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NOTE before wing this routine, please read the appropriate implementitLon dament to eh&. the inteiprctation 
Q4H itdiciseá terns and other imdementation-dependent details. The routine name may be precision-dep.,n3ent. 

tegrates a system of first-order ordinary differential equations over a range with suitable 
initial conditions, using a variabie-order variable-step Adams method. 

~ - - ~ _ -  - _ _  SUBROUTINE DOZCAF ( X ,  XEMD. N ,  Y ,  TOL,  FCN, W ,  IF,ZIL) 

r e d X ,  XEND, Y ( N ) ,  TOL, W(N.18) 
I N T E G E R - N L F A I I -  -- - 

~ ~- C 
C 
C EXTERNAL FCN 

N - INTEGER. 
integratm a system of ordinary 

i = 1,2, ..., N 
On entry, N must specify the n 

Unchanjed on exit. 
differential equations differential equations. 

Y,' = F,(T,Y,,Y, ,..., YN) 
from T = X to T = XEND using a 
variable-order variable-step Adams meth 
system is defined by a subroutine FCN supplied 
by the user, which evaluates Fi in terms of T and 
Y, ,Y2,...,YN (see §stion 5), and the values of 
Y, ,Y2,...,YN must be given at T = X. The 
accuracy of the integrzl:iDn is controlled by the 
parameter TOL. 
for a description of Adam methods and their 
pactieal ~ m ~ l e ~ e n ~ t i o n  see [ i  ] .. 

L, 6. and WATT, J.M. (eds.) 
ern Numerical Methods for Ordinary 

~i~ferential  Equations. 
~ ~ a r e n ~ o n  Press, Oxford, 1976. 

5. e&? 

X - reede 
Before entry, X must be set to the initial value 
of the i n d e ~ n ~ e ~ t  variable T. 
On exit, it contains XEND, unless an error has 
occurred, when it contains the value of T at the 
error. 

On exit, Y(l],Y(2),...,Y(N) con 
computed values of the solution at 
value of T. 

TOL - red. 

where P correct decimal 
the solution. 

TOL 13 aurndly unchanged on exit. However 
if the rmge X to XEND is so short that a small 
change in T I L  is u n l i ~ ~ l y  to make any change 
iii the computed solution, then, on return, TOL 
hns its sign changed. This should be treated as 
a wawing that the computed solutioi; is likely 
to be mcxe accurate than would be produced by 

XEND - red. 
On entry, XEND must specify the final value 
of the independent víxiable. If XEND C X on 
entry, integration will prweed in the negative 
direction. 
Unchanged on exit. 



using the same value of TOL on a larger range. 

FCN - SUBROUTINE, supplied by the user. 
FCN must evaluate the functions Fi (i.e. the 
derivatives Yi’) for given values of its 
arguments TvY, ,..., Y,. 
-IbS@fimiiQn is:- - ~ ~ -- ~ ~~ ~ -~ 

XIBROUTINE FCM(T,Y.F) 
real i, Y (n) , F( n) 

where n is the actual value of N in the call of 
W2CAF. 

T - re@!* 
On entry, T specifies the value of the 
argument T. 
Its value must not be changed. . 

Y - red array of DIMENSEON (n). 
On entry, Y(I) contains the value of the 
argument Y,, for I - 1 ,..., n. 
These values must not be changed. 

F - red array af D~M~~§I~N (n). 
On exit, F(I) must contain the value of F, , 
foe I = 1, ..., n. 

FCN must be declared as EXTERNAL in the 
(sub)program from which DO2CAF is called. 
W - reai array of IM~~~~ON (N,p), where 

p 2 18. 
tised as working space. 

IFAIL - INTEGER. 
On entry, IFAIL must bi: set to O or 1. For 
users not familiar with this parameter 
(described in Chapter FO1) &e recommended 
value is O. 
Unless the routine detects an error (see next 
section), IFAIL contains O on exit. 

6. Ereor tors and Walmi 

Errors detected by the routine:- 

IFAIL = 1 
On entry, TOL 5 0.0 

The latter error will cause a program 
breakdown with some compilers. 

or N 5 O. 

O02 - Ordinary Differentid Equations 

IFAIL = 2 
Wi:h the given value of TOL, no further 
progress can be made across the integration 
range from the current point T = X, or the 
dependence of the error on TOL would be 
lost if further progress across the integration 
range were attempted (see Section 11 for a 
discussiori of-ti&a~or exit)rThe wrn-pnents 
Y(I),Y(2), ..., Y(N) contain the computed 
values of the solution at the cuerent point 
T = X. 

IFAIL = 3 

- ~ ~ 

TOL is too small for the routine to 
integration (see Section i 1). 
Y( l),Y(2), ..., Y(N) retain their initial 

IFAIL = 4 

A serious error has occurred in a 
call to D02QAF . Check all subrou 
and array dimensions. Seek expert 

Details are di$tributed to si 
machine-readabk form. 

This depends on the 
mathematical properties 
differential equations defi 
length of the range, and on 
is also a small overhead of 
where A and B are 
computing terms. 

9. ~tQ~a~~ 
The storage required by internally d 
arrays is 32 red elements. 

mathematical properties 
system, on the length of the ra 
and on the method. It can 
varying TOL but 
proportionality of the err0 
for a restricted range of values of TOL. For TOL 
too large, the underlying theory 
and the result of varying 
unpredictable For TOL too 
pxrrors may affect the solution significantly an 
an error exit with IFAIL = 2 or IFAIL = 3 is 
possible. 
The user who requires a more reliable estimate of 
the accuracy achieved than can be obtained by 
varying TOL, is wxmmended to call the routine 
DD2BDF where both the solution and a global 

Vage 2 [NACP;%IB:I571/O:~k10:13th January 19831 %ïirr 



W Z  - Ordinary Differential Equations 

error estimate are computed. 

If the routine fails with IFAIL .= 3, then it 
;soul8 be called again with a larger value of TOL 

-~ ~~~ ~~~ iif_th!shasnot alreadybeen tried. If the accuracy- 
requested is really needed and cannot be 
obtained with this routine, then the system may 
be very stiff (see below) or so badly scaled that it 
cannot be ~~Olved to the required accuracy. 
If the routine fails with IFAIL = 2, it is 
probable that it has n called with a value of 
TOL which is tw mal! that a solution cannot be 
obtained on the to XEND. This can 
happen for well- ystems and very small 
values of TOE. The user should, however, 
consider whether there is a more fundamental 
difficulty. For example, 

(i) in the region of a singularity (infinite 
value) of the solution, the routine will 
usually stop with IFAIL = 2, unless 
overflow occurs first. If overflow occurs 
using DO2CAF , routine DQ2QAF can 
be used instead to trap the increasing 
solution before overflow occurs. In any 
case, numerical htegration cannot be 
continued through a singularity, and 
analytical treatment should be 
considered; 

(ii) for ‘stiff’ quations, where the solution 
contains rapidly decaying ~ m ~ n e n ~ ,  

i 

i 

the routine will use very small steps in T 
(internally to D02CAF ) to preserve 
stability. This wiil exhibit itself by 
making the computing time excessiveIy 

result. Routine D 

specified value. 

Adams, Method, 
Initial Value Problems, 
Ordinary different ia^ Equations. 

13. 
To integrate the following equations (for a projectile) 

Y’ * tan@) 
v’ = -Q.032t* - 0.02 X v X sec(4) 

4‘ = -0.Q32/v2 
V 

over an interval X = 0.0 to XEND = 8.0 starting with values y = 0.0, v 
write y E- Y(l), v = Y(2) and 4 = U( and we set TOL = 1.OE-4 and 
that we may compare the solutions obtai . The value of r is obtained by u 

13.1. Text 

. 

WARNING: This siogle preciskm example program may require amendment for certain implementations. The results pro$ud 
may not be the same. If in doubt, please seek further advice (see ~ n ~ ~ ~ M c ~  to the Library Manual). 

C 

DOECAF EXAMPLE PROGRAM TEXT 
MARK 7 RELEASE. NAG COPYRIGHT 1978 
. .  LOCAL SCALARS . .  
REAL P I ,  TOL,  X ,  XEND 
INTEGER I .  I F A I L ,  J ,  N .  NOUT 
. .  LOCAL ARR4YS . .  
REAL  W(3,18) ,  Y ( 3 )  

, 
5 -  [NAGFLIB:I 571/O:MklQ:13th January 19831 Page 3 
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X A F  002 - ordinary Differential Equati 

c . .  FUNCTION REFERENCES . .  

c . .  SUBROUTINE REFERENCES . .  
C DO2CAF 
C . .  

REAL XOIAAF 

EXTERNAL I_CN ~ _ _ _ _ ~  ~ ~~~~~~~~~~~ ~~~ ~ ~ ~ ~ ~ _ _ _ _ _ _ _ _  ~~~~ ~ 

D A T A  NOUT /6/ 
WRITE (NOUT,99995) 
N = 3  
PI  = XO'lAAF(P1) 
DO 20 J=4,5 

TOL * IO.**(-J) 
x - 0.EO 
XEND = 8.EO 
V(1) = O.EO 
V(2) - 0.5EO 
V(3) O.ZEO*PI 
IFAIL  = 1 
WRITE (NOUT, 99998) TOL 
WRITE (NOUT.99999) 
WRITE (NOUT,9S997) X ,  ( V ( 1 ) , 1 = 1 , 3 )  
CALL DO2CAF(X 
WRITE (NOUT,99997) X ,  ( Y ( I ) , I = í , 3 )  
I F  ( T O L . L T . 0 . )  WRITE (NOUT,99994) 
WRITE (NOUT.99996) IFAIL 

~~~~~ ~~ 

XEND, N ,  Y ,  TOL, FCN, W ,  IFAIL j  

20 CONTINUE 
STOP 

V(2) V(3))  

SUBROUTINE FCN(T, Y ,  F )  
c . .  SCALAR ARGUMENTS . .  

REAL T 
C . .  A R R A Y  ARGUMENTS . .  

REAL F ( 3 ) .  V(3) 
C . .  
C . .  FUNCTION REFERENCES . .  

REAL C O S ,  SIN 
. .  
F ( 1 )  = SIN(V(3))/COS(V(3)) 
F ( 2 )  - 0 . 0 3 2 E C Z F [ 7 ~ i Y ( 2 )  - O.O2EO*Y(2)/COS(Y(3>) 
F ( 3 )  = -0.032EO/(V(2)*V(2)) 
RETURN 
END 

None. 

Page 4 [NAGFLIB:I57I/O:~kl~:l3th January 19831 



DO2 - Ordinary Differential Equations 

ûO2CAF EXAMPLE PROGRAM RESULTS 

TOL. O .  IE-O3 
X Y ( 1 )  Y ( 2 )  Y ( 3 )  

-4 r8004r013 O O O E 4 O-LS O80 OE+W &.A2 832 E +O0 ~ ~~~ 

8.000 -0.12455E+01 0.51293E+00 -0.85383E+00 
IFAILSO 

TOL= 0.1E-04 
X Y ( 1 )  V ( 2 )  Y ( 3 )  

0.000 0.00000E+00 0.50000E+00 0.62832E+00 

IFAILSO 
8.000 -0.12460E+01 0.51300E+00 -0.85371E+00 

AF 

t JNAGFLIB:I57i/O:Mkl0:13t6 Janwvy 19831 Page 5 (last) 



POI - &tm=C @erations, IncZuding Inversion 

FO1CICIF returns w i t h  the result of the multiplication of two matrices 
B and C i n  the matrix A, w i t h  the option to overwrite B or C. 

IMPORTANT: 
implementation document to check the interpretation of i talicised 
terais and other i~~:uientation-dependePnt details.  

before us ing  t h i s  routine, read the appropriate machine 

2. Specification (FORTRAN IV) 

SUBROUTINE Fo~CKE'(A,B,C,N,P,M,Z,IZ~OPTrIFAIL) 
C INTEGER N,P,M,IZ,OPT,IFAIL 
C rea2 A,B,C,Z 
C DIMENSION A (N,P) ,B (N,M) ,C (M,P) ,Z (12) 

3. Description 

The n X m matrix B is post-multiplied by the m X 

the result is formed i n  the n X p matrix A. If 
and the result is wr i t t en  back to B. 
the result is  w r i t t e n  back to  C. 

If cjpT=3, n 

4. References None. 

5. 

A - rea2 array of DI 
On exit ,  i f  OPT= contains the result of the matr 
multiplication. 

B - rea2 array of DIMENSION (N,M). 
Before entry, a l l  elements of B m u s t  be assign 
On exi t ,  if OPT=2, B contains the result of t h  
Otherwise B is unchanged on exit .  

C - r e a l  array of DIMENSION (M,P). 
Before entry, a l l  elements of C must be assigned a value. 
On exit ,  i f  OPT=3, C contains the result of the multiplication. 
Otherwise C is unchanged on exit .  

N - INTEGER. 
On entry, N specifies n, the first dimension of A and B as 
declared i n  the calling (sub)program. I f  OPT=3, n must 
equal m. Unchanged on exit .  

P - INTEGER. 
On entry, P specifies p, the second dimension of A and C as 
declared in  the calling (sub)program. I f  OPT=2, p must 
equal m. Unchanged on exit .  

NAGFLIB : 925/764:Mk5: Ju 27 5 Page 1 



FOI - Matrh  Operations, IncZuding Inversion 
-3 

~ ~~~~~~ ~ ~~~ ~ 

5. Parameters  (contd) 
~~ ~~~ ~~ ~~~~~ ~ ~ ~~~~~ ~~~ ~ ~ ~ ~ ~~~~ ~~ ~~~~ 

M - INTEGER. 
On ent ry ,  M specifies m, the second dimension of B and first 
dimension of C as declared i n  t h e  c a l l i n g  (sub)program. 
Unchanged on exit. 

*'. . 

I Z  - INTEGER. 
On ent ry ,  I2 specifies t h e  dimension of Z. I f  OPT=l, I2 
may be 1 otherwise  I2 must be greater than or equal  t o  m. 
Unchanged on exit. 

OPT - INTEGER. 
On ent ry ,  the va lue  of OFT determines which array is  to  
conta in  the  f i n a l  r e s u l t .  

a) OPT=f. A must be d i s t i n c t  from B and C and, 
conta ins  the r e s u l t .  B and C need n o t  be d 
this case. 

b) OPT=2. B must be d i s t i n c t  from C and on exit, c o n t a i  
the  r e s u l t .  A is n o t  used i n  this case and need 
d i s t i n c t  from B OP C. 

c) OPT=3. C must be d i s t i n c t  from B and on exit 
the  r e s u l t ,  A is n o t  used i n  this case and ne  
d i s t i n c t  from B or C. 

OPT is unchanged on exit. 

I F A I L  - INTEGER. 
Before ent ry ,  IFAIL must be assigned a va lue .  For users  
n o t  familiar w i t h  t h i s  parameter (described i n  Chapter PO11 
the  r e c o y e n d e d  v a l u e  is O.  Unless t h e  r 
an error (see Sec t ion  61, IFAIL conta ins  O 

6. Error I n d i c a t o r s  

Errors detected by t h e  routine:-  

IFAIL  = 1 On ent ry ,  M or P or N < O. 

IFAIL = 2 OPT=?. and M f P. 

IFAIL  = 3 OFT=3 and N f M. 

IFAIL = 4 0PT;rl and I2 < M. 

7. A u x i l i a r y  Routines 
-. . T h i s  r o u t i n e  calls the  NAG Library r o u t i n e  POlAAE'. 

Dnnn 9 I NAGFLIB:925/764:Mk5:JuZ75 I 53. 



poi - mtmx Operations, Inc  Zuding Inversion 

8. Thing 

9. Storage 

There are no internally declared arrays. 

I Q ,  Accuracx 

Inner-products are accumulated using d i t i o n a i !  prec i s ion .  

11. Further Comments None. 

12. Keywords 

Matrix Multiplication. 

13. Example 

The example program multiplies the 2 X 3 matrix B and the 3 X 2 m 
C together and places the result in the 2 X 2 matrix A. 

Program 

This single precision example program may require amendment 
i) for use in a DOUBLE PRECISION implementation 
ii) for use in either precision in certain implementations. 
The results produced may differ slightly, 

C FOICKF EWMPLG P ~ O ~ ~  TZXT 
C NAG COPYRIGHT 1975 
C HARK 465 R E V I S E D  

R U L  A129219 B í 2 9 3 1 9  C(39219 Z ( 1 )  
16HTE)GER I0 I F A I L 9  BOUT 
DATA NOUT /6/ 
WRITE 4 NOUT9 99999 1 
w 20 1 = % 8 3  

B f l r ? )  = FLOAT(I1 l o  

C í I 1 1 1  = B í l r f )  
B ( 2 9 I )  = F L O I T í I )  
C í I 9 2 )  = B í 2 r I  1 

20 CCNTIRUB 
IFALIL = O 
CALL F O l C K F ( A 9  BO Cv 29 2 9  39 Z9 I r  1 9  IFAIL) 
IF ( I F A I L * G T o O I  GO TO 40 
WRITE (NDUT 9 99998 1 
WRITE íNOUTo99997) A ( l r 1 ) ~  A l 1 9 2 1 9  A í 2 9 1 1 9  A í 2 0 2 )  
smp 

NAGFLIB: 92 5/7 64 :Mk5: Ju Z 75  Page 3 
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FOI - Matrk @erations, Including Inversion 
L 

rrri, ! 

Results 

NAGE'LIB: 92S/764:.@5: Jul75 
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A real mXn matrix A may be factorised by the 
singular value decomposition (SVD) as: 

Or 
A = Q ~ D  O I P ~  if m c n .  

Here Q is an mXm orthogonal matrix, P is an 
nXn orthogonal matrix, and D is a diagonal 
matrix of order k =min(m,n), whose 
non-negative diagonal elements are the singular 
values of A. 
Let 0 be the mXk matrix consisting of the first 
k columns of Q -these are the left-hand singular 
vectors of A. Let P be the nXk matrix consisting 
of the first k columns of P - these are the 
right-hand singular vectors of A. Then 

This routine returns 0 and P as well as the 
diagonal elements of D, arranged in descending 
order. 
If the matrix A is of rank r then in exact 
arithmetic svr+, - S V ~ + ~  - ... = svk = O, 
k = min(m,n). 

A = Q D F T  

- - 

The routine first reduces A to upper triangular 
form by Householder transformations when 
m 2 n and by Givens plane rotations when 
m<n, the upper triangular form is then reduced 
to bidiagonal form by Givens plane rotations and 
finally the QR algorithm is used to obtain the 
SVD of the bidiagonal form. 

F02 - Eigenvalues and Eigenvectors 

with sv, I s v 2  I ... 2 s v k  I O  . 

Before entry, the leading M X N part 
contain the matrix to be factorised. 
Unchanged on exit, unless the routine i s  called 
with the same array supplied for both 
for both A and PT. i 

I 

i 
[ NAGFL.'LIB:I 755/0:Mk8.-13th January i 98 1 ] 



FO2WCF F02 - Eigenvalues and Eigenvectors 

NRA - INTEGER. 

WRA 2 M. 
Unchanged on exit. LWORK. See Section 8. 

Unchanged on exit. 
~~~~ ~ 

ided that a Unless 

by Q, and NRQ must b 

NRQ - INTEGER. 
On entry, NRQ must specify the first dimension 
of Q as declared in the calling (sub)program. 
N R Q Z M .  
Unchanged on exit. 

array of DIMENS 

array of DIMENSIQ 

Page 2 [NAGFLIB:1755/OIMk8rI 3th January 19811 



F02 - Eigenvalues and Eigenvectors 

If the routine i s  called with LWORK 1 ( 3  X 

applies in each case. 

where 

-15.25 24.25 

113.1. ~ r Q ~ r ~ ~  T a t  
C FO2WCF EXAMPLE PROGRAM TEXT 
C 
C .. LOCAL SCALARS .. 
C .. LOCAL ARRAYS .. 

C .. SUBROUTINE REFERENCES .. 
C FOZWCF 
C 

DATA NIN /5/, NOUT /6/ 
READ (NIN.99999) TITLE 
WRITE (NOUT.99998) (TITLE(I),I= 1,6) 
NRA = 10 
NRQ = 10 i 

NRFT = 6 
LWORK = 28 
IFAiL = O 
M = 6  
N = 4  
DO 20 I=I,N 

MARK 8 RELEASE. NAG COPYRIGHT 1979. 

INTEGER I, IFAIL. J, LWORK. M. N, NIN, NO 

REAL A(10,6), PT(6,6), Q(i0,6), SV(6), TITLEf7), 

READ (NIN,99997) (A(J,I),J= 1,M) 
20 CONTINUE 

CALL FOZWCF(M, N, N, A, NRA, Q, NRQ, SV. PT, NRPT, WORK, 

[NACFLIB:l755/0:Mk8:13th January 1981 J Page 3 
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P 

FOZ WCF 

* LWORK, IFAIL) 
WRITE (NOUT.99996) 
WRITE (NOUT,99992) ((A(I,J),J= l,N),I==1,M) 
WRITE (NOUT,99995) 
WRITE (NOUT,99992) ((Q(I,J),J== l,N),I== l.M) 
WRITE (NOUT,99994) 
WRITE (NOUT,99992) (SV(I).I= i .N) 
WRITE (NOUT.99993) 
WRITE (NOUT,99992) ((PT(I.J),J- i,N),I= 1,N) 

~ p -  ~~~ ~p~~ - 

99999 FORMAT (684. 1A3) 
99998 FORMAT (4(1X/), 1W , 5A4, 1A3. 7HRESULTS/lX) 
99997 FORMAT (6Fï.2) 
99996 FORMAT (9H MATRIX A) 
99995 FORMAT (9HOMATRIX Q) 
99994 FORMAT (16HOSINGULAR VALUES) 
99993 FORMAT (12HOMATRIX P8*T) 
99992 FORMAT (iX, 4F9.3) 

END 

13.2. 
F02WCF EXAMPLE ~~~~~ DATA 

22.25 20.00 -15.25 27.25 -17.25 17.25 
31.75 26.75 24.25 10.00 -30.75 30.75 

-38.25 28.50 27.75 3.00 11.25 -11.25 
65.50 -26.50 18.50 2.00 7.50 -7.50 

13.3. 

FO2WCF EXAMPLE PROGRAM RESULTS 

MATRIX A 
22.250 31.750 -38.250 

-1 5.250 24.250 27.750 

-17.250 -30.750 i 1.250 
17.250 30.750 -1 1.250 

20.000 26.750 28.500 

27.250 1O.ooO 3.000 

MATRIX Q 

0.929 0.143 0.091 
-0.143 -0.714 0.143 
0.071 -0.143 0.929 
0.143 -0.286 -0.143 

-0.214 0.429 0.214 
0.214 -0.429 -0.214 

SINGULAR VALUES 

91.000 68.250 45.500 
MATRIX P**T 

0.308 0.462 -0.462 
-0.462 -0.692 -0.308 
-0.462 0.308 0.692 
-0.692 0.462 -0.462 

65.500 
-26.500 

18.500 
2 .000 
7.500 

-7.500 

-0.143 
-0.286 
0.143 

-0.714 
-0.429 

0.429 

22.950 

0.692 
0.462 
0.462 

-0.308 

Page 4 ( h i )  [NAGFLIB:l755~:Mk8:13th January 19811 


