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GENERAL INTRODUCTION

In many branches of physics one has to deal with the equation

o, - c'z(x)¢ 0 (1)

XX tt

or with equations that can be reduced to this form by means of a
simple transformation.
We mention some.

Acoustics. The pressure equation for acoustic waves in an inhomo-
geneous fluid at rest reads

1 -2 32
D(X,y»z) div grad p - ¢ (X,y,Z)—q}z)- = 0.
D(X,.ng) at

Here p is the difference between the instantaneous pressure and the
equilibrium pressure, p(x,¥,z) is the equilibrium density, and
c(x,y,z) denotes the local velocity of sound. In one dimension this
equation reads

2
a1 _3p_ -2,,87p
p(X)ax oTX7 5x c (X);;? = 0.

Then it can be reduced to (1) by a transformation of the space

coordinate: X
z= J p(xl)dxl.

Transmission linee. If 1 and V denote the current and the voltage in
the Tine and if C(x) and L(x) are the capacitance and inductance
per unit length, then the equations satisfied by I and V are

2l , aV
L(X)BE'+ X 0,
aV |, al

This leads to the following second-order equations for [ and V:

2
31 3 1 3l _
L(”;t'z 3% Cx) ax - °



and 2
3V 8 1 a3V _

C(X):tz"ﬁ'm’a-x" 0.

These equations can be reduced again to the form (1) by means of a
transformation of the space coordinate.

Electromagnetice. We consider the propagation of a plane wave in the
direction of the x-axis in an isotropic dielectric medium with
dielectric permittivity ¢(x) and magnetic permeability uw{x). If the
electric field is E = (0,E(x),0) and if the magnetic induction is

B = (0,0,B(x)), then the Maxwell equations are

3 1 aE _
37'ET§T'B + E(x)if = 0,

JE B _
xTat o 0
This Teads to 2
¥E_3 1 _E_,
e(X)—7 -~ 3% u(x) X -

and 2

We are interested in two types of solutions of (1) for the infinite
interval == < x < +=. In our first chapter we shall be concerned
with monochromatic solutions. That is,with solutions of the form

o = g({x)exp -iet, w > 0,
where ¢ satisfies
2 =
b * KE(X)6 = 0. (2)

Here
kz(x) = wzc 2(x).

In the second chapter we shall consider the Cauchy or <mitial-value
problem far (1).



We notice that the equation (2) need not have its origin in (1). It
appears, for example, in quantum mechanics. The Schrddinger equation
for a spinless particle in one dimension is

b + 27 1€ = VO = 0.

This equation is of the form (2) if for all x E > V(x). Equation

(2) also describes the motion of a simple pendulum when the length

of the suspending thread is changed, and the motion of a charged
particle in a time~dependent magnetic field. However, we shall always
talk about equation (2) as stemming from a wave phenomenon governed

by (1).



CHAPTER I

MONOCHROMATIC SOLUTIONS



§1.1. INTRODUCTION

The first chapter of this thesis is devoted to the study of monochro-
matic solutions of the wave equation

-2 ~
bx " € (x)q:tt =

That is, the study of solutions of the type

0. (1)

e = ¢(x)exp ~iwt, @ > 0, (2)
where ¢ obeys the equation
by + K008 = 0, KE(x) = P2 (x). (3)

We assume that ¢(x), and hence k(x), has a positive upper and lower
bound. In particular we are interested in situations where c(x)
tends to finite limits as x tends to z=, such that for large |x|
the solutions of (3) consist of two uncoupled waves travelling to
the Teft and to the right, respectively.

It is well-known that the salutions of (3) can be approximated by
linear combinations of the WKB approximations

X
4, = k-%(x)exp + if k(xg)dx.

This is possible when k{x) is a "slowly varying" function of x.
One usually finds conditions of the type

K2k ] = w e << 1
or 3!

k“ ku! - N~2C3‘(C‘1)"' << 1.

(The prime denotes differentiation with respect to x.)

Several methods exist that provide corrections to these WKB approxi=-
mations. Especially we are interested in sequences that have these
WKB approximations as their first term and that converge to a
solution of (3). The first one to derive such a series was Liouville
in 1837; see Liouville [26]. In fact Liouville was also the first to
derive the WKB approximations themselves, simultaneously with Green,
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who published independently an approximation of (1) in the same year;
see Green [171.

(The WKB approximations are named after Wentzel, Kramers, and
Brillouin, who attained them in the twenties and who studied their
continuation over a turning point, i.e., a point where k2(x) changes
sign.)

Lateron Liouville's method has been used or rediscovered by many
authors; cf, e.qg., Broer [9], Cavaliere et alii [1l], Erdélyi [151,
Knorr and Pfirsch {247, and Olver [28]. We shall describe how
Liouville's method applies to our purposes.

Liouville observed that the "flattening” transformation of variables

X -1
z = { ¢ (xl)dxl. (4)
X0
v=ch (5)
transforms (3) into
2 _ 2 '
Yy, v v = (b7-b)y, (6)
_1 de
b - "é‘(‘:“d"z— . (7)

(Here the dot denotes differentiation with respect to z. With ex-
pressions like g%-we mean %E c(x(z)).)

The transformation (4), {5) will henceforth be called the Liouville
transformation. Then the right-hand side of (6) is treated as a
perturbation, and (6) is solved by successive approximation using

a Green function adapted to the boundary conditions that are im-
posed. The first approximation is a solution of

2

v twyp = 0.

2z
This leads after inverse Liouville transformation to all linear
combinations of the WKB approximations.

We are interested in two types of solutions. First, the solution
that as z + -« consists of an incoming wave of unit amplitude and



an outgoing wave of unknown amplitude; as z + = it consists of an
outgoing wave only. Using the proper Green function we find by suc-
cessive approximation

i n=0
t
" ¢(o) = exp iwz (9)
and
+oo,
M2y = gz [ exw tulz-z, | (263" az, - (10

- 00

The series (8) converges absolutely and uniformly for all z if

+oa 2 .
I [bS-Bldz < 2u; (11)

that is, if 4w 3 1
{ c?l(c?)"]dx < 2. (12)

The second solution has a different normalization. As z » = it con-
sists of an outgoing wave of unit amplitude only. Successive approxi-

mation now leads to

y= 1M, (13)
n=0
ith
" o0 = exp fuz (14)
and (n) -1f°. 2 o\ (n-1)
pr(z) = w Is1n m(z—zl)(b =b)y dzl. (15)
Zz

A weaker condition than (11) now assures that the series converges
absolutely and uniformly for all z:

+oo .

[ |b2-b|dz < =, (16)
as has been pointed out by many authors; e.g., by Berk, Book, and
Pfirsch [51].

Because of their asymptotic behaviour as z » = these two solutions
differ from each other only by a constant factor whereas the

1.1 9



convergence of their series differs widely.

Investigations of another type of solutions of (3) have been ini-
tiated, for example,by Bremmer. He approximated the profile k(x) by
a number of thin homogeneous layers. Then the reflection of a wave
incoming from x > == is taken into account by successively adding
the contributions of the waves that have undergone a fixed number
of reflections, and then passing to the 1imit of the thickness of
the layers tending to zero. The details may be found in Bremmer's
papers; see,for example,Bremmer [61, (71, and [8]1. We only cite his
results. The contribution to the solution of the waves that have
undergone no reflection is nothing but the WKB approximation

X
o0 = kT x)exp 1 kixy)axy. (17)

(2n+1) to denote the contribution to the solution

If we define ¢
: (2n)

stands for the
contribution due to 2n reflections, then the following relations are
found:

that is the result of 2n+l reflections and if ¢,

) N £ X
¢$(2n+1)(x) = CE(X)J exp -iw[ c-l(xz)dxz % c'3/2c'¢+(2")dx1, (18)
X X
1
L X X _ - -
Co -cz(x)f exp imJ TR AN l)dxl. (19)

- xl

Then the contributions of an even number of reflections are added,
and so are the contributions of an odd number of reflections. This
leads to the total waves "travelling to the right" and “to the left",
respectively:

I

¢+ ) n§0¢+(2") (20)

and (2n+1)

6, = Lo, . ' (21)
n=0

10 1.1



The convergence of these series has been studied thoroughly espe-
cially by Atkinson [2]; he proved that they converge absolutely
and uniformly for all z if

ey

J o= ¢! ldx = n/2. (22)
He even proved that in some sense this is the best possible result.
If the series (20) and (21) converge, ¢ = 9, te, constitutes a so-
Tution of (3). This can be seen in the following way. From the
recurrence relations (18) and (19) it follows that 9, and ¢, obey
the set of differential equations

1 1

c'e, + iwc” b, = - % c-lc'¢+,

1

L

1 -
b -7 C
w2 (23)

1 -1, -1 1 -
¢t+x"'2'C C¢*"'ILIIC ¢ -—"‘2’C

1
" Cby-

Differentiation leads to the result that RN satisfies (3). The
solution (20) and (21) of (23) can be seen to originate from an
approach of (23) by successive approximation in which the right-
hand side is treated as a perturbation. Relations (18) and (19) and
equations (23) can be simplified somewhat by means of the Liouville
transformation (4), (5):

¢+(2"+1)(z) = [Qexp —1w(2'21)b¢,(2n)d21’
z
z

¢+(2n)(z) = —J exp iw(z-zl)bw+(2n-1)dzl,
and
by * by = -by, (28)
. 24
by = Ty —V—bw+.
The convergence condition (22) now reads
rta
| Ibldz < 5 . (25)

- o

1.1 11



Once all this is known,a solution of Bremmer type can be constructed
converqing whenever

oo
J |bldz < = .

oo

This has been done, for example, by Kay [21]. The gain in convergence
can be achieved again by constructing a series solution of (3) that
has a different normalization. Using the appropriate Green function
we find the solution of (24) that merely consists of an outgoing
wave of unit amplitude as z + o

v, = 1,20 (26)
n=0
and -
v, = 1o, (27)
n=J
with
w+(0) = exp iwz (28)
and with the recurrence formulas
¢+(2n+1)(z) = J exp —iw(z-zl)b¢+(2n)dzl, (29)
z

(2n-1)

¢+(2n)(z) = fmexp fu(z-zy )by, dz,. (30)

4

Bremmer-type equations and the corresponding series have also been
obtained by other authors using different techniques; see,for ex-
ample, Baird [4], Kemble [23], and Landauer [25].

There exists a vast literature dealing with the above series and

with their convergence. We intend to give a unification and a gen-
eralization of what has been published. In particular we are inter-
ested in the fregquency dependence of the convergence,which has been
neglected in most of the studies. This is the more remarkable because
one might expect the convergence to be faster for high frequencies.

12 1.1















As we saw in the introduction, the Liouville transformation

- xn
¥o=C %¢, z = J c l(xl)dx1 (6)
*o

transforms (1) into

byy *u = (b2-B)y. (7)

This equation is the starting point for the proof of Theorem 1 (i)
and plays an important role in a major part of this work. In the
proof of the second part of Theorem 1 we will use the set of first-
order equations

Vg * ww, = by

4

(8)

4z by, .

This system is equivalent to equation (7) to the effect that it is an

- i
e

“"amplitude splitting”. This means:

for any solution (¢+,w¢) of (8) ¢ = bt Yy, is a solution of (7);
conversely, for any solution y of (7) a un1que ¥, and a unique v,
exist such that y = b, Yy and such that (w¢,w ) constitutes a
solution of (8); these unique y  and ¥,

1 i

i ib
’Z"’z‘”’z_
ib
by = Y ?‘

v,

The verification of these statements is immediate.

The set of equations (8) often occurs in literature,and Bremmer's
concept need not serve as a base for its derivation; see the appendix
attached at the end of this chapter. In the proofs we shall use
Gronwall's Lemma. We shall also use it in a form different from the
one stated below, but in these cases it will be clear how the lemma
reads. We omit the proof; it can be found in many textbooks; see,

for example,Coppel [12], pg 19. '

1.2 17



Gronwall's Lemma

Let » be a real constant and u(z) a nonnegative,continuous function
for z >z . If y(z) is a continuous function for z = z, that has

the property .
¥(@) <2+ | ulzy)yiz)dzy,

%o

then the following ineauality holds for z =2 Z,:

z
y(z) < X exp [ p(zl)dzl.

%0

Proof of Theorem 1 (i}
Each solution of (7) satisfies an integral equation of the type

¥(z) = o exp Tu(z-z,) + 8 exp -fw(z-z;) +
12 ) (10)
+w J sin w(z-z;) (b°-b)ydz,.
Z0

This is readily seen with the aid of the method of variation of
constants. This technique brings about the choice of a proper Green
function. (Conversely, any continuous solution of (10) is a solution
of (7).} 7

Thus  |w(2)}| < |a] + |8] + wul[ ]bZ—B}jwidzl for z 2 z

%o

0’

A similar inequality holds for z < Z,-
Using Gronwall's Lemma and condition (2') we see that all solutions
of (7) are bounded, Returning to the original variables we obtain
the result that all solutions of (1) are bounded. To prove the
existence of the required solutions,we need another integral equa-
tion: 1 ) 1 2 .
P(Z) = w ¢ exp wz -w f sin m(z—zl)(b ~b)ydz
z

¥ (11)

18 1.2



Any bounded, continuous solution of (11) is again a solution of (7).

We will come across this integral equation in some subsequent sections.
For the time being, and we will prove it lateron, we suppose it to
have a unique, bounded, and continuous solution. From (11) we see

that this solution has the asymptotic behaviour

1

P = m_%exp iwz + o(1l), v, = iw®exp iwz + 0(1) as z » =,

z
Returning to the original variables we obtain

-1 X
6 = kK2 (x)(exp | k(xp)dxy + o(1)) as x > =,

X0

and because b -~ 0 as z > » (Lemma 1),

oy = ik%(x){exp i[x k(xl)dx1 +0(1)} as x » =.
*o

The truth of the other statements can be proved in a similar way.

The integral equations that have to be used then suggest themselves.

]

Proof of Theorem 1 (ii)

In proving this part we proceed on the lines of the foregoing proof.
Each solution of (8) satisfies a set of integral equations of the

type . z ]
P (2) = o exp -1w(z—zo) - f exp -1w(z-zl)bw$dzl,

¥
z
0
h (12)
v, (2) = B exp iu(z-z)) - J exp iw(z-zl)b¢+dzl.
z
0

(Conversely, any continuous solution of (12) is a solution of (8).)

Z
Thus [v,(2)] + [v,(2)] s lal+[e] + [ 16](Iw, I +lu,] )2y for z = z,.
z

[o]
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A similar inequality holds for z < Z,- Using Gronwall's Lemma and
condition (5') we see that both v, and ¥, are bounded; therefore all
solutions of (7) are bounded, and returning to the original variables
we see that all solutions of (1) are bounded. To prove the existence
of one of the }equired solutions,we use another integral equation:

w‘(z) = J exp -im(z-zl)bw+dzl,
z (13)
w*(z) = m'iexp iwz + {mexp im(z-zl)b¢*dzl.
z

Any bounded, continuous sclution of (13) is a solution of (8) and
hence gives rise to a solution of (7). Once again we postpone proving
the existence of a unique, bounded v, and v, that are a solution of
(13). The asymptotic behaviour of this solution clearly is

v, = 0(l), v, = w exp fuz + 0(1) as z - =,

In terms of the original variables we obtain again the existence of

a solution of (1) such that
-1, . tX
=k %(x){exp 1J k(x)dx; + o(1)}  as x » =

%o

because ¢, = c'%(x)(wz+b¢) and on account of (8), the derivative of
this solution satisfies

X
b = ik¥(x) (exp iJ k(x)dx; + o(1)} as x » =. 0

X
0

How far these results are from being the best possible may be seen
from the example kz(x) =1+ 4x'1 sin 2x. Equation (1) then even
has unbounded solutions; two linearly independent solutions exist
having the asymptotic behaviour as x » «

¢1 = x[cos x + o(1)1,

o = x-l[sin x + o(1)].

20 1.2



This case of resonance can be found in many textbooks; for example,
Coppel [12]1, pg 128.

Thus far we have proved that the solutions of (1) behave,as |x| + =,
1ike a linear combination of the two WKB approximations provided
condition 2 or 5 holds. These, however, do not represent waves pro-
pagating without being disturbed in the direction of the positive
and negative x-axis, respectively. Nonetheless they represent waves
of which the energy propagates in these directions. This can be seen
in the following way. The equation {1.1.1) admits a conservation law
Et + Fx = 0, (14)

where E, the density, and F, the intensity, are defined by

E = % (¢;¢x + c“z(x)q>:<1>t),
- . 1 * *
F= 2—(¢t¢x + °x°t)’

In many cases this represents conservation of energy, and F/E may
then be interpreted as the propagation velocity of energy. This
quotient satisfies

-c(x) < F/E = c(x).
(Cf Broer and Van Vroonhoven [101].)
In passing we notice that not in all the examples of the general
introduction (14) does represent conservation of energy. However,
in these cases the proper choice of E and F requires only minor
changes in our reasoning. Now, for a wave having (apart from the
factor exp ~iwt) the asymptotic behaviour as x » =

i

$ uk-é(x)exp ijxk(x ydx, + Bk-%(x)exp -ika(x Ydx, + o(1)
1 1 1 1 >

*o *o (15)

X X
oy = Tuké( x)exp 1[ k(xl)dx1 - 1sk%( yexp -1[ k(x1 dx1 + o(l)

X0 X

1.2 21



the behaviour of E and F is
2 2
E = k() (lal%[8]? + 0(1)),

(16)
F = o(]al?-18]% + o(1)).

Parenthetically we remark that F = constant for monochromatic solu-
tions because of (14), as we shall frequently use lateron; therefore

for all x 2 2
F=w(la|™~|8]%).

Because of (16) E and F consist of separated contributions of the
two WKB approximations as x - =; the propagation velocity of energy
satisfies at »

2 2
F/E = c(x)( 127181+ o(1))

la]“+|8]
Hence F/E = c¢(x) + o(1) if and only if g =0, o £ 0,
F/E = =c(x) + o(1) if and only if g8 # 0, o = 0.

So a solution for which g = 0 and « # 0 amounts to a single "out-
going" wave at x = = propagating with the local velocity and with
an "amplitude" o. Similarly a solution for which 8 # 0 and a = 0
amounts to a single "incoming” wave at x = = propagating with the
local velocity and with an "amplitude" 8. Of course,these identi-
fications are valid only at X = +=.

§1.3. THE SCATTERING PROBLEMS AND THEIR UNIQUE SOLVABILITY

In the preceding section we have established the conditions which
guarantee that all solutions of (1.2.1) behave like a Tinear combi-
nation of the WKB approximations as |x| + = and, moreover, that
these may be interpreted as incoming and outgoing waves. Knowing

this we are able to state the scattering problems that form our main
subject in this chapter. We formulate them in terms of the asymptotic
behaviour of the solution we Took for. {Always at least one of the

22 1.3



conditions (1.2.2) and (1.2.5) is supposed to hold. So we can use
the results of §1.2.)

(i) The first solution is a solution with normalization of the trans-
mitted wave at x = ». This means that it consists merely of an
outgoing wave of unit amplitude as x -+ «; no boundary conditions
are imposed at x = -=.

(ii) The second solution has a normalization of the incident wave
at x = -». That is, it consists of an incoming wave of unit
amplitude and of an outgoing wave of unknown amplitude as
X > == 3 aS X + o it consists of an outgoing wave only.

We shall deal with the existence and uniqueness of these solutions
in this section. Later we shall construct series for them; espe-
cially we shall study the convergence of these series. From a com-
parison of the asymptotic behaviour of the solutions as x - = we see
that they differ from each other only by a constant factor. However,
the convergence of the corresponding series differs widely. This is
a2 main reason for our study of both solutions. Of course,other so-
lutions might also be studied, but these are characteristic of the
problems that emerge.

First we state some terminology.
C(R) denotes the space of all complex-valued, bounded, and continuous
functions defined on the real axis R. If we define a norm of ¢ ¢ C(R)

according to

llzll = sup |z(z)],
zeR

this space becomes a Banach space. C(R) x C(R) stands for the
Cartesian product of two such spaces; this space is also a Banach
space if we provide (;+,c+) e C(R) x C(R) with a norm

Iz, sz Ol = max( Iz |l 5 Hle, I )-

1.3 23



We convert the above problems into integral equations in these Banach
snaces using the standard technique of variation of constants. That

is, for each problem we choose the proper Green function. If condi-

tion (1.2.2) applies, we use equation (1.2.7); if condition (1.2.5)
holds, we use the system (1.2.8).

(1)

(ii)

(iii)

(iv)

24

If condition (1.2.2) holds, ¢ is, apart from the Liouville
transformation, a solution with normalization of the trans-
mitted wave if and only if y satisfies the integral equation
in C(R) -

w(z) = exp iwz - w’lf sin m(z-zl)(bz—B)wdzl. (1)

z

Suppose condition (1.2.5) is satisfied. Then ¢ is, apart from
the Liouville transformation, a solution with normalization
of the transmitted wave if and only if v, and vy exist
satisfying the integral equation in C(R) x C(R)

¢+(z) = J exp -im(z—zl)bw+dzl,

z (2)
rm
¢+(z) = exp iwz + J exp im(z—zl)b¢+dzl.
Z

Then ¢ = b, ot U,
Suppose that condition (1.2.2) holds. Then y is, apart from
the Liouville transformation, a solution with normalization
of the incident wave if and only if ¢ satisfies the integral
equation in C(R)
S U G 2

¥(z) = exp iwz + »7= [ exp iw|z-zq|(b -b)ydz,- (3)
If (1.2.5) holds, ¢ is, apart from the Liouville transformation,
a solution with normalization of the incident wave if and only
if v, and vy exist satisfying the integra1 equation in
C(R) x C(R)
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¢+(z) = J exp,—im(z-zl)b¢+dzl,
z ; (4)
¢+(z) = exp iwz =~ j exp im(z-zl)b¢+dzl.

d -]

Then ¢ = ¢+ + ¢+.

The verification of this is straightforward,and we will not go
through it. We notice that equations (1) and (2) are the very same
ones the unique solvability of which we still have to prove in order
to complete the proof of Theorem 1.

For the j th integral equation we write formally

X=X * Tyxe 3= 1,2,3,4, (5)

where Tj stands for the integral operator at the right~hand side

of the j th equation.

Unless stated otherwise, we will always assume, without mentioning
it explicitly, that if we deal with T and T3, the eondition (1.2.2)
is satisfied, and that if we are concerned with T2 and T4, (1.2.5)
holds.

Instead of (5) we shall study the extended problem of the solvability
of x =t HaTx = 1L,2.3.8, (6)
for any complex X and any ¢ in the space in question. The operators
Tj are easily seen to be bounded. But they are even compact,which

is readily obtained from the following lemma. The proof may be found,
for example,in Atkinson [2].

Lemma 2
Let f(z) be continuous and satisfy

+ o0
I [fldz < =.

-

Then the integral operators on C(R) into itself defined by

1.3 25



z
Te(z) = f exp tim(z-zl)fcdz1

tw

are compact.

This enables us to use the spectral theory of compact operators; see,
for example, Taylor [331 or Dunford and Schwartz [14]. Fram this
theory we know that the equation

x =1t ATJX (7)

is uniguely soluble for any ¢z unless A is an "eigenvalue" of Tj‘
That is, unless there exists a xy # 0 such that

X = Xzj.

At most a countable set of such eigenvalues exists having no point
of accumulation. The smallest absolute value of the eigenvalues is
called the spectral radius. If no eigenvalues exist, it is defined
to be «. The spectral radius equals

RN AR (8)

N

Further, and we state it now for later reference, the solution of
(7) is an analytic function of A with values in the Banach space in
question if A is not an eigenvalue; in general an eigenvalue need
not be a singular point of the solution.

Theorem 2 giz

T1 has no eigenvalues at all. Therefore the equation
x =z +ATx

is uniquely soluble for any » and any z ¢ C(R), and in particular
for » =1 and ¢ = Xg*
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Suppose that A is an eigenvalue and ¢ ¢ C(R) is a corresponding
eigenvector: - .
w(z) = -lm-lJ sin m(z-zl)(bz—B)wdzl.
z
l@)] = ™[ 1676 1vlaz,
z

Hence

and Gronwall's Lemma immediately leads to the contradiction

0.

H

v(z)
For another proof we refer the reader to the proof of Theorem 3 (i),
pg 30. O

In the same way we .can prove the following theorem.

Theorem 2 {ii)

T2 has no eigenvalues at all. The equation
x =T+ Asz

is uniquely soluble for any A and any z ¢ C(R)xC(R), and in particular
for A =1 and ¢ = Xo*

Theorem 2 (iii)
T3 has no real eigenvalues. Hence the equation

x =¢+t AT3X

is'uniquely soluble for any ¢ ¢ C(R) if A is real, and in particular

for » =1 and ¢ = Xg*

Proof
Suppose 1 is a real eigenvalue and ¢ is a corresponding eigenvector:

+oo
y(z) = ?%G'J exp im!z~21|(b2—5)¢dzl.

oo
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By differentiation we have

by, + w0 = A(b2-B)u. (9)

Besides this we see that constants §_ and vy _ exist such that
v z

Y = y.exp iwz + o(1), ¥, = fwy,exp iwz +o(l) as z» = (11)

§_exp -iwz + o(1), v -iws_exp -iwz + 0(1) as z » -», (10)

For real x any solution of (9) satisfies

v, - vy = const.
(This corresponds to the energy conservation law (1.2.14) for a mono-
chromatic wave or to the Wronskian of the solutions y and y* of
(9).) On account of (10) this constant must be -21w|6_!% and because
of (11) it must be equal to 2iw{y+!2; therefore it must be zero, and
both §_ and v, are zero. Hence ¢ is a solution of (9) satisfying the

boundary condition
¥ =0(l) as z + e,

But then y is a nonzero solution of
v(z) = —Aw-lf sin w(z-zl)(bz-B)wdzl,
z
which contradicts Theorem 2 (i). O

Theorem 2 {iv)

T4 has no real eigenvalues. Thus the equation

X = ¢+ ATux
is uniquely soluble for any ¢ e C{R)xC(R) if A is real, and in par-
ticular for 2 = 1 and ¢ = Xo*

The proof can be found in Atkinson [2]; it proceeds on the lines of
the foregoing one.

The fact that T1 and T2 have no eigenvalues may be seen to stem from
their Volterra character whereas T3 and T4 are of Fredholm type.
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§1.4. NEUMANN EXPANSIONS AND THEIR CONVERGENCE

After having proved the unique solvability of the scattering problems,
we try to solve them now successively by applying the method of
successive approximation to the inteqral equations

X =T +ATie 3= 1,2,3.4. (1)

That is, we study the conditions which assure that the equations (1)
can be solved by the Neumann expansions

x= 1AM, i=1,2,3,4. (2)
n=0 3

In particular we examine whether these expansions converge for x» = 1
and z = Xo* If they do, we obtain series solutions of the scattering
problems, of which the first term is the WKB approximation. It can be
seen simply that these series are precisely the series that we al-
ready found in the introduction. We notice that the Liouville trans~
formation does not affect the convergence properties of the series
we study. This is so because of the boundedness conditions we imposed
on pg 14.

The convergence of the Neumann expansions is closely related to the
theory of analytic functions of a complex variable with values in a
Bahach space. Indeed, a function that is analvtic on the set
{2 | |2l < r} has a unique Taylor expansion in positive powers of
A, which converges absolutely when {A! < r and uniformly on each
closed subset of the disk [x] < r. The relationship between the ana-
lyticity of the solution of (1) and spectral theory has already been
noticed in the preceding section, pg 26. For {a]| smaller than the
spectral radius of the operator in question there exists.a convergent
Taylor expansion of the solution of (1). This Taylor expansion must
be the Neumann expansion (2). To study the convergence of {2) one
obviously should estimate the spectral radius of the operators. This
has been done already for T, and T, in the Theorems 2 (i) and (ii),
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pp 26 and 27, which leads to the following theorems.

Theorem 3 gig

The Neumann expansion
n
I AT (3)

converges in C{R) for any x» and any . Therefore it represents for
A=1land ¢ = Xo the unique solution of the scattering problem with
normalization of the transmitted wave.

Proof

The assertions are an immediate consequence of Theorem 2 (i)}, pg 26.
However, the proof may be carried out also in another way. From the
theory of Taylor expansions it is well-known that the expansion (3)

converges if _
IA] < {1imsup HTI"cIII/"} L
N+
and diverges if
Al > (vimsup I, "el} /My,

N>

We will show inductively that for any ¢ e C(R)

2] < g 7 1Pblaz )" fiel s (4)
z
and this obviously leads to
vimsup (17,11 /" = 0.
(i mad
For n = 0 (4) is self-evident.
Now suppose that (4) holds for n = m. Then because of the definition
of T1 we have e
m+1 - : 2 ¢
T, e(2) = -u J sin w(z-27)(b°-B)T,"zdz,
z
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and -
1™ e(@)] < gr o™ 162Blazy (| (b2Blazp" 2|
1 n. 2 1
Zz 22

- gryr @[ 168 ez ™ el

We notice that from the estimate of HTln[i and using (1.3.8) we
obtain again the result of Theorem 2 (i) that T has no eigenvalues.

0
Theorem 3 (ii)
The Neumann expansion
ZOA"Tan (5)
n=

converges in C{R)xC(R) for any X and any ¢ e C{R)xC(R). For » = 1 and
L= xosit represents the unique solution of the scattering problem
with normalization of the transmitted wave.

Praoof

This theorem is a consequence of Theorem 2 (ii), pg 27. It can also
be proved in the same way as we proved Theorem 3 (i). Inductively
it can be shown that for any z ¢ C(R)xC(R)

(1" ()| < &7 o[ Iblazp" el
and Zm
1 ‘
(") ()] < ke ] Iblezy)™ el -
z
Thus Timsup [17,"l n -y,
Moo 0

Before we estimate the spectral radius of T3 and T4,we want to show
that the Neumann series
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. nn s n-n
Z A T3 Xo and Z A T4 Xo

n=0 n=0
cannot converge when |A| exceeds the spectral radius of T, and L
respectively. If they would,there would exist a solution of the
equations y = Xo * Azj for at least one eigenvalue of Tj’ j= 3,4,
This contradicts the following lemmas. Moreover, it will he shown
that eigenvalues of T3 and T4 are singular points of the respective
solutions.

Lemma 3
Suppose o is an eigenvalue of T3. Then the equation

X = X, + ATsx (6)

)
is not soluble for A = Ao and Ao is a (isolated) singular point of
the solution of (6).

Proof

First we reduce the proof of the second assertion to the proof of
the first one. If an eigenvalue of T3 is a singular point, it is
isolated because the eigenvalues of T, have no points of accumulation.
(See pg 26.) Now suppose Ao is a removable singularity. Then the
solution of (6) has a Taylor expansion about AO having a positive
radius of convergence. For X # Ao this series represents the solu-
tion of (6). However, it is easily seen also to satisfy (6) for

A = Ay. S0 a solution of {6) exists for A = Ag» Whereas we will
presently prove that this is impossible.

Suppose ¥ is a solution of (6) for A = Ao and let ¥ denote an
eigenvector of T3 corresponding to Ay {Then vty solves (6) too.)
By differentiation we see that both ¥y and Yo satisfy

by, *+ 0 = A (6%B)y.

2z
21 satisfies the boundary conditions
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¥q = vexp iwz + 0(1) as z + «,
Yy = exp fwz + §,.exp ~iwz + 0(1) as z » -=,
Vo satisfies Yo = Yp,8XP im; + o(l) as z + =,
by = 8, exp ~iwz + o(1}) as z + -=,

Therefore they both satisfy an integral equation of the type
¥(z) = v exp iwz - Rom—lJ sin m(z-zl)(bz-B)wdzl.
z
Because of the unique solvability of this equation (cf Theorem 2 (i),

pg 26) 12} is a multiple of ¥, This contradicts the behaviour of ¥y

and wo as z » r=, 0

Likewise we obtain the following lemma.
Lemma 4
Suppose Ao is an eigenvalue of T4. Then the equation

X = x. t lT4x

0

is not soluble for A = Aos Ay is an isolated singular point of the

solution of this equation.

Theorem 3 {iii}

No eigenvalues of T3 exist satisfying
+eo .
|a|j 1b2-|dz < 2. T (7)

The spectral radius of Ty tends to zero as w + 0.

------------------------------

T It can be shown that the number 2 in the right-hand side of (7)
cannot be replaced by a larger one such that the assertion remains
valid for all frequencies and all profiles c(x).
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Therefore the Neumann expansion

IV (8)
n=

converges for » = 1 and ¢ = Xo if

+w2.

f [b°-b|dz < 2u. (9)
Then it represents the solution of the scattering problem with nor-
malization of the incident wave. For these ) and ¢ it certainly
diverges for sufficiently low frequencies.

Proof
We only have to prove the assertions concerning the spectrum of T3s
from this the other assertions follow readily. Because of the defi-

nition of T3:

1 (™ 2
T3w(z) = ?TE'[ exp imiz-zli(b -b)¢dzl,
we have oo
1 2 ¢
1Tl < 35 [ 16%-blaz,

and it follows from the contraction principle that no eigenvalues
exist satisfying o
ixi[ b2-Bdz < 2u.

-co

It remains to exclude the equal-sign in (7). Let A be an eigenvalue
satisfying oo
[x[[ Ib2-6]dz = 24

-0
and y a corresponding eigenvector:

¥ = ATqy.
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Then
+o
. 2 ¢
“4’“ = || “T3‘p” = sup %%,‘LM exp ‘|w|Z-21|(b 'b)¢d7-1l- (10)
z -0

Now suppose that the right-hand side of (10) attains its maximal
value as z tends to . Then

+o N ) 4o .
loll = P21 1] exp -tuzy62-bjadzy| < 2L [ 625 1az, flvll= vl
o - (11)

Equality in {11) can only hold if throughout an interval where
b2-b # 0
R 2 ¢ . .
exp ~iwz; (b"-b)y(z;) = {bz-b[|]w[[exp ia,

where o is a real constant. This implies that throughout this interval

v(zg) = vl exp fu(zy-z)). (12)
Because y is an eigenvector, it satisfies

vy, * WPy = A(b2-5)¢,

and this contradicts (12). Similarly the possibilities can be treated
that the right-hand side of (10) attains its maximal value as z » ==
or at a finite value. This completes the proof of (7).

To study the behaviour of the spectral radius of T3 as w + O,we
study the eigenvalues of wT3; this amounts to a division of all
eigenvalues of T3 by a factor w. A difficulty in proving the state-
ment that we want to prove is that mT3 is not a continuous function
of 'w. We overcome this difficulty by constructing a compact operator
Ol(m) on C(R)xC(R) that has the same spectrum and that is a contin-
uous function of w. Let A be an eigenvalue of mT3 and ¢ a corres-
ponding eigenvector:

Z . © ‘2.
¥(z) = %?-f exp 1'm(z—zl)(b2-b)zpdz1 + %T'J exp -im(z-zl)(bz—b)wdzl.

- z (13)
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Then we define

oD

1 . 2.0
w+(z) = 5T J exp 1mzl(b b)wdzl,
z
v.(z) =2 Zex -iwz, (b%-b)ydz
+ 77 | &P 1 1

o

From (13) we see that (¢+,w*) € C(R)xC(R) is an eigenvector corres- *
ponding to the eigenvalue i of an operator Ol(m) on C(R)xC(R):

A (T2 .
v, (2) = ?T'J (b°-b)(u, + exp 2iwzqv,)dz;,
z
(52 )
v (2) = 57 J (b™-b) (exp ~2iwzgb, 4 ¢+)d21-

=

Conversely, an eigenvalue A and a corresponding eigenvector -
(¢¢.¢¢) of Ol(m) yield an eigenvalue 1 and an eigenvector
b=y exp ~-lwz + b, exp jwz of wT3. The operator Ol(m) is easily seen
to be compact; cf Lemma 2, pg 25. Ol(m) is also simply proved to be
a continuous function of w. S0 we know that the spectrum of Ol(w)
also depends continuously on w in the following sense (see Kato [201,
pg 213): if A, is an eigenvalue of Dl(mo). then in any neighbourhood
of x, there is an eigenvalue of 0(w) for Im-mol sufficiently small,
The spectrum of 01(0) can be found simply. Let Ao be an eigenvalue
of 01(0) and (¢+,¢+) a corresponding eigenvector:
0,(2) = 2 [ 0F5) (w0, )42,

z

z
;% J (bZ-B)(¢++w¢)dzl.

Rl

<
-
—
N
~—
"

By addition we find immediately that 01(0) has only one eigenvalue

A ,» and this eigenvalue satisfies

A

%o i
21

e 2. o [ 2
f (b2-6)dz, = E?»f bldz, = 1. (14)

-oo -oo
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Because of the continuity of the spectrum there is in any neighbour-
hood of Ay 2an eigenvalue of Ol(m) and hence also an eigenvalue of
wTS(w) for sufficiently small |w]. By multiplication by » we return
to the eigenvalues of T3, and this immediately leads to the required
result.

This completes the proof of Theorem 3 (iii). a

Our next theorem essentially restataes Atkinson's proof concerning
the convergence of the Bremmer series; see Atkinson [2].

Theorem 3 (iv)

A1l eigenvalues of T4 satisfy

e n
(A(J |bldz > 5 (15)

The Neumann expansion
ZOAnT4nc (16)
n=

converges for » = 1 and ¢ = %o if

+eo

J Ibldz < L, (17)
and then it represents the solution of the scattering probiem with
normalization of the incident wave. The estimate (15) and consequent-
1y the criterion (17) are the best possible in the sense that %
cannot be replaced by a larger number such that (15) and (17) remain
valid for all frequencies and all profiles ¢(x)}. This is so because
for a profile c(x) that is nonincreasing or nondecreasing there
exists an eigenvalue that tends to Ay 85 w > 0; Ao satisfies

+c0 .
|101J lbldz = § .

L]
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It is worth noting that although the criteria stated in Theorem
3 (iii) and (iv) are the best possible in the specified sense, this
does not entail the impossibility of finding other criteria. We shall
investigate this in the next section. Further we remark that whereas
the series (3) converges whenever (1.2.2) is satisfied, the series
(8) does not. A similar remark can be made with regard to the con-
vergence of the series (5) and (16). These differences have already
been observed by several authors; see, for example, Broer and Van
Vroonhoven [10], Berk, Book, and Pfirsch [51, and Kay [21]. They are
bound up with the different normalization. Let us examine, for example,
the case of (3) and (8), and we restrict ourselves to ¢ = Xg*
We derive the solution with normalization of the incident wave from
the one with normalization of the transmitted wave. If the solutions
of x = Xo * Azj, j =1 and 3, both exist, they both satisfy

Yyt wly = A(b2-b)y.
Because they consist only of an outgoing‘wave as z -~ », they differ
by a constant factor. The solution with normalization of the trans-
mitted wave satisfies as z + -

p = y_(A)exp iwz + &_(A)exp ~iwz + o(1);

v_(1) readily follows from the expansion (3):

N I
Y_(X) = ] - mf (b -b)dzl +

2
+ _3_2.{
2iw 4

If this solution is divided by y_(x), the normalization is changed

+oo 00
exp —imzz(bz-ﬁ)dzz[ sin w(zz-zl)(bz—ﬁ)exp iwzldz1 + ...

o0 22

from the transmitted wave to the incident wave. This can be done only
if y_{a) # 0. Zeros of y_{A) are singular points of the solution with
normalization of the incident wave, these zeros are the eigenvalues

38 1.4



of T4; the Taylor expansion of the latter solution can only converge
if || does not exceed the smallest absolute value of the zeros of

v_(2).

§1.5. NEUMANN EXPANSIONS AND THEIR CONVERGENCE. CONTINUATION

While Theorem 3 (iii), pg 33, states that the exnansion
= n
1 Tax (1
n=0 3 %o

converges for suffitiently high frequencies if
re R
| |b2-b|dz < =,

-cn

Theorem 3 (iv), pg 37, does not imply that the Bremmer series
R (2)
n=0 4 %o
converges for sufficiently high frequencies if

4+
[ [bldz < =.

However, one might expect this to be true because the integrands of
the terms of the Bremmer series oscillate rapidly for high frequencies.
Besides, from asymptotics it is known that the WKB approximation is

an asymptotic solution of the differential equation (1.2.1) as w + =
see, for example,Erdélyi [15], Chapter 4. The next theorems express

how the convergence of the Bremmer series depends on the frequency.

We will indicate how the methods used may also Tead to other criteria
for (1). ’

1.5 39



Theorem 4

A1l eigenvalues of T4 satisfy simultaneously the inequalities

+
ix}{sup[ bz IF, (z,z)ldz 3t 2 1 i = 1,2, (3,4)
z i 1
Here w
Fi(z,2q) = J exp 2iwzyb(z,)dz, for z; s z,
2 (5)
= [ exp 2iwz b zz)dz for 2, 22,
|
21
Fz(z,zl) = [ exp -Zimzzb(zz)dz2 for z; < z,
z (6)
= J exp -21w22b(22)dzz for 27 22

-

The terms within braces in (3) and {4) tend to zero as w tends to =.
Hence the spectral radius of T4 tends to = as w tends to =.
The Bremmer series converges if one of the conditions

4+
sup[ |b(zl)||F1.(z.zl)|dz1 <1, i=1,2, (7.8)
z

is satisfied. It converges for sufficiently high frequencies.

Proof
Suppose that A is an eigenvalue of T4 and ¢ = (¢+,¢f) a corresponding

eigenvector. Then ¢ is also an eigenvector of T,° corresponding to

2 4
the eigenvalue A": 2.2
b= AT, (9)
Equation (9) splits into two eigenvalue equations in C(R):
. 27 2
by T AT,
221 2
Yy = T4+ vy
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Here T4f and T4E are defined in an obvious way; for example,
z
2 - z
T4+c(z) = ~J exp -1w(z-zz)b(zz)dzzf exp 1m(22-zl)b(zl)c(zl)dzl.
Z -

Let us consider the first of these two eigenvalue problems. From the
contraction principle it follows that all eigenvalues satisfy

TR 2 1.

By an interchange of the order of integration and by the definition
of F1 we obtain

)
2 .

Toa(2) = -| exp -iulzszy bz (2.2))e(z) )z,

Hence +
2 = :

1T4+C(Z)l s s:p J Yb(zlll’Fl(Z-ZI)fdzl iz 1f.
This leads to (3). In the same manner we find (4).
The terms within braces in (3) and (4) tend to zero as w + = because

according to the Riemann-Lebesgue Lemma

B
I b(z)exp 2iwz dz ~ 0 as w + =
a

uniformly for all o and B if

+0
f Ibldz < =

The other assertions are an immediate consequence of what we proved.
O

We remark that an infinite number of conditions may be derived in
almost the same manner which all assure the convergence of the
Bremmer series. To that end we should use the fact that no eigen-
values of T4 exist satisfying
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Al T mI™ <

for any integer m. This is a consequence of (1.3.8).

Further we remark that the same reasoning should also yield other
criteria for the series (1). We do not work this out, and we proceed
with the proof of a sufficient condition for the convergence of the
Bremmer series that is somewhat similar to the one we proved in
Theorem 3 (iii), pg 33, for the series (1).

Theorem 5

Suppose that

e to o
J |bldz < «  and { |b"=bidz < =.

- "cn

There are no eigenvalues of T4 satisfying

f+m(]A|2bz+IAIIBi)dz < 20. (10)

The Bremmer series (2) converges if

+oo .
f (b2+]b])dz < 2u. (11)

-0

Proof
Let X be an eigenvalue of T4 and (w+,w*) a corresponding eigenvector.
By differentiation we find

Y, + iwy, = -aby,,
¥4 . + + (12)
;pn - ‘Im\()f = *)\bw#.
This involves that ¢ = w++w* satisfies
by, Wiy = (A2%-2b)y. (13)

Further w+ and ¢* satisfy
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v, o(1) and ¥, = Y,Exp iwz + o(l) as z » =,

I

v, = 5_exp -iwz + o(1l) and v, = o(l) as z » -«

Both Y, and &_ are not zera; if they were, this would imply that
(w+,w*) = (. For example, suppose that Y, = 0. On account of (12)
and the boundary conditions,(¢+,¢+) must be a nonzero solution of

w+(z) AJ exp -im(z—zl)bwfdzl,

2
v,(2) xJ exp iu(z-2;)bv,dz;.
z

But by Theorem 2 (ii), pg 27, this equation has no nonzero sclutions.
So ¢ satisfies

#

v o=y, exp ez + o(l) as z+ =,

v = & exp -iwz + 0(1) as z » -=,

with v, # 0 and 6_ # 0. A solution of (13) that satisfies these
boundary conditions must be an eigenvector of the following nonlinear
eigenvalue problem in C(R):

R A 2,2 ¢
v(z) = 77z J exp 1m|z~21|(x b™-ab)ydz; .
(On account of Lemma 1, pg 15, the integral converges.)
From the contraction principle it follows that no eigenvalues exist
satisfying oo
[ (1N1%2 « [3]1B1)dz < 2. (14)

-0

By arquing in a similar ﬁay as we did in Theorem 3 {iii), pg 33,
we can exclude the equal~-sign in (10). Therefore the spectral radius
is larger than 1 if

rte 2 L
J (b® + |b]}dz = 2. 0

-0



In order to give a more comprehensive account of published results
concerning the convergence of the Bremmer series, we shall now derive
a condition that is essentially the one Berk, Book, and Pfirsch [5]
used, but which they derived in an awkward way. It is based on the
observation that to assure the convergence of

) A"T4"; (15)
n=0

it is sufficient that the inequalities

400
|x|11msup{f b(2)|1(T,"2), ,(2)| %z /%"
Mo ®

<1 (16)

are satisfied. This can be understood in the following way. (See
also Riesz and Nagy [29], pg 151.) From Cauchy's convergence test
we know that (15) converges if

[A] < {1imsup Han;lil/n}-l. (17)
N

Using the Schwarz inequality we can cbtain an estimate of the right-
hand side of (17):

[(T,"e) (2)] = ifwexp -iu(z=z)b(T,"
z

-1
;)+dzli <

< 1 Jblazpb [ Ib11(1," o), |2z, <

|
.

Ibdzy3? {[ LIICARINEIRL
Therefore
- _
Timsup H )+H Un o 1imsup{f tbit(T4n;)+[2dz}1/2".
N+ N-ce

-

In the same way we obtain

+ o
Timsup [|(T,"e) 11 /" < 1imsup{f 1b]1(T,%), %dz) /2.

[{mad N0
-r0
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Together with (17) this leads to (16).

In our next theorem we obtain an upper bound of the limsup in (16).
This leads to another sufficient criterion for the convergence of
the Bremmer series. Again many estimates can be made,leading to dif-
ferent criteria. We restrict ourselves to the following theorem.
(We notice that the technique we described can also be applied to
cbtain new criteria for (1).)

Theorem 6
A sufficient condition for the convergence of (15) is that both
inequalities

4

: 2 ’ .
le{ff b(z)) 1 1b(zp) [ [F;(z;52,) | dzldzzli <1, i=1,2, (18)

are satisfied. The Bremmer series converges if

+0

2 .
[J }b(zl)lib(zz){{Fi(zl,zz)i dzydz, < 1, i =1 and 2. (19)

Here F1 and F2 are defined by (5) and (6).

Proof ,
With the definitions of T4 and F1 we find form =2 2

o
m 2
[EIASRETE

< [ Ibtzy) ez, |

e m-2 2
b(z,)F(z7:2,)(Ty "), (25)dz,|" s

+x
+o0
< f[ 1b(z1);;b(z2);(Fl(zl,zz);zdzldzzf b/ 1(1," %), |dz.

The same inequality holds for the "upward" terms with F2 for F1.
By induction this leads to
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oo
IR NG
- )

s'{” |b(z1)gzb(zz);|F1’2(zl,zz)12dzldzz}“‘f Iblz, |2z

and o
2m+1 2
[, 1% <
+oo o

< ([ 1bGz)) 1 1b(z) |1F) p(21.2,) [Fdzydz, )" [b]](T,2), ,|%dz

< 1 2’11 1,2Y 1% 1942 45y 41 02
Therefore

rte=

. 2,..1/2
11msup{J [bi!(T4nz)+’¢| dz} /on

e e

400
2
< {” Ib(z)) | [b(z)) | IF ,(2102,)| Pdzydz 1.
Putting this in (16) we obtain (18). a
Up to now we assumed in discussing the convergence of
I T and T T," (20,21)
n=0 2 %o n=0 4 %o
that (oo
J |bldz < =,

To conclude this section we shall examine whether we can dispense
with this condition. Of course,we can no longer be sure that the terms
of the series make sense. We shall use a method due to Broer and Van
Vroonhoven (101, who establiished the interrelationship of the terms

of (20,21) and those of

Ton o N
ITyxg and  § Ty, (22,23)
n=0 1% n<o 3%

respectively. But they did not reaiize that from this a new criterion
for the convergence of the series (20) and (21) can be derived.
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Theorem 7 (i)
A sufficient condition for the convergence of (20) in C(R)xC(R) is
»t+oo
J [b2-b|dz < = (24)
If we denote the sum of (20) by (¢+,¢+), then ¢y = RN is the unigue
solution of the scattering problem with normalization of the trans-
mitted wave.

Theorem 7 (ii}

The terms of (21) belong to C(R)xC(R) if (24) is satisfied.
The series (21) converges in C(R)xC(R) if

f+ (b%+]B])dz < 2a. (25)
If we denote the sum of (21) by (¢¢,¢+), then ¢ = v, is the unique
solution of the scattering problem with normalization of the incident
wave. (Cf Theorem 5, pg 42.)

Because in essence the proofs are the same, we shall only sketch
the proof of the first part of Theorem 7.

Proof of Theorem 7 (i)

Let (w+(n)’¢+(n)) denote Tznx0 (we shall successively prove that these
terms make sense); and let v n) denote Tlnx0~ We shall expose a

simple relation hetween w(n) and (w;(m),¢+(m)). First we remark that

¢+(2n+1) = (0 and ¢+(2") = 0 because w+(0) = 0. By the definition
¢+(0) is equal to w(o). Then we prove that the integral defining
1
W
v, (z2) = f exp —1m(z-zl)b exp 1mzldzl.
z
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(1)

function of z. This can be proved with the aid of integration by parts
if we use the results of Lemma 1, pg 15, to the effect that b is
absolutely integrable and that b. approaches zero as |z| + =. We obtain

converges, and that vy is uniformly bounded and is a continuous

¢+(1)(Z) = m'l[ sin m(Z'Zl)B exp ‘iwzldzl.
4

(1) (1)

So ¥, is a part of the integral defining v

-1f" .
¢(1)(z) = - 1J sin m(z-zl)(b2~b)exp imzldzl.
z
ini (1) (2) A
The remaining part of y emerges as a part of ¢ . How in general

+

(2n+1) and ¢ (2n) are related to w(")
4

(2n)

the terms ¢+ is expressed by

the following assertions. Suppose that v, (2n-1) are uni-
formly bounded and that they satisfy

(2
Viz "

and ¢+

- 1m¢+(2n) - -b¢+(2"'1);
then the integral defining ¢+(2"+1):

2n+l ® )
¢+( n )(Z) = I exp ““(2‘11)bw+(2")dzl,
z

converges, is uniformly bounded, and is a continuous function of z.

Further w+(2n+1) satisfies

¢+(2n+1)(z) = -m-II sin w(z-zl)b2w+(2"'1)dz1 +

z (26)
+ m—lf sin m(z-zl)5w¢(2n)dz1
z
and satisfies
(2n+1) , . . (2n+1) _ . (2n)
v, + dwy, = -by 7L (27)
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This assertion can be proved simply with the aid of integration by
parts and Lemma 1. Similarly the following assertion can be proved

to hold. If w‘(2n+1) and w+(2") are uniformly bounded and if they
satisfy ( )
2n+1 . (2n+1) _ (zn)
V.7 +oiwe, = -by, \
then the integral defining w+(2“+2):
.(2n+2) = ® s _ (2n+1)
Yy (z) = | exp iu(z-2))by, dz,.

z

converges, is uniformly bounded, and depends continuously on z.

{2n+2)

Further ¥, satisfies

v (2n+2)(z) = -m'lJ sin m(z-zl)bzw*(zn)dz1 +
z (28)
+ m'lf'sin w(z-zl)5¢+(2"+1)dz1

4

+

and satisfies

(2n+2)

! - oy, (B2) < gy (20¥1) (29)

In this manner we find successively and piecewise the terms w(").
It turns out that the series (20) results from a rearrangement of
the terms of the series (22) such that the resulting series is
arranged according to increasing powers of b. The terms of order n
can be found by premultiplication of the terms of order n-2 by

and by premultiplication of the terms of order n-1 by

m'lj sin m(z—zl)B cene dzgy
z
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as can be seen from (26) and (28). Because we find successively all
the pieces that build up ¢("), the following estimate must be valid.
(See also the proof of Theorem 3 (i), pg 30.)

Tae M@l <

A

pe w1 w2 bl)az, + 2] 625 0az, [ 6B B 0z ¢ e -

z z z,
10" . -1t .
= exp w 1J (b2+[b!)dz1 < exp w 1{ (b2+|b|)dzl.
¥4 -0

So the condition (24) 1is a sufficient condition for the convergence
of (20) in C(R)xC{R). Because of the differential equations (27) and
(29) v, and v, satisfy Bremmer's equation (1.2.8); they also satisfy
the required boundary conditions. Therefore y = vt v, is the unique
solution with normalization of the transmitted wave.

0
§1.6. ANOTHER ITERATIVE PROCEDURE
APPLICATION OF THE FOREGQING THENRY
Several methods exist that all provide an asymptotic solution of
(1.2.1) as w » =; see,for example,Erdélyi [15]. We describe one of
these only and show how we can replace this asymptotic method by
an iterative procedure that leads to a sequence converging to a
solution of (1.2.1). However, some other asymptotic methods may be
handled as well in essentially the same manner.
The solutions of (1.2.1) that have no zeros can, as is well-known,
be represented in one of the forms
-1 x
9, = YF 2(x)exp ii[ F(xl)dxl, F(x) > 0, (1)
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where F(x) obeys the non]inear differential equation

- k2(x) + P2 4 ——EF % - W22 (x). (2)
dx
The truth of this can be seen in the following way. For every solu-
tion of (1.2.1) having no zeros a real A(x) > 0 and a real B(x),
both twice continuously differentiahle, exist such that

¢ = A-%(x)exp iB(x).
Now, for any solution of (1.2.1) we have

boy - 70, = -2ia,
where a is a real constant. This implies By = aA(x). The constant «
cannot be zero because this would imply that ¢ is a multiple of a
real solution of (1.2.1), and real solutions do have zeros. This
immediately leads to the representation (1); the sign in (1) corres-

ponds with the sign of the intensity. (A solution that has no zeros
is a solution with nonzero intensity, and conversely.)

One might try to solve equation (2) by an expansion in powers of w.
The first terms of this expansion are easily found:

F = wc (x)+ mlcid—zca“'f'... (3)

Insertion of the first term of (3) in (1) Teads to the two first-
order WKB approximations. However, the expansion (3), if possible

at all, will in general not converge as is commonly known; it consti-
tutes an asymptotic sequence.

In this section we shall be concerned with an iterative method that
provides a solution of (2) in the form of a convergent series. The

methods used will turn out to be intimately related to those of the
preceding sections. We start with "flattening" the equation (2) by

means of a Liouville-type transformation:
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G=cF, z= fxcnl(xl)dxl. (4)

Xo
This transforms (2) into
2
2 2 d - 2.
2 = ol 4 G 76 ) (5)
z
or 2
2 2,3 .~2,dG,2 1 .-1d°G 2 ¢
G" = w +IG (a—z-) ——2-G ;2-‘ (b"b)- (6)

‘Instead of (6) we study the extended problem of finding the sclutions
of

2
2.de2 1 .-1d .
§=m2+%ezqﬁz-yslaﬁ-xw@m (7)

for arbitrary complex A. We try to find a solution of (7) in the form

of a power series in A. This expansion can be carried out formally for

arbitrary A. In particular we are interested in the convergence for

A= 1. Its first term G(o) js a solution of the equation
22,3262 1 d2g

G =w +76 () -76 2

The real, positive solutions of this equation are

G(O) = w{B + (ez-l)ésin 2m(2~zo)]-1, g =2 1.
One way to prove this is the following. From the differential equation
that is satisfied by 6(0) it follows that (%) = 6(®)1 satisfies a
linear differential equation of the third order which can be solved
readily: 2

HZZZ + 4w HZ = 0.

Insertion of the above solutions in (1) leads to all linear combi-
nations of the WKB approximations:

- X - X
¢ = ark é(x)exp iJ k(xp)dx; + apk é(x)exp -i[ k(xp)dx s fag] # |as|s
as can be verified by simple calculations. If the plus sign is chosen

in (1), we obtain the combinations with |a;| > [ay|; the minus sign
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in (1) leads to the combinations with [a;| < |ay|- So, the fact that
G(O) is periodic with the double frequency 2w is essential for the
presence of both WKB approximations at the same time. The second term
is a solution of

gfg 6 4 6502882 (01 6l yc0p2,

dz ( dz i dz2
-3 ég;ll 6(0)-1 dGiO) + 26(0) 2By = 0.

Etc.

How the expansion has to be performed and how the convergence of the
resultant series can be proved will be illustrated by the expansion
that leads to the solution with normalization of the transmitted wave.
We assume that

to
J bZ-b|dz < .

~0o

It will be shown how the proposed expansion is related to the series
FaM N, (8)
n=0 1%

that for A = 1 also represents the solution with normalization of the
transmitted wave. First we notice that the change of variables (4)
corresponds with the Liouville transformation (1.2.6). The Liouville
transformation transforms the solutions (1) of (1.2.1) into the
solutions . .

v, = YG 2(z)exp ii[ G(z,)dz, (9)

of 2 o,
by + 0¥ = (b5-b)y, ' (10)

where G is related to F by means of (4) and G satisfies (5). The
solution of (10) with normalization of the transmitted wave satisfies

Y = exp iwz + o(l) (11)

and

v, = iw exp fuz + o(1). :2)
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In view of this it is convenient to rewrite the representation (9)
in a slightly different form. The solution of (10) that satisfies
(11) and (12) can be represented by

- =
v = w26 (2)exp fiuz - i| (Gu)dzt, 650, (13)
z
where G satisfies (5) and G satisfies as z + =

G =uw+ o(l) . (14)
such that the integral in (13) converges. This can be proved in the
same manner as we proved the validity of the representation (1). We
notice that the solution of (10) that satisfies (11) and (12) cannot
have zeros. This is so because any solution of {10) satisfies

ww; - w*¢z = const.
For the solution with normalization of the transmitted wave this
constant must be -2iw because of (11) and (12). Therefore this
solution cannot have zeros.

If we impose the boundary condition (14), the first terms of the
expansion of the solution of (7) are readily found:

6(z:2) = o + 2| sin 2u(z-2)) (b2-B)dz, + 12[ sin 20(z-z;)...  (15)
z z

We observe that at z = == the first terms of the expansion are peri-
odic with the frequency 2uw,representing the fact that at z = -= both
WKB approximations are present. So we take reflection into account
in the expansion. (We denote a function f of the variables z and A
by f{z,x). But we do not scruple about using the same notation later-
on for a C(R)-valued function of the complex variable A.)

To study the possibility of a formal expansion and its cbnvergence,
we want to expose the relationship between the parameter A in (7)
and the parameter in (8). The expansion (8) amounts to an expansion
of the solution of

b + wiy = A(b%-B)y (16)

¥4
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that satisfies (11) and (12) in powers of A for arbitrary complex A.
On the other hand, suppose that for real » G > 0 is a solution of (7)
" that satisfies (14) such that the integral in (13) converges. Then
(13) is a solution of (16) that satisfies the boundary condition (11).
So, by (13) the expansion of G amounts for real X to an expansion of

w{lb*(z,l)q;(z,x)}-l, A real, (17)

in powers of A. Here ¢ denotes the sqlution (8) of (16). This links
the expansion (8) that we studied in the preceding sections to the
one of this section.

Let ¥(z,\) denote the solution with normalization of the transmitted
wave. We know that for real 2

6(2,2) = wlv™(z,0)p(z,0)1 L. (18)

From the preceding sections we know already that p(z.r) is a C(R)-
valued analytic function of A on all of the complex plane. Then, of
course, in studying the existence of an expansion of G in powers of
X, one is naturally led to the examination of the existence of an
analytic continuation of the right-hand side of (18). We shall seae
that it is possible to investigate this within the concept of C(R}~
valued analytic functions. (As we will prove lateron,

W (22 )u(zn)) !

belongs to C{R) for real A. See the corollary,pg 58.) In examining
this analytic continuation we need the following lemma. It is an
analogue of a simple assertion in ordinary function theory.

Lemma 5

Let U be an open subset of the complex plane, and suppose that f(z,x)
is a C(R)-valued function of A ¢ U that is analytic on U. Then
27 is also a C(R)-valued analytic function on U if and only if
for all x ¢ U igflf(z,x)l > 0.
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A C(R)-valued function exists, analytic everywhere on the complex
plane, such that for real A it equals w*(z,x)w(z,x). This function
s ¢*(z,x*)¢(z,x).
The analyticity is a direct consequence of the analyticity of y(z:2).
By Lemma 5 w{w*(z,k*)¢(z,k)}-1 is a C(R)-valued analytic function on
the subset of the complex plane consisting of all a for which
12f|¢*(z,x*)w(z,x)| > 0.
The complement of this set consists of all a for which
igf[w(z,x)l =0 (19)
and their complex conjugates. Because igflw(z,x)! is a continuous
function of A, the latter set is closed. It remains to be examined
for which a (19) holds. Suppose A to be so. Because of the asymptotic
behaviour (11) we know that for sufficiently large z |y(z,A)| » % .
Therefore one of the following situations must occur.
(i) ¢ has a finite zero at z = Zy-
(i) Because we know already that constants y_ and &_ exist such that

¥ = y_exp iwz + §_exp ~iwz + o(1) as z + ~w,

(19) also holds if |y_| = [s_|. This implies the existence of
a real constant z, and a complex constant y such that

¥ = y sin m(z—zo) + 0(l) as z + ==, (20)

The examination of both possibilities can be reduced to the study of
an eigenvalue problem. Suppose, for example,y is a solution of (16)
satisfying both (11) and (20). Then by the method of varjation of
constants we see that y must be an eigenvector corresponding to the
eigenvalue A of an operator 02 defined on all of C(R):

z
. . 2 :
v(z) = - %-exp 1m(z-za)J sin m(zl~zo)(b ~b)y dzy -

~00

w (21)
- %-sin m(z-zo)f exp im(zl-zo)(bz—ﬁ)w dz, .
z
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This eigenvalue problem can be handled in the same way as we treated
the eigenvalue problems of 5§1.3-5. We prove a lemma, the proof of
which resembles that of Theorem 2 (iii), pg 27, and that of Theorem
3 (iii), pg 33. In passing we notice that the methods developed in
§1.5 may provide other estimétes of the eigenvalues, but we do not
go into them.

Lemma 6
The operator 0, in (21) has no real eigenvalues for any Zg» and for
any z, it has no eigenvalues satisfying

[ 2 .
IA!J Ib°-bldz = w. (22)
Proof
Suppose A is a real eigenvalue and y a corresponding eigenvector.
Then ¢ satisfies Uy, t mzw = A(bz—B)w and therefore ¢¢; - w*wz = const.
Because of the asymptotic behaviour of ¢ as z + -=sthis constant must
be zero. Besides we know that a constant y exists such that

¢ =y exp iwz + o(1) and v, = jwy exp iwz + o(l) as z » =, (23)
But then y must be zero,and a solution satisfying (23) with y = O
must also be zero, as we have already seen several times. In the
proof of the second part the arguments of Theorem 3 (iii), pg 33,
can be repeated almost verbatim. That is, from the contraction prin-
ciple we obtain that no eigenvalues exist satisfying
)
]*|J [b2-b|dz < w;
there can also be no eigenvalue satisfying
+c0
m[ b2-b[dz = w

-

because a corresponding eigenvector cannot be a solution of the
differential equation. 0
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In the same way we can examine the possibility that ¢ has a finite
zero z,. Then ¢ is an eigenvector of an operator 0, in C(R):

z
v(z) = - %-exp im(z-zo)[ sin m(zl-zo)(b2-5)¢ dzy -
z, (24)

A ® 2 ;
- = sin w(z-zo)[ exp 1m(zl-zo)(b ~b)y dz;.
z

For this eigenvalue problem the following counterpart of Lemma 6
can be proved.

Lemma 7
The operator 03 in (24) has no real eigenvalues for any zZ. and for
any z, it has no eigenvalues satisfying
oo
mf lbz-Btdz < w. (25)

-0

From the foregoing we immediately obtain the following corollary.

Corollary

An open set U in the complex plane exists containing the real axis and
containing the set
~+x 2 .
mf b2-b]dz < w,

such that -
ol (245 (2,001 7!

is a C(R)-valued analytic function on U.

It is not difficult to prove that in this way we have found a solution
of (7) for » € U. This can be seen in the following way. Both
vg = w(z,1) and vy = w*(z,x*) are solutions of

vy, ¥ wly = A(bz—B)w.
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The Wronskian of any two solutions of this equation is constant.
Hence

¢1¢22 - ¢2w12 = const.
This constant must be -2iw because of the asymptotic behaviour of 121
and Yy 8S Z > e If we use this, then substitution of

1

6(z,7) = wly ™ (z.2 ) u(z,0)) (26)

immediately leads to the result that G{z,r) defined in this way is a
solution of (7) for A € U. Because of the corollary this G(z,r) has
a Taylor expansion in powers of i convergent in C(R) if

+eo
|x[J [b%-bldz < w. (27)
This Taylor expansion must be the expansion (15), of which we studied
the convergence; up to now we even were not sure that an expansion
in C{R) was possible. In particular the expansion (15) definitely
converges for A = 1 if

+w

J |b2-b|dz < w. (28)
And then substitution in the representation (13) Teads to the splution
with normalization of the transmitted wave. As a matter of fact the
terms of the expansion can also be found from the known Taylor expan-
sion of y. If we denote the expansions by

6(z2) = 1 %M (2) and y(zon) = A" (M),
n=0 n=0

then we have by (26)
01 2"%M @)1 A% M @
n=0 n=0

This implies

G(O)(z) = w{w(o)*(z)¢(0)(z)}’1 =,

onnw(")*(z)} = w.
n=
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61 (2) = a0y (0 ) (¥ (5) 4 (D (2), (02} -

J sin m(z-zl)(bz-B)dzl,
z
etc.
Up to now we proved that the proposed expansion of G converges if the
condition (27) is satisfied. But we are not sure that G-u can be
integrated term by term such that we obtain an expansion of the
argument -

wz - J (G-m)dz1 (29)

z

of the solution with normalization of the transmitted wave. This can
be shown to be possible in the following way. We know that an open,
simply connected set V in the complex plane exists containing the
real axis and also containing the set

LI
|A|[ [b-b|dz < w
such that ¢(z,x)'1 and {¢*(z,x*)¢(z,x)}'1 are C(R)-valued analytic
functions on V. (The set U of the corollary need not be simply
connected.) Then

i 1

x -
L RUSCENITERNE a%f Wbz )3y -
0

(30)
-1 d

A
-1[ ¢(z,x1) HXI w(z,xl)dxl

0
is also a C(R)-valued analytic function on V; the path of integration
is arbitrary, contained in V. Now, from the connection between the
integrals in (30) and logarithms one may infer that for real X wz
plus the expression (30) is an argument of y(z;A) continuous with
respect to both ) and z. We know that for real A this continuous
argument is -

wz - J (6-u)dz, »
Z
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apart from a multiple of 2r. Because for A = 0 we have G = w, (30)
must reduce to -
-I (G-u)dz;

z

for real A. But because (30) is a C(R)-valued analytic function on V,
as is G, they must be identical for all A ¢ V, and the Taylor expan-
sjon of G-w can be integrated term by term such that the resultant
series certainly converges in C(R) if

§A§J+m§b2-5}dz < u,

and for » =1 if

+o
I ]bz-B}dz LR

-0

Once we know how the expansion (15) is related to the series solution
(8), another iterative procedure suggests itself. One might expect
that an expansion of the solutions of (6) exists that is related to
the solution

IRAEIELA

which also has a normalization of the transmitted wave. To that end
we introduce a complex parameter A in (6) according to

2
- 2 - d
S L R Lhw SECLAEE P (31)
Z

and we try to find a solution of (31) in powers of A. We will not
pursue this any further; we only remark that it can be done.
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APPENDIX

Diagonalization

Motion of a spin in a time-dependent magnetic field

There exists another natural way to obtain Bremmer's equations
(1.1.23), different from the method described in the introduction to
this chapter. The method to be described even leads to other series
solutions of the equation

by * kz(x)¢ = 0, kz(x) = pc (). (1)

The method is also suitable to obtain asymptotic solutions of (1) as
w + =,as has been done by Van Kampen [19]. It has also been described
by Keller and Keller [22].

We define
up(x) = o(x)s uy(x) = ¢, (x)

and rewrite the equation (1) as a first-order system:

u1 ) 0 1 u1 ) u1
o) [ A
21X 2 2

When new variables are introduced according to u = Pw, where P is a
nonsingular, differentiable matrix, the new variables obey
wo= (P71 - p7lpr (3)

If now it were possible to choose the matrix P in (3) such that

p~lap - plp
would be a diagonal matrix, the system (3) could be solved directly
by exponentials. However, no general method exists that enables us to
find sich a matrix. What can be done is the following. The matrix P
is chosen in such a way that P-lAP is diagonal. If A is "slowly
varying", then P can possibly be chosen such that the coupling caused
by p1
A is

P' is weak. A matrix that meets the requirement of diagonalizing
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P = ; (4)
-k +ik

The matrix P is determined to within an arbitrary diagonal matrix
D(x)} to the right; however, the matrix (4) is the only one that estab-
lishes an "amplitude splitting":

$ = Uy =W+ W,
{0f course, this is only true apart from a trivial interchange of the
variables.) With P chosen according to (4),the set of differential

equations (3) is exactly the set Bremmer found:

-1

% c c'w1 - 1wc-lw1 - %—c"I

H

W c'w

1x 2°
(5)
=Ll e+ iwe - LTl

Wox =7 2 et Wy -7 1°

(The amplitude splitting we found in this way need not be the only

one; a splitting not necessarily results from a diagonalization.

An example is Sluijter's splitting; see Sluijter [31] and {32]. )

If we drop the condition that the transformation should bring about

an amplitude splitting, we may choose D(x) so that the diagonal part

of P—lP‘ is zero. Then D(x) is apart from a constant diagonal matrix

c%(x) 0
D(x) = 1 s
0 c?(x)

which leads to a transformation of the variables as described by the
Liouville transformation. If certain conditions are fulfilled, we can
diagonalize once more in order to take into account the coupling to
"higher order". The resulting equations may serve then as a base for
an iterative procedure as we developed for Bremmer's equations (5).
If this procedure is repeated and if the resulting series are cur-
tailed after the first term, the resulting sequence is a sequence
asymptotic to a solution of (1) as w » =. But rather then pursue this
method any further, we apply the method of diagonalization to another

problem, viz the problem of the motion of a spin in a time-dependent
magnetic field.
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For the sake of simplicity we shall restrict the discussion to spin
%—partic]esi however this is not essential. The Schrddinger equation
for a spin > particle in a field 8= (Bx’By’Bz) reads (see, for
example, Merzbacher [277, pg 285)

u [ -B iB.~B \fu u

il 1] =3 z I EEY: I (6)
u 4 -iB,-B B u u
2/t y x z 2 2 )

This system of equations with initial conditions ul(t=0) = U5 and
uz(t=0) = Uy Can be solved,of course,directly by an iterative proce-
dure in which the offdiagonal terms of B are treated as a perturba-
tion in the same way as we did for Bremmer's equations:

t t t
up = uygexe(i ¥ f Bdt) + uy JZLJ exp( § | B,dt,) (1,48 )dt + ...
0 (7)

. YO t v -t 1 t
uzoexp(-1 E—f Bzdtl) + Uy ?'J exp(-i J Bzdtz)(1BX—By)dtl + ...

0 0 t

—_—

N o

Yz
A majorant of both series in (7) is

« t
Z %T-{%-J |iBy—BX§dt1}n max(!ulof,{uzol). (8)
0

Hence they-converge certainly for all t, and they converge uniformly
for all t > 0 when

f 18,8, |dt; < = (9)
0
Now, the method that we described above may provide series that con-
verge faster than the series (7) and that, in addition, converge
uniformly for all t = 0 although the condition (9) is violated. For
this purpose we introduce again new variables according to u = Pw.
Then w satisfies

. -1 =
iw, = % P BPw - iP"Pw = L Bw. (10)

{Here the dot denotes differentiation with respect to t.)

1
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A matrix P such that P'IBP is diagonal and such that diag P-lﬁ =0,
is, provided bZ # -1, a matrix of which the elements are

1+b_\3 . t=bb +bb
= z)|* i Xy Y
11~ (‘2“) exp 7 f "‘"""I?E;_—"'dtl’

P
0
1+b \ 3 b +ib it -be +h Bx
P1z = |2~ "115;1' exp - ?‘{ '““"xiisgx"“ dty (11)
0
* *
Pog = Py and Pyy = =Ppps
where B R B

b =—')—S—, =_L’ b =-...E___

ST TR T R |
This transformation corresponds to the introduction of a coordinate
system with the z-axis along B. Then the elements of B are

- y ibb +bb qt b b b 5,
B12 = - ?’{“"'""T?B;z;—'“ 1bx-by}exp - i f ————XT;E;~—— dtl’
0 (12)

~

B

~ > ~ ~ %
11 = -1Bls By = [B, By = By

The set of equations (10) with initial conditions wl(t=0) = Wy and

wz(t=0) = Wy is again a starting point for an iterative procedure.

Simple calculations now show that the resulting series are majorized
by

o t
1 /1 > n
nZO ot {3 J [Bldt 3" max(|wypls[wypl)- (13)
0
So they converge uniformly for all t if
[1Blat < = (14)
0

From a comparison of (13) and (B8) we see that, in general, the new
series will converge faster than the series in (7) when

1 (ts v [t
2‘[ {bldtl << i-i {1By+Bx]dt1. (15)
0
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We note that %—[iBy+Bx{ = w sin o, where w is the Larmor frequency
and 6 i§ the angle between the field direction and the positive z~-
axis; |b| is the rate of change of the direction of the field.
Therefore (15) certainly applies when the rate of change of the field
direction is small compared to the Larmor frequency calculated from
the transverse part of the field. The process of diagonalization we
have described may be repeated as long as the derivatives exist. This
possibly leads to better converging series, but it also causes more
and more bulky expressions.

66 1.App



CHAPTER II

THE CAUCHY PROBLEM
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§2.1 INTRODUCTION

In the first chapter we were concerned with monochromatic so]ufions.
These solutions describe the steady state that is supposed to result
from the reflection of a monochromatic wave incident on an inhomo-
geneous medium. We found that in the case of the solutions with nor-
malization of the incident wave the conditions that guarantee the
desired asymptotic behaviour do not assure the convergence of their
series representations.
In this chapter we shall study the Cauchy problem for the wave equa-
tion -2

. -c (x)q;tt = 0. ()
It will turn out that the concepts that underly the first chapter also
provide series solutions of the Cauchy problem. For the convergence
of these series less severe restrictions are required.

In this introduction we shall sketch roughly these concepts and work
them out in more detail later.

First we describe the counterpart of Liouville's method. In order to
“flatten” (1) we apply the same transformation we used for the
Helmholtz equation:

M=

o, (2)

¥Y=cC

X .1

J c (xl)dxl. (3)
*o

[

4

By this transformation the wave equation (1) is transformed into

2 .
Yo, =Yg = (b™-b)w. (4)

As we did for the monochromatic solutions, we can treat the right-
hand side of (4) as a perturbation to be taken into account by
successive approximation. The first approximation then takes the

form
wl(z+t) + wz(z-t),
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and inverse Liouville transformation leads to
1 X _q 3 (%
cz(x)wl(J c (xl)dx1 +t)+c (x)wz(J c

%o X0

Lxdxg - b, (5)

the counterpart in the nonmonochromatic case of the WKB approximations
of the first chapter.

There also exists an equivalent of Bremmer's method that leads to

a series solution of the initial-value problem. This solution is akin
to the nonmonochromatic solution that Berk, Book, and Pfirsch [5]
found. In order to find this series,one has to approximate the profile
¢(x) by a number of homogeneous layers; next the contributions to

the solution that have undergone a fixed number of reflections are
summed up, and ultimately one passes to the limit of the thickness

of the layers tending to zero. In this way we find the counterpart

of (1.1.23):

Sl -1, -1 1 -1,
by "7 C e mC Ry 7C¢ €% .
6)
1Al .1 -1, (
Q‘?‘X 2—0 C¢++C Q‘ft- -2-C C®+.

Here e, stands for the total contribution to the solution of the
partial waves that have undergone an odd number of reflections; e,
consists of the waves that have undergone an even number. By differ-
entiation it can be seen that LI is a solution of (1) if 2, and 2,
are a solution of (6). The series solution that can be found using
Bremmer's concept can be seen to originate from an approach of the
equations (6) by successive approximation in which the right~hand
side of (6) is treated as a perturbation. The first approximation

of ®, has the form

¥ = cé(x)wl(chﬂl

' (;(l)dx1 + t),

*o

Vthat of ¢*
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%(x )¥, J x1 Jdx; - t).
Xq

In this manner we find the two WKB approximations again. By the
Liouville transformation (2), (3) the equations (6) can be simplified.
So we introduce

+ T +
%o
This Teads to the equations
¥ _-v = -by,
‘vz +t *
b (7)
Yoz ¥ Yy 7 DY

the equivalent of (1.1.24).

In the appendix attached at the end of the first chapter, pg 62, we
described how one can attain Bremmer's equations by diagonalization.
Using a similar procedure we can also obtain the equations (6). If
we introduce a new variable ¢, the second-order partial differential
equation (1) can be written in the form of a first-order system:

b b JEkBk

Indeed, eliminating & we see that ¢ satisfies (1). (For those examples
as given in the general introduction where the equations were origi-
nally presented in the form of a first-order system,Athe interpretation
of ¥ is clear.) Just like we did in the appendix of Chapter 1l,we
introduce new variables according to

? = P(x) " »

¥
%y

where P is a nonsingular, differentiable matrix independent of t.
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Then the new variables obey

¢

: [ ]

ey I T I (9)

A x ®/ ¢ !

1

]

Again we choose P so that P AP is diagonal, and we demand that P

should bring about an amplitude splitting ¢ = o te,. Then P is unique

1 1
P = .
clxy -

Substituting this P in (9) we obtain precisely the equations (6).

again:

§2.2 SERIES SOLUTIONS OF THE CAUCHY PROBLEM

In this section we shall, using the methods indicated in the intro-
duction,construct series solutions of the Cauchy problem

Pex ~ c.2(")“’tt =0, (1)
o(x,0) = ¢°(x), (2)
o, (x,0) = Qg(x), (3)

where = < x < += and t = 0.

We shall restrict ourselves to classical solutions, i.e., to solutions
b e Cz. Here C" denates the set of complex-valued functions that are
m times continuously differentiable with respect to both x and t for
cw <X <4mand t >0 (including all mixed derivatives up to the m th
order). C is the set of functions continuous for -= < x < += and

t = 0. We assume that ¢° is twice continuously differentiable and

@2 once. In this section we shall not yet be concerned with series
solutions uniformly convergent for all x and all t = 0. Therefore
c(x) is subjected to less restrictive conditions than in the first
chapter (cf pag 14):

c(x) is twice continuously differentiable;

c(x) > 0;
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(=9

>
n
8

c(x) satisfies J ¢ x
X

"
8

° -1
and J c (xl)dxI

These conditions admit the Liouville transformation

-1
¥y = ¢ 2g, (4)

|
z = J C (xl)dxl. (5)
*o

Then the Cauchy problem (1), (2), (3) is transformed inte

v - vy = (00, (6)
¥(z,0) = ¥°(z), (7)
vy (2,0) = ¥§(2), (8)

where == < 7 < +o and t =2 0.

The new initial values can be expressed readily in terms of the old
ohes. This initial-value problem is equivalent to an initial-value
problem for the system

¥y _ -v = =by ,
vz +t + (9)

+y = -=by |
¥4z 1t b?+

The initial values that have to be imposed are

v, (2,0) = ¥2(z) = L0y s %-c*(z)szg(zl)c'%(zl)dzl + act(2). (10)

7
0
Z N
v,(2,0) = ¥2(2) = 3 ¥°(z) - %-c%(z)J ¥0(z))c H(z))dzy - ack(z). (1)
0

Hare a may be assigned arbitrarily. By inspection the following asser-
tions can be verified immediately:
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The sum of ¥, and ¥, 15 a solution of (6) if ¥, and ¥, constitute

a twice continuously differentiable solution of (9). If ¥, and v,
also satisfy the initial conditions (10) and (11), then v = YA,
satisfies (7) and (8).

Conversely, if v is a solution of the Cauchy problem (6), {7), (8).
then twice continuously differentiable ¥, and ¥, exist such that
VoS R,
and w* are unique apart from an arbitrary constant a:

t
iz, t) + % j {b(z)w(z,tl) + wz(z,tl)}dt1 +

0

and such that 4, and ¥, are a solution of (9). These v,

| —

¥ (2,1) =

P3| =

(12)
1 1t
¥, (2,t) = § ¥(z,t) - 7[ th(2)¥(z,t,] + ¥,(z,t;) -
0

z .
% Cé(z)f ¥(z,)c H(z))dz, - ack(z).

0
They satisfy (10} and (11).

We transform the Cauchy problems for (6) and for (9) into integral
equations in an appropriate function space. Thereupon we shall prove
that these integral equations are uniquely soluble by successive
approximation. This method is exactly the method used in many text-
books to prove the unique solvability of such Cauchy problems. See,
for example, Courant and Hilbert [13] or Hellwig [147.

We define D(zo,to) to be the closed triangle in the {z,t) plane
bounded by the z-axis and by the characteristics through (z,.t,):

¢y = {(z.t)]z+t = z°+t0},

€y = 1{z.t)|z-t Zo"to}‘
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The set D(ZO'tD) is the dowain of dependence belenging to the point
(zo,to) for the Cauchy problem (&), (7), (B). If the equation (&) is
integrated over the iriangle D(z,t) and if we use the initial condi-
tions, we obtain the equivalent integral squation

¥y eC,
v o= A(z,t) - % f[ (bz—b)w(zl,tl)dzldtl. {13)
D(z.t)
Here A{z,t) is defined by
Mzst) = 5 ¥0(z-t) + % ©(zet) + 1 [z+tw (z))dz,.  (14)

z=t

It is easily proved that if o® and ¢ satisfy the differentiability
congitions that we imposed, any soTution ¢ C of (13) is a twice
continyously differentiable solution of (&) that satisfies the initial
conditions (7} and (8).
In a similar way the system (9) with initial conditions (10) and (11}
can be transformed into a set of integral equations. The first equation
of (9) is integrated along the characteristic curve 3] and the second
along Cp. IF we use the initial conditions (10) and (11),we obtain
the equivalent set of integral equations

(W+,W+) ¢ CxC,

t
b{-s+z+t)¥ ( s+z+t,5)ds,

dl

¥, (2.t) z+t) +

. (15)

w¢(z,t) = ¥ (z-t) - | b(s+z-t}¥ (s+z-t,s)ds.

|
;
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Any solution (w+,w$) e CxC of (15) is a twice continuously differen-
tiable solution of (9) that automatically satisfies the initial con-
ditions (10) and (11).

Now we shall prove that the integral equations (13) and (15) are
uniquely soluble in their respective spaces and that they can be
solved by the conventional Neumann iteration. For the integral equa-
tions (13) and (15) we write formally

X = XO + siX’ is= 1323 (16)

where S1 and 52 stand for the integral operators occurring in the
right-hand side of (13) and (15), respectively. We study again the
extended problem of the solvability of the equations

X =2+ Asixs i=1,2, (17)

for any given complex A and any given Z in the space in question.

First we consider the equations (17) in an arbitrary triangle D( sty ).
We denote by C(z o® o)
ous functions on D(z o’to) with the maximum-modulus norm; in
C(zo,to) x C(z ,t ) we define the norm of X = (x X, ) by

the Banach space of all complex-valued cont1nu—

|x|| = max (llx, Il s ||X | ). Further b, is the maximal value of
|b(z)] for (z,t) D(z sty)s and g is the maximal value of |b2 -b|
for (z,t) € D(Zo’ 0). Then Sy is a bounded operator on C(zo,to) and

52 is a bounded operator on C(z0 ) x C(z 3 of course the bounds

)s
depend on z, and ty- Moreover S1 and 52 age gompact as a consequence
of the Arzela-Ascoli Theorem. (See Dunford and Schwartz [14], pg 266.)
52 is not compact. We do not need the compactness; the boundedness
suffices our needs. From the spectral theory of bounded operators on

a Banach space it is known that the equation

X=Z+>\S1.X

is uniquely soluble for any 2z if 1 does not belong to the spectrum
of Si' As contrasted with the spectrum of a compact operator, the
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spectrum of a bounded operator does,in general, not consist of eigen-
values only. There is a continuous and residual spectrum. The infimum
of all absolute values of the points in the spectrum is called the
spectral radius. Just 1ike in the case of a compact operator (see

pg 26) the spectral radius equals

trim ffs, " ™ (18)
N0

If A does not belong to the spectrum of Si,the solution of (17) is
an analytic function of A. The solution has a Taylor expansion

) A"Sinz, (19)
n=0

that certainly converges absolutely if |r] is less than the spectral

radius. Because we are interested mainly in the equations (16),we
want to know whether the spectral radius exceeds the value 1. If it
does, (19) represents the unique solution of the Cauchy problems if
A is chosen to be 1 and Z = Xy

Theorem 8 (i)
The integral equation X = 2 +AA51X is uniquely soluble in C(zo,to)
for any x and for any Z ¢ C(zo,to). The solution can be represented
by .

nzoxnslnz.
For A =1land z = X, we obtain the unique solution of (13) in

: C(zo,to): ) A
75" . (20)
Proof
It is sufficient to prove
vim [|s," (| /" = 0. (21)
N>

By induction we shall show that for all n = 0 and for all
(z,t) e D(zo,to)
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15,"2(2,0)1 < 1zayr 9" Mz - (22)

From this (21) {is readily obtained.
For n = 0 (22) is self-evident. Suppose (22) holds for n = m.

Because z+t~t1

t
m+1 1 2 m
S1 2{(z,t) = - 2—[ dtlf dzl(b -b)(Sl z)(zl,tl),
0 z-t+t1
we have t z+t-t1
1 1 2
I5,™2(2,¢)] < E'I dtlj dzy 16%-B] [,"2(2,t,)]| <
0 z-t+t1

¢zttt
JLf dt dz 1 g M zmIiZl& _ 1
7|94 1% TzmyT % &1 = zm2)T 9

0 Z't+t1

m+1t2m+2 ” Z” .

Theorem 8 (ii)

The integral equation X = Z + ASZX is uniquely soluble in
C(zo,to) x C(zo,to) for any A and for any Z « C(zo,to) x C(zo,to).
The solution can be represented by
L A", z.
n=0 2
For x = 1 and z = X, we obtain the unique solution of (15) in
C(zo,to) x C(zo,to):
f S,"X, - (23)
n=0
Proof
It is sufficient to prove
vim [|s,"| 2" < 0. (24)
N0
By induction we shall show that for all n = 0 and for all
(zst) € D(zo,to)
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1(5,"2), ,(z.t)] = Lob" 2] - (25)

.From this (24) follows.
For n = 0 (25) is self-evident. Suppose (25) holds for n = m. Then
it :
m+1z)+(z,t) = J b(-s+z+t)(52mZ)+(~s+z+t,s)ds,

0

(S,

and hence

t
|(52m+12)+(z.t)ls f ]b(-s+z+t)lI(Szmz)+(-s+z+t,s)|ds <
0

0
In the same way it can be proved that
m1 1 m+l m+l
[(sp772) (z,t)] = mwor b T llzlf - .

In order to obtain "global" results,it suffices to notice that

Theorem 8 is valid for any triangle D(zo,to). Therefore the integral
equations {13) and (15) are uniquely soluble in their respective
spaces. They can be solved by their Neumann expansions. In the case

of (13) the Neumann expansion converges absolutely for all z and t;

it converges uniformly in any finite domain. For (15) this is true

for both series into which the Neumann expansion splits.

Before we proceed with a more close examination of the above solutions,
we notice that both series solutions clearly represent the same
solution of the Cauchy problem. However, their first terms do not

correspond. While the first term of (20) is
(z+t
% Wo(z+t) + % wo(z~t) + %-J wg(zl)dzl,
z-t
the first term of (23) is
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Z+t
%—wo(z+t) + %-wo(z—t) + %—ci(z+t)J wz(zl)c'é(zl)dz1 + acé(z+t) -

0
z-t
- %»c%(z~t)f \Pg(zl)c“é(zl)dz1 - acd(z-t).
0

The relations between the other terms are similar to the relations
between the terms of the series solutions in the monochromatic case.
We examined these in Theorem 7, pg 47.

§2.3 UNIFNRM CONVERGENCE OF THE SERIES SOLUTIONS OF THE CAUCHY PROBLEM

In the preceding section we proved that the series (2.2.20) and both
series into which (2.2.23) splits converge for all z and t. In this
section we shall examine whether we can find conditions that guarantee
the uniform convergence of these series for all z and for all t = 0.
This will prove possible for the series (2.2.23); we shall not succeed
in this objective with respect to (2.2.20). First we shall treat the
case of the series (2.2.23).

Suppose that both w? and wi are uniformly bounded. Then both series

in (2.2.23) are uniformly convergent for all z and all t > 0 if

+o
[ Ibldz < 1. (1)

This is readily verified because the series

i

t-
w+(z,t) w?(z+t) + J b(-s+z+t)w°(-25+z+t)ds + ...

]

0
t
w+(z,t) { b(s+z-t)y 25+z -t)ds + ...
0
are both majorized by
@ +co

) {f [b]dz)™M.

n=0 .
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However, by means of a more sophisticated reasoning the criterion
(1)} can be replaced by a less restrictive one:

0 .
J ]b]dz <'é' . (2)

o0

This is what we shall do now.

It is rather obvious that the appropriate space to study the problem
of the uniform convergence is the Banach space CBxCB. CB is the set
of complex-valued, bounded, and continuous functions defined on the
half plane t = 0. The norm in CB is given by

[[¥]] = supl¥(z,t)]|,
z,t

the norm of (w+,w+) € CBxCB by

max ( ”W+ll’ HW+||)-

We suppose that
400
J Ib|dz < = (3)

Then the operator S, defined on pg 76 is a bounded operator on

CpxCgs

2
52 is not compact, cf py 76. We consider the integral equation

X = 2+ AS,X (4)
in this space. In order to study the convergence of the series

7 als

n=0
in CBxCB,we have to examine the spectrum of 52 as an operator on
CgxCq- (See pg 76 and 77.) For [r] less than the spectral radius of
52 the series (5) converges in CBxCB. As we have already seen several

o2 . (5)

times, the spectral radius equals

im fls," ) M (6)
n-sm
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To obtain an estimate of the spectral radius of Sz.it is convenient
to introduce an operator 04 in C{R)xC{R). (See pg 23 for the defini-
tion of C(R)xC(R).) The operator 04 is for all x = (x+.x+) e C(R)xC(R)
defined by
00, (2) = |
: (7)
(0,x),(2) = J blx,dz,.

It is not difficult to prove that 04 is a compact operator. (Cf
Lemma 2, pg 25.) The spectral radius of 04 is

1/n}-1

2l (8)

{lim |0,"
Nn-»o
and can be determined explicitly because the eigenvectors and the
corresponding eigenvalues can be calculated.

Lemma 8
The spectral radius of O4 is
[t -
51| Iblen

0

(9)

Proof
Suppose x = (x*ax+) is an eigenvector of 04 corresponding to the
eigenvalue A:

x,(2) = 2] Iblx,dzy.
‘2 (10)
x,(2) = A| [blx,dz;.

-

By differentiation we find

1t

X4z "A'bix+s

Xgz = Mblx,.
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This set of differential equations can be solved exp]icitly:

x, (2} = ajcos Af Ib!dz1 + a,sin Af |bldzy,
z 2
X rm i rm
xy(2) = -a;sin XJ |bldz; + a,cos AJ [b]dz,.

4 4

The solution has to satisfy boundary conditions that follow from
(10):

X, o(1l) as z » =,

#

Xy o{1) as z + -=,

H

Then we find ay 0, and the eigenvalues are determined by

e -
Af |bldz = %-+ kry, k= 0,£1,22,...

=-®

Therefore the spectral radius of 04 is equal to (9). a

In principle it should also be possible to determine the spectral
radius of O4 from (8). From the definition of 0, we infer that for

4
nz1 2
00 n oo
HOaﬂ” = max{f+ lb(zn)idznf |b(zn_1)}dzn_1f ...Jlb(zl)[dzl,

- - Zn-1 (11)
z

oo e n-1 r

( b(z)l ¢z, |b(zn_1)]dzn“1[ SN IITERICERY

- Zz -0

n

The two expressions on the right of (11) are equal, as follows by
induction. Integration by parts leads to

4w
10"l = st I51&2", 020,

where the a, are numbers independent of the profile c(x). The first

a, can be calculated simpiy:
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1,1,4, 1,5, 2
H] '2’3’21’T5-""

However, we do not see a direct way of determining

lim o 1/N
N0

that according to Lenma 8 is known to be %-.

From Lemma 8 we obtain an estimate of the spectral radius of S2
because the spectral radius of 04 does not exceed that of 52 according
to the following Temma.

Lemma 9
For all n 2 0 the following inequality holds:
n n
liog"l = 1S, - (12)
So the spectral radius of 04 does not exceed.that of 32.
Proof

For n = 0 (12) is self-evident.
Accaording to (11) we have for n z |

z
+oa n o
llo,"l =max{f yb(zn)ldznjr Ib(zn_l)[dzn_lf ...Jr{b(zl){dzl.
e - Zn-1

+o oo Zp-1
f {b(zn){dznf lb(zn_l)fdzn_lf ...f[b(zl)[dzl}.

= ré -

n
By induction we shall prove that for all n = 1 and for all
x = (x,»x,) e CgxCy
z
rn r
}b(zn)|dsz }b(zn_l)ldzn_lj

-0 z

] ]

16y 1z, el

15", (201 5 |
z n-1

(13)
and
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z
[(Sznx)¢(z,t)| < leb(zn)[dznf ‘b(zn-l)'dzn-lf " ..f}b(zl)|d21||X{].
o n - L (14)
This implies
”Sznli < ”04n” .

The inequalities (13) and (14) hold for n = 1:

rt rZ+t
(SZX)+(z.t) = J b(- s+z+t)X (-s+z+t,s)ds = J b(zl)x+(zl,-zl+z+t)dzl;
: z

Ov
hence
rZ+t e
‘(SZX)+(Z~t)| < J ' [b(zl)]dzl x|l = J |b(21)Yd21 x| 5
z z

similarly the other inequality can be proved for n = 1.
Suppose {13) and (14) hold for n = m. Then

m+1

X) (z,t) b(s+z ~t) (S X) {s+z-t,s)ds =

i

(5,

0
z
= J b(z S X) (zl,z1 z+t)dz1
z-t

Z ol
|(52m+lx)+(z,t)f < f |b(zm+1)(dzm+1J [b{zm)Idsz...Jlb(zl)fdzlIIX” <
-t Z

< leb(zm+1)’dzm+1j
z

-

m+1

b(zm)idsz...J|b(zl)§dzl|]XH 3
mt+1

in the same manner the other inequality can be proved for n = m+l.
a

The Lemmas 8 en 9 lead to the criterion (2) for the convergence of
(2.2.23) in chCB,that we stated previously.
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Corollary
The equation X = Z + ASZX has a unique solution in CBxCB if

Al <% {r Ibldzy L.

Then the series (5) converges in CBxCB and represents the solution.
For » =1 and 2 = Xo (5) converges in CBxCB definitely if

e .
J |bldz < % . (15)

-y

The convergence criterion that we have obtained in this way is the
best possible in the sense specified by the following theorem.

Theorem 9 _

The number %»in (15) cannot be replaced by a larger one such that the
corollary remains valid for all profiles c(x) and all possible initial
values.

Proof
We shall prove this theorem by giving an example for which the series
(2.2.23) diverges in CBxCB if

+ oo
I |bldz > % .

Suppose that b(z) is nonnegative and such that this inequality holds.
(If b(z) is nonpositive, the proof goes through in the same way.)
Suppose wi(z) = 0 and wg(z) = 1. We shall show that in this example

s, x Il = 110,"l - : (16)

Therefore we have in this example
. n _ .. ny I/m 2 (7
Tim ||S,"x _|] = 1im |0, || == | |bldz > 1.
e ” 2% Moo 4 11J_

0
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(See Lemma 8, pg 82.) By Cauchy's convergence test the series (2.2.23)
diverges in CBxCB,and we have proved the theorem.
We shall prove (16) in two parts.

(1) syl = llo,"ii
This is true by Lemma 9, pg 84, because ]]XOH = 1.

.. n
(1) ls,M = 1o, -
This is so because

%

sup| (S Ny Y, (zot)| 2 sup{lim|(S Ny ). (z,t)]} =
z,ti 2 "0’y | 7 t+m| 2 "0’y

z
n
s:p{im!b(zn)]dznf {b(zn_l)[dzn_lf...f[b(zl)ldzl} =

-0

J+°°[b(zn)Idznrn|b(zn_1)ldzn_lf...J[b(zl)|dzl

and because

n . n *
supl(S, x ). (z,t)| 2 sup{lim|(S, %), (z,t)}|} =
z,tl( 2 70’4 )1 z t+m| 2 %04’

2 L
sgp{!@lb(zn)ldzni pb(zn_l)|dzn_lf...[|b(z1)1dz1} -
n
oo

J fb(zn)[dzn[m|b(zn_1)}dzn‘lJ...f[b(zl){dzl.
- z

n .
Here the only steps that are not self-evident are marked with
an asterisk. These can be proved by induction. 0

Up to now we examined the spectrum of S2 as an operator in CBxCB
independent of our knowledge of the spectrum of the operator T4 in
the first chapter. However, one might expect that a relation exists
between these spectra. We shall study this now, but we shall not
succeed in exposing this relationship completely.
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First we make some general remarks concerning the structure of the
spectrum of 52' From the preceding section we know that the equations
(2.2.17) are both uniquely soluble. Therefore eigenvalues of S2 as
an operator on CBxCB do not exist. The spectrum of 52 consists of a
continuous and a residual part. It consists of those A's for which
aze CBxCB exists such that the equation (2.2.17), i = 2, is not
soluble in C xCB, i.e., sych that the solution in CxC for Z ¢ CBxCB
is not bounded. (See Taylor [331, pg 274, problem 3.) Now we shall
expose the relationship of 52 and T4 by means of a Fourier transform.

Suppose that the solution of the set of integral equations

i

) t
X+(z,t) Z+(z,t) + Af b(-s+z+t)X+(-s+z+t,s)ds,

(17)

]

0
t
X+(z,t) z*(z,t) - Af b(s+z~t)X*(s+z-t,s)ds
0
is uniformly bounded for some fixed (Z 2 ) € C xC . Then the Fourier
transform x+(2,m) of X+(z,t) can be def1ned by

x+(z,m) = f X(z,t)exp iwt dt, Im w > 0.
0
This transform is uniformly bounded and continuous with respect to z.
In the same manner the Fourier transforms of X+, z*, and z+ can be
defined. By taking the Fourier transform of (17) we see that Xy and
satisfy

x*(z,w) = £, (Zu) + Af exp -iu(z-z1)b(zq)x,(z;,u)dz;,
x+(2,m) = ;*(Z,m) f exp 1w(2‘21)b(21)x*(Zl,w)dZI-

We consider this set of integral eqdations for fixed w, Im w > 0.
The operator in the right-hand side of (18) is the same operator
we met in the first chapter on pg 25, now for complex w, Imw > O.
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Therefore we shall also designate it by T4(w). T4(w) is compact for
Imw > 0 (cf Lemma 2, pg 25), and its spectrum consists of eigenvalues
only. Because of the above mentioned relation between 52 and T4(w),

we expect that also a relation exists between their spectra. We shall
prove that the eigenvalues of T4(m) for Im w = 0 belong to the spectrum
of S,. First the case that Im w > 0.

Let X be an eigenvalue of T4(w), Im w > 0, and (X+,X+) a corresponding

eigenvector: . ‘
x+(z) = xJ exp -im(z-zl)bx+dzl,
z
rZ )
x+(z) = -xJ exp 1m(z-zl)bx+dzl.

-0

By differentiation we find

+ i = -
X, fwx, Xbx+»

z

Xpp = Tux, -Xbx+.

Then X, = x,exp -iwt and X, = x,exp -iwt are an exponentially in-

creasing solution of

Xz = %t

XTZ + XTt = -XbX+.

-XbX+,

They must also constitute an unbounded solution of (17) for
Z+(z,t) = X+(z+t) and z+(z,t) = x+(z—t),which are both bounded.
Therefore A must belong to the spectrum of 52‘

“Also the spectrum of T4(m), Im w = 0, is contained in the spectrum

of SZ' The proof is based on the continuous change of the spectrum of
T4(m) as w tends to g Im wy = 0. The continuity is meant in the
following sense (cf pg 36): Tet A be an eigenvalue of T,(w,); then

in any neighbourhood of A there must be an eigenvalue of T4(m),

Im w > 0, for sufficiently small lm-mol. The proof can be carried out
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in a manner closely related to the proof of Theorem 3 (iii), pg 33;
however, some care has to be taken because of the unbounded factors
exp tiwz. The spectrum of 52 is closed. (See Taylor [33], pg 257.)
We know already that the eigenvalues of T4(m), Im w > 0, belong to
the spectrum. Therefore the eigenvalues of T4(w0) must also belong
to it.

We did not succeed in proving the converse, viz that the spectrum of
S2 only consists of the eigenvalues of T4(m), Im w = 0. This frus-
trates our attempts to acquire information about the spectrum of 52
from our knowledge of the spectrum of T4(w). For example, in essen-
tially the same way as we proved Theorem 2 (iii) and (iv) on pg 27

and 28,1t can be proved that T4(w), Im w = 0, has no real eigenvalues.
But from this we cannot infer that the spectrum of S, does not contain
any real point either.

Now let us pay attention to the uniform convergence of the sefies
(2.2.20). Reexamining the arguments which led to the criterion (15)
for the uniform convergence of (2.2.23), we see that these arguments
do not provide sufficient conditions for the uniform convergence of
(2.2.20). 51 is not a bounded operator on CB’ even not if we impose
the condition

oo
f [b2-6[dz < w.

Also no bound of |A| can assure the boundedness of the solution of
X=2+ ASIX (Zz € CB). , (19)

This follows from the fact that every eigenvector of T3(w), Imw>0,
leads to an unbounded solution of (19}; see also pg 83. In the same
way as we proved Theorem 3 (iii), pg 33, we can prove that in any
neighbourhood of A = 0 there is an eigenvalue of T3(m), Imw > 0,

for sufficiently small |uwl|.
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To conclude this section we return to Bremmer's series,and we show
that indeed Bremmer's series is the steady state resulting from a
“monochromatic wave incident on an inhomogeneous medium. To that end
we consider an initial-value problem describing the propagation of a
time-harmonic wave incident from a homogeneous region x < 0 that at
t = 0 arrives at the inhomogeneous region x > 0. Therefore we choose
the following initial values:

w‘:sO;

wi =exp fwz ifz < -A, A>0 (wreal);
= f(z) if -A < z < 0;
= 0 if z = 0.

Here f(z) is chosen as to make Wg twice continuously differentiable.
For this initial-value problem the following theorem can be proved
by induction. We omit the proof.

Theorem 10

We denote the terms of the series (2.2.23) by wﬁn) and wsn) and the
terms of Bremmer's series by wﬁn) and wﬁn . The sum of these series
is denoted by ¥, w+, L) and by respectively.

400
(i) 1f [ bldz < =,
then for all n = 0 and for all z

wﬁ")(z,t) = wf")(z)exp'~imt +0(l) as t =+ =,

Wﬁ")(z,t) = ¢$n)(z)exp ~jwt + 0(1) as t -+ o,

+ 0
(ii) If j |bldz < 12‘_ .
then for all z
W+(z,t)
T*(Z,t)

w+(z)exp ~iwt + o(1) as t o =,
w¢(z)exp ~iwt + 0(1) as -t -+ o,
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This theorem expresses that termwise Bremmer's series indeed represents
the steady state of the series solution of an initial-value problem.
However, a natural condition is that the series solution of the initial-
value problem converges uniformly.

§2.4 PROPAGATION OF ENERGY

Thus far we studied in this chapter the actual solution of the Cauchy
problem. 0f course, the series sclutions we found yield some infor-
mation about the propagation of the energy involved. However, there is
another way open to us. We shall describe it now briefly.

Let us observe that the system (2.2.9)

W*Z “ ‘l’*t = -M‘f,

+ = -
Iy+z w+t bw*

(1)

need not be interpreted as an amplitude splitting of the wave equation.
Suppose that ¢ is a solution of (2.2.1) and that v is the corresponding
solution of (2.2.6), then

=1 -3 1o, -1 1 1
Y=gt ta R sa ¥ vy, 4o by, (2)
and
1 -y 13 1, 1., _1
O AR O Al A AP L (3)

satisfy (1). These v, and ¥, are the derivatives with respect to t
of the ¥, and ¥, defined by (2.2.12); of course they satisfy the same
set of equations. The advantage of this interpretation is that it
yields particularly simple expressions for the density and the
intensity of the energy:

21 * -2 * _o=1, % *

E=g (00, +ct(x)oo) =c vy +viv), (4)
_ 1 * * . (w® *

F=- E.(¢t¢x + ¢X¢t) = LA W+W*). (5)

(Again we assume that (1.2.14) represents conservation of energy.)
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The appropriate initial values, expressed in terms of the initial
valyes (2.2.7) and (2.2.8), are

v,(2,0) = ¥2(z) = 5 ¥2(2) + 5 ¥2(2) + 3 b(2)¥°(z), (6)
v,(2,0) = ¥2(z) = 3 ¥3(2) - 5 ¥(z) - 3 b(2)¥°(2). (7)

Using the techniques we applied before we can convert the system (1)
with these initial values into a set of integral equations in the
space CxC. This set of integral equations can be solved by successive
approximation. If we denote (W?(z+t),v2(z-t)) e CxC by X, then the
solution (w¢,w+) can be represented by

s.Mx . (8)

The two scalar series into which (8) splits converge absolutely for
all z and t, and absolutely and uniformly on any finite domain. If

w? and W? are uniformly bounded and if

rw[b]dz <1, 9)
the series (8) converges in CBxCB.
This criterion will also turn out to be of particular importance to
obtain some results concerning the "global" propagation of energy.
(We remark that the series (8) cannot be obtained by term-by-term
differentiation of the series (2.2.23).)

Because of the absolute convergence of the two scalar series into
which (8) splits,we can carry out the multiplication

Wy, - (ngowf")*)(n;fowf")) ond e, = (1 oMM ] A"

in an arbitrary way. For example:

vy, = vEO)*wfo) + wio)*wfl) + vﬁl)*w£0) + wﬁo)*wiz) + . (10)
vy, = v£0)*w§0) + ?ﬁo)*?fl) + wil)*w£0) + wﬁo)*vﬁz) ¥ (11)
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These series also have the convergence properties that we mentioned
for the original series. They are suitable for the study of the pro-
pagation of energy as expressed by the following theorem.

Theorem 11
Suppose that the total amount of energy is finite at t = 0:

+o0
?0 2dz
lwlr

-0

M<cn

n

M< oo,

A

fre
and | 14| %dz

-oo

Also assume that (9) holds. Then the integral
foa

J F(z,,t)dt
0

converges for all Z,- It represents the total amount of energy passing

at z = z, for t > 0. It can be obtained by term-by-term integration

of the series (10) and (11). The resulting series converge uniformly

for all Z,-

The proof of this theorem is readily obtained from the following
lemma .

Lemma 10
For all n > 0 and for all z the following inequalities hold:

A

z
o o0 n
( 190 (7,1) | Zat M{[ !b(zn)ldzn[ §b(zn_1)|dzn_1(...([b(zl)|dzl}2,

0 z -
(12)

IA

o F4 )

f #{") (z,t)| %t M{J {b(zn)gdznf |b(zn~1)gdzn_1J...J[b(zl)idzl}z.

0 o Z,
(13)

(For n = 0 the right-hand sides of (12) and {13) are meant to be M.)
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Proof
The lemma can be proved simply by induction.

For n = 0 the assertions are evident. Suppose that (12) helds for
n = m. Because

t
W™D (z,¢) = f bs+z-t)e{M (s+z-t,s)ds = -r b(z2)¥{™ (2,2, -2+t)dz,,
z-t
we have
’tl (m+1 2 R 2
J iw* )(z,t)[ dt < f {f |b(zl)l{wim)(zl.zl~z+t)}dzl} dt.
0 0 z~t

1f we interpret the right-hand side as a repeated integral and if
we change the order of integration, we obtain

rZ t
")
z

Z i1
ib(zl)ldzlf ib(zz)]dzzj ]wﬁm)(zl,zl—z+t)]|W£m)(zz,zz-z+t)ldt,
~t1 z-t1 g

where .
£ = z—z1 if Z; > ZZ’

<2

[}
N
i
™~
~nN
-
—+
N
—

9*
By the Cauchy-Schwarz inequality and by substitution of our assumption
this Teads to

7 o0
< M{f |b(zm+1)[dzm+1f lb(zm)Idsz...“b(zl)[dzl}2 <

2=t I+l

rZ e For 2
< M{J ]b(zm+1){dzm+1f [b(zm)idzmj...J[b(zl)§dzl} .

-ca

N

m+1
In the same manner the proof can be finished. 0

Another consaquence of the assumptions made in Theorem 11 is that the
energy in any finite interval approaches zero as t tends to =. This
can also be proved by term-by-term integration.
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APPENDIX

The inhomogeneous wave equation

Thus far we were only concerned with the homogeneous wave equation.
However, the methods we used also apply to the inhomogeneous case:

9y € T(X)0yy = F(x,1). (1)

We shall indicate how we can handle the Cauchy problem for (1}.

The following initial values are imposed:
#(x,0) =0, (2)
0,(x,0) = 0. (3)

The Liouville transformation

y = ¢ by,
X -1
r f c (xl)dx1
*o

transforms the Cauchy problem (1), (2), (3) into

v, - ¥ - (bF-B)Y = h(z,t), (4)
¥(z,0) = wt(z,o) =0, (5)
where h{z,t) = c3/2(z)f(x(z),t).

By integration over the domain of dependence of a point (z,t) this
Cauchy problem is transformed into the equivalent integral equation

f .
¥(z,t) = - & ff h(zyaty)dz dt, - & J[ (62-5)¥(z;.ty)dz,dt .

D(z,t) D(z,t) (6)
This integral equation is of the same type as the one for the Cauchy
problem for the homegeneous equation.

In the same way as we did in §2.2,it can be solved by successive
approximation leading to the same convergence properties.
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In order to find other series solutions,we can try to find an ampli-
tude splitting of (4). There exist an infinite number of them all
having the set (2.1.7) as their homogenecus part. We mention two.
The first is

t
f
¥, " ¥4 = —bw* + J h(z.t )dtl,
0, (7)
- . 1
¥ 4w, = oby, ff hz.t,
0
with initial conditions
‘l‘+(Z,0) = O; '!}_f(zyo) = Q. (8)
The second is
1 z -3
¥, " ¥, = -bw ty ce ( )[ h(zl,t)c (zl)dzl,
z
2 (9)
v, 4y, = by, + 2 cd2)| hizt)c(z))az
1z +t Zy» 21)dzy»
Zo
with initial conditions
‘P+(Z,0)= o, w+(z,0)= 0. (10)

By integration along the characteristic curves these Cauchy problems
can be transformed into integral equations of the type (2.2.15). They
can be solved by successive approximation,and convergence criteria
can be proved that are similar to the criteria we found for the homo-
geneous equation.

There also exists a counterpart of what we did in 52.4, Equation (1)
admits a balance equation for the energy:
Et + Fx = K,

where E = %—(¢;¢x + c'z(x)ozwt),
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1 *
F = -5 (°t°x + ¢x¢t),
- ._1 * *
K = 7 (f o, + f@t).

In the same manner as we did in 52.4,we define

_1 -3 1 3 _1 1 1
w+ =5 c °t + 7 C @x x> wt + ?-WZ + v by,
1 -3 1 3 _1 ! 1
R AR AR A A A

which leads again to the expressions (2.4.4) and (2.4.5) for E and F.
These ¥, and ¥, obey the set of equations

- - 1
Yoo Y T b?+ * ?’h’

. 1 ) (11)
¥, t ¥, = bY, -5 h.

Integrating (11) along the characteristics we obtain the equivalent
set of integral equations, which can be solved by successive approxi-
mation. The following counterpart of Theorem 11 can be proved.

Theorem 12
Suppose that h(z,t) satisfies

00 r+m
J ( In(z,t)1%dz3dt < » .
0 -0
Also suppose that (2.4.9) holds. Then the integral

J F(zo,t)dt

0
converges for all z, It can be obtained by term-by-term integration
of the series (2.4.10) and (2.4.11). The resulting series converge
uniformly for all Z,-
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LIST OF SYMBOLS

b(z) pg 8
c . 72
c" 72
C(R) 23
C(R)xC(R) 23
C(zo,to) 76
C(zo,to)xc(zo,to) ) 76
g 81
CBxCB 81
D(zo,to) 74
E 21
B 21
Fi1(z.20)s Fylzs2z4) 40
04 82
51, S2 76
T Ty 25
T3 25 30
T4 25 89

An asterisk denotes complex conjugation.

Differentiation with respect to x is sometimes designated by a prime;
in general, a dot denotes differentiation with respect to the
Liouville-transformed space coordinate z.

To formulas is outside their section referred by their number
preceded by their section number.

The end of a proof is denoted by (.
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ABSTRACT

This work deals with the study of series solutions of the one-
dimensional wave equation

LI (x)¢tt = 0

that have the WKB approximations as their first term. These ap-
proximations have been studied already since Liouville and Green.
The thesis is divided into two parts.

In the first part we study monochromatic solutions. We give a
unification and a generalization of much that has been done.
Particular attention is paid to the frequency dependence of the
convergence of the series in question.

The second part is devoted to the study of the Cauchy problem.
Using the methods developed in the first part we construct series
solutions of this Cauchy problem and study their convergence.
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SAMENVATTING

In dit proefschrift worden oplossingen bestudeerd van de een-
dimensionale golfvergelijking

,"2 _
Oy = C (x)d:tt =0

in de vorm van convergente reeksen waarvan de eerste term de WKB
benadering is. Deze benadering wordt al onderzocht sinds Liouville
en Green.

Het proefschrift bestaat uit twee delen.

In het eerste deel worden monochromatische oplossingen onderzocht.
Er wordt een unificatie en een generalisatie gegeven van veel dat
door anderen gedaan is. Bijzondere aandacht wordt gewijd aan de
manier waarop de convergentie van de beschouwde reeksen afhangt
van de frequentie.

In het tweede deel wordt het Cauchy probleem bestudeerd.

Met behulp van de methodes van het eerste deel worden aplossingen
geconstrueerd in de vorm van reeksen en wordt hun convergentie

onderzocht.
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STELLINGEN

1. Met de methoden van dit proefschrift kan, onder zekere voorwaarden,
een oplossing van de Ricattivergelijking voor de reflectieco8ffi-
cient, zoals die bijvoorbeeld i% afgeleid door Bellman en Kalaba,
worden geconstrueerd in de vorm van een convergente reeks.

R.Bellman en R.Kalaba, "Funetional Equations, Wave Equations and
Invartant Imbedding”, J.Math.Mech, 8 {1855) £83=-704.

[a]
.

De suggestie van Brekhovskikh dat een door hem geconstrueerde
iteratieprocedure voor de Ricattivergelijking zoals in stelling 1
genoemd, in het bijzonder geschikt zou zijn voor het geval van
een dunne laag, is onjuist.

L.M.Brekhovekikh, "Waves in Layered Media", Apgdemic Press,
New York,*lgﬁo, ble. BEp-222.

3. De benaderde oplossing van de radiale Schridingervergelijking
die Buyrt en Woods geconstrueerd hebben, berust op een onjuiste
toepassing van een methode van Bremmer,

Met deze methode is het, onder zekere voorwaarden, mogelijk een
reguliere oplossing te construeren in de vorm van een convergente
reeks,

P.B.Burt en F.J.Woods, "Integral Approximations in Potential
Saqttering', J.Math_Fhys. 18 (1871) 2875-2880.

H, Bremmer in "The Theory of Electromagnetic Waves”, Intarseienca,
New York, 71951, bls. 188-178.



4. Het bewijs dat Mathews en Walker met behulp van een variatie-
principe geven van de volledigheid van het stelsel eigenfuncties
van de Sturm-Liguvilie operator, is onvolledig.

J.Mathawe en R.L.Walker, "Mathematical Methods of Physics”,
Benjomin, New York, 1964, blz. 320 v.u..

5. In de basisopleiding van natuurkundestudanten aan de T.H.E.
krijgen asymptotische methoden te weinig aandacht.

6. De verzameling van strafwetten die voldoen aan de definitie
gegeven in de katholieke moraaltheologie, is leeg.

H.Jone, "Katholieke Moragltheologie®, Romen, Roermond, 1953,
blz. 34.

Eindhoven, 27 september 1974 Th.M,M.Verheggen



