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Accurate analytical physical modeling of
amorphous InGaZnO thin-film transistors
accounting for trapped and free charges

Matteo Ghittorelli, Fabrizio Torricelli, Luigi Colalongo, Member IEEE, and
Zsolt M. Kovács-Vajna, Senior Member IEEE

Abstract—A physical-based and analytical drain current model
of amorphous Indium Gallium Zinc Oxide (a-IGZO) thin-film
transistors (TFTs) is proposed. The model takes into account
the combined contribution of both trapped and free charges
which move through the a-IGZO film by multiple-trapping-
and-release and percolation in conduction band. The model is
compared with both measurements of TFTs fabricated on a
flexible substrate and numerical simulations. It is accurate in
the whole range of a-IGZO TFTs operation. The model requires
only physical and geometrical device parameters. The resulting
mathematical expressions are suitable for computer-aided design
implementation and yield the material physical parameters which
are essential for process characterization.

Index Terms—Indium-Gallium-Zinc-Oxide (IGZO), Thin-film
transistor (TFT), Computer-aided design (CAD) applications.

I. INTRODUCTION

Among inorganic amorphous oxide semiconductors (AOSs),
amorphous Indium Gallium Zinc Oxide (a-IGZO) is a very
promising candidate for the next generation thin-film transis-
tors (TFTs) technology, thanks to its large electron mobility
(> 10cm

2
/V s), optical transparency, mechanical flexibility,

low temperature deposition, solution-processability, good de-
vice stability and lifetime [1]-[3]. The a-IGZO TFTs have
already found application in the backplanes of large-area, high-
definition, and flexible displays [4]. In the near future, they are
expected to be used also in sensors [5][6], memories [7] and
high functionality circuits [8][9]. The development of such
applications requires accurate circuit simulation and extensive
technology characterization, that, in turn, need physical-based
analytical models.

The electrical characteristics of a-IGZO TFTs are strictly
related to both the charge transport and the density of trap
states (DOS) in the semiconducting layer. The conduction band
of a-IGZO is composed of spherical overlapping orbitals. The
electron transport path is very efficient thanks to the spherical
symmetry, which is less sensitive to the arrangement of atoms
[4]. The material disorder leads to potential variations above
the mobility band edge and the charge carriers move through
the potential barriers thanks to the percolation mechanism
[10][11]. However, the spherical overlapping orbitals lead to a
small density of trap states, which in a-IGZO is typically 10

18

cm�3 / eV. This is about two orders of magnitude lower than

M. Ghittorelli, F. Torricelli, L. Colalongo, and Z. M. Kovacs are with
the Department of Information Engineering, University of Brescia, 25123 -
Brescia, Italy. (e-mail: m.ghittorelli@unibs.it)

that of amorphous covalent semiconductors. Since in a-IGZO
TFTs the total number of trapped states is small (⇠ 10

18 cm�3

/ eV) [12], it is easy to push the Fermi energy level towards
the mobility band edge and attain band-like conduction [13].
This explains the high field-effect mobility values measured
in a-IGZO TFTs [4][14]. As a consequence in a-IGZO TFTs
a wide energy range in the semiconductor can be spanned
by means of the gate voltage V

G

and both trapped and free
charges have to be accounted for.

In particular, when the transistor works in the weak accu-
mulation regime (small V

G

), the Fermi energy level resides
within the trapped states and the charge transport is governed
by multiple-trapping-and-release (MTR) [15][16]. In a MTR
charge transport, the carriers move in delocalized states and
interact with the localized states through trapping and thermal
release. The amount of trapped charges strictly depends on
the energy distribution of the localized states. The DOS shape
is usually well approximated by a tail exponential [13][17]-
[22] in the energy range 0.2-0.6 eV from the band-edge and
by a Gaussian [13][17] or an exponential [18]-[21] function
at smaller (deep) energies. As reported in [13][22], the deep
states affect only the transistor threshold voltage since they are
around 10

13 ⇠ 10

14 cm�3. In a-IGZO TFTs such values are
achieved when the gate voltage exceeds the flatband voltage
of few tens of millivolts and hence the deep states are actually
filled.

In strong accumulation regime (large V

G

), the Fermi energy
level is moving towards the mobility band edge and hence all
the trap states become filled. The transport mechanism is now
governed by the percolation between the potential barriers and
the conductivity is thermally activated [16]. In [13][19], this
physical scenario has been validated by comparing a-IGZO
TFTs measurements in a wide range of bias conditions and
temperatures with numerical simulations.

In the last years, both numerical and analytical com-
pact models for a-IGZO TFTs have been proposed
[13][16][18][19][23]-[27]. The numerical models took into
account the MTR and percolation transport in the semicon-
ductor, showing that both trapped and free charges have to be
considered in a-IGZO transistors. On the other hand, compact
models [24]-[27] focused on the accurate description of the
transistor electrical characteristics. A physical-based analytical
model accounting for the a-IGZO transport physics and able to
accurately predict the electrical characteristics of the transistor
is still missing.
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Fig. 1. Schematic cross section of the a-IGZO TFT coplanar structure [26].

In this paper, we propose an analytical model for a-IGZO
TFTs that accounts for both MTR and percolation transport.
The model includes the contributions of both the trapped and
free charges. It is compared with numerical simulations and
experimental data collected from transistors fabricated on a
flexible substrate. The model is physically based, it enables
a detailed discussion of the relative importance of localized
and delocalized charges. Furthermore, it can be exploited for
physical parameters extraction and, thanks to the analytical
formulation, it is suitable for both Computer Aided Design
(CAD) implementation and process characterization.

The paper is organized as follow. In Section II, the drain
current model is derived. In Section III, the analytical surface
potential model is proposed. In Section IV, the analytical
model is derived. In Section V the model is validated with
the measurements, and the physical parameters are discussed.
In Section VI, conclusions are drawn.

II. DRAIN CURRENT MODEL

The integral expression of the drain current, based on the
Pao-Sah model, is [28]:
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where W is the channel width, L is the channel length, V
S

and V

D

are the source and the drain voltages, respectively,
V

ch

is the channel potential (viz. quasi Fermi potential), ' is
the electrostatic potential and '

s

is the surface potential at the
insulator-semiconductor interface. It is worth noting that V

ch

varies along the y-direction while ' depends on both x and y

coordinates (Fig. 1).
In order to evaluate the right-hand side of Eq. 1, the conduc-

tivity � and the vertical electric field F

x

in the accumulation
layer should be expressed as a function of the electrostatic
potential ' and of the channel voltage V

ch

. As reported in
[13][22], the shape and the total number of the deep states
affects only the threshold voltage, and the density of states
can be approximated as a tail exponential function:
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where N

t

is the total number of localized states, T
t

is the char-
acteristic temperature of the tail states, k

B

is the Boltzmann
constant, E

c

is the conduction-band edge, which is assumed as
the energy reference: g

t

(E) = 0 at E > E

c

. The conductivity

of a-IGZO semiconductor has to account for both MTR and
percolation transport mechanisms and reads [16]:
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where �0 = qµ
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T/q, µ
B

=

µ0 exp[��B0/Vf

+�

2
B

/(2V

2
f

)], is the band mobility µ0 mod-
ulated by a percolation term [16], N

f

is the number of states
per unit volume in the transport band, and �E

Fi

= E

gap

/2.
The electric field in the x-direction F

x
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), calculated
by means of the Poisson equation is r2
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/@y) and assuming the gradual channel approximation
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where ✏

s

is the a-IGZO semiconductor permittivity, n =

n

t

+ n

f

is the total charge carrier concentration, n

t

is the
trapped charge concentration, n

f

is the free charge con-
centration, k

f

= 2qN

f

V

f

/✏

s

, V
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/q, and k

t

=

2⇡N
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T/[✏

s

sin(⇡T/T

t

)].
Replacing Eq. 3 and Eq. 5 in Eq. 1, the resulting equation

hampers any analytical solution [29]. We approximate the
inner integral of Eq. 1 as:
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Eq. 6 is a continuous function that accurately approximates
the integral in the whole energy range and not only in the
asymptotic regions (subthreshold and strong accumulation) as
in the conventional approaches used for amorphous silicon
[30]. The idea is to combine the two asymptotic behaviours
of the integrated function. In the weak accumulation regime
the free charge contribution is negligible and hence only the
trapped charge contribution can be taken into account and
Eq. 6 would result: �0e

's�Vch
Vf

/

hp
k

t

⇣
1
Vf

� 1
2Vt

⌘
e

's�Vch
2Vt

i
.

In the strong accumulation regime the trapped charge con-
tribution is negligible and hence only the free charge contri-
bution can to be taken into account and Eq. 6 would result:

�0e

's�Vch
Vf

/

p
k

f

⇣
1

2Vf

⌘
e

's�Vch
2Vf

�
. In order to account for

also the transition regime between weak accumulation and
strong accumulation, we unify these two expressions by means
of Eq. 6.

Fig. 2 shows the comparison between the drain current (Eq.
1) calculated with the proposed approximation (Eq. 6) and its
exact numerical solution as a function of the gate voltage V

G

and of the correlation index (T
t

/T ). The latter is a synthetic
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parameter that ranging from 1 to 3 spans the whole space of the
DOS measured in a-IGZO [13], [17]-[22]. As the correlation
index decreases, the width of the trapped density of states
also decreases, resulting in a steeper subthreshold slope. As
shown in the inset of Fig. 2 the proposed approximation is
very accurate (max. error < 4%) in the whole range of gate
voltages and DOS parameters. It is worth noting that the case
of correlation index (T

t

/T ) less than one, i.e. T
t

< T (shallow
tail states), is very different from that of T

t

> T (wide tail
states). When T

t

< T the trapping would be insignificant and
the trap states have to be extracted from the low temperature
measurements [31]. The proposed model holds in both cases
T

t

> T and T

t

< T . In the case of shallow tail states T

t

< T

the trapped charges can be neglected letting k

t

= 0.

Fig. 2. Main Panel: Transfer characteristics of a-IGZO TFT at VD = 1V
as a function of Tt/T . Grey circles are the numerical solution of Eq. 1, blue
surface is the numerical solution of Eq. 1 with the analytical approximation
proposed in Eq. 6. Inset: percentage error given by the approximation. The
physical parameters are listed in Tab. I.

By applying the Gauss law at the insulator-semiconductor
interface one obtains:
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where C

i

is the gate capacitance per unit area, V
G

and V

fb

are
the gate and the flatband voltages, respectively. Substituting
Eq. 5 in Eq. 7, and after straightforward manipulations one
obtains:
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The first term at the right hand side can be neglected since the
gate voltage is few tens of millivolts larger than the flatband
voltage. Replacing Eq. 8 in Eq. 1 and changing the integration
variable from V

ch

to  = '

s

�V

ch

the drain current turns out
to be:
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Finally, using the same approximation proposed in Eq. 6, the
drain current reads:
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where I
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are defined as follow:
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Eqs. 10, 11, and 12 give the a-IGZO drain current as a function
of the band bending calculated at the source and the drain con-
tact (viz.  

S

and  
D

), the applied voltages (V
G

,V
S

, and V

D

)
and the a-IGZO TFT physical and geometrical parameters. In
particular, I

dF

mainly depends on the free charges while I

dT

mainly depends on the trapped charges. As shown in Fig. 3,
in weak accumulation (i.e. at small V

G

), I
dF

is negligible and
the drain current is basically defined by the trapped charges
I

dT

. At large V

G

, I
dT

is almost constant and the drain current
is basically defined by free charges I

dF

.
The proposed model extends our previous work [28] be-

cause (i) it accounts for both multiple trapping and release
and percolation charge transport, and (ii) it includes the
contributions of both trapped and free charges induced by the
vertical electric field. The model in [28] (Eqs. 17-18) can be
straightforwardly derived from the model here proposed (Eqs.
10-12) by letting µ

B

= µ0 in Eq. 3 (no percolation), and
assuming that the trapped charge is much greater than the
free charge (i.e. k

f

= 0 in Eq. 5 only).

III. SURFACE POTENTIAL MODEL

The drain current (Eq. 10) is an analytical function of the
band bending at the source and the drain contact (i.e.  

S

and  

D

) that in turn are functions of the external voltages
(V

G

,V
S

, and V

D

). The surface potential and eventually the
band bending ( = '

s

� V

ch

) can be calculated by replacing
Eq. 5 in Eq. 7:
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Fig. 3. Main Panel: Transfer characteristic at VD = 1V. Circles are the
numerical solution of Eq. 1, full line is the analytical model (Eq. 10). The
green dashed line is the current accounting for only the trapped charges IdT
(Eq. 12) while the red dashed line is the current accounting for only the free
charges IdF (Eq. 11). Inset: charge carrier concentration as a function of the
Fermi energy (referring to EC ). The full line is the total charge n, the green
dashed line is the trapped charge nt and the red dashed line is the free charge
nf . The a-IGZO TFTs parameters are listed in Tab. I.

Unfortunately, Eq. 13 is an implicit equation and it can
be solved only by numerical iterations. To develop a fully
analytical model, an explicit expression of the band bending
is required.

In order to work out an accurate analytical approximation
we calculate an initial guess solution of the band bending  0

and than we use a single iteration of Newton-Raphson method:
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An accurate initial guess  0 is given by the band bending
accounting for only the trapped charge and it reads:
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To ensure the quadratic rate of convergence of the solution
(viz. high accuracy), we apply the log(.) function to both sides
of Eq. 7 and hence f( ) reads:
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and its first derivative, f 0
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f

0
( ) = �

kt
Vt
e

 
Vt

+

kf

Vf
e

 
Vf

F

2
x

( )

� 2

V

G

� V

fb

� V

ch

�  

(18)

The second term of Eq. 18 is negligible when the a-IGZO
TFT works in above threshold regime (V
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) and
hence, Eq. 18 is approximated as:

f

0
( ) ' �

kt
Vt
e

 
Vt

+

kf

Vf
e

 
Vf

F

2
x

( )

(19)

Substituting Eq. 16 in Eqs. 17 and 19, results:
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Fig. 4. Main Panel: Band bending as a function of VG�Vfb and correlation
index (Tt/T ) at Vch = 1V. Circles are the numerical solution of Eq. 13, and
the surface is the approximate solution Eq. 22. Inset: Relative error of the
analytical approximation. Parameters are listed in Tab. I.

Finally, replacing Eqs. 16, 20, and 21 in Eq. 14 one obtains
an analytical expression for the band banding:
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where :
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( 0) = exp [f( 0)/(f
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)] (23)

In Fig. 4 we show that Eq. 22 (surface) perfectly reproduces
the numerically calculated band bending (circles) when both
trapped and free charges are account for. As shown in the
inset of Fig. 4, the percentage error between the numerical
solution of Eq. 13 and its analytical approximation Eq. 22
is always below 0.1 %. It is worthwhile to note that Eq. 22
is a function of the physical and geometrical a-IGZO TFT
parameters and of the band banding  0 accounting for only
the trapped charges, that reads [32]:
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where W0 is the principal branch of the Lambert W function.
Unfortunately this function is not usually available in the

most used CAD softwares or has to be implemented as an
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internal function [33], therefore an analytical approximation
is desirable. When the transistor works in linear region, i.e.
V
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ch

, the argument of W0 grows very quickly
thanks to its exponential dependence on V

G

� V

fb

� V

ch

. A
good approximation of W0 in this regime is W0[x] = log(x)�
log[log(x)] [34] and it reads:
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On the other hand, in the subthreshold region, i.e. V

G

�
V

fb

< V

ch

, the argument of W0 rapidly goes to zero and the
band bending turns out to be:

 0 = V

G

� V

fb

� V

ch

(26)

Eq. 25 and Eq. 26 are a very accurate approximation in the
linear and subthreshold regions, respectively. In order to unify
these two equations in a single continuous function we can
combine them by means of the following function (Eq. 30 in
[35]):

log(1 + e

x

) '
⇢

x if x > 0
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x if x < 0

and hence we obtain:
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Eq. 27 is a continuous function that accurately approximates
Eq. 24 in both the subthreshold and the linear regime (Fig. 5).
As shown in the inset of Fig. 5, the maximum error is lower
than 1.5%.

• If V
G

� V

fb

� V

ch

> 0, Eq. 27 reduces to Eq. 25.
• If V

G

� V

fb

� V

ch

< 0, Eq. 27 reduces to Eq. 26.
Eq. 22 with Eq. 27 is the analytical band bending model
accounting for a double exponential function in Eq. 13, i.e.
when both trapped and free charges are taken into account. In
other words, for each value V

ch

and V

G

, Eq. 22 with Eq. 27
gives the band bending and, in turn, the surface potential, in
each point of the channel.

IV. FULLY ANALYTICAL MODEL

By means of the analytical band bending solution Eq. 22,
the current model (Eq. 10) as a function of the applied voltages
V

G

, V
D

, and V

S

, reads:
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where �
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=
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is defined in Eq. 23, X 2 {S;D}, and  0S and  0D are
the band bending calculated accounting for the trapped charge
only (Eq. 27) at the source and the drain contact, respectively.
I
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and I
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, in turn, can be reworked out as follows.
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where ⌫ = ✏

s

p
k

t

/C

i

. Eqs. 28, 29, 30, 23, and 27 are the
a-IGZO drain current model that accounts for both trapped
and free charges. It is function of V

G

,V
S

, and V

D

and TFT
parameters.

Fig. 6. Main Panel: Transfer characteristic of a-IGZO TFT at VD = 1V.
Squares are the numerical solution of Eq. 1, dashed line is the proposed
analytical model (Eq. 28). Parameters are listed in Tab. I. The full line is the
proposed analytical model (Eq. 28) with modified parameters: Nf + 20%,
and µ0 � 15%. Inset: percentage error of the proposed analytical model with
respect to the numerical solution of Eq. 1, using physical parameters listed
in Tab. I (surface) and using modified parameters (for the analytical model
only) for the maximum error case only (full line).

In order to assess the overall accuracy, the proposed fully
analytical model is compared to the numerical solution of Eq.
1 in the inset of Fig. 6. The maximum percentage error is of
15 %. In all cases the analytical model overestimates the drain
current. This is basically due to the approximation introduced
in Eq. 6, that is required to obtain an analytical solution of
Eq. 1.

We investigated the impact of the aforementioned approxi-
mation on the physical parameters returned by the analytical
model. We have found that, for the maximum error case,
this results in a 15% underestimation of µ0 and in a 20%
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TABLE I
GEOMETRICAL AND PHYSICAL PARAMETERS OF THE TRANSISTORS

W [µm] 1000 Vfb [V ] -2.87
L [µm] 100!5 Nt [cm�3] 2.7 ⇥1019

ks 7.9 Nf [cm�3] 2.5 ⇥1020

Ci [nF/cm2] 70 Tt [K] 523
µ0 [cm2/V s] 11.8 T [K] 293

overestimation of N

f

. It is worth noting that the former is
comparable with the estimation accuracy of the field effect
mobility and with the process variability, while the latter is
negligible.

V. RESULTS AND DISCUSSION

The model is compared with the measurements of a-IGZO
transistors [26] in a wide range of bias conditions. The
physical parameters of the a-IGZO TFTs are extracted from
the measured characteristics using the method proposed in
[29]. It is worth noting that the TFT parameters are difficult to
determine from the fabrication data because of the fabrication
process variability and hence the TFT parameters have to be
extracted from the electrical characteristics of several transis-
tors. The estimation accuracy of the physical parameters N

t

and N

f

can be further improved by exploiting the analytical
formulation of the model in a standard optimization problem.
Physical and geometrical parameters are listed in Tab. I.
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Fig. 7. Measured (symbols) and modeled (lines) transfer characteristics of
L=100µm a-IGZO TFT. The transistor parameters are listed in Table I.

The comparisons between the measurements and the pro-
posed analytical model are shown in Fig. 7. There is a very
good agreement in the whole range of biasing conditions. In
Fig. 8 the output characteristics are shown. In both the linear
and the saturation region the model is in good agreement with
the experimental data in the whole range of bias conditions.
Finally, in Fig. 9 the L/W normalized current, of transistors
with channel length ranging from 5µm to 100µm are shown.
A very good agreement between the model and the measured
data is achieved in the linear region. At large drain voltages
(saturation region) the model overestimates the drain current
with a maximum error of 2%: it is due to the contact effects
[26][36][37] which are not included in this model.
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Fig. 8. Measured (symbols) and modeled (lines) output characteristics of
L=100µm a-IGZO TFT. The transistor parameters are listed in Table I.

Fig. 9. Measured (full lines) and modeled (dashed line) L/W normalized
output characteristics of a-IGZO TFTs at VG = 10V. Geometrical and
physical parameters are listed in Tab. I.

VI. CONCLUSION

A physical based analytical model for a-IGZO TFTs is
proposed. Both trap-limited conduction and percolation in the
conduction band are included. The model accurately repro-
duces the measurements of a-IGZO TFTs fabricated on flexible
substrate. Thanks to its analytical and simple formulation
it can be used in a CAD software for the design of high-
functionality circuits, for the physical parameters extraction
and for the process characterization.
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