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Making use of droplet epitaxy, we systematically controlled the height of self-assembled GaAs quantum dots
by more than one order of magnitude. The photoluminescence spectra of single quantum dots revealed the
strong dependence of the spectral linewidth on the dot height. Tall dots with a height of ∼30 nm showed broad
spectral peaks with an average width as large as ∼5 meV, but shallow dots with a height of ∼2 nm showed
resolution-limited spectral lines (�120 μeV). The measured height dependence of the linewidths is in good
agreement with Stark coefficients calculated for the experimental shape variation. We attribute the microscopic
source of fluctuating electric fields to the random motion of surface charges at the vacuum-semiconductor
interface. Our results offer guidelines for creating frequency-locked photon sources, which will serve as key
devices for long-distance quantum key distribution.

DOI: 10.1103/PhysRevB.92.075306 PACS number(s): 78.67.Hc, 78.55.Cr, 73.21.La

I. INTRODUCTION

Numerous photonic applications using semiconductor
quantum dots rely on the discrete and delta-function-like
density of states [1]. However, various single-dot spectroscopy
studies have confirmed significant line broadening in the pho-
toluminescence spectra, which is normally much broader than
the transform limited width determined by the spontaneous
emission rate. The line broadening mechanism is commonly
attributed to spectral diffusion, where the transition frequency
randomly changes through the fluctuation of a local electric
field in the vicinity of dots [2–5]. The fluctuating spectral line
becomes integrated into a relatively broad peak thanks to the
long time scales of signal integration compared with those of
environmental motion.

Some progress has been made in studying the short time
scale dynamics of the spectral fluctuation. Photon correlation
measurement can elucidate spectrally diffusive photolumi-
nescence with subnanosecond characteristic times [6,7]. The
correlation functions routinely show monoexponent decays,
which implies efficient coupling between a single dot and
a small number of environment configurations. In contrast,
resonant fluorescence measurements reveal broadband noise
spectra in the 0.1 Hz to 100 kHz range, where contribu-
tions can be expected from a large number of environment
configurations [8]. Photon counting statistics of resonant
fluorescence further reveal the Gaussian distribution of the
random environmental shifts, which might be a consequence
of the central limit theorem adopted for a large ensemble
[9]. By contrast, high-resolution Fourier transform measure-
ment confirms a motionally narrowed Lorentzian line shape
associated with rapid environmental fluctuation [10]. More
recent work on field-effect devices identifies charge traps at
the barrier/well interface [11] or impurity centers [12] as a
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dominant field source. Thus the time scales and magnitudes of
spectral diffusion vary greatly depending on the sample and the
measurement conditions. We still lack a global understanding
of the microscopic mechanism of spectral diffusion, however,
it is needed for developing frequency-locked photon sources
as basic elements in long-distance quantum key distribution,
e.g., quantum repeaters for extending the key transmission
distance.

In this work, we experimentally analyze the dependence
of quantum dot morphology on the environment-mediated
spectral broadening. For this purpose, we focus on GaAs
quantum dots grown by droplet epitaxy, which enables us
to continuously control the quantum dot height by more
than one order of magnitude. The morphology tunability
contrasts with that of traditional quantum dot growth using the
Stranski-Krastanow mode, where the dot profile is essentially
fixed by strain relaxation and surface energies. The spectral
linewidth of a single dot emission depends strongly on the dot
height. The measured height dependence agrees with that of
Stark coefficients along the growth direction (normal to the
sample surface). We attribute the source of the electric field
fluctuation to the change in the microscopic configuration
of surface charges at the vacuum-semiconductor interface
[13,14]. Thus morphology engineering is an alternative route
to achieving narrower emitter linewidths without the need for
feedback techniques to suppress spectral fluctuation [15,16].

II. EXPERIMENTAL PROCEDURE

A. Sample preparation

GaAs quantum dots were self-assembly grown in
Al0.3Ga0.7As by droplet epitaxy on semi-insulating GaAs(100)
substrates [17,18]. These dots are free from strain thanks to the
negligible lattice mismatch between GaAs and Al0.3Ga0.7As.
After the growth of a 100-nm Al0.3Ga0.7As layer, different
amounts of gallium (θGa) with 1.5, 2, 3, 5, 7.5, or 10 monolayers
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FIG. 1. (Color online) (a) Three-dimensional AFM images for
typical GaAs quantum dots grown by droplet epitaxy on
Al0.3Ga0.7As(100) with different amounts of gallium deposition θGa.
(b) and (c) The average height and the base diameter, respectively,
of quantum dots as a function of θGa. The error bars represent the
standard deviation of profile statistics.

(ML) were deposited at 0.5 ML/s and 200 ◦C. This step
enabled the formation of gallium droplets. Then, an As4 flux
was supplied at 2.5 × 10−4 Torr and 200 ◦C, and the gallium
droplets were fully crystalized to GaAs dots. Note that the As4

flux was roughly two orders of magnitude higher than that
used for the self-assembly of quantum ring structures [19].

After the dots were grown, the sample was annealed at
400 ◦C in situ (under a weak As4 supply) for 10 min,
and partially capped with a 20-nm Al0.3Ga0.7As layer. The
temperature was then increased to 580 ◦C, while the capping
continued with a 30-nm Al0.3Ga0.7As layer followed by a
10-nm GaAs layer. GaAs dots on a 2-ML Al0.3Ga0.7As layer
were additionally grown on the top of samples for atomic force
microscopy (AFM) analysis. Finally, rapid thermal annealing
was carried out at 800 ◦C for 4 min in a N2 atmosphere. All the
samples with different amounts of θGa exhibited well-defined
dots; see AFM top views in Appendix A. The dot density
depended only slightly on θGa from 1.8 × 1010 cm−2 (1.5 ML)
to 1.2 × 1010 cm−2 (10 ML). Thus we assume that the volumes
per dot are nearly proportional to θGa.

B. Optical setup

We used a continuous-wave laser that emitted at a wave-
length of 532 nm as an excitation source. The laser illumi-
nation generated photocarriers in the Al0.3Ga0.7As barrier.
The excitation polarization was set to be linear in order to
avoid a spectral shift of nuclear origin [20,21]. Our confocal
setup combined an objective lens with a numerical aperture of
0.55 and a hemispherical solid immersion lens (SIL) with a
refractive index of two. The use of the high-index SIL enabled
us to reduce the focusing diameter to ∼0.5 μm [22], where
approximately 25 dots were inside the spot. The excitation
density was kept sufficiently low so that the carrier population
was less than 0.5, and the influence of strong optical injection
on line broadening was fairly removed. Photoluminescence
signals were fed into a spectrometer of a 50-cm focusing
length, and analyzed with a full width at half maximum

1.5 ML

3 ML

5 ML

10 nm

FIG. 2. (Color online) Cross-sectional STM topography images
of GaAs quantum dots capped with Al0.3Ga0.7As. The white dotted
lines are guides to the eye that highlight the dot-barrier interface.

(FWHM) resolution of 120 μeV. All the experiments were
carried out at 10 K.

III. RESULTS AND DISCUSSIONS

A. Morphology analysis

Figure 1(a) shows AFM three-dimensional views whose
height increases significantly with the amount of θGa.
Figures 1(b) and 1(c) show the average dot height and the base
diameter, respectively, which were determined by statistical
analysis. When the amount of θGa was increased from 1.5 to
10 ML, the dot height increased from 2.3 (±0.5) to 24 (±5)
nm, i.e., by a factor of ten. In contrast, the base size increased
only by a factor of less than two. Thus the dot height increased
considerably as the dot volume increased, while the base size
remained almost unchanged. The mechanism responsible for
the volume-dependent aspect ratio is explained in terms of the
two-step crystallization process involved in droplet epitaxy,
see Appendix A.

Figure 2 shows the morphology of GaAs quantum dots
capped with an Al0.3Ga0.7As matrix that was measured us-
ing cross-sectional scanning tunneling microscopy (X-STM)
[23]. They have a truncated pyramidal shape, which agrees
with the AFM cross-sections of uncapped dots. Thus GaAs
dots are embedded in Al0.3Ga0.7As while maintaining their
original shape. This is due to the small diffusion length of
aluminum atoms, which further gives rise to the formation of a
distinct dot-barrier interface free from composition mixing
[24]. This observation is in stark contrast to commonly
studied InAs/GaAs dot systems, where indium atoms diffuse
efficiently, and composition mixing leads to the deformation
of dots with capping. This shape conservation allows the
determination of the shape of embedded dots from AFM
measurements of free-standing references. The X-STM image
reveals a clear interface without any dislocations, which
indicates a high crystal quality in the present samples.

B. Photoluminescence spectra

Figure 3(a) shows the spectra of a large ensemble of
quantum dots. They were measured using long-focus optics.
The spectral peaks at ∼1.51 eV originate from impurity-bound
excitons in the GaAs substrate. Signals associated with
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FIG. 3. (Color online) Comparison of (a) photoluminescence
spectra of a large ensemble of GaAs quantum dots, and (b) those
of a small number of dots selected using a micro-objective setup.

quantum dots are observed at 1.85, 1.8, and 1.67 eV in the
1.5-, 2-, and 5-ML samples, respectively. The emission peak,
therefore, shifts to a lower energy side with increasing droplet
volume. The 7.5 ML sample shows a relatively narrow peak at
1.55 eV, which is close to the bulk band gap of GaAs.

Figure 3(b) shows the emission spectra of a small ensemble
of quantum dots that were spatially selected using a micro
objective setup. The spectra of both the 1.5- and 2-ML samples
consist of sharp lines, whose linewidths are close to, or less
than, the instrumental response of our spectrometer. There
are around 70 spectral lines, which is approximately three
times the expected number of dots inside a focusing spot.
The discrepancy is reasonable because each dot is able to
generate three to four emission lines through the formation of
different types of charged/neutral exciton complexes [25].

In contrast, the 5- and 7.5-ML samples exhibit relatively
broad peaks that dominate the emission signals at energies
below 1.75 eV. Note that a few sharp lines are also observed at
energies higher than 1.8 eV, as found with the spectral lines of
the 1.5 and 2 ML samples. Thus the broad peaks for low-energy
dots and narrow peaks for high-energy dots are not sample-
specific signatures, but universal size-dependent behaviors.

Figure 4 shows linewidth statistics as a function of emission
energy. Here, we evaluate the FWHM of all the spectral lines by
fitting without distinguishing between the neutral and charged
transitions. Such treatment is sufficient to clarify the general
trend of size-dependent broadening, since the difference
between the neutral and charged exciton linewidths is much
smaller than the observed dot-to-dot variation, as confirmed
previously [26]. The compiled statistics demonstrate a clear
correlation between line broadening and emission energy. The
smooth transition over the data points of different samples
confirms that the linewidth reaches several meV for tall dots,
and decreases monotonically to the resolution limit with
decreasing dot height. The similar linewidth dependence on
emission energies has recently been reported for polar nitride
quantum dots [27].

FIG. 4. (Color online) Dependence of the linewidth of the spec-
tral line on the emission energy. Gray open circles are the values
averaged over all the spectral lines in each sample.

C. Environment-induced line broadening

The effect of the environment on spectral shifts is twofold.
First, hyperfine coupling between an electron and nuclei
induces the Overhauser field, which acts as an effective
magnetic field in the tens of millitesla range [28]. Second,
a charge distribution in the vicinity of dots induces a local
electric field. However, the effect of nuclear fluctuation on
line broadening is considered to be negligible at least in the
present samples, because a typical value for a nuclear field is
10 mT, which corresponds to a spectral shift of 0.25 μeV for
GaAs [21]. This is much smaller than the observed linewidth,
which reaches several meV. Thus the following discussion
deals only with the effect of electric field fluctuation on line
broadening.

A local electric field has various microscopic origins.
A common example of a field source is charge particles
trapped in impurities or defects. However, their densities are
normally very low in samples grown with molecular beam
epitaxy (MBE, ∼1014 cm−3). Hence it is difficult for the
bulk impurities or defects to realize line broadening that are
comparable to the measured spectra, as also discussed later.
Despite the charging and discharging of trapping centers close
to dots, here we propose the fluctuation of charge carriers
trapped by the vacuum-semiconductor interface as a field
source.

The formation of surface states, which trap charge carriers,
is linked to the presence of electronically active defects at
the vacuum-semiconductor interface [29]. It is known that the
surface state density depends on orientations and chemical
treatments, and reaches 1014 cm−2 for a naturally oxidized
GaAs(100) surface [30]. Charge carriers are efficiently trapped
by the surface states, and induce a local electric field normal
to the surface on average. The phenomenon also serves as the
origin of band bending and Fermi-level pinning [31]. When
the sample is optically excited, some of the photoinjected
carriers recombine with surface charges, and others occupy
different surface states. Consequently, the microscopic charge
arrangement changes randomly, which gives rise to field
fluctuation and spectral broadening through time integration.
The effect is orientation dependent, and taller dots become
more sensitive to the induced field.
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D. Size-dependent Stark coefficients

Qualitative explanation of the measured line broadening is
based on the derivation of Stark coefficients and the simulation
of field fluctuation. The Stark shift ES of a single-particle level
is described by the second-order perturbation of the interaction
Hamiltonian, i.e.,

ES =
∑
n�2

|〈ψ1|eFz|ψn〉|2
E1 − En

= (eF )2
∑
n�2

Z2
1n

E1 − En

, (1)

where F is an electric field, E1 and En are the single-
particle eigenenergies of the ground and the nth excited
states, respectively, and Z1n = |〈ψ1|z|ψn〉| is a dipole moment
along a direction parallel to the field. The above equation
demonstrates the size dependence of Stark shifts, where the
dipole moment is proportional to the confinement length L,
the energy denominator is scaled by (π2h2/2m)L−2, hence
the Stark coefficient is enhanced as the fourth power of the
effective dot size along a built-in field, see Appendix B for
calculation details.

Figure 5(a) shows the field dependence of spectral shifts
calculated for a 12-nm-high GaAs dots. The lines show the
analytic dependence for a model based on infinite-potential
quantum boxes with m∗

e (m∗
h) = 0.067 (0.5), and the circles

are the results obtained with a more precise model, which
takes account of the finite GaAs/Al0.3Ga0.7As potential and
the effect of valence-band mixing in terms of four-band k · p
perturbation. Both models exhibit parabolic dependence, as
expected. Enhanced shifts in the finite-potential dot with
respect to the infinite-potential dot arise due to the extended
wave function. These results imply that an energy shift as large
as 1 meV, which is a typical linewidth in the measured spectra,
requires a field strength of the order of 10 kV/cm, which
is expected at a position only ∼8 nm from a point charge.
Accompanying impurities or defects in such close proximity
to dots is fairly uncommon for MBE grown samples. This is

FIG. 5. (Color online) (a) Calculated Stark shift for a 12-nm-high
GaAs quantum box surrounded by an infinite barrier (lines) and a
finite barrier (open circles) as a function of a vertical field. (b) Monte
Carlo simulation for electric fields induced by randomly positioned
surface charges with a density of 1 × 1011 cm−2 at a point 60 nm
from the charge layer. The red line shows a field strength induced
with a uniform charge sheet.

why we have excluded bulk trapping centers and proposed
surface charges as a field source.

E. Simulation of field fluctuation

We evaluate the field fluctuation using a Monte Carlo
simulation, where an electric field is induced by randomly
positioned charge particles in a flat layer. Figure 5(b) shows
the field strength distribution at a point 60 nm from the surface
(dielectric constant ε = 13). This condition reproduces the
geometry of our structure. We found that the field changes
randomly with different charge arrangements. The statistics
yields a mean field strength F0 of 7 kV/cm and a standard
deviation of 1.4 kV/cm for a charge density of 1 × 1011 cm−2.
The validity of this simulation is confirmed by the agreement
between the observed mean strength and the value predicted for
a uniform charge sheet, Fz = σ/2πεε0 ≈ 6.97 kV/cm, where
σ denotes a charge density. We performed the simulation for
different values of σ , and found that the magnitude of field
fluctuation �F is nearly proportional to

√
σ , see Appendix C

for discussion about the underlying mechanism.
We assume that �F transfers proportionally to line broad-

ening �ES , i.e.,

�ES ≈ �F
∂ES(F )

∂F

∣∣∣∣
F=F0

= ES(F0)
2�F

F0
. (2)

The substitution of Eq. (1) into Eq. (2) yields the line
broadening dependence on the transition energy of dots, see
Appendix B for simulation details. Figure 6 compares the
experimental linewidths and the calculated spectral fluctuation
for different charge densities. There is fairly good agreement
between the experimental widths and calculated broadening
when the charge density is of the order of 1011 cm−2, which is
a reasonable value [32].

Note that the lower bound of the measured linewidths
in Fig. 6 is limited by our spectrometer resolution, though
a previous investigation on similar dot systems using a

FIG. 6. (Color online) Calculated energy fluctuations due to ran-
domly positioned surface charges with different densities of 1 ×
1011, 5 × 1011, and 1 × 1012 cm−2. The experimentally measured
linewidths are also indicated by the gray points, which are equivalent
to the data points shown in Fig. 4.
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higher-resolution spectrometer revealed the linewidths as large
as a few tens of μeV at wavelengths around 1.8 eV [18]. Note
also that the model curves in Fig. 6 exceed the measured
linewidths at low energies. These inconsistent asymptotes
are attributed to the fact that the present model ignored the
effect of Coulomb binding. The quantum confined Stark shifts
are associated with the wave-function separation between
electrons and holes. Coulomb attraction would inhibit such
separation, and suppress energy shifts. The upper bound of
line broadening is therefore roughly provided by the exciton
binding energies, which were predicted to be a few tens of
meV for GaAs/Al0.3Ga0.7As dots [25].

IV. CONCLUSIONS

Spectral diffusion in the photoluminescence of single
quantum dots is an interesting phenomenon that bridges micro-
scopic random dynamics and macroscopic optical response.
Here we studied morphologically controlled GaAs quantum
dots grown by droplet epitaxy to understand the source of
environmental fluctuation, and demonstrated the impact of
fluctuating surface charges on dot line broadening.

From a technological point of view, however, the line broad-
ening phenomenon is unfavorable for practical applications of
quantum dots to photon emitting devices. The present results
suggest several ways to engineer spectral broadening. First,
we expect to suppress line broadening by creating dots with
a sufficiently low aspect ratio that are robust as regards a
random electric field normal to surface. Second, we expect to
achieve narrower spectra by embedding dots more deeply in
the barrier matrix, where the effect of random charges at the
surface would be effectively smoothed out. Line broadening
is expected to decrease with the inverse of the dot-surface
distance, see Appendix C for the simulation result. Finally,
the use of a substrate with a chemically stable surface, such
as a gallium terminated (111)A surface [33–35], and/or defect
passivation technologies [30,32,36] are another potential route
by which to reduce surface charge fluctuation.

Note added: Study on the growth mechanism of height-
controlled quantum dots by droplet epitaxy has recently been
reported [37].
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APPENDIX A: MECHANISM FOR THE
VOLUME-DEPENDENT ASPECT RATIO OF GAAS

QUANTUM DOTS

Figure 7 shows the AFM top view of each sample with
different amounts of gallium supply. The dot density is
estimated to be 1.8, 1.9, 1.3, 1.2, 1.1, and 1.2 × 1010 cm−2 for
samples with gallium supply of 1.5, 2, 3, 5, 7.5, and 10 ML,
respectively. Figure 8(a) shows the AFM cross-section normal
to the [1–10] in-plane direction for a typical dot in each sample.

1.5 ML 2 ML 3 ML4 nm

0

7 nm

0

12 nm

0
5 ML 7.5 ML 10 ML26 nm 32 nm 40 nm

0 0 0

200 nm 200 nm 200 nm

200 nm 200 nm 200 nm

FIG. 7. (Color online) Atomic force microscopy images of GaAs
quantum dots grown on Al0.3Ga0.7As(100) by droplet epitaxy for
different amounts of gallium supply; 1.5, 2, 3, 5, 7.5, and 10 ML. Note
that [1-10] ([110]) in-plane axis is oriented horizontally (vertically).

When the gallium supply is increased from 1.5 to 7.5 ML,
the dot height increases by a factor of ten, but the lateral size
increases only by a factor of less than two. Thus the aspect ratio
(vertical to horizontal ratio) depends strongly on the droplet
volume.

Figure 8(b) shows a mechanism that is possibly responsible
for the volume dependent aspect ratio. Liquid gallium droplets
are expected to have nearly the same aspect ratio regardless of
the volume. When intense As4 is supplied, the crystallization
of gallium into GaAs occurs initially at the edges of the
droplets, where Ga and As atoms meet with a higher
probability on the surface. Then, side slopes emerge and grow
at the droplet edges. With small droplets, crystallization is
complete once shallow side slopes are formed. With large
droplets, crystallization continues until stable facets (most
probably {111}) appear. Consequently, large droplets become
tall dots with a steep profile. Note that side-slope formation
allows the self-assembly of quantum rings for a sufficiently
low As4 flux [19]. The detail of growth kinetics responsible
for the volume-dependent aspect ratio will be described in a
forthcoming article [37].

Shallow dots

Small droplets Large droplets

Tall dots

{111} facets

(a) (b) 
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FIG. 8. (Color online) (a) Cross-sectional profiles normal to
[1–10] for typical GaAs quantum dots grown on Al0.3Ga0.7As(100).
(b) Schematic drawing of a possible growth mechanism for GaAs
dots on a (100) surface by droplet epitaxy.
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APPENDIX B: PERTURBATIVE CALCULATION OF
STARK SHIFTS AND SIZE-DEPENDENT SPECTRAL

BROADENING

The photoluminescence energy of an exciton confined in a
dot is given by EPL = Ebulk

g + Ee
1 + Eh

1 − Veh, where Ebulk
g =

1.52 eV is the energy gap of bulk GaAs, E
e(h)
1 is the energy

of the lowest bound state of a single electron (hole) in the dot,
and Veh is the magnitude of the direct Coulomb interaction
between the electron and hole in the exciton. In the second-
order perturbation theory, the energies of the lowest single
particle states under a constant electric field F along z axis is
approximated to Eν

n ≈ Eν(0)
n + Eν(2)

n , where ν = e/h denotes
the kind of particles, i.e., an electron or a hole, and Eν(i)

n is the
i-order correction to the energy. In the hard-wall quantum box
model, the unperturbed bound state energies are given by

Eν(0)
n = Eν

nx,ny ,nz
= π2

�
2

2mν

(
n2

x

L2
x

+ n2
y

L2
y

+ n2
z

L2
z

)
, (B1)

where Lx , Ly , and Lz are the side lengths of the quantum box,
mν are the effective masses of particles, and the composite
indices n = 1,2,3, . . . represent the sets of quantum numbers
(nx,ny,nz) with nx,ny,nz = 1,2,3, . . . following the order of
energy. Neglecting the weak field dependence of Veh, the field-
dependent Stark shift EX

S is given by

EX
S ≈ E

e(2)
1 + E

h(2)
1 =

∑
ν=e,h

∑
n�2

∣∣〈ψν
1

∣∣eFzν

∣∣ψν
n

〉∣∣2

E
ν(0)
1 − E

ν(0)
n

, (B2)

where ψν
n is the wave function of the n state of an electron or

a hole. Using the explicit form of ψν
n given in Ref. [38], we

reach,

EX
S = −

(
512

243π6

) (
me + mh

�2

)
e2F 2L4

z . (B3)

When the electric field fluctuates by �F around a mean
value of F0, the Stark shifted spectral line is integrated into a
broad peak with a linewidth of �EX

S , which is approximated as

�EX
S ≈ �F

∂EX
S (F )

∂F

∣∣∣∣
F=F0

=
(

1024

243π6

) (
me + mh

�2

)
e2F0 �F L4

z. (B4)

d
Ω

F

FIG. 9. (Color online) Numerical simulation of electric field fluc-
tuation with a surface charge density σ of 1 × 1011 cm−2 for different
dot-surface distances d . The standard deviation of the field fluctuation
is plotted (a) as a function of d , and (b) as a function of d−1.

The above form reveals the Lz dependence of line broadening,
�EX

S ∝ L4
z .

APPENDIX C: INFLUENCE OF DOT-SURFACE DISTANCE
ON ELECTRIC FIELD FLUCTUATION

Figure 9 shows numerical simulation of electric field
fluctuation with a surface charge density σ of 1 × 1011 cm−2

for different dot-surface distances d. The standard deviation
of the field fluctuation is plotted as a function of d in Fig. 9(a)
and as a function of d−1 in Fig. 9(b). The agreement of the
d−1 dependence with a straight line in Fig. 9(b) suggests
that the field fluctuation magnitude �F decreases with, and
inversely proportional to, d. This observation is attributed
to the following reason. We assume that an electric field
is dominantly induced by surface charges inside a surface
segment covered by a solid angle 
 from the dot, see the inset in
Fig. 9(b). The number of charges in the segment, denoted by n,
is fluctuated around the average number n0 = σ
d2. The fluc-
tuating number of n determines a fluctuating field F ∝ n/d2,
and follows Poissonian statistics whose standard deviation is√

n0. We therefore obtain �F ∝ √
n0/d

2 ∝ √
σ/d.
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