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Abstract

Given linear stochastic differential equations (sde’s) with random co-
efficients (independent of place), the polynomial chaos decomposition can
be used to solve these sde’s numerically or analytically. In general this is
possible if the distributions of those coefficients are known and can be in-
verted. In this report we will look at a concrete example and look how and
under what choices of the coefficients the polynomial chaos decomposition
can be applied.

1 Introduction

The work presented in this report takes place in a research program including
several PhD research theses. A general title of the program could be: "Fast, ef-
ficient and robust optimalization of quiet and acoustically insensitive structures
with uncertain parameters”. TNO-TPD and the University of Eindhoven are
participants in this project.

The main question to be answered in this report is given a sde, when is it allowed
to use the polynomial chaos decomposition to solve this sde (either numerically
or analytically). In this report we will focus on the following example as an
illustration

ai:gU(:c, w) + ow?U(z,w) =0 z€]0,1], we R
U0,w)=0 we R 6]
4U(,w) =BF we Rt

with o = £ and 8 = 4. This differential equation describes the longitudinal
waves in a bar clamped on one side in a rigid wall excited by a harmonic force
f. This results (after some time) in a harmonic displacement u (that’s only true
if there’s damping present, but for simplicity we removed the damping). We
define F(w) = f(t) exp(—Iwt) and U(z,w) = u(z,t) exp(—fwt). Thus U is the
displacement, A the cross-section, p the density and F the modulus of the bar.
We will agsume that a and 8 are random variables. It follows that the solution
U(z,w) will be a random variable for every z € [0,1] and w € R*. In other
words U will be a random field.

*Eindhoven University of Technology, Department of Mechanical Engineering, P.O. Box
513, 5600 MB Eindhoven, The Netherlands. Tel: +31 40 246 1418, E-mail: w.j.dijkhof@tue.nl



It would be nice if we could determine the statistics (like the expectation and
the variance) of the solution U(z,w) given the probability densities of a and
B. Note that o and 3 are not independent since it’s in general not true that
Elaf] = Ela]-E[8] since ¢ and 8 have a common factor. But it’s not possible (at
least we don’t know how) to determine the statistics of the solution U(z,w) using
the polynomial chaos decomposition given arbitrary probability densities of «
and 3. However for some choices of a0 and g it’s possible to determine the mean
and variance of the solution U(z,w) using the polynomial chaos decomposition.
Before determining those solutions we will briefly discuss the polynomial chaos
decomposition.

2 The polynomial chaos decomposition

The polynomial chaos decomposition uses the fact that the Hermite polynomials
are orthogonal with respect to a weighting function (see for example (Janson,
1997)). This weighting function is just the Gaussian probability density. In
other words

o0
(rnsim)s = [ ha(@hn(2) @)z = ! G @
-0
where the Hermite polynomials are given by
L%/:‘&’J m! \
(-1 T——x -
= 2rri(m — 2r)!

(where {m/2| = m/2 if m is even and [m/2| = (m — 1)/2 if m is odd) and the
Gaussian probability density is given by

flz)= v,vexp( -z*/2)

To formulate it slightly different. Let ¢ be a zero-mean Gaussian with variance

one and define
[m/2]

m!
= Y Y -

r=0

then it follows that the random variables A, (£) and h,,(£) are orthogonal

(hn(8), hm(‘f)} = ]E[hn (E)hm (g)] = n! dp,m

The polynomial chaos decomposition states that a random variable X which
satisfies the following two conditions

1. Var[X] < o

Em —2r

2. X is defined on the same probability space as where £ is defined

is a linear combination of the Hermite polynomials, that is

X=Y gihi(f), gi€R 3)

j=0



(this sum holds in the second order sense meaning that the covariance and
mean of both sides are equal, thus also in probability and in distribution, but
not necessarily in sample-path). In other words the Hermite polynomials form
a basis of the space of random variables which satisfy the above two conditions.
Mathematically these two conditions mean that X € L%*(Q,X,P) where the
probability space (02, %,P) is such that £ € (0, X, P). Returning to the sde in
formula (1). As being said in the introduction, we want to use the polynomial
chaos decomposition to solve the sde in formula (1). Thus assuming that the
solution U(z,w) admits a polynomial chaos decomposition we have

Uz,w) = Z gi{z,w)h;(€)

G==0

and we have to determine the coefficients {g;(z,w)};. This can be assumed if
the solution U{z,w) met the two conditions given above. We will see in the
next section what kind of restrictions these conditions imply on the coefficients
of the sde in formula (1).

3 Generation of random variables

In the previous section we looked at the polynomial chaos decomposition. In
this section we will look what that means for the coefficients of the sde in
formula (1) if we want to use the polynomial chaos decomposition to solve the
sde in formula (1). Let’s have a closer look at the second condition given in the
previous section, what exactly does this condition mean? It turns out that if the
random variable X is a continuous function of a random variable £ then X is
defined on the same probability space as where £ is defined {see appendices A.3
and B.1). This result is illustrated/used in the following theorem and corollaries
(see for example (Blum and Rosenblatt, 1972)). In the following theorem it is
shown that a random variable with a continuous distribution function can be
transformed into an arbitrary random variable if it has a continuous distribution
function.

Theorem 1. Generation of random variables

Let X : Q@ — R be a random variable with a continuous distribution function
Fx : R = [0,1] defined on a probability space (1, X, P) with P: X — R defined
by P(X < z) = Fx(z). Let F : R — [0,1] be a continuous distribution function
(see appendiz A.1) of a certain random variable. Then the following holds:
Define a random variable Y : Q — R by Y = F~Y(Fx(X)) then Y has as
distribution function F and Y is defined on the same probability space as X is.

Proof. 1t follows that
Fy(y) =P(Y <y) =PF ' (Fx(X)) < y) = P(Fx(X) < F(y))
=P(X < Fx' (F(y))) = Fx(Fx' (F(¥))) = F(y)

Hence Y has as distribution function F. Note that both inverses exist since the
distributions are monotone increasing and continuous. See appendix A.3 for the
last part of the theorem. O



As a special case of the theorem above, if this random variable X is Gaus-
sian distributed we can express the uniformly distributed variable as an infinite
polynomial in X.

Corollary 2. Generation of a uniformly distributed variable

Let X be a zero-mean Gaussian random variable with variance one and F' the
distribution function of an uniformly distributed random variable on [0,1]. It
follows from theorem 1 if we define U = F~1(Fx (X)) then U has as distribution
function F and U is defined on the same probability space as X is. We will also
show that U = F~}(Fx (X)) = Fx(X) and

11 K (-1)iXEH
Ex(X)=3+ go(2j+1)2fﬂ @

Proof. The probability density of U is given by

1 zel0,1
f"’(x)z{ 0 2@[&\%0,1}

The corresponding probability distribution is given by

z 0 QISD
FU(fB)=/ fv(y)dy:{ﬂlv 2€(01]
. S

The inverse is given by F;'(z) = z for z € [0,1]. It follows that U =
F-Y(Fx(X)) = Fx(X) since Fx(X) takes values in [0, 1].
For the second part, we have

Fx(z) = f. ; %;r- exp(—y*/2)dy

When we make a Taylor expansion of this integral we get

1 1 X (—1)igitt
Fy(z) = — , 5
x@) =3+ 2«3;_2_% (27 + D2ij! %)

and finally

1 1 o~ (-1 X%+
Fx(X) =1 .
x(X) 2+~,/27rjz=:0(2j+1)23j!

.
As a special case of the theorem above, if this random variable X is Gaussian

distributed we will express the exponentially distributed variable as an infinite
polynomial in X.

Corollary 3. Generation of an exponentially distributed variable
Let X be Gaussian random varigble and F the distribution function of o ez-
ponentially distributed random variable. It follows from theorem 1 if we define



Y = F~ Y (Fx(X)) then Y has as distribution function F and Y is defined on
the same probability space as X is. We will show thaet

Y =F(U) = A“Z U9 (6)
J—l

with according to corollary 4

1 (_1)3‘X2j+1
U=Fx(X Z < (25 + 1)295!

Proof. In order to show formula (6) we have to invert the distribution of the
exponentially distributed random variable Y. The probability density of Y is
given by (A > 0)

fr(@) = {"e"p( ) =20

The corresponding probability distribution is given by

Fr@) = [ iy ={ {7 220

The inverse is given by

FyY(z) = =27 og(1 — 2) = 12—:1:’ 0<z<1

3—-1
It follows that

Y =F;Y(U) = A-lz ~yi
i= 1
O

To illustrate the corollaries above an example is shown below. First we
generate 1500 samples of a zero-mean Gaussian variable with variance one (using
Maple). We use formula (4) to generate 1500 samples of a uniformly distributed
variable and finally we will invert the distribution of a exponentially variable
and use formula (6) to generate 1500 samples of a exponentially distributed
variable.

Continuing with our example we give the corresponding probability densities:
The probability density of a Gaussian variable (zero mean and variance one) is
given by

xp(—z? R
fl(w) «/'—'e p( 2:/2)333E
The probability density is plotted in figure 1. We generated 1500 samples of
a zero-mean Gaussian variable with variance one, plotted in the histogram in
figure 1. «

The probability density of a uniformly distributed variable on [0, 1] is given

by
_[1 zel0,1]
falz) = { 0 zeR\[0,1]
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Figure 1: Gaussian random variable
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Figure 2: Uniformly distributed random variable

The probability density is plotted in figure 2. We used formula {4) to generate
1500 samples of a uniformly distributed variable, presented in the histogram in
figure 2.

The probability density of a exponentially distributed process with parameter
A =2 1is given by

| Aexp(-=Az), withA=2 z2>0
fo ={ 5 v20

The probability density is plotted in figure 3. Finally we used the expansion
in formula (6} to generate 1500 samples of a exponentially distributed variable,
presented in the histogram in figure 3.

If we want to use the sums in formula (4) and formula (6) we have to ap-
proximate them by their first couple of terms. By looking at these sums we
see the convergence of the sum in formula (4) is quite good (since the denom-
inator grows fast) while the convergence in formula (6) is quite bad (since the
denominator grows slowly). In the first case we can approximate the sum in
formula (4) by a few terms (say four) while in the second case we have to take
more terms (say twenty).

Returning to the sde in formula (1). Suppose we have a random variable §
which is Gaussian distributed with zero-mean and variance one. The solution of
the sde has a polynomial chaos decomposition if the two conditions in section 2
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(a) Exponential density {(b) histogram

Figure 3: Exponentially distributed random variable

are met. In this section (theorem 1) we have seen that if one of the coefficients of
the sde in formula (1) (say «) is a random variable with a continuous distribution
F then it follows that a = F~1(F¢(£)) and « is defined on the same probability
space as £ is since £ has a continuous distribution. In section 5 we will see
that the solution U(z,w) is a continuous function of £ and thus of a. We will
also see that the variance of U{z,w) is finite implying that the solution U(z,w)
has a polynomial chaos decomposition. The main problem is determining the
inverse of F, that is F~1, this can only be done in 3 few cases. If for example
the modulus E (see formula (1)) is Gaussian and the rest of the parameters (p
and A) are constant then it’s not possible to determine F~!. Instead we will
determine the necessary integrals (obtained in the solution process) in a direct
way. We will compute them using asymptotic expansions which are briefly
discussed in the following section.

4 Asymptotic expansions

In the previous section we looked under what conditions the polynomial chaos
decomposition can be applied. In section this section we will see what happens
if the modulus FE is a Gaussian random variable and the rest of the parameters
are deterministic. Practically it’s not possible to express 1/E in a series of a
Gaussian variable because we can’t invert the corresponding probability distri-
bution like we did in formula (6). However also in this case it’s still possible to
use the polynomial chaos decomposition to solve the sde in formula (1). This
can be done using asymptotic expansions (asymptotic series). We say that a
(finite) sum of functions f; is an asymptotic expansion of a function g if this
sum converge asymptotically to g, formally:

Definition 4. asymptotic expansion
Let Sp(x) = Y7o fi(x) with fj(z) = a;/27. We say Sn(z) that is an asymp-
totic expansion of g, denoted as g(x) ~ Sn(z) if

R _ _
Jim z™(g(z) — Sn(z)) =0 (7)
Before we look at an example we will state two lemmas:
Lemma 5. If g(z) ~ S,(z) then it follows that
zlil{.xoz}(g(m) - Sp(2)) =0, for j=0...

S

7



Proof. Suppose that j € {0,...,n — 1} Since g(z) ~ Sp(z) it follows that
|z™(g(z) — Sn(z))| — O and thus

|2 (g(z) = Sn(2))| = 2" (|27 (9(z) — Sn(2))| = O
Since |z" 7| — 0o we have |27 (g(z) — S, (z))| = O. O
Lemma 6. If g(z) ~ S,(z) then also g(z) ~ S;(z) for all j < n.

Proof.
z"(g(x) — Sn(z)) = 2"(g(z) — Sn-1(2)) — an
Since :v"(g(:z:) Snp(z)) — 0 it follows that z™(g(z) — Sn—1(z)) — an, and thus

2" (g(z) — Sp—1(z)) — 0. If we repeat this n — 1 times we end up with
g(z) — So(z) = 0. O

Typical behaviour of an asymptotic expansion is that the series S, (z) might
diverge for n — oo and z constant and finite. The first lemma says (with j = 0)
that the value g(z) can be approzimated by S,(x) with n small provided the
mapping g depends on a large parameter z, or we can replace x by 1/a and the
mapping must depend on a small parameter a. This approximation will become
more accurate if we take n larger, however if we take n to large then the ap-
prozimation will become less accurate and it will blow up to infinity.

Let’s look at an example as illustration. Suppose we want to determine the
expectation of 1/FE (with E a nonzero-mean Gaussian), the question is how can
we use the asymptotic expansion to get an approximation of this expectation.

Example 7. The ezpectation of 1/E is given by

E[1/E] = \/_/ —exp 99 2) Ydz (8)

with m = E[E] and 0® = Var[E]. Note that we must be a bit careful with
this integral since this expectation doesn’t exist in the usual sense because the
integrand is singular at x = 0. But the integral in formula (8) exzists in the
Cauchy principal value sense (see appendiz B.2).

In order to use the asymptotic expansion we need a small parameter a. As
small parameter we take a = o /m with m constant. It can be proven that (see
appendiz B.3)

E[l/E] ~ — 2(2] e =L Z @)} o

_7_-0 m ]' 2]

=(1+1-a +3-1-a.4+5-3-1~a6+...)/m (9)

for a = 0+ (a goes to zero from the positive side) and for any n < co. The
double factorial (.)!! is defined as (2§ — 1)1 =(2j-1)-(2j-3)-...-3 L

Proof. An heuristic proof (with £ zero-mean Gaussian with variance one)

1 1 1

Bl =E— 06] = Bl — ag Zanm[gﬂ] = j;o(zj — 1)l g%




Suppose a == 0.1 and let’s take n = 0 as approzimation, how accurate is this
approzimation? For n = 0 we have

<1 (x-m)2 1
| s e e

E[1/E] = -

aan

It is hardly a surprise that this will already be a good aepproxzimation since the
Gaussian probability density has one sharp peak which is located around its mean
m. This implies the following: The function given by 1/z is nearly constant
around the mean m and thus we can replace 1/ by 1/m obtaining

© 1 (z —m)?

[/E]NG’\/_ mexp(——2—2—

Yz =

___) =1
ma \/2? / exp( Ydz = —
The graphs of E[1/E] and of 1/m are plotted in figure 4 as function of m:

0.3 o,

rae,
i,

112141618 2 22242626 3 3.23.43638 4
1
Figure 4: E[£] and X

As can be seen it turns out to be a very good approzimation. This behaviour can
be seen for all values of m not just the ones plotted. Figure 5 illustrates that the
expansion will diverge for n = co when a = 0.1 {and m = 1). As can be seen

1.01038 -
1.01037 -
1.01036 -
1.01035
1.01034
1.01033 -

1.01032 -

..

116 118 1?}0 122 124

Figure 5: the expansion in formula (9)

the approzimation is good for ali n < 118, but blows up for larger n. We will



see in the following section how this can be used to solve the sde in formula (1)
assuming that only the modulus E is random (and Gaussian).

5 An example

The solution of the sde in formula (1) is given by

Ulz,w) = BF sin(zw/a) 5= AlE

w accs(w\,@) E’ (10)

Suppose that one or more parameters p, E or A are random {Gaussian or
uniformly) how can we use the polynomial chaos decomposition to solve the
sde in formula (1). Some possibilities will be discussed below. The first one is
well known and is treated in for example {Ghanem, 1999}. I haven’t seen any
treatment about the other possibilities, so these results seem new to me.

1. Suppose that only p is a Gaussian random variable and the rest of the
parameters are deterministic. In order to use the polynomial chaos de-
composition we have to scale p to a Gaussian random variable with mean
zero and variance one. Let

&= p;E{{;]ép &+/Varp] + Ejp]

Then ¢ is a zero-mean Gaussian random variable with variance one. As
can be seen in formula (10) the displacement U is a continuous function
of «, thus of p and thus of £, assuming that p > 0. This implies that
U is defined on the same probability space as where £ is defined (see
appendix B.1). Since Var[U] < oo (this is non-trivial, in fact is only finite
in a certain sense, see appendix B.2) it follows that we can apply the
polynomial chaos decomposition to I/. Thus

Ulz,w) = Zg] z,w)h;(€), gilz,w)€eR (11)
F=0

Substituting this into the sde in formula (1) gives
S50 d29i(@,w)hi(€) + % (6/Varld] + Elp]) £ 320 95z, w)hi(§) = 0
Y50 95 (0,w)h;(€) =0

Yieo s 9i(Lw)h;(€) =
(12)
with £g;(1,w) = £g;(z,w)|s=1. From these equations we can determine
{g;(z,w)}; numerically or even analytically, but we won’t expand on that
here. (see for example in (DeBiesme, 2001) or (Ghanem, 1999))

2. Suppose that the density of the bar p is uniformly distributed instead
of Gaussian distributed. Suppose we know for example that the density
must be between two fixed values. In this case we can assume that it is

10



Gaussian distributed with an appropriate variance, but maybe it’s better
to assume that it’s uniformly distributed with parameters Ymin, Ymaz- It
follows that the density is given by
fol2) ={ ml_—ym & € Ymin, Ymaz]
. 0 z€ R\ [ymimymaz}

Let
Z - p ymm

Ymaz — Ymin
One can check that Z is uniformly distributed on the interval [0,1]. We
can use formula (4) to express Z and thus p in an infinite polynomial in a
zero-mean Gaussian variable £ with variance one. We obtain

1 £2j+1

1 X

The density p is a continuous function of £ (remember thig sum is a Taylor
series of p, this implies that p must certainly be differentiable and thus
continuous), this implies that the solution is a continuous function of .
It follows that also in this case we can use the polynomial chaos decom-
position to solve the sde in formula (1) when p is uniformly distributed.
In practice we can take the first couple of terms (say three) of the sum
in formula (13) as approximation (remember that the convergence of this
sum is quite good as we noted at the end of section 3) and substitute this
into the sde in formula (1).

. Suppose that only the modulus E is a Gaussian random variable and the
rest of the parameters are deterministic. In order to use the polynomial
chaos decomposition we have to scale E to a Gaussian random variable
with mean zero and variance one. Just like above we define

£E= —%%#E:&/Var{f?] +EE =toc+m

Then £ is a zero-mean Gaussian random variable with variance one. Also
in this case the displacement U/ is a continuous function of £ and we
can apply the polynomial chaos decomposition. The sde in formula (1)
becomes

20 i (2, w)hi(8) + W T2 9 (2, w)hy(€) = 0

Y720 95(0,w)h;(€) =0 (14)

Ym0 29i(Lwhi(€) = S mF

When want to apply the polynomial chaos decomposition we can do two
things. The first thing is multiplying both sides with £o + m and then
use the same procedure (as in (DeBiesme, 2001) or (Ghanem, 1999)) to
determine the solution U, and the second thing is leaving this term on the
right hand side. But in the latter case we need the following expectations

11



(remember when solving this we have to multiply both sides with hg(£)
and take the expectation):

Bl by (E)ha(€)] with B = o +m
In section 4 we determined
Bl ho(€)ha()] ~ 1/m with ha(€) = 1

We can use the same techniques to find the other expectations. Suppose
we want to approximate

Bl (€)hs (6)] with ha(6) = ¢
It follows that (with B = o + m and thus § = E;—m)

k1 (§)h (€)
! g +m ]

E _m m? m m? 1

2 _mE oM RLLATRLLAN - el
] IB:{(ﬂ 262+E0'2] 02+02 [EJ
(15)
In figure 6 three graphs are plotted, two of them are approximations {using
formula (15) and formula (9)) of E[ &8  The lowest one correspond

E—-m
a

=Bl (

cE+m
to n = 1, the middle one to n = 2 and the third one to }E["i%%%%:—n—@].

The third one is hided behind the middle one. So the approximation with
n = 2, that is

1

E[E] m(l+1-02+3-1-a%)/m witha =0.1

is good enough.

08
0.6 .

04 T

112141618 2 2.'22.‘:;%.62.'8 332343638 4
* . h1 & h] &
Figure 6: E[ -(%%;éyl]

If we use higher order Hermite polynomials we will need more terms in
the agymptotic approximation. For example if we want to determine

B[ ha(€)ha(8)] with ha(€) = £ ~ 66 + 3 (16)

12



we used seven terms to get the following approximation

[W] =2+ 21675 - 2952_1

10 o2
- 88695— + 403515— - 365715 T+ 93555

In figure 7 are again three gra,phs plotted, two of them are apprommatlons

(using formula (16) and formula (9)) of ]E[’«”%%%Q] The lowest one corre-

spond to n = 6, the middle one to n = 7 and the third one to ]E[M].

oé+m

The third one is hided behind the middle one. So the approx1mat10n with
n =17, that is

7
1 1 ;
E=]~— E (25 — D! ¥ with @ = 0.1
E m F=0

is good enough.

24 3%
229 N
2047
187 N,
164 \
14 EN

124 S,

104 T
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112141618 222242628 3 3.2343638 4

Figure 7: E[’i*(-g—%!‘fgl]

. Suppose that two parameters are (independent) Gaussian random vari-
ables, for example E and A. To use the polynomial chaos decomposition
both random variables E and 4 have to be scaled to zero-mean Gaus-
sians with variance one, say & and &. In this case the displacement U
is a continuous function of two random variables & and £ and therefore
we have to expand the displacement U using two-dimensional Hermite
polynomials. Thus

Ulz,w) =3 gil@w)hy(er, &), g;€R (17)

j=0

See appendix B.4 for determining these two-dimensional Hermite poly-
nomials. Also in this case there are two ways of solving the sde in for-
mula {1). The first thing is multiplying both sides with E (and the second
boundary condition with E and A) and then use the same procedure (as
in (DeBiesme, 2001) or (Ghanem, 1999)) to determine the solution U (this
can also be done in case one {or both) of the parameters is uniformly dis-
tributed and the other one Gaussian), and the second thing leaving the
term on the righthand side and determining the asymptotic expansions as
in the previous case.

13



6 Conclusions

We obtained the following conclusions:

1. Returning to the sde in formula (1). It’s not possible (at least we don’t
know how) to determine the solution U(z,w) using the polynomial chaos
decomposition given arbitrary probability densities of & and 3. However
for some choices of & and 8 it’s possible to determine the mean and vari-
ance of the solution U(z,w) using the polynomial chaos decomposition.
We obtained solutions for the choices given in section 5. Basically if the
parameters like E, A and p are Gaussian or Uniformly distributed we
obtained the solution U(z,w) using the polynomial chaos decomposition.

2. The polynomial chaos decomposition is very general. If the sde is linear
and the coefficients have a continuous distribution which can explicitly
be inverted, then the polynomial chaos decomposition can be applied (as-
suming that the variance of the solution will be finite, which is always the
case when dealing with physical problems).

3. If there are n independent random parameters present in the sde then we
need n dimensional Hermite polynomials to obtain the solution if we want
to use the polynomial chaos decomposition. If one introduces more inde-
pendent random parameters then it will take of course more computational
time.
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A Appendix

A.1 Properties of distribution function

Let  be a sample-space, ¥ the o-algebra of events on Q, the function P: £ —
[0,1] is called a probability measure if the axioms of Kolmogorov are satisfied:

1. P(A) >0forevery A€ X
2. P =1

3. for every collection of disjunct events A4,, Ag, ... we have P(UpAy) =

Zn P(An)

Let F: R — [0, 1] be a distribution function of a random variable X defined by
F(z) = P(X < z). From the definition of probability measure given above the
following properties follow:

1. F is right-continuous: im0 F(2 + h) = F(z)
(h tends to zero from the right ... )

2. F is monotone increasing: z < y = F(z) < F(y)
3 limgy oo Fz) = 0 and limg oo Fz) = 1
Note that the distribution function of a random variable is always right-continuous,

but not necessarily continuous (see formulation of theorem 3).

A.2 Borel-sets on R

For the proof of theorem 3 we will need the notion of o-algebra, Borel-set and
a E-B-measurable function:
A collection ¥ of subsets of a set 1 is called a o-algebra (in 2) if:

1.QeX

2. Ae ¥ =2 A°c X with A°=0\ 4

3. with a series (4;) e = U 4, € X
From these properties it follows that

1. 0eX

2. with a series (4;) e E=>NE,4; €3
Four examples of o-algebras:

Example 8. The powerset
Let P(Q) be the powerset on Q, that is P() consists of all the subsets of Q.
R’s rather trivial that P(Q)) is a c-algebra on 1.

Example 9. smallest o-algebra

There ezists a smallest o-algebra (denoted as U(S)) on a collection S of subsets
of Q with S CU(S8). That is for every o-algebra U’ on Q1 with S C U’ we have
usycu'.

15



Proof. Let U(S) be the intersection of all g-algebras which contain S, thus
U(S)={nU" | § C U, U ao-algebra on 1}. Using the definition of g-algebra
it can be shown that U(S) is indeed a o-algebra on Q. This g-algebra is by
definition the smallest o-algebra which contains S. U(S) is called the o-algebra
generated by S and S the generator of U(S). ]

Example 10. The Borel-o-algebra B and Borel-set

In the exzample above, let S be the set of all open subsets of @ = R Then
as shown in the previous example there exists a smallest o-algebra, denoted
as U(S), on Q with S C U(S). This o-algebra U(S) is called the Borel-c-
algebra on R and is denoted as B. As a consequence of the properties of a
o-algebra it follows that B consists of ell intervals on R (open, closed, half open,
finite and infinite intervals) and countable unions, countable intersections and
complements of those intervals. The members of B are called Borel-sets.

Definition 11. X-B-measurable mapping
A meapping X : QO — R is called a L-B-measurable mapping if the following
holds:

X YBYeZ forall BEB

Theorem 12. Suppose we have ¢ mapping X :  — R then we can elways find

a o-algebra ¥ such that X becomes a L-B-measurable mapping. The o-algebra
o = X~Y(B) does the trick.

Proof. First we will show that X ~'(B) is actually a o-algebra:

1. e X7 1(B) since X(Q) CRand Re B

2. Suppose A € X ~!(B) then it follows that A° € X ~!(B) since (X 1(B))° =
X~1(B°) for all B € B with B° =R\ B

3. with a series (4;) € X~!(B) = UR,A; € X~ }(B) since U; X' (B;) =
X! (Uij) for all {Bj}j €B

It follows that X becomes a X ~!(B)-B-measurable mapping since X 1(B) €
X~Y(B) for all B € B. O

A.3 Generation of random variables

Recall that a random variable is defined as follows:

Definition 13. Let (,Z,P) be o probability space. A function X : Q@ - R
on this probability space is called a real-valued random variable if X is a £-B-
measurable function, which means that {X € B} € ¥ for every B C B. Note
that {X € B} = {s € Q| X(s) € B} = X ~}(B). Where B is the Borel-g-algebra
on R consisting of the Borel-sets on R (see A.2).

After stating this formal definition we can prove theorem 3: By assumption
X € (Q,2,P) with ¥ ao-algebraon Q. This implies that X is a X-B-measurable
function, which means that {X € B} € ¥ for every B € B (see the definition
above). First note that we defined a probability measure P : £ — [0, 1] (given

16



a distribution function Fx) by

P(X € z) = Fx(z) with {X € 2} = {s € Q| X(s) €]oo,z]} = X (Joo, z])

This is a well defined mapping since the sets {]— o0, ]}, with z € R generate the
Borel-o-algebra B, (see (Rudin, 1987)). (The Borel-o-algebra B are also gener-
ated by the open intervals, see example 10) Note that in general the o-algebra
X~1(B) isn’t equal to ¥, but it’s a sub-g-algebra of £. Hence in theorem 1
we didn’t prescribe the probability measure P fully, only it’s restriction to the
o-algebra X ~1(B).

We have to prove that F~'oFx o X € (Q,%,P). Note that F~1 o Fx is the com-
position of two continuous functions hence continuous. It follows the composi-
tion F~l1oFx 0o X : 1 — [0, 1] is a £-B-measurable function (see (Rudin, 1987),
page 10), hence it is a random variable, which implies that F"1 o Fx 0 X €
(Q,Z,P).

A.4 Generation of a uniformly distributed variable
We derived that (see formula (5))

1 1 & (—1)g2Ht
F = - 18
x(@) =3+ 7o ;0 (25 + D271 a8)
Note this Taylor-series converges for all z € R: set a; = (;; ;1”;22:: then
; 2. (25 +1
lim Pt = i T\ T 2j+1)

J-reo @ oSt 227+ 3)+ 1) -

Substituting X (s) for 2 in the series in formula (18) gives

S SR CO V2 (O ki
Fx(X(s)) = 3T m; (27 + 1)27;!

since this holds for all s € 1 it follows that

11 A (-1 xEH
Ex(X) =35+ \/%;0 (25 + 1)275!

B Appendix; Probability theory
B.1

See the first probability listed in section 5. The proof is similar as at the end
of the proof of theorem A.3. U is a continuous function of &, say U = f(§)
with f : R — R continuous. Suppose £ € (Q, X, P) then £ is a E-B-measurable
function, it follows that f(£) and thus U is also a X-B-measurable function
which implies that U € (Q,%,P). Thus U is defined on the same probability
space as £ is.
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B.2
Look at the integral in formula (8), that is the mean of 1/E:

1 © 1 (x —m)?
1/E] = ——pe / — exp(—~———)dzx
B1/E] = 3 P57 )
Note that z = 0 is a singularity of the integral, since the integrand is infinite
for & = 0. It can be proven that this integral is ill-defined in the ordinary sense,
meaning that

E[l/E] =

. Tl (:c m) <1 (a: m)2
Y Gy = /_m z &P Yz+ r[ exp(= 57 )dz)

where ¢; and ¢; tend to zero from the right independently, doesn’t exist. How-
ever it can be proven that the following integral is meaningful:

lim {

B! (x — m)2 m)2
€~+0+4 U\[z—ﬂ:/ _eXp / )dﬁb’)

This is called the Cauchy principal value of the integral in formula (8). So we
can define E[1/F] as this integral (assuming that all the usual properties of
expectation hold for this generalization, see for example (Kolmogorov, 1956) for
discussions about generalizations).

A bigger problem exists when looking at Var[U(z,w)], and also at E{U(z,w)].
Look at the mean of U (the variance has exactly the same problem):

_ [ BFsin(zw/y)
EU(z,w)] = /_mm

with @ = £, 8 = 5 and f, the probability density of . Note that this
integral is ill-defined in the ordinary sense since the integrand becomes infinite
for wy/% = (k+ 1/2)7 with k¥ € N (and for y = 0). We think it’s possible to
make sense out of that integral (the main problem is that this integral has an
infinite number of singularities (values where the integrand becomes infinite),
but it decays to zero at infinity). This problem will disappear if one introduces
damping. In this case the integrand has only imaginary (non-real) singular
values.

fe(y)dy
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B.3 Asymptotic expansion
We will prove formula (9). The expectation of 1/E is given by

(w m)2

E]l/E] = —5o3 )dz

ar/
= exp(— 202) \/w ” 1exp(—2%)exp(mg§)dx

2
—exp(- Ty AR VLIS RN
= exp( 202)‘;@7‘;’/_&9@( zfjrz,)st: (3)"
m2 1 ol o0 2?2 el Mn 1
-—EXP(—@)U—— %Z/_ exp(=5=5)e" " (5)" e

—en(- 5 > (B Lo ) a/o) /)

=l
m2i+1 m2 ﬁ; .
= e@("ﬁ) ;) Va2 r2(25 + 1)51 V2exp(-3.3) Lo exp(t”)at

Perform a change of variables ¢t = ;’;‘;"—2 -v/1 — z to obtain

E[l/E] = */— ~% . (-Uﬂﬁz)\/1~zdz

Watson’s lemma (a generalization of it) (see (Wong, 1989), page 22 or theorem
1 page 58) basically says change the top endpoint to infinity and integrate term
by term to obtain the asymptotic expansion. It follows that

n

Eu/E}fv——Z( ~ N a¥ = ZS@ N

jrz() }_0

asa=Z — 0.

L
m

B.4 Multi-dimensional Hermite polynomials

See the last probability in section 5. We will show how to derive the multi-
dimensional Hermite polynomials. See for example (Ghanem, 1999).

Let {¢;};=1..n be zero-mean uncorrelated Gaussians with variance one and let
N ={1,2,...,n} (corresponding to the indices of the Gaussians). Let G be the
set of all N-valued functions on N (thus G = {p | p: N - N}) and let

lpl =" p(k) =" p(k)
keN k==l

with p € G. Let p € G with |p| = m then the corresponding n-dimensional
Hermite polynomials of order m are given by

h‘?(fh vee 1$ﬂ)]{p]=m = H }‘p(j) (E})

j=1
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Let’s determine the first three orders (m = 0, 1,2) to understand this definition
(say two dimensional, thus n = 2):

Let m = 0, we have to determine all mappings p with p € G and |p| = 0 thus
all p: {1,2} = N with Zi:l p(k) = 0. The latter means that p(k} = 0 for all
k € {1,2}. There’s one such mapping, it’s the mapping p; : {1,2} — N given
by p1 (1) = 0 and 7 (2) = 0. It follows that

hpy (€1, €2) = [ ] hpu ) (&) = ho(€a)ho(&2) =1

=1

Let m = 1, we have to determine all mappings p with p € G and |p| = 1 thus
all p: {1,2} - N with Eizl p(k) = 1. There are two such mappings, the first
one is given by p2(1) = 1, p»(2) = 0 and the second one is given by ps(1) =0,
p3(2) = 1. It follows that

2
s (61,62) = [T o (&) = Pa(&)ho(&2) = &

j=1
and

2
hps(€1,62) = [ [ hpain (&) = ho(€)ma (&) = &

=1

Let m = 2, then there are three mappings given by
hpy (61,62) = €7 — 1

hps(€1,62) = &6
e (61,62) = €2 — 1
m4n-—1

In general there are (™/"7!) mappings with p € G and |p| = m. Let {£;}j=1..n
be a basis of a Gaussian Hilbert space H. It turns out that the set {hp}|pec
forms an orthogonal basis of L?(Q, L(H), P) with

(hp{flr- .. 7§n)ahq(§la- v 7571)) = E[hp(flv . ,én)hq(glsn . ’gﬂ)] =p! 623,4

where p! = [T, (p(k))! and £(H) the smallest o-algebra on 2 such that the
mappings {£;};=1..» are all measurable.
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