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ON THE CONTINUITY OF
A REDUCTION-AMPLIFICATION OPERATOR

IN QUANTUM MECHANICS

by

5.J.L. van Eijndhoven and J. de Graaf

Abstract

In the Banach algebra B(H) of bounded linear operators on a separable Hilbert

space H we investigate the continuity of the linear mapping

Aw P:A = } <nolAlmo> |ni> <ufll
nmil

with respect to the uniform, the ultra-strong, the strong and the weak to-

pologies on B(H).

AMS Classifications 47D25 47045




STATEMENT OF THE PROBLEM

Let 7 be a Hilbert space. Let B(H) denote the Banach algebra of bounded
. *
linear operators on H. Informally the operator PC : B(HY » B(H) is defined

by means of Dirac brackets in the following way

PAa= ] <nolalne>lnn> <anl .
nmn

Here the operator A is supposed to have the matrix representation

-

A= )} <onlalm>inn> <ml
nnmm

The problems posed by W.M. de Muynck, cf. [M], are the following:
(1) éhow that for each A € B{H) the operator P:A is well defined and
belongs to B(H).
C(id) Investigate the continuity of the mapping P; : B(H) = B(H) in the

uniform, the strong and the weak topologies of B(H).

MATHEMATICAL FORMULATION AND RESULTS

Let X be a separable Hilbert space with a fixed orthonormal basis (Vn):=0'

Let # = X ® X denote the two~fold tensor product of X. Then (vn 8 vﬁ): 520

is an orthonormal basis in H. '

In X define the operator P. by P _f = (£,v )} v .
nm nm nX¥m

X
In H the operator an ® I can be written

X0
(p . ® DF = ﬁzo (F,v, @ vp) (v, © Vo)



Next, let A be a bounded linear operator on Z, i.e., A € B(H), and define.

-]

the matrix (anm}n,m=0 by

anm = {A(vn @ VO}, (vm ® VO))H .

Our first problem is to give a mathematical meaning to the sequence

e o

Yy a_ (eI .
n=0 m=0 O B

Let PO denote the projection in X defined by POf = (f,vo)Xvo. The projection

cperator I @ P0 on H can be written

o0

(I ® PO)F = X (F,vn 8 VO)H(Vn ® vo)

n=0
For any operator A& € B(H) the operator (I @ PO}A(I e PO) € BH).
"We have (I ® PIA(I ® P) liB(H) s HA“B(H) .

Further (I ® PO}A(i ® P,) maps # = X ® X into X ® <vb> and also X ® <vo>

0
into X ® <vd>. It is clear now that (I @ PO)A(I ] PO) can be regarded as
a mapping from X into X. This so-called 'veduction' will be denoted by AO.

*
Finally, we are in a position to define the operator Pc :

* *
PC : B(®) - BH) , PCA = &, ® I.

* *
Calculation of PCA(VP ® vq} shows that Pc is indeed the desired operator

as mentioned at the very beginning of this notice.

Remark. PZ(Q 8 I) =081 for all Q € BX).



THEOREM 1

*
Pc is a bounded linear operator on B(H) and

*
”PCAHB(H) s “A”B(H)

* . .
Hence Pc is continuous in the uniform topology of B{(H). In cther words

* *
Pc € B(B{H)). Finally npc"B(B(H)) = 1.
PROOF
%
"pcA"B(H} = i!AO ® IIIB(S) = “AOHB(X} = (I ® PO)A(I ® po) ”B(H) =S "A”B(H)'
For the special choice A = Q @ PO’ Q € B(X), we have
*
HPC(Q 8 PO) “3(3) = HQ"B(X) ”PGHB(X) = HQHB(X) = g @ POHB(H).

For the used properties of Hilbert norms of tensor products of Hibert spaces

see Weidmann [wl. a

. LEMMA 2

Consider the linear mapping T' : B(X) > B(H) : 2 » Q ® I.

I' is the so-called ‘amplification map'. See Dixmier [D].-

(1) ' is continuous with respect to the uniform topologies of B(X) and
B{H).

(i1} T is continuous with respect to the ultra-stroﬁg (= strongest, [ND)
topologies of B(X) and B{H).

{iii) ' is seguentially continuous‘ﬂith:respect.to the strong topologies
of B(X) and B(A).

{iv)l T is seguentially continuous with respect to the weak topologies

of B(X) and B{(H).



PROCF :

(i) Trivial because HQl = o & 1]

B(X) B

. o v 2
(ii) Take a sequence (Fk)kzO < H such that kZO o & I}Fk“g <

Write F, 2 £, ® v, with £ € X. Then'
kg ‘ i

20

> 2
kZO @ e DF, EO Z lof, @ v, Il }: z log, |
= k=0 i=0 i k=0 k=i

i ~18
IIM8

{
Hence T maps the set'iQI Hka H; < 82} < B({X) into the set

k=0 i=0

{ l Z e, 12 < 52} < B

(iii) Let (QH):zl < B(X). Suppose 9~ 0 strongly, i.e. for all

f € X,ﬁanHX.+ 0. Further let F = z £ 8V, € H. We must show that
k=0
i (@ ® I)FHH -

2 % 2% 2
Il @ DFly = kzﬁ Io £, & v Iy = kzO lo £ 1% -

From the Banch~Steinhaus theorem it follows that

(RgnﬂB(X) =g, ® I“B(E))n=1

is a bounded sequence. From this and the strong convergence of Qn
it follows that Il(Qn ® I)FHH -~ 0
{iv) Let (Qn}:;1 < B(X). Suppose Q + { weakly, i.e. for all

£,0 € X](an,¢>xl + 0. Let F = Z £, 8V, € Hand ¢ = §0¢£ ® v, €.

We must show that l((Qn ® I}F,@)E) + 0. This follows from

((Q, ® DF, ), = kEO(ank,¢k)X



and the uniform boundedness of the sequence (Qn):=1' in a way

similar to (iii). a

THEOREM 3

The mapping P: : B(HYy - B(HY : awm AO ® I is

(i) continuous with respect to the uniform topology on B(f),

(11) continuous with respect to the ultra-strong topology on B(H),

(iii) sequentially continuous with respect to the strong topology on B(H),

and

{iv) sequentially continucus with respect to the weak topology on B(H).

PROOQF :

*
We write Pc as a composition of linear mappings

P: . B(H) + B(H) + B(X) + B(H)

Av (I © PO)A(I ® PO)‘+ A0|+ AO ® 1.

The desired continuity of the first arrow follows from Naimark [N], Ch. wvii.
See also [D]. The desired continuity of the second arrow follows because
Ay = v iz e Py)A(I ® P))U where U : X > X ® <v,> is a unitary bijection.

Pinally, the desired continuity of the third arrow follows from Lemma 2. U

Next we want to show that the property of sequential continuity in Theorem 3,

(iii) and (iv) cannot be replaced by continuity.

LEMMA 4

The amplification map I' : B(X) -~ B(H) : E~» B 8 I is neither strongly nor

weakly continuous.



PROOF':

(L)

Consider the set of operators

5, = {QIH (Q® DFly < :B(X)}.
u.’ 2 '
Hexre F = ) £ ® v, is taken fixed. We have ) I£ I5 < ® and we
k k kX
k=0 . k=0
take (f )7 _ « X such that the span of the £, is dense in X. Now

k" k=0 k

suppose that there exists a finite sequence (¢1""'¢P} < X and

’ § > 0 such that the set

(ii)

S¢1r--'oa¢p = {Q“‘thiﬂx <8 ,151i5s p}

is contained in S . By taking Q = all € S¢ , 4 where I is the
1,...,
projection operator onto the orthocomplement of span <é1,...,¢ >

and o > 0 sufficiently large, we get a contradiction.

Consider the set of operators

]

w0

R {Qf (i @ nyr,6)| < e} < B(X)
2

} £, ®v _andc =

where F = gk v, are taken fixed. We choose
k=0 -
£, = gy = (k+l) lvk. Now suppose that there exist two finite sequen-

A

of ltoo, )l <8, 151

ces (él,...,ép), (wl,...,wp} < X and § > 0 such that the set
R ] =
¢1:-~fs¢p:¢1rv--r¢p
is contained in R .

o

By taki = B, € R here I, is the projection
VI D = By € Ry by, T T pred

operator ontc the orthocomplement of span <¢1,...,¢p,¢1,...,wp> and

8 » 0 sufficiently large, we reach a contradiction.



Remarks. The strong topoleogy on B(H) restricted to the amplification of
B(X) is equal to the ultra-strong topology on B(X); By Dixmier [D], the

ultra-strong topology on B(X) is strictly fineg than the strong topoclogy
oﬁ B(X) iff X is infinite dimensional. Notice also that the uitrawstrong

and the strong topology coincide on bounded sets.

THEQREM 5

The reduction-amplification mapping

P::B(H) > B(EH) :A+A ®1

(i) is not continuous with respect to the strong topology on B(H).

(i1} is not continuous with respect to the weak topology on B(H). -

PROOF :

(1) Consider the set I_ = {B|B =0 ® I, 0 € 5} < B(A) with 5_ as in

Lemma 4. Suppose there exists a finite sequence (@1,...,®P)(: H and

*
8§ > 0 such that PC maps the set

Uq)l""@p = {allag I, < 8} = B

into EF. We look at operators of the form A = Q ® PO’ Q€ B(X).

o
i = b= | -
Write @i kZO ¢ik ® v, . Then o ® Po)éilH 1Q¢io ® VOIH
= NQ¢iOﬁX. So if the operators Q are in the set S¢1o;""¢pc' the
operators A = Q & PO are in U® s
RARRTANT

" For these special operators we'hévevéo-= Q. So it follows from Lemma 4

*
that Pc does not map U o r as a whole, into ZF’
L

@1,...

{ii) Consider the set EFG = {BlB =0® I, Q¢ RFG} < B(H) with RFG as in

Lemma 4. Suppose there exist finite sequences (@1,...,®p), (?1,...,YP) <

%
< H and § > 0 such that Pc maps the set



% = {a] [, 0] < &}

@1,...,®p,w1,...,wp i

into EFG' Again we look at operators Aof the form A = Q 8 PD' Q€ BX).

e

Y, ® v,. Then

Write ?i = iL 9

|

2=0
((Q 8 P&, ¥y = (Q5 8 vyr ¥y @ Vply = (Q,4:0,5)y -

So if the operators Q are in the set R¢ o U p, !
107" Tp0’ 10" " T

then the operator A = Q ® P, belongs to V®

0 1,...,®p,W1,...,?p'

For these special operators we have A = Q & PO.
k.4

So it follows from Lemma 4 that Pc does not map the set

; = .
VQf_,.,Qp,gll.__'?p' as a whole, into B
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