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DIRAC BASIS; A MEASURE THEORETICAL CONCEPT OF BASIS

BASED ON CARLEMAN OPERATORS

by

8.J.L. van Eijndhoven and J. de Graaf

Abstract

The notion of Dirac basis is introduced in the setting of a Sobolev-like
triple R(X) «c X c R-l(X). It is a continuum substitute of the notion of
orthonormal basis for Hilbert spaces. As a side result a generalization of
the Sobolev embedding theorem is given in terms of Carleman operaéors and
geometric measure theory. Finally, the concept of canonical Dirac basis is
introduced. It is the basic concept for solving the generalized eigenvalue

problem and corresponding generalized expansion problems.

A.M.5. Classifications: 28 A 15, 28 A 51, 46 E 35, 46 G 15.



0. A conceptual introduction

Our papers LEG 1] contain a mathematical interpretation of several aspects
of Dirac's formalism. Herein we needed a continuum substitute of the ord-
inary notion of orthonormal basis. Therefore, we introduced the notion of

Dirac basis in the setting of the Gelfand triple

s cXc TX,A .

X,A

Here X denotes a separable Hilbert space, and A a positive self-adjoint

unbounded operator in X. The space SX A is the inductive limit

3

U et

t>0

The space Tk A is a projective limit; it consists of mappings F : (0,«) - X
?

with the property F(t + 1) = enTA F(t), t,t > 0.

In the present paper we introduce the notion of Dirac basis in the bare

setting of a triple of Hilbert spaces

R < x < R m

where R denotes a bounded positive operator. It turns out that the concepts
of Dirac basis and of Carleman operators are indissclubly connected.

This introduction contains the preliminary concepts.

The first one is the concept of Sobolev triple. Let R denote a positive
bounded operator on the separable Hilbert space X with possibly umbounded
. -1 -
inverse R ~. The dense subspace R(X) of X is the maximal domain of R 1.

In R(X) we introduce the non-degenerate sequilinear form



(w,v)1 = (R-lw, R’lv) , w,v € R(X)

with (+,*) the inner product of X. Then R(X) is a Hilbert space with

(*,*), as its inner product.

1l
Let R-l(X) denote the completion of X with respect to the norm

-1 A
f\&[[an, f € X. Then R extends to an isometry from R "(X) into X.

on R 1(X) is defined by

The non-degenerate form ("')—1

(F,&) , = (RF, R®) , F,6E€R (X

1

Thus R_l(X) becomes a Hilbert space.

It yields the triple of Hilbert spaces

RX) cxg R x)

The spaces R(X) and R"I(X) establish a dual pair. Their pairing <+,>

is given by

w,6> = (R Yw, RG), we€R®X), 6E€R X .

We note that R(X) = X = R‘I(X) if and only if R} is bounded.

The second concept is the notion of Carleman operator.

(0.1) Definition

Let X denote a separable Hilbert space, and M a measure space with o-finite
measure yu. An operator 7 : X - Lz(ﬂ,u) is called a Carleman operator, if

there exists a measurable function k : M - X with the following property:



For each £ € D(T), the function
o - (£, R(a))

is a representant of the class Tf € Lz(m,u). cf. [weil .)

A Carleman operator T : X - Lz(ﬂ,u) is Hilbert-Schmidt iff the function
a b nk(aﬂfz is uy~integrable. Then thé Hilbert-Schmidt norm equals

Il Zan p 2.

M
The following result is straightforward.

(0.2) Lemma

Llet T : X » Lz(ﬂ,n) denote a Carleman operator induced by the measurable
function kR : M > X. Let (vn)nEIN be an orthonormal basis in D(T). Fix
repregentants (Tvn)A for each n € IN. Then there exists a null set N c M

such that for all a € M\ N

I 1w @ ? = e ?

n=l

Put differently k(a) = ?(TVR)A(a)vn , a € M\ N

n=1
The third fundamental concept is a generalization by Federer of Vitali's
differentiation theorem for the Lebesque measure on IRn. Federer considers
a topological measure space M metrized by the metric d, and a regular
Borel measure u on M, such that bounded subsets of M have finite u-measure.
In the monograph [Fel, conditions are introduced on the metric sp;ce

(M,d) which lead to the following result.



(0.3) Theoren

Let the function f : M > € be integrable on bounded Borel sets. Then
there exists a null set Nf such that for all r > O and all & € M\ Ng
the closed ball B(a,r) with radius r and centre o has positive measure.

Further, the limit

T(2) = lim p(BCa,r)) > J £ du
r+0 BCx.T)

exists for all a € M\ Nf. The function o [+ £(a) defines a u-measurable

function with f = f almost everywhere,

Proof. Cf. [Fel, Theorem 2.8.18. o

Examples of such metric spaces are the following

- Finite dimensional vector spaces M with d(x,y) = v(x~y) where v is any
norm on 0.

-~ A Riemannian manifold (of class 2 2) with its usual metric.

- The disjoint union of metric spaces (Nj, dj), j € IN, which satisfy

Federer's conditions. Here d is defined by

]
et



1. The concept of Dirac basis

Let R > 0 be a bounded operator on X. We consider the triple

RX) e« X ¢ Rnl(X). Further, let M denote a measure space with o-finite
measure . A function & : M - R-I(X) is called (weakly) u-measurable
if for each w € R(X) the function a - <w, ®(a)> is u-measurable.

In the space of measurable functions from M to R—l(X) we introduce the

natural equivalence relation
P ~Y e (o) = ¥()
almost everywhere.

In order to arrive at a proper introduction of the concept of Dirac basis,

the following auxilliary result is needed.

1.1. Lemma

There exists an orthonormal basis (un)n€nﬁ in X which is a Schauder basis
" oo

in R(X), i.e. for all w € R(X) the series 2 (w,un)un converges in R(X).
ey hhs

Proof.
We may as well assume that 0 < R § I.If R has pure point spectrum than
an orthonormal basis of eigenvectors satisfies the requirements.

Now suppose that K has no pure point spectrum. We construct an operator

R as follows. Let (EA)AGERdenOte the spectral resolution of the identity
x

associated to R. Put R = Z 1 P with
n=1 " *1n



We have [R™'R| = 1 ana [R7R| = 2.
Hence %(X) = R(X) as Hilbert spaces. Finally, observe that % has a pure

point spectrum. 4

1.2, Definition

Let (G,M,u,R,X) denote an equivalence class of u-measurable functions
G : M- R—I(X). Then (G,M,u,R,X) is called a Dirac basis if for a certain

orthonormal basis (uk) in X, which is a Schauder basis in R(X), the

KEIN

following relations are valid.

]
O

kK, € N .

r —————
(1.2") J <u£,3a><uk,€§>dua Ky

M

A
Now let (G,M,u,R,X) be a Dirac basis. Let G € (G,M,u,R,X) and (uk)kEIN

be an orthonormal basis, which is a Schauder basis in R(X) such that

A
(1.2') is satisfied. Then for each k € IN, the function $k Do bo<u,G >
is square integrable. Let ¢R‘€ LZ(H,u) denote the egquivalence class of

A

¢k, k € IN. We introduce the operator ! on the linear span <{uk{k € IN}>

by

From (1.1') it follows that (¢k’¢z) = Skz' So V can be extended to an
o
isometry from X into L,(M,u). Let v € R(X), and put (V" = [ (w,u)8, .
) k=1

. A A - A

It is clear that (Vw) € Vw. Moreover, <w,G > = Z (w,uk)¢ (o).
® k=1 k

Hence (Vw)A = E (w,u

A
)¢k where the convergence is pointwise. For
k=1

k

LI € R(Xy,



o | W vty = <. 8 ¢ >d
¥ wz) - ( wl) (sz) u "" J <wl E oe><w2 ] {2> Ua
M M

(w1

(1.3.) Theorem

Let (G,M,n,R,X) be a Dirac basis.
A
(i) For each representant G € (G,M,u,R,X), and all WiV, € R(X)

A A
(Wl’wz) = J <w1,Ga><w2,Ga>dua . (Plancherel)
M

There exists an isometry V : X b Lz(ﬂgﬁ) with the properties:

(ii) For each representant Te (G,M,u,R,X) and each w € R(X) the function
(o & <w,E;>) € Vw .
(S0 the definition of ! does not depend on the choice of 3).

(1i1) The operator /R is a bounded Carleman operator.
Proof

Part (i) follows from the observations above this theorem. To prove part
(ii), let e € (G,M,u,R,X). As we have seen, there exists an isometry
V:X-~> L, (M, such that for all w € R(X) the function a b <w,3> is

a representant of Vw. For each g € (G,M,u,R,X), there exists a null

set ﬁ such that E; = éa for all o € M\ N. It follows that

(@ b <w,G>) € Uw, w€RX.

Let é € (G,M,u,R,X), and let (ek)k€m be an orthonormal basis in X.

Then for all o € M



| <Re ,G>|%= J [ Re ) @) |2
2 k=1 k=1

Pat k : alb> ) (VRek)A(a)ek . Then k induces VR as a Carleman operator.U
C k=1

The reverse of the previous theorem is also valid. So there exists a

one-to-one correspondence between Dirac bases (G,M,u,R,X) and isometries

V:Xx - Lz(ﬂ,u) such that VR is a Carleman operator.

(1.4) Theorem

Let V denote an isometry from X into LZ(N,u). Suppose the operator VR is
Carleman. Then there exists a Dirac basis (G,M,p,R,X) such that for each

A
G € (G,M,u,R,X) and all w € R(X)

A
(o b <W,Ga>) € VUw .

Proof

Let (ek)kEIN denote an orthonormal basis in X, and let (VR ek)A denote

a representant of the class VR e € L2(M,u), k € IN. By Lemma (0.2) there

A A
exists a null set N such that for all a € M A\ N

I IR ep @ |? < =
=]

A -
Now define G : M -~ R 1(X) by
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A
G =0 if o €N

I R e @ R e

k=1

[

G

o k

Let w € R(X). Then

A s -
<w,G > = 2 (R 1w, e (VR e )A(a)
a k kO
k=1
A A '
Hence o b <w,Ga> is measurable and (o b <w,Ga>) € Vw. It follows that

A
G is weakly measurable. Let w "Wy € R(X). Then we have

1

f
(wy,w,) = <Vw1‘uw2)L = J

& > G >d
\ <w1,Ga><w2, o pa .

A !
If (G,M,4,R,X) denotes the equivalence class of G, then (G,M,u,R,X) is

the wanted Dirac basis.

Remark:

If the support of the measure u consists of atoms only, then any Dirac

basis (G,M,u,R,X) is an orthogonal basis.

A
Let (G,M,u,R,X) be a Dirac basis, and let G € (G,M,u,R,X). From the
Placherel-type result stated in Theorem (1.3) we obtain the weak

expansion
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w o= J <W’Ga>Ga dua , w € R(X)
M

in the sense that for all v € R(X)

= | < ><V
(w,v) J W’Ga <V'Ga>dua
M

A sharper result is valid, if R is a Hilbert-Schmidt operator on X.

(1.5) Theorenm
A
Let R > 0 be a Hilbert-Schmidt operator. Let G be a representant of the

Dirac basis (G,M,u,R,X). Then for each w € R(X) the function

A A
a > "<w’Ga> Ga"_l

is u~integrable. So we get the strong expansion

i.e, in strong X~sense

1 A _A
Rw = J <w,G >RG_ du
o o o
M

Proof

Let |/ denote the corresponding isometry from X into L_(M,u), and let
&
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b} denote an orthonormal basis in X. Then

Cplyemn

°x

=]

= TR ep @ |?
k=1

A .2
IR |
Re ) g
with ( ek) (o) = (ek, RGQ), a €M, k€ IV,

Thus we obtain

A 12 _ - A 2 _ v
J IRG, I"au, = I | [Rep @ | = [ [Re,
i k=1 : k=1

uz

< oo,

R

Hence

J J<w,§ >R lau_ s « J';‘”"Ga>12dva>§°<f IR8 [2anp? .

M M M

Another problem concerns the existence of Dirac bases for each (M,u).

This problem is solved in the following lemma.

(1.6) Lemma

Let R be a positive bounded operator in X, and let M be a measure space
with o-finite measure u.

Let the densely defined operator R-l be unbounded. Then there exists an
isometry V from X into Lz(ﬂ,u) such that VR is a Carleman operator.

Let also R‘l be bounded. Then there exists an isometry V from X into
Lz(m,u) such that VR is Carleman iff the support of u consists of atoms

only.
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Proof

The proof can be obtained from [Weil, Theorem 7.1 and 7.2. o

Consequently, we obtain

(1.7) Corollarz

Let R be a positive bounded operator in X, and M a measure space with

g-finite measure u.

(i) Let R_l be unbounded. Then there exists a Dirac basis (G,M,u,R,X)
with respect to the triple R(X) < X < R 1(X).

(ii) Let R—l be bounded. Then the only Dirac bases are the orthogonal
bases (Note that R(X) = X = R™T(X)).

(iii) Let R be Hilbert-Schmidt. Then any isometry V : X - Lz(ﬂ,u) gives

rise to a Dirac basis.

If we put restrictions on the measure space {(M,u), a so called canonical
choice can be made in each equivalence class (G,M,u,R,X). In the next
section, we clarify this statement. We prove a measure theoretical

Sobolev lemma based on Carleman operators.

2. A measure theoretical Sobolev lemmgp

Let R > 0 be a bounded operator, and let M be a metrizable topological

measure space with regular Borel measure u. We assume that the pair (M,u)
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satisfies Federer's conditions, i.e. Theorem (0.3) is valid. Let
D:X-> Lz(ﬂ,u) be a densely defined operator with R(X) contained in
its domain.

On the pair D,R we impose the following conditions

(2.1.i) The operator DR : X » Lz(ﬂ,u) is a bounded Carleman operator.
Let the funmction R : M > X induce DR. (Cf. Definition (0.1).)

(2.1.ii) The function a b'“h(a)nz is integrable on bounded Borel sets.

Remarks

- Condition (2.1.ii) is not redundant. To show this, consider the following

example: Define K : IR - Lz(IB,dx) by

|~1

Then for t #0, |k(t)|? = | t| ™} and hence condition (2.1.ii) is not
satisfied.

- In our paper [EG 2] a measure theoretical Sobolev lemma has been
proved based on Hilbert-Schmidt operators. So we started with a positive
Hilbert-Schmidt operator R, and on D we imposed the condition that D*R
is Hilbert~Schmidt. In that case the condition (2.1.ii) is always ful-

filled because (a b H&(a)ﬁz) € L,(Mw

Now let (vk)kEIN denote an orthonormal basis in X. Since DRvk 3 L2(M,u)

there exists a null set N1 such that for all k € IN
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(2.2.1) ¢ (@) = lim u(B(d,r))-l J GRvk dy , o € M\ N
rvo B(a,r)

exists. Each function al+ ¢k(a) extends to a representant of the class
DRVk’ k € IN.

2 ‘
Since }DRvkl "€ L (M,u) for all k € N, Theorem (0,3) yields a null set

N, such that for all k € IN and a € M \ N,

2

. 2 ~1 2
(2.2.44) [, (@) |" = lim u(B(a,r)) J |DRv, | “du
ri0 B(a,r)
: . 2
Finally, since the measurable function o h'Hh(u)H is integrable on bounded
Borel sets, Lemma (0.2) and Theorem (0.3) yield a null set N3 such that

for all a € M \ N3

=<4 o

1!
(2.2.i11)  } [¢k(a)|2 = 1lim u(B(a,r)) " J ™) lﬁRVKIZDdu
k=1 r+0 k=1
B(a,r)

Throughout this section N denotes the null set N1 U N2 U N3.

We put ¢k(a) =0 for all a € N, kK € IN,

(2.3) Lemma

(1) Let a € M. Define e = g 3 (@IRv, . Then e_ € R(X).

(ii) Let o« € M \ N. Then for all r > O
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e (r) = u(Ba,r) - 7 ( J (DRv, ) dw)Rv
o k
k=1

B(a,r)

belongs to R(X). Furthermore

lim e - e (m)], =0 .
40 a o 1

Proof

(i) Let o € N. Then eu = 0.

Let o € M \ N. Then z |¢k (oc)|2 < =, whence e € R(X).
k=1

(ii) Let a € M \ N. The H38lder inequality yields

J |uB,r) ™t J (DRvk)du|2 <
k=1 B(a,r)

1

< u(B(a,r)) ) IDRVk|2)du

B(a,r) 51
Because of condition (2.1.ii) the latter expression is finite, whence
ea(r) € R(X).

Let € > 0. Take a fixed n, € IN so large that

s 2 €2
(*) ) o @[ <7
k=no+1

Next take r0 > 0 so small that for all r, 0 < r < r,
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(**) 6, @) - u(B(a,r)) "t J (ORv yau| < e//n;
‘ B(a,r)
for all n = 1,2,...,n0, and also
-1 v 2 2
(%) u(B(a,r)) J C 1 [0Rv [Frau < €.
B(a,r) k=n0+1

S (Cf. 2.2.(i)-(ii1) and (*).)

We estimate as follows

2 "o - — -1 [ = 2
le, e Il =¢l + 1 e @ - H(B,T) J DRv_au|” .

k=1 k=n0+1 B(a,r)

By (**)
%9

I 1o (@) - ueB,r)”
k=1

1 (DRvk)[2 < &?

B(ua,r)

and by (*) and (*%*)

L] -1 r 2
I 14p@ - um@ ™ | kv, auf” <
k=n0+1 B(x,r)
o0 9 _ o
2 ] [6, @ |® + 2u(B(a,r)) * J ) ]9Rvk|2)du < 3¢2
k=n0+1 B(o,r) k=n0+1
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Thus we have proved that for all r, 0 < r < r0

"eu - ea(r)”1 < 2¢

(2.4) Theorem (Measure theoretical Sobolev lemma)

~

For each w € R(X) a representant Dw can be chosen with the following
properties

@«

(1) Dw = z (R—lw,vk)d)k with pointwise convergence.
k=1

(ii) Let o € M. Then the linear functional w - Dw(a) is continuous on
R(X); its Riesz representant in R(X) equals ea
(iii) Let @« € M \ N. Then

Dw(a) = 1im u(B(a,r)) T

r+0

(Dw) du
B(a,r)

s - 2 .
(iv) Suppose o l> |k(a)|” is essentially bounded on M. Then there exists
a null set N0 such that the convergence in (i) is uniform on M \ NO'

Further,

3 ;[ Dw | s Klw],.

K>0 VaEM\NO

Proof

0

Let w € R(X), and put Dw = (R_lw,vk)¢k. Then 5; € Dw, because
k=1
v -1
Dw= ) (R w,v YORv_ .
k=1
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<0
= z (R-lw,v Yo, , and since e € R(X) the series
k=1 k o

(i) Since (w,ea)1

converges pointwise on [.
(ii) Trivial, because Dw(a) = (w,eu)l.

(iii) Let o € M \ N. Then by Lemma (2.3)

Dw(a) = 1lim (w,e ), =
rv0 &

-1w -1 f
= lim u(B(a,r)) ] (R w,v)( J DRv, du)
ri0 k=1
B{(a,r)

We show that summation and integration can be interchanged.

. J )u(B(u,r))_l((R-lw,vk))!DRvkldu <
k=1
B(a,r)

s ) IR M D wea,m™? J LA
1 .

k= B(a,r) &1

This yields

~ - { R -
Dw(a) = lim p(B(a,r)) RS Y, v DRy, ddu

r0 B(a,r) k=1

which proves statement (2.4.iii) .
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(iv) There exists K > 0 and a null set NO < M such that

o

2 2
kzzhk(a)] < K, aGN\NO

So for all L1 < L2 , Ll’LZ € IN.
L L
2 2
| Y R, Yo (@] s K] (R 1"»"1{))2)% . a
k=L1 k=L1 g

n
llustration: "The classical Sobolev embedding theorem on IR "

Let dx = dxl. . .dxn denote the Lebesque measure on IRn.

Let A denote the positive self-adjoint operator

32 52 3.2
bEleT T TR
3x1 sz axn

-m/2

in Lz(mn,dx). For each m > 0, put R_ = 4 . Then R_ is positive and

bounded. It is well-known that the Sobolev space Hm(IRn)) of order m:

equals. an(Lz(m”n. We have the classical Sobolev triple H (R™)c Lg(Bn)C: H(RY)

(2.5) Corollary (Cf. [vel, p.174.)

Let m > n/2 and let 0 £ & <m - n/2, 2 € IN U {0}. Then there is a null

L)

set Nn such that for each u € Hm(m) there exists a representant u

with the following property: For all s € (IN U {oh™®, |s] £ %, there
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exists Ys > 0 such that

v : ](Usufzx)l s v _Juf .
xEIRn\Nig) s m

s 3 \*1 3 \°
Here U = (—~—) ...(———) . Js| = s, +...+ s_ and [+]| denotes the
8x1v n m

norm of Hm(IRn).
Proof

Let E; denote the Fourier transform on Lz(ntn). The operator 9sRm is a

bounded Carleman operator induced by the function ks n
. 2

: R" - Lz(IRn),

n
fzs’m(x,y) = (F_ gs’m)(x -, x,y € IR
with
8 s
_,alsl 1 n 2 2 -m/2
gs,m(Y) = (1) Yyt /@ + Yy teeet yn) .
n
So for all x € R",
e = -
Hhs’m(x» )“Lz(mn) Hgs’m“Lz(mn)

3. Canonical Dirac basis with applications to the generalized eigenvalue

problem

In Section 1 we have defined a Dirac basis (G,M,u,R,X) as an equivalence
class of u-measurable functions from M to Rﬁl(X). No restrictions have

been put on the measure space M and on the o-finite measure u. However,
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if we restrict to topological measure spaces [ and regular Borel measures
u, which satisfy Federer's conditions, then for certain R > 0, a canonical
choice can be made in the equivalence class (G,M,u,R,X). Such a choice

is called a canonical Dirac basis.

(3.1) Definition

Let (G,M,u,R,X) be a Dirac basis. A representant G € (G,M,u,R,X) is
called a canonical Dirac basis if there exists a null set N such that

for all w € R(X) and all ¢ € M \ N

lim u(B(a,r))-l { <w,G. >du, = <w,G >
{0
¥ B(a,T)

We use t notatio (3 .

he a n ( a)a€ﬂ
Throughout this section we assume that M is a metrizable.topological
measure space which satisfies Federer's conditions, and y a regular
Borel measure on M such that bounded sets have finite u-measure. So

Theorem (0.3) is valid.

(3.2) Lemma

et V : X > Lz(ﬂ,u) be an isometry with the property that VR is a

Carleman operator. Assume that the function £ : M -~ € which induces VR,
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satisfies (2.1.ii). Then in the Dirac basis (G,M,u,R,X) associated to

V (cf. Theorem (1.4)) there exists a canonical representant (E;)a€ﬂ'

Proof

Following Lemma (2.3) and Theorem (2.4) there are E; ERX), a €M,

and there is a null set N such that for all w € R(X)
(al> (w,g ;) € Vw
and

~ . -1 ~
(w,g,); = lim u(B(a,r)) J <W, g g>du

r+0 B(a,r)

-

B

For each o« € M , we define E; € R_l(X) by

w,g), = <8 >, w E R(X) .
Then (EA)QEM € (G,M,u,R,X) (ef. Theqrem (1.4)), and (E;)aéﬂ is canonical

Dirac basis.

(3.3) Remarks

Let (uk) be an orthonormal basis in X. For each o« €] , we put

kEIN

® [
1« J VRuk diu, .

g, (r) =uB,a,r))
| =1 B,
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Then by Lemma (2.3) there exists a null set‘ﬁ such that

lim [ - @l =0, aen\W.
r+0

~ -] *
We observe that ga(r) = u(B{a,r)) RV XB(a,r where XB(a,r denotes the

) )

characteristic function of B(a,r).

In the next theorem we present a sufficient condition which guarantees

that a Dirac basis (G,M,u,R,X) contains a canonical representant.

(3.4) Theorenm

Let (G,M,u,R,X) be a Dirac basis, and é denote a representant. Assume
N
that the measurable function o~ “Reauz is integrable on bounded Borel

A
sets. Then (G,M,u,R,X) contains a canonical Dirac basis (Ga)aFﬂ'
Proof

Theorem (1.3) yields an isometry V from X into Lz(ﬂ,u) such that UR is

Carleman, and

A
(a F> < URf,Ga>) € VRg, £ € X,

»

It is clear that the Carleman operator VR is induced by the function

A A A

k:a B RG . By assumption Rk satisfies (2.1.ii). Hence from Lemma (3.2)
- a

the assertion follows.

In a natural way the notion of canonical Dirac basis is associated to
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the generalized eigenvalue problem. We describe this connection here.
Let ¢ be a complex valued measurable function on M, which is bounded

on Borel sets. In Lz(ﬂ,u) we define the multiplication operator M¢ by

D) = {h € L, (M, | J|¢h|2du < =}

M

¢

and

M.h = ¢h , h € D(M,)

Because of the conditions on ¢, XB(a r) € D(M¢) for all r > 0 and all
’

a € M. We note that M, is a normal operator.

¢

(3.5) Lemma

A
Let (G,N,u,R,X) denote a Dirac basis. Let G be a representant such that
A 2
the function a[& "RGa" is integrable on bounded Borel sets. Further let
V:X~ Lz(ﬂ,u) denote the isometry associated to (G,N,u{R{X). Then
there exists a canonical represzentant:'('(?:'OL)OLEM and a null set ﬁ such that
for all a € M \ N
~ _1 x

lim [G - u(B(a,r)) {V'x H =0

r+0 Q B(a’r) -‘
Let ¢ : M ~ € be a measurable function which is bounded on bounded Borel

sets. Then there exists a null set N¢ such that for all o € M \ N¢

L ~ -1, % _
L 0@, - ud@,m) VN, H_, =0

X
r40 B(a,r)
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Proof

The first statement follows immediately from the previous theorem and

remark (3.3.1).

With respect to the second assertion, we are ready if we can prove that

there exists a null set N2 such that for all o € M\ N2

*) lim p(B(a,r)) 1|
r4+0

v* b1 - MX 0.

B(a,r)”-l =

Consider the estimation for all o € M with u(B(a,r)) # 0, r > 0.

-2k 2
HCICRONIN UNCIOPER RS

) lu(B(a,r)>'1( J ($¢a) - $(A))VRu, du)\)l2 s
k=1
B(a,r)

A

(uBe, Nt J 8¢ = 600 |2an,> weBCa, = J (L] vRu |%)aw

B(a,r) B(a,r) k=1

Since ¢ is bounded on bounded Borel sets, both ¢ and ]¢[2 are u-integrable

on bounded Borel sets., Hence there exists a null set N21 such that for all

a €M\ N21

lim u(B(a,r))"l

|6y - ¢(X)I2duh =0 .
r+0

B(a,r)
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Purther, for all r > 0 and all o

f @ f 2

J ( 2 lVRuklz)du = J I QEAH G
k=1

B(a,r) B(a,r)

So there exists a null set sz such that for all o € M \ N22

- =2 ~ 12
lim u(B(o,r)) 1 'S lVRuka)du = llﬁsal{ )
+0 k=1
r B(a,r)
Now put N2 = N21’U sz, then (*) follows. o

(3.6) Corollary

* S |
Suppose V is unitary and V M, V extends to a closable operator in R ~(X),

¢

* -1
i.e. RV M¢ v is closable in X. Then we have

* ~ ‘
v M¢VGQ = ()G

* - *
where V M, V denotes the closure in R 1(X) of V M V,

¢ ¢
Proof
We h 1i B “lay* = RG
e have m p(B(a,r)) Xsia,r) = Ga

0
and

lim u(B “Lav* = e

- 1im w(B(a,r)) M¢XB(a,r) = ¢(a) Ga .

r+0
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Hence

An application of the previous results is the following.

Let T be a self-adjoint operator in X with a simple spectrum. Then there
exists a finite Borel measure U on IR and a unitary operator U : X -+ LZ(IR,u)
such that UTU* equals the self-adjoint operator of multiplication by the
identity function. It is clear that (IR,u) satisfies Federer's conditions.
Now let R be a bounded positive operator with the property that

UR : X » L,(IR,u) is a Carleman operator satisfying Condition (2.1.11).

Then following Lemma (3.2) and (3.5), there exists a canonical Dirac

basis (E&)m€ and a null set NT such that for all o € IR \ NT

IR

1im |E_ - u(B(o,r)) {U x Mo, =0
140 o B(a,r) "-1

and

Mo, =0

~ -1 *
lim “afa - u(B (o,r)) {Tu XB(a,r -1

40 )

(Here B(o,r) = la - r, o + r].) So for each a € IR\ NT’ Ea is a candidate
(generalized) eigenvector.

-1 - -
If RTR ~ is closable in X, then the closure T of T in R 1(X) exists, and

for all ¢ € IR \ NT

~

akE

o

TE
0.4

i

So the rather mild condition that RTR™® is closable in X yields 'genuine'

eigenvectors.
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(3.7) Remarks

(1)

(ii)

If R is a positive Hilbert-Schmidt operator, then for any unitary
operator , the operator VR is Hilbert-Schmidt. It follows that
for each self-adjoint operator in X with simple spectrum. there
exists a canonical Dirac basis of candidate (generalized) eigen-
vectors. In our paper [EG 5] we have proved the same result for

any self.adjoint operator.

Along similar lines as in [EG 5] the following can be proved:

Let T be any self-adjoint operator in X. Let U be its diagonalizing
unitary operator in the sense of the multiplicity theorem (Cf.
Theorem 1.2 in [EG 5]), and let R > 0 such that UR is a Carleman
operator which satisfies (1.2.ii). Then the unitary operator U

~

gives rise to a canonical Dirac basis (Ga)a€ﬂ' Here M denotes the

disjoint union

[+ [+ «©
M= U U R UCUIR_ )
2 m,j : m]J
m=1 j=1 j=1
where each IR 5 m=®1,2,.,., 15 3j<mn+1l, is a copy of IR.
H

To almost each point A in the spectrum o(T) of T with multiplicity

mk there belong mk

elements of {Ga | o € M}.

candidate (generalized) eigenvectors which are
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