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HARRY TIMMERMANS AND ALOYS BORGERS

DYNAMIC MODELS OF CHOICE BEHAVIOUR:
SOME FUNDAMENTALS AND TRENDS

1. INTROBUCTION

In this chapter we will discuss some models of dynamic decision-making
and choice behaviour. The term dynamic indicates that we are
interested in choice behaviour over time, i.e. in possible changes in
choices. The discussion will be restricted to three general types of
modelling approaches. First, stochastic models of buying behaviour
will be discussed. This is followed by a summary of newly developed
variety-seeking models. Finally a brief summary is given of some of
the Tlatest developments in the field of dynamic discrete choice
models. It should be noted that these models constitute only a small
part of this rapidly growing field of research and that the structure
of this section is rather arbitrary. Other reviews can be found in
Halperin and Gale (1984), Halperin (1985) and Hensher and Wrigley
(1984).

2. STOCHASTIC MODELS OF BUYING BEHAVIOUR

The class of stochastic models of buying behaviour consists of brand
choice models and purchase incidence models. Brand choice models
predict which choice alternative will be chosen given that a choice is
made at a particular point in time. Purchase incidence models predict
when an alternative will be chosen or how many alternatives will be
chosen in a specified interval of time. :

Several models belonging to the class of stochastic buying
behaviour will be discussed in the following subsections. For a more
detailed survey, we refer to Massy, Montgomery and Morrison (1970).

2.1. Bernoulli Models

Perhaps the most simple model of dynamic choice behaviour is the
Bernoulli model. It is based on the assumption that the probability of
choosing alternative 7 is constant over time. It implies that the past
history of the process has no effect on the choice probabilities.
Hence, the model may be expressed as:

Py = p (1)

where Pt is the probability that a particular alternative is chosen

at time t;
p is the initial probability of choosing the alternative.

Another Timiting property of the Bernoulli model is that it assumes
homogeneity. That is, it is assumed that the choice probabilities
apply to all individuals. Nevertheless the model has been frequently
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4 HARRY TIMMERMANS AND ALOYS BORGERS

used with success, -especially in a marketing context. Burnett (1975)
applied the Bernoulli model in a study of spatial shopping behaviour
using panel data. The model did not perform very well though.

2.2. The Compound Beta Bernoulli Model

Perhaps the most important limitation of the standard Bernoulli model
js its homogeneity assumption. The compound beta Bernoulli model has
been developed to relax this assumption. The model still assumes that
every individual in the population has a constant probability p of
choosing an alternative and a probability of (1-p) of choosing another
alternative, but the homogeneity assumption is replaced by assuming
that p has a beta distribution over individuals in the population.
This beta distribution has the form:

I'(a + B)

I'(e) T(B)
b(p) = : (2)

0, otherwise

P la-pfl,  o<pcn

where T(-) is the gamma function;
« and B are parameters to be estimated (e, 8 > 0).

2.3. Markov Models

Markov models have been used to study the dynamics of choice
behaviour. Especially the first-order models have been applied
frequently. These models are typically based on deriving a transition
probability matrix which expresses the probability that -alternative j
will be chosen at time t+1 given that alternative 7 has been chosen at
time t. Consequently, these transition or switching probabilities are
independent from the choices at times t-1, t-2, ... Moreover, in the
conventional models homogeneity and stationarity is assumed: the
transition probabilities apply to all individuals in the population
and the transition probability matrix is independent of . Given these
assumptions, choice behaviour and market shares at some future point
at time t* can be calculated easily by raising the transition
probability matrix to the power t* and multiplying this matrix by an
initial state vector. Likewise, the vector of steady state
probabilities can be calculated in a straightforward manner.

This standard Markov model has been very popular in marketing
science. A geographical example is provided in Burnett (1974, 1978)
and Crouchley, Davies and Pickles (1982), although it should be noted
that Markov chain analysis as such is a well-known technique in
geography which has been used for a variety of purposes.

It is evident that the first-order Markov chain is based on some
rigorous assumptions: first order, homogeneity and stationarity.
Hence, several authors have attempted to develop more sophisticated
Markov models which relax such assumptions. Higher-order Markov models
" have been developed to incorporate the effect of choice behaviour at
times t-1, t-2, etc. on choice behaviour at time f+l. Non-stationary
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models have been proposed to make the transition probability matrix
dependent upon the time period. Heterogeneity has been introduced by
segmentation of the population into groups. Some of these developments
are well known in geographical research. In particular, such
sophisticated Markov models have been used in studying migration (e.g.
Ginsberg, 1971, 1972, 1973, 1978, 1979).

2.4. Brand Loyal Models

Brand Toyal models have been developed by marketing scientists, but in
a geographic context they have been called place Tloyal models.
Basically, this model is a compound Markov model. It is based on the
following assumptions: each individual’s choice behaviour can be
described in terms of a first-order process; the parameter describing
this process has a probability distribution b(p) among the individuals
in the population. In particular, it is assumed that the first-order
0-1 process has the transition matrix:

1 0

p I-p (3)
0 kp 1-kp

where k is a constant for each individual (0 < k < 1).

b(p) is beta distributed, although any arbitrary probability density
is allowed.

2.5. Last Purchase Loyal Models

An alternative to the brand loyal model is the Tlast purchase loyal
model which has the following transition matrix:

1 0

p 1-p (4)
o |1k kp

Apart from the structure of the transition matrix, this model is based
on the same assumptions as the brand loyal model.

2.6. Linear Learning Models

Linear learning models were originally developed in psychology for the
purpose of describing data from laboratory experiments on adaptive
behaviour. However, they have also played an important role in the
study of brand choice behaviour. In a geographical context, the model
has hardly been used, an exception being the study by Burnett (1977)
on spatial shopping behaviour. Actually, she found that the Tlinear
learning model outperformed both the Bernoulli model and the Markov
model.
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The basic assumption of the linear learning model is that choice
probabilities at time £+1 are a 1linear function of the choice
probabilities at time £. Further, the model assumes quasi-stationarity
in the sense that the parameters of the model do not change over short
periods of time and that all individuals exhibit adaptive behaviour
that can be described by a single set of parameters. The model may be
expressed as follows:

o+ B+ Apt if the choice alternative is
chosen at time ¢

Py - 4 (5)

o+ Apt if the choice alternative is
not chosen at time ¢

where @, B are parameters denoting the intercept of the rejection
operator and the difference in intercept. between the
acceptance and the rejection operator; .
A is the sTope of both operators.

The expectation of Py for t > 0 is equal to:

Ep,lp,) = Ex raB+ ) +alB+ N2+ .. (6)
+ a(B + X)t'l] + (8 + X)t P,

This equation can be used to predict dynamic choice behaviour. The
linear learning model can be considered as a generalization of both
the zero order Bernoulli and the first-order Markov models. If X = 0,
the linear Tearning model collapses into a Markov model; if a = 8 =10
and A = 1, we have a Bernoulli model.

2.7. Purchase Incidence Models

Again, these models were originally developed by marketing scientists
in the fifties. The main differences between previously discussed
dynamic models and purchase incidence models is that the latter are
primarily concerned with the problem of when an alternative will be
chosen or, equivalently, how many choices will be made in a specified
interval of time, whereas the former are concerned with predicting
which alternative will be chosen given that a choice is made at a
particular point in time.

A well-known model in this class is Ehrenberg’s negative binomial
model. It is based on the following assumptions: the average number of
purchases of a particular alternative is constant over time periods;
the purchases of an individual over successive equal-Tength time
periods can be described by the Poisson distribution: .

Pri, = klu} = F(N,|p) = exp(-wuk / K, k>0 (7)
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where Nt is the total number of purchases during a fixed interval of
time;
¢ is the average purchase rate,

and, finally, that these average purchase rates are distributed over
the individuals according to a gamma distribution with parameters o
and B:

Flu) = B exp(-Bu) (B! / T(@),  m>0 (8)

Given these assumptions, the aggregate distribution of purchase events
follows the following negative binomial model:

) = [l

1+8 Nt T(a) 148

Other interesting measures, such as the incidence of repeat buying,
average purchase frequency and market penetration can be derived in a
straightforward manner (see Ehrenberg, 1972 for details).

The basic model has been extended in a number of important ways
to relax its assumptions. Chatfield, Ehrenberg and Goodhardt (1966)
have shown that the distribution of the total number of purchases in a
fixed time interval for individuals who purchase the item at least

once during the interval can be approximated by the logarithmic series
distribution:

¢
(9)

N
FININ,>0) = g £/ N, on(1-q) (10)

where ¢ is the parameter of the distribution.

Other distributions, such as the zero-truncated negative binomial
(Zufryden, 1977) and the geometric model have been used.

The original model is based on the assumption that the number of
purchases of a particular brand by a single individual in equal-Tength
successive time periods are independent and follow a Poisson
distribution, implying that inter-purchase times are exponentially
distributed. Some authors have argued that such inter-purchase times
are more regular and they have introduced the Erlang 2 distribution to
describe inter-purchase times (Herniter, 1971; Jeuland et al., 1980).
Empirical evidence however has not substantiated this claim: only a
small dimprovement in fit has been obtained by using the resulting
negative binomial distribution. In a geographical context, Dunn,
Reader and Wrigley (1983) also found that the negative binomial model
holds for the majority of their respondents.
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The negative binomial model has been applied successfully in
marketing science (see Ehrenberg, 1968, 1972} for brand choice
behaviour. Wrigley (1980) was the first geographer to use this model
in a study of purchasing patterns at particular store types. In a
follow up study, the model was successfully applied to purchasing at
individual stores in Cardiff (see Wrigley and Dunn, 1984a; Dunn,
Reader and Wrigley, 1983).

Another important development is the generalization of the model
to more brands or stores. This extension is the Dirichlet model which
specifies probabilistically how many purchases each consumer makes in
a time-period and which brand/store is chosen on each occasion
(Goodhardt, Ehrenberg and Chatfield, 1984), The model combines aspects
of purchase incidence and choice aspects and is based on the following
assumptions:

- individuals’ choice probabilities are constant over time and
independent over successive purchases, implying that the number
of purchases of each alternative an individual makes in a
sequence of purchases can be modelled by a multinomial model;

- these choice probabilities vary across individuals according to a
Dirichlet distribution;

- successive purchases of an individual are independent with a
constant mean rate, implying that the number of purchases made in
each of a succession of equal-length time periods follows a
Poisson distribution;

- the mean purchasing rates vary among individuals according to a
gamma distribution;

- the choice probabilities and average purchase frequencies of
different individuals are distributed independently over the
population.

The model itself 1is then obtained by mixing these multinomial,
Dirichlet, Poisson and gamma distributions. The model has worked
remarkably well in marketing science (Goodhardt et al., 1984) but also
for predicting brand purchases within store groups (Kau and Ehrenberg,
1984) and multistore purchase patterns within individual stores
(Wrigley and Dunn, 1984b, 1984c).

A similar model was developed by Jeuland, Bass and Wright (1980)
but they replaced the Poisson distribution by the Erlang 2
distribution, which results in a multiple hyper-geometric model. This
model worked well in -a study of purchases of cooking oil. Yet another
model has been advanced by Zufryden (1977). His model is also based on
the Erlang and gamma distribution of purchase dincidence and the
assumption of independence between choice behaviour and purchase
incidence behaviour, but he uses a Tlinear model with purchase
probabilities varying over the population according to a beta
distribution rather than a multinomial distribution. His model also
performed extremely well (Zufryden, 1978).

A1l of the above models do not incorporate explanatory variables.
Consequently, the effects of managerial or planning decisions on
behaviour cannot be assessed. In order to circumvent this disadvantage
a number of authors have proposed models which basically add
explanatory variables to the models discussed in this section. For
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example, Jones and Zufryden (1980) proposed a logit model to explain
brand choice probability as a function of purchase explanatory
variables. Following Ehrenberg, they assume the negative binomial
distribution to describe the product class purchase distribution over
the population. The probability of choosing a particular alternative
given that the class purchase 1is being made is then modelled by a
logit model assuming heterogeneity among individuals with respect to
these choice probabilities (beta distribution), independence from past
purchase outcomes and time invariance. Examples of applications of
this anproach can be found in Jones and Zufryden (1980, 1982). In a
similar vein, Paull (1978) used a polytomous logit regression approach
to predict discrete purchase quantities in a generalized negative
binomial distribution. Broom and Wrigley (1983) and Wrigley and Dunn
(1985) have proposed to incorporate explanatory variables into
negative binomial and Dirichlet models using loglinear forms. Such
extensions clearly are an important step forward in building
policy-relevant models of dynamic choice behaviour.

3. MODELS OF VARIETY-SEEKING BEHAVIOUR

Two types of variety-seeking behaviour may be distinguished:
structural variety-seeking behaviour and temporal variety-seeking
behaviour. Structural variety is the variety that is present within a
set of objects whereas temporal variety is the variety that is implied
by a sequence of choices (Pessemier, 1985). In the context of spatial
choice behaviour temporal variety-seeking is perhaps most important.
However, since the basic ideas underlying the models directed at these
two types of variety are very similar, we will discuss both approaches
in this section.

An initial distinction will be made between two types of models:
inventory-based models and non-inventory-based  models. The
specification of the former type of model is explicitly based on the
assumption that the attributes of the chosen alternatives are
accumulated in attribute inventories, whereas the latter type of model
is not explicitly parameterized in this respect.

3.1. Inventory-based Variety-seeking Models

One of the first models of variety-seeking behaviour, originally
developed for the case of structural variety, was proposed by
McAlister (1979). This so-called model of attribute satiation was
built on two basic assumptions:

- attributes are cumulative, implying that the total amount of a
particular attribute inherent in a group can be calculated by
summing the attribute values across the alternatives belonging to
that group;

- the marginal utility for each attribute is a decreasing function.

McAlister selected a quadratic utility function to represent the
second assumption. More specifically, it was assumed that the square
of the difference between the summed attribute values and an
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individual’s ideal point is an appropriate functional form. Hence, it
was assumed that a combination of alternatives will be chosen if:

U(g) > Ulh) Vhttg (11)

2

K A
where U{g) = - 2 w (X - X,) (12)
‘ k=1 k\'g.k k

U(g) is the utility of group g of choice aiternatives;
Xg K is the sum of the values for attribute k across the choice

alternatives in group g;
}k is the ideal (most preferred) level for the k-th attribute;
Wy is the importance weight of the k-th attribute;
K is the total number of attributes.

In the same study, a more sophisticated version based on Farquhar and
Rao’s balance model (Farquhar and Rao, 1976) was tested. They divided
the attributes in four types. First, they made a distinction between
desirable and undesirable attributes. Their relationship to preference
is assumed to be reflected in a Tinearly increasing respectively
decreasing function. Second, they assume that preference for a
coliection of choice alternatives is also influenced by the diversity
within the collection. If diversity increases preference, the
attribute is called ’‘counterbalancing’. If, in contrast, preference
decreases with increasing - diversity, the attribute is termed
‘equibalancing’. For both these types of attributes, Farquhar and Rao
posit a linear relationship with preference for the collection of
choice alternatives.

In a follow-up paper, McAlister (1982) extended the attribute
satiation model to the case of temporal variety-seeking. This dynamic
attribute satiation model (DAS) differs from its predecessor in that a
time-related additional assumption is built in. More specifically it
is assumed that a consumption history may be converted into an
inventory by a time-related inventory retention factor Ak. The model

may be expressed as follows:
(T) (T)
Ui. > Uj (13)

The utility of alternative 7 at time T is defined as:

K 2
ui?) - -2 Wk{“/g)* X - xk] (14)

where IéT) is the inventory of attribute k at time T;
Xik is the amount of alternative 7 on attribute k.
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The inventory of attribute k at time 7 is defined as:

7-1
T T-t (t
1N -2 N x,(< ) (15)

where Xét) is the amount of the alternative chosen at time ¢t on

attribute k; ,
Ak is an inventory retention factor for the k-th attribute,

0 < kk < 1.

Note that if Ak is 1 for all k, the above model is equal to the
attribute satiation model. If Ak # 1, a consumption history is

converted into an dinventory by an inverse function of the inventory
retention factor.

In order to calibrate these models, the researcher should collect
the following data. Subjects’ perceptions of the degree in which a
choice alternative possesses the selected attributes should be
measured. In addition, subjects should be asked to rank the
(combinations of) choice alternatives from most likely to least likely
to choose at a particular point in time. In case of the DAS model,
individuals’ consumption histories should also be collected. The
ranking task may then be exploited to derive paired comparisons. The
parameters of the model, the ideal point and importance weight for
each attribute, may then be derived by using Tinear programming
techniques. In case of the DAS model, the inventory retention factors
should preferably be calibrated as well, but McAlister assumed these
factors all equalled 0.5.

McAlister and Pessemier (1982) extended the DAS model by a term which
represents the stimulation contribution to preference. This additional
term may be expressed as:

w103 - X )? (16)

where Wil represents the importance of the stimulation contribution
to preference;
DgT) is the total stimulation that will result from choosing
alternative 7 at time T;
}K+1 is the ideal point for stimulation.

The total amount of stimulation is recursively calculated as:

7-1 K
o{7) < ypp§T Y +2 Ml [kzl wk(ka'XISt))z} (17)
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where XK+1 is a stimulation retention factor;

0
DS.):o.

Pessemier (1985) has presented a still more sophisticated model of
variety-seeking behaviour. He assumed that change in utility results
from each attribute of a choice alternative and from interpersonal and
intrapersonal variety which the object conveys. Especially, the notion
of interpersonal variety is new and it represents an individual’s need
for group affiliation and personal identity. The model can be best
appreciated if it is worked through backwards. An individual’s utility
for a choice alternative is assumed to be a Tinear function of the
squared distance between the individual’s ideal point and the
inventory position of that choice alternative in a space of K+2
dimensions. In formula:

(N 2 '
Uit =a+bd;p (18)

K+2
where d?,T = kzl Wk(Igl) - }
Igl) is the inventory of the k-th attribute of choice
alternative 7 at time T3
Xk is an individual’s ideal point for the k-th attribute;
Wy is the importance or salience of the k-th attribute;

2
) (19)

a,b are regression coefficients.

The space can be divided into K dimensions associated with the
attributes, 1 dimension associated with intrapersonal variety and 1
dimension with interpersonal variety. The definition of the
inventories depends on the three kinds of dimensions. The individual
inventory level maintained for a particular attribute is assumed to be
a function of the times at which increments of the attributes were
required, the size of the increments and the consumption rate. The
inventory level at time T for attribute k is defined as:

T-1

10) <o s [x,(f)u + rk)‘t] k=1,2,...,K (20)
t=1

where Xit) is the amount of attribute k for the choice alternative

chosen at time t;
" is a time discount rate for attribute k (rk < 0);

o is a scaling factor for attribute k.

A1l the rk's and ak’s are determined by nonlinear least squares
methods. The individual ideal points are the dependent observations.
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The inventory level of intrapersonal varied experiences  is
defined by:

T-1
(D

-t
fkel T %1 2 [d%’,t-l(l * a1 ] (21)

d* measures the dissimilarity of the alternative chosen at time t to
the alternative chosen at t-1. It is defined as the Euclidean distance
from alternative 7 to alternative Jj, modified by counting only
noticeable differences:

K 0.5
% = 2 22)
G| 2 Yok (
here K. . = {'ka - Kyl 3 W - Xy > elXnin ¢ ' (23)
17k 0. otherwise
Ck is a simple fraction.
Finally, the interpersonal inventory level is defined by:
T-1
=20 3 B+ ]
Tikse = %2 2 PPt ¥ M) )
(24)
T-1 ¢
%43 2 [Bt(l  Igys) ]

where St measures the similarity of an individual ideal point to the

mean of the ideal points for friends (Xét)), associates and

role models;
ﬁt measures the individuality of each choice.

More specifically:

K 0.5 .
s | 5 0O 02 @
ﬁt = 'Qn'Yt (26)

where T¢ is the share of valued peer’s choices going to the

alternative chosen by the individual during the period
ending at t.
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The ideal points of the attributes are derived from a joint space
analysis. Object ratings or paired similarity ratings are used to
develop the object space.

3.2. Non-inventory-based Variety-seeking Models

The models described in the previous section all are explicitly based
in some way on the attributes of the choice alternatives. The models
to be discussed in this section are not. Most of these models are
based on the concept of first-order Markov chains. In fact, they
attempt to predict switching probabilities from concepts of
variety-seeking.

A somewhat different model has been suggested by Jeuland (1978).
He assumed that the utility of a given choice alternative is a
function of the past experience of an individual with that alternative
and its unique characteristics. Thus:

T T
v < fu,, €40 (27)

where Egr) represents the amount of experience with choice
alternative 7 at time T;

u; accounts for the unique characteristics of choice

alternative 7.
He assumed that a choice alternative will be chosen if its utility

exceeds that of other alternatives by at least a positive constant or
‘threshold A; that is:-

uih) > u§7) vA, Vi (28)
Jeuland postulated the following experience function:

£7) 2 £l0) exp(aary + 64771) | (29)

where Ego) is the amount of experience with alternative i at the

previous time it was chosen;

A is a parameter which accounts for the declining over time
of the experience function in the absence of choices of
the alternative;

6$T) is equal to zero if a choice alternative other than 7 is

chosen at time 7, else 6$T) is equal to 1.

The utility expression UgT) itself was defined as:
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{1 < w711+ 0elT)] (30)

where 8 is a parameter.

Unfortunately, Jeuland only provided simulation results for this
model. It was not estimated on real-world data, hence the predictive
properties of this model remain unclear.

Givon (1984) proposed a first-order Markov model which is based
on the assumption that a variety-seeker evaluates change positively
regardless of the alternative previously chosen. His model assumes
that the probability of choosing alternative 7 given that alternative
J was chosen on a previous occasion is a function of the preference
for choice alternative 7 and of preference for switching. Individuals
may have a negative switching preference. Givon also extended this
model to the situation +in which an individual partitions choice
alternatives according to some underlying attribute and seeks variety
by switching among partitions. In this case, the probability of
choosing alternative 7 given that alternative j was chosen on the
previous occasion is a function of preference for alternative 7 and of
preference for all alternatives in the partition with alternative j.

This model was further extended by McAlister (1984) and Lattin
and McAlister (1985). Following Tversky’s (1977) ideas on similarity,
they assumed that similarity between choice alternatives is a function
of the features they share. The probability pilj of choosing

alternative 7 given that alternative j was chosen last time then
equals:

- i ij
pflj = (31)
1-(v 2 S...)
it=1 1Y

where Hi is a parameter which reflects the sum of features except the
universal ones of alternative 7 (Hf >0, 2 Hj =1);

i
Sij is a parameter which reflects the features shared by
alternatives 7 and j (0 < Sij < min(Hi,Hj));

v is a variety-intensity parameter (0 < v < 1).

The model is estimated by solving a constrained optimization problem,
which minimizes the sum of squared differences between the observed
switching probabilities and the predicted probabilities. More
specifically, the estimation task can be written as:

Minimize 23 | p; |, - LI I (32)
iJ
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4. DYNAMIC DISCRETE CHOICE MODELS

Over the past few years, standard discrete choice theory as applied to
static choice behaviour has been extended to the case of dynamic
choice behaviour. Seminal work in this area has been conducted by
Heckmann (1981), whose major concern was to distinguish between true
state dependence and spurious state dependence, resulting from serial
correlation. He developed a general framework for analyzing dynamic
choice. He assumes a random sample for which data on the presence or
absence of an event in each of T equispaced time intervals exists. He
also assumes that the event occurs in period ¢ for individual 7 if and
only if a continuous latent variable Yi ¢ Crosses a threshold. This
’

random variable is supposed to consist of two components: a function
of exogenous, predetermined and measured endogenous variables that
affect current .choices and a stochastic disturbance component. The
disturbance component may take on various specifications, but in the
present paper Heckmann assumed that the disturbances are jointly
normally distributed, similar to the multinomial probit model.

Given these assumptions, the general model of dynamic choice may
be written as:

r{t) < x{thg 4 3
J-1

5 J (t) , .(f)
jzl it QEl d; pq + GV + g

Yeoj,t9i -5 F

(33)

where G(L) is a general lag operator of order K, (G(0) = 0);
df ¢ is a dummy representing whether the event has occurred

’

(r{8) > 0 or v4E) < o)

th) represents a set of exogenous variables;

B is a parameter vector;
v and X\ are parameters;

egt) is an error term.

The first term on the right-hand side of the equation represents the
effects of exogenous variables on utilities at time t. The second term
represents the effect of the entire past history on choice behaviour
at time t. The third term represents the cumulative effect of the most
recent continuous experience in a state and the fourth term captures
the effect of habit persistence. Heckmann then shows that several
models such as Bernoulli models, models with structural state
dependence, renewal models, models with general correlations in the
error term and habit persistence models can be accommodated in this
general model.

Another important publication stems from Tardiff (1979). He suggested
the following utility function for the dynamic case:
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(t) _ x () SESS DR () .
qu xqi B+ ? ﬁijch + eqf + Sqi (34)
where Uég) is the utility of choice alternative 7 to individual ¢
at time t;
C§t'l) is 1 if individual g chooses alternative j at time

{t-1) and 0 otherwise;

B and B* are parameters;

Eqi is an error term that varies among individuals but not
among time periods;

esgt) is an error term that varies among both individuals and
time periods.

By setting various components of the above utility function at zero,
some special cases arise. For example in the cases that ﬁ¥i =0VY7,J
and E*f(t) =0V q,7, the usual type of discrete choice models can be

applied directly to the dynamic problem. However, in the case in which
the error terms are assumed to be correlated over time, standard
estimation procedures are no longer valid. In this case one should

either adopt a fixed effects approach, in which the ¥ i—terms are

explicitly identified and standard discrete choice models are applied
directly, or a random effects approach, in which the error variance
structure is dealt with directly.

Daganzo and Sheffi (1982) showed that the choice of a state dependence
model, a serial correlation model or a hybrid thereof is simply a
specification issue, implying that existing computer codes can be used
to estimate such models of dynamic choice behaviour. The choice model
is specified as:

Ugt) - g xs.t) (35)

where Ugt) is the utility of alternative 7 at time t;

th) is a vector of attribute values for alternative 7 at
time t;
B(t) is a vector of parameters at time t.

The vector B', B = (B(I),...,B(t),...,ﬁ(T)) is assumed to be
multivariate normal distributed:

B‘ ~ MVN(B" zﬁ) (36)
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If we let 4 denote the choice in period t, the probability of a
particular sequence of choices, given conventional discrete choice

theory is equal to:
p(cl,...,cT) B Pr‘{UC1 > qj , VJj# 2%
(37)
(7) (N :
am.“amuﬁ >% 5 VJ%%

Daganzo and Sheffi introduce an auxiliary model which reduces the

number of alternatives from NT, where N is the total number of choice
alternatives, to ((N-1)T + 1). In particular, they define a N(N-1)
matrix Ai such that:

t t t t t
On, « [}, A,

(38)
ngg-xgt),...,x,(vt)-xg.f)] Vit
implying that the probability equation may be rewritten as:
p(cl,...,cT) = Pr{B'XA < (0,...,0)) (39)

where X is a (KTxNT) block-diagonal data-attribute matrix for K
attributes;
A is a (NTx(N-1)T) block diagonal matrix.

This equation corresponds to a multinomial probit function for a
((N-1)T+1)-dimensional probit model with the following specification:

uy = 0, (ul,uz,...,u(N—l)T) = B'XA (40)

For the state dependence problem, Daganzo and Sheffi assume the
following autoregressive process on the utilities for each time
period:

U'(t) = pux(t'l) + ﬁ-(t)x(t) (41)
U (D) |y (82) (8- )g(E-1) | (42)
U'(l) - B'(l)x(l) ) , (43)

To estimate this model, matrix X should have the following
specification:
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~

[ Xl px(l) pZX(l) . pT-lx(l)
0 X(Z) pX(z) ces pT_ZX(Z)
X = : : : : (44)

o 0 o0 ... x(7)

C J

An application of their approach to two-period panel data can also be
found in Johnson and Hensher (1982).

Another dynamic disaggregate choice model has been advanced by
Krishnan and Beckmann (1979). Basically their dynamic model is an
extension of the Krishnan’s static logit model for binary choices
which incorporates threshold effects, §. Introducing time, the basic
model can be written as:

pleg=i) = p(r{D=i) + p(ep=11v{-3) pv(P)a3), 1,2 (a5)

where p(ct=i) -denotes the probability that choice alternative 7 is
chosen at time £;

p(Y(t)=i) is the probability that choice alternative 7 is
preferred at time t;

p(r(t)=3) is the probability that the individual is indifferent.

The probabilities p(y{t)=1) and p(¥{t)=2) are defined as:

prrtan) = 1/ 11+ e - v{Ds 5 )1 (46)
p(rtaz) =1/ 11+ exp(r{®) - v 5, (47)

where Vgt) is the deterministic utility component of choice

alternative 7 at time t, 7=1,2;
612 and 621 are threshold values.

This implies that an optimal model may be derived by defining the
probability that the first alternative will be chosen, given that the
individual is indifferent. The authors postulate two models for the
indifference state. First, they postulate that if alternative 1 and
alternative 2 are equally preferred, alternative 1 will be chosen with
probability #, and alternative 2 will be chosen with probability
(1-68). Thus, it follows that:
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ple;1) = p(rHa1) + ap(r®as)

= 6{exp(V§t)-V§t)+621) / [1+exp(V§t)-V§t)+521]} + ,

(1-0){1 / [1+exp(v§t)-v§t)-slz)]} (48)

The second model is based on the indifference postulate that the most
recently chosen alternative will also be chosen at time t. Hence we
have:

pleg=lle, j=2) = p(v't)a1)
(49)
= 1/ [vexp(v§B-v{this )
and
pleg=lle, 1=1) = p(r{ta1y + pr(t)og)
(50)

exp(V%t)-Vét)+621) / [l+exp(V§t)+621)]

Another interesting development is the beta logistic model (Heckmann
and Willis, 1977). This model provides predictions for both the mean
probability of choosing a particular alternative and the distribution
of the choice probabilities around the mean. The original model is
based on the assumptions that the exogenous variables are constant
over time and the absence of state/time dependence. Heterogeneity is
introduced by defining a subgroup (g) of a sample in which all
individuals have exactly the same values on all exogenous variables
included in the model. The distribution of the probabilities for such
a group represents heterogeneity. Given these assumptions the beta
Togistic model assumes that the. mean probability can be modelled in
terms of a conventional Tlogit model, and that the distribution of
probabilities 1is a beta distribution. The dichotomous model may be
written as:

exp{X’ (B - B,))
E(p,) = g "1 "¢

P : (51)
1+ explX; (8 - B,)

where E(p_) is the mean probabi]ify of subgroup g choosing an

alternative;
Xg is a set of exogenous variables for subgroup g;

ﬁl and BZ are vectors of parameter values.
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The form of the heterogeneity is given by:

(a1 +a, ) -1 o, -1

Flp_lay Mg " %29 197 (g, %2 52)

pgl 19°%g) = layy) Tiopg Pq P (

where g = exp{Xé B} (53)
g = exp(Xé By} (54)

The original specification of the dichotomous beta Togistic model has
been generalized by Davies (1984) and Davies and Pickles (1984) to
incorporate feedback effects and time-varying exogenous variables.
They applied the model successfully to the study of residential
mobility. The dichotomous model may be extended to the polytomous case
by replacing the binomial distribution of the Togistic model by the
multinomial distribution and the beta distribution describing
heterogeneity by the Dirichlet distribution, its multivariate
equivalent. Dunn and Wrigley (1985) provide an application of this
model in a study of spatial shopping behaviour.

The above models of dynamic choice behaviour can all be considered as
extensions of the econometric methodology associated with discrete
choice models when using panel data. Leonardi (1983) approached the
problem from a different angle and developed a theoretical model. In
particular, he assumed that a utility or disutility is associated both
with a transition from one alternative to another and with staying
with a particular alternative. In addition he assumed a discount rate
of utilities over time. It follows that the utility associated with a
transition at time £ + A is given by:

(t+4) _ _ (t+h)
qj (1 - ad) [Vij + Vj + ej] (55)
where o is the discount rate, (a > 0);
ij is the utility (disutility) associated with a transition

from 7 to J;

V§t+A) is the total expected utility for a process started in 7
at time t+A;
Ej is an error term.

Likewise, the gain in utility of rema1n1ng in 7 starting from t + A
equals:

() <1 - aa) i) 4 g (56)

and he will gain hgt)A, during his stay in 7 in (t,f+A), assuming

decisions to move are made at the end of the time interval. Assuming
utility-maximizing behaviour and independently and identically Gumbel
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distributed error terms, Leonardi shows that the probability of moving
from 7 to j in (f,t+A) is equal to:

(t,t+A) _ Mj exp{B [Vij + V§t+A)]}

i J t+A t+A
J ?.Mj' exp{B [Vij'+ V}. ) + exp[ﬁvg )]}

p (57)

where “j is the number of sampled alternatives.

Leonardi also demonstrated that this choice process can also be
formulated in terms of an optimal control problem.

Another interesting theoretical model has been put forward by De
Palma. Basically he has been concerned with an expansion of classical
models of individual behaviour by taking into account interindividual
interaction and interdependence of individual decisions (Deneubourg,
De Palma and Lefévre 1979; De Palma and Lefévre, 1981, 1983; De Palma,
1983). The deterministic utility component consists of two parts: a
part representing the absolute benefit associated with a choice and a
part which measures the relative benefit associated with a choice
given the choice behaviour of another actor. By assuming that each
actor anticipates rationally the behaviour of the other actor and
linear utility functions, De Palma derives a theoretical model which
is able to describe such phenomena as repulsion, attraction and
competition between actors. The model may be viewed as dynamic in the
sense that time could be used as a basis for the utility function
specification. If not, his model should be considered as an extension
of conventional static discrete choice models.

The field of dynamic discrete choice models is developing rapidly.
Apart from the contributions discussed above, several other important
publications have appeared recently. For example, Avery et al. (1983)
presented a multiperiod probit model; Hensher (1984) developed a
quasi-dynamic choice model for automobile demand; Dagsvik (1983)
introduced a dynamic extension of Thurstonian and Lucian choice
models; Meyer and Sathi (1985) discussed a dynamic model of consumer
choice involving product learning; and Miller and 0’Kelly (1983) used
a dynamic logit model to estimate shopping destination choice. The
reader is referred to these publications for further details.

5. CONCLUDING REMARKS

It is evident that the modelling of dynamic aspects of choice
behaviour is getting increasingly more attention in geography and
related disciplines. It is to be expected therefore that in the next
few years most important advances will be made in this area. While
much progress has already been made, it is also true that existing
models are still based on very rigorous assumptions such as
stationarity. In any case, the various effects discussed for
conventional discrete choice models still have to be incorporated into
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their dynamic counterparts. In addition, comparative testing of the
models 1is important to Tlearn their characteristics and predictive
performance.

Urban Planning Group

Faculty of Architecture, Building and Planning
Eindhoven University of Technology

The Netherlands
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