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INDEX-AWARE MODEL ORDER REDUCTION FOR INDEX-2
DIFFERENTIAL-ALGEBRAIC EQUATIONS*

G. ALif, N. BANAGAAYA, W. H. A. SCHILDERS #, AND C. TISCHENDORF?$

Abstract. A model order reduction (MOR) method for index-2 differential-algebraic equations
(DAES) is introduced, which is based on the intrinsic differential equations contained in the starting
system and on the remaining algebraic constraints. This extends the method introduced in a previous
paper for index-1 DAEs. This procedure is implemented numerically and the results show numerical
evidence of its robustness over the traditional methods.

Key words. differential algebraic equations, tractability index, model order reduction, modified
decomposition of DAEs

AMS subject classifications. 78M34, 65L80

1. Introduction. Consider a linear time invariant differential-algebraic equation
(DAE) in descriptor form:

Ez' = Az + Bu, x(0) = zo, (1.1a)
y=0CTux, (1.1b)

with matrices E € R™", A € R®»", C € R™*, B € R™™, state vector x € R", control
input u € R™, output y € R’ and initial value 2y € R”. We assume that the matrix
pencil (E,A) := {A—AE| X € C} is regular, that is, det(A — AE) # 0 for at least one
value of A € C. Moreover, the matrix E is assumed to be singular, so that (1.1a) is
not an ordinary differential equation (ODE). We also assume that x¢ is a consistent
initial value for the DAE and w is smooth enough.

There exist many developed MOR methods for reducing ODEs, i.e., when E is
non-singular, but little has yet been done to reduce DAEs. Some of these methods can
be found in [18, 2]. Most recent attempts to reduce DAEs are given in [4, 14, 16, 7].
Usually, the balanced truncation method is used. This method involves solving a
Lyapunov equation, which can be computationally very expensive. In [7], the authors
reduce index-2 systems from electric power grids by first converting the DAE into an
ODE. In [14] the reduction approach involves solving a projected Lyapunov equation.
In [16] a passivity preserving approach for circuits has been developed based on certain
projected Lyapunov equations. In practice balanced truncation methods cannot be
used on very large systems. Other attempts where made by using the Krylov-based
subspace methods for descriptor systems such as PRIMA, SPRIM [15, 8], but these
methods should not be used on DAEs with index greater than one, as discussed in
Section 3.1. Furthermore, these methods do not always preserve the index of a DAE,
which can lead to loss of relevant information of the original DAE.

In this paper we propose a new strategy of reducing index-2 systems. This strat-
egy is based on the ideas of Mérz [12] of splitting a DAE into its differential and

*This work was supported by The Netherlands Organisation for Scientific Research (NWO).

TDept. of Mathematics, University of Calabria, and INFN-Gruppo c. Cosenza, Arcavacata di
Rende (Cosenza), Italy (giuseppe.ali@unical.it).

fDept. of Mathematics and Computer Science, Technische Universiteit Eindhoven, The Nether-
lands (n.banagaaya@tue.nl, w.h.a.schilders@tue.nl).

§Mathematical Institute, University of Cologne Weyertal 86-90, 50931 Koeln, Germany
(tischendorf@math.uni-koeln.de).



2 G. ALi, N. BANAGAAYA, W. H. A. SCHILDERS AND C. TISCHENDORF

algebraic parts (possibly involving differentiations of other algebraic parts), by us-
ing appropriate projectors. This approach leads to a decoupled system of dimension
(1 4+ 1)n, where p is the tractability index. The spectrum of the decoupled system
consists not only of the spectrum of the matrix pencil (E, A) of the original system
but also of additional infinite eigenvalues. This motivated us to do some modifications
in the decomposition, using special basis vectors, which leads to a modified decoupled
system of dimension n. Moreover, this decoupling preserves the spectrum of the ma-
trix pencil (F, A) of the DAE. We can now apply MOR on both the differential and
the algebraic parts. For the differential part, we use one of the existing MOR methods
for ODEs, and for the algebraic parts we propose a new method, which is based on
the reduction on the algebraic variables induced by the reduction on the differential
variables. We call the resulting method the index-aware MOR (IMOR) method. This
method leads to sparse reduced-order models and also always preserves the index of
the original DAE.

This paper is organized as follows. In Section 2 we discuss the decoupling of
index-2 DAEs into differential and algebraic parts. In particular, in Subsection 2.1
we give an overview of Méarz decomposition and its limitations. In Subsection 2.2
we propose a modified decomposition which preserves the size of the original DAE.
Section 3 is devoted to model order reduction methods for DAEs. In Subsection 3.1 we
illustrate the limitation of using conventional methods for descriptor systems to reduce
DAEs, and in Subsection 3.2 we introduce the new IMOR method for reducing index-
2 systems, which we call IMOR-2. This method uses the decoupled system derived in
Subsection 3 instead of the original DAE in order to obtain the reduced-order model.
In Subsection 3.3 we compare the IMOR-2 method with the conventional methods
based on Krylov subspaces. In Section 4 we present some numerical examples, divided
into simple and industrial examples. The simple examples are used to illustrate the
idea of the method, and to show that the splitting of the DAE in differential and
algebraic equations is beneficial also for the numerical solution of the system. The
industrial examples show the feasibility of the method for real-life applications. The
paper is concluded by some final remarks, in Section 5.

2. Decomposition of index-2 systems. In this section, we discuss two ways
of decoupling index-2 systems by using projectors. The first decomposition, which we
call Méarz decomposition, is achieved via canonical projectors. An extensive discussion
of decomposition of DAEs via canonical projectors can be found in [12]. The second
decomposition is simply a modification of the former decomposition which is suitable
for numerical implementation.

2.1. Marz decomposition. Let us consider equation (1.1a), given by
Ez' = Az + Bu. (2.1)

Following [12, 13], it is possible to introduce the notion of tractability index of system
(2.1). Roughly speaking, this index measures how many derivatives of the input u
appear in the solution. In fact, if the index is p, then at most g — 1 derivatives of
u will appear in the solution of (2.1). It is possible to show that the tractability
index is equivalent to the Kronecker index of the matrix pencil (F, A) for constant
matrices. In [12, 13], a different construction, based on geometrical concepts, making
use of appropriate projectors, was proposed. This construction has been summarized
in [1]. Here we specialize it briefly for index-2 systems, and we use it to decompose
the system (2.1) into a differential part and two algebraic parts.
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We assume that the tractability index of (2.1) is 2. We define
Ey:=FE, Ay:=A.
Let Qo be a projector on the nullspace of Ejy, that is,
Q3 = Qo, 1m Qo = ker E,
and let Py =1 — Q. Then we define
Ey = Eq — AoQo, A1 := Aoh.

Since we consider an index-2 system, F; is singular. Let ()1 be a projector on the
nullspace of Ey, that is,

Q?=Q,, imQ; =kerF.
We can choose Q1 so that it satisfies the additional condition
Q1Qo = 0. (2.2)
In fact, if Q; is any projector onto ker F, then we can define
Q1= —Q1(E1 — A1Q1) AL

It is possible to see that @)y is a new projector onto ker £y which satisfies (2.2). Let
P, =1— @, and introduce the matrices

Ey,=FE —A1Qy, Ay=AP.

The index-2 condition is equivalent to assuming E5 non singular. It is possible to
prove that the following equivalent form of equation (2.1) holds [12]:

EQ(Plpol‘/ + Qrx + Qoﬁ?) = Asx + Bu. (23)

Since Fs is invertible, we can left-multiply (2.3) by E5 ', and then use the projectors
PyP,, PyQ1 and QoP;. Then we can introduce the variables

zp = PoPiz, w91 =Pz, zg0= Qoc,

which satisfy the projected equations:

1l = PyPyEy *(Aszp + Bu), (2.4a)
zg1 = PoQ1E; ' (Aszp + Bu), (2.4b)
zQ,0 = Q()PlEQ_l(AQSCP + Bu) + Qlezz:bJ. (2.4¢)

Equations (2.4a)-(2.4b) can be written as

11733 = Apxp + Bpu, (25&)
zQ1 = Agazp + Bgvu, (2.5b)
rQ0 = Agorp + Boou+ AQ01%h 1, (2.5¢)
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with

Ap := PyPiE;'As, Bp:= P,PE;'B,
Agy = PyQ1Ey ' Ay, Bgi:=PyQ.E;'B,
Ago = QoP1Ey'As, Boo:=QoPiEy'B, Ago = QoQ1.

It is possible to prove the following decomposition of the identity:
I, = PP + PoQ1 + Qo- (26)

It is simple to verify that the three terms on the right-hand side of (2.6) are mutually
orthogonal projectors, provided @1Q¢ = 0. Then the desired solution z of an index-2
system (2.1) can the be computed after solving the ODE (2.5a), by using the formula,

rT=xp+xQ1+2Q,0-

This shows that the initial data xzg must be consistent with the equations. In
fact, if we decompose

o =2xpo+ 01,0+ 2000 :=FPoPizo+ PoQizo + Qozo,

then the component zp determines uniquely the solution zp of the ODE (2.5a), by
means of the initial condition

2p(0) = 2py, (2.7)

thus determining the other components xg,1, zg,0 by means of the algebraic con-
straints (2.5b) and (2.5¢). It follows that for generic initial data xo there might be an
initial boundary layer, if the constraints (2.5b), (2.5¢) are not satisfied initially, for
t=0.

The previous decomposition is still valid if PyP; = 0, equality which is compatible
with index-2 conditions. In this case the components xp vanishes, and the projected
equations (2.5) reduce to

rQ,1 = BQJU, (2.8&)
rQ,0 = BQ@U + AQ7011’/Q71, (2.8b)

which is a system without differential equations. Notice that Py P, = 0 implies Py =
PyQ1, so that xg1 = PyQiz = FPyx. The solution of the original system can be
recovered immediately from (2.8),

T =xQ1+2Q0=DBgiu+ Bgou+ AQ701BQ,1UI. (2.9)

This special case corresponds to a matrix pencil (F, A) with no finite eigenvalues.
This statement will become clear at the end of the following section.

2.2. Modified Méarz decomposition. In the previous section, we have seen
that we can write the index-2 system (2.1) in the projected form (2.5), where zp,
g1, g0 € R™. The projected system (2.5) is a decoupled system of total dimension
3n, while the original index-2 system (2.1) has dimension n. This may be expensive
in terms of storage and memory consumption, especially when solving systems in tens
of thousands of degrees of freedom, thus making it even more difficult to apply MOR
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methods on such a system. In general, decoupling an index-y system by using the
projector approach leads to a decoupled system of dimension n(1+ u). In this section
we come up with a strategy in order to eliminate this limitation.

We show how to represent system (2.5) in a simpler way by constructing new basis
column matrices from the projectors Py Py, PyQ1 and Q. This procedure extends the
construction presented in [1] for index-1 DAEs. We start from the projectors Qg, Po,
@1, P; constructed in the previous section, with @1Qy = 0.

Let ko = dim(ker Ey), ng = n — ko, and let us consider an orthonormal basis
matrix (po, go) = (Po,1," - sP0,no+40,15° - 540,k ) € R™ which contains ko independent
columns qp; of (o, which span im @y = ker Ey, and ng independent columns py ; of
Py, which span im Py = ker Q. Since (pg, qo) is a basis matrix, it is invertible, and
let (pg,qs)T be its inverse, with ¢ € R™* and pj € R™"0. Then, (p§,q3)T (po,q0) =
L, = (p()v(IO)(pquE)k)T’ that iS,

@ a0 =1k @ Po=0, pyTao=0, p5'po =1L, (2.10)
q0a5" + popy” =1, (2.11)

The previous relations imply that we can represent the projectors Qg and P, as

Qo= qoa;", Po=popy". (2.12)

Note that, by construction, we have

Qogo = qo, Qopo =0, Fogo=0, Fopo= po.

We are now going to find a simple representation of the projectors FPyP; and
PyQ1, which appear in (2.6) and are used for the decomposition of the variable x.
Recalling the identities (2.10), after multiplying (2.6) by pi” from the left, and by po
from the right, we obtain

L,y = Po1 + Qo1 = pg" Pipo + i Q1po-

It is immediate to see that Py, and Qo1 are mutually orthogonal projectors, acting
on R™ . This leads to the following proposition.

PROPOSITION 2.1. Let Py; = panlpo, Qo1 = pSTleo, then Py, Qo1 € R™0-™0
are projectors in R™ provided the constraint condition Q1Qo = 0 holds. Moreover
they are mutually orthogonal.

Let k1 = dim(im Qo1), and ng; = ng — k1. Here we need to distinguish two cases:
ng1 > 0, or ng; = 0. The first case corresponds to the matrix pencil (F, A) having at
least one finite eigenvalue, while the second case corresponds to (E, A) with no finite
eigenvalues.

2.2.1. Matrix pencil (E, A) with finite eigenvalues (n¢1 > 0). If ng; > 0,
we can proceed for Qg1 and Py; as we have done for Qg and FPy. Let us consider a
basis matrix (po1,qo1) € R™ made of ng; independent columns of projection matrix
Py and k; independent columns of the complementary projection matrix Q1. We
denote by (pg;,q5,)T the inverse of (po1, go1), such that

pa,{p01 = In017 ps{q01 = 07 QS?ZJM = Oa QS?QM - Ikla
Po1pot + 401451 = Iny- (2.13)

Then, we can represent Py1, Qo1 as

*T *T
Po1 = po1por, Qo1 = q01901 »
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and we have

Poipor = po1, Poigor =0, Qoipor =0, Qo1go1 = qo1-

PROPOSITION 2.2. Let ngy > 0, Pyr = poipil, Qor = qoiqii, and let the
constraint Q1Q9 = 0 holds. Then the projectors PyPy, Py@Q1 can be decomposed
as follows:

PyPy = poporpgi v, PoQ1 = podoidii vy - (2.14)
Proof. Since Py = piT Pipo, Qo1 = piT Q1po, we have:
poipsi =i  Pipo, 01451 = p” Q1po-

Multiplying the above identities by po from the left, and by pj? from the right, and
recalling that popi’ = Py, we obtain

popo1 Pyt Pt = PoPiPy,  poqoidii vyt = PoQ1Po.

Since Q1Qo = 0, we have Q1 Py = Q1(I — Qo) = Q1, and Py, Py = P§ — PoQ1 Py =
Py — Py@Q1 = PyPy, hence the thesis. a

We can now expand z with respect to the basis (popo1, Podo1, qo), obtaining the
decomposition

T = popo1&p + PoGo1&q,1 + Go&q,0 (2.15)

where &, € R, ¢, 1 € RF ¢, o € RFo with inversion expressions

& =v5ive e, g1 =aoipe T, g0 =q) . (2.16)

We note that the variables &,, ;,1, &4,0 are related to the variables zp, g1, Q0 by
the relations

Tp = popo1lps TQ,1 = Poqoiéq,1, TQ,0 = q0&q,0
_ o xT «T _ T T _ T
& =DPo1Po TP, &1 =01 Po @1, g0 =4y TQ,0-

The projected equations (2.4) can be written as

& = Apép + Bpu, (2.17a)
gq,l = Aq,lgp + Bq71u7 (217b)
g0 = Ago&p + Bgou + Ag 1€ 1, (2.17c)

with

Ay = pyipiT Byt Agpoper € R™0vm0r - Boi= pilpsT B3 1B € Rmov™,
Ag1 =5l po" By M Aspopor € RM ™0 By = g5l piT By ' B e RM™,
Ago =" PLEy " Aopopor € RF™01 By o= qi" PyE; ' B € RFo™,
Ago1 = T Qipogor € RFo-F1,
We can see that the number of differential equations is equal to ng; and ki + kg is the

total number of algebraic equations, thus the total system dimension is ng1 +k1+ko =
ng+ ko = n. This is illustrated in Example 1. We note that the rank of F is no longer
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equal to the number of differential equations as for the case of index-1 systems, rather
it is equal to ng1 + k1 = np. If we apply initial condition &,(0) = il psT xo, where z
is an initial condition, we can solve the differential part (2.17a), then solve algebraic
parts (2.17b) and (2.17c). If the initial data is consistent, we obtain numerically
stable solutions, otherwise we see the formation of an initial boundary layer. In
general, solving system (2.17) is computationally cheaper than solving system (2.5).

In order to gain some insight on the decomposed system (2.17), we write it in the
descriptor form:

E¢ = A¢ + Bu, (2.18)
where
} Lo, 0 0 ~ Ap 0 0 R B,
E=10 0 0|, A= |A41 I, 0 |, B=|B41|,
0 —-Ago1 O Ago 0 =, By
&p
and £ = [&,,1| is the projected state space. By construction, we see that
gq,(]
&=Vl (2.19)
where
peimy"|
V= [popor poqor o] = |aipst| .
%"

and by comparison with the original system (2.1) we find
(E,A)=W(E,A)V, B=WRB, (2.20)

where W = M~'V1E; ! = (B,V M),

L, 0 0 L, O 0
M=|0 I, o0]l=]o0 I, O
0 Aq,Ol Iko 0 —Aq,(n Iko

Since the matrices V and W are invertible, it follows that the matrix pencil (E, fl) is
equivalent to (E, A), so they have the same spectrum. It is simple to check that

det(A — A\E) = (—=1)FF det(A, — A,,,)- (2.21)

This identity shows that the finite eigenvalues of the matrix pencil (E, A) coincide
with the (possibly complex) eigenvalues of the matrix A, of the ordinary differential
system (2.17), which are exactly ng1, counting their multiplicity. This also shows that
the stability of the DAE (2.1) is equivalent to the stability of the ODE system (2.17a).
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2.2.2. Matrix pencil (F, A) with no finite eigenvalues (ng; = 0). If ng; =
0, then im Qp; = R™, thus Py; = 0. It follows that PyP; = 0, since by definition 0 =
poPo1piT = PoP1Py = PyP;. Then, we have also PyQ; = Py, so the decomposition
(2.15) reduces to

T =291+ Q0= Pofe1 + 9040 (2.22)
where &, 1 € R*, ¢, o € RFo| ky = ng, and with inversion expressions

E1 =05 TQ1,  €q0 = TQ0-
The projected system (2.8) becomes

§q.1 = Bgau, (2.23a)
€q,0 = Bgou + Aq,01§;,1: (2.23b)
with
By1:=pitEy'BeR™™, B,o:=q PE;'B € RFo™,
Ago1 = g5 Qupo € RM™.

We can see that this system does not involve differential equations, and the total
number of algebraic equations is equal to k1 + kg = ng + kg = n, which is the
dimension of the DAE, as illustrated in Example 2. In order to solve (2.23), we first
solve the algebraic part (2.23a), then (2.23b), and the solution is:

z = pog1 + q0€q,0 = PoBg1u + qoBgou + qoAg,01 Byt

As in the previous case, this system (2.23) can also be written in the descriptor
form:

E¢' = A¢ + Bu, (2.24)

. 0 0 5 [Iw © = [By:
E= A= |k B= |
I A N R

and ¢ = Fq’l] is the projected state space. By construction, we see that

where

gq,O
£=Vla, (2.25)
where
*T -1
D
V= [pO QO] - |: 2T:| )
)

and by comparison with the original system (2.1) we find
(E,A)=W(E,A)V, B=WRB, (2.26)
with W = M-V 1E ! = (E;V M),

ol 2Lt 2]
Agor I, —Ago1 Ik '
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The matrix V and W are nonsingular, so the matrix pencil (E, A) is equivalent to
(E, A), thus they have the same spectrum. It is simple to check that

det(A — AE) = (—1)kotkr L, (2.27)

This identity shows that the matrix pencil (E, A), equivalent to (E, A), has no finite
eigenvalues. From system (2.18) and (2.24), we observe that this form also reveals
the interconnection structure of the DAE (1.1a).

2.2.3. Examples of decomposition of DAEs. In this subsection we illustrate
the decomposition of a system of DAEs by means of projectors and by the modified
decomposition procedure. Example 1 refers to a system with differential variables,
corresponding to a matrix pencil (E, A) with finite eigenvalues. Example 2 illustrates
both decompositions for a system with no differential variables, that is, corresponding
to a matrix pencil with no finite eigenvalues.

Example 1. Consider an index 2 system (2.1), with:
0 1 0 1 0 0 1
E=10 0 0|, A=lo 1 o], B=|1
0 0 1 0 0 2 1

Since det(A\E — A) = s — 2 # 0, the matriz pencil (E, A) is regular, and the DAFE is
solvable. We can choose projectors

100 010
Qo=10 0 0], Q=10 1 0],
00 0 000

which satisfy the condition Q1Q¢ = 0, and the corresponding complementary projec-
tors are P, =1—Q;, 1 = 0,1. The differential and algebraic variables are

0 0 T1
zp=FPPizc=|0], 291=FPQiz= |z2|, zg0o=CQox= |0
T3 0 0

The last values of the matriz chains are given by:

-1 1 0 0 0 0
Eo=1] 0 -1 0, A,=(0 0 O
0 0 1 0 0 2

Thus system is indeed index 2, since Eo is non-singular and its inverse is given by

-1 -1 0
E;'=]0 -1 0
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Thus, we can decoupled this system into the form (2.5), given by:

0 0 O [0

rp=10 0 0|zp+ |0]u, (2.28a)
0 0 2 1
[0 0 0] [ 0]

zg1 =10 0 0|zp+ [-1]|u, (2.28b)
10 0 0] | 0]
[0 0 0] [—1] 01 0

200=10 0 0|zp+| O|u+ |0 0 0fap,. (2.28¢)
0 0 0 o] o0 o0

We assign zero initial data for the differential variable, xp(0) = 0, that is, z3(0) = 0.
Then, using the decoupled system (2.28), we find the initial conditions for the algebraic
variables,

0 —u(0) — 4/ (0)
2Q1(0) = |—u(0)|, xqo(0) = 0
0 0

The initial conditions for xp, Tg1 and xgo correspond to the following consistent
initial data for the original unknown x,

—u/(0) — u(0)
z(0) = —u(0)
0

We remark that the expression of the consistent initial data cannot be derived by direct
inspection of the original system (2.1).

We can see that the decoupled system (2.28) is of total dimension 9 while the
original system has dimension 3.

Neat we modify the decoupled system (2.28) into a compact form, as discussed
in section 2.2. First, we need to construct a basis matriz (pg,qo) in R™, and the
corresponding inverse (py, qi)T, given in this case by

0 0 1 01 0
Po = 10 ) qo = 0 ) pST = ’ QE)kT [1 0 O] ) (229)
0 1 0 0 0 1

so that Qo = qoqi”, Py = popiT . Then, using Proposition 2.1, and the projectors Q1,
P1, above introduced, we construct projectors in R™! given by:

P01={8 ?}7 Q01={(1) 8}

Then we construct a basis matriz (po1,qo1) in R™', and the corresponding inverse
(p317q31)T7 gwen by

0 1 * *
Po1r = |:1:| y 4ol = |:0:| ) pO{ = [0 1} ) QO%‘ = [1 0] ) (230)
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so that Qo1 = qnqiT, Por = po1piyt . The variables &,, &,1, €q.0, are given by

_ o xT T _ xT T _ Y A
§p=Do1Po T=m3, &1=4qp Py T=72T2, &0=qy T=71.

Using (2.29) and (2.30), we can rewrite (2.28) into the compact form (2.17) given

by:
&, =26+ u, (2.31a)
§g1 = —U, (2.31Db)
g0=—u+& . (2.31c)

The consistent initial data x(0), corresponding to xp(0) = 0, reduces to the initial
data £,(0) = 0 for the differential variable. Then, we obtain the desired solution as:

0 0 1
x=|0]&+ |1] &1+ |0] &0 (2.32)
1 0 0

We can now see that the decoupled system (2.31) has the same dimension as the
original system.
Both decoupled systems (2.28) and (2.31) lead to same solution,

though (2.31) is much simpler to solve than (2.28). We can also observe that o(E, A) =
o(A,) = {2} as expected.
Example 2. Consider the simple RL network below:

Fic. 2.1. Simple RL network.

Using the MNA on the above network leads to a DAE of the form (2.1), where x =
le1,e2,ir]T and u = i(t), with system matrices given by

00 0 -G G 0 1
E=|0 0 0|, A=| G -G -1|, B=|0
00 L 0 1 0 0

We can see that det(AE — A) = G > 0, so this system is solvable and its matriz
pencil (E, A) has only infinite eigenvalues. Thus its decoupled system has no inherent
differential equations, so it must take the form (2.23).
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We choose the projectors
0 0 L

, @Q1=10 0 L, (2.33)
0 0 1

such that Q1Qo = 0 holds. We can check that PyP; = 0, so there are no differential
variables. The algebraic variables are

0 €1
Q1 = Pngx = P()Z‘ = 0 y Q.0 = Q()SC = | €2
ir 0

The last matrices in the matrixz chain are

G -G 0
Ey= |-G G 1|, Ay=0. (2.34)
0 -1 L

Since Es is non-singular, this is an index 2 system. In the split form (2.8), the system
becomes:

0

zg1 = |0 u, (2.35a)
|1
[G—1 0 0 L

zgo= |0 |u+ [0 0 Lfxg,. (2.35b)
|0 00 0

To obtain the compact decomposition we need a basic matriz (po, o) and its in-
verse (piT, q3T), with span go = span Qg, span py = span Py:

0 10 1 0 0
po= 10|, q@=10 1], p"=[0 0 1], ¢"= . (2.36)
1 00 0 10

The variables £q.1, 4,0, are given by

_o«T, . _ «T_ . _ |€1
g1 =Dy =1L, &o=¢qy T= LJ'

Thus, using (2.36), the DAE can be written in the form (2.23):

§g1 = U, (2.37a)

G1 L

o= | |t 1] € (2.370)
which can be solved immediately, since it has no differential equations. The solution
18

G 'u+ Lo/
€q71 =u, fq,O = |: L’U/ :| )

from which we find

0 1 0 G lu+ Lu'
xr = 0 gq,l —+ O 1 £q70 = L’U/ . (238)
1 0 0 U

Thus the solution of the circuit system is e1 = G lu+ Lu/, es = Lu/, i = u.
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3. Model order reduction. In this section, we discuss the model order reduc-
tion for index-2 systems. The section is divided into two subsections. In Subsection
3.1, we discuss the limitations of applying conventional methods directly on DAEs,
while in Subsection 3.2, we propose a new MOR method to overcome these limitations.

3.1. Limitations of convectional MOR methods. In this subsection, we
discuss how using conventional MOR methods, such as Krylov based methods, on
higher index DAEs can lead to a good approximation of the transfer function but the
resulting reduced-order models may be wrong or very difficult to solve.

Example 3. Consider an index-2 dynamical system below:

Ez' = Az + Bu, x(0) =0 (3.1a)
y=C"z, (3.1b)

with system matrices,

10000 —4 2 -1 1 05 0
01000 1 -1 1 0 —05 0
E=10 00 0 0], A=| -1 1 0 1 o, c=1
00010 125 225 0 -4 1 1
0000 0 —05 —05 0 1 0 0

This system is solvable since the polynomial det(AE — A) = 2\ 4+ 3 doesn’t vanish
identically and in addition, we assume that input function u is differentiable in the
desired time interval and x(0) is a consistent initial condition. In this example we
consider two different cases of control input matrix B with input data u(t) = cos(t).

(i) IfB=[-1 0 0 0 O]T, then the consistent initial condition is given by
z(0)=1[0 0 0 0 O}T. We then apply the PRIMA method [15] on the

DAE (3.1). Using so = 0 as the expansion point leads to a reduced-order
model below:

[0.73684 0.12114  0.42065

E, = |0.12114 0.019915 0.069155] ,
0.42065 0.069155  0.25289
[—0.94737 —0.32015 —1.7338 0.68825

A, = |—0.15575 —0.052632 —0.24306|, B, = [0.11315],
| —0.5754  —0.15246  —1.3469 0.41802
[—0.22942 0.11471

C.=106788 |, z,(0)= —0.69774 ) (3.2)
| —0.88987 —1.8834e — 016

The reduced-order model is an ODE, that is, E, is invertible. In Figure
3.1, we compare the transfer function of the original model with that of the
reduced-order model. We can see that the transfer functions coincide with a
very small error as shown in Figure 3.1(b).

The mext step is to solve the reduced-order model and compare its solution
with that of the original model. We solved the reduced-order model and the
differential part of the original model in Matlab software, using in both cases
odelbs at RelTol = 1076, We observed that the original model requires 69
timesteps while the reduced-order model requires 75 timesteps to reach the
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desired accuracy. Figure 3.2 shows that the solution of the original model
coincides with that of the reduced-order model (PRIMA model). Thus the
PRIMA model (3.2) is a good reduced-order model for the original system
(3.1) since the reduced-order model leads to accurate solutions.

——PRIMA model
10 .| — Original model | | 0
+  PRIMA model 10
8
@ -0.5 E
S 10 =3
= I
§ _
’ 8
= 107" Z 10"
1077
10° 10° 10° 107 10° 10°

Frequency « Frequency o

(a) Frequency response (b) Frequency response error

Fi1G. 3.1. Ezample 3(i). Comparison of frequency response and its error.

03
02
01

01} — Original model
—+-PRIMA model

-0.2

yiv)

-03
-04

Time(t)

FiG. 3.2. Ezample 3(i). Output solution, RelTol = 1076,

(i) If B = [O 0 0 0 —1]T, then the consistent initial condition is given by
z(0) = [0.5 -0.5 0.75 1 4] T Using the same expansion point as before

we obtain a reduced-order model given by:

[0.043881  0.017375 —0.1498

E, = [0.017375 0.25518 0.24928 | ,
| —0.1498  0.24928  0.89488
[ 0.20569 —0.06545 0.052663 —0.92577

A, = |—0.06545 —0.15133 —0.84866| B, = | 0.20458 |,
0.052663  0.86786  —3.9271 —0.23702
[ 0.46288 4.1613

C,=|066642 |, x,.(0)= |—0.78707 (3.3)
| —0.97969 —0.35553

Still the PRIMA method leads to a ODE reduced-order model and also for



INDEX-AWARE MODEL ORDER REDUCTION FOR INDEX-2 DAES 15

this case the transfer function of the original model coincides with that of the
reduced-order model (3.3) as shown in Figure 3.3.

We then solved the reduced-order model (3.3) and we observed that the reduced-
order model leads to a good solution, if the RelTol > 0.1 as shown in Figure

107 Original model —— PRIMA model
+  PRIMA model -10
10 ;
8
028 =
- z o
£ T 10
o —~
Lt B
= 10n 27| ;
10"
10[I 25
10° 10" 10° 10° 10° 10°
Frequency ® Frequency o
(a) Frequency response (b) Frequency response error

Fi1c. 3.3. Ezample 3(ii). Comparison of frequency response and its error.

15 — Original model
—+-PRIMA model
1 B
05
% 0
0.5
-1
15
0 1 2 3 4 5 [

Time(t)

Fic. 3.4. Ezample 3(ii). Output solution, RelTol = 0.1.

The above example shows that solving the reduced-order model (3.3) is more
difficult than solving (3.2), since we cannot achieve any better accuracy in the solution.
This is due to the fact that the consistent initial condition zg in this example depends
on u and its derivative, while in the former it only depends on u. We know that
conventional methods always assume that x(0) vanishes, but this assumption is not
valid for DAEs, since we do not have enough freedom to choose the initial condition.
We note that the conventional methods can reduce the DAE if its consistent initial
condition zg only depends on u, otherwise the resulting reduced-order model is not
acceptable.

The above discussion shows that we cannot use conventional methods to reduce
higher index DAEs in general. This motivated us to develop a new technique for
reducing index-2 systems which eliminates this inconvenience, as discussed in the
next subsection.

3.2. Index-aware MOR for index-2 systems (IMOR-2). In Section 2.2, we
saw that an index-2 system can be decoupled in two ways depending on the spectrum
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of the matrix pencil (F, A). In this section, we propose a new technique of reducing
index-2 systems depending on the nature of its matrix pencil. We call this technique
“index-aware MOR” for index-2 systems (IMOR-2).

In short the idea is the following: attempt to reduce only the differential part, by
using any MOR method; then, make explicit the limitation to the algebraic variables
due to their explicit expression, obtained by the projection procedure. If there is no
differential part, still the second part of the above reduction procedure can be applied.

For definiteness, and for its wide application and simplicity of implementation,
we concentrate on Krylov-based MOR methods.

3.2.1. Matrix pencil (E, A) with finite eigenvalues. Assume that the DAE
in descriptor form (1.1) is an index-2 dynamical system and its matrix pencil (E, A)
has at least one finite eigenvalue. Then, recalling (2.15) and (2.17), equation (1.1)
can be written as:

& = Ap&p + By, (3.4a)
§g1 = Ag1&p + By, (3.4b)
g0 = Ag0ép + Bgou + Ag 1€, 1, (3.4c)

y=Cp &+ Ch1be1 + Cl ok, (3.4d)

where C), = pliptf'C € Rt Cpy = ¢lipl'C € R¥E and Cyg = ¢ C € R, In
descriptor form, this system can be written as

E¢' = A€ + Bu, (3.5a)
y=C"¢, (3.5b)
with (E, A) = W(E,A)V, B=WB, C =VTC, and V, W defined as in (2.18).
4) i

We can rewrite (3.4) in three blocks, strictly separating the differential and alge-
braic parts,

& = Ap&p + By, (3.6a)
yp = Cp &p, (3.6b)
Eg1 = Ag1&p + By, (3.7a)
Yg1 = nglgq,lv (37b)
and
gq,O = Aq,Ofp + Bq,OU + Aq,Olf&,p (3.8&)
Yg.0 = Co 0&q.0- (3.8b)

We observe that the subsystem (3.6) is an ODE, while (3.7) and (3.8) are algebraic
subsystems. We can also see that using the output equations of these subsystems, we
can reconstruct the output equation of (3.4) as,

Y= Yp + Yg1 + Yg,0- (3.9)

1. Reduction of the differential part &,.
To reduce the differential part (3.6) we use a Krylov-subspace-based method, which
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preserves the first 7 moments of the transfer function. The transfer function measures
the sensitivity of the output with respect to the input, in frequency domain. Taking
the Laplace transform of (3.6) and simplifying, we obtain:

Ep(s) = (sl — Ap)_prU(s) + (sI— Ap)_lgp(0)7 (3.10)
Y,(s) = CIE,(s), (3.11)

which yields
Yy(s) = CF(sI — Ap) "' BpU(s) + CF (sI — Ap)~6,(0). (3.12)

Thus, the transfer function restricted to the ODE part is given by

H,

o(8) = CL(sI— Ap) "' B, (3.13)
We choose sg € C\ 0(A4,), and we consider the subspace
Vp =K, (Mp(s0), Rp(s0)), 7 <mno, (3.14)
where
M,(s0) = (sol — Ap)™", and Ry,(so) = (sol — A,) ' B,,
and /C,(M,, Rp) is the order-r Krylov subspace generated by M, and R,,
K (M, Ry) = span {Ry, MyR,,, ..., M} 'R, }.

We denote by V}, € R"01"™ the matrix of an orthonormal basis of V,, so that we have
VpTVp = I. We seek an approximate solution of the form &, = V,,§,, that is, we replace
equation (3.6) with

= Ay, + Byu, (3.15a)
gp = CTE,, (3.15b)

where
A, =VIAYV, B,=VIB, and C,=V]C,.

By construction, this reduced system has a transfer function whose first » moments
around sg coincide with the first 7 moments of the original transfer function H,(s).
2. Reduction of the algebraic part £, .

The reduction of the differential part induces a reduction of the algebraic parts. First
we consider the algebraic part §;1. We denote by £ | the expression obtained from

(3.7a) by using the approximation ¢, = Vpép, that is,
f;l = Aqylvpép + Bq_rlu‘
This expression shows that £ ; belongs to the subspace

Vg1 =span{B,1,A41V,} =span{By1} + 441K, (M,, R,). (3.16)



18 G. ALi, N. BANAGAAYA, W. H. A. SCHILDERS AND C. TISCHENDORF

We denote by ng 1 the dimension of V, 1, and by V1 € R*ma1 the matrix of an
orthonormal basis of V, 1, so that Vfqu,l = I. Then we can approximate the algebraic

solution in the form & ; = %,151;,1, that is, we replace (3.7) with

éq,l = Aq,lép + Bq,luv (317&)
yq,l = égjléq,la (317b)

with
AqJ = VquAq,lev Bq,l = Vngq,lv and CAYq,I = VquCq,l.
3. Reduction of the algebraic part &, .

Finally, we consider the reduction of the algebraic part £, , which involves differen-
tiations of £, 1. We denote by &, the expression obtained from (3.8a) by writing

617 = VZDTSZN gq,l = ‘/:Jjjlfq,l?
€0 = AqoVibp + Boou+ Ag01 Va1
This expression shows that &; , belongs to the subspace

Vg0 = span{By0, Aq.01Vg.1, Ag0Vp },
= span{By.0, Aq,01B4,1, Aq.014¢,1Vp, AgoVp}- (3.18)

We denote by ngo the dimension of V, o, and by V, o € RFoma0 the matrix of an
orthonormal basis of V, o, so that ‘/:],Z:OV;],O = I. Then we can approximate the algebraic

solution in the form &, = Vq70§q70, that is, we replace (3.8) with

€90 = Ag 0&p + Byou + Aq,mg;,l, (3.19a)
9.0 = Cj o6q.0, (3.19b)
where Aq70 = VqTOAq,OVP’ Aq,Ol = VqTOAq,Ol%»l’ Bq70 = Vq’I:OquO’ and CA’q70 = Vq’I:OCqﬁo'

Combining subsystem (3.15), (3.17) and (3.19), we obtain a reduced-order model of
the DAE (2.1) given by:

EE = AE + Bu, (3.20a)
§=CTE, (3.20Db)
with
(AEY=VT(A,E)WV, B=VT'B, C=V"C,
R v 0 o
E= 1| V=10 Vi 0
fq,O 0 0 Vq70

Here, the matrices A, E are as in (3.5).
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3.2.2. Matrix pencil (E, A) has no finite eigenvalues. Next we assume that
the DAE (1.1) is an index-2 dynamical system and that its matrix pencil (E, A) has
no finite eigenvalues. Then, recalling (2.22) and (2.23), equation (1.1) can be written
as

§q.1 = Bygau, (3.21a)
g0 = Bgou+ Aq01&y 1 (3.21b)
y= 03:15471 + ngofq,oa (3210)

where Cy 1 = plC € R70¢, Coo=qlC € RFo-£ In compact form, this system can be
written, again, as

E¢' = A¢ + Bu, (3.22a)

y=C"¢, (3.22b)

with (E,A) = W(E,A)V, B=WB,C=VTC,and V, W as in (2.24).
We can rewrite (3.21) in two blocks, strictly separating the algebraic parts,

§g.1 = Bgau, (3.23a)
Ya1 = Cg1q1s (3.23b)
and
€q,0 = Bgou + Aq,01§;,17 (3.24a)
Yq,0 = C;F,ofq,& (3.24b)

Using the output equations of these algebraic subsystems, we can reconstruct the
output equation of (3.21) as,

Y = Yq,1 + Yg,0- (3.25)

1. Reduction of the algebraic part &, ;.
In this case the algebraic variable &, 1 can be computed directly from equation (3.23a).
This expression shows that £, belongs to the subspace

Vg1 =span By 1. (3.26)

We denote by ng1 the dimension of V, 1, and by V,; € R*¥:"1 the matrix of an
orthonormal basis of V, 1, so that V:]:,Fl‘/:],l = I. Then we can approximate the algebraic

solution in the form &, = V:;,léq,h that is, we replace (3.23) with
€41 = Bg1u, (3.27a)
Gg1 = Cl1éqn, (3.27b)
where
BqJ = Vq:,Fqu,la éq,l = Vq:,Flcq,l'

2. Reduction of the algebraic part .
Finally, we consider the reduction of algebraic part £; 0. We denote by &7, the ex-

pression obtained from (3.24a) by using the approximation &, 1 = Vglfq,l, that is,

'5;,0 = Bgou+ Ag0V, ,1551,1‘
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This expression shows that @;0 belongs to the subspace
Vq’o = Span {Bq,O; Aq7011/2171}. (328)

We denote by ngo the dimension of V, o, and by Vo € RFo:ma.0 the matrix of an
orthonormal basis of V, o, so that VqTqu,O = I. Then we can approximate the algebraic

solution in the form &, = Vq,oécq,o, that is, we replace (3.24) with
éq,O = Bq,OU + Aq,Olé(/le (3.29a)
Ja.0 = Cp a0, (3.29b)
where
Ago1 = Vo Aq0Va1s Boo = VifoBao, Coo =V 1Cop-

Also combining Equation (3.23) and (3.24), we obtain a reduced-order model in
descriptor form given by:

i
i

£ + Bu, (3.30a)
T

A
CTe, (3.30b)

with

Here, the matrices A, E are as in (3.22).

We note that the orthonormal basis matrices V1 and Vo can be computed
numerically either using the modified Gram-Schmidt or SVD based methods. In this
paper, we use the SVD method, in this way the dimension of the reduced parts can be
determined by truncating the columns of either V, ; or V; ¢ which corresponds to the
number largest singular values. The approach gives a further reduction of the order
of the reduced algebraic parts, as shown in Example 4.

3.3. Comparison with traditional projection methods. In the previous
subsection, we have proposed a new MOR procedure, based on the decomposition
of a DAE in differential and algebraic components. Starting from the system in
decoupled form, we reduce first the ODE part, and then observe that this reduction
induces a reduction also on the other parts. In this section we compare the new, index-
aware MOR method with traditional MOR methods. In order to make the comparison
more effective, we concentrate on a specific class of MOR methods, namely, projection
methods.

In traditional projection methods, the starting point is the state space system
(1.1). The main idea is to find a reduction procedure which preserves the first moments
of the transfer function of the system. The transfer function is defined by taking the
Laplace transform of the previous expression and computing explicitly the Laplace
transform Y'(s) of y(t) as a function of the data, that is, the Laplace transform U(s)
of the input u(t), and the initial data z¢. Explicitly, we find

Y (s) = CTR(s)U(s) + CT M (s)xo, (3.31)
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with
M(s) = (sE - A)'E, R(s):=(sE—A)"'B.

Then, the transfer function H(s) is the term in front of U(s), which measure the
dependence of the output on the input, that is,

H(s) := CTR(s). (3.32)

It is simple to see that, for any sp which is not in the spectrum of (E, A), we can
write

R(s) = [T+ M(s0)(s — s0)] " R(s0). (3.33)

By using the Neumann expansion, we find

R(s) = iR(k)(so)(s —50)",
k=0

with
RM) (s0) := (=1)F* M (s0)*R(s0).

Thus the transfer function can be expanded around s = s( as:
(oo}
H(s) = Z h(k)(so)(s —50); (3.34)
k=0

where the k-th moment h(*)(sq) of H(s) around sq is given by the formula
) (s0) := CTRM) (s0) = (—1)*CT M (s0)* R(s0). (3.35)

One wishes to find a subspace such that the projection of the original system into this
subspace is a reduced system which preserves the first » moments. We consider an
orthonormal basis of this hypothetical subspace, which we can write in the columns
of a matrix V, with VTV = 1. Then the reduced system is :

Az + Eu,

T:'%7

E#
g:

Q>

with ( A,AA) = VT(E,A)V, B=VTB, C = VTC. Again, we find the formal expan-
sion of R(s) around s = so,

R(s) = i R™ (s0)(s — s0)*,  R™(sg) := (—1)*M(s0)*R(s0),
k=0

where
M(s) = (sE— A)'E, R(s):=(sE—A)"'B.

The transfer function of the reduced system can be written as

H(s)=CTR(s) = Z A (50)(s — so), (3.36)
k=0
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with
W) (s9) := CTRWM (50) = (—1)*CT M (s0)* R(s0). (3.37)
It follows that the first » moments of H(s) are preserved if and only if
CTRM™ (s0) = CTRW (s0), k=0,1,...,7r—1. (3.38)
It can be proved that this condition is satisfied if V' is chosen so that
span{V'} = K.(M(s0), R(s0)), (3.39)

where K.(M, R) is the order-r Krylov space generated by M, R, that is, the sub-
space spanned by R, MR, ..., M"~'R. This choice defines the traditional projection
methods.

We wish to give some insight on the method. Since VVT is a projector onto
K (M(s0), R(s0)), by construction we have

VVTM(so)’R(so) = M(so)’R(sg), j=0,1,...,r—1, (3.40)

which yields

VVTRY (s0) = RW(s), j=0,1,...,7r—1. (3.41)
It is possible to prove that condition (3.40) implies
M(s0) R(so) = VT M(so)’R(so), j=0,1,...,r—1,
that is,

R9(s9) = VTRY (sq), j=0,1,...,7r—1. (3.42)
Then, for £k =0,1,...,r — 1, we have

) (s9) = CTR™ (50) = CTVVTR® (s9) = CTR™ (50) = B (sy),

which shows that the chosen moments are preserved.
Next, we observe that the transfer function is invariant for equivalent systems.
The system

E¢' = A¢ + Bu,
y=CT¢,

is said equivalent to system (1.1) if there exist invertible matrices V, W such that
r=V¢, and

(E,A)=W(E,A)V, B=wB, C=VTC. (3.43)
The transfer function is then
H(s)=CTR(s)=CT(sE - A)™'B
=CTVW(E - AV]"'WB=CT(sE - A)~'B
= CTR(s) = H(s).
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In particular, we can use the structure of the system obtained after the decoupling,
that is, we use the descriptor form (3.5) of the projected index-2 system, with trans-
formation matrices V, W as in (2.18) :

[, 0 0] [4 0 0 - [B,
E=1|0 0 0|, A=A -1 0 |, B=|Bj1],
0 —Agu O Ao 0 Ty By
C=1[C, Cor Coo]” (3.44)
Using these matrices we obtain,
M,(s) 0 0
(sE— A"t = Ag1Mp(s) I, O], (3.45)
(sAqo1dg1 + Ago)Mp(s) 0 g,
where M, (s) := (sl,,, — Ap)~1. Then we can write
O [RG) Ry(s)
R(S) = Rq,l(s) = AqJRp(S) + Bq71 s (346)
Rqo(s) AgoBRy(s) + 544,01 R4.1(s) + By
where R, (s) := (sl,y, — Ap) ' B,.
Since the transfer function is the same for equivalent systems, we find
H(s) = CTR(s) = Hy(s) + Hy1(s) + Hgyo(s), (3.47)
with
Hy(s) := CF Ry(s), Hqn(s) :=C Rq1(s), Heo(s) := Cy gRq0(s). (3.48)

The IMOR-2 method amounts to consider separately the three parts of the transfer
function. We can prove that, if the first » moments of H,(s) around s = sy are
preserved, then we can ensure that the first » moments of H, 1(s) and Hy ¢(s) around
s = s are preserved by using the projection spaces Vy 1, Vq,0 prescribed by the IMOR
method, which leads to the reduced equation (3.20).

To see this, we expand separately the three parts of the transfer function. We
recognize that Hp(s) is the transfer function of the differential model (3.6). Then,
reasoning as in the traditional approach, we can write

Ry(s) = [T+ My(s0)(s — s0)] "' Rp(s0) = Z R (s0)(s — s0)", (3.49)
k=0
with
R (s0) := (1) My (50)* Ry (s0).
Thus the transfer function H,(s) can be expanded around s = s¢ as:

oo

Hy(s) =Y h{# (s0)(s — s0), (3.50)
k=0
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where the k-th moment hz(,k)(so) of Hy(s) around sg is given by the formula
B (s0) = CRY (s0) = (—1)*CL My (50)* Ry (50).
Since V,,V,! is a projector onto K,.(M,(so), Rp(s0)), we have
VoV M (s0)* Rp(so) = My (s0)"Rp(s0), k=0,1,...,r—1,

which implies

}?ék)(so) = ‘/pTRék)(SO)ﬂ (3.51)
and thus
h{ (s0) = h{F) (so). (3.52)

Next we expand H, 1(s) around s = sg, by using the expansion of R,(s). We find

Ry1(s) = AgaRy(s) + Byy = > R\ (s0)(s — s0)", (3.53)
k=0

with
R (s0) := A, ;R© B,, = A, 1R B
1(s0) : q,114%p (s0) + q,1 q,1 10(50)Jr q,1s
R (s0) = Ag 1 BF) (s0) = (—1)" A1 My (50) Ry (s0), k>0,

which yields

Hga(s) = i ¥ (s0)(s — s0)", (3.54)

with
hélfl) (s0) := nglRé]fl)(so).
Since Vg1 V.l is a projector onto span{Aq1V;, Bg1}, we have
Vel VAR (s0) = R (s0), k=0,1,...,r — 1. (3.55)

It follows

RE;R(SO) = Aq,lRéo)(So) + Bq,l
= V5 Ag 1V, VFRO (s0) + V. By
= VE A1 R (s0) + V.5 i By
= VIR (s0),

and similarly

B (s0) = VERM (s0), k=1,2,....r—1.
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Then we have

W (s0) = CT R (s0) = CT1 V1 VE RN (s0) = CTLRY) (s0) = Bl (s0),

q; 9, q;

so the first » moments of H, 1(s) are preserved.

Finally, we use the previous expansions of R,(s) and R, 1(s) to expand H, o(s)
around s = sq,

Rq70(s) =A,0R,(s ( ) + 54, 01Rq 1 —|— Bgo = Z R((]kg S() (s — So)k, (356)

with

R (50) = Ag0R) (50) + s0Ag,01 R\ 1 (s0) + By,
R%)(s0) = AgoRM (s0) + Agor RY V(s0), k> 0.

Since Vg, OV o is a projector onto span{ A, 0Vy, Ag01Vq,1, Bgo} we have
Voo VIR (s0) = R%)(s0), k=0,1,...,r — 1. (3.57)
Then, proceeding as before, it is possible to show that
R®)(s0) = VELRY) (s0), k=0,1,...,r —1, (3.58)

which implies
h)(s0) = h)(s0), k=0,1,...,r 1. (3.59)

In this way, we have shown that the iMOR-2 method preserves the first  moments
of the transfer function.

4. Numerical experiments. In this section, we present simple and industrial
problems of index 2 DAEs to demonstrate the effectiveness of our IMOR approach.
In subsection 4.2, we compare IMOR with the traditional method (PRIMA method)
using industrial examples. All the results are computed under Matlab environment
version 2010a on a laptop with 2.53 GHz Intel(R) Core(TM) 2 Duo CPU and 4 GB
RAM.

4.1. Simple problem. We consider again Example 3, applying IMOR-2 instead
of PRIMA.

Example 4. In this example we use system matrices E, A, B, C' from Example
3. We have det(AE — A) = 2A 4+ 3 # 0, VX € C, thus this system is solvable and its
matriz pencil (E, A) has one finite eigenvalue o¢(E,A) = {—2}. This implies that
we can use the IMOR-2 approach discussed in Section 3.2.1.

(i) Here we consider the case when B = [71 0 0 0 O]T. The transfer

function of the DAFE is given by:

H(s) = CT(sE — A)~! - (4.1)
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In order to apply the IMOR-2 we need to first decompose the DAE into dif-
ferential and algebraic parts given by:

3 3

&= _§£p W (4.2a)
0 0
= et []n a9
_4 _1 -1 u
€g0 = l e+ | Flu+ 30] &1 (4.2¢)
—3 —3 0 1
2
Y= gﬁp + [0 1]&a+[1 0] &0 (4.2d)
Using formula (3.47) the transfer function (4.1) can be decomposed as:
1 2 1
H(s)=— - = 4.
=53t L o3 (43)
\ﬁ,—/ Hq.l(s) \—/—/
Hyp(s) Hg,o(s)
The projected DAE (4.2) can be written in descriptor form as,
10 000 -2 0 0 0 0 -3
0 0 0 0 0 0 -1 o 0 0 0
0 0 0 0 0|¢= 0O 0 -1 0 0|&+ 0] u, (4.4a)
4 1
0 1 —% 0 0 -3 0o 0 -1 0 -3
00 -100 -+ 0 0 0 -1 -3

y=1[2 0 1 1 0]¢& (4.4pb)

The next step is to apply the proposed MOR technique (IMOR-2) for index
2 system discussed in Section 3.2.1 on the projected DAE (4.4). Choosing
so = 0 as the expansion point, we can construct orthonormal bases for the
differential and algebraic parts of the decoupled system (4.2), given by:

Vo =—1,

v [072015 —0.69382] | [-0.90749 —0.42008 (4.5)
@171 0.69382 —0.72015| "¢° T | —0.42008  0.90749| " :

We computed V1 and V,o using the SVD method and the corresponding
singular values are given by:

s = 3.1 x 10716 0 g - [ro114 0
a1 = 0 5.0 x 107172 720~ | ¢ 0.9327| "

The singular values can now give us the number columns of Vy 1 and Vo we
can truncate. We observe that all columns of Vi1 can be truncated since their
corresponding singular values are close to zero, while V;, o remains unchanged.
Thus the first algebraic part can be ignored, and the system reduces to an
index-1 system. Using (4.5) the reduced-order model can be written as:

€ = —1.5¢, — 0.75q, (4.6a)
P I L P (4.6b)
@07 1 _0.14048] 7 T | —0.29992| '

§ = —0.66667&, + [—0.94027 —0.34043] £, . (4.6¢)
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In descriptor form the reduced-order model can be written as:

10 0] -1.5 0
0 0 0]¢=1|-13672 -1
0 0 0 —0.14048 0

0
0

-1

0.75
0.64035
—0.29992

éJr U

§=[-0.66667 —0.94027 —0.34043] ¢

27

(4.7a)

(4.7b)

Thus the original DAFE is reduced from the dimension 5 to 3 using the IMOR-
2 method. In Figure 4.1, we compare the magnitude of the transfer function
of the reduced-order model (IMOR-2 model) with that of the original model.
We observe that their transfer functions coincide with a very small error, as
shown in Figure 4.1(b). The reduced-order model also leads to very accurate

solutions, as shown in Figure 4.2.

— Original model
L] ==~IMOR-2 model | fr oo

N 10’
Frequency «

10

(a) Frequency response.

w
o,

[IH{w} -H ()l

o,

" === IMOR-2 model | £

e

Frequency w

(b) Frequency response error.

Fic. 4.1. Ezample 4(i). Frequency response and its error.

0.3
0.2
01r : s

0 ‘ : S

- 2
02 ——-IMOR-2 model 4
-0.3 :
04t
4 5 8

3
Time(t)

(a) Solution

3 4 5
Time(t)

(b) Approximation error

F1G. 4.2. Ezample 4(i). Solution and its approzimation error, u(t) = cos(t).

(i) We now consider the case B =1[0 0 0 0 fl}T. If we use the popular

formula for transfer function then we have,

H(s)=CT(sE—- A)"'B=

1
25+ 3

LT
T

(4.8)
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In order to apply the IMOR-2 method we need to first decompose the DAE
into the differential and algebraic parts, given by:

3 3

&=—5%—u (4.9a)
0 11

tur = [ &+ [H] ()
_4 % 1 11

€g0 = l_z S1hut] 331 €1 (4.9¢)
2

y=3%+1[0 &G+ 1 0[&o. (4.94)

Thus the transfer function (4.8) can also be decomposed as:
Lo 423
25+3 ~~ 25+3 4’

~—— H ~——

q,1
Hy(s) Hg o(s)

H(s) =

The projected DAE (4.9) in descriptor form is given by:

10 000 -3 0 0 0 O -3

00 000 0 -1 0 0 0 3
00 000/&=]0 0 -1 0 O0[&+]| 1|u, (410a)

11 4 3

01 -5 00 -3 0 0 -1 0 3

00 -100 -5 0 0 0 -1 4
y=1[2 0 1 1 0]¢ (4.10b)

The next step is to apply the proposed MOR technique (IMOR-2) on the
projected DAE (4.10). Choosing so = 0 as the expansion point, we can con-
struct orthonormal bases for differential and algebraic parts of decoupled sys-
tem (4.9) given by:

V=1,

—0.34425  —0.93888 —0.21798 —0.97595
%’1_[0.93888 0.34425}"/‘1’0_[0.97595 0.21798]' (4-11)

The corresponding singular values for Vg1 and Vo are given by

g . _ [1.0651 0 g _ [42145 0
A ! 2.7341 x 10716 “a0 =1 ¢ 1.2534| "

We can see that the last column of V1 can be truncated since its corresponding
singular value is close to zero. Thus the block diagonal orthonormal basis
matriz can be written as:

~1 0 0 0
0 —0.34425 0 0

V=|0 —0.93888 0 0
0 0 —0.21798 —0.97595
0 0 —0.97595  0.21798
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If we substitute & = f/é into Equation (4.10) leads to the reduced-order model:

1 0 00 ~15 0 0 0 0.75

0 0 0 0|, 0 -1 0 0|, |-10651

0 09163 0 0|5~ |-06159% 0 -1 0| |-4.0673

0 0.20466 0 0 ~12286 0 0 -1 0.13996
(4.12a)

§=[-0.66667 —0.93888 —0.21798 —0.97595] ¢

(4.12Db)

We can see that the dimension of the original model is reduced to 4, and the

index of the original system is preserved.

In Figure 4.3, we observe that the transfer function of the IMOR-2 model coin-
cides with that of the original model with very small error. The reduced-order
model leads to accurate solution as shown in Figure 4.4. From this example
we observe that the IMOR-2 method leads to a reduced-order model which
is more accurate than the reduced-order models obtained from the PRIMA

method.
— ——~IMOR-2 model
031 — Original model 10" _
10 - -~ IMOR-2 model :
: _8
o 10"” 3 16
; 2w
2 T
© £ !
= 10027 B }
10-13 :
0.25 '
10
; : ; ; :
107 10° 10° 10° 10° 10
Frequency w Frequency «
(a) Frequency response. (b) Frequency response error.
Fic. 4.3. Exzample 4(ii). Frequency response and its error.
P q Y P
. . , ; ‘ ‘ 7 A , —
15 — Original model 4 1070 5“| : : p ‘, ‘\
—---IMOR-2 model / Y : AN
: AR : - ~.
05 5 r( : \‘ H //
: E oo N sooad Y
. 2 10 f III 1 {A ) 5l
5 0 2 I Vo !
= HE (TN !
-0.5 [} | [
o bt ‘ [
A | s it -
: 10 'i : :
-1.5 : 8 H —+=IMOR-2 model
; : ; ; ; ; ; ; ; ;
0 1 2 3 4 5 6 0 1 2 3 4 5
Time(t) Time(t)
(a) Solution (b) Approximation error

Fic. 4.4. Example 4(ii). Solution and its relative error, u(t) = cos(t).
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4.2. Industrial problems. In this section we test the IMOR-2 method on large
scale problems.

Example 5. This is a MNA model that originates from [5]. It is an index-2
system with dimension 578. The sparsity of its matriz E and A are shown in Figure
4.5. Using the procedure in Section 2.2, we decouple the system into differential and
algebraic parts, as shown in the third row of Table 4.1. We then reconstruct the
projected DAE in the descriptor form, and the sparsity of its matriz pencil is shown
in Figure 4.6.

0

e,
\\\
<
100 \\
o R
200 \_\\ N
300 RN
.
\\
: .
400f ..
N
«
500 N
s s L S e
0 100 200 300 400 500 0 100 200 300 400 500

nz = 25432 nz = 16894

(a) Sparsity of matrix E. (b) Sparsity of matrix A.

F1G. 4.5. Ezample 5. Sparsity of the matrices (E, A).

0

100

200 200
300 300
400 400
500 500

0 100 200 300 400 500

h

(a) Sparsity of

z=82177

projected matrix E.

0

100

o] 100 200 300 400 500

nz = 2886

(b) Sparsity of projected matrix A.

FIG. 4.6. Ezample 5. Sparsity of the projected matrices (E, A).

We used sg = 0 as the expansion point and, we were able to reduce the decoupled
system of dimension 578 to a reduced system of total dimension 58 as shown in the
fourth row of Table 4.1.

TABLE 4.1
Ezxzample 5. Dimension of the original and reduced-order model.

Models Dimension
# differential eqns | # 1lst algebraic eqns | # 2nd algebraic eqns
Original Model 4 301 273
IMOR-2 Model 4 26 28




INDEX-AWARE MODEL ORDER REDUCTION FOR INDEX-2 DAES 31

We compared the results with that of the PRIMA method applied directly on the
original DAE. Unfortunately, we could not obtain a reduced-order model of the same
dimension as the one obtained with IMOR-2. Figure 4.7 shows the sparsity of the
matriz pencil of the IMOR-2 model, while Figure 4.8 shows that of the PRIMA model.
If we compare the two figures you can see that the IMOR-2 method leads to a sparse
model, while the PRIMA method leads to a dense reduced-order model.

30

40

50

40 50 0 10 20 30 40 50

0
nz=733 nz =286
(a) Sparsity of E. (b) Sparsity of projected matrix A.

Fi1G. 4.7. Example 5. Sparsity of the IMOR-2 model (n=58).

(a) Sparsity of E,. (b) Sparsity of projected matrix A,.
FiG. 4.8. Ezample 5. Sparsity of the PRIMA model (n=63).

We observe that the PRIMA model is an ODE, thus it does not always preserve
the index of the DAE, while the IMOR-2 model does. In Figure 4.9, we compare
the transfer function of the original model and that of the reduced-order models. We
can observe that the magnitude of the transfer function of the original model coincides
with that of both reduced-order models. But when we solved both reduced-order models,
we observe that the PRIMA model leads to wrong solutions while the IMOR-2 model
leads to good solutions, as shown in Fig 4.10 .
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18278710
— Original model
—===IMOR-2 model
1.8278 ——-PRIMA model
]
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Fic. 4.9. Exzample 5. Comparison of the magnitude of the transfer function.
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(c) Solution ys3

(d) Solution yo

FIG. 4.10. Ezample 5. Solutions of the reduced-order model, u(t) = ones(9,1) sin(27 x 106¢).

Example 6. This is an electric power grid system [7] which can be found in [17].
It is a SISO system of dimension 4182 with the sparsity of matriz pencil (E,A) shown
in Figure 4.11. We were able to decouple the system into differential and algebraic
parts as shown in the third row of Table 4.2.

TABLE 4.2
Ezxzample 6. Dimension of the original and reduced-order model.

Models Dimension
# differential eqns | # 1lst algebraic eqns | # 2nd algebraic eqns
Original Model 4028 35 119
IMOR-2 Model 170 0 84
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(a) Sparsity of matrix E. (b) Sparsity of matrix A.

F1G. 4.11. Ezample 6. Sparsity of the matrices (E,A) of the power system.
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nz = 4204 nz = 12550

(a) Sparsity of projected matrix E. (b) Sparsity of projected matrix A.

Fic. 4.12. Example 6. Sparsity of the projected matrices (E, A) of the power system.

Figure 4.12 shows the sparsity of the matriz pencil (E, fl) of the projected system.
Using so = 1 as the expansion point we were able to reduce the differential and alge-
braic parts as shown in the fourth row of Table 4.2. We reduced the dimension of the
algebraic parts in the same way as in the previous erample, using singular values as
shown in Figure 4.13. Also in this example we can eliminate all the equations of the
first algebraic part since its corresponding singular values are close to zero as shown
in Figure 4.13(a). Thus the power system is reduced to a dimension of 254 and the
sparsity of its matriz pencil is shown in Figure 4.14 which is also sparse.

Figure 4.15 shows the sparsity of the reduced system using the PRIMA method
and we can observe that it leads to a dense model. We also observe that the PRIMA
method leads to an ODE while the IMOR method preserves the index of the system.

In Figure 4.16, we compare the magnitude of the transfer function of the original
model with that of the reduced-order models of both methods. We observe that both
reduced-order models coincide with that of the original model at low frequencies with
small error as shown in Figure 4.16. In Figure 4.17, we compare the output solutions
and their respective errors of the reduced-order models. We can observe that both
reduced-order models lead to accurate solutions.

In Table 4.3, we compare the computational cost of solving the reduced-order mod-
els. We observe that the IMOR-2 model is easier to solve than the PRIMA model since
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F1G. 4.13. Ezample 6. Singular values corresponding to V4,1 and Vg o.
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Fic. 4.14. Ezample 6. Sparsity of the reduced power system using the IMOR-2 method.
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(a) Sparsity of E,. (b) Sparsity of projected matrix A,.

Fic. 4.15. Ezample 6. Sparsity of the reduced power system using the PRIMA method.

it requires less time, which is not a surprise. This is because IMOR-2 leads to sparse
reduced-order models while PRIMA leads to very dense reduced-order models.
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Fic. 4.16. Ezample 6. Comparison of the frequency response and its error.
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Fic. 4.17. Ezample 6. u = sin(27750(¢t — t1))(1 — 67%), t1 =3ms, 7 = 0.1ms.

TABLE 4.3
Ezample 6. Computation cost, RelTol = 106.

Original model PRIMA model IMOR-2 model
Time (s) 81.5 261.5 4.7

Example 7. This example originates from the power test cases [17], which is
a MIMO index-2 dynamical system with 3 inputs and 3 outputs. This is a system
of dimension 4182. Using so = 1 as the expansion point, we were able to reduce the
system’s dimension to 329 using the IMOR-2 method, as shown in the Table 4.4.

TABLE 4.4
Ezxample 7. Dimension of the original and reduced-order model.

Models Dimension
# differential eqns | # 1st algebraic eqns | # 2nd algebraic eqns
Original Model 4028 35 119
IMOR-2 Model 270 2 57

We observe that the transfer function of the IMOR-2 model coincides with that of
the original model with very small error, as shown in Figure 4.18. We then solved the
IMOR-2 model using sin(t) in all inputs and observed that it leads to good solutions
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with very small approximation error as shown in Figure 4.19. We also compared the
computational costs and observed that the original model and the IMOR-2 model take
2.5 and 0.8 seconds, respectively, at a relative tolerance 1075,

i Original model |+ 545k —— IMOR-2 model
s IMOR-2 model 2 RS
10 a 10 T B
10t
o WEI‘ EE
2 =
g 0’
£ 4
10* 0 i
10" A
o B : : i : :
10° 10’ 10° 10° 10* 10° 10’ 10° 10° 10*
Frequency @ Frequency @
(a) Frequency response. (b) Frequency response error.

Fia. 4.18. Ezample 7. Comparison of the frequency response and its error.
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(¢) Solution ys3(t). (d) Approximation error

Fic. 4.19. Example 7. Solutions and their approximation error.

5. Conclusion. We extended a new MOR method developed for linear index-1
DAEs [1] with constant coefficients to linear index-2 DAEs with constant coefficients.
In contrast to conventional approaches treating the DAE systems as a whole, the
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presented IMOR-2 method first splits the index-2 DAE into three parts: the inherent
differential equation part, the pure algebraic part and one part including differentia-
tions of the algebraic part. Then, the PRIMA method is used to reduce the differential
part whereas the algebraic and differentiation parts are treated by adapted projec-
tions.

We have discussed that conventional methods based on Krylov subspaces (like
the PRIMA method) may lead to wrong reduced-order models, or the reduced-order
models may be difficult to solve, if the consistent initial data depend on the derivatives
of the input vector u. It is caused by the fact that - in a conventional approach -
such methods are applied to the whole DAE system. Additionally, we have seen that
the the conventional PRIMA method may lead to reduced-order models with dense
matrices and a DAE index which differs from the one of the original system.

The IMOR-2 approach has the advantage that it leads to reduced-order models
which are sparse, always solvable and index preserving. An interesting additional
feature of this method is that it can also be applied to index-2 systems without
inherent differential equations. For the reduction of the differential part one could
also use other methods based on Krylov subspace instead of the PRIMA method.
Furthermore, an extension to DAEs with an index greater than 2 is naturally given
by exploiting an index-adapted decoupling approach as given in [11]. The development
of IMOR methods for higher index DAEs is not straightforward, and will be the topic
of a forthcoming paper [3].
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