need for the additional servo controller by 
implementing a more accurate model for the H-drive. This model should for example 
account for horizontal tilt motion and should include a suitable model for friction present 
on the X and Y axes. 
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Chapter 1 

Introduction 

Underactuated mechanical systems are defined as systems having less inputs than de- 
grees of freedom. These systems frequently appear in daily life, examples of them are 
surface vessels, helicopters and underactuated mazipulatms. W i t h  the scc?pe of re- 
search in the control of underactuated mechanical systems in the Dynamics and Control 
group, the H-drive servo system is adjusted. On top of one of its linear motors, a link 
is mounted. The link is not actuated; it is free to rotate. 

This internship comprises three subjects related to the underactuated H-drive. First, 
a range of experiments using the controller designed in [I] is performed. The main 
goal of these experiments was to diminish the disturbance that arises when the link's 
plane of rotation is not exactly horizontal. Second, the controllability properties of the 
linearization of a model including horizontal tilt motion are investigated. Both the first 
and second subject are carried out in close cooperation with W.T. Oud. The third and 
main subject is the implementation of I 0  linearization on the underactuated H-drive. 
In this report, emphasis is placed on the latter subject. 

Controlling the underactuated H-drive involves severe difficulties. Referring to [2 ] ,  the 
system is controllable. The linearization is not controllable because gravity exerts no 
influence on the link. Because no linear controller can stabilize the underactuated H- 
drive, the possibilities of nonlinear control methods for controlling the underactuated 
H-drive are being explored within the Dynamics and Control group. 

The Ph.D. project of E. Aneke was dedicated to the control of the unactuated link itself. 
In [I] a controller in second order chained form is successfully applied to the underac- 
tuated H-drive. The aim of this internship is to develop a control strategy that cancels 
the disturbing effects of the rotating link on the other DOFs. This disturbance will 
become significant when a substantial mass is mounted on the link. A control strategy 
that is very well capable of cancelling nonlinearities, is input output linearization (fur- 
ther referred to as I 0  linearization). I0 linearization is a method that makes the input 
output behavior of a nonlinear system linear by feedback. Next, linear pole placement 
techniques can be applied to globally stabilize the input output behaviour of the system. 



Chapter 1. Introduction 

Chapter 1 starts with an introduction to the theory on I 0  linearization. In chapter 
2, the equations of motion for the H-drive on which the I0  linearization will be based 
are discussed. Furthermore, an I 0  linearizing control law will be derived. Also the 
control structure in which I0  linearization will be embedded is discussed. In order to 
investigate the properties of the control strategy developed, simulations and experiments 
are performed. Simulation and experimental results of a stabilization and a tracking 
experiment will be discussed in Chapter 3. Hereafter, conclusions and recommendations 
are made. The subjects that have been carried out in co-operation with W.T. Oud are 
included in the Appendices. The improvements made to the H-drive as an experimental 
setup are discussed in the first appendix. In the second appendix, the controllability 
properties of the linearization of a model including horizontal tilt motion are discussed. 



Chapter 2 

Theory on I0  linearization 

I 0  linearization is a control strategy that makes the input output behavior of a nonlinear 
system globally linear by using a specific state feedback control law. The method 
t~ta!!y differs frem the Jacebiar, !inearization of a nonlinear system. Befnre applying 
the strategy on the H-drive with link, a general introduction to the subject of I 0  
linearization will be given. Merely the MIMO case will be treated, the SISO case 
(which follows directly from the MIMO case) will be omitted here. Consider a square 
MIMO system, i.e. a system that has an equal number of inputs and outputs, given by: 

YP = hP(4 

Differentiating the output yj with respect to time, one obtains: 

P 

:= L$,(x) + C ~gzh ,  (x)% 
,=I 

Here, Ljh,(x) and LgZhJ(x) are called the Lie derivatives of h, with respect to f 
and g, respectively. If at least one input appears in the first derivative of yJ, thus 

if [L,, h, (x) . . . LSph,(x)] # [O . . .O] V x, the output y, is said to have relative de- 
gree 1. The case in which [Lgl h3(x). . . LgphJ(x)] # [O . . . O ]  for some subset of x 
will not be considered here. In that case, the relative degree is not well defined. If 
[L,, h, (x) . . . L,, h, (x)] = [O . . .0], i.e. no input appears in the first derivative, (2.2) is 
differentiated once more, one then obtains: 
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If [L,, L f  ( x )  . . . LgpLf h ( x ) ]  # [O . . . O ]  'd x, the output yj has relative degree two. 
In general, if olj is the smallest integer such that at least one of the inputs ui appears 
in the aj-th time derivative of yj, this output is said to have relative degree a j .  By 
determining subsequent Lie derivatives for all output functions, a p x 1 matrix N(x) 
given by 

and a p x p matrix A defined as 

can be established. The system's vector relative degree r is given by al, a2. . . ~ l p .  The 
vector of output derivatives can now be denoted as: 

Provided that the matrix A(x) is regular, a state feedback control law given by 

linearizes the input output behaviour. A system that is linear from input vj to output 
yj results: 

Note that the situation in which the relative degree is not well defined for some output 
causes A(x) to become singular. In that case, the input will become arbitrarily large. 
In addition to being linearized, the system (2.8) is decoupled. Therefore, each output y3 
can be separately stabilized using an additional controller vj. The m-th time-derivative 
of the tracking error e j  is defined as 

A ontrol law that stabilizes yj is given by 
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(partial) p le p acement lo p 

Figure 2.1: general structure of I0  linearization. The system given by f (x), g(x) is I0  linearized by u, 
the error dynamics are partially (depending on the relative degree) stabilized by v. 

Finally, in figure 2.1, the structure of I 0  linearization is schematically depicted. After 
the I 0  linearizing control law has been derived, a coordinate transformation to the so 
called normal form is possible. The first a1 + a2 coordinates from this transformation 
are chosen the following way: 

z (x) = L:'-' hl (x) (x) = ~ F - l h 2  (x) 

Up to the r-th coordinate, r = cul + a2 + . . . + ol,, coordinates can be defined this way. 
Depending on the relative degree, one must complete the coordinate transformation by 
n - r coordinates. The choice for these coordinates is nontrivial; the transformation 
must be regular. The remaining coordinates are given by 

The dynamics represented within the z domain are: 

The derivatives of ql(x) . . . ~ - ~ ( x )  might be strongly nonlinear in zl, 2 2 , .  . . , xn and 
in vl, v2,. . . , up. After achieving a certain control task (i.e. the tracking error has 
vanished), dynamics on RnPr remain. This part of the dynamics is unobservable from 
the outputs of the system. Depending on the type of control task, i.e. tracking or 
stabilization, these dynamics are called tracking dynamics, respectively zero dynamics. 
A system is said to be (locally) minimum phase when the origin of the trackinglzero 
dynamics is a (locally) stable equilibrium point. Obviously, a beneficial application 
of I 0  linearization requires the tracking and/or zero dynamics to be minimum phase. 
More detailed information on the subject of I 0  linearization can be found in [4]. 



Chapter 3 

I0  linearization on the H-drive 

First, the equations of motion used to model the H-drive with will be discussed. Here- 
after, the theory on I 0  linearization as presented in the foregoing chapter will be applied. 
Finally, the control siriictiire in which IQ !inearization v.11 be exbedded is discussed. 

3.1 Equations of motion 

Figure 3.1 shows the setup of the H-drive. The H-drive is a servo system that consists 

Figure 3.1: Schematic representation of the H-drive setup. The machine coordinates are denoted by X, 
YI and Yz, the link coordinates are given by r,, r, and 0. Note that YI and Yz are not necessarily equal 
as is the case here. 

of three axes on which linear motors can translate. The parallel axes Yl and Yz guide 
the motors my, and my, whose positions are controlled by the currents iy, and iy, 
respectively. The motors translating in Y direction are interconnected by a beam, the 
X axis. The X-axis guides the motor mx which is controlled by the current ix. The 
X-axis is mounted to the Y motors by means of elastic joints that allow small rotations 
in the horizontal plane. Due to possible tilt of the X beam, the positions Yl and Y2 are 
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not necessarily equal. However, because of the servo t a k  of the H-drive, the positions 
Yl and Y2 will be controlled to follow the same reference trajectory. As a consequence, 
the positions Yl and Y2 are assumed to be equal. The average of Yl and Y2 will be 
denoted by Y, the average of iy, and iy, is consequently given by iy.  

Two sets of coordinates are used to describe the H-drive's motion. One set  is called the 
machine coordinates and consists of X ,  Y and 0 plus their time-derivatives. This coor- 
dinate system will be used to indicate the positions of the X and Y motors. The other 
set of coordinates, the link coordinates, is denoted by r,, ry and 0 and their accompa- 
nying time-derivatives. The latter set is obtained by a simple linear transformation of 
the machine coordinates: 

By means of the coordinate transformation, the origin of the link coordinates can be 
defined at the center of the H-drive setup. The H-drive with the additional rotational 
link is an underactuated mechanical system: the number of DOFs (r,, ry, 0) exceeds the 
number of inputs (ix, iy j . 

The H-drive's equations of motion have been derived using the method of Lagrange. For 
the derivation, a few assumptions have been made. First of all, the H-drive is assumed 
to consist of rigid bodies. Second, the position of masses my, and my, are assumed to 
be equal. Furthermore, the friction present on the X-axis and the Y-axes are assumed 
to be compensated for by the servo controllers of the linear motors. Disturbances such 
as cogging have not been taken into account. Finally, the H-drive is modelled by the 
following equations of motion: 

Here, the masses are given by 

The friction present in the link bearing has been modelled with a combination of 
Coulomb and viscous friction. The Coulomb friction is approximated using an arct- 
angens function. The linearization of the above system is not controllable. In Appendix 
B, the controllability properties of the linearization of a model including horizontal tilt 
motion are investigated. 
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3.2 Derivation of I 0  control law 

To apply I 0  linearization, the state space notation must be used. The state variables 
will be defined as: 

The state space representation of the equations of motion is quite complex. Therefore, 
merely the general structure will be given here: 

From (3.51, the possible benefits of IO !inezzization directly coxe apparent. Due t~ the 
presence of the link, the lower half of both the drift term and the input term of the 
state space representation are strongly nonlinear. In addition, the inputs and outputs 
are coupled. The time-derivative of $4 is influenced by both ix and i y ,  the same applies 
to the time-derivative of xg. With that, the link limits the performance of the H-drive 
as a servo system. 

The actuated degrees of freedom are chosen as output functions, i.e. 

In conformity with the theory from chapter 2, the derivation of the I 0  control law starts 
with determining the Lie derivatives of yl and ya. 

Because no inputs appear in the first Lie derivatives, the second Lie derivatives are 
computed: 
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The denominator D(x) which appears in the foregoing expressions is. given by: 

Considering (3.8), both yl and y2 have relative degree two. For both output functions 
the relative degree is we3 deiined, i.e. i f i g h i ( x j  f O V rr: for i  = 1,2.  The oiitpiit 
functions chosen therefore serve as an appropriate basis for I 0  linearization. However, 
the numbers of inputs that appear in LgLf  hl(x) and LgLf h2(x) do depend on x. For 
x3 = ;, LgLf hl(x) does not depend on ix. This situation coincides with the link being 
parallel to the X axes. Owing to this i x  exerts no torque on the link. As a consequence, 
yl is not influenced by i x .  For x3 = 0, LgLf  h2(x) is independent of i y .  In this case, 
the link is parallel to the Y axis and no torque is exerted on the link by i y .  Therefore, 
y2 will not be influenced by i y  in that case. 

Next, an I 0  linearizing control law u is computed using (2.7). An expression for u is: 

msl sin(x3) 2 
mxvx + 2 I 

( C U X ~  + cs - arctan(cpx6)) 
7r 
2 

myv, + I lr 
\ I 

feed f orward I - V 

tangential force due to f rzctzon 

m'l" 2 
m31 sin(x3)xg - ( sin(x3) cos(x3) vx - cos (~3)vy) - I 8 

normal force tangential force v due to inputs 

The control law presented above, is a combination of rigid body feedforward and an exact 
cancellation of the normal and tangential forces exerted by the link using a computed 
torque control law. The additional controllers v, and vy are chosen the following way: 

The coefficients ko and kl  are to be chosen such that v, and vy are Hurwitz. By doing 
so, the input output behavior will be globally asymptotically stabilized. 

In theory, I0 linearization does not require an additional servo system to control the 
H-drive. In practice however, the servo controllers mentioned in section 3.1 will be 
employed when I 0  linearization is implemented. The servo controllers are required 
for two reasons. First, tilt of the X-beam is to be prevented. Since tilt is not ac- 
counted for in the equations of motion, the servo controllers are necessary to ensure 
that Yl(t) = Y2(t) 'd t. Second, the servo controllers are able to compensate or 
suppress unmodelled dynamics and unknown disturbances such as friction and cogging. 
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The control structure consisting of a high level nonlinear controller and a low level 
servo controller is often referred to as "virtual internal model following control", see [I] 
and [3]. Figure 3.2 shows the control structure implemented. The servo controllers for 

controller H-drive 

reference 
controller 

trajectoly 

Figure 3.2: Control structure implemted on the underactuated H-drive. The H-drive is controlled by a 
combination of a high level I 0  controller and a low level servo controller. The output of the high level 
controller is integrated twice in order to obtain a reference to follow by the low level controller. 

X and Y are of equal structure, both are of the type PI  lead/lag. Since the masses 
associated with motions along the X- and Y-direction are different, the servo controllers 
for X and Y differ in gain. The tuning of the low level servo controllers is discussed 
more detailed in [I]. 

From itself, I 0  linearization has very poor robustness properties since it relies on exact 
cancellation of nonlinearities. The robustness of I 0  linearization w.r.t. parameter 
uncertainties, unmodelled dynamics and disturbances will be largely increased when 
an additional servo system is applied. Given an imperfect model, the virtual internal 
model following control approach might prove indispensable for a useful application of 
I 0  linearization. 

Essentially, the use of an additional linear servo controller does not alter the input 
output behaviour from being linear. However, the presence of a servo error will disturb 
the linearity of the input output behaviour. As a consequence, no exact I 0  linearization 
will be obtained when a servo error is present. The smaller the servo error, the more 
the benefits of I0 linearization will be attained. The servo error acts as a lower bound 
on the tracking error; the tracking error will in no case be smaller than the servo 
error. Concluding: the servo controller should be designed such that the servo error is 
minimized. Then, the benefits of I 0  linearization are attained maximally. 

3.3 Tracking and zero dynamics 

In order to evaluate the zero and tracking dynamics of the underactuated H-drive, the 
transformation to the normal form is employed. The first four coordinates are chosen 
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in conformity with (2.11): 

The remaining coordinates zs and z6 are chosen such that the transformation to the 
normal form is regular. The simplest way to make the transformation regular is choosing 
25 = 23  and z6 = X6. In that case the transformation is one to one; the Jacobian of z 
w.r.t. x will have full rank. The dynamics in the normal form are consequently: 

The dynamics in normal form clearly shows that zl and z3 (xl and x2) are decoupled 
w.r.t. to the inputs. Moreover, they are decoupled from the disturbing effects of the 
rotating link. Furthermore, the dynamics in z5 and z6 do not depend on zl up to z4. 
The tracking dynamics are obtained from (3.13) by assuming the tracking error has 
vanished. In that case, no dynamics are present in the coordinates zl up to z4. By 
doing so, the tracking dynamics are: 

The tracking dynamics coincide with the link's motion that arises when zl and z3 are 
forced to track a certain reference. Expression (3.14) merely states that the angular 
acceleration is influenced by the torque of Elref and and by the friction present in 
the bearing. The stability of the tracking dynamics depends on the specific trajectories 
imposed on zl and z3. Using the Jacobian linearization of (3.14), this dependency will 
be (locally) investigated. Assuming Elref = constant and ,i3r,f = 0, the linearization of 
(3.14) around the origin of (z5, z6) is: 

The parameters c,, c, and cp are positive. Due to the friction terms present in A2z, one 
of the eigenvalues of A will have negative real part. The second eigenvalue can have 
negative or positive real part depending on the value of ,ilref. 

If Elref is negative, the second eigenvalue will have negative real part. In that case, the 
tracking dynamics are asymptotically stable. Given nonzero initial conditions, the link 
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Figure 3.3: Dependence of the local stability on the sign of the reference trajectory imposed 

will be stabilized in the origin by a torque T which is caused by 21ref. Figure 3.3 (a) 
shows the initial orientation of the link and the accompanying torque in case of negative 

zl,,f. 

If Zlref is positive, the second eigenvalue will have positive real part. Thereby, the 
tracking dynamics will be unstable. Assuming nonzero initial conditions, the link will 
be stabilized in (z5, z6)=(;, 0 )  by a torque r caused by Zlref. Figure 3.3 (b) shows the 
initial orientation of the link and the accompanying torque in case of positive 
Note that the stability properties of the tracking dynamics as derived are only valid in 
case of constant 

The zero dynamics are obtained from (3.14) by setting and 23,,f equal t o  zero. 
The zero dynamics of the underactuated H-drive are: 

The zero dynamics coincide with the link's freedom to rotate when the control goals for 
zl and z3 have been achieved. The stability of the zero dynamics can not be investigated 
using the Jacobian linearization of (3.16). The Jacobian linearization is inconclusive 
about stability because it has a zero eigenvalue. Therefore, the stability properties of 
the zero dynamics will be investigated by analyzing (3.16) directly. 

The second equation of (3.16) is independent of z5. From this equation, one can directly 
observe that z6 (the angular velocity of the link) will decay to zero; the equilibrium point 
26 = 0 is asymptotically stable. However, z6 will decay to zero for whatever value of x5. 
As a consequence, a continuum of equilibrium points is present in case of 25. Physically, 
the characteristics of the zero dynamics can be understood by the fact that the link will 
decelerate due to  friction and finally come a t  rest a t  some arbitrary position. 
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Simulations and experiments 

In order to  evaluate the performance of the control strategy implemented, simulations 
and experiments have been conducted. First, results in case of constant tracking will be 
discussed. Eereaftei-, i-ewks obtained with a periodic reference trajectory are discussed. 

The values for the parameters in the simulations and experiments are chosen in agree- 
ment with the values obtained by the least squares identification procedure performed 
in [I]. Results of this procedure are given in table 4.1. Because cp is parameterized 
nonlinearly in (3.2), it is not identified by the least squares procedure. Therefore, a 
rough estimate for cp is used. The values for ko and kl are chosen such that the eigen- 
values of the error dynamics equal -50. Physical limitations of the H-drive restrict the 
eigenvalues to this level. 

4.1 Constant tracking 

Because of the H-drive's physical limitations, instead of a step function, a third order 
profile is used as a reference trajectory for constant tracking. Since the third order 
profile is more smooth, it requires much smaller accelerations than a step profile. 

On both outputs yl and y ~ ,  the same third order profile is imposed. The initial condi- 
tions xo are [0.2, 0.2, 0 ,  0 , 0 ,  01. Figure 4.1 shows the state variables for both simulation 
and experiment. In case of XI,  xz and the accompanying time-derivatives, simulation 
and experimental results agree well. Therefore, the control structure implemented is 
robust to unmodelled phenomena indeed. Overshoot w.r.t. to the third order profile 
can be observed. 

Simulation and experimental results differ in case of the link motion. The simulation 
predicts a larger angular velocity just after the start of the third order profile. Reason 
for the difference observed might be the approximation of Coulomb friction with an 
arctangent function; this approximation underestimates the effects of static friction. 
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Table 4.1: simulation ~arameters 
parameter value unit 

km 74.4 

After the third order profile attains a constant value, the motion of the link can be 
viewed as the zero dynamics of the underactuated H-drive. The angular velocity xs 
decays to zero. The angle x3 takes an arbitrary value. The zero dynamics behave as 
derived in section 3.3. 

The tracking errors are shown in the upper plots of figure 4.2. The error dynamics 
for yl and yz are qualitatively equal. The explanation for the mutual differences is 
twofold. First, the references generated by the integrators differ, see figure 3.2. Second, 
the servo controllers differ in gain. The peak values of the tracking errors coincide with 
the overshoot in xl and x2. Vibrational behavior can be observed in the tracking error 
after the third order profile attains a constant value, see the middle plots of figure 4.1 
which provide an enlarged view. 

The vibration in the tracking error is caused by forces exerted by the rotating link. 
The amplitude of the vibration is approximately related to the square of the angular 
velocity, i.e. it is related to the centrifugal force. The frequency is directly proportional 
to the angular velocity. Because the angular velocity decreases due to friction, both the 
vibration's amplitude and frequency decay with time. The effects of the rotating link 
are significantly smaller in case of the experiment. The explanation for this is given 
by the fact that the angular velocity measured is smaller. In addition, friction on the 
axes of the H-drive (which has not been accounted for in the simulations), will diminish 
the disturbing effects of the rotating link. The fact that rotation of the link affects the 
tracking error indicates that no exact I0 linearization is obtained. 

The currents are shown in the lower plots of figure 4.2. In case of the simulation, 
the currents are proportional to the tracking errors. The currents measured in the 
experiment can be related less evidently to the tracking errors. The currents measured 
are substantially larger due to unmodelled phenomena such as friction, cogging and 
measurement noise. 
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Figure 4.1: State variables constant tracking. Reference trajectories for x i  and x2: dotted. Simulation 
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Figure 4.2: Errors and currents constant tracking. Simulation results: dashed. Experimental results: 
solid 
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4.2 Periodic tracking 

Periodic trajectories have been specified for the outputs yl and yz, they are respectively 
given by: 

Imposing the trajectories defined in (4.1), a uniform circular motion in the horizontal 
plane is obtained. The initial conditions xo are [0.16 , 0.24 , 5 , 0 , 0 , 01. The state 
variables are shown in figure 4.1. As can be seen, the initial conditions for xl and 22 
do not coincide with the initial values of the reference trajectories. This mismatch has 
been introduced to obtain more transient behavior. Like the stabilization experiment, 
simulation and experimental results agree very well for coordinates z l ,  z2 and their 
time-derivatives. 

The lower plots in figure 4.3 show the orientation and the angular velocity of the link. 
As can be seen, the angular velocity approaches a constant value. The uniform circular 
motion has constant normal acceleration and zero tangential acceleration. In this way, 
a constant torque is exerted on the link. This torque will finally balance with the 
friction torque acting on the link. As a consequence, the angular velocity will take 
a value of 2 . .ir . 0.25 which is equal to the angular frequency of the trajectories 
imposed. The angle of the link will increase approximately linearly with time as figure 
4.3 shows. For the reference trajectories given by 4.1, the link moves away from the 
origin. Consequently, the tracking dynamics are unstable. Again, simulation predicts a 
considerably larger angular velocity. 

The tracking errors are shown in the upper plots of figure 4.4. Again, the errors ey, and 
ey, are qualitatively equal. Due to the mismatch of initial conditions, the tracking errors 
are quite large initially. After the transient has vanished, the errors show oscillatory 
behavior. In case of the simulation, a small vibration originating from the rotating 
link is superimposed on the tracking error. Due to the mismatch of initial conditions, 
simulation predicts a relatively high angular velocity initially. Next, friction decelerates 
the link. When the angular velocity has decayed to some small value, the link no longer 
affects the tracking error noticeably. In case of the experiment, no effects of the rotating 
link on the tracking error can be observed. 

The currents are depicted in the lower plots of figure 4.4. In case of the simulation, 
the currents can be directly related to the tracking error. First, due to  the mismatch 
of initial conditions, large currents are required to control the H-drive. The extraor- 
dinary large peak value of current iy is due to the abrupt transition caused by the 
nonzero initial time-derivative of the sine reference for yl. Second, the I0 linearizing 
control law aims at compensation of the effects of the rotating link; this is visible as 
a vibration superimposed on the current signal. Finally, the currents show oscillatory 
behavior. Again, the currents measured are considerably larger due to unmodelled phe- 
nomena such as friction, cogging and measurement noise. The oscillatory behavior of 
the tracking error can be recognized in the currents measured. 
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Figure 4.3: State variables periodic tracking. Reference trajectories for XI and 22: dotted. Simulation 
results: dashed. Experimental results: solid. 
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Figure 4.4: Errors and currents periodic tracking. Reference trajectory for XI and 2 2 :  dotted. Simula- 
tion results: dashed. Experimental results: solid. The currents measured are displayed separately for 
the sake of clearness. 



Chapter 

Conclusions and 
recommendat ions 

Conclusions 

I 0  linearization is successfully implemented on the underactuated H-drive. The H-drive 
proves to be a system that is very suitable for the application of I 0  linearization. 

The controlled DOFs of the H-drive are globally stabilized using linear pole placement 
techniques. 

Using the virtual internal model following control approach, a robust form of I0 lin- 
earization is obtained. Given an imperfect model and the presence of disturbances, this 
strategy may be indispensable for a useful application of I 0  linearization. 

Simulation and experimental results agree we1 for the actuated DOFs. In case of the 
link, simulation predicts larger angular velocities. This may be due to the approximation 
of static friction with an arctangent function. 

No exact I0 linearization is obtained. Reason for this is the inability of the additional 
servo controller to exactly track the compensation generated by the I 0  linearizing con- 
troller. 

Recommendat ions 

As mentioned no exact I0 linearization is employed due to the presence of the low level 
servo controller. To start off with, future research should be dedicated to the tuning 
of the servo controller in order to obtain a smaller servo error. Likely, feedforward can 
decrease the servo error. 

Secondly, the need for the low level servo controller must be removed. In order to do 
so, a more accurate model for the H-drive must be derived. The horizontal tilt motion 
of the X-beam must be accounted for in this model. It must also include a suitable 
friction model for friction on the X an Y axes. 
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Finally, one should include flexibilities in the model in order to make the strategy 
possible for high frequent application. Because a relatively simple rigid body model has 
been used till so far, results obtained are only valid low frequent (i.e. below the first 
resonance frequency of the H-drive) . 
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Appendix A 

Evaluation of the experimental 
setup 

A. 1 Introduction 

Using the chained from controller designed in [I] it is possible to control the three 
degrees of freedom of the H-drive using only two inputs. A top view of the H-drive is 
given in figure A.1. The positions of the Y-sleds Y1 and Y2 are kept equal to prevent 
misalignment of the X-sled. 

Figure A.l: Top view of the H-drive with three independent sleds X, Y l  and Y2. The machine 
coordinates (X, Y) have their origin in the top-left corner. The origin of the link coordinates (r,, r,, 0) 
is placed in the middle of the H-drive with the link facing downwards. 

When conducting stabilization experiments on the H-drive, several problems arise due 
to perturbations. The main perturbations are assumed to be gravitational forces and 
friction in the bearing of the link. The expected effect of the perturbations is preferential 
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Table A.l: Gains of the chained form controller. 
gain I k1 / kz 1 k3 / k4 1 k5 1 k6 / E 

value 1 4 1 2 J 2  1 15 1 15 1 9 1 6 / 0.25 

behavior of the experimental setup, i.e. an asymptotically stable equilibrium position 
for the link is being introduced. If the link would rotate in a plane which is aligned 
exactly perpendicular to gravity, no asymptotically stable equilibrium point would exist. 
If the link was actuated, perturbations could be suppressed for. However, since the link 
is not actuated, perturbations can strongly influence the motion of the link. 

The gravitational torque is caused by a misalignment of the plane of rotation of the link 
with the horizontal plane. This misalignment has two sources: the platform in which 
the bearings are held can be misaligned and in addition the bearings guiding the axis 
might not be mounted perpendicular to the platform. Unfortunately, at the moment 
there is no way to measure the tilt of the axis directly. Merely the misalignment of 
the platform can be measured. Measurements are carried out using a very basic spirit 
level'. 

In this chapter, a range of stabilization experiments is discussed. The aim of these 
experiments is to investigate the influence of the perturbations mentioned and the pos- 
sibilities of compensating them. For all measurements, unless indicated otherwise, the 
reference position for the controller is the origin of the (r,, ry) coordinate system, the 
angle 0 = 0 and all velocities equal to zero. The gains of the chained form controller as 
stated in table A.l are the same as used in [I]. In order to obtain practical convergence 
when using the chained form controller, the motors are switched off when the error 
between the actual state and the desired state is smaller than some threshold a, i.e.: 

Without using this convergence criterion, a sustaining response around the reference 
position would result. For more information on the practical convergence condition, 
see [I]. The remaining error of the link angle will be investigated. This quantity is a 
measure for the preferred behavior. The remaining error is defined as the error that 
remains when the practical convergence conditions are met and the system is at rest, 
see [I]. The errors in r, and ry direction are given as additional information but will 
not be discussed. Possible asymmetry of the experimental setup is investigated using 
two different initial positions. These initial positions are mirrored w.r. t . the Y-axis, see 
figure A.2. 

' a  spirit level = een waterpas 
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Figure A.2: Start position of link with positive initial angle 80 (a) and with negative 80 (b). 

A.2 Experiments using a levelled platform 

The aim of the experiments described in this section is to explore the characteristics 
of the experimental setup with a levelled platform. Assuming the axis is mounted 
perpendicular onto the platform no influence of gravitational torque is to be expected. 
In that case, the mean remaining error of 8 should be zero for both initial positions. 

In figure A.3 an experiment is shown using a positive initial angle. The remaining errors 
for all measurements with both positive and negative initial angles are given in tables 
A.2 and A.3. Unfortunately, the number of experiments differ for the two initial angles. 
After changing the orientation of the platform recreating an experimental setup is not 
possible and thus no extra measurements could be performed afterwards. 

The remaining errors in 8 suggest that the axis of the link is tilted because the mean 
remaining error is smaller than zero for both positive and negative initial positions. The 
discrepancy in the mean error in case of positive and negative initial positions might 
be caused by the asymmetric friction in the bearing. The next set of measurements is 
focussed on eliminating the gravitational torque. 
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Figure A.3: Single measurement with levelled platform, positive initial angle and 0" reference angle. 
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Table A.2: Remaining error in r,, r, and 0 for experiments with the levelled platform, 0' reference 
angle and negative initial position. The average error p and standard deviation a are calculated for 
these experil .is. 

measurement r, - rx,d [cm] ry  - ry,d [cm] 8 - Qd [deg] 
1 4.63 0.63 -3.00 

Table A.3: Remaining error in r,, r, and 0 for experiments with the levelled platform, 0' reference 
angle and pc we initial position. 

measurement r ,  - r,,d [cm] ry  - ry,d [cm] 6' - Qd [degl 
1 4.33 -0.52 2.29 
2 -1.11 0.23 -1.04 
3 0.10 0.71 -3.79 
4 -2.07 0.71 -2.84 
5 -1.84 0.53 -1.75 
6 -0.86 0.24 -0.83 
7 5.97 -0.85 1.28 
CL 0.65 0.15 -0.95 
0 3.19 0.61 2.15 
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A.3 Experiments with tilted platform 

In order to compensate the gravitational torque caused by tilt of the axis, a misalignment 
of the platform with the horizontal plane has been applied. Based on the results with 
the ieveiied piatform a smaii tiit around the Y-axis is applied !iRing the left side of the 
platform and with that making the link's plane of rotatioa coincide with the horizor-tal 
plane, see figure A.4. The tilt is corrected heuristically, because no dedicated equipment 

Figure A.4: The link is assumed to be tiIted an angle cp, the platform is therefore tilted with the angle 
P . 

for measuring the tilt is available in the laboratory. 

In figure A.5 a representative experiment is shown. For negative as well as positive 
initial angles, the mean remaining error in 0 is decreased by the small misalignment 
of the platform, see tables A.4 and A.5. However, the benefit of the misalignment is 
limited: it seems only possible to shift the mean remaining error to zero for either 
positive or negative initial angles. The difference in the mean errors in 0 observed in 
the experiments with a levelled platform, is still present. A possible explanation for this 
could be the presence of asymmetric friction in the bearings guiding the link. 
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coordinate 8 

Figure A.5: Single measurement with tilted platform, negative initial angle and 0" reference angle. 
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Table A.4: Remaining error in r,, r, and 0 for experiments with the tilted platform, 0" reference angle 
and negative initial position. 

measurement r, - Tz,d [cm] ry  - r y , d  [cm] 0 - Bd [deg] 
1 3.98 -0.79 3.01 

Table A.5: Remaining error in T,, r, and 0 for experiments with the tilted platform, 0" reference angle 
and positive ;ial position. 

measurement r, - r x , d  [cm] ry - r y , d  [cml - e d  [degl 
1 0.71 -0.15 0.18 
2 3.92 -0.45 1.07 
3 0.91 0.02 -1.58 
4 -2.80 0.69 -3.81 
5 0.65 0.07 0.48 
6 0.87 -0.11 -0.18 
7 0.89 -0.10 -0.31 
8 4.15 -0.73 1.86 
9 3.62 -1.18 4.44 
10 0.67 -0.05 -0.67 
I-1 1.36 -0.20 0.15 
a 2.08 0.50 2.16 
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A.4 Stabilizing a different reference angle 

In order to investigate the effects of asymmetric friction in the bearing guiding the link, 
the reference position for Q has been changed. Due to the limited dimensions of the 
H-drive, the maximum angle that can be stabilized equals about 25". 

The response when Od = 5" and Oo positive is shown in figure A.6. The remaining errors 
for all combinations of the reference angle and the initial angle are shown in tables A.6, 
A.7, A.8 and A.9. For a reference angle of -5" the mean remaining errors in 8 are equal 
for both positive and negative initial angles and is negative. The variance is about 50% 
larger compared to experiments with a reference angle equal to zero The experiments 
using Qd = 5" show a different pattern. The variance is about equal to experiments with 
Qd = 0" while the mean error is different for positive and negative initial angles. 

The results above suggest preferred behavior is still present in the experimental setup. 
The tilt introduced to the platform has not exactly compensated the effects of gravi- 
tational torque. Therefore, an equilibrium position for the link different from zero is 
present. Considering the results above, the equilibrium position of the link milst be just 
over 180". As a consequence, the gravitational torque acting on the link is about zero 
when the reference angle equals 5". In case of a reference angle of -5", the gravitational 
torque pushes the link towards the equilibrium position. The explanation just stated 
could also explain the result that for most other reference angles the link is on the left 
side of its desired position. 
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Figure A.6: Single measurement with tilted platform, positive initial angle and 5" reference angle. 
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Table A.6: Remaining error in r,, r, and 0 for experiments with the tilted platform, -5" reference 
angle and ve initial position. 

measurement r, - rx,d [cm] ry  - ry,d [cm] 6 - 6d [deg] 
1 5.57 -0.77 -0.56 
2 2.00 -1.27 2.43 
3 2.15 0.37 -6.35 
4 4.34 -1.31 3.27 
5 5.30 -0.73 -0.38 
6 4.19 0.35 -4.20 
7 5.21 0.32 -2.93 
8 -2.ii 0.59 -2.84 
9 4.09 -1.38 3.46 
10 0.79 -0.26 -1.06 
I-1 3.15 -0.41 -0.92 
0 2.44 0.78 3.27 

Table A.7: Remaining error in r,, r, and % for experiments with the tilted platform, -5" reference 
angle and negative initial position. The average error p and standard deviation a are calculated for 
these experii 1ts. 

measurement r, - rZ,d [cm] ry - ry,d [cm] 8 - od [deg] 
1 3.80 -1.62 4.18 
2 4.67 -1.35 4.16 
3 -4.00 1.58 -3.97 
4 3.92 0.27 -4.37 
5 0.64 0.72 -3.31 
6 3.06 -0.72 1.66 
7 -1.75 0.58 -2.07 
8 -2.80 1.88 -5.18 
9 4.06 -0.98 2.74 
10 -2.36 1.37 -3.80 
I-1 0.92 0.17 -1.00 
0 3.36 1.27 3.75 
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Table A.8: Remaining error in r,, r, and 0 for experiments with the tilted platform, 5" reference angle 
and positive i~ tial position. 

measurement r, - rx ,d  [cm] ry  - r y , d  [cm] 0 - Bd [deg] 
1 0.46 0.20 -1.14 

Table A.9: Remaining error in r,, r, and 0 for experiments with the tilted platform, 5" reference angle 
and negative i itial ~osition. 

measurement r, - Tx,d [cm] r l /  - r y , d  [cm] 0 - Qd [degl 
1 4.76 -0.56 4.04 
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A.5 Experiments without using the practical convergence 
condition 

Figure A.3 suggests convergence of 0 to its desired value before the motors are switched 
off. The aim of the following experiments is to investigate whether the error is reduced by 
applying the control input for a longer period than the practical convergence condition 
would allow. Considering the foregoing experiments, practical convergence is obtained 
within 25 [s]. Therefor the response of the H-drive will be measured during a period of 
50 [s] to be sure a steady state is achieved. 

Figure A.7 shows the response of the state variables without using the practical con- 
vergence condition. The response observed in this specific experiment, is representative 
for all these experiments. A decreasing error can be observed until about 12 [s] (at that 
time the practical convergence conditions are met). After this time, a sort of periodic 
motion around the desired state arises. The amplitude of this oscillation does not de- 
crease with time. The error will thus not be reduced by applying the input when the 
system ends up in its periodic motion. 

If 0 does convergence to its desired value without using the practical convergence condi- 
tion, a reverse proportional relation between the time the practical convergence condi- 
tion is satisfied and the remaining error could be expected. Figure A.8 shows the relation 
between the time the conditions for practical stabilization are met and the remaining 
error. There is no reverse proportional relation between the time of convergence and 
the remaining error in r,, ry or 0. The data featured in figure A.8 is representative for 
alle experiments, i.e. no experiment gives rise to the conclusion a relationship exists 
between the time needed for practical convergence and the remaining error. 

The powerspectrum of the response after the conditions for practical convergence are 
met is shown in figure A.9. The powerspectra are calculated with a frequency resolution 
of 111024 Hz , using 512 samples overlap and the use of a Von Ham window. Possible 
aliasing effects can not be verified since no measurements are performed at higher Sam- 
pling frequencies. In the chained form controller a time dependent term is used with 
frequency 9 Hz. The harmonics of this frequency are indicated in the figure. All three 
responses have a peak at about 85 Hz. This peak does not coincide with a harmonic of 
the frequency present in the control law. In ry and 0 a second peak can be seen at about 
155 Hz. This frequency is not a multiple of the frequency present in the control law. 
This peak is not visible in the spectrum of r,. Reason for this could be the fact that 
for 0 = 0, a movement in r, direction does not influence the link. A harmonic analysis 
of the H-drive, conducted by R.Merrie, shows that the peak at 85 Hz as well as the 
peak at 155 Hz originate from resonances of the H-drive. The harmonic analysis of the 
response indicates that the periodic motion is not caused by the input; no harmonics of 
the input are present in the response. 
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Figure A.8: Relation between the time needed for practical convergence and the absolute remaining 
error. The measurement is performed with tilted platform, positive initial angle and 0" reference angle. 
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powerspectrum 

frequency [Hz] 

Figure A.9: Powerspectra for r,, r, and 0. The harmonics of frequency $ Hz are indicated by vertical 
lines. 

A.6 Conclusions 

0 The levelled platform is influenced by gravitational torque, causing preferential 
behavior. 

0 When the platform is slightly tilted the preferential behavior is decreased, but not 
completely eliminated. 

0 The effect of an asymmetric friction characteristic is difficult to demonstrate due 
to the fact that gravitational torque has not been eliminated. 

0 When practical convergence is not used a sort of periodic motion around the 
desired state arises. Its amplitude is large compared to the mean remaining errors 
in similar experiments. 

A.7 Recommendat ions 

A possible way to measure the tilt of the axis is to place a small laser-pointer on top 
of the axis and place a vertical screen around the H-drive. The distance from the laser 
spot to the ground should be measured at four positions to be able to detect the tilt 
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around both x and y axis. If the distance from the axis to the screen is known the tilt 
of the axis can be calculated using standard geometry. The further away the screen can 
be placed from the axis the more accurate the tilt can be measured. 

When it is possible to measure the tilt of the axis new experiments can be conducted 
with a truly vertical axis. The effects of hietion may then be investigated without the 
trouble of a gravitational torque. 



Appendix B 

Controllability of the 
underactuated H-drive including 
tilt 

In [I] the H-drive is modelled as two perpendicular sleds. The X-beam is motorized by 
two Y-motors that can move independently, but are combined in software to  prevent 
misalignment. The linearization of the dynamics of this system is not fully controllable 
in any given point in space. 

In reality a small misalignment between the Y-motors is possible. The difference in 
position of the Y-motors introduces a rotational degree of freedom for the X-beam. In 
figure B.l, this horizontal tilt is indicated by 9. The controllability of the underactuated 
H-drive might be affected by allowing horizontal tilt of the X-beam. Therefore, the 
controllability of the linearization of the equations of motion including horizontal tilt 
will be investigated. Controllability properties will be evaluated by computing the 
controllability matrix. 

B .1 Lagrangian mechanics 

The equations of motion will be derived using the Lagrange approach. The Lagrange 
equation of motion is given by: 

Here, T represents the kinetic energy of the system, V stands for the potential energy 
and Q represents the generalized forces. The absolute coordinate system (3 is given in 
figure B.1. 



Appendix B. Controllability of the underactuated H-drive including tilt 
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Figure B.l: Top view of the H-drive. The misalignment between the Y-motors has been strongly 
enlarged for the sake of clearness. 

The H-drive is modelled using rigid bodies. The generalized coordinates are chosen as 
4 = [y, p, x, elT, the absolute coordinates as = [G, & I T  and the inputs are given by - 
u = [iy 1, iy2, ixIT The position vectors and forces shown in figure B. 1 are defined as: - 

In table B.l the masses of the various parts of the H-drive are defined. The kinetic 



Appendix B. Controllability of the underactuated H-drive including tilt 

Table B.l: Definition of masses of various parts of the H-drive 
1 mass / description I 

X-motor 

X- beam 
rotating link 

energy of the system is given by: 

The partial derivatives of T w.r.t. q and 4, as well as the time-derivative $ ( T , ~  ), will 
be omitted here. The potential energy is zero since no flexibility has been modelled and 
all degrees of freedom are defined within a plane perpendicular to the plane of gravity. 
The generalized fdrces are obtained by: 

The Lagrange equations of motion in (B.l) can be rewritten in the following form: 

M(q)ii. - - + H(q, 4) = QnC (B.4) 

Here, M(g) is the mass-matrix, H(q, 4) contains centripetal and Coriolis terms and QnC 
represents the applied forces and moments. As a final result of the Lagrange procedure, 
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the matrix M and the columns H and - QnC will be given. 

Mpl]  = my1 + my2 + m~ + mb + mp 

Mpz] = (my1 - my2)D cos(cp) + (mx + m p ) ( D  - x )  cos(cp) 

Mp3] = - (mx + mp) sinip) 

ML14] = -mpLsin(0) 

Mpl]  = (my1 - cos(cp) + (mx + mp) ( D  - x )  cos(cp) 

Mpz] = ( m p  + my1 + my2 + m x  + 1 / 3 m ~ ) ~ ~  - 2mpxD + mxx2 + mpx2 - 2mxxD 

M[23] = 0 

M p 4  = m p L  sin(8) cos(cp) ( x  - D )  + m p L  cos(0) sin(cp) ( D  - x )  

M[31] = -(mx + mp) sin(cp) 

M[32] = 0 

M[33] = mx + mp 
Mf34] = mpL(sin(8) sin(cp) + cos(8) cos(cp)) 

M[411 = -mpL sin(0) 

M p 1  = m p L ( x  - D )  sin(0) cos(cp) - mp L cos(0) sin(cp) ( D  - x )  

Mpq = mpL(sin(0) sin(cp) + cos(0) cos(cp)) 
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B.2 State space representation 

The second order differential equations in (B.9) can be written in state space notation 
using the states 3: 

An explicit expression for - q can be obtained by writing (B.4) in the following form: 

h = - ~ - 1  
- (qIH(q7 4) + ~ - l ( q ) 7 u  

The equations of motion then become 

a =  [ 5 2  0 
- ] + [ M-'(xl) ] '" (B. 10) 

- ~ - ~ ( 5 1 ) H ( 5 1 ,  5 2 )  
\ - 

The linearization of (B.lO) around go and go is given by 

where 
% = g - g o  , g = g - 3  - 

and 

The linearization will be evaluated around the origin of the absolute coordinate system 
Z. This coincides with the state go = [O, 0, D, 0, 0,0,O, 0IT and the inputs go = [O, 0, 0IT. - 

B.3 Controllability of the linearized system 

The controllability matrix P is defined as 

P =  [B AB A2B . . .  A~-'B] (B. 14) 

The system (B.lO) is said to be (locally) controllable when P has full rank. By substi- 
tuting the numerical values given in table (B.2), the computation of P is considerably 
facilitated. Finally, P is given by: 
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Table B.2: Numerical values 
parameter I value 

0.15 [m] 

9.12 [kg] 
9.12 [kg] 
0.04 [kg] 

mh 32.08 [knl 

P does not have full rank; its rank equals 6. Since rank(P) is not equal to  n = 8, 
the linearization of the system given by (B.lO) is not controllable. Concluding, the 
introduction of tilt of the X-beam in the equations of motion does not make the origin 
of the linearized system fully controllable. A physical explanation for this is given by the 
fact that the H-drive moves in a plane which is perpendicular to the gravity vector. As 
I conseqcence, the origin is oo asymptotically stable equ-ilibrium point. If the H-drive 
would move in a plane parallel to the gravity vector, gravity would contribute to  move 
the link towards the origin; the origin would be an asymptotically stable equilibrium 
point. Then, the system would be fully controllable. Note that in case of the vertical 
configuration only the origin is controllable. 


