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Three-body recombination at vanishing scattering lengths in an ultracold Bose gas

Zav Shotan1∗, Olga Machtey1∗, Servaas Kokkelmans2, and Lev Khaykovich1
1Department of Physics, Bar-Ilan University, Ramat-Gan, 52900 Israel and

2Eindhoven University of Technology, P.O. Box 513, 5600 MB Eindhoven, The Netherlands

(Dated: April 15, 2014)

We report on measurements of three-body recombination rates in an ultracold gas of 7Li atoms in
the extremely non-universal regime where the two-body scattering length vanishes. We show that
the rate is well-defined and can be described by two-body parameters only: the scattering length a
and the effective range Re. We find the rate to be energy-independent, and by connecting our results
with previously reported measurements in the universal limit we cover three-body recombination
in the whole range from weak to strong two-body interactions. We identify a non-trivial magnetic
field value in the non-universal regime where the rate should be strongly reduced.

PACS numbers: 34.50.Cx, 21.45.-v, 67.85.-d

The few-body problem underlies fundamental pro-
cesses in physics, yet it is notoriously difficult for finding
analytic and numerical solutions [1]. It challenges our
mind with the complexity of small and system-dependent
molecular structures at the size of their interaction po-
tentials. At the same time, in the regime of resonant
pairwise interactions, it provides an elegant description of
unusually large bound states possessing universal proper-
ties. Two important two-body length scales are involved
in this description. The first is the van der Waals length
rvdW, which is constant and connected to the radial range
of the potential. The second is the s-wave scattering
length a, which can be tuned magnetically via a Fesh-
bach resonance [2]. When a ≫ rvdW, universal two-body
states with size ∼ a emerge, and a wealth of phenom-
ena known as Efimov physics is opened up in three- and,
generally, N-body sectors [3, 4]. The fundamental states
belonging to the Efimov effect (Efimov trimers) depend
log-periodically on a/rvdW [5, 6].

Sufficiency of two-body parameters in the Efimov sce-
nario indicates that two-body physics plays a decisive role
in the universal few-body processes in ultracold gases.
The following questions raise on how far this dominance
of two-body physics extends when going to the opposite,
non-universal limit, i.e. when a → 0. What parame-
ters govern the three-body processes and can we iden-
tify the influence of the short-range three-body forces
in this limit? Although recent theoretical studies probe
the non-universal regime [7–9], their approaches can-
not be directly extended to the regions of extreme non-
universality, the scattering length zero-crossings.

Three-body recombination has been extensively used
as an efficient probe of Efimov physics in trapped ultra-
cold gases [10–16]. The process involves collisions of three
particles resulting in a formation of a two-body bound
state and a free atom. The binding energy, usually much
larger than the trap depth, is then released as kinetic
energy of the colliding partners inducing inelastic losses.

∗These authors contributed equally to this work

In this Letter, we investigate three-body recombination
rates in the vicinity of two different zero-crossings in a
gas of ultracold 7Li atoms. One zero-crossing is associ-
ated with a broad Feshbach resonance, while the other
one is connected to a narrow resonance. We demonstrate
a clear difference between the two regions with a ≈ 0, and
explain the magnetic field dependence of the three-body
recombination rate in terms of a new effective length pa-
rameter. This parameter describes the two-body scatter-
ing phase shift for vanishing scattering length, and can
be understood in terms of the finite range of the two-
body potential, given by the van der Waals length, and
by the width of the Feshbach resonance.
Assuming the dominance of the two-body physics in

three-body processes, we start by considering the effec-
tive range expansion of the scattering phase shift δ(k) in
its usual form [17]:

k cot δ(k) = −
1

a
+

Rek
2

2
. (1)

However, when a → 0 the first term diverges and to com-
pensate this divergence the second term diverges as well
(|Re| → ∞), which makes the above expression inconve-
nient in this limit. A better form of the effective range
expansion can be obtained by revamping the standard
expression as:

−
tan δ(k)

k
= a− Vek

2, (2)

where Ve = −Rea
2/2 is the effective volume. We show

that although neither a nor Re are good lengths at zero-
crossings, their combination in the form of the effective

length Le = V
1/3
e remains finite, and captures remark-

ably well the behaviour of the three-body recombination
rate [27]. Once a and Le are known, no further knowledge
of the short-range two-body or three-body potentials is
needed. Moreover, while the two-body collisional cross-
section becomes energy dependent at a zero-crossing, the
three-body recombination rate remains energy indepen-
dent. In addition we show that Le continues to be the
dominate length in the inelastic three-body processes for

http://arxiv.org/abs/1404.3575v1
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larger scattering lengths up to a region where the univer-
sal three-body physics takes over and the leading length
becomes a.
In the experiment we use an ultracold sample of 7Li

atoms prepared in the |F = 1,mF = 0〉 state, where two
Feshbach resonances allow for tunability of the scatter-
ing length a. The first resonance is located at 845.5G
and is closed-channel dominated, the second resonance
is located at 894G, and is in between being closed- and
open-channel dominated. Theses resonances were pre-
cisely located and characterized in Ref. [18] by fitting
the binding energies of weakly bound dimers obtained
in rf-association spectroscopy with coupled channel cal-
culations. Fig. 1(a),(b) shows a (green solid line) and
Re (blue dashed-dotted line) dependence on the external
magnetic field B from our most up-to-date coupled chan-
nels analysis [18]. Divergences of the scattering length
correspond to the resonance positions. In Ref. [19] a
log-periodic behaviour of the three-body recombination
rate coefficient has been demonstrated in the vicinity of
the 894G resonance in the limit of a ≫ rvdW. Here,
in contrary, we are interested in regions where the scat-
tering length crosses zero. In Fig. 1 two zero-crossings
are shown: at 850.1G and 575.9G. We ignore the third
zero-crossing at ∼ 412G (not shown in the figure) for its
apparent similarity to one at 575.9G from the present
studies point of view. As was noted earlier, Re diverges
at zero-crossing which can be seen in Fig. 1(a).
First, we consider two-body elastic processes for the

850.1G zero-crossing. From Eq. (2) we obtain the energy-
depended s-wave collisional cross-section between two
identical bosons:

σ(k) =
8π

k2
sin2(δ(k)) =

8π
(

Vek
2 − a

)2

1 + (Vek2 − a)
2
k2

. (3)

Accordingly, σ(k) vanishes when a = Vek
2, reflecting the

emergent energy dependence of the two-body collisional
cross-section.
Elastic collisions are crucial for evaporative cooling,

therefore the absence of cooling serves as the experimen-
tal strategy to find a vanishing cross section σ(k) = 0. In
the experiment, 7Li atoms are trapped in a crossed beam
optical dipole trap [20] and we perform a fast cooling at
the last stage of the evaporation cycle by lowering the
power of the laser beams in 500 ms at different magnetic
fields. The initial temperature of atoms is measured to be
31.1(1.1)µK and the final temperature as a function of B
is represented in Fig. 2. A maximum in temperature can
be clearly identified at 850.4G which indicates the total
failure of the evaporation cooling routine. We model the
temperature decrease during evaporation with the set of
two coupled rate equations: for number of atoms N and
temperature T [28]. The model includes the time evo-
lution of temperature due to evaporation cooling which
vanishes when σ(k) = 0 and adiabatic cooling due to
weakening of the optical dipole potential [21]. The lat-
ter, being a single-body effect, is independent of σ(k)
and works equally well for all magnetic field values. The
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FIG. 1: Scattering length a (green solid line), effective range
Re (blue dashed-dotted line) and effective length L′

e (red
dashed line) as a function of the magnetic field B. (a) - Re-
gion of the high field zero-crossing with a = 0 at 850.1G. a
diverges at the positions of Feshbach resonances at 845.5G
and 894G. Re diverges when a → 0. (b) - Region of the low
field zero-crossing with a = 0 at 575.9G. The absolute value
of L′

e is shown to emphasize the L′

e = 0 point at 744.15G,
where Re (not shown) rapidly changes sign.

solid blue line in Fig. 2 represents the solution to our
model with no adjustable parameters. The agreement is
remarkable which confirms that the two-body elastic col-
lisional cross-section is consistent with 0 at the magnetic
field of 850.4G. This value is shifted from the 850.1G
zero-crossing due to the energy dependence of σ(k). The
T = 0 model is represented as a dashed line in the figure
and shows poor agreement with the data.

The same experimental strategy can be applied to
identify another σ(k) = 0 position related to the lower
magnetic field zero-crossing. However weak dependence
of a on B in this region allows for a significant tol-
erance in the uncertainty of the zero-crossing position.
From the current studies point of view, this is also indi-
cated by the very weak magnetic field dependence of the
three-body effective length L′

e (explained below) around
575.9G (see Fig.1(b)).

Now we turn to three-body inelastic processes, how-
ever, first it is worth noting that the |F = 1,mF = 0〉
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FIG. 2: Temperature at the end of the fast evaporation cycle
as a function of the magnetic field B. Maximal temperature
is obtained when σ(k) = 0, corresponding to the total failure
of evaporation cooling. The blue solid line is the finite tem-
perature theory model described in text with no adjustable
parameters. The dashed line represents the theory model at
T = 0 limit which shows poor agreement with data.

state is not the absolute ground state of the system and
thus two-body inelastic dipole-dipole relaxation is al-
lowed. However, as shown in Ref. [18] it is extremely
weak for all magnetic field values relevant for the present
studies, and the dominant inelastic mechanism is induced
by three-body recombination.

After loading atoms from a magneto-optical trap into
an optical dipole trap we perform evaporative cooling at
the wing of the narrow resonance. Then we jump across
the resonance to 858G within 1ms and wait for 500ms
before we move within 10ms to the target field where
the atom number and temperature evolutions are mea-
sured. The typical holding time at the final magnetic
field varies between 5 to 20 sec where we lose ∼ 50% of
the atoms. The three-body recombination loss rate coef-
ficient K3 is extracted from the fit of the atom number
decay with the solution to the three-body loss rate dif-
ferential equation: Ṅ = −K3〈n

2〉N − ΓN , where Γ is
the single-body loss rate coefficient due to residual colli-
sions with thermal atoms in the vacuum. Three-body re-
combination is known to be accompanied by heating and
the K3 coefficient should be extracted from a set of two
coupled rate equations: atom number and temperature
time evolutions [22]. Even with this precaution, the K3

coefficient usually deviates from theoretically predicted
a4 dependence in the universal regime [3] which can be
attributed mainly to the uncertainties in the atom num-
ber calibration. An elegant method to calibrate atom
number is based on the equation of state measurements
recently used to characterize the unitary regime where
|a| → ∞ [12]. Here we use the amplitude factor for K3

coefficient previously determined in our system in the
universal regime to calibrate our data [18, 19, 23]. We
emphasize that the same factor is used to calculate the
theory curve of the two-body elastic collisions in Fig. 2.
Excellent agreement between the theory and the exper-
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FIG. 3: Measurements of the three-body recombination
length Lm at 2.5µK (blue dots) and 10µK (orange dots).
Black dashed-dotted line represents the effective recombina-
tion length Le and red dashed line shows the modified effective
length L′

e that includes a3 term correction (see Eq. 6). Green
solid line represents the modulus of the scattering length |a|.

imental results represented in both Figs. 2 and 3 (ex-
plained below) hints at the correct interpretation of the
amplitude factor. Note also that as we do not study
extreme variations in three-body recombinations, tem-
perature dynamics is similar at different magnetic fields.
Thus using a single rate equation for atom number decay
to extract K3 coefficient causes only a slight correction
to the overall amplitude factor.
For a >> rvdW the three-body recombination loss rate

coefficient K3 is represented as K3 = 3C(a)~a4/m. The
general a4 power dependence is dictated by the reso-
nantly enhanced two-body interactions, while C(a) re-
flects the discrete scaling invariance of K3 related to Efi-
mov physics [3]. For positive scattering length, C(a) in-
cludes oscillations on log scale with the maximum value
of∼ 70. Due to relatively short lifetime of Efimov trimers
in 7Li (large inelastic parameter η∗), this value was mea-
sured to be somewhat smaller, ∼ 54.7 [19].
The universal a4 dependence is expected to break down

when a → 0. Still we can formally represent the three-
body recombination coefficient as

K3 = 3C
~

m
L4

m (4)

with Lm being a characteristic recombination length for
the measuredK3 values and C is assumed to be a scatter-
ing length independent constant. The results of Lm as a
function of the magnetic field B for two different temper-
atures are shown in Fig. 3 (blue and orange dots) setting
C = 54.7, the universal limit’s maximal value. Above
∼ 865G we reproduce the measurements from Ref. [19]
where Lm follows a (green solid line). For lower values
of the magnetic field, deviations from the a-dependence
become evident. Instead of decreasing with a, Lm satu-
rates at ∼ 120a0 where a0 is the Bohr radius and starts
to increase again below ∼ 855G. Nothing dramatic hap-
pens at the point of the scattering length’s zero-crossing
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where Lm continues to increase smoothly.
To analyze the data we assume that the two-body

physics plays a decisive role in three-body recombination
rates, and that the relevant parameter can be directly ex-
tracted from the expansion of the two-body phase shift:

δ(k) = −ka+ Vek
3 +

k3a3

3
. (5)

When a → 0, the dominant term in Eq. (5) is (Lek)
3

where the effective length is Le = (−Rea
2/2)1/3. Le is

represented in Fig. 3 as a black dashed-dotted line. It
stays finite for vanishing a and diverging Re. Moreover,
in the vicinity of 850.1G it agrees remarkably well with
the data with no adjustable parameters. This agreement
confirms our assumption that the two-body physics alone
defines the behaviour of K3. For larger magnetic field
values, Le starts to slightly deviate from the data. How-
ever, according to Eq. (5), for larger scattering length the
two-body scattering volume should be appended by the
a3 term and the effective length then becomes:

L′

e =

(

a3

3
−

Rea
2

2

)1/3

. (6)

In Fig. 3 L′

e is shown as a red dashed line (indistinguish-
able from the black line below 855G) and it is in excellent
agreement with the data up to 870G at which the first
term in Eq. (5) becomes dominant.
Note that for two-body elastic scattering in the a → 0

limit, the effective volume Ve is multiplied by k2 (see
Eq. (3)) to form the effective collisional length which is
then explicitly energy dependent. In contrary, Le and
L′

e posses no explicit energy dependence. As the rel-
evant length for the three-body recombination rate can
be constructed differently as compared to Eq. (6), e.g. as
the aforementioned effective collisional length, the ques-
tion of energy dependence of K3 remains open. We thus
measure the three-body recombination rate at a differ-
ent temperature, 10µK, and the result is shown in Fig. 3
(orange dots). The two measurements are indistinguish-
able within the experimental errors providing an evidence
that K3 is energy independent. As an additional argu-
ment we note that if L′

e is defined according to Eq. (6),
the measured recombination length Lm agrees with it if
C in Eq. (4) is set to 54.7, the same value as in the uni-
versal limit where a >> rvdW. Any attempt to plug-in
the energy dependence in L′

e will require tuning of C to
a significantly different value.
Finally, we consider the zero-crossing at 575.9G. If we

assume again Le to be the relevant length there, then

the three-body recombination rate can be evaluated from
Eq. (4) substituting Lm with Le = −40.5a0. This pre-
dicts the K3 coefficient to be two orders of magnitude
smaller than the values measured at 850.1G. This is well
below our resolution limit for the highest achievable den-
sities set by collisions with residual atoms from vacuum.
Thus from our data, we can only extract the upper limit
for Le at 575.9G, |Le| < 100a0, which is consistent with
the predicted general trend of being smaller than the one
at 850.1G.

In conclusion we show a surprisingly well-behaved
three-body recombination rate at vanishing two-body
scattering length. We identify that the only relevant pa-
rameters to define the three-body recombination rates
in this limit are a and Re, which together define the
next non-vanishing coefficient in the two-body scattering
phase shift. It is interesting to extend our studies to other
atomic species. Feshbach resonances in 7Li are of inter-
mediate character which is not the case for 133Cs atoms.
Therefore a similar study for 133Cs and 39K would be in-
teresting to complete the picture of a concise description
of three-body recombination at a zero-crossing. It is also
interesting to note that L′

e = 0 at 744.15G. We thus pre-
dict that the three-body recombination rate will reach it’s
minimum at this magnetic field. It might be an interest-
ing region for a Bose-Einstein condensate whose lifetime
should be maximized there. Counter-intuitively, it does
not occur at zero scattering length. Finally, we note that
the new length, L′

e, may play an important role in the
effective range corrections to the lowest energy level in
the Efimov spectrum.

Note that energy dependence of three-body recombina-
tions were reported in the vicinity of a narrow Feshbach
resonance in a two-component Fermi gas [24]. However,
direct three-body recombination in such a mixture is for-
bidden and it is mediated through collisions of closed
channel molecules with free atoms. This mechanism
might become relevant for three-body recombination in
Bose gases for extremely narrow Feshbach resonances.

Note: While finalizing this manuscript we became
aware of a recently developed theory that strongly sup-
ports our findings [25].

L. K. and O. M. acknowledge fruitful discussions with
C. H. Greene. This research was supported by grants
from the United States-Israel Binational Science Foun-
dation (BSF) and the Israel Science Foundation (ISF),
Jerusalem, Israel.
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Supplemental Material

Appendix A: Model of the evaporation cooling

The energy evolution in the time dependent optical
dipole trap can be expressed as follows [S1]:

dE

dt
= (η + κ̃) kbT

dN

dt
+

1

U

dU

dt

E

2
, (S1)

where η = ǫc/kBT (0) is the truncation parameter with ǫc
being the truncation energy and κ̃ stands for the energy
carried away by the evaporated atom in addition to ǫc.
In an harmonic trap, κ̃ can be evaluated analytically [S2]:

κ̃ =
1− P (5, η) /P (3, η)

η − 4P (4, η) /P (3, η)
, (S2)

where P (x, η) is the incomplete Γ function.
The first part in the right hand of Eq. (S1) is responsi-

ble for evaporation cooling. The second part describes
the adiabatic cooling due to weakening of the optical
dipole potential.
The potential depth is reduced exponentially in time:

U(t) = U0 exp

(

−
t

τ

)

, (S3)

with the time constant τ defined by the ratio of initial
and final values of the potential depth:

τ =
t

ln
(

U0

Uf

) . (S4)

Accordingly, the oscillation frequency in the trap reduces

as: ω̄2 (t) = ω̄2
0
exp (−t/τ) with ω̄0 =

(

ω2
r,0ωz,0

)1/3
being

the geometric mean of the initial oscillation frequencies.
The atom number rate equation due to evaporation is:

dN

dt
= −ΓevN, (S5)

where Γev = Γelξev. Γel = n0σ (k) v̄ is the two-body elas-
tic collision rate with n0 being the peak atomic density,

v̄ =
√

8

π
kBT
m is the mean velocity of atoms at tempera-

ture T and σ (k) is the two-body collisional cross-section
defined in Eq. (3) of the main text with the relative mo-

mentum k =
√

mkbT
~2 . In the harmonic trap the peak

density can be related to ω̄, T and the total number of

atoms N : n0 = N
(

mω̄2

2kBTπ

)3/2

. The evaporation effi-

ciency ξev =
(

Vev

Ve

)

e−η contains the ratio between the

effective volume for elastic collisions leading to evapora-
tion Vev and the single atom volume Ve [S2]:

Vev

Ve
= η − 4

P (4, η)

P (3, η)
. (S6)
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Taking all these factors into account we can express
Eq. (S5) in the final form:

dN

dt
= −γ1 (−a+ γ2T )

2 N2

T
exp

(

−
3t

2τ

)

, (S7)

where, considering constant η and σ(k) to the lowest or-
der in k,

γ1 = ξev
mω̄0

3

πkB
, (S8)

γ2 = L3

e

mkB
~2

. (S9)

In the harmonic trap the average energy per atom is
E = 3kbTN . From the time-derivative of this equation,

combined with Eqs. (S1) and (S5), we obtain:

dT

dt
= −

T

3

(

Γev (η + κ̃− 3) +
3

2τ

)

. (S10)

Finally, by substituting the expression for Γev, we ar-
rive at

dT

dt
= −

T

3

(

γ3 (−a+ γ2T )
2 N

T
exp

(

−
3t

2τ

)

+
3

2τ

)

,

(S11)
where γ3 = γ1 (η + κ̃− 3).

Eqs. (S7) and (S11) form a set of two coupled differen-
tial equations describing evaporation cooling dynamics.
Their solution is represented in Fig. 2 of the main text.
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