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Introduction

In this report a mechanical equivalent of the electrical Chua’s circuit as proposed
in [1} is analysed. The idea behind this mechanical Chua is that through the gen-
eration of a negative stiffness, a mechanical equivalent of the negative resistance in
the electrical Chua is formed. The wide variety of dynamical behaviour that the
relatively simple electrical Chua’s circuit can generate makes the electrical Chua
an interesting system. This wide variety of behaviour includes various types of
bifurcations, period doubling and chaos.

The main issue in this report is to investigate if the proposed mechanical Chua is
able to produce the same diverse dynamical behaviour as the electrical Chua. To do
this the following two questions have to be answered. Is the proposed mechanical
Chua able to produce a negative stiffness? How does the ability or inability of the
proposed mechanical Chua to produce a negative stiffness influence its dynamical
behaviour?

This report is organised as follows. First the electrical Chua is analysed. The
governing equations of the electrical Chua are derived and the equilibrium points are
calculated. The stability of the equilibrium points is examined and some simulations
are performed to illustrate the diverse dynamic behaviour of the electrical Chua.
After the analysis of the electrical Chua the mechanical Chua as proposed in [1]
is analysed. The governing equations are derived and constraints acting on these
governing equations are formulated. The equilibrium points of the mechanical Chua
are calculated and their stability is analysed. Finally the equivalence of the electrical
and mechanical Chua is analysed. The nondimensional governing equations of the
electrical and mechanical Chua are formulated and compared to determine the
parameters of the mechanical Chua. Equivalence constraints are formulated and
the region of equivalence is investigated.



Chua’s Circuit

Chua’s circuit (see figure 2.1) is one of the simplest electrical systems that pro-
duces a wide variety of chaotic behaviour. It consists of four standard linear circuit
components (2 capacitors, a resistor and a coil) and one nonlinear component (the
piecewise linear resistor Ng). In this chapter the governing equations of Chua’s cir-
cuit are presented. The equilibrium points of Chua’s circuit are calculated and the
influence of the linear resistance R on the equilibrium points is analysed. To illus-
trate the typical behaviour of Chua’s circuit simulations of the governing equations
are presented.

2.1 Governing Equations

The governing equations of Chua’s circuit are of the following form:

dv 1

17; = E(Uz—vl)*f(vl) (2.1)
duvg 1 .

2% = R(Ul ’Ug) +1ir (2.2)
di

Ld—tL = —vy (2.3)

In these equations vy and wve represent the voltage difference over the capacitors
C1 and Cs respectively. iz, is the current through the coil L. The piecewise linear
function f(vq) represents the vgp —ip characteristic (see figure 2.2) of the nonlinear
resistor N and is defined as follows.

Gyvy + (Ga - Gb)E v > FE
flor) =49 Ganr lviy| < E (2.4)
Gyvy + (Gb - Ga)E vy < —F

In this equation G, and Gy are the slopes of the curves that characterise the non-
linear resistor R as shown in figure 2.2. The parameters G, and G} are negative
and real. For the nonlinear resistor considered here the folowing relation between
the parameters G, and Gy also holds: |Gp| < |Gal.

Because of the piecewise linear character of the nonlinear resistor N the state space
of Chua’s circuit can be divided into three separate regions for which a distinct linear
set of governing equations holds. These regions are defined asvy > E, —-E < v < F
and v, < —F.

2.2 Equilibrium Points

The equilibrium points of Chua’s circuit are calculated by requiring that the state
variables x = (v; vy iz)” are constant with respect to time. This leads to the
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Where the conductance G defined as G = 1/R is real and positive. Because of the
piecewise linear character of the governing equations of Chua’s circuit the equilib-
rium points X7, XY and X, only exist if they lie in the appropriate regions of state
space. The equilibrium point X0 only exists if it lies in the region of state space
defined by —F < v; < E. For the equilibrium point X2 this is always true and
therefore it always exists. The equilibrium points X" and X only exist if they lie
in the regions of state space defined by v; > E and v; < —F respectively. By com-
bining these requirements with the equations (2.5) and (2.7) the following condition
for the existence of the equilibrium points X" and X_ can be defined.

Gb - Ga

G.iG E>E (2.8)

Making use of the signs of the parameters G, and G and the relation |G| < |G,
equation (2.8) can be rewritten to the following relation between the parameters G,
Ga and Gb-

-Gy < G < -G, (2.9)

This equation is equivalent to the following condition on the resistance R.

1 1
- <R<-—= :
a. <R< e (2.10)

Stability Of The Equilibria

The stability of the equilibrium points of Chua’s circuit is determined by calculating
the eigenvalues of the linearisations around these equilibrium points. The lineari-
sations around the equilibrium points X" and X, are identical. As a consequence
these linearisations have identical eigenvalues and eigenvectors and therefore pos-
sess identical stability properties. The characteristic equations of the linearisations
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around the equilibrium points X} and X0 are of the following form.

1 G
SNTICTE PR N o

Cs Ch ICy " C1Cy ) 7t T C1CyL
G G, +G 1 GG G, + G
3 ~ a 2 ot a a —
)\60 + <02 + o ) )\en + (L02 -+ 0102> )\30 + ——C’ngL 0 (2.12)

Where A, and )., are the eigenvalues of the linearisations around X+ and %
respectively. Equations (2.11) and (2.12) can be solved analytically but the resulting
solutions are so complex that they are of little practical use. The real parts of the
eigenvalues A., and X, are plotted as a function of the resistance R in the figures
2.3 and 2.4. The electrical parameters used in calculating these eigenvalues are
defined in table 2.1.

Figure 2.3 shows the eigenvalues of the linearisation around the equilibrium point
X as a function of R. Because the equilibrium point X} only exists for values of
R between R = —1/G, ~ 1423 {2 and R = —1/G} ~ 2315 {2 the eigenvalues shown
in figure 2.3 are only valid for values of R between these values. Figure 2.3 shows
that for values of R between approximately R = 2048 2 and R = —1/G} = 2315 (2
the equilibrium point X7 is stable. This figure also shows that for R ~ 1638.5 {2
two eigenvalues change sign.

Figure 2.4 shows that the equilibrium point XY is unstable for all values of R. One
of the eigenvalues of the linearisation around ig is always positive, one eigenvalue is
always negative and the remaining eigenvalue switches sign at R = —1/G, =~ 142312.

2.3 Simulations

In order to illustrate the diverse dynamical behaviour of Chua’s circuit simulations
of the dimensional governing equations are carried out. In these simulations the
electrical parameters as defined in table 2.1 are used. The resistance R is used as a
bifurcation parameter and is therefore variable. Figures 2.5 through 2.18 show the
behaviour of Chua’s circuit for different values of R.

For R = 2100 §2 the equilibria X and X_ are stable but the equilibrium point
X0 at the origin is unstable. In figures 2.5 and 2.6 simulation data of the stable
equilibrium point X is shown.

If R is decreased to R = 2047.5 {2 the stable equilibria XJ and X become unstable
and stable period 1 periodic orbits form around these equilibria. To determine

4



| Parameter | Value |

Cy 10nF
Cy 100 nF
L 22.0mH
G, —0.703 mS
Gh —0.432mS
E 2.002V

Table 2.1: The parameters
used in the simulations of the
electrical Chua.

the period time and the Floquet multipliers of these periodic orbits the shooting
method is used. For the periodic orbit around X this leads to a period time
of T = 4.026 - 10~ [s] and to the Floquet multipliers v; = 0.014446 and vz 3 =
1.0041.984-10~%4. Because Chua’s circuit is an autonomous system at least one of
the Floquet multipliers should be equal to one. The Floquet multipliers found with
the shooting method do not fulfill this requirement because of numerical errors in
their computation. A periodic orbit of an autonomous system is stable if all Floquet
multipliers fulfill the following condition: |y| < 1. For the Floquet multipliers
found with the shooting method this requirement is not strictly satisfied because of
numerical computation errors. Nevertheless the periodic orbits around X¥ and X
are stable. Simulation data of the periodic orbit around X7 is shown in figures 2.7
and 2.8.

By decreasing R further to R = 2020 {2 both stable period 1 periodic orbits become
period 2 stable periodic orbits. The periodic orbit around the unstable equilibrium
point X7 has a period time of T = 8.141 - 107 [s] and the following Floquet mul-
tipliers: vy = —1.0471, 72 = —2.2905 - 1072 and 3 = 1.0249. Again because of
numerical errors the Floquet multipliers do not strictly fulfill the stability condition
while the periodic orbit is stable. Figures 2.9 and 2.10 show simulation data of the
stable periodic orbit around X .

At R = 1950 £2 the two stable periodic orbits around X7 and X, have merged
into one large periodic orbit. The period time of this periodic orbit is equal to T =
4.256-107%[s] and its Floquet multipliers are equal to s = 5.0145-1072, v, = 1.4551
and vz = 0.99999. The Floquet multiplier s is real and larger than 1 and therefore
the periodic orbit is unstable. Figures 2.11 and 2.12 show simulation data of the
merged periodic orbit. If the initial state variables x¢, are chosen relatively close
to the unstable periodic orbit the chaotic double scroll Chua attractor as shown in
figures 2.13 and 2.14 is formed. For initial state variables x., relatively far from
the unstable periodic orbit the behaviour of Chua’s circuit is unstable i.e. solutions
diverge.

By further decreasing the resistance R the trajectories tend to stay near the unstable
periodic orbit longer before falling back to the double scroll attractor (see figures
2.15 and 2.16). For values of R below R == 1785.82 {2 all possible trajectories are
unbounded (see figures 2.17 and 2.18). This is due to a boundary crisis (i.e. the
chaotic double scroll Chua attractor collides with the unstable periodic orbit) that
occurs at approximately R = 1785.82 (2 [2].



v, V]

—15L

Figure 2.5: The phase plot of a sim-
ulation of Chua’s circuit for R =
2100 £2 and x¢, = (5,0,0).

0.5 \
4 |

Figure 2.7: The phase plot of
a simulation of Chua’s circuit for
R = 20475 2 and x,, =
(11.9462,0.6638, —0.0064).

10
v, V)

Figure 2.9: The phase plot
of a simulation of Chua’s cir-
cuit for R = 2020 {2 and
Xe, = (12.7004, —1.2805, —0.0102).

/\/\4

i
14, AAAA AR f
ATV VIVV PP
Zyoy | \j [TRY i
>Tgl v
6l ]
0 2 4 6 8

!

i
SMAAA A
z IHTTITRVVWSNRRReS
I}

0 2 4 6 8
G'\
—_— op
Z ool A A
= _o.005h 1 AN “ P
oYYV s
LJ y
oo 2 n ) 8
Time [s} 3

x 10°

Figure 2.6: The different signals in
the simulation of Chua’s circuit for
R = 2100 {2 and x¢, = (5,0, 0).
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Figure 2.13: The phase plot
of a simulation of Chua’s cir-
cuit for R = 1950 £ and
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Figure 2.15: The phase plot of a sim-
ulation of Chua’s circuit for R =
1786 £2 and xo = (5,0,0).
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3 A Mechanical Equivalent Of
Chua’s Circuit

Tn [1] mechanical equivalents of Chua’s circuit are presented. In this chapter one of
these mechanical equivalents will be analysed. First the principle behind generating
a negative stiffness is explained. Then a linear model of the mechanical Chua is
derived and the constraints that apply to the mechanical Chua are formulated.
The equilibrium points of the mechanical Chua are calculated and compared to the
equilibrium points of the electrical Chua.

The mechanical equivalent of Chua’s circuit under consideration is shown in figure
3.1. The mechanical Chua shown in figure 3.1 can be divided in three separate mech-
anisms with one degree of freedom each. These mechanisms are coupled together
through electromechanical devices.

The main part of the first mechanism (mechanism 1) is a rotating disc of radius r
whose center is fixed in space and whose moment of inertia is negligible. Attached
to this disc are a damper with damping coefficient ¢; and a spring with stiffness
k1. All springs and dampers used in the mechanical Chua are assumed to be linear

« C ~»

Figure 3.1: The first mechanical equivalent of Chua’s circuit as presented
in [1]. It consists of three separate mechanisms that are coupled together
through electromechanical devices (EMD).




and massless. The spring with stiffness k; is also attached to the mechanism OCB
which in turn is coupled to the rotating disc by the rigid rectangular frame CE.
The connection between the rigid frame CE and the mechanism OCB is realised
by a horizontal slider at point C. The point B of the mechanism OCB can only
move in the horizontal direction and for small rotations of the disc is assumed to
lie on a straight line together with the points O and A. For small rotations of the
disc rotations of the rigid frame CE are assumed to be negligible. In effect this
means that the vertical displacements of the points C and E are equal. In order
for the mechanism to produce a piecewise-linear stiffness there are two springs with
stiffness ko positioned on either side of point D at the top of the disc. These springs
are only activated when the point D contacts one of the springs. All the forces
acting on the mechanism are assumed to lie in the same plane as the center of
gravity of the disc. In practise this can be achieved by a symmetric construction of
the mechanism.

The second mechanism (mechanism 2) consists out of a damper with damping
coefficient ¢z and a spring with stiffness k3. This spring and damper are considered
to be massless and connected to each other through a massless body. The third
mechanism (mechanism 3) is a single massless damper with damping coeflicient cj.
The three mechanisms are coupled to each other through electromechanical devices
that exert the electromechanical forces Py, Ps, P3 and P, on the different mecha-
nisms. Mechanism 1 is coupled to mechanism 2 through the electromechanical force
P;. Mechanism 2 is coupled to the mechanisms 1 and 3 through the electromechan-
ical forces Py and Ps respectively. Mechanism 3 is coupled to mechanism 1 through
the electromechanical force Py. The electromechanical forces Py, Ps, P; and Py are
proportional to the displacements of the different mechanisms as indicated in figure
3.1. The displacements z 4, g, £p, ¥ and z are positive in the directions indicated
in figure 3.1.

There is an essential difference between the electrical and mechanical Chua. In the
electrical Chua an implicit energy source is present in the form of the nonlinear
resistor Ng. In the mechanical Chua (as presented here) there is no energy source.
As a consequence it is very unlikely that the mechanical Chua can reproduce the
diverse dynamical behaviour of Chua’s circuit.

3.1 The Principle Behind Generating Negative Stiffness

The main idea behind the mechanical Chua shown in figure 3.1 is that the piecewise-
linear negative resistance in Chua’s circuit can be thought of as the electrical equiv-
alent of a piecewise-linear negative stiffness. This equivalence between the electrical
and mechanical system is based on the nondimensional governing equations of both
systems. When the governing equations of the electrical and mechanical system
are transformed to a nondimensional form the negative resistance and the negative
stiffness produce identical terms (see appendix B).

In the mechanical Chua shown in figure 3.1 mechanism 1 is the mechanical equiva-
lent of the electrical governing equation (2.1) and should therefore generate a neg-
ative stiffness. This negative stiffness is generated as follows. A counterclockwise
rotation of the disc causes the point E and therefore the rigid frame CE connected
to this point to move upwards. As a consequence the point B of the mechanism
OCB moves to the right. If the mechanism OCB is constructed in such a way that
the point B moves further to the right than the point A on the rotating disc then
the spring with stiffness k1 is stretched. This stretching of the spring causes it to
exert a force on the disc in the direction of motion of point A. In effect this means
that a small counterclockwise rotation of the disc creates a force on the disc at point

10



Figure 3.2: The mechanism OCB in its ini-
tial configuration (OCB) and after a counter-
clockwise rotation of the disc over an angle ¢

(0C'BY).

A that tends to continue rotating the disc in the counterclockwise direction. This
type of response is called a negative stiffness.

The mechanism OCB is also connected to the rotating disc at point E through the
rigid frame CE. Because of this coupling the spring force at point A generates a
reaction force at point E on the disc. This reaction force at point E works in the
opposite direction of the spring force at point A, therefore mechanism 1 can only
produce a negative stiffness if the reaction force at point E is smaller than the spring
force at point A.

3.2 Derivation Of A Linear Model

In this section a linear model of the mechanical Chua shown in figure 3.1 is derived.
The three mechanisms that make up the mechanical Chua are modeled separately.
The total model of the mechanical Chua is obtained by joining the three separate
models of the individual mechanisms.

Mechanism 1

The first mechanism considered is the rotating disc that is connected to the mech-
anism OCB. Because of the relatively large number of forces acting on the rotating
disc the forces are determined separately. After the forces have been determined the
equations governing the dynamics of the rotating disc are determined by requiring
an equilibrium of moments that are acting on the disc.

The force that the spring with stiffness k; exerts on the rotating disc depends on
the horizontal displacements of the points A and B. For small rotations ¢ around
0 = 0 the horizontal displacement of point A can be written in the following form.

zA=rsing & ry (3.1)

The horizontal displacement of point B can be derived from the kinematics of the
mechanism OCB and the rigid frame CE. A schematic drawing of the mechanism
OCB is shown in figure 3.2. For a counterclockwise rotation of the disc over an
angle ¢ the point B moves from its initial position B at ¢ = 0 to the position B’,
The horizontal displacement of the point B can be expressed as:

25 = BB =2(0OP — OK)

=2 (\/c?— (h=d7 ~ Va2 = 1?) (3:2)

11



The rigid frame CE couples the vertical displacement of the point E on the disc to
the vertical displacement of the point C in the mechanism OCB. For small rotations
@ of the disc rotations of the frame CE are negligible. The vertical displacement of
the point C can be written as:

d=rsing (3.3)

Substituting this relation into equation (3.2) leads to the following expression for
the horizontal displacement of the point B:

3:3=2<\/a2—(h—rsin(p)2—\/a2—h2> (3.4)

The above expression for zp is clearly not equal to the expression found in [1].
The expression found in [1] is obtained by applying a first order approximation
to equation (3.4) around ¢ = 0. This leads to the following expression for the
horizontal displacement of the point B.

dz
zp(p) ~zp(p=0) + —dg(w =0)-¢
©
_ 2hr
T a2 - h2<P

Using equations (3.1) and (3.5) and assuming that for small rotations ¢ the points
O, A and B lie approximately on a straight line the spring force F4 can be written
as:

(3.5)

FA=]€1 ($B~:EA)

ks (—af\/_ﬁ_——_p - 1) ro (3.6)

Because of the coupling between the rotating disc and the mechanism OCB through
the rigid frame CE a reaction force Fg is exerted on the disc at point E. This reaction
force results from the spring force F4 that acts on the mechanism OCB at point B.
For this reaction force the following relation holds (see appendix A):

Fy = 2% (% - 1) (ﬁ) re 3.7)

The springs with stiffness ko are only “active” when the horizontal displacement of
point D is larger respectively smaller than the gap ;. In other words the springs
with stiffness ko only exert a force on the rotating disc if xp > x; or zp < —x1
respectively. For small rotations ¢ the contact angle ¢* can be defined as ¢* = 2.
The spring force Fp can now written as:

~kar(o—9*) ¢ > o
Fp=<¢ 0 ol < * (3.8)
—kor(@+9*) o < —p*

The forces generated by the electromechanical actuator and the damper at point F
can for small rotations ¢ be written as:

P =My (8.9)

F,, =carpcosp = cirg (3.10)

Where A; is a constant of proportionality that relates the vertical displacement of
mechanism 2 to the electromechanical force P;.

12



Based on the free body diagram of the rotating disc shown in figure 3.3 the equation
of motion of the disc can be written as:

I1¢ = Far — Fgr + Pir + Fpr — F,,r (3.11)

The terms Far and —Fgr in the equation of motion (3.11) can be combined into
one term by making use of the expressions for F4 and Fj as defined by equations
(3.6) and (3.7) respectively.

- oh ) 2h  \ , R
FAT_fET:kl(ﬁ_l> <1—\/ﬁ)’r(p (314)
= k16rp (3.13)

The geometrical constant § is defined as:

= (\/_% - 1) (1 - ————af}i h2) (3.14)

()

Combining the definition of the geometrical constant 6 with equation (3.13) shows
that by definition the spring force F4 is always smaller than the reaction force Fg.
Substituting the relations describing the different forces into equation (3.11) and
combining the terms Far and —Fgr leads to the following second order equation
of motion:

—e17%9 + ky6r2p — kor? (@ — ¢*) 4+ M1y w = ¢*
I =14 —c1r®g+kior’p + Airy lel < ¢ (3.16)
—e1r?¢ + k16120 — kor? (0 + ©*) + Airy p < -t

The equation of motion (3.16) can be rewritten as a first order differential equation
by neglecting the moment of inertia of the disc. This leads to the following first
order equation of motion.

%écp—’%—f(w—w*%rg—;y p > ¢
$= %w—i_,ﬁ_ll;y p < ¢ (3.17)
Bo-2e+te)+dy v < ¢

At a first glance this first order equation of motion seems to be similar to the
equation of motion found in {1] but this is not the case. The definition of the
geometrical constant ¢ differs from the definition of § used in [1] and consequently
the equation of motion (3.17) is not identical to the equation of motion found in

{1].
Mechanism 2

The free body diagram of the second mechanism that is part of the mechanical
Chua is shown in figure 3.4. For the electromechanical forces acting on the second
mechanism the following equations hold:

Pg = /\22’ Pg = )\37’@ (318)

The constants Ag and Az are constants of proportionality that relate the displace-
ments z and xp to the electromechanical forces P, and P3 respectively. For the
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Figure 3.3: The free body Figure 3.4: The free body diagrams of mech-
diagram of the rotating disc anism 2 (left) and mechanism 3 (right).
that is part of mechanism 1.

forces produced by the spring with stiffness k3 and the damper with damping coef-
ficient ¢z the following relations hold.

Fe, = —coy By, = —ksy (3.19)

Neglecting the mass of the object that connects the spring to the damper the equa-
tion of motion of mechanism 2 can be written as:

y=—p— —y+—2z (3.20)

Mechanism 3

Mechanism 3 consists of a single massless damper with damping coefficient ¢3. The
free body diagram of this damper is shown in figure 3.4. The forces acting on the
damper can be described by the following equations.

ch = —0373 P4 = —)\4y (3.21)

The constant of proportionality A4 relates the vertical displacement y to the elec-
tromechanical force P4. Using the above expressions for the forces acting on the
damper the equation of motion of mechanism 2 can be written in the following form.

M,

Cg (3.22)

z’:

3.3 Constraints On The Mechanism

There are two types of constraints that apply to the mechanical Chua. The first
type of constraint is based on the physical limitations of the mechanism. The second
type of constraint results from the requirement that mechanism 1 has to produce a
negative stiffness.

Physical Constraints

The physical constraints that apply to the mechanical Chua limit the ways in which
the model parameters can be chosen because of physical limits. There are two
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physical constraints that apply to the mechanical equivalent of Chua’s circuit. The
first and most general of these constraints is the requirement that all mechanical
parameters are real.

kl) k27k3)617623037T) @, hyxl € R+ (323)
)‘17 A27 )\3; )‘47 JeR (324)

The second constraint is based on geometric limitations and can be expressed as:
h<a (8.25)

Constraint equation (3.25) limits the parameter h as a function of the parameter a.
This constraint results from the fact that it is physically impossible to choose the
parameter h larger than the parameter a. This can be understood by examining
figure 3.2 in which the parameters h and ¢ are defined.

Negative Stiffness Constraints

To guarantee that mechanism 1 produces a negative stiffness two constraints have
to be placed on this mechanism. The first of these constraints is needed to ensure
that the spring with stiffness & is stretched for a rotation ¢ in the counterclockwise
direction, thereby generating a negative stifiness. The second constraint is needed
to ensure that the reaction force Fg is smaller than the spring force Fy which
guarantees that the “net spring force” is indeed a negative stiffness spring force.
These two negative stiffness constraints can be formulated as follows.

lzB] > |zal (3.26)
[Fal > |Fgl| (3:27)

By substituting the relations for x4 and x g into constraint equation (3.26) and after
dividing the rotation ¢ and the radius r out of equation (3.26) it can be rewritten
in the following form.

1
h> g\/Sa (3.28)

By making use of the definition of § as defined by equation (3.15) constraint equation
(3.27) can be replaced by the following constraint on the geometrical constant 4.

>0 (3.29)

This constraint equation cannot be satisfied because the geometrical constant &
is by definition always negative. As a consequence mechanism 1 cannot produce
a negative stiffness. Consequently the mechanical Chua is unable to produce the
same diverse dynamical behaviour as Chua’s circuit.

3.4 Equilibrium Points

The equilibrium points of the mechanical Chua are determined by requiring that
the governing equations (3.17), (3.20) and (3.22) are constant with respect to time
(e 92 =9 = % = 0). This leads to the following three equilibrium points.

dat T dt
=~ ko * ko, A *
Xh= (‘ oy s Y kldjk-z P ) (3.30)
x=(0 0 0) (3.31)
Xm= (klgﬁkz et 0 - kllfsz-rkz %‘10*) (3.32)

15



These equilibrium points only exists if they lie in the appropriate regions of state
space. The equilibrium point X9, always exists because it always lies in the region
of state space defined by —¢* < ¢ < ¢*. The equilibrium points X}, and X, only
exist if the following condition holds:

ko

% *
Sl A 2 3.33
k16 — ko ( )
Because the parameters k1, k2 and * are constant, real and positive equation (3.33)
can be transformed to the following restriction on 4.

§e [0, ’,—;ﬂ (3.34)

The geometrical constant ¢ is by definition always negative (see equation (3.15)). As
a consequence the above restriction of § is never satisfied and the equilibrium points
X and X, cannot exist. This result can also be interpreted in the following way.
Because the geometrical constant § is by definition always negative the mechanical
Chua is unable to produce a negative stiffness. This limits the region of electrical
parameter space where the mechanical Chua might be equivalent to the electrical
Chua to the region where the electrical equilibria X and X7 do not exist (i.e.
R < —1/G,). This also corresponds to the region of the electrical parameter space
where the electrical Chua cannot produce any chaotic dynamic behaviour. This
means that even if the mechanical Chua is equivalent to the electrical Chua the
mechanical Chua will not be able to produce chaotic dynamical behaviour.

Stability Of The Equilibria

The stability of the mechanical equilibria is determined by examining the eigenval-
ues of the linearisations around the respective equilibria. Because the mechanical
parameters cannot be chosen in such a way that the equilibria X}, and X, exist it
does not make sense to calculate the eigenvalues of the linearisations around these
equilibria. The only equilibrium point of interest is the equilibrium point X9, at
the origin. For this equilibrium point the following characteristic equation can be
derived from the linearisation.

ks k16 Asda AiAs+ koksd k1620
Ai,w+<_3“%>x2 +(24— 123 F 13)/\m0+~———1 224 0 (3.35)
1

ca mo Coc3 cicy C1CaC3

In this equation A, are the eigenvalues of the linearisation around the equilibrium
point X9,. The eigenvalues calculated from equation (3.35) are only useful if they
can be compared to the eigenvalues of the electrical Chua. To achieve this the
equivalence conditions derived in chapter 4 are used. Based on the expressions of
the mechanical parameters as defined by equations (4.15), (4.16) and (4.17) the
eigenvalues of the mechanical Chua can be calculated as a function of the electrical
resistance R. To ensure that the mechanical parameters are feasible the equivalence
constraints (4.23) and (4.25) have to be satisfied. This means that the eigenvalues
of the mechanical Chua that are calculated in this way are only meaningful for
values of R satisfying R < —1/G,. In figure 3.5 the real parts of the eigenvalues
Amg Of the mechanical Chua are shown as a function of the resistance R. Comparing
the eigenvalues of the electrical Chua shown in figure 2.4 to the eigenvalues of the
mechanical Chua shown in figure 3.5 shows that the eigenvalues for both systems are
identical. This means that for R < —1/G, the stability properties of the equilibrium
point at the origin are identical for the electrical and mechanical systerns.
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Figure 3.5: The real parts of the eigenvalues
of the linearisation of the mechanical Chua
around the equilibrium point >~<9n as a function
of the resistance R. The vertical line indicates

the point where R = —G%.
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Equivalence

The equivalence between the electrical and mechanical Chua is based on the nondi-
mensional governing equations of both systems. By requiring that the nondimen-
sional governing equations of the mechanical Chua are identical to the nondimen-
sional governing equations of the electrical Chua the parameters of the mechanical
Chua can be determined. Based on these mechanical parameters the possibility
of equivalence between the electrical and mechanical systems can be investigated.
Comparing the mechanical parameter values required for equivalence with the fea-
sible mechanical parameters values leads to limitations on the electrical parameters.
Finally the region of equivalence is investigated and simulations are performed to
show that both systems are equivalent.

4.1 Nondimensional Governing Equations

The nondimensional governing equations of the electrical and mechanical Chua
are determined by scaling the dimensional state variables with the appropriate
constants. This scaling of the dimensional state variables is straightforward for the
electrical Chua. For the mechanical Chua the scaling constants are not chosen in
advance but determined from the equations that arise when requiring equivalence
between the electrical and mechanical Chua.

Chua’s Circuit

To obtain the nondimensional governing equations of Chua’s circuit the dimensional
state variables vy, vo, i1, and t are scaled with the system parameters E, G and Cs.
This leads to the following expressions for the nondimensional state variables z, v,
z and T.

iz, G

U2

—= — =—t 4.
E EG TG (4-1)
Substituting the equations describing the relations between the dimensional and
nondimensional state variables in the dimensional governing equations (2.1), (2.2)
and (2.3) leads to the following set of nondimensional electrical governing equations.

I
e
1l
Ml

xZ z

Y

C Gy +G C: Cs (Gp—Ga
i | G EENer gy g (95%) @ 2
== & (Gl 4 G2y lz| < 1 (4.2)
~G (GG y Gyt & (Guzr) 4 <
d
% =x—y+=z (4-3)
dz CQ
& = Iy (4.4)
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Mechanical Chua

The mechanical governing equations (3.17), (3.20) and (3.22) describing the mechan-
ical Chua can be written in a nondimensional form by defining the nondimensional
state variables @, 7, 7 and 7 as follows.

p=9¢¢ y=y"y z=2"7 T=wt (4.5)
The parameters ¢*, y*, z* and w are constants of proportionality that are used to
scale between the dimensional and the nondimensional state variables. Substitut-
ing the nondimensional variables defined by the equations (4.5) into the governing
equations (3.17), (3.20) and (3.22) leads to the following set of nondimensional
mechanical governing equations.

kid—ka\ = o Ny o~k ~
o () s 2
kS ~ | ayt o~ ~
= NPt Il < 1 (4.6)
kid—ka\ ~ 1 Myt ~_ k ~
( 1c1w 2) Y+ clu];:{«:p* i azc; ¥ S —1
dy  Asrp® _ ks . AeZ* _
@ _ TP B, 2% (4.7)
dr  cowy* Ccow Ccowy*
dz Ay* o
— = —— 4.
dr cawz* (4.8)

4.2 Determining The Mechanical Parameters

The parameters of the mechanical Chua are determined by requiring that the nondi-
mensional governing equations of the mechanical Chua are identical to the nondi-
mensional governing equations of the electrical Chua. This is achieved by requiring
that the “parameters” in the mechanical nondimensional governing equations are
identical to the “parameters” in the electrical nondimensional governing equations.
Using the nondimensional governing equations for the electrical and mechanical
Chua as defined by equations (4.2}, (4.3), (4.4) and (4.6), (4.7), (4.8) respectively
this leads to the following relations between the electrical and mechanical parame-
ters.

.20 e e
C’% - _g_j <.Cig;£i> (jz—i =1 (4.10)
?3::1/7 - % o = % (4.12)

Because the number of mechanical parameters is larger than the number of equa-
tions a unique solution for the mechanical parameters cannot be obtained from the
above set of equations. Effectively nine of the mechanical parameters can be cho-
sen freely. The other eight mechanical parameters are determined by the electrical
parameters and the nine freely chosen mechanical parameters. Here the free me-
chanical parameters are chosen so that the following expressions are obtained for
the mechanical parameters ¢*, y*, 2%, w, A3, Ay, 0 and k3.

. 1 " k%acl ) G 2
== =20200 ( ——r .
v T % )\1)\2 C1 Cl 2 (Gb - Ga> (4 13)
x kz:l:l G _ k‘g Cl G
- /\1 Gb - Ga w= Cy Cz Gb — Ga (4.14)

19



2 2
e = k_ﬁzﬁ( G..__> (4.15)

3_/\10102 Gb—Ga
. k% CaC3 CQ Cl 2( G 2
M= A LG? (cg) Gy — G, (4.16)
k'2 Ga+G Co Cl G
f=—2T0 T kg = kg— —- ————— 17)
%2 Gy —Ca = GG -G, (417)

If the parameters of the mechanical Chua are chosen as defined by the above equa-
tions then the nondimensional governing equations of the electrical and mechanical
systems are identical. As a consequence the nondimensional state variables of both
systems are identical. This leads to the following relations between the dimensional
state variables of the electrical and mechanical system.

* &

p= %Ul y = %Uz (4.18)
z* G
= —1 m = —“te .
2= 5a ir, t v (4.19)

In the above equations the variables £, and t,, are the time variables of the electrical
and mechanical system respectively

4.3 Equivalence Constraints

The validity of the parametrisation of the mechanical Chua proposed in the previous
section is limited by the feasible values of the mechanical parameters ¢ and k3. The
spring stiffness k3 should always be real and positive and the geometrical constant
¢ is by definition always real and negative. These two constraints can be expressed
as:

k3 >0 (4.20)
<0 (4.21)

Using the expression for ks as defined by equation (4.17) constraint equation (4.20)
can written in the following form.
Co C 1 G

g— — ——— >0 4.22

21 Co Gy — G, (4.22)
All parameters in this constraint equation are real and positive with the exception
of G, and Gy which are real and negative. By making use of the signs of the
parameters constraint equation (4.22) can reduced to the following expression.

|Go| < |Gal (4.23)

The constraint on ¢ as defined by constraint equation (4.21) can be written in the

following form by making use of the definition of § given by equation (4.17).
ko Go+G

—_— 4.2
Gy G " (4.24)

Again the parameters in this equation are all real and positive with the exception
of G, and Gj which are real and negative. By using the signs of the parameters
and by making use of constraint equation (4.23) constraint equation (4.24) can be
reduced to the following expression.

G > |Gal (4.25)
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Figure 4.1: A simulation of the elec- Figure 4.2: A simulation of the me-
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This constraint equation is equivalent to the following constraint on the electrical
resistance R. 1

R< a (4.26)
Constraint equations (4.23) and (4.26) are not mutually exclusive and therefore the
mechanical parameters can be chosen in such a way that the dynamical behaviour
of the electrical and mechanical Chua is identical in a qualitative sense.
Constraint equation (4.26) corresponds with the results obtained from the exis-
tence of the mechanical equilibria. The values of electrical resistance R allowed by
constraint equation (4.26) correspond to the values of R for which the electrical
equilibria X} and X, do not exist.

4.4 The Region Of Equivalence

Because the mechanical Chua is unable to produce a negative stiffness the electrical
parameters for which the mechanical Chua is equivalent to the electrical Chua are
limited by the constraint equations (4.23) and (4.26). If the electrical parameters
are chosen as defined in table 2.1 this leads to the following restriction on the
electrical resistance R. 1
R<—— =1422 2 (4.27)
G,
For these values of R the electrical Chua possesses only unbounded trajectories.
There are no periodic solutions or chaotic behaviour. For the values of R defined
by equation (4.27) the dynamical behaviour of the mechanical Chua is identical to
the dynamical behaviour of the electrical Chua. Therefore the dynamical behaviour
of the mechanical Chua does not have periodic solutions or chaotic behaviour.
The absence of periodic solutions and chaotic behaviour in the dynamics of the
mechanical Chua is a direct consequence of the inability of the mechanical Chua
to produce a negative stiffness. Constraint equation (4.26) exists because the geo-
metrical constant § is by definition smaller than zero i.e. the mechanical Chua is
unable to produce a negative stiffness. Figures 4.1 and 4.2 show a simulation for the
electrical and mechanical Chua starting from equivalent initial conditions. These
figures clearly show that the dynamical behaviour of both systems is unstable.
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Conclusion

The mechanical equivalent of Chua’s circuit as defined in [1] is unable to generate
a negative stiffness. The consequence of this inability is that the mechanical Chua
cannot produce periodic solutions or chaotic behaviour. The mechanical Chua
is equivalent to the electrical Chua but only for electrical parameters for which
all possible trajectories of the electrical Chua are unbounded. This makes the
equivalence between the electrical and mechanical Chua rather pointless. Because
all mechanical equivalents of Chua’s circuit proposed in [1] are based on the same
principle of generating a negative stiffness none of these mechanical equivalents will
be able to reproduce the diverse dynamical behaviour of Chua’s circuit.
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The Derivation Of The Reaction
Force Fj

The reaction force Fg originates from the mechanical coupling that is formed by
the rigid rectangular frame CE between the point C of the mechanism OCB and
the point E of the rotating disc. Through this mechanical coupling the spring force
F4 acting on point A of the disc is transmitted back to the point E of the disc.
This reaction force Fr can be determined by analysing the equilibrium of forces
and moments of the mechanism OCB as described in [3]. A free body diagram of
mechanism 1 is shown in the figures A.1 and A.2. From these figures the following
nine equilibrium conditions for the mechanism OCB and the rigid frame CE can be
derived:

—F%—Fy=0 (A.1)
—FY—Fy=0 (A.2)
y y 1
Fj —F} - §FW =0 (A.3)
FE—-F&=0 (A.4)
1
%a (—FEsin6; + F¥cosfy) + 3% (=F&sinby + F¥ cos ;)
1 (A.5)
+ ZaFW cosf; =0
FE_F% =0 (A.6)
|
FS—FFé/,—aFW:O (A7)
1 1 .
20 (F&sindy — F§cosfy) + 30 (F&siny + Fl cosby)
(A.8)

1
— zl-aFW cosfy =0

Fy+Fp=0 (A.9)

In the equilibrium equations (A.1)-(A.9) the term F¥ is defined as the component
of the force F in the horizontal direction and the term FY as the components of
the force F, in the vertical direction. By solving the above equilibrium equations
the reaction force Fg and the forces in the mechanism OCB can be determined as
a function of the spring force F4. This leads to the following relations between the
forces acting on the mechanism OCB and the rigid frame CE and the spring force
Fy.

FE=—Fy FE=~Fy (A.10)
sin 8y

FY = —Fy,
cos 0y

(A.11)

23




Figure A.1: The free body diagram of the mechanism that creates negative

stiffness.
FE
Fu
L L
Figure A.2: A free body diagram of Figure A.3: A schematic drawing of
the rigid frame CE. the mechanism OCB.
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FE=-F Fy= .

¢ A N A cos 01 (A.12)
ind

Fy _ Foy = _281n 1 '

c=0 w p— Fa (A.13)
sin 91

=92 F .

B cos g, 4 (A.14)

The term -:‘i)r;—(;i can be determined from the kinematics of the mechanism OCB.

I . + sin 8,y : .
Using figure A.3 the term 35t can be written as:

sing, PC’ h—rsing
= = Al5
coshy  OC" /a2 — (h —rsing)? ( )

Substituting the expression for the spring force F)4 and equation (A.15) into equa-
tion (A.14) leads to the following expression for the reaction force Fp:

2h h—rsine
Fp=2k | —————-1 All6
E 1(\/a2—h2 ) <\/a2—(h—rsingo)2>r(p ( )

This equation is clearly not equal to the definition for Fg found in [1]. By taking
the geometric factor £ zl at ¢ = 0 equation (A.16) can be made almost identical to
the expression found in fl] This leads to the following expression for the reaction

force Fg:

- 2h h
Fp=2k|————-1)| —=—— 7 A7
5=t (s =1) (o ) (A.17)
The differences between the above equation and the expression for Fg found in
[1] is a constant factor of -2. This factor -2 is the reason why the analysis of the
mechanism in [1] allows the generation of a negative stiffness while according to the
analysis performed in this report this is not possible.
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The Relation Between Negative
Resistance And Mechanical
Stiffness

An import aspect in the analysis of the mechanical Chua is the assumption that
the negative stiffness created by the mechanical Chua is equivalent to the negative
resistance in the electrical Chua. This equivalence is not immediately apparent be-
cause in conventional systems the mechanical equivalent of an electrical resistance
is a mechanical damper. The equivalence between the electrical and mechanical
Chua is based on the nondimensional governing equations of both systems. The
idea is that although there is no direct relation between negative resistance and
negative stiffness both systems have identical nondimensional governing equations.
To identify the relation between negative resistance and negative stiffness the nondi-
mensional governing equations of the electrical and mechanical systems have to be
analysed. This analysis can be restricted to the nondimensional governing equations
that contain the negative resistance and negative stiffness terms.

The dimensional governing equation (2.1) of the electrical Chua is transformed in
a nondimensional form by applying the following scaling to the dimensional state
variables.

G

U2
—= == = —t B.1
E Y"E "°G (B-1)
This leads to the following nondimensional governing equation for the electrical

Chua. 4 o
Z 2
E;Za y—z— f(z)) (B.2)

Where the nondimensional negative resistance f(z) is of the following form:

%x 4 GG g > 1
flz) = ?“:c lz} < 1 (B.3)
Ebm + ———GbEG“ r < -1

The nondimensional governing equations of the mechanical Chua are defined by
equations (4.6), (4.7) and (4.8). Equation (4.6) can be written into the following
form. &G gt

P MY~ e

r = g @9 f(@) (B.4)

Where the function f(@) is defined as:

(k16—ko)rp™ kary™ ~
14 (ubthalre’) kel 5 > g
F@) =13 —(1+ 5 @l < 1 (B.5)
(k1 6—ks)ro* kyre* ~
1+ lmz*w>+;1; g < -1
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If the electrical and mechanical systems are equivalent then the nondimensional
governing equations of both systems are identical. Substituting the expressions for
the mechanical parameters as defined by equations (4.13), (4.14) (4.15), (4.16) and

(4.17) in the mechanical nondimensional constant cf‘;j{;* shows that this constant
&)

is identical to . This means that if the electrical and mechanical system are
equivalent then the function f(@) must be the nondimensional mechanical equiva~
lent of the nondimensional negative resistance f(z). Comparing the expressions for
F(@) and f(z) as defined by equations (B.3) and (B.5) shows that there is indeed
no direct relation between the negative resistance and the negative stiffness. The
nondimensional mechanical equivalent of a nondimensional negative resistance is
a combination of the stiffness &1, the stiffness k5, the geometrical constant §, the
radius r and the electromechanical constant A;.
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