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l.

Introduction

In the paper: Ovals in Desarguesian Planes of Even Order [ 1] Hirschfeld
shows (theorem 4, corollary 1) that there exist no more projectively distinct
ovals with representation D(k) than D(2), D(4) and D(6). Below we shall show

that the ovals, thus represented, are indeed mutually projectively distinct.

Preliminary considerations

In this paper we shall restrict ourselves to ovals 0 in PG(2,32) which
have a representation of the form D(k) (for definitions and notation see [1],
P. 79). .

Representations D(k) of an oval 0 in PG(2,32) depend completely on the
frame used to define a coordinate system in PG(2,32).*) We shall only use
frames (P,Q,R,S) with P = (0,0,1), Q = (0,1,0), R = (1,0,0), § = (1,1,1)
where P, Q, R and S all are points on the oval U under consideration.

Let ( be an oval with representation D(k) for a suitable frame (P,Q,R,S).
Let a ¢ Yo (y = GF(32)). Since

1

{a,e,t5 |t ey} ={(,a e, @ ') | ceyl={(1,a" t,a 5% | beyd .

D(k) is also the representation of 0 for any frame (P,Q,R,S') with §'¢{P,Q,R},
$' on O (for the frame (P,Q,R,S): S' = (l,a,ak)). n
If O has a representation as a translation oval and this representation

is D(k) then by definition ([1], p. 79) we have for a € Yv:

{(1,6,65) | tey) = {1, (t+a), (t+a)® | t ey} = {(1,c+a,t5+a) | t ey}

so if D(k) is the representation of O for some frame (P,Q,R,8) it is also the

representation of O for any frame (P,Q,R',S) with R' ¢ O\{P,Q,S} and with (1)

for any frame (P,Q,R',S') with {R',S'} ¢ O\{P,Q} (R' = (1,a,a%)). (2)
If O has representation D{2) for some frame (P,Q,R,S) then O has also

representation D(2) for the frame (R,Q,P,S8) since
-1 - 2
{(1,e,6%) | ¢ evg) = {0t e e evgh = {(%,t,1) | £ evgyl
and the transformation (xO,xl,xz) > (xz,xl,xo) belongs to the tramsition

*)

D(k) ={g1,:.ck) | t ey} u{(010),(001)} ={(1,c5,(:j)k) | t ey} u{(010),(001)} =
= {(1,t, (%)) |t ey} ul(010),001)}.

field automorphisms ¢ of Yy have the form ¢: t tJ, 1 s 3js 30, and



from frame (P,Q,R,S) to frame (R,Q,P,S). From (1) and (2) and the fact that
(x + y)2 = %2+ y2 for all x and y in y we can conclude that 0 has represen-
tation D(2) for any frame (P',Q,R',S') on 0. (3)
A transformation will always work on coordinates, not on the points them~
selves,

3. Representations equivalent to D(2)

Let 0 be an oval with representation D(k) for the frame (Pk’Qk’Rk'Sk)
on () and representation D(2) for the frame (PZ’Q2’RZ'SZ} on 0. We shall show
that exactly one of the following three cases holds ' (4)

i) k=2,Q = Q, and D(k) is the representation of 0 for any frame
(PI:'QK'R;:’Slz) on 03
ii) k =16, R = Q, and D(k) is the representation of 0 for any frame
(P;‘:QILQRktS];) on 0,
iii) k = 30, Pk = Q, and D(k) is the representation of 0 for any frame
(B, » QL oRLL5L) on 0.
1)
Now assume Q # Q,. Let Q « 0\{Pk,Rk.Q2}. We can choose R and S on 0
and, if necessary, change S, (with (1)) in such a way that {Pk’Rk’Sk} -
= {Q,,R,5}. Now of course {Qk,Qé,Qz} n {R,S} = §. We have: For the frames
(Q»Q,sR,8) and (P, ,Q,R ,5,) the oval 0 has representations D(2) and D(k),
respectively.
The transformation T which satisfies for the frame (Qk’QZ'R’S)
TPk = (001), TQk = (010), TRk = (100), TSk = (111) has also TD(2) = D(k)
since 0 has representation D(k) for the frame (Pk,Qk,Rk,Sk).
For the frame (QQ,QZ,R,S) the oval ( has representation D(2) (by (3)) and
Pk’ Rk and Sk have the same coordinates as for the frame (Qk’QZ’R’S)‘ So,
for (Qé,Qz,R,S), T{Pk’QQ’Rk’Sk} = ((001),(010),(100),(111)). For this frame

0 has representation TD(2) = D(k). So we can conclude:

If 0 has representation D(k) for some frame (Pquk’kk’sk) and’ Q. # Q,
then 0 has this representation for any frame (Pk’Qé’Rk’sk) on 0 with
Q. * Q-

The same argument for the cases P # Q, and R ¥ Q, leads to a similar con-

clusion for Pk and Rk'



Now consider the following cases:

i)

ii)

iii)

P, # Q, and R ¥ Q,. Now we are free to choase Pé = R and Ré = P and
know that 0 has representation D(k) for the frame (P',Qk.Ré,Sk). This
yields:
k k -k k -k
vtey aséY [(,t,t7) = (s ,s8,1)1, s0 vsey [(s" ") =8 "1,
0 0 0
s0 k(1 -k) = =k (mod 31), sok = 0 or k = 2,
Since D(0) represents no oval we find k = 2,
P # Q, and Q # Q,. We choose Pé = Q and Qé = P, and get:

Y

2
k k k
tey asev [(,e,e) = (1,8 ,8)] so A (8" = sl

¥

so kz ] (mod 31) so k = | or k = 30.

Since D(l) represents no oval we find k = 30 (with [1], theorem 1, p. 81),
But this result excludes that of i) so we may conclude: Rk - Q2 and in
case 1i): Q = Q2.

Now the only other possibility is:

P, = Q,. We choose Q& = R on Rﬁ = Q we find:

[B—k k“l]

k k -
3 f(l,t,t7) = (8,1, )] so VQéYO 8

vt s

€Y0 €Y0

80 =k = k~1 (mod 31) so k = 16,
To prove (4) we still have to show that D(16) and D(30) are indeed re-

presentations of 0. This follows in exactly the same manner:

6

{(l,t,tz) | t e v} = (G, ,t) | t e v}

so if D(2) is the representation of (0 for (P,Q,R,S) then D(16) is the

representation for (Q,P,R,S) and:
{(1,e,t9 | tevy) = (e e evgl) = £39,1,0) | tevgl

so if D(2) is thé representation of 0 for the frame (P,Q,R,S) then D(30)
is the representation of 0 for the frame (R,P,Q,S). q.e.d.

With (4) we have directly: The only representations D(k) equivalent with D(2)

are:

D(2), D(16) and D(30).



4. The relation between the representations D(4) and D(6)

In this section we shall show that the assumption D(4) ™~ D(6) leads to
a contradiction. ,
Assume that there exists an oval U with representations D(4) and D(6)

for the frames (PA,Q4,R4,SQ) and (Pa'Qa’Re*Ss) respectively.

We distinguish two cases:
i) {Pa,Qa} n {Pé,%,nﬁ} LR
With (1) and (4) we can choose R,, S, and §; such that {PQ,Q‘,‘,R&,Sa}’ -
{Pﬁ,Qé,R s} :
Let T be the transformation with respect to'(PA,QA,R&,S4) wi;h,T?a - PA’
TQ6 = Qé, TR6 = Ré, T56 = 84 and TD{4) = D(6). Now R4 ¢ 36 or 84 ¢ 86, say
R, # S¢.
Then P6 = R& or Qﬁ R& or Ré é, say P6 = P&
‘Let P} ¢ 0\{P6,Q6, .Sg }. Now (B,,Q,,P¢,5,) is a frame for which 0 has repre-
sentation D(4). Alsofor this frame T(Pé,Q6, 6) = (001),(101),(100),(111))
and 0 has representation TD(4) = D(6) for this frame. This implies:
If P, = R, then for any frame (P;,Q,,R;,S() 0 has representation D(6).
By applying the same argument we get:
If P, (Q or Rg) ¢ {R&,Sé} then 0 has representation D(6) for any frame
1 t -4 s
(Pﬁ’qé’Rﬁ’S6) on 0 ((P6,Qé,86,86) or (P6,Q6,R ,56) resp.). The conclusion is
that in the frame that yields representation D(6) for 0 we can choose besides
36 (with (1)) at least one other point arbitrarily.

i1) If this point is Ry then we can transform via (Pa,Qs,RG,Sﬁ)"(Pé,Qé,Sé,Ré)

and we get:

[(i+s)® =1 4687,
01

6 6
Y - v
ey, 38€Y0‘ [(1,e,t) (1,1+s,1+8 )], so sy

so Y [52 + gt

scY
01
i2) If this point is 6’ we transform (P Q& R&’S ) » {sé’Qé’ ,Pé) and find:

= 0] and this is not true.

= 6 6 6
VCEYl 38€Yl L(,e,t ) (1+s" ,s+8 ,8°)] so
6 6
[(213396 a2 zl, so ¥ ['(l+s5)6 - (1+s5)5]
S€Y) 1+ 1+s 8eY

but gince (l+ss)6

+ (i+s6)5 is a polynomial of degree less than 31 and

6.5 6 10 20 24

(1+s + (148°)" = s  + 8 + 8 + 38° %0 this cannot be true.



i3) If this point is Q6 then we transform via (Pé,Qé,R ,86) + (PG’SG’Rb’Qé)

and find:
v 3 L(1,¢c t6) = (l+s,s s+36)] go V [(--2*-)6 -'3:553
tey, “sey, »he 15 ? 8eY, 1+8 1#8. "
s0 VneY [85 = (l+ss)(l+s)5 = | +§ +34-+56 +8° +3103, 80
‘ 4.5, 6..9..10
Ysey [l+s+s +8  +s +8° +s8 =0] and also this cannot be true on the
i

same grounds.

So we find: the assumption {PQ,QQ} n {Pé,Qﬁ,RG} ¥ § leads to g contradiction.

ii) {Pa,Qé} n {P6,Q6,R6} = g.
We choose §, = Pé, S4 - Pé, R& - Rﬁ and have, for the frame (Pé.Qé,Ré.Sa):
Q, = (1,a,8") for some a ¢ Yo+ The transformation T:

(xo.x,.x?_) +((a +a? +33)x0 +(l+a+ a? +a13)xl + X)X +x2.xla3 +x2)

transforms P in (0,0,1), B, in (1,0,0), Q; in (0,1,0) and S¢ in (1,1,1).

So it must transform D(4) in D(6). But then we must have TQ4 e D(6), so:

IQ, = (1 +a+82+n3,l,a3) = (l,s,s6). for some 8 € Y, 80

6 a3 6 33(1+a)
3 = 3 s 80 (—) = A
l+at+ta +a l+at+a +a +a 1+a

i+a

(

3 3

8o (l+84)5a -~ (1+a)5, so (1 + aé)aa =1 + a, go (l+a32)a6 - (1~+a)2. 80

6

a = 1|+a.

6

But @ +a+1 is an irreducible polynomial over GF(2) so a € Y n GF(26)'-GF(2)

and this leads to the desired contradiction since a6-ba = 0 for a € GF(2)..

We have now that D(4) ~ D(6) leads to a contradiction and conclude, with [2],
theorem 12, corollary 1, p. 790 that there are exactly three projectively
distinct D(k) over GF(32) i.e. D(2), D(4) and D(6).
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