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Corrigenda

Replace “Kern(to,¥)” by “Kern(c,to,%)” on pages 141,142,169,173,202,249. Also omit the line
“Let ¢ = hchan(y)” at the bottom of page 141.

Add on page 279 the following case:

e Kernel

() m (¢)

(Kern)
(¢ A h|e = tg|c) Kern(m) (Kern(c, to,9))

transforms into:

YL {p[T]} m {$[T]}

(Kern)
Kern(c,to, ¥[L]) : {®[T] A hlc = to|c} Kern(m) {¢[T]}

, (Clos. adap.)
Kern(c,to, ¥[L]) : {@[T] A h|c = to|c} Kern(m) {¢[T] A Kern(c, to,¥[L])}

(Consequence)

Kern(c,to, ¥)[L] : {( A hlc = to|c)[T]} Kern(m) {Kern(c,to, ¥)[T]}
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Chapter 1

Introduction

1.1 Summary and perspective

The hierarchical decomposition of programs into smaller ones is generally
considered imperative to master the complexity of large programs. The
impact of program decomposition on the specification and verification of
parallel executing programs is the subject of this thesis. Two important
yardsticks for verification methods, viz. those of compositionality and mod-
ularity, are made precise. Within this context, three methods for specifying
the observable behavior of communicating processes, and their associated
proof systems are considered, and proven sound and complete in various
senses, as discussed below.

The problem of verifying large programs was already recognized by Alan
Turing in 1949. His paper “Checking a large routine” [Turing] opens with
the following sentences:

“How can one check a routine in the sense of making sure that
it is right? In order that the man who checks may not have too
difficult a task the programmer should make a number of definite
assertions which can be checked individually, and from which the
correctness of the whole programme easily follows.”

Turing’s idea is to reduce a global statement, about the whole program, in
one step to a number of local checks for the atomic actions that constitute
the program. The idea is embodied in the Floyd/Naur method for program
verification, named after its inventors R. Floyd and P. Naur, cfr. [Floyd],
[Naur].

In 1965, E.W. Dijkstra [Dijk] improved upon this by proposing a way of
gradually decomposing the verification problem of a program. He suggests
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to develop a program in a top down fashion, where a program is decom-
posed into smaller programs, i.e. possibly composed entities, rather than
into atomic actions. The specification for the whole program is to be veri-
fied on the basis of specifications for the programs that are the constituent
components of the whole. The development and verification of subprograms
then proceeds in essentially the same way, until no further decomposition is
necessary. This top down development results in hierarchically structured
programs. The idea of hierarchical program structure already occurs in
[Wijn].

A hierarchical program structure can result in several ways, not only by
a top down strategy, but also as the result of bottom up composing small
programs into larger ones, or by a mixed development strategy, or even from
a posteriori decomposing an already existing program for the sake of its
analysis. [Dijk2] '

Regardless of how a certain hierarchical structure has been achieved, the
principle of compositional program verification asserts that:

the specification of a program should be verified on the basis of
specifications of its constituent components, without knowledge
of the interior construction of those components.

An important step forwards was made when the idea arose to describe the de-
composition of a program into subprograms by means of its syntactic phrase
structure. This idea formed the basis for a syntaz directed reformulation of
the Floyd/Naur method for a class of simple sequential programs, by Hoare
in 1969 [Hoare].

Section 1.5 contains a rigorous mathematical characterization of the compo-
sitionality principle for programs with a hierarchical structure that follows
their syntactic phrase structure. According to this definition, Hoare’s system
is compositional, whereas the Floyd/Naur method is not.

Among the first proof systems for parallel programs are the systems by Ow-
icki and Gries [OG], and by Apt, Francez and de Roever [AFR|. The rules
for parallel composition of processes in these systems are not compositional,
since in [OG] a so called “interference freedom test”, and in [AFR] a “coop-
eration test” must be applied to the proof outlines of the components of a
parallel construct, that is, to a text that contains the program text of those
components, thereby revealing their internal structure.

Around 1979, T. Janssen and P. van Emde Boas already stressed the impor-
tance of the compositionality principle in the context of program semantics
and verification [JanEmBo].
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The “Concurrent Hoare Logic” published by Lamport in 1980 [Laml] s
compositional. Unfortunately it has the disadvantage that the verification
of a program against a specification is reduced to verifying the same spec-
ification for the components of the program. So there is no reduction in
complexity of specifications. Moreover, it seems to enforce a strict top down
development strategy for programs, for it would be rather surprising if, for
a bottom up approach, two different and independently developed program
modules would have the same specification. And if we want to combine
those modules into a larger program, then, for Lamport’s system, they must
have the same specifications.

Early compositional proof methods for communication based parallel pro-
gramming were formulated by Zhou Chao-Chen and Hoare [ZH]|, and by
Misra and Chandy [MC]. Both approaches have in common that the idea
of a communication history plays a central role in the specification of pro-
cesses. This is also the case in Hailpern’s work [HailOw]. Such a history
essentially describes which communications occurred in which order up to
some given moment of time. Communication histories, or traces as they are
sometimes called, are also used in [NDOJ, [Jon], [JoPa], [OH], [Olderog?2],
[Pratt], [Rem], [SouDa], [Widom], and, already in 1977, by Yonezawa [Yon].

A compositional trace based proof system in the style of Misra and Chandy
was published in 1983 by Arie de Bruin, Willem Paul de Roever, and my-
self, in [ZBR). The system consists of rules for a type of process specifications

closely related to those used by Misra and Chandy in [MC]. The language
constructs axiomatized were those of the language DNP (“Dynamic Net-
works of Processes”), which is a simplification of a language with the same
name studied by de Bruin, Bshm in [BrBé]. (The original DNP had to
be described by means of continuation semantics, see [Bruin|, which com-
plicates a compositional style of reasoning considerably). In essence the
language concept goes back to Kahn and McQueen [KaQu].

An important notion in this context is that of the compositional completeness
of a proof system, roughly described as the requirement that whenever a
program satisfies a certain specification it should be possible to infer the
validity of that specification, by means of the axioms and rules of the proof
system, in a compositional way.

At first it was thought that the system of [ZBR] would be necessary incomplete.
For DNP does possess the essential characteristics of those languages for
which E. Clarke had proven that no (relatively) complete axiomatization can
exist [Cla]. The side condition on the expressiveness for finite interpretations
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of the language used for assertions in specifications was not satisfied, since
natural numbers were intrinsically required on account of the “length” op-
erator for histories, and so it seemed that some more work was necessary to
prove the incompleteness result. Our aim then became to show completeness
for the finite processes of DNP, as this was not excluded by the results of
Clarke. The specifications of [ZBR] are quite complicated. Not only do they
contain pre and postconditions in the style of Hoare formulae, but also an
assumption and commitment on the communication behavior are included.
(The latter was anticipated in [Hailpern]). It must be said however, that,
although more complicated, the Misra and Chandy’s rule turns out to be
superior when it comes to actual verification of parallel programs. Now
from the interpretation of these specifications, and also from the form of
the proof rules in [ZBR], it can be seen that in many aspects the assump-
tion commitment pair acts as an tnveriant of the communication history of
a process. The completeness question could be simplified by reformulating
the proof system so as to make this invariant character ezplicit. The main
difference between the two systems is in the much simpler interpretation of
specifications for the Invariant system, and, as a consequence, in the rule for
parallel composition. The resulting proof system is the direct ancestor of
the so called Invariant system that is one of the three proof systems studied
in this thesis. The following results were achieved;

o The Misra Chandy approach has a source of incompleteness, due to the
simple fact that what one assumes about the communication history
can obviously be committed too. The axiomatizations by Misra and
Chandy, nor the system of [ZBR] did include a corresponding axiom,
and so both are incomplete. This fact was observed independently
by Van Nguyen [Nguyen]. No such axiom is needed for the Invariant
system,

o The axiomatization of parallel composition by means of the Misra
Chandy rule as well as the corresponding rule for the Invariant system
are not sufficient to obtain a complete system. Rather a new axiom,
now called the prefix invariance axiom, has to be added to the system.

e Clarke’sresult does not extend to the system of [ZBR], or to the Invari-
ant system. Rather the Invariant system could be shown to be arith-
metically complete for the full language, including recursion. These
results appear in the report [ZRE2]. The ICALP paper with the same
title, [ZRE], contains the part of the report that is concerned with the
Invariant system only.
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The problem with combining specifications in a bottom up development that
we signaled above for the system of Lamport is not exclusive for that system.
This can be understood as follows. Many proof systems include rules that
enable one to reduce the verification of an a priori given specification for
a composed program to the verification of specifications for the constituent
components. A well known example is the rule for sequential composition
in the Hoare’s logic. Such rules favor a top down development, for in this
case the specification for the parts is designed only after the specification
for the whole is known. For a bottom up approach on the other hand,
one must derive a specification for the whole from arbitrary a priori given
specifications for the parts. If the proof rules do not allow one to combine ar-
bitary specifications for the parts, then the given specifications for the parts
have to be adapted into another form until the rules do become applicable.
Hence one might draw the conclusion that what we need is proof rules that
combine arbitrary specifications for parts into a specification for a larger
program composed out of these parts. Obviously this favors a bottom up
development.

Such bottom up style rules have been given by Barringer, Kuiper and Pnueli
in [BKP], for the specification of parallel programs by means of temporal
logic. However, the system of [BKP| was obtained only by the introduction
of a new temporal operator for each language construct. The result is that
specifications constructed for a program in this way can be as complex as
the semantics of the program itself. Moreover, the necessity for adaptation
of specifications remains, since in a top down development there might not
exist appropriate specifications for the parts of a composite program that
will result immediately in the desired specification for the whole by applying
a bottom up style rule. In such cases one must additionally prove that the
specification that has been obtained for the whole can be adapted to the
desired one.

The idea of adaptation of specifications turned out to be a key notion for
a modular approach to program development. By modularity we mean the
following. We have some program S, specified by some given specification
spec, and composed out of parts Py, ..., Py,, each specified by a given specifi-
cation spec;(F;). The “modules” Py,..., P, are treated as black boxes, that
is, without (known) inner structure. We call the given decomposition of the
program S correct if the black box specifications spec;(P;) logically imply
the correctness of S with respect to its specification spec.

A proof system is called moduler complete if, for any correct decomposition
as described, one can formally deduce the specification spec for S under the
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hypotheses that the black boxes satisfy their corresponding specification.

The modular completeness notion is applicable for a top down as well as for
a bottom up development. For a top down approach, the inner structure
of the black boxes is literally unknown, since they are not implemented at
that stage. For a bottom up approach, the black box mechanism is used to
abstract from the innards of the already implemented modules.

Why is modular completeness different from compositional completeness?
Compositional completeness requires, for a given specification for the whole
program, the ezistence of appropriate specifications for the parts, such that
the specification for the whole can be deduced from them. Modular com-
pleteness asserts that such a deduction can be found for e priori given spec-
ifications for the parts.

A third completeness notion is that of adaptation completeness. It asserts
that if some given specification spec(P) for a black box P logically implies
another specification spec’( P)for that same black box, then the proof system
admits a formal deduction of that fact. Adaptation completeness can be seen
as a special, restricted form of modular completeness. In section 1.5 it is
proven that the combination of compositional completeness together with
adaptation completeness implies modular completeness of a proof system.

The necessity of adapting specifications is well known from the investiga-
tions concerning the completeness of Hoare style proof systems dealing with
(sequential) recursive procedures cfr. [Apt], [Bakker|, [Gorelick]. Gorelick
[Gorelick], succeeded in proving the completeness for a Hoare style proof sys-
tem by adding various substitution rules and an invariance rule to the usual
Hoare system for while-programs. These extra rules were used to adapt
Hoare style specifications of a restricted form, called most general formulae
in [Gorelick]. A special rule, called the Rule of Adaptation, was proposed
by Hoare in [Hoared], also for a proof system dealing with recursion. By
means of this rule one can “adapt” arbitrary Hoare specifications. Olderog
investigated the Rule of Adaptation and proved essentially that the rule
can replace the “extra” rules employed by Gorelick, but also that it is not
sufficiently strong to achieve adaptation completeness [Olderog3|.

An interesting topic in this context is the type of adaptation rules that are
based on certain closure properties of the semantic domain of denotations
for processes. For communication based languages, prefiz closedness with
respect to communication histories is such a property, that is always satis-
fied by TINP processes, but not by specifications for such processes. The
adaptation problem caused by this is treated extensively in the work of J.
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Widom [Widom)], [WiPa]. The solution proposed by Widom is based on an
enrichment of the specification language by means of certain temporal logic
operations. With respect to our proof systems we remark the following. First
of all, our systems are axiomatizations, not of a programming language, but
of a so called mized formalism, where programs and specifications appear on
the same footing. As a consequence, our processes need not denote prefix
closed sets. And so it turns out that the corresponding adaptation problem
has vanished. Now this is only half of the story, since one may object that
we have blurred the distinction between “real” programs and specifications
instead of having solved anything. Therefore we included a so called kernel
operation within our mixed formalism. This operation allows for the distinc-
tion between those black boxes satisfying the prefix closedness property and
those that need not. The adaptation problem is then solved by the inclusion
of (ordinary) proof rules for the kernel operation. We could do so without
extending our language of specifications.

For the proof systems considered here, the focus of attention is whether these
systems are compositional complete, adaptation complete or even modular
complete. The origin and characteristics of the three proof systems are as
follows. As already stated above, our original aim was to prove what we
now call compositional completeness for the Misra/Chandy and Invariant
systems, specialized for the programming language DINP. Soon it was re-
alized that such completeness considerations could be much clearer if the
language DNP was simplified. The result was the language TINP , for
“Theoretical Networks of Processes”, which is simpler, but at the same time
more powerful than DNP. TINP is much in the spirit of languages like CCS
[Mil] or TCSP [OH] except that it combines a state based approach with a
communication based approach to programming.

For TCSP several proof systems have been developed by Olderog and Hoare
[OH], [Olderogl], [Olderog2]. Some of these deal with program properties,
such as absence of deadlock, that are not considered in this thesis. The sys-
tem dealing with communication histories (only) seemed a good candidate
for a comparison with our own Invariant system. To this end we developed a
new proof system for TINP, for a type of specifications called SAT formulae.
This type of formulae can be seen as the generalization of the formulae used
by [Olderog2| to the combined state and communication based approach.
Essentially they express the inclusion between a program and its specifi-
cation. We discovered how to represent formulae of the Hoare system by
means of equivalent formulae of the SAT system, and vice versa, and even
how to transform complete deductions within one system to corresponding
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deductions in the other system in a canonical way. In fact it proved to be
simpler to introduce a third proof system as a sort of intermediate system
in between the SAT system and the Invariant system that must be seen as
an alternative formulation of the Invariant system. We named it the Hoare
system, since the form and interpretation of the formulae of this system is
exactly that of classical Hoare style formulae for sequential programs, except
that the pre- and postconditions of our formulae are not assertions on states,
but rather on the combination of communication histories and states. (An
idea going back to V. Pratt [Pratt]).

The proof transformations yield much insight in the structure and interre-
lationship of the three proof systems. Maybe the most important difference
between SAT style and Hoare style reasoning is in the number and complex-
ity of proof rules for adaptation of specifications. The SAT system is clearly
superior in this respect, since it contains very few and only very simple adap-
tation rules. The transformation of Hoare style deductions into SAT style
deductions reveals why no Gorelick type adaptation rules are needed for the
SAT system: All such rules from the Hoare system transform essentially into
applications of the consequence rule of the SAT system. Another important
conclusion that follows from this proof transformation is that it is feasible
to treat Hoare style specifications and Hoare style reasoning as abbreviat-
ing certain SAT style specifications and reasoning. Thus we can embed the
Hoare system as a subsystem of the SAT system. The same can said about
the relation between the Hoare and Invariant systems: The Invariant spec-
ifications and reasoning abbreviate corresponding Hoare style specifications
and reasoning.

One should not draw the conclusion from this that the SAT system is also
superior when it comes to the actual verification of concrete programs. For
instance, the absence of certain adaptation rules in the SAT system only
means that where the Hoare style proof applies one of these adaptation
rules, the SAT style proof applies the consequence rule, and in fact both
rely on one and the same underlying logic principle. A second, equally
important difference is the treatment of the classical sequential programming
constructs, which is more complicated within the SAT system than in the
Hoare and Invariant system. The Invariant system is in fact a generalization
of classical Hoare logic, and for purely sequential, non communicating TNP
programs, the system simply coincides with Hoare style logic.

We end with a description of the organization of this monograph.

Chapter 1 starts, after this summary, with an example of the development of
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a parallel sorting algorithm, thereby introducing many language constructs,
specification methods and verification principles of later chapters. Section
1.5 treats the concepts of compositional and modular completeness.

TNP is introduced in chapter 2, after the definition of DNP. We indicate
how to translate DINP programs into TNP, whereafter DNP is no longer
used in this thesis.

The (denotational) semantics of TINP is developed in chapter 3. An interest-
ing point here is that there are remarkable similarities between the treatment
of state transformations and communications. Another point that deserves
attention is the treatment of parallelism by means of a projection operation.
Although equivalent to the usual interleaving semantics, the description by
means of projections is mathematically more elegant.

Chapter 4 introduces the assertion language, used to express properties of
communication histories and states, and the three types of process specifi-
cations. The properties of, and relationship between, the three specification
methods is treated in depth. Also the language of mized terms is defined
here.

Chapter 5 introduces the three proof systems. The soundness of the SAT
system is proven directly from the semantic definitions. The Hoare system
is shown to be sound essentially by transforming Hoare style deductions into
SAT style deductions. Similarly, the Invariant system is proven sound by
transforming Invariant style deductions into Hoare style deductions.

Chapter 6 addresses the completeness question for the SAT system. The
system is shown to be compositionally complete and adaptation complete,
and therefore modular complete.

Chapter 7 proves the compositional completeness of the Hoare system by
showing that SAT style deductions can be transformed, in a canonical way,
into corresponding Hoare style deductions. The Gorelick type of adaptation
rules are used extensively in this proof. A so called strong adaptation rule
is introduced in chapter 5 which, contrary to Hoare’s Rule of Adaptation,
results in adaptation completeness. The proof can be found in chapter 7.
Finally, we prove the compositional completeness of the Invariant system, by
means of a proof transformation from Hoare style deductions into Invariant
deductions.
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1.2 Specification and Construction of Processes

The object of study of this thesis is the specification, construction and verifi-
cation of parallel executing processes. In this introductory section we would
like to give an overview by showing the development of a parallel sorting
algorithm. This gives us the opportunity to introduce the main program-
ming language constructs, various specification methods, and some of the
verification rules in an informal setting.

If one wants to reason in a secure way about processes then the first step is
to introduce formalized languages to describe processes and specifications.
Our main formal language to describe processes is called TINP. Its syntax
and semantics are provided in the chapters 2 and 3. Thereafter, in chapter
4, we introduce formal languages to describe and specify process behavior.

The language TINP , for Theoretical Networks of Processes, evolved from
an earlier language called DNP , for Dynamic Networks of Processes. The
starting point for DNP was the concept of a dynamically changing networks
of processes. A parallel network consists of a number of processes executing
in parallel and communicating messages along interconnecting channels. A
process is a sequential program that can ezpand temporarily into parallel
subnetworks. This can happen recursively since the so formed subnetworks
can contain new copies of the original (expanded) process.

By generalizing, and at the same time simplifying, DINP the language TNP
was designed. Whereas DINP resembles a procedure based parallel program-
ming language, TNP is much more in the style of languages such as TCSP
[OH].

We shall introduce the main language constructs of TINP as we need them

in the development of a parallel sorting algorithm, also known as “priority
queue” or, as we shall call it, the “sorted bag”.

The parallel execution of two processes P; and P; is denoted by Py || P..
The CSP notation cle is used to denote the sending of the message denoted
by e along the channel named c¢. Similarly, ¢?z is a command that requests
some message along ¢ and stores it into variable z. Communication is syn-
chronous, that is, the sender and receiver of a message must cooperate and,
conceptually, a message is received at the same time as it was sent.

Example 1.1

We give a picture of the network P || Bag, consisting of two processes named
P and Bag. The two component processes are connected by means of chan-
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nels named insert and getmin. Process P can send messages to Bag along
channel insert by executing insertle commands. For such communications
to occur the Bag process must execute corresponding commands of the form
insert?z. Similarly a communication along getmin occurs if P executes a
getmin?z command in cooperation with a getminle command of Bag.

insert

|

Bag

_ getmin

O

We want to specify the intended behavior of processes and to verify that the
specification is met by some proposed implementation. For instance a de-
scription of the intended behavior of the Bag process could be the following:

Example 1.2

“ Bag behaves as a so called sorted bag of values. Bags are also called
multisets since they are like sets except that multiple copies of the same
value can be member of a bag. New values can be inserted by sending them
to Bag via the tnsert channel. A value can be requested via the getmin
channel and this results in sending back and removal from the bag of the
smallest element of the bag.”

0

As is well known, a Bag process as described can be used to sort a given list
of values. This is done by first inserting all elements of the list, followed by
requesting an equal number of values.

We want to specify the Bag behavior in a rigorous way, rather than informally
as in the English description above. Our formal description method is based
upon the notions of communication events and sequences of such events
called traces or communication histories.

A communication is an event that is described by a channel name and a
communicated value. For instance, the event of communicating a value v
via channel insert is described by the pair (insert,v). A communication
history h then, can be seen as a description of which values have been com-
municated along which channels in which order at some particular moment of
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time. For instance, the history h & < (insert, v), (insert, w), (getmin, v) >
corresponds to the state where values v and w were sent, in that order, via
insert followed by the communication of value v via getmin.

In essence a process specification can be seen as a formula of a (many sorted,
first order) predicate logic that expresses the desired properties of the com-
munication history h that should hold for all possible executions of the pro-
cess, at any moment during the execution. Such a predicate is called an
assertion about the behavior of the process.

We would like to give an impression of what a formal specification for the
Bag process looks like. To this end we discuss a few aspects of the language
of assertions.

Fundamental is the class of trace expressions. Examples are the empty trace
¢, denoting the empty sequence of communications, and the communication
history h, denoting the communications that have been performed by the
process up to some moment during some execution of the process. The his-
tory h must be distinguished from ordinary trace valued variables t that
denote some arbitrary sequence of communications, not especially related
to those communications actually performed by the process. Operations
on trace expressions te include the important channel projection operation
te|{c1,...,¢n}. This denotes the subsequence of te consisting of all com-
munications via the channels {c1,...,¢,}. The special case h|{c} is often
abbreviated as ¢, that is, a channel name, used as a trace expression, de-
notes the sequence of all communications via that particular channel. Oper-
ations that we shall use in the example below are last(te), denoting the last
communication of te, and rest(te), denoting the sequence of all but the last
communication of te.

The expression last(te) is not a trace expression since it denotes a single
communication rather than a sequence of communications. The channel
name and the communicated value of a single communication ¢« are referred
to by the expressions chan(a) and val(a).

Assertions are many sorted first order predicate formulae. Here we only
mention one such assertion, denoted by te; < tep, which expresses that the
sequence te; is an initial prefiz of the sequence tes.

The fact that one requires an assertion X to hold for all possible executions of
a process P is not expressed within the assertion as such. Rather this is the
interpretation of the satisfaction relation between processes and assertions.
This is expressed by the following formula:
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P sat X.

We call such formulae SAT specifications, to distinguish them from other
types of specifications that we shall later on.

Example 1.3
We use the following notation for bags:

o The empty bag is denoted by 8, the bag containing elements ey, ..., e,
by [e1,...,en).

e The union and difference of bags B, and B; are denoted by B; & B;
and By © Bs.

¢ The least element of a bag B of ordered values is denoted by min(B).

Let “bag(te, ¢)” denote the bag of all values of all communications via channel
¢ that occur in the sequence denoted by trace expression te. Instead of
bag(h|{c},c) we use the abbreviation bag(c). Also we use cont(cy,cz) as an
abbreviation for bag(c1) © bag(cz), and cont(te, c1,c2) as an abbreviation for
bag(te, c1) © bag(te, cz), where te is some trace expression other than h.

Let us fix some arbitrary moment during the Beg execution. We want
to express that for all getmin communications that occur in the sequence
h|{insert, getmin} reached thus far, the correct value, that is, the “current”
least element at the moment in question, was sent back by the Bag process.
Now assume that ¢ is some prefix of h|{insert,getmin} that ends with a
getmin communication. We can express this assumption by means of the
assertion

t < h|{insert,getmin} A chan(last(t)) = getmin.

The “current contents” of the bag just before that last communication is
given by the expression cont(rest(t), insert, getmin). Therefore, the desired
property is expressed by the assertion Xsqz(insert,getmin), defined as:

Xpag(insert, getmin) e

vt ((t < h|{insert,getmin} A chan(last(t)} = getmin) —

val(last(t)) = min(cont(resi(t), s'nsert,getmin))).
Finally, the Bag specification is the following SAT formula:

Bag sat Xpag(insert, getmin).
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O

Apart from operating as a sequential communicating program a process can
be built up as a subnetwork. For instance we might implement the Bag
process as a buffer process Buf , keeping a few Bag elements amongst which
the current least element, executing in parallel with a process Bag keeping
the rest of the Bag elements. This is shown in the picture below.

Bag

- /
insert down

Buf Bag

_getmin up

o

) 4
k

A

As can be seen the channels insert and getmin are connected to the Buf
component of the network. The two components themselves are connected
by means of channels down and up. The idea is that Buf on request will
send its least element along getmin. The Buf process can also send elements
“down” to, or request the least element contained in, the Bag process. So
the Bag process must behave as a copy of the Bag process except that its
channels have different names.

We would like to turn the intuitive descriptions of Bag’ and Buf into formal
specifications, and then verify that the parallel network Buf | Bag does
conform to the Bag specification. To this end we first discuss the verification
principles for parallel processes.

A well known problem for the verification of parallel programs is that some
specification that would be correct for a given process viewed in isolation,
might be invalidated by the actions performed by other processes executing
in parallel. In particular this is the case when a specification for a process
P refers to a channel that can be modified by other processes without the
cooperation of P. For instance, if a specification for the Bag' process would
refer to the insert or getmin channel, then communications on these chan-
nels performed by the parallel executing Buf process, without cooperation
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with Bag, could be in conflict with this specification. We shall avoid such
specifications, for only then the soundness is implied of the following simple
proof rule for parallelism:

Let P; sat X3 and P; sat X3 be specifications of the communication behavior
of P; and P, that obey the restriction that the assertion X; only refers to
communications via channels connected to process P;, where 1 = 1,2. Then
from P; sat X1 and P, sat X2 one can infer the following specification for the
parallel composition of the two processes:

P, “ P; sat (X1 A Xg).

We took care that the Bag specification does obey this restriction, since the
only reference to the communication history is by means of the projection
of this history onto the channels insert and getmin. A communication per-
formed via some other channel than those two by some other process does
affect the value of h, but it does not affect the value of h|{insert,getmin}.

To verify the correctness of the parallel composition Buf | Beg, one has
essentially to prove that the Buf process preserves X, (insert, getmin). For,
during the expansion, the snsert and getmin channels are connected to the
Buf process. Of course the fact that Buf conforms to this behavior depends
on the assumption that the process Bag, executing in parallel, behaves cor-
rectly as a bag with respect to the channels down and up, that is, satisfies
the specification Xpqz(down, up). Therefore we choose the following Buf spec-
ification:

Buf sat (Xpag(down, up) — Xpag(insert, getmin)).
By the rule for parallel composition we then infer that:
Buf || Bag sat ((Xpag(down,up) — Xpag(insert, getmin)) A Xpaq (down, up)).

Since the assertion of this last formula clearly implies X3.,(snsert, getmin),
We have shown that Buf || Bag' does satisfy the required assertion.

The fact that the Bag process shows the behavior of a Bag process, except
that its channels have different names, suggests that the Bag process can be
implemented as a parallel network itself and so on, ad infinitum. However,
instead of such an infinitely deep nested static network, we prefer a dynamic
network in which Bag starts as a sequential process and ezpands into a sub-
network only after elements have been inserted into the bag. Moreover, we
can construct the Bag' process from a recursive copy of the Bag process
itself, and so we will obtain a Bag process that has a variable but finite
degree of nesting, dependent on the number of elements contained in it. To
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denote that, within the program S that we shall use to implement Bag, re-
cursive copies of Bag are allowed we use the recursion construct p,Bag.S.
Apart from recursion we need a few more language constructs. First of all,
we must rename the channels of the recursive Bag copy into up and down.
This can be denoted in our language TNP as Bag(down/insert, up/getmin).
The effect is that messages sent along getmin by Bag appear from out-
side to be messages sent along the up channel. Similarly, messages sent to
Bag(down/insert, up/getmin) via down are received by the Bag process via
its tnsert channel. Qur first approach to implement Bag can now be given:

pzBag- insert?z ; (Buf | Bag(down/insert, up/getmin))

The semicolon, as usual, denotes sequential composition. So first a value has
to be received before the process expands into a subnetwork as indicated.
The Buf process has access to the z variable in which the received value is
stored. For instance it could send it back via the getmin channel to the
outside world. But now a problem arises, for the recursive Bag copy also
accesses the z variable. To avoid such ”clashes the so called variable hiding
construct must be used to turn z into a local variable of the Bag process.
This construct has the form S\z and it indicates that z is a local variable
of process S. We have the same problem with channel names: the up and
down channels connected to the recursive Bag copy have nothing to do with
the channels of the same name within this copy. The problem is solved by
using the channel hiding construct of the form S\c that denotes that ¢ is an
internal channel of S, not visible from outside.

We arrive at the following implementation for the Bag process:
uzBag - (insert?z ; (Buf || Bag{down/insert,up/getmin})\up, down)\x

Our solution still has one defect. Incarnations of the Buf and the Bag
processes never terminate, and so although new incarnations are created
when necessary these incarnations do not disappear when they are no longer
needed. Ideally a parallel network Buf || Bag(down/insert,up/getmin)
should vanish as soon as neither the Buf process nor the Bag process stores
anymore values. So we cannot simply design the processes such that they
terminate as soon as they store no value. To this end we synchronize the
Buf and the Bag processes as follows. We include a new local channel called
tsempty between the two processes. If at any moment a process stores no val-
ues, it offers to communicate via 1sempty whereafter it will terminate. That
is, if the other process stores no values either, and so is also able to commu-
nicate via tsempty, then the parallel combination can terminate as a whole.
On the other hand if some new value is received then the process stores it
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and is no longer willing to communicate via {sempty. In our program the
commands isempty! and tsempty? denote communication commands where
no values are sent or received. That is, only synchronization is required.
(Alternatively one might see this as ordinary communication where some
immaterial value is passed.) This suggests our final implementation for the
Bag process:

pyBag. (isempty!

or
tnsert?z ;
(Buf || Bag{down/insert, up/getmin))\up, down,isempty;
Bag

Nz,

The process has the choice between sending an i{sempty signal followed by
termination and receiving a value via tnsert followed by an expansion. Note
that if the subnetwork created by this expansion terminates itself then the
whole process starts over again, since the execution of the subnetwork is
followed by a recursive incarnation. In fact this second recursive call has
the form of a ”tail® recursion, and so could have been replaced by a loop
construct.

A picture of this process after an expansion, where we have used Bag to
denote Bag(down/insert, up/getmin) is: Bag

/

insert N down
isempty | , isemply
- B *
Sgamin 1| P T | P

The vertical bar at the end of the outer 1sempty channel indicates that during
the expansion this channel is not connected to any of the sub processes. Only
after the subnetwork has terminated the Bag process is (again) able to send
an isempty signal.

We adapt our Bag specification so as to express the fact that the Bag process
only can terminate afier it has sent an {sempty signal, and that the contents
of the bag is empty indeed, on termination.
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In the assertion language, we use the symbol T to denote the characteristic
predicate for computations that have terminated. Computations that do not
satisfy this T predicate are called unfinished, and correspond to intermedi-
ate stages of the execution of a process. Unfinished computations are not
the same as nonterminating computations; every execution passes through
unfinished intermediate stages whether it eventually terminates or not.

The specification ¢pq,(insert, getmin) is:

Prag(insert, getmin) def
Xpag($nsert, getmin) A (T — (cont(insert, getmin) = @ A isempty # ¢)).

The new specification still requires Xpqq(insert, getmin) to hold at all stages,
and for terminated computations it requires the Bag contents to be empty,
and the sequence of communications sent via ssempty to be nonempty. The
$bag(insert, getmin) does not, and even cannot, express that the process
must terminate after it has sent the 1sempty signal. The reason is that we
study specification methods for so called safety properties, and the necessity
of termination is not one of those properties.

Example 1.4

The picture below shows an execution of the Bag process from a certain
(unfinished) stage for which cont(insert,getmin) = [1,5,7]. We have only
shown the Buf processes and the most deeply nested Bag process. We show
also how a new value (3) is inserted, and how the current minimum (1) is
requested. Note that, as seen from outside the minimum is requested strictly
after the value 3 has been inserted, but that internally the Bag process is
still busy with the insertion process at that time.
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(the exclamation mark in the one but last picture indicates a synchronization
action via an “{sempty” channel.)
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1.3 Hoare specifications and Invariant specifica-
tions

Now that we have proposed a top level design for Bag, we would like to
verify that it satisfies the bag specification. We sketch how this verification
could proceed. The proof systems that we develop in chapter 4 and 5 can
be used for a formal verification, but for the moment we simply rely on
the plausibility of certain verification principles. We shall encounter certain
difficulties in connection with the sequential structure of the process. To
resolve them we introduce new types of process specifications.

A well known verification principle, called Scott’s induction rule, implies
that, to verify that Bag satisfies the specification ¢yq4(snsert, getmin), it
suffices to verify that the body of Bag does satisfy this specification, where we
may assume “ by induction” that the two occurrences of Bag processes within
the body do satisfy ¢se(insert, getmin). That is, under the hypothesis that
Bag satisfies ¢yqy(insert, getmin), we must verify the same assertion for the
process:

( fsempty!

orinsert?z ;
(Buf || Bag{down/insert,up/getmin))\{up,down,isempty};
Bag

Nz}

To do so, we need verification principles for the channel and variable hiding
constructs. Now these are fairly simple: if a process satisfies a certain as-
sertion X, and the assertion does not refer to some channel ¢ or variable z,
then the assertion remains valid after we hide this channel or variable.

It will be clear that in general such specifications can be obtained only by
using appropriate projections of the communication history.

Since our specification @pag(insert,getmin) does not refer to the variable
z, our verification task for the body of Bag boils down to the verification
of ¢pay(insert,getmin) for both components of the choice construct. We
concentrate on the verification for the second component, that is, of:

(insert?z ; (Buf || Bag{down/insert,up/getmin))\up, down,isempty; Bag)
sat
Pvag(insert, getmin).
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The process of this last formula has the form of a sequential composition
Py; Py; Bag, where P; is the process tnsert?z and where P, is:

(Buf || Bag{down/insert,up/getmin))\up, down,isempty

First we must establish specifications X; and X3, such that Py sat X1 and
that P, sat X3.

This brings us to the state transformer aspect of our specifications. For
instance, the P; process does not only communicale some value along the
tnsert channel, but it also modifies the process state by storing the received
value in z. As a consequence the specification X; must describe this state
transformation together with, and related to, the communication behavior.
Actually this relationship is very simple; it is: z = val(last(insert)). This
relationship between z and the value communicated via the tnsert channel
exists only after the Py process has terminated. Therefore we must use again
the T predicate, indicating a terminated computation. The specification for
the P; process then becomes: P; sat (T — z = val(last(insert))).

The last specification expresses a certain relationship between the commu-
nication behavior and the final state of computations. But in general one
must also refer to the initial state in which the computation starts. For
instance, for the process down!z; up?z one must be able to specify that the
value communicated via down is the initial state value of z, whereas the final
state value of z is the value communicated via up. We use a “°” superscript
to indicate an initial state value of some variable. For example,

(down!z; up?z) sat (val(last(down)) = z° A val(last(up)) = z)

Our next problem is to invent a specification for the parallel construct. Be-
cause this parallel process starts executing only after a value has been sent
via insert, the original bag specification is no longer applicable.

If our goal would be the verification of the Bag version that we considered
in the previous section just before the introduction of the isempty chan-
nel, then we would know how to proceed. In this case, any communication
history of Buf || Bag{down/insert,up/getmin}, prefixed by a single com-
munication (insert,v) where v is arbitrary, should satisfy the Bag assertion
Pbag(insert, getmin). This means that the appropriate assertion for the par-
allel construct would be:

Yy (qbbag (insert,getmin)[(< (¢nsert,v) > h)/ h]) ,
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where - - - [(< (insert,v) > h)/h] indicates that the concatenation of the one
element trace < (insert,v) > with the history A must be substituted for h.

This simple verification principle is well known from the literature, see for
instance [ZH].

However, for the final version of Bag, we must not only account for the sin-
gle communication via insert before the parallel construct starts, but also for
the communications by the recursive Bag call efter the parallel construct has
terminated. With respect to the communication history of the recursive Beg
call we may assume, by Scott’s induction rule, that it satisfies the bag spec-
ification. Unfortunately there is no elegant way to combine two assertions
that describe the components of a sequential composition of processes. The
reason why we suceeded in the situation above was that the communication
histories of one of the two components were fairly simple.

In general one must construct a formula X that describes the execution of
our sequential process Py; Pp; Bag. Informally speaking, this formula is:

% There are intermediate values z' and z" for z, and subsequences hj, hs, h3
of the complete communication history h, such that h is the concatenation
of these three histories, X; holds for the communications in h; and the
transition of the z value from z° to ', X2 holds for hy and the transition
from z' to 2", and @p,,(snsert, getmin) holds for h3 and the transition from
z"toz .

In the assertion language, one can write down a predicate logic formula
with the intended interpretation as above. This formula is abbreviated as
X18X28¢pqg4(insert, getmin).

The second and final step in the verification of:

Py; Pp; Bag sat ¢y (insert, getmin)
is then to show that:

(X15X28¢pag(insert, getmin)) — dpqy(insert, getmin)
is a valid implication.

Let us compare this with the well known rule for sequential composition
in Hoare’s logic for sequential, i.e. non parallel, programs. The specifica-
tions for programs S are in the form of pre- and postconditions, denoted by
{pre} S {post}. The pre- and postconditions are assertions on the initial and
.final state of the computation. To verify {pre} S1; Sz {post} one must invent
an intermediate assertion int and verify {pre} S; {int} and {int} S; {post}.
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Since there is no complicated verification condition to validate, like the impli-
cation (X18X20@pag(insert, getmin)) — ¢yqq(insert, getmin), we prefer this
type of reasoning over the approach sketched above.

The observation that formulae of the form P sat X are not very appropriate
for the sequential composition construct formed the incentive for studying a
new style of process specifications. These specifications are based upon the
idea that if some process S; starts after termination of some other process
Si, then at that moment of time there is already some communication his-
tory. We call this the initial trace for the execution of S;. By introducing
this notion of an initial communication history, we can view a process as
a transformer from tnitial histories and - process states to final histories
and process states. We use the phrase “generalized state” for a combination
of some history and some process state. The outer form of our specifica-
tions is the same as that of “classical” Hoare style formulae, with a pre- and
postcondition. These pre- and postconditions are assertions on generalized
states, however. To indicate this, we use the notation () P (¢) for Hoare
specifications, where the ¢ and ¢ are assertions on generalized states. With
our Hoare formulae, one can essentially use the same type of reasoning for
sequential programs as within Hoare’s logic. In particular the proof rule for
sequential composition of processes has the same form as the classical Hoare
rule mentioned above.

Our Hoare style specifications have in common with SAT specifications the
uniform treatment of terminated and unfinished computations. That is, the
assertions ¢ and ¢ of the Hoare formula (¢) P (1) and the assertion X of
the SAT formula P sat X are interpreted for both terminated and unfinished
computations. The characteristic predicate T is used within these assertions
to distinguish between the two types of computations.

In practice it turns out to be easier to separate assertions into pre- and post-
conditions on generalized states that are interpreted for terminated com-
putations only, and invariants on communication histories, that must hold
continuously, This leads to a third type of formulae, called “Invariant spec-
ifications”. They have the following form:

I : {pre} P {post},
where I is an assertion on histories only, and where pre and post are as-
sertions on generalized states, i.e. on histories and states together. The
characteristic predicate T is not used within I, pre or post. The distinction
between terminated and unfinished computations is made in the interpreta-
tion of the specification. Informally, the meaning of the specification is:
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“ If P is started in an initial state and with an initial history for which pre
holds, then the invariant I will hold for the communication history of P at
any moment during execution of P, and if and when P terminates, post will
hold for the final history and state of P.”

Remarks

e By “the communication history of P” we mean the complete history,
that is, the initial history extended with communications performed
by P at some moment during execution, not just the communications
performed by P itself.

e It is understood that, if P terminates, the invariant holds up to and
including the moment of termination.

We proceed with the Bag example, turning over to the Invariant specification
style. First we transform the SAT specification Bag sat ¢pqg(insert, getmin)
into an equivalent Invariant specification. A straightforward transformation
is obtained by choosing a precondition that requires the initial trace to be
empty, for then the role of the invariant is essentially the same as an assertion
of a SAT formula. This would result in the following Invariant specification:

Xpag(insert, getmin) :
{insert = € A getmin = € Aisempty = €}
Bag
{cont(insert, getmin) = B A isempty # €}.
We have not included the assertion Xjq,(insert, getmin) in the postcondition,

although it would have made no difference since the invariant requires it
anyhow.

We are not satisfied with this specification for the following reason. Its pre-
condition does not hold at those moments where the inner recursive calls
of the Bag process start executing. So the given specification, although it
correctly specifies the desired process behavior, will not fit into the correct-
ness proof that we have in mind. As is not unusual with induction proofs,
we can only prove a stronger specification. An Invariant specification can
be made stronger by weakening its precondition, and by strengthening its
postcondition and invariant. So the following formula is seen to be stronger
than the specification above:

Xbag(¥nsert, getmin) :

{cont(insert, getmin) = B A Xpqq(insert, getmin)}
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Bag
{cont(insert, getmin) = @ A isempty # € A Xpqq(insert, getmin)}.

To prove this specification we give a so called annotated program. It consists
of the program text of the Bag process with assertions on generalized states
attached to control points of the process. Similar to the usual program an-
notations for Hoare’s logic we enclose these assertions within set braces. The
annotated text is preceded by a clause, called the invariant of the annotation,
that has the form Xpq,(insert,getmin) : . Such an annotated text is to be
understood as follows. If S is some piece of process text that occurs within
an annotation that is prefixed by invariant I, and S is enclosed between the
assertions p and ¢, then

I:{pAI}S{gnl}

is claimed to be a valid specification for S. (The fact that the invariant I is
implicitly attached as a conjunct to all assertions within annotations is just
a notational convenience.)

The actual annotation for Bag is:
Xbag(insert, getmin) :
{cont(insert, getmin) = 0}
( 1sempty!
{cont(insert,getmin) = @ A isempty # €}
or
( insert?z ;
{cont(insert, getmin) = [z]}
(Buf | Bag{down/insert, up/getmin})\{up,down,isempty};
{cont(insert, getmin) = 0}
Bag
) {cont(insert,getmin) = O A isempty # ¢}
)\{=}
{cont(insert,getmin) = @ A isempty # €}

Note that the specification for the second inner call of the Beg process equals
the specification for the whole. This can be formally justified by applying
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Scott’s induction rule. The annotation does not indicate how to prove the
specification that it claims to be valid for the parallel network within the
Bag process. This specification is:

Xpag(insert, getmin) :

{cont(insert, getmin) = [z] A Xpq (insert, getmin)}

(Buf || Bag{down/insert,up/getmin))\{up, down,isempty}
{cont(insert, getmin) = @ A Xpq (tnsert, getmin)}

We sketch how to prove this.

Again we may assume that the Bag specification holds for the recursive call
within this network, and this implies the following for the Bag process with
renamed channels:

Xpag(down, up) : {cont(down, up) = B A Xpqy(down, up)}
Bag{down/insert, up/getmin)
{cont(down,up) =0 A isempty # € A Xpag(down, up)}.

By strengthening the precondition and weakening the postcondition we ob-
tain:

Xpag(down, up) : {down = up = ¢}
Bag(down/insert, up/getmin)
{cont(down, up) = B A Xpag(down, up)}.

The next task is to determine an appropriate specification for the Buf pro-
cess. In our top down development, the most natural thing to do is to choose
this specification such that it suits the verification of the parallel construct.
Therefore we take the following one:

Xpag (down, up) — Xpag(snsert, getmin) :

{cont(insert, getmin) = [z] A Xpag(insert, getmin) A up = down = €}
Buf

{cont(down, up) = @ — cont(insert, getmin) = A

Xbag(down, up) — A Xpag(insert,getmin)}
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We now have available specifications for the constituent components of the
parallel construct. They satisfy the restriction that the channels and vari-
ables referred to within these specifications are the channels and variables
of the corresponding process. Under these conditions the following rule is
applicable:

Let Iy : {prei} P, {post:} and I, : {pre2} P2 {posts} be Invariant specifica-
tions such that the channels and variables of I;, pre; and post; are contained
within the channels and variables used by F;, for ¢ = 1, 2. Then the following
formula can be inferred from these two specifications:

(LA L) : {pres Apres} Py || Py {posty A posty}.

We can use this rule to conjoin the Buf and the Bag{down/insert, up/getmin)
specifications. Then, by weakening the invariant and postcondition we ob-
tain the following specification for the parallel construct:

Xyag(insert, getmin) :

{cont(insert, getmin) = [z] A Xpag(insert, getmin) A up = down = €}
(Buf || Bag(down/insert,up/getmin))

{cont(insert, getmin) = @ A Xpqq(insert, getmnin)}

Let us omit the conjunct up = down = € from the precondition. That
is, we no longer assume that the local channels up and down are initially
empty. Now, unlike the initial state of variables, the initial state of channels
cannot be sensed in any way by a process, and so the possible communication
histories are the same as far as the projection onto channels other than up
and down is concerned. And because the invariant and postcondition do not
refer to the up and down channels, they still remain valid for this larger set
of possible communication histories. We conclude that the following formula
is valid:

Xbag(insert, getmin) :

{cont(insert, getmin) = (] A Xpqg(insert, getmin)}
(Buf || Bag{down/insert,up/getmin})
{cont(insert,getmin) = O A Xpog(insert, getrin)}.

Since this specification does not refer anymore to the local channels up, down
or isempty, it remains valid if we hide these local channels. Therefore, we
have shown the validity of:

Xbag (insert,getmin) :
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{cont(insert, getmin) = [z] A Xpag(insert, getmin)}

(Buf || Bag{down/insert,up/getmin})\{up, down,isempty}
{cont(insert,getmin) = @ A Xpqy(snsert, getmin)}

This was to be shown.

We have succeeded in verifying the top level design for the Bag process. It
remains to implement the Buf process, and to verify that the implementa-
tion does satisfy the specification that we chose for this component. This
development does neither introduce new language constructs nor new veri-
fication principles. Therefore we simply list the resulting program text and
the corresponding proof.

The proposed Buf implementation is:
(insert?y;
(z,y) := (min(z, y), maz(z,y)) ; down'y ; Buf)
or
( getminlz ;
(( up?=z ; Buf) or isempty? ) )

Similar to the verification of the Bag process it is necessary to prove a
stronger specification for Buf than the one that we required above. Again,
the reason is that the given specification is inappropriate as an induction
hypothesis for Scott’s induction rule.

The proof is in the form of an annotated program text:
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Proof outline for the Buf process:
Invariant Xje4(down, up) — Xpq,(insert, getmin) :

{cont(insert, getmin) = cont(down, up) & [z] A
Xpag (down, up) — z = min(cont(insert, getmin))}

( tnsert?y;

{cont(insert, getmin) = cont(down, up) & [z,y] A
Xbag{down, up) — min(z, y) = min(cont(insert, getmin))}

(z,9) = (min(z, y), maz(z,y)) ;

{cont(insert, getmin) = cont(down, up)  [z,y] A
Xsag(down, up) — z = min(cont{insert, getmin))}

downly ;

{cont(insert,getmin) = cont(down, up) ® [z] A
Xpag(down, up) — z = min(cont(insert, getmin))}

Buf
) {cont(insert,getmin) = cont(down, up)}
or
( getminlz;
{cont(insert, getmin) = cont(down, up)}
( up?z;

{cont(insert,getmin) = cont(down, up} @ [z] A
Xbag(down, up) — z = min(cont(insert,getmin))}

By
) {cont(insert, getmin) = cont(down, up)}
or

1sempty?

{cont(insert, getmin) = cont(down, up)}

)

{cont(insert, getmin) = cont(down, up)}
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1.4 Compositionality and Modularity

For the task of program specification, construction and verification, pro-
grams are not to be considered as monolithic entities.

Rather a program is built up from parts that are specified, implemented and
verified independently. The whole program is then verified on the basis of
specifications for the parts, that is, without (using) knowledge of the inner
structure of the parts.

There are several ways in which one can interpret this. One view is that
?built up from parts” refers to the syntactic phrase structure of the program.
According to this structure a program is either an atomic action, a program
variable, ranging over program meanings, or else it is built up from smaller
prograrms by means of some syntactic operator C. We assume here that each
of these operators has a fized, finite arity, that is, combines a fixed number
of programs into one larger program.

Examples of atomic statements for the case of TNP are the assignment
statement, and the communication commands. The set of syntactic opera-
tors includes for instance the sequential and parallel composition operators.
Program variables coincide with process identifiers. Within TINP such vari-
ables can occur free or bound. Note that the recursion construct in TNP
does bind program variables.

Proofs of program specifications should be compositional, that is, syntaz
directed. To explain this, assume that, according to this syntax, some pro-
gram S is composed out of the programs Sy,...,S,. That is, S is of the
form C(S,...,5,) where C is some syntactic constructor. Then according
to the statement made above a specification spec for S should be proven
from specifications specy,. .., spec, for the parts Sy,...,S,. And, most im-
portantly, the proof must not refer to the inner syntactic structure of these
parts.

In a historical perspective, the first methods for program verification , in-
vented by Floyd and Naur [Floyd|,[Naur]|, were not compositional. The rea-
son is that programs were represented as flowcharts, and the usual syntactic
structure of a flowchart, that has essentially the form of a labeled graph, does
not decompose a program into smaller programs, but rather into atomic ac-
tions. Moreover, the number of atomic actions that constitute a flowchart
is not bounded from above. Therefore, we do not have a syntactic operator
with fixed arity.
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A major improvement was made by C.A.R. Hoare [Hoare2] who reformulated
the Floyd Naur method as a compositional proof system.

Hoare studied a very tiny language, often referred to as the class of "while
programs®. The method was extended by several people to encompass most
of the usual sequential programming constructs. But when the first proof
systems for parallel programs were created, these systems did not adhere to
the syntax directed style.

For instance, a proof rule that violates this constraint is the one for parallel
composition proposed by Owicki and Gries in [OG]. To verify a specification
for a parallel program S; | S2 one must apply a so called interference
freedom test to proof outlines that contain the program tezt of the parts S
and S,.

Another well known proof system, for the verification of CSP programs, is the
system by Apt, Francez and de Roever [AFR|. Here a so called cooperation
test must be applied, again to proof outlines containing the program texts
of the parts. So this system is not compositional either.

One of the first publications containing a proof rule for parallel programs
without reference to the inner structure of the constituent components was by
Misra and Chandy in ”Proofs of Hierarchical Networks of Processes* [MC].
It must be noted that Misra and Chandy did not study a language with a
clear cut syntax. Rather they used a ”picture language* for statically nested
parallel processes communicating via channels. Therefore, strictly speaking
their system is not compositional in the sense as defined above, because of
the rather trivial reason that they have no syntactic operators.

Misra and Chandy’s rule is based on an interesting new type of process
specifications. Essentially these specifications consist of a certain assump-
tion and commitment about the communication history of a process. It is
especially this formulation in terms of communication histories that made it
unnecessary to refer to the inner structure of processes.

The Misra and Chandy rule formed the basis for a compositional proof sys-
tem for the language DNP (”Dynamic Networks of Processes®) by Zwiers,
de Bruin and de Roever [ZBR]. As already mentioned in the summary, one
of the proof systems that we consider in this thesis evolved from the system
of [ZBR].

Before we go on discussing several aspects of compositionality in more detail,
we would like to contrast this concept with a second interpretation of the
statement made at the start of this section.
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As one might have noticed already when we mentioned Misra and Chandy’s
rule, a context free grammar is not a presupposition for considering programs
as “built up from parts”. It suffices that there is some well defined notion
of “black boxes” from which a program can be constructed, and which can
later on be replaced by implementations in the form of concrete programs.
Exactly how a program is built up from black boxes can be left open.

A clear advantage of this view is that, since it is more liberal with respect to
program structure, many more interesting systems can be discussed in this
setting. Typical examples are flowchart languages and transition systems.
For instance, although a flowchart does not have a nice syntax described by
a context free grammar, one can allow named black boxes in it. If only black
boxes with a single entry and exit are allowed, then it is possible to specify
these black boxes in the same way as complete flowcharts are specified, i.e. by
means of an entry and an exit condition. Essentially this is the structure of
the language FORTRAN, where subroutine bodies play the role of flowcharts
and subroutine calls the role of black boxes.

Now our language TINP does have a neat context free grammar, so why are
we 80 interested in this black box idea? The reason is that we want to make
the distinction between what is called “programming in the small” versus
“programming in the large”. An often heard explanation of these terms is
that programming in the large considers the program structure in terms of
subroutines or procedures, whereas programming in the small refers to the
internal structure of these subroutines and procedures. The terms “small”
and “large” suggest that the only difference is in the scale of the program,
and that mathematically speaking there is no real difference at all. We
present here a different point of view. Programming “in the small” is done
by one person, designing a program and its correctness proof hand in hand.
As a consequence, when a specification is designed for a certain program
part it is already clear in which program context it must function, and how
the specification must “fit” into the correctness proof of the whole. On the
other hand, programming “in the large” is not an activity of one person
at one time. Therefore specifications for program parts are designed, and
proven correct, without knowing exactly the context in which the part is to
be placed. An (extreme) example is the design of modules for a program
library where there is literally no contact between the designer and users of
a module. The price for this division of labor is partly paid by the user of
modules. For he must treat those modules as black boxes for which only an
a priori given specification is known, and these specifications might not suit
the correctness proof of the whole. This implies that, in general, a priori



1.4. COMPOSITIONALITY AND MODULARITY 33

given specifications must be adapted to a form that does fit into the proof.
In our opinion, it is this extra step of specification adaptation that makes
the difference between correctness proofs “in the small” and “in the large”.

Let spec(S) denote that some program S satisfies a certain specification
spec. Specification adaptation means that a given specification spec(¢) for a
black box ¢ has to be transformed into an alternative specification spec'(¢).
That is, it must be shown that spec’(¢) is a valid formula on the basis
of the given formula spec(¢). Such adaptations do not exclusively occur
within the context of programming “in the large”. For instance, for proving
the correctness of a recursive program, it is necessary to give a correctness
proof for the “body” of a recursive construct on the basis of an induction
hypothesis that has the form of a specification for recursive calls. In general
this given hypothesis must be adapted for each occurrence of a recursive call
within the body. Usually the adaptation is performed with the aid of the
well known consequence rule and various substitution rules. An example is
given in [de Bakker|, where a (two page long!) proof is given, essentially
showing that if ¢ satisfies the Hoare style partial correctness formula

{z=2}¢{z=12},
and we also know, on the basis of syntactic considerations, that the variable
z cannot be read or modified by ¢, then it is also true that ¢ satisfies:

{z=2-1}¢{z=2-1}

Although specification is needed for programming “in the small”, there is a
major difference with programming “in the large”. In the first case, when a
specification is designed it is already known whether it has to be adapted, and
for which contexts. By a proper choice of this specification one can ensure
that all adaptations that are necessary can actually be proven correct within
the given proof system at hand. We can contrast this with the situation for
the second case, where a priori given specifications have to be adapted.

Example 1.5
We consider again the Bag process, introduced in the examples above.

On the one hand we have the syntactic phrase structure of the Bag process,
showing for instance that it is a recursive process, and that the body of this
recursive process consists of a choice construct, and so on. On the other hand
one sees occurrences of black boxes named Buf and Bag. In the top down
style verification that we gave for the Bag process, a certain specification was
chosen for the Buf process that suited the verification for Bag. Thereafter we
verified the Buf specification. Now consider the following different situation.
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Assume that actually the Buf process did already exist, due to some earlier
design activity. That is, it was already constructed, specified and verified
by someone else before, not with the intention to use it for our Bag design.
It is unlikely that the specification would have been chosen the same as our
Buf specification. For instance, it could have been as follows.

o beont & bag(insert) @ bag(up) © bag(getmin) © bag(down),
beont[rest(down)/down] is beont with rest(down) substituted for down,

lastchan % chan(last(h|{insert, getmin, up, down})),

]

lastval & val(last(h|{insert, getmin, up, down})),

[

Let the buffer invariant be the assertion:
Xbus 4! (lastchan = down — lastval = maz(beont|rest(down)/ down])) A
(lastchan = getmin — lastval = min(bcont[rest{getmin)/getmin]))

Then the alternative Buf specification is:

Xbus : {bcont = [z]} Buf {bcont = §}.

Since we want to treat Buf as a black box, redoing the verification task to
see that our Buf specification is satisfied (too) is not possible. Rather the
already existing specification must be adapted, that is, we must prove that
the last specification ¢mplies the one that we used for the verification of the
Bag process.

However, simply strengthening of the precondition and weakening of the
postcondition and the invariant of the alternative specification will not suf-
fice to prove this implication between specifications. For it is not the case
that the invariant of the alternative specification implies that of the original
Buf specification. The reason is that the alternative invariant guarantees
something about the last communication of the history h, at least if it is
a communication via down or getmin. But it does not guarantee anything
about earlier communications in A. This is to be contrasted with the original
Buf invariant, that has the form

Xbag(down, up) — Xyag(insert, getmin).
The assertion Xsqg(c1,¢2) has the form:

vi(t < hl{er,ea} -+-),



1.5. COMPOSITIONAL AND MODULAR COMPLETENESS 35

The result of this is that the original invariant makes a certain commitment
about all down and getmin communications occurring in hA. This indicates
why the alternative invariant cannot imply the original one.

One might question whether the alternative specification actually is as strong
as the original one, since its invariant is logically weaker than the other in-
variant. The intuitive reason why this is nevertheless the case is that the
invariant of an Invariant specification is required to hold, not only for all
possible executions, but also at all moments during such ezecutions.

0

1.5 Compositional and Modular Completeness

-

For any formal proof system one of the main questions is whether sufficiently
many axioms and rules have been collected. For instance, given a specifi-
cation spec and a program S that satisfies this specification we might ask
whether one can always prove that fact. Or we might ask whether we can al-
ways carry through the necessary specification adaptations. Such problems
are referred to as the completeness question for the formal system.

First we summarize some of the standard concepts in this respect.
As before, spec(S) denotes that specification spec is satisfied by program S.

If S is a program that does not contain black boxes, this means that, under
a given interpretation for programs and specifications, the formula spec(S)
is interpreted as “true”. If S does contain black boxes, then this truth value
depends on the interpretation of the black boxes. If spec(S) is interpreted
as true for all possible interpretations for black boxes within S, then the
formula is called valid. This is denoted by

k= spec(S).
If for certain black boxes ¢,...,¢, and specifications specy,...,specy, it is
the case that for any interpretation of black boxes that makes the formulae
speci(¢1), .« -, specn($n) true the formula spec(S) is also true, we say that the
last formula is semantically implied by the former ones. We denote this as
usual by

speci(¢1)s- - -, specn(sn) = spec(S).

As is well known, validity of some formula is only one side of the coin, where
the other side is its provebility. A formula is provable within a certain formal
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system if there is a formal deduction from axioms by means of proof rules
that has the formula in question as its conclusion. If the formula spec(S) is
provable this is denoted by

F spec(S)

We say that spec(S) is provable from hypotheses speci(¢1),- .., specn($n) if
spec(S) can be deduced by means of proof rules from axioms together with
the given hypotheses. This is denoted by:

speci(¢1); - - -, specn(¢n) | spec(S)
It is always required that a formal system is sound, meaning that if some
formula is provable, then it is valid. If the reverse holds too, that is, every
valid formula is also provable, then the system is called complete.. Although
completeness is a desirable property, one does not, and cannot, always in-
sist on it. For the famous results of G&del [Godel] showed that for many
mathematical systems, including the system of natural numbers, a complete
axiomatization by means of first order predicate logic is imposssble. The
impact of this on our work is the following. Instead of proving completeness
we shall prove relative completeness. By this we mean that we assume that
we have a so called oracle to decide whether some assertion of our assertion
language Assn, that we define in chapter 4, is valid or not. Relative com-
pleteness means that every valid specification can be formally deduced where
we may call upon the oracle to decide the validity of assertions. The typical
case where the oracle is used is for application of one of the consequence
rules that we introduce in chapter 5.

A rather subtle point is the following. When we come to the definition of
(the meaning of) the assertion language Assn, we shall include the natural
numbers, together with the usual operations of addition and multiplication.
The interpretation for these is by means of the standard model of arithmetic.
Such an interpretation is called strongly aerithmetical [Cla2]. The reason
for doing so is that we insist on a specification language that is sufficiently
expressive in the sense as defined in section 6.2, and this can be achieved only
if we can express within assertions the length of communication histories.
Moreover, even if a finite interpretation is chosen for the domain of data that
processes act on, one still can construct processes with three channels that
are such that the length the history via one of these channels is essentially
the sum or product of the lengths of the histories via the other two channels.
This explains why we need a strongly arithmetical interpretation.

Since we are relying on a strongly arithmetical interpretation for assertions,
our notion of completeness is better called arithmetical completeness [Harel).
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To avoid cumbersome terminology we shall usually omit the adjectives “rel-
ative” and “arithmetical” when we discuss completeness questions. That is,
these qualifications are always implicitly understood.

The “classical” completeness question in the field of program correctness
is whether for closed programs one can prove the program correct with
respect to every valid specification. This notion of completeness is not ap-
propriate for “programming in the large”, since there the normal situation
is that some formula spec(S) has to be proven correct from specifications
speci($1), - - ., specn(¢n) for the black boxes ¢1,...,¢, in S.

The natural notion of completeness in this context is that of modular com-
pleteness:

Let SPEC be a given class of program specifications. A formal proof sys-
tem is called modular complete for this class if the following holds. If
spec €SPEC is some specification and S is some program such that the
formula spec(S) is semantically implied by specifications spec;,..., spec,
for the black boxes ¢i,...,¢n, then it is possible to prove spec(S) from the
hypotheses speci(¢1), .. ., specn(sn).

In practice there is one minor technical problem with this definition. A spec-
ification spec is satisfiable if there exists at least one program that satisfies
it, else spec is unsatisfiable. Now if one of the hypotheses spec;(¢;) is actu-
ally unsatisfiable, then the semantic implication is always valid, vacuously.
Then, in general, a proof of spec(S) from the given hypotheses requires the
logical principle of reductio ad absurdum in one form or another. Since this
principle plays no role in proving programs correct except for the situation as
described, we would like to avoid the introduction of (yet) another proof rule
that expresses this principle on the level of specifications. This motivates
the following more accurate definition of modular completeness:

Definition 1.6 (Modular Completeness)

Let SPEC be some class of specifications for some given class of programs
PROG. A formal proof system for these specifications is modular com-
plete if, for all spec eSPEC, all satisfiable specy, ..., spec, €SPEC and all
S €PROG,

speci($1), - - -, specalsn) = spec(S).

implies

‘specl(gl)9 ey 8P€Cn($‘n) F spec(S).
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|

For the logical systems that we shall consider, the specification language
SPEC is closed under the usual logical operations such as conjunction and
implication. ( We shall assume that these operations do have their usual
interpretation, and that the usual logical rules for these operations have
been included in the system.)

Let us call a formula mspec(S), of the form
(A speci(sr)) — spec(S) (1)
i=1,n

a modular specification of S. Since our logical formalisms can represent a
finite conjunction of the form

N speci()
i=Lm
by means of a single specification spec’(¢) we shall assume that the black
boxes ¢; in the premisse of a modular specification of the form (1) are all dis-
tinct names. It is understood that if n = 0 the conjunction (/\,-=1'n spec; (S‘g))

is the formula “true”. Identifying the formula true — spec(S) with spec(S)
one sees that specifications spec €SPEC are a special case of the form (1).
Let MSPEC be the class of all such modular specifications, corresponding
to the given class of (ordinary) specifications SPEC.

We call mspec(S) regular if all the premisses spec;(¢;) are satisfiable. Mod-
ular completeness for SPEC is in fact nothing else but completeness for
the regular formulae of MSPEC. That is, for regular mspec eMSPEC, if
= maspec(S) then | mspec(S). This follows from the following facts:

Since an implication fy— fs is valid if and only if f; semantically implies fs,
formula (1) is valid if and only if

speci($1); - - - specn(¢n) = spec(S).

Also, for our logical formalism a (formal) implication f;— f; is provable if
and only if f; can be proven from the hypothesis f;. So

speci(¢1), - . - specn(¢n) F spec(S)

amounts to the same as

I\ speci(si) — spec(S).

i=1n
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(We remark that, although all this might seem fairly straightforward, the
standard treatment of Hoare’s logic as for example in [Apt] or [Bakker]
defines implication between correctness formulae in a more complicated way,
due to the presence of tmplicit universal quantifications for both sides of the
implication sign.)

Spelled out in detail the alternative formulation of modular completeness is
as follows: for specifications and programs as indicated in the definition, if

E(A speci()) — spec(S),

i=1,n
then
- ( A Specz'(s‘i)) — spec(S).
i=1,n

A property that is implied by modular completeness is what we call adapta-
tion completeness. For this case we have a given specification spec(¢) that
we want to adapt into another specification spec’(¢). Of course this adap-
tation is legal only when the first specification logically implies the second
one. So we are interested in formulae of the following form:

spec(s) — spec’(s)
Proving tautologies for black boxes, by which we mean proving formulae of
the form spec’(¢) that are universally valid, shall be considered as a special
case of this. To this end we allow spec(¢) to be the formula true. Adaptation
completeness means simply completeness with respect to this particular class
of formulae.

Definition 1.7 (Adaptation completeness)

A formal proof system is adaptation complete for a given class of specifi-
cations SPEC if for all spec, spec’ €SPEC, where spec must be satisfiable,
if

= spec(s) — spec'(s)
then

k- spec(s) — spec'(s)
It is understood here that spec(¢) can be the formula true. O
Remark

A from an intuitive point of view less attractive, but nevertheless equivalent
definition of adaptation completeness would be to state that it is modular
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completeness for formulae of the restricted form mspec(£), i.e. where the
program on the right hand side of the implication is itself a black box §.
That adaptation completeness according to this alternative definition implies
adaptation completeness as defined above will be clear. To see that the
reverse hold too, assume that we have a adaptation complete system, in the
sense of the original definition, and assume that a universally valid formula

(A speci(s)) = spec(€) ()

i=1,n
has been given. If spec(§) is a tautology, it is provable by the assumed
adaptation completeness, and with the usual logical rules (*) is then provable
too. Next assume that spec(£) is not a tautology. Since all the specifications
speci(¢;) are satisfiable and all the ¢; are distinct, it then can be seen that
exactly one of the ¢; must be £, and moreover that:

= spec’(§) — spec(§)
Clearly the last implication is provable by the assumed adaptation complete-
ness, and again the provability of (*) follows from this.

0

Since modular completeness implies adaptation completeness, one might ask
whether we can formulate some requirement that together with adaptation
completeness implies modular completeness. In general, we can say little
about this. But for compoesitional systems, a positive answer can be given.

Assume that our class of programs PROG is described by means of compo-
sitional syntax. By this we mean that each program S has either the form of
a black box ¢ which in this context shall be identified with a variable rang-
ing over program meanings, or else is of the form C(S,,...,S,), where C is
some syntactic constructor and where n > 0. If for a program of the latter
form n = 0 we call it an atomic program. To be able to treat constructs like
recursion within this framework we shall allow constructors C that can bind
black box variables.

For a compositional approach a constructor C(Sy,...,Sy) is regarded as
a funclion, where the S; are the variables of the function. As is usual in
mathematical logic, we shall use the term meta variables, for variables like
S;. Meta variables range over program tezts, and must be distinguished from
black box variables ¢ that can occur within actual program texts, and that
range over the domain of interpretation for programs.

By a compositional proof rule we mean a logical inference of the following
form:
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“From speco(Sp) and ... specn_1(Sn—1) infer spec,(Sp)”

Here spec; and S; are both meta variables, one ranging over specification
texts, the other over program texts. That is, when we say “proof rule” we
actually mean a proof rule scheme. An actual rule is obtained by substituting
actual texts for the meta variables in the scheme. Of course one must not
substitute a program text for a (meta) specification variable. That is, meta
variables are of a certain type, and one may only substitute texts of the
appropriate type. Syntactic attributes such as the free variables of a text
are usually regarded as part of the type of the text. For example, the type
of some meta variable S might be “program containing at most £, &2 as free
blackbox variables and at most channels ¢y, ¢g, c3 as free channel names”

For a proof rule as above, the types of meta variables are usually put into
the form of restrictions attached to the rule. It is important that such
restrictions can refer only to the types of the meta variables, but not to the
inner syntactic structure of these variables. For instance the rule for parallel
composition by Owicki and Gries is of the following form:

“Let {p1} Si {q1} and {p2} S2 {g2} be Hoare style proof outlines that are
interference free. Then the Hoare formula {p; Apa} S1 || S2 {g1A¢2} holds.”

This is not a compositional proof rule, since the side condition about inter-
ference freedom does refer to proof outlines, containing the whole program
texts of S; and Sy, and not just to the types of these texts.

We give a definition of what is called elementery compositional completeness.
Definition 1.8 (Elementary compositional completeness)

Assume that S is some arbitrary program of the form C(Sy,...,Sy), that
no black box variables occur free in S and that C does not bind a black
box variable. (The term elementary refers to these restrictions.) Let spec
be some specification for S. A proof system is compositionally complete if
it is compositional and moreover is complete in the sense that , whenever

= spec(S),
there exist specifications specy,..., spec, such that:
(a) k= speci(S;) for i = 1..n.
(b) spec(C(S1,...,5n)) can be proven from the hypotheses spec;(S;).
0

The requirement that the system must be compositional guarantees that the
proof required for point (b) is uniform in that no reference to the internal
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structure of the parts Sj,...,S, is possible. The proof that is required for
(b) is in fact a proof scheme that can be instantiated by substituting actual
program texts for the meta variables Sy,...,S,. Note that this definition
does not require that the specification for § can be proven from a priori given
specifications for the parts. Rather one must be able to choose appropriate
specifications, such that (a) and (b) are fulfilled.

For the general case, where we allow free black box variables and more
importantly, constructs C that bind black box variables, we do not want
compositional completeness on the level of specifications spec €SPEC, but
rather on the level of modular specifications mspec €eMSPEC. Of course
this includes the simple case above since SPEC formulae can be regarded as
MSPEC formulae. Therefore our general definition is the following one.

Definition 1.9 (Compositional Completeness)

Let PROG be a class of programs. Let SPEC be a class of program specifi-
cations and let MSPEC be the corresponding class of modular specifications.
A proof system is compositionally complete if it is compositional and more-
over is complete in the sense that for all § €PROG of the form C(Sy,...,S,)
and all mspec eMSPEC, if
= mspece(S),

then there exist mspecy,..., mspec, EMSPEC such that:

(a) = mspeci(S;) for i = 1.n

(b) mspec(C(Si,...,S5,)) is provable from the hypotheses mspec;(.S;)
o

We show that compositional completeness is supplementary to adaptation
completeness in the sense that together they imply modular completeness.

Theorem 1.10

A proof system that is both compositional complete and adaptation complete
is modular complete.

O

This is seen as follows: Assume that we have a system that is compositional
and adaptation complete. Let some regular modular specification mspec and
some program S been given, and assume that mspec(S) is valid. We show
that mspec(S) is provable by means of induction on the syntactic structure
of the program.
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There are two cases to distinguish, according to whether S is a black box
¢ or is of the form C(Sy,...,5,). Note that the second case includes the
situation where S is an atomic program.

If S is a black box then the provability of mspec(S) follows from the adap-
tation completeness, as shown in the remark following the definition of this
type of completeness above.

If on the other hand S is of the form C(Sy,...,Sy), then by compositional
completeness we can choose specifications mspecy,..., mspec, such that
mspec;(S;) is valid for ¢ = 1..n, and mspec(C(S1,...,5,)) can be proven
from the hypotheses mspec1(S1), ..., mspec(S,).

Since the components S; have a simpler syntactic structure than S, we may
conclude by induction that the formulae mspec(S;) are provable. And in-
stantiating the variables Sp,..., Sy, in the given proof scheme, we see that
mspec(C(S1,...,Sn)) is provable from the hypotheses mspec(S;). We con-
clude that mspec(C(Sy,...,8Sy)) is provable, as was to be shown.

We already remarked that modular completeness includes the “classical” no-
tion of completeness which states: if S is a closed program and spec(S) is a
valid formula then this formula is provable. By the theorem, a sufficient con-
dition for completeness is that the proof system is both compositionally and
adaptation complete. However, adaptation completeness is not a necessary
condition for completeness, as we will show now.

First we consider the simple case of elementary compositional completeness.
That is, for the moment we only consider programs without occurrences of
black box variables, either free or bound. It is easily seen that an elementary
compositionally complete system is complete for this class of programs and
specifications from SPEC. The proof is along the same lines as that for the
theorem above, if one reads “specification” for “modular specification”, and
omits the part of the proof that handles the case where § is a black box.

Next we treat the general case. Even when we want to verify a simple
specification spec for a closed program S of the form C(Sy,...,S,), it will
in general not be possible to find SPEC formulae spec; for the parts S; from
which the specification for the whole can be verified. For if C does bind some
black box variable, say 8, then some of the S; contain @ as a free variable.
And so, for these parts S; we will only be able to find a valid specification
of the form

speco(8) — spec(S).
That is, there is no escape from using modular specifications in this case, even
when the program as a whole has no free occurrences of black box variables.
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We make the observation that the specification specy for the black box 8 is
not a priori given, but can be chosen by the verificator of the program S.
This explains why a proof system can be complete without being adaptation
complete. For in this case one must only be able to adapt specifications
such as specy, and this can be simpler than being able to adapt arbitrary
specifications.

If spec is some particular specification, then we call it adaptable for a cer-
tain proof system if the following holds, for arbitrary specifications spec’: If
spec(¢) — spec'(¢) is a valid implication, then this implication is provable.
(Clearly a system is adaptation complete if and only if every specification is
adaptable.)



Chapter 2

The languages DNP and TNP.

2.1 Introduction

The object of study is the proof theory of the concept of a dynamically chang-
ing network of processes. In such a network, primarily sequential programs,
called processes, execute in parallel and communicate via interconnecting
channels. Processes each have their own (private) set of (assignable) vari-
ables, i.e. their variables are not shared with other processes executing in
parallel. Processes can ezpand temporarily into parallel subnetworks. This
can happen recursively since the so formed subnetworks can contain new
copies of the original (expanded) process. After termination of all compo-
nent processes of a subnetwork, the expanded process contracts (shrinks)
again, and continues its original mode of execution. The wish to model
this concept as close as possible led to the design of a small programming
language called DNP (“Dynamic Networks of Processes”). The language
includes process declarations similar to conventional procedure declarations.
New incarnations of processes can be created by means of (potentially recur-
sive) process calls. The syntax of DNP is as follows. We leave unspecified
the precise definition of the following syntactic classes:

(z,u€) Var - A set of assignable variables
(c,d€} Chan - A set of channel names

(p€) Pid - A set of process names

(e €) xp - The class of expressions

(be) Bexp — The class of boolean expressions

Lists will be abbreviated using “vector” notation. Similarly, bold indicates a

. . _ _y def
setof names. E.g. z,%;. .., is abbreviated as Z, and {z} = {z1,23...2,}
is denoted by x.

45
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Definition 2.1 (Syntax of DNP)

Statements:
S u=skip | z:=e | cle | ¢’z | 51;S2 | SiorS; |

if bthen Sj else S; i | while bdo Sod |

cobegin Ncoend | P(d;;d,;¥)
Networks:

N =8| S
Process declarations:

Dec ::= P(¢;;&,;%) begin Sy end
Programs:

Prog =8 | Dec: Prog
O

The intuitive meaning of skip, z := e and Sy ; S; should be clear. The con-
struct S; or S; stands for nondeterministic choice between S, and S,.

A network S || Sz calls for concurrent execution of S; and Sz. In such a
network, S; and S; are not allowed to have “shared” assignable variables.
The two component processes can communicate with each other (only) along
named, directed channels. Communication along a channel, say ¢, occurs
when an output command cle is executed by one of the component processes
simultaneously, i.e. synchronized, with an input command ¢?z of the other.
The value of e is then assigned to the variable z and both processes continue
their execution. In DINP, channels always connect exactly two processes.
That is, two different processes are not allowed to both read from or both
write to some common channel. A channel from which some process reads
or to which it writes is called an ezternal input or output channel of that
process. We denote the sets of (external) input and output channels of
S by in(S) and out(S). When two processes are bound together into a
network, their common channels, along which they communicate, are said
to be internal channels of that network. That is, the set intern(S; || S2) of
internal channels of S} || S; is defined as

intern(S) || S2) = (in(S1) Nout(Sz)) U (in(S2) Nout(Sy)).

When dealing with “nested” networks it is possible that some subnetwork
has an internal channel with the same name as the main network. This



2.2. THE LANGUAGE TNP 47

is even unavoidable when the subnetwork and the main network belong to
different incarnations of the same process in case of a recursive process call.
Such channel name clashes are resolved by introducing a kind of block struc-
ture with the cobegin - coend construct, which hides all internal chan-
nels. No internal channel of Sy || S; is visible anymore outside the process
cobegin S || S; coend.

Example
In process S defined as

S = cobegin S; || cobegin S; || S3 coend coend,
where

Sy = ¢z, Sy = cl0and S3 = ¢y,

the S, process communicates with S3 along the ¢ channel internal to S; || Ss,
and not with §;. The ¢ channel of S; is rather an external channel of the
whole process S.

Note that, if channel name clashes arise, parallel composition including this
hiding is not associative.

To obtain a modular character for DNP, we have for recursive process dec-
larations a scope concept different from that of Algol like languages. All
variables used in some process body, bracketed by begin - end, are as-
sumed to be local variables, i.e. there are no references to any kind of global
variables possible. {Correspondingly, there is no explicit variable declaration
mechanism needed in DNP.) The parameter list of a process consists of in-
put channels, followed by output channels, followed by value/result variable
parameters. To simplify matters technically, we impose the restriction that
all names in a (formal or actual) parameter list be distinct. This avoids
any kind of “aliasing” that could introduce unwanted sharing of assignable
variables or channel names by two processes.

2.2 The language TNP

Process declaration in DNP is a rather elaborate construct, for it comprises
all of the following programming concepts:

e process naming,

e recursion,
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¢ local variables,
e channel renaming, and
e a call by value/result parameter mechanism.

For the sake of a simple mathematical description of processes, we introduce
the language TINP (for Theoretical DNP). In TNP, the DNP process
concept has been disassembled into the more fundamental concepts above.
For the same reasons, the parallel construct of DNP has been generalized
in TINP, in the sense that no distinction is made in TINP between networks
and statements. As a result the four syntactic classes of DNP could be
replaced by the single class TNP of process terms. TINP is similar to a
class of terms for a predicate logic, except that the variables of TNP have
the following structure:

Definition 2.2 (the class Pvar of process variables)
(B€) Base & P(Chan) x P(Var)
(pe) Pvar ™ pid x Base

O

The base of a process is a pair {(¢,x), denoting the channels ¢ via which the
process can communicate and the variables x that the process can read and
write. Each process variable p consists of a process name P with such a pair
B attached as a subscript, that is, p is of the form P (= Plex) )-

The (context free) syntax of TINP is given in definition 1.3.
Definition 2.3 (syntax of TNP)
Process terms S € TNP :

S u=skip | abort | z:=e | b | cx:db | S1;52 |

SyorS; | S1p|8:252 | Si\x | Si\e | Si{d/c) |

Ps | pPe.Sy | P =SS,
O

We call b a guard, c.z:b communication via channel ¢, S1\x hiding of variables
x, S1\c hiding of channels ¢, and S1(d/c) channel renaming of ¢ into d. p
is called a process call, p, P5.S;, a recursion, and finally, Pg = S;in S; is
called process naming.
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There are a number of (context sensitive) restrictions on the language,
summarised in table 1.5 , and formulated with the aid of the functions
“chan”,“var”, and “pvar”, introduced in definition 1.4.

Definition 2.4 (free variables of process expressions)
For each TNP expression S we define:

e the set of free channels chan(S),

e the set of free assignable variables var(S), and

e the set of free process variables pvar(S).
Remarks:

e base(S) denotes (chan(S),var(S)).

e We abbreviate var(S;) U var(Sz) as var(Sy, S2) etc.

e We assume that for ¢ € {zp and b € Bexp the sets var(e) and var(d)
have already been defined.

e For 8 € Base of the form (c,x) we define: var(8) = x and chan(B) = c.

e Set operations applied to bases 8 are understood as abbreviating the
corresponding operations applied to the components of those bases.

S chan(S) var(S) pvar(S)
skip [} 0 ¢
abort ) @ )
z:=e ) {z} U var(e) 0
b ) var(b) ¢
c.x:b {c} {z} U var(d) @
P chan(8) var(9) (P}
S1:5; chan(S, S3) var(S1, S3) pvar(Sy, Sz)
51 or Sz chan(S;, Sz) var(Sl, Sz) pvar(Sl, Sz)
51 8:]|82 Sz chan(p1, B2) var(Bs, Bz) pvar(Sy, Ss)
S1\x chan(S)) var(Sy) - x pvar(S1)
Si\e chan(Sy) — ¢ var(S;) pvar(Sy)
Si{d/c) (chan(S;) — {c})u{d} | var(S)) pvar(Sy)
p2Ps.51 chan(pB) var(B) pvar(S1) — {Ps}
Pp = SlinSZ chan(Sg) var(Sg) pvar(Sl, Sz) - {Pp}
0

Definition 2.5 (context sensitive restrictions for TNP)
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CSR1 For Sy 8:||82 S2 = base(S;) C Bi, fori=1,2
CSR2 For P = 5;in Sy : Pg & pvar(Sy)
CSR3 For Pg = S1in Sy : base(S;) C B
CSR4 For p,Ps.5; : base(S;) C B
0
Remark:

e The definition above implies that d € chan(Sy(d/c)), even when ¢ ¢
chan(S;). Although this causes no harm, it would have been more
elegant to define chan(S1(d/c)) = chan(S)) in this case.

2.3 Intuitive explanation of TNP

The meaning of skip, z := e, Sy ; S2 and S} or S; is the same as for DNP.

The parallel construct of TNP, and its associated communication mech-
anism, is a generalization of the networks of DNP. The rationale behind
this generalization is the following one. At first the only goal was to sim-
plify the language structure somewhat by removing the difference between
networks and processes. Now the reason for introducing this distinction in
DNP in the first place was to avoid channel sharing between more than
two processes, by enforcing to put the cobegin - coend brackets around a
parallel combination before one could compose it in parallel with a third
process. So for the case of TINP, where essentially a combination of the
form S || S1 || S2 is allowed, we must either rule out the possibility of
all three processes communicating via some common channel by means of
rather complicated context sensitive restrictions, or else give a meaning to
such situations. We adopted the second alternative. Apart from the simpli-
fication of syntax the resulting generalization is interesting for its own sake.
For instance, a sort of ”shared variables® can now be described by modelling
such variables as processes, as will be shown below. Another application is
that, in the context of VLSI design, a synchronous clock of such a design
can be modelled by means of "broadcasting® special messages, one for each
"tick® of the clock, to all relevant processes.

For DNP we determined the set of channels between two parallel processes
for which synchronization is required from the syntaz of the two processes.
This was thought nice since it avoids an explicit declaration mechanism.
There are essentially two reasons why we changed this for TNP.
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1. Since the base of processes is statically determined, we prefer to treat
bases as syntez rather than semantics. To determine the semantics
of a parallel construct, in the style of DINP , one needs to refer to the
bases of the two component processes, which is not allowed for a truly
compositional semantic definition, in which only can be referred to the
semantics of the components.

2. A TNP term Pz = S;in S; denotes a process S; where occurrences
of p within S; call for execution of S;. So intuitively one expects this
process to be equivalent to S; with all occurrences of Pg replaced by
81, denoted as S3[S;/Pg|. Unfortunately this need not be the case for
a DINP style parallel construct as is seen by the following example:

d
g &t P{{c,d},@) = ¢l0in P{{c,d},@) || (d!0;c?x)
5% cro || (d!0;¢?z)

For process S, synchronization is enforced for both channel ¢ and d,
since they occur both free in the two components of the parallel con-
struct. For process S' on the other hand, only synchronization for
channel ¢ is required. Therefore S is not equivalent to S'.

The upshot of this is that P = S; in S; need not be equivalent to Sz[S; / P3]
if base(S;) is included but not equal to base(Ps). We regard this as undesir-
able.

For TNP we resolved these two problems by including explicit bases, within
the parallel construct, for which synchronization is required. The semantic
definition, to be given in chapter 3, now simply refers to these explicitly indi-
cated bases rather than to syntactic attributes of component processes. And
so the problem with compositionality has disappeared. The second problem
above is handled by not only allowing for the construct S; 8, || 82 S2 that
base(S;) equals B;, but elso the situation that base(S;) is properly included
into B; for ¢ = 1,2. (This is the restriction CSR1). The synchronization
set is in all cases determined by B; and ;. Therefore, replacing S; by some
semantically equivalent process S} that differs with respect to bases from S;
does not affect the semantics of the whole.

We adopt the notational convention that
e Si B1|| Sz abbreviates Sy 8, ||base(S2) Sz,
o S; || B2 S, abbreviates Sy base(S1)|| 83 Sz, implying that
o S; || Sz abbreviates Sy base(Sy) || base(Sz) Sa.
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of the different readers (writers) will be between pairs of processes, rather
than between all processes connected to that channel.

Example
Assume that both S; and S2 communicate via channel ¢. Using some aux-

iliary channelname d, not among the names in chan(S, S3), we define the
process

S = (S1(d/c) || S2){c/d),
visualized as in the picture below.
S1 (d / c) S

/

o/
@u )

- —

Y

\

F ¢

Both S; and S; communicate via ¢, but their communication actions are
not synchronized since on the level where the parallel binding takes place
the ¢ channel of S; is renamed, and so has nothing to do with the ¢ channel
of S2 . Nevertheless, still one more level outside, the renamed channel of
S; is renamed back into ¢, with the effect that ¢ communications send to
(S1{d/c) || S2){c/d) are divided over the d channel of S;(d/c) and the ¢ chan-
nel of S; . So any value communicated via ¢ with S will be communicated
with either S; or Sz, but not by both. It is interesting to see this “pairwise”
mechanism easily expressed in terms of the multiple process synchronization
mechanism. The other way around seems much more cumbersome.

In contrast with the languages CCS and TCSP, TINP includes the concept
of program states. That is, a process modifies assignable variables z via
explicit assignment statements z := e and via communication actions ¢.z:b.
Assignable variables z need not to be “declared”. However, they can be
‘made local to a process by means of the hiding construct S;\x. This hiding
construct is analogous to the block construct in combination with variable
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declarations for ALGOL like languages. It differs from these block constructs
in that initialization problems have been circumvented by assuming that no
state change takes place at all on entry of the scope of the hiding operator \x.
Changes made to variables in x by S; are simply undone for the process
S1\x. As can be seen from the semantic definitions and the proof rules in
the following chapters, this results in remarkable similarities between channel
hiding on the one hand and variable hiding on the other. Variable hiding
is an essential construct in the presence of recursion, for, if some process p
using variable = creates a parallel network with = occurring in one parallel
component, and a recursive incarnation of p in another component, then
clearly the = of this incarnation must be hidden to avoid the sharing of z.

The similarity between channel hiding and variable hiding raised the ques-
tion whether there is such an analogy for other constructs too. To some
extend this is indeed the case. For instance in the next section we define
an abbreviation S(§/%) which can be seen as the analogue of S(d/c). An-
other example is the generalization of the parallel construct with respect to
assignable variables. Although shared variable concurrency is not described
by the semantics of TINP, we nevertheless did not impose any restriction
on variables for Sy g, || #2 S2. That is, although the semantics has a clear
operational explanation only for those cases that var(8:1) Nvar(B:) = 0, we
have not made the latter condition one of the context sensitive restrictions
on TNP. The reason for doing this is twofold: The treatment of channels
and variables for parallelism becomes uniform, which is a technical advan-
tage. And secondly, we prepare the way for studying systems where it is not
possible to determine statically appropriate bounds for the part of the state
space modified by some process. A simple example of this is the situation
where S; and S; share some array typed variable. It might well be the case
that they operate on disjoint elements of the array, but since it is not a
decidable question whether this is so or not, our semantics should assign a
meaning in ¢ll cases.

Let us nevertheless give an informal description of the semantics of S; 4, ||
B2 Sz in case var(B1)Nvar(Bz) # 0. The idea is that each of the two processes
execute with its own private copy of the state. That is, assignments made
by S) to some variable = are not seen at all by S; and vice versa. If both S;
and S; have terminated, then the parallel construct terminates, too, and all
modifications made to the state by S; or S2 are taken over as modifications
made by the whole construct, ezcept when both S and S; have modified the
same variable z, but in a different way. In this last case the computation is
aborted.
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Example
For the process
=2 (z:=1orz:=2)

the only computation that terminates is the one for which z is set to 2.
Compare this with the process:

czi(z=2)|cax:(z=1Vvz=2)
Here only the value 2 can be communicated.

The process abort simply aborts the computation in the sense that it neither
terminates nor performs any communication. The use of this abort term
is mainly that it provides a notation, within the programming language, for
the least element of the domain of process denotations to be introduced in
the next chapter.

Instead of the if...f8 construct of DNP, boolean expressions b are incor-
porated as processes. They function as “guards”: whenever b evaluates to
true the guard can be passed, i.e. it is equivalent to skip in this case.
When b evaluates to false the guard cannot be passed and the computation
is aborted. Clearly the guard false has the same meaning as abort. In chap-
ter 3, we will argue that, as far as the class of so called safety properties that
we are interested in is concerned, only the finite observations of processes
have to be taken into account. Consequently, it turns out that a construct
as if b then Sj else S; fi can be regarded as equivalent to b ;S or —b ; Ss.

We have an analogous situation for the while loop, using the recursion
construct u; Pg.S; in TNP. Intuitively, s, Pg.S; behaves like Sy, except that
calls of the form P within Sy result in a new “recursive” incarnations of
4z Pg.S1. We require that all free channels and assignable variables of Sy are
listed in the base 3 of the process variable Pg (cf. CSR4).

Now let S;*abbreviate u,p.(skip or Si;p), where the base of p equals
base(S;). Clearly, the S;* construct denotes an arbitrary number of rep-
etitions of Sy. Then, as far as safety properties are concerned, while b do
S; od is equivalent to (b;.5;)*; —b.

Similarly, initialization to some “random” value for local variables, if so
desired, can be modelled by the process z :=7 which is an abbreviation for:
z:=0; (z:=z+1)*

Processes can be given a name by means of the process naming construct
Pg = 8; in S;. Here, restriction CSR3 requires that the base 3 includes all
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free channels and assignable variables of the body S;. Within S, , process-
calls of the form Pg create a new incarnation of S;. The restriction CSR2
excludes recursive calls of Ps in S;.

We shall use the abbreviation rec Py = S; in S, for the expression Pg =
pzPs.S1 in S; . (Clearly this is similar to Pg = S; in S; except that now
recursive calls of Pg S; are allowed in Sy).

Finally we show how "shared variables® can be modelled in TINP. Assume
that we want a parallel construct Sy || Sz where S; and S, share some
variable z in the sense that all changes made to £ by one process are seen by
the other process, as is the case for usual shared variable concurrency. We
" model this by a TNP process

(S1 || S2){assign/assign’,value/value’) | XV AR,
where XV AR is the process:
((assign?z or valuelz)*)\{z}.

If process S; wants to assign to the shared variable, then it must execute a
assignle command, whereas it must execute value?y to read the value of this
variable. Process S; operates essentially in the same way except that it reads
and writes the shared variable via the channels assign' and value'. Note that
the channel renaming after the parallel composition of S} and S; is the same
technique as used above to obtain a pairwise communication mechanism.
Clearly pairwise communication is the right choice here since read and write
actions by one process are to be interleaved rather than synchronized with
read and write actions of the other process.

2.4 Parametrization of TNP processes

Unlike DNP there is no parameter mechanism associate with process decla-
rations and -calls in TINP. Nevertheless, we can obtain essentially the same
sort of parametrization as in DNP by using a few abbreviations.

e S{d/c), where ¢ and d are lists rather then single channels denotes si-
multaneous renaming of channels. Clearly this can be expressed within
TNP, using a list of fresh names f, as

S{fo/co){fr/e1) - -{fn-1/€n-1) {do/ fo} - - - {dn-1/ fr-1)
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o The simultaneous assignment ¥ := € is executed by first evaluating
the expressions from the list & followed by assigning the values thus
obtained to the variables Z from left to right. It is easily expressed in
terms of the simple assignment as follows. Let 24,...,2, be a list of
fresh variables. Then % := & is equivalent to:

(zr:=e1; .. 52n = enj 21 = 215 . 3 T 1= 2n)\{Z15. . -, 20 }-
o S(j/z), where Z,§ € Var®, abbreviates: (Z := §; S ; §:= z)\s,
where 2 is defined by & = {z} — {§}.

We call this the parameter transfer construct. Intuitively, it models the call-
by-value/result mechanism of DNP process calls, where the Z play the role
of formal parameters and the § the role of the actuals. The hiding “\z”,
ensures that the “formals” are not included into the set of local variables
of the calling environment, except for those that happen to have the same
name as some “actual”,

Using these abbreviations, the DNP process declaration and -calls can be
translated into TINP expressions as follows:

e A declaration P(;;¢,; %) begin Sy end translates into:
Pex) = p:Pex) - (:=@; So)\zin...,

with ¢ = {&,%}, £ = {Z} = var(So) — {Z}, and where w is some
appropriately chosen initialization constant.

e A call P(d;,d,, §) translates into:
Picx) (d/8) {§/7),
where & = &;,&, and d = d;,d,.

We have included the initialization of the local variables ¥ of the procedure
body Sy to avoid differences with the definition of DNP in [ZRE].

2.5 Translation of DNP into TNP

We summarize how to transform any DNP program into an equivalent
TNP process, by defining a compositional, i.e. syntax directed, transla-
tion scheme. Let C denote a DNP Statement S, Network N or Program
Prog. We define a function T : DNP — TNP by means of the following
table.
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c Ti(C)
skip skip
=e z:=¢€
cle (c.z: z = €)\{z}, where = & var(e)
c?z c.x:true
51382 TI(S1) ; TI(Sy)
SiorS; T1(S;) or TI(S3)
if b then S else S; fi (b;TI(Sy)) or (—b; Ti(S2))
while b do S od (b; TUSY*; b
cobegin N coend TI(N)\¢c, where ¢ = intern(N)
P(d:, d,»9) Pex) (@/0) /5
where € = &;,&and d = d;, d,
AR TUS:) || TU(S2)

P(&;;¢,;%) begin S; end : Prog

P(C,X) = MZP(C,X) . (2 = E’;T[(So))\z
in Tl(Prog), where

c = {&,%}, &= {2} = var(S,) — {z}




Chapter 3

The semantics for TNP

3.1 Introduction

In this introductory section we discuss certain aspects of semantic definitions
for programming languages from a rather general point of view. We take
the opportunity to define already some of the domains to be used for our
particular semantics for TINP, as an illustration of the general concepts.

For CSP-like languages a number of semantic definitions have been given.
([Hoare3], [FHLR], [FLP], [OH]). In general these definitions differ consid-
erably with respect to the degree in which they abstract from behavioural
properties of programs. To discuss the idea of “program behaviour” we as-
sume, or better postulate, that with a given programming language some
set of observable events “Event” is associated. We acknowledge that, even
for a single language, there are several reasonable choices for this set, each
leading to a different semantics. To describe our choice for the case of TNP,
we introduce the following basic domains:

Definition 3.1 (the domains Val,A and State)

(ve) YVal — Some given countable set of (proper) values.
(ag) 4 4l Chan x Vol — The communication alphabet.
(s €) State 4f Yar — Val — The set of proper states.

O
For TNP we postulate that Event consists of the following types of events:
(1) the event of starting a computation in some initial state s,

(2) the events of the form (c,v) € A. These represent the communication
of some value v via channel c,

61
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(3) the event of termination in some final state s.

Event is almost the smallest reasonable set of observables for TINP. For
instance, we have not included a deadlocked state as directly observable.
Our particular choice is motivated by the type of properties of processes
that we can analyse within the proof systems studied here.

For any execution of some given process S, after any finite amount of time,
some finite sequence A of such events will have occurred. The collection of
all finite nonempty sequences of events that can arise in this way during
execution of processes, is called the set of finite observations A. If X (€ A)
can occur when we execute S, we will say that S admits the observation A.
We denote the set of observations that some process admits by Obs(S).

Remark Below we shall introduce the notation Obs[S |ln, which denotes
the same set of observations. It has the extra argument 1 to cope with free
occurrences of process variables. For the moment we omit this argument,
since it does not affect the present argumentation.

It will be clear that if S admits A and )’ is some prefix of A, then S must
admit A’ too. For TNP we can divide A into unfinished computations U
and finished or terminated computations F':

U = {(s0,t) | so0 € State,t € A*}.
F = {(s0,t,8) | s0,s € State,t € A*}.

U-computation, sterted in initial state sg, have performed the sequence of
- commaunications t thus far. F-computations additionally did terminate in
final state s. To represent unfinished and terminated computations in a uni-
form way, we introduce a special state “1” called the bottom state. A bottom
state indicates an unfinished computation. For the technical development to
follow, it is convenient to treat | as the least element of a complete partial
order (cpo). For the same - technical - reason, we introduce a bottom value
1 a1 and a bottom channel 1 pqy,.

Definition 3.2 (State,, Val,,Chan,, Trace, A)

e State,,Val, and Chan, are defined as the flat cpo’s derived from

State, Val and Chan.The corresponding least elements are denoted as
1, Lyat and Lchan.

o (h,t€) Trace ™ (4*,<) — The p.o. of communication histories
or traces, ordered by the prefix order on sequences. The empty trace
is denoted by €.
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o (6 €) A% (State x Trace x State;)U {(1,¢,1)} — The set of
finite observations or computation triples.

e Proper(A) denotes the subset State x Trace x State; of proper obser-
vations of A

O

The triple (L,e, L) has been added to the set A to allow for a simpler
treatment of sequential composition. Informally it can be understood as
representing the fact that if a process is not even started, for instance because
its sequential predecessor did not terminate, then it will neither communicate
nor terminate.

For the purpose of process specification we are interested in those process
properties for which the truth or falsity is determined by the set of possible
observations of a process. In fact, one should be able to tell for any particular
observation whether it violates some given specification or not.

To make this more precise, let us assume that Prop is some class of properties
of processes, i.e., for each property = € Prop and process S, n(S) might hold
or might not hold.

A binary predicate Ref(r,&) on properties 7 and observations § is called a
refutation criterion for Prop if the following holds:

Vr,S(36 € Obs(S) : Ref(r,6) = -n(5)) (1)

If Ref(x,6) holds, we say that the observation § refutes (). Equation (1)
states simply that Ref is correct in the sense that a refutation of #(S) indeed
implies that #(S) cannot hold. Now consider some hypothetical specification
7 and process S such that on the one hand #(S) does not hold, but on the
other hand there is no possible S observation that refutes 7 (S). We regard
this specification as uninteresting since a claim that some process satisfies it
does not imply any guarantee in terms of observations. We want to exclude
such specifications. To this end, a class Prop is said to consist of falsifiable
properties if there is some refutation criterion Ref for Prop such that:

v, VS (-n(S) = 36 € Obs(S): Ref(m,8))  (2)

In words: if = is not valid for S, then there is at least one observation possible
about S that refutes 7(S). Properties that are falsifiable by means of finite
observations are called safety properties. In this thesis the safety properties
of processes are the focus of attention.

For a class of falsifiable properties it follows from (1) and (2) that validity
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of some property = for processes S can be expressed as follows, in terms of
the observations that S admits:

n(S) <= Vé & Obs(S):—-Ref(x,6)

Now if we associate with a property # the set of observations that do not
refute it, that is, if we define:

Obs(r)={6€A | —Ref(x,é)},

then we see that we have the following characterization of validity for safety
properties:

vr,5(x(S) «=> (Obs(S) C Obs(x)))

We mention here the work of [OH] where essentially this last formula was
taken as the meaning of specifications.

All this suggests that the meaning of TINP processes as well as the meaning
of safety properties concerning these processes should be expressed by means
of so called A-predicates:

Definition 3.3 (A-predicates)

Let P denote the usual powerset operation. The domain of A predicates,
with typical element p, is defined as:

(p€) P(A) — the set of A-predicates.

3.2 The domain of observations

Up to now we have not taken into account that TINP includes recursive
constructs, and so, that our semantics includes fixed point equations of the
form p = f{(p). We adopt the standard solution of denotational semantics
to this problem. That is, we will turn P(A) into a complete partial order
(cpo), and rely on the fixed point theorem of Kleene [Kleene], to determine
the unique least solution of the equation.

A cpo structure on some set U consists of a partial order C on U that has a
least element Ly in U, and that is complete in the sense that every countable
infinite chain pg C py C - - - has a least upper bound (lub) | J;en pi in U. This
cpo structure is denoted by (U,LC, Ly).
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A function f from a cpo U to a cpo W is continuous if it preserves least
upper bounds of countable ascending chains, that is, if for every ascending

chain {p;);eN:

(U e = U £l
€N €N
The theorem of Kleene states that every continuous function ¢ on a cpo U
has a least fized point u(p) in U, and moreover that this fixed point can be
obtained as the least upper bound (lub) of an ascending chain as follows:

ule) = | ¢'(Lo),

i>0
where ' is defined by:

©° def Id, and

et oot fori> 0.
There is no general agreement as to which type of cpo structure must be used
for concurrent programs. In fact this depends very much on which type of
observable events one wants to describe. Therefore we let our precise math-
ematical definitions precede by an intuitive development of the particular
cpo structure that we have chosen.

The first task is to determine which set of computations in P(A) is the appro-
priate least element for our cpo structure. This might sound strange since,
as yet, we have not even determined a partial order on P(A). However, in the
standard approach to denotational semantics the meaning of the recursive
process i, Pg.Pg is the least solution of an equation of the form p = p, and
since clearly it is the case that every P(A) element is a solution, the least
cpo element must coincide with the set of computations admitted by this
process. Because the process p,Pg.Ps never terminates nor communicates,
but only allows for the observation of starting a computation in any initial
state, the appropriate least element is the following one:

z % {(s0,5, 1) | 30 € Statey}.

Note that, according to the intuitive explanation of the TINP constructs
in chapter 2, Z is exactly the set of computations admitted by the process
abort. In fact we included the abort process to have a denotation within
TNP for the least element of our domain. Using the abort process, we are
able to define the so called syntactic approzimations SUl for some recursive
process pu,Ps.S.
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Definition 3.4 (Syntactic approximations)

Let S be some process with possible occurrences of the process variable Pg,
and let S' be some process with its base contained in 8. Then S[S'/Fg]
denotes the process obtained from S by replacing all occurrences of Pg in S
by S'.

For the recursive process u,P5.5, we define:
slol 4¢f abort
Sli+1] 4f g1glil/pg), for i > 0.

0

We use syntactic approximations to determine the appropriate cpo structure
for our domain. To this end we consider a process p,Ps.S where S does con-
tain neither (nested) recursive processes, nor process calls other than of P,
On the one hand, since syntactic approximations are finite processes in this
case, one can use operational insight to determine the observations admit-
ted by these. On the other hand, in the standard approach to denotational
semantics, the fixed point that is the meaning of a recursion construct can
be calculated as the lub of an ascending chain that consists of the interpre-
tations of the syntactic approximations.

It is clear that if some observation § of u, Ps.S corresponds to some execution
where the depth of recursive calls of Pj is at most ¢, then this observation is
also admitted by the process SFl. And since a finite observation corresponds
to some finite depth of recursive calls, every finite observation of u, Ps.S is
admitted by some Slil,

Next we argue that every finite observation admitted by Sl is also admitted
by 41, Pg.S. For computations that correspond to a recursion depth of at most
{ this is clear. About computations that reach a recursion depth greater than
1 we can remark the following. Assume that at the moment where, for the
first time, the depth 1 + 1 is reached, the sequence of communications ¢’ has
already performed. The execution has reached some internal, not observable
state §'. For u, P3.S, the execution then would proceed from state &', possibly
extending the sequence t' by performing new communications, and possibly
by reaching an observable final state. But for SIl an occurrence of an abort
process is started, implying that no further communications take place and
that no final state will be reached. That is, SIl admits the observation
{(s0,t',L). The interesting point here is that the same observation is also
admitted by u,P3.S, for it corresponds to the intermediate stage of the
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computation where the recursion depth 1+1 is reached. What we have argued
is that every finite observation admitted by Sll, whether it corresponds to
some execution where one of the occurrences of abort has been reached or
not, is also admitted by p,Pg.S, and vice versa, that every finite observation
admitted by u,Pg.S is also admitted by some S, But this implies that the
meaning of u, Pg.S, as a set of finite observations, simply is the union of the
sets that are the meanings of the SUl,

By the reasoning above one sees that the set of observations denoted by Sl
is included in the set denoted by SF+1l, Therefore the chain {Obs(St)); is
monotone increasing with respect to the set inclusion order on P(A)and the
union of the sets Obs(S{"]) coincides with the least upper bound of this chain.
We conclude that the set inclusion order is the appropriate one for our cpo
structure.

For this order it is even the case that every collection {p; | 1 € I, p; € P(A)}
has a least upper bound | ;s p; in P(A). It is determined by:

U pi = U Pis

i€l el
where it is understood that the union of an empty collection of sets is the
empty set.

If not only ascending chains, but rather every subset of some partial order
U has a least upperbound, then U is called a complete lattice. A complete
lattice has a least element, determined as the lub of the empty set. If f is a
function from a complete lattice U to a complete lattice W, then f is called
completely additive (c.a.), if it preserves least upper bounds of arbitrary
subsets of U. Clearly a complete lattice is a cpo, and a completely additive
function is continuous. Although a cpo structure suffices for our semantics,
we shall develop our domain as a complete lattice since it is technically
somewhat more convenient. For the operations on this domain we shall
often prove complete additivity rather than continuity, for the same reason.
The same notation is used for complete lattices and cpos.

The following structure is a complete lattice:
Definition 3.5 (The domain P(A))

(P(A), C,0) is the domain of all subsets of A with the set inclusion order,
and the empty set as least element.

.

At this point a technical problem arises, for we have defined a domain struc-
ture with the empty set as least element, although we argued above that
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this least element should be the set Z, and so, that the appropriate domain
is the following one:

Definition 3.6 (The domain A (A))
o A subset p of A is called total if Z C p.

e (P(A),C,2) is the domain of all total subsets with the set inclusion
order, and Z as least element.

0

Here we must be careful. Although we argued that every TNP process must
have a meaning within the subset B (A), this is not the case for the specifi-
cations that we shall use for such processes. Such specifications essentially
have the form of a predicate logic formula, interpreted as a subset of A. Not
all such formulae do admit all computations from Z. A simple example is the
predicate “false” that does not admit any computation. This shows that
R(A) does not suffice as the domain of interpretation for such predicates.
In chapter 4 we shall introduce the language “Mixed terms”, in which TNP
processes and specifications are within the same syntactic category, implying
that the (common) domain of interpretation must be P(A).

Now the problem is that certain equations of the form p = f(p) will have
different least solutions, dependent on whether we solve the equation in the
domain P(A) or in the domain R (A). For instance, in the former case the
equation p = p has § as least solution, whereas in the latter case Z is the
least solution.

More interesting examples are processes that need not terminate but rather
keep on communicating, like the Baeg example of chapter 1. A simple exam-
ple of such a process is p, P . (c!0; Ps); a process that never terminates but
rather communicates forever via c¢. Hence it admits the following observa-
tions:
{(J—aea —L)} U

{(s0,¢€,L), (80, < (¢,0) >, L), (0, < (c,0){e,0) >, L)...| 3 € State} (¥)
Now with our semantic definitions the fixedpoint equation for this recursive
process is essentially the following one:

p = {(s0,t1t2,8) | Fs1[(s1,t1,81) € Obs(c!0) A (51,22, 6) € pl} (%%)
The set Obs(c!0) of observations admitted by ¢!0 is: ‘
{(L,&,L),(s05&, L), (80, < (€,0) >, L), (80, < (¢,0) >,380) | 80 € State}.
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Thus it is seen that (*) is indeed a possible solution of the equation (¥x).
However, it is not the least one within P(A}, for @ is a solution too!

The examples show that solving equations in P(A) does not always yield the
right solution with respect to the intuitive operational semantics of TNP.
To correct this situation, we first examine the relationship between the two
domains in more detail. The underlying idea is that we use insight about
the intuitive operational semantics of TINP processes to determine the ap-
propriate semantic operations corresponding to the TINP operations on the
restricted domain B(A). Then, as the next step, we try to extend these
operations to the complete domain P(A) in a canonical way. Finally we
define an embedding that allows us to extend the least fixed point operator
2z to an operator defined on [P(A) — P(A)] that can be used to determine
the semantics of the recursion construct. The embedded operator differs
from the p operator for [P(A) — P(A)}] in that as far as TNP processes are
concerned it yields a meaning that matches the operational intuition.

We start with a straightforward embedding of B(A) into P(A)by means of
the inclusion function:

i: B(A) — P(A)

Since the order on B (A) is the restriction of the order on P(A) the inclusion
function is completely additive. Moreover, some function f : D — F(A) is
ca. iff fo f is c.a. Cfr. [Arbib] this means that %, is a substructure of P(A)
in the category of complete lattices and c.a. functions.

The inclusion function has a left inverse in the form of a c.a. projection
function x. That is, as we shall show now, we have a function:

m: PA) = R(A),
that satisfies the equality:
xoi=Id,

where Id is the identity function. From this equality it follows that, for
arbitrary p € P(A),

m(pUZ)=n(i(pUZ))=pUZ.
Then, using also the additivity of x, we see that
7(p) = 7(p)UZ = n(p) Un(Z) = 7(pUZ) = pU .
That is, # is determined by the following equality.
n(p)=pUZ.
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This also shows that, although ¢ has no right inverse, the following inequality
does hold:

torx 1 Id,
where C denotes the pointwise ordering on operations on A(A). Because of
this, the pair (x,1) is called a continuous closure, cfr. [Sanchis].

Remark A continuous closure resembles a continuous projection pair as used
in D. Scott’s domain theory [Scott], except that for such a pair one would
have the inequality 1 o # C Id instead of the inequality above. Both con-
tinuous closures and projections are instances of what is called a continuous
representation in [Sanchis|. O

We want to define a similar embedding and projection for operations on the
two domains. To this end we first extend the injection and projection above
to cartesian products for we must be able to treat operations like (the inter-
pretation of) sequential composition, that have more than one argument.

Therefore, for tuples (py,...,pn) € (P(A))” we define:

(P15« n)) & (x(p1), .., 7 (0n)).

The injection function ¢ is extended similarly.

Based upon these functions = and ¢, we define a corresponding embedding
and projection for operations defined on the two domains P(A)and 5(A).

Definition 3.7 (Projection and embedding of operations on P(A))
For operations f on P(A) and g on A (A) we define:

N(f) ¥ xofoi  “projection of £

E(g) dfio gorx “embedding of g ”
O

For operations f and g of one argument, we can illustrate this definition by
means of commuting diagrams:

P(A) ARG

b

P(A) — R(B)



3.2. THE DOMAIN OF OBSERVATIONS 71

Lemma 3.8

II and E form a continuous closure, that is:

(E(g) =g
E(I(f)) 2 f
(]
Proof

N(E(g))=ro(iogom)oi=(roi)ogo(nroi)=Idogold=g.
E(TI(f)) =io(rofof)or=(iom)ofo(ion) IIdo fold= f.
O

Some (n-place) operation f on P(A) preserves totality if:

( /\ Z C p;) implies Z C f(p1,.-.3pPn)-

i=1,n
Every embedding E(g) of some operation g does preserve totality. For total-
ity preserving operations f, the projection Il( f) is simply the restriction of f
to the domain £ (A). For if p; € R(A) for { = L..n, then Z C f(p1,..-,n),
and so we have the equality:

T(f) (01, -+ 90) = f(P1r- > ) UZ = f(p1y- -+ p0)-

In fact E(g) is an extension of g in the sense that the operation E(g) restricted
to A(A) coincides with g again. This follows easily from the equality:

E(g)(p) = i(g(x(p))) = 9oL 2).
So for p € B(A) we have that E(g)(p) = g(p L Z) = g¢(p).

It is easily checked that I and E preserve continuity and complete additivity
of their arguments. For instance, assume that f and g are c.a. The following
calculations prove the complete additivity of II(f) and E(g).

oL e) = flUmuz = (U fle)) vz

el s€l {3
= U e)uz) = [ T(f)(:), and
sed el
E@)(Lle) = o((Ur)u2z) = g(|J(ei v 2))
€l i€l el

= Ugloivz) = || E@g)(w)-

sel el
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This allows us to define a projection and an embedding for functionals F
and G of the following types:

F:[A(8)— Ab)] - A(A), and
G: [R(A) = R(A)] — R(A).

Note that the least fixed point operator u, defined for continuous functions
in P(A), and the analogous operator u,, defined for continuous functions in
Fi(A), are functionals of these types.

Definition 3.9 (Embedding and projection of functionals)

For functionals F and G as above, we define the projection JI(F) and the
embedding E(G) as follows:

H(F) ¥ roFoE, and
EG)¥ioGolL
0

[P(A) - A(A)] —— P(A)

o

[B(8) — A(A)] < Ba(A)

Similar to above, the projection IT is the left inverse for the embedding E:
H{E@G))=no0E(@)ocE=m0i0GollocE=IdoGold=G,
where we use the same notation for the identity functions on A(A) and
[R(A) — R(A)]. Again, E has no right inverse, but we do have the following
inequality:
E(I(F))=ioll(F)oll=ioroFoEocll JIdoFold=F.
This time we used “Id” both for the identity on P(A) and on [P(A) — P(A)].

The following theorem forms the basis for our embedding of the y, operator.
Point (i) of the theorem states that the least fixed point u,(g) of some opera-
tion g on F(A) is preserved when both the operation g and the u, operator
are embedded. Point (ii) is important because it relates the extended p,
operator to the least fixed point operator s on [P(A) — P(A)].

Theorem 3.10 (Embedding of the p, functional)
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() E(ua)(E(g)) = i(p2(9))
(i) E(u)(f) =nliomof)
0
Proof
Point (i) is simple:
E(u.)(E(g)) = i(us(T1(E(9)))) = #(n2(9))-

The proof of (ii) relies on the continuity, implying monotonicity, of f, { and
7.

uionof) = Jlorof)i(®) = UGoror)i(m)

>0 izt

= UGomo sy i(x(5(9))) = UGorof)(f(0)u2)
iz1 i20

> UGoros)(@ = Ulionor)ii(z)
i2o iz0

= Ji((ro foi)(z) = i(|J(ro foi)i(z))
i>0 jzo

= {(uz(xo foi)) = {(uAT(f))) = E{u.)(f)

This proves inclusion from one side. The other side is shown as follows:

pliomof) = (JGomof)i@)C |J(ionof)(z)

i20 20

= ...(as above} = E(Mz)(f)‘
O

At last we can explain our strategy for defining semantic operations on P(A).
For each of the (syntactic) TINP operators op there is a corresponding se-
mantic operation f,, defined on £ (A), that captures the operational intu-
ition. In the semantic definition we interpret the operator op as an operation
on P(A) however, and by now it will be obvious that we shall choose the
embedding E(f,p) as the meaning of op. We shall write f,, instead of E(f,,)
to avoid a cumbersome notation. When we come to the actual definitions
we shall define f,, directly as an operation on P(A) and we check that it
preserves totality.

For interpretation of the recursion construct we shall use the embedded
version E(p,) of the least fixed point operator u,. Again we write u, instead
of the more cumbersome E(u,). It follows from the lemma above that we
can treat u, on P(A) as a derived operator, defined by:
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p:(f) = pliomo f) = p(rp.(f(p)U 2)).
Remark

Our final definition of p,(f) turns out to be surprisingly simple. Why did
we not define it that way in the first place, thereby avoiding the categorical
considerations above? Purely technically this is feasible, for apart from the
definition of u,(f) we won’t need the results above any more. However, it
would then have been rather difficult to see why we should not have chosen
one of the following alternatives:

alternative 1 p.(f) = p(Ap.f(pU Z)).

alternative 2 u,(f) = u(Ap.(f(pU Z) U 2)).

With respect to functions f that preserve totality there is no real difference
with the definition we have chosen. But for instance, for our definition,
pz(Ap.0) = Z whereas according to alternative 1, p,(Ap.0) = 8. Alternative
2 can be seen to be equivalent to our definition. At this stage it is not clear
which alternative is “best”. But in terms of projections and embeddings our
choice can be seen to be more natural than the other alternatives, rather
than being just some smart guess.

One might think that it is not too important which alternative is chosen.
After all, for “real” process the p, operator is always applied to functions
that preserve totalness, and for such functions the three alternatives yield
the same result. However, such subtle differences show up later on when
considering proof rules for recursive processes. The rules for recursion that
are introduced in chapter 5 for instance, would be sound but incomplete
when we had chosen alternative 1.

3.3 Prefix closures

A typical property of the meaning of TINP processes is the following one.
If some TINP process S admits some computation § of the form (so,1,s),
then it also admits any &' of the form (sp,?', L) where t' is some initial prefix
of the trace . For (sg,t', L) corresponds to some intermediate unfinished
state where the communications in ¢! have already been performed. Note
that this includes the observation (sg,t, L) where all communications of ¢
have occurred already, but where the process has not yet terminated. A
set of observations with this property is called prefiz closed. We give a for-
mal definition of prefix closedness, and also introduce two important closure
operations.
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The relationship between § and §' is captured by the following partial order,
defined on the domain A.

Definition 3.11 (The prefix order on A)
The p.o. £ on A is defined by:
(so',t',5') Ta (s0,t, 8) iff
either (so',t',8') = (s0,t,8) or s’ = sg,t' <t and &' = L.
Remark Usually we drop the index A on “C .
0
Definition 3.12 (prefix closures)
e Fora p.o. (U,C), aset p C U is called downwards closed iff:
(zepAylz) = y<op.

e For the p.o.A, the term prefiz closed will be used instead of downwards
closed.

e A set p is called closed if it is both total and prefix closed.

e P,(A) and Ppz(A) denote the collections of all prefix closed, and all
closed subsets of A.

e The prefix closure Pref(p) of a set p is defined as the smallest prefix
closed set containing p.

o The kernel Kern(p) of a set p is defined as the largest prefix closed set
contained in p.

o The closure (lose(p) of a set p is defined as the smallest closed set
containing p.

a
Lemma 3.13 - (Properties of Pref and Kern)
(a) Kern{p) € p C Pref(p).
(b) A set p is prefix closed if and only if
Pref(p) = p if and only if
Kern(p) = p.
(c) Pref(p) = {6eA | 6e€p:6 Cé&}.
(d) Kern(p) = {6€A | Y6 C§:6 €p}.
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(e) The Pref operation is completely additive, and preserves totality.
(f) The Kern operation is continuous and preserves totality.
(g) Close(p) = Pref(pUZ) = Pref(p)UZ.

O

Proof

Most cases are clear. We spell out the proof of (e) and (f).

Let {p; | { € I} be some arbitrary collection of A subsets.

Pref(Up)=16' | 36elJp : 6L 6}

i€l i€l
=U{6’ | Bep : 8C6}
el
= | Pref ().
i€l

Preservation of totality is seen as follows. Assume that Z C p. Then:
Pref(p) = Pref(pUZ) = Pref(p) U Pref(2) = Pref(p) U 2,
which implies that Z C Pref(p).

Next we consider the Kern operation. This operation is not completely
additive, but it ¢s continuous. Failure of complete additivity is seen by the
following example.

Kern({(so, &, L)} U {(s0, < (c,0) >, _L)})

= Kern({(s0, €, L), (50, < (c;0) >, 1)})

= {(s0,€, 1), (80, < {¢,0) >, L)}

# {(s0,€, L)} U B = Kern({(so, &, L)}) U Kern({(s0, < (c,0) >, 1)}).

But assume that {p;);enN is an ascending chain of A subsets. Then we have
that

Kern(|J ps)={6 | V66 :8€e | n}
ieN €N
={6§ | V'C6HeN:8epn} (+
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It is not immediately clear that the universal and existential quantifiers in
(*) can be interchanged. However, this follows from the fact that, for any
computation &, there are only finitely many A elements §' such that §' C 6.
For § is of the form (s, h, 8), where the trace h is a sequence of finite length,
and if §' C & then &' has the form (so, #',.L), where h' must be one of the
finitely many prefixes of h.

So, if § is such that for all §' T § there is some number ¢ with §' € p;, then we
take the maximum m of these numbers and, by the assumption that (p;);en
is an ascending chain, all §' are contained in p,,. This shows that:

(#Y={86 | HeNVELCs: §ep}
=J{6 | V'C6:¢€p}
ieN
= |J Kern(p;).
€N
It is clear that the Kern operation is monotone. And since Kern(Z) = % this
also shows that totality is preserved by Kern.

O

Lemma 3.14

Ppz(A) is a subcpo of A(A).
0

Proof

Clearly the least element Z of %(A) is prefix closed. It is obvious that the
union of a collection prefix closed sets is again prefix closed. That proves
that the lub of a collection of prefix closed sets is prefix closed itself.

J

If some prefix closed set p only contains computations with traces of bounded
length, then it is often more transparent to define the set as Pref(py,) where
pm contains the maximal elements of p. Moreover, if in fact all unfinished
computations of p,, are of the form (sq,¢,.1), then p can be defined as
Close(pr), where pp contains all finished computations of p. We have done
this in section 3.8 in the definition of the meanings of atomic processes.

The purpose of the kernel operation is the following. A process specification
is essentially an inequality of the following form:

Obs(S) C p,
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where p is determined by some assertion, in a way to be described in the
next chapter. Unlike the process denotation Obs(S), p need not be prefix
closed. However, p can always be replaced by the prefix closed set Kern(p).
For Kern(Obs(S)) = Obs(S), and since Kern is a monotone operation it is
seen that the inequality above is equivalent to the following one:

Obs(S) C Kern(p).

This fact forms the basis for the kernel rule that is discussed in chapter 5.

3.4 Semantic operations

To facilitate the definition of the semantics of TINP, we define a series of
operations on our domains.

Definition 3.15 (Operations on states)

For s € State, ® € Var* of the form zg,- -+, Zp-1, and ¥ € Val* of the form
Ug;***» Un—1, the variant s|Z : ¥ is defined as usual:

(s|Z : 5)(y)= v; if, for some 1,y = z; and y # z; for { < 5 < n,
=s(y)ifyga;for0<i<n.

For the bottom state we define: 1|z:9 = L
0 .
Definition 3.16 (Operations on traces)

e Concatenation of traces ty and t; is denoted by #,"t; or igf;. By
“translation over to” we will mean the operation At. tgt. It has a partial
inverse, called prefiz chopping which is defined as follows:

t/tg = t; if t = igt;, provided such a t; exists; otherwise, it is not
defined.

Note the following properties:
(1) (tot)to =t
(ii) to(tfto) = t, provided t/tg is defined.

e The projection t|c, of a trace ¢ onto a set of channels ¢, is defined as
the trace obtained from ¢ by omitting all communications (¢, v) with

céec.
o A special form of projection is hiding t\c, which denotes t|(Chan — ¢).
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e Renaming a channel ¢ into d means replacing all occurrences of com-
munications of the form (¢, v) by (d,v). It is denoted by t[d/c].
Note that t[d/c][c/d] = t|c/d], and that this trace expression equals ¢
only if no communications via d occur in t.

0
Definition 3.17 (Operations on A)

e Any operation op(t) on traces induces a corresponding operation on
A, defined by op((so, t s)) = (80, 0p(t), s).
E.g to"(s0,t, 8) = (s0,%0"t, 8), (S0, ¢, 8)|c = (s0,t|c, 5) ete.

e Projection onto variables

Let x C Var be some set of variables such that x = {2} = {zg, z1,-- -}
We define the projection onto the variables x as an operation on A :

If s# L, then (sq,,8)|x = (80,2, 50|Z : 8()).
In all other cases we define (so,t, L)[x = (so,¢,1).
e Hiding of variables
-\x is defined analogous to hiding of channels:
(s0,t, 8)\x % (s0,t, 8)|(Var — x)
Provided that s # 1, we can rewrite this as:
(s0,t, s)\x = (s0,t, 8% : s0(%))

For, in this case also sp # L and so, if {§} = Var — x, we have that
solg : 8(§) = s|Z : 89(Z). For a bottom final state we have of course
that:

(s0,t, L)\x = (s0,¢,1).
o Projection and hiding for bases
For a base J of the form (¢,x) we define, for § € A:
6|8 = blc|x, and
8\B = 8\c\x.
[}

Remark Note that there is no projection or hiding operation defined on
states as such.
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Next we define operations on P(A). We show that these operations are
completely additive, and preserve totality and prefix closedness.

Definition 3.18 (Pointwise extensions)

Any transformation op : A—A induces a corresponding operation op” :

P(A)—P(A), defined by:
op” (p) = {op(6) | 6 € p}

We call it the pointwise extension of “op”. When no ambiguity arises, we
usually omit the P-superscript.

O

Lemma 3.19

The pointwise extension op”, as defined above, is completely additive.
(]

Proof

Take some arbitrary collection of P(A) elements p;, where ¢ € I.
Then one sees that:

op” (|Um)={ep(6) | 6cJn}=

€l i€l

U{op(6) | §€p}=1Jor"(m)
€l i€l

J

Lemma 3.20

Let ¢ C Chan, x C Var, ¢,d € Chan.
The following operations preserve totality and prefix closedness:

1. Ap.ple
2. Ap.p\c
3. Ap.p|x
4. dp.p\x
5. Ap.pld/c]
0

Proof
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Since the hiding operations are defined by means of projections it suffices to
treat the cases 1,3 and 5. And since the operations are completely additive
a sufficient condition for preservation of totality is that Z C op(Z).

Case 1
Preservation of totality:

Zic = {(s0,¢, L) | 80 € State;}|ec = {(s0,€|c, L) | sp € State,} = Z.
Preservation of prefix closedness:

Assume that p is prefix closed, and that we have some arbitrary §,§' such
that § € pjc and §' C 6. We must prove that §' € plc. Since this is trivial
when 6' = § we only consider the case that ' = §. If 6§ is of the form
(805 hy 8) then &' is of the form (sq,h', L), for some prefix h' of h. Since
6 € p|c, there is some trace ¢ such that (sg,t,8) € p and h = t|c. For some,
not necessarily uniquely determined, prefix t' of ¢ we have that A' = #'|c.
By prefix closedness of p it follows that (sg,t', L) € p, and so we see that
(80, &'y L) € p|c, as was to be shown.

Case 8
Preservation of totality:
Z|x = {(s0,¢, L)[x | so€ State;} = {(s0,6,L) | 89 € State,} = 2.

Preservation of prefix closedness: Obvious because the operation affects only
final states and preserves computations with bottom final states.

Case 5
Preservation of totality: similar as for case 1, since e[d/c| = ¢.

Preservation of prefix closedness: similar as for case 1, but even simpler,
because if & = t[d/c] and A’ is some prefix of h, then there is some particular
prefix t' of ¢ such that h' = ¢'[d/c].

g
Definition 3.21 (Sequential composition)

Elements of P(A) can be regarded as a combination of a state transformer
relation and a trace set. With this in mind we define the composition p15p;
of two P(A) elements as a relation composition w.r.t. the state parts and a
trace concatenation w.r.t. the trace sets, thus:

p1dp2 = {(80, t “12,82) l ds; € Statel.(so, t1, 31) € p1, (sl,tz,sz) € pz}.

This operation will be used to define the meaning of sequential composition.
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Lemma 3.22

The sequential composition operator is completely additive and preserves
totality and closedness.

(]
Proof

Complete additivity is shown by the following calculation:

(Us)s(lJr)=

el jeJ
{(s0,t1"t2,82) | 3s1: (s0,t1,81) € (U pi), and (s1,12,82) € (U p;)} =
i€l jer
{(s0st1"t2,82) | Jsi,i€ I, € J 1 (s0,t1,81) € pi, and (s1,12,82) € p} =

U {(s0,t1"t2,82) | 381 : (s0,t1,81) € pi, and (s1,22,8) € p;} =
(id)EIxT

U  (ede}).
(i.5)elIxJ
Preservation of totality follows from the complete additivity and the easily
verified fact that 25Z = Z.

Note that it is quite essential here that Z contains the pseudo computation
(L,&,1). For arbitrary sets py, p2, if, and only if, this pseudo computation
is present in p; we have that every unfinished computation (sg,h, 1) of p1
does also occur within p15p;.

If p; and p; are closed, we can prove closedness of p;6p3. That is, if py
and ps are prefix closed and total, then the same holds for the sequential
composition of the two sets. Since we already showed the preservation of
totality, the preservation of prefix closedness remains. However, we cannot
prove prefix closedness of p;Spe without the assumption of totality of pq,
which guarantees that p; contains the pseudo computation (.L,e, L). This
explains why the lemma claims the preservation of closedness, rather than
of prefix closedness.

So assume that p; and p; are total and prefix closed, and that for certain 6, §'
we have that §' T 6 € p;5p,. By the definition of the operator, we know that
§ is of the form (sg, h1hs, s), where for some intermediate state s; € State,
(80, h1, 81) € p1 and (s1, hz, 8) € pa. Then &' must be of the form (so, ', L),
where either A’ is a prefix of h; or else h' = h;h" for some prefix A" of hj.
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In the first case we infer from the prefix closedness of p; that §' € p;, and,
since (1L,e,1) € pg, it is also true that §' € p;8p;. In the second case we
infer from the prefix closedness of p; that (s;, A", 1) € pg, and thus it follows
that 8’ € p15p3. (As was to be shown).

O

In P(A) we have the following constant, acting as a unit element for compo-

sition:
41 {(s0,€,50) | s0 € State,}.

That is, 16 p = p&1 = p for all p € P(A).

Note that 1 ¢ B, (A)! Fortunately the set:

1z Eiuz= {(s0,€,L),(80,€,80) | 8o € State,}

is both total and prefix closed, and acts as a unit within B(A}. That is,
1z 8p=pd1lg = pforall p € B(A).

The set 1z consists exactly of the observations admitted by the skip pro-
cess, for this process never communicates, and when it terminates, it has
not changed the state. As is the case for any process, it also admits the ob-
servations in Z, corresponding to the intermediate stage where the process
has started but not (yet) terminated.

Definition 3.23 (Union and intersection)

Our semantic operation for nondeterministic choice will be set union, for
the process S; or S; admits exactly all observations of Sy as well as of S;.
The intersection py N py is used below to analyze the parallel composition
operator. '

Yemma 3.24

The union and intersection operations Ap;.Apa.(p1Up2) and Apy.Apa.(p1Np2)
are completely additive and preserves totality and prefix closedness.

O
Proof

As the proof for the union operation is almost trivial, we only treat inter-
section here.

Complete additivity follows immediately from the distributivity of set unions
over intersections:



84 CHAPTER 3. THE SEMANTICS FOR TNP

U U= U wng

€l JeJ (i,5)elIxJ
Preservation of totality is clear: if both p; and p; contain Z as a subset,
than the same holds for p; N p2. Finally, preservation of prefix closedness is
also clear, for if some § occurs in the intersection of two prefix closed sets,
then any &' such that ' C &, occurs in both sets too.

O

Similar to the unit element for composition, we have a zero element for set
union. In the case of P(A) this is of course the empty set. For £;(A) we can
take the element Z, since we have that, for any set p € A (A):

ZUp=pUZ=p (%)

Obviously Z is total and prefix closed. As already explained before, this set
is the denotation for abort, since it is the least element of B(A). It consists
of the observations admitted by a process that never terminates and never
performs any communication. Clearly this is the appropriate denotation for
a diverging process, like while true do skip od. However, Z will also be the
denotation of a deadlocked process like, e.g.

cl0; dio || d?z 5 c?z.

The reason for this is that we did not include “deadlock” in our list of
observable events, and so deadlock and divergence cannot be distinguished
by means of finite observations.

From (%) it can already be seen that if a process has the choice between, on
the one hand, divergence (or deadlock) and, on the other hand, termination
or communication, then the divergence (or deadlock) possibility is not rep-
resented any more in our semantics. So e.g. ¢!0 or abort turns out to be
equivalent to ¢!0. Such identifications are justified since within our class of
safety properties there is no such property that could distinguish between
the two processes. (In the sense that it would be valid for one process but
not for the other).

We have discussed semantic operations corresponding to all TNP operators
except for parallel composition. The semantics of parallelism is easier to
describe after the next section.
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3.5 Process Bases

In chapter 2 we defined the (syntactic) base of a process. The definition is
such that if base(S) = (e,x) then S has the following properties:

1. it communicates exclusively via channels in ¢,
2. it can read only the variables in x,
3. it can assign only to the variables in x.

One of the purposes of this section is to define a corresponding semantic
notion of bases, and to relate it to the syntactic base of processes.

In the next chapter we define the class of assertions that, in the terminology
of section 3.1, play the role of negations of refutation criteria. That is, for
a given assertion X and a computation § it is possible to determine whether
the computation satisfies X or not. To each assertion we assign a so called
assertion base, that is the counterpart of the base of a process. The assertion
base of assertion X is denoted by abase(x). It has the following properties.
If abase(x) = (¢, x) then:

1. the truthvalue of X does not depend on communications via channels
outside the set ¢,

2. the truthvalue of X does not depend on the values of variables outside
the set x.

Similar to the semantic base that we mentioned above, we define the notion
of the semantic assertion base of some given set of computations. In chapter
4 we consider the exact relationship between the syntactic assertion base of
an assertion and the semantic assertion base of the set of all computations
that satisfy the assertion.

A third goal of this section is to introduce an operation called chaotic closure,
that is in some sense the dual of the projection operation. We need this
operation to characterize assertion bases, but it plays also a major role in
the definition of parallelism. We start with the definition of this operation.

3.5.1 Chaotic closures

From the properties of the projection operations it follows immediately that
Ap.p|B, where 8 is a base, is a completely additive opération that preserves
totality and prefix closedness. We define an operation Ap.p T 8, called
“chaotic closure”.
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Definition 3.25 (Chaotic closure )
p 1B is the largest set p' such that p'|8 = p|B.
0

Whereas projection onto 3 removes all communications and modifications of
channels and variables outside 3, the chaotic closure inserts arbitrary com-
munications and “random assignments” for channels and variables outside

B.

It is clear that p1 8 equals the following set {§ € A | 8|8 € p|B}.
Using this fact, the following lemma is proven easily.

Lemma 3.26

Ap.p1 B is completely additive and preserves totality and prefix closedness.

a
Proof
(Uem)t8=
el
{seA | §pe(|r)iB} = (by c.a. of projection)
el
{6 € A|3i suchthat§|Bep|B}=|J{6€A | 6|8¢€p|B}

el
= |J(n:i 18).
iel
We conclude that the operation is completely additive. Preservation of to-
tality is rather obvious. To see that prefix closedness is preserved, assume
that p is prefix closed and §' C § € p1 8. Then &'|8 C 6|8 and 5|8 € p|B.
Since projection preserves prefix closedness we may conclude that §'|8 € p|3,
which proves that é' € p1 8.

a

We list a few properties of projection and chaotic closure, all of which can
be checked fairly straightforward.

(i) pCo1B
(ii) p1P is the largest set p' such that p'|8 C p|B
(iii) p|B1|B2 = p|(BL N B2)
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(iv) »IBIB = pl|B

(v) pTB11B2=p1(B1NB2)
(vi) p1B1B=0p18B

(vii) p|BTB =018
(viii) p18|8 = plB

(ix) plBC P18

(x) 6€p1Biff 6|8 € p|B

O

We now come to the definition of the semantic base and the semantic asser-
tion base of a set of computations. After the definition and the proof of a
few simple properties we relate these semantic notions to their corresponding
syntactic counterparts.

Definition 3.27 (Semantic base and semantic assertion base)
e For a set p € P(A) we define:
base(p) is the smallest base 8 such that p|8 = p, and
abase(p) is the smallest base 8 such that p18 = p.

e The set Ag is defined as the set of all computations with their base
contained in 83, that is:

A ¥ {(seA| 88=26).

e The domains P(Ag), R(Ag) and Ppz(Ap) are derived from the corre-
sponding domains P(A), A(A) and Ppz(A) by restricting their elements
to subsets of Ag.

O

To prove that the base and assertion base of a set p are well defined, we
remark the following.

o There exists at least one 8 such that p|8 = p and p1 8 = p, viz. the
base (Chan, Var).

o If for certain bases 3 and ' it happens that p|8 = p and also p|8' = p,
then Pl(ﬂ N ,3') = P|ﬂ|,3' = p. Similarly, if both p18 = p and ptB =p
then also p1 (BN B') =p1B18 =»p.
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From this it follows that base(p) always exists and is uniquely determined
as the intersection of all bases 8 such that p|8 = p. Similarly, abase(p) is the
intersection of all 3 for which p18 = p.

The base of some set of computations can be determined easily from the
channelset and assignsets of these computations, that we define as follows:

Definition 3.28 (channelset and assignset of computations)
. chan((so, t 3)) 4 chan(t) &
{c € Chan | t contains some communication via c}.
. assign((so,t, s)) df {zeVar | s,50# L and so(z) # s(z)}.
e For p € P(A) we define:
chan(p) = | {chan(8) | 6€p},

assign(p) = | | {assign(6) | & € p}.
O

Lemma 3.29

base(p) = (chan(p),assign(p)).
O
Proof

Let base(p) = 8 = (¢, x), and let

(chan(p), assign(p)) = B, = (c,p,%,)-
Let (8o, h,8) € p. The trace h of this computation contains only commu-
nications via channels in c,,by the definition of ¢,. Therefore hlc, = h. If
s # 1 then s0|Z, : s(Z,) = s, since, by definition, x, contains all variables
for which sy and s could possibly differ. We see that (so, h, 8)|8, = (s0, k, 8),
and thus, that 8, has the property that p|B8, = p.

It remains to show that 3, is the smallest base with this property. Assume
to the contrary that for some base @', p|#’ = p and that there is some channel
d or variable y such that d & ¢, or y &€ x,. By definition of ¢, there is at
least one computation in p that contains d communications, or that ends in
a non bottom final state for which y has been modified. This contradicts the
assumption that p|#' = p, and so we conclude that 3, is contained in every
B' that has the property that p|8' = p.

O

Lemma 3.30
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(P(&p), €, 0) and (B(Ag), S, Z)
are complete lattices.
]
Proof

Let {p; | i € I, p; C Ag} be some nonempty collection of P(A) elements. We

consider the base of the lub (in P(A)) of this collection:
base(L] pi) = base(| Jpi) = | base(ps) € B.

i€l el icl
The lub of an empty collection is the least element of a domain. Since it is
clear that base(#) = base(Z) = 0, we see that the lub of any collection of
sets with base contained in 2 is again a set with base contained in 8. This
shows that P(Ag) and A(Ag) are complete lattices.

O

By the characterization of semantic bases above it will be clear that thereisa
close relationship between the semantic and syntactic base of some process,
but that in general the two will not be identical. The reason for this is
twofold:

o First of all, the fact that in the program text of S some communication
action or assignment occurs doesn’t imply that the action or assign-
ment is actually executed for some computation. For instance, the
process if false then c!0 else d!0 fi never communicates via channel
¢ although this channel occurs in the syntactic base of the process.
Even when some assignment s executed its effect can be undone by
assignments executed thereafter. Our notion of the semantic base of a
process captures only those channels for which actual communication
occurs in at least one computation, and those variables for which there
is a difference between the initial and final state value for at least one
computation.

e The difference between initial and final state values or the occurrence
of a communication can be established for each computation in isola-
tion. But it is not possible to establish for some computation in iso-
lation whether it has actually read some variable or not. This shows
that statements about the read set of some process cannot be falsifi-
able. (This follows from the characterization of falsifiable properties on
page 3 of this chapter.) Since the correctness formulae that we study
are concerned with falsifiable properties only, we can simplify matters
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by defining the semantic base of a process such that it captures as-
signments to variables and communications, but not read actions for
variables. Due to this simplification, we could lay a simple and useful
connection between semantic bases and the projection operator.

The second reason raises the question why we did not define the syntactic
base along the same lines, i.e., why the syntactic base does include the
variables that are read at some point. The reason for this is rather indirect.
In chapter 6 we associate with each process S an assertion A(S) that is
called the characteristic assertion for S. It has the important property that
its assertion base equals the (syntactic) base of the process it describes.
However, the assertion base of the characteristic assertion A(S) consists of
those channels via which the process can communicate and those variables
that it can write to or read from, and therefore this equality holds only
because we included the variables that a process can read in its syntactic
base.

We formalize our claims concerning the relation between syntactic and se-
mantic bases in the form of a lemma. This lemma should be compared with
the clauses for the corresponding syntactic operations in definition 2.4.

Lemma 3.31
(i) base(z)=190
(ii) base(1) =0
(iii) base(o|B) = base(p) N B
(v) base(p\B) = base(s) - 8
(v) base(old/e]) € (base(s) - ({c},8) U ({d},0)
(vi) base(p1dp2) C base(p1) U base(pz)
(vii) base(py U p2) = base{p1} U base(ps)
]

For most cases the proof is almost trivial. We consider a few interesting
cases.

case (iii)

This is a straightforward consequence from the fact that:
chan((so, hle, s0|Z : s(Z))) = chan(h|c)
= chan(h)Nne = chan((so, k,8)) N¢c, and
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assign({(so, h|c, 80|Z : 8(%))) = assign((so, h, 8)) N {Z}.
case (iv)

base(p\B) = base(p|((Chan, Var) — B))

= base(p) N ((Chan, Var) — B) = base(p) — B.
case (v)

This is obvious, except maybe that we claim containment rather than equal-
ity between left and right hand side. The reason for this is that if p does not
contain computations that include ¢ communications, then p(d/c| need not

contain computations with d communications. So it is not always the case
that d € base(p[d/c]).

case (vi)

If 6§ € p1dpy then it is of the form (sg, hyhy, 8), where, for some state s,
(80, h1,81) € p1 and (s3, h2,s) € ps. Obviously we have that

chan(8) = chan(hihg) = chan(hy) U chan(hy) C chan{p1) U chan(ps).

Also, if s # L and sg{z) # s(z) for some variable z, then s; # L and
s0(z) # s1(z) or 81(z) # s(z). That is, assign(6) C assign(py) Uassign(ps).

0

3.6 Parallel composition

For the semantics of a parallel composition, Sy g | 8: S2, of processes, we
introduce a corresponding semantic operation Ap1.Apa.(p1 8|82 p2).

Let i = 1 or 2, let 3; be (¢4, %;). The context sensitive restriction CSR 1 of the
language definition in chapter 2 requires that base(S;) C (c;,%;). This means
that we must define a semantic operation that matches the operational intu-
ition for arguments p; that contain only computations with communications
via channels within ¢; and modifications of variables within x;. Note that
for such p; the projection p;|8; equals p;, for removing communications or
variable modifications that are not present has no effect.

Our handshaking communication protocol states that if ¢ € ¢;, then any
communication (of Sy 8, |82 S2) via ¢ must be synchronized with a ¢ com-
munication by S;. In particular, if ¢ € ¢ Ny, both S; and Sz must perform
the ¢ communication simultaneously. This implies that if ¢ is a possible trace
for S; 81 || 82 S2, than t|c; must be admitted by S;.
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As to the state transformation we have the following situation: if (sq,t, s) is
admitted by S 8. |82 S3, and s # L, then s must equal sg except possibly
for the variables in x;Uxs. Moreover, all reads and assignments to a variable
z € x; have been performed by S;, which means that sg|Z; : s(Z;), where
{%;} = x;, is a possible final state for the execution of S;.

Altogether one sees that if (so,?,s) is admitted by the parallel composition
Sy 1]] 62 Sz then the component S; must admit (sg,t,s)|5;. So for sets p;
that satisfy the equality p;|8; = p; our parallel composition operator must
satisfy:

(p1 81182 p2)1B8: € pi for i =1,2.
An elegant generalization into a requirement for arbitrary sets p; is the fol-
lowing:

(p1 81|82 £2)|B: C pilBi for i = 1,2.

These inequalities determine the parallel composition as far as the channels
and variables in B; U B2 are concerned. Note that 8; U 5 is the base of
the parallel construct, and that outside this base neither communications
are performed nor assignments are made by the parallel network. This is
equivalent to the requirement that the following equality holds:

(Pl 81 “52 PZ)I(:BI U ﬂZ) = (Pl A ”ﬁz P‘.’)-

This equality states that removing communications and modifications of
channels and variables outside the base (8; U 8;) has no effect on the set
p1 81 || B2 p2, which amounts to the same as stating that there are no such
communications or modifications in the set. More formally, the equality
states that the semantic base of the set is contained within (8; U 8;), and
by lemma 3.29 this implies that all communications and modifications are

within (81 U f2).
We define the parallel composition as follows:
Definition 3.32 (Parallel composition)
p1 81 || B2 p2 is the largest set p such that:
(i) »lB1 C pilBi, for i = 1,2, and
(ii) pl(BLUB2) =p.
0O

Lemma 3.33
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The parallel composition operator is completely additive, and preserves to-
tality and prefix closedness.

g

Instead of proving this directly from the definition we show that the parallel
composition operator can be expressed in terms of operations introduced
above. The lemma then follows from the corresponding properties for these
operations. First we prove a simple lemma.

Lemma 3.34 (Distributivity of 4 and “|”)

If, for ¢ = 1,2, base(p;)} C B, or, for ¢ = 1,2, abase(p;) C B, then:
(P10 p2)|B = (p1]B) N (p2]B),
(prnp2)18 = (p11B) N (p218).

O

Proof

First we assume that base(p;) C B for 1 = 1,2.

Projection is fairly simple in this case since it is clear that
base(py N p2) C base(py) U base(pz) C B.

Consequently,
(P10 p2)|B = (P11 p2) = (p1]B) N (p2]B)-

Using this we prove distributivity for the { operator, under the given condi-
tion for 8.

(b1 p2)1B=1{6 | 6|8 € (prnps)lB}
={6 | 8|8 € m|Bnp2|B}
={6 | é§lBem|} n {6 | é|B€n|B}
=ptBnp:1p.
Next we assume that abase(p;) C 8, for ¢ = 1,2.

Distributivity for the two operators in this case can be reduced to distribu-
tivity for sets with their base, rather than their assertion base, contained
inB. From the assumption on p; it follows that p; = p; 1 8 = p:i|B1 8.

For projection:

(P11 p2)|1B= (p1|B1BO p2|B18)B=
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(1181 p2|B) 1818 = (p1|B N p2|B)|8 =
rhoy | 8|8 N p2|B|B = p1|B N p2|B.

And for chaotic closure:
(prnp2)1B=(m|BTBNP2|BTB)1B =
(P1BNp2|B)TBTB = (m|BNp2|B) 1B =
rhoy|BT1BN pa|BTA=p1TBN P21 B.

O

Lemma 3.35 (Parallel composition as derived operation)

Let 8= 1 U Ba.

P18 82 p2 = (p11B1IB) N (21 B2|B)

=(p11h1N p2152)|B.
]

Proof

Let 5 = (p1181|8) N (e21 B2|B).

First we show that § satisfies clauses (i) and (ii) of the definition of the
parallel composition operator. We tacitly use the monotonicity, and the
properties (i) - (viii) listed in section 3.5.1, for the projection and chaotic
closure operators.

318 = ((p118118) N (p215:18))18:
C (pi1BilB)|B: = pi1BilBi = pilB:i  (This shows (i)).

Since base(p; 1 5:|8) C B, projection onto B distributes over the intersection

(p1181|18) N (p21B2|8). And since (p; 1 5:|B)|8 = (p:15;|B) this implies that
p|l# = p. (This shows (ii)).

Next we show that § is the largest set that satisfies clauses (i) and (ii).
Assume that p' also satisfies these two clauses, that is:

(") £'|8i C pilBi, fori=1,2 and
(i) olB=r.
Using (i’) one sees that, for 1 = 1,2
pCotB = (B8 € pilhi
Then, using (ii’), it follows that
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= plB C pilBilB,
from which it immediately follows that

¢ € (p1811B) N (p21B2]B).

We have shown that g is the largest set satisfying clauses (i) and (ii), and
by definition this equals the parallel composition p1 8 || 82 p2-

Finally we remark that, since

abase(pi 15:) C Bi C B,
it follows by lemma 3.34 that:

(1 1811B) N (027 82/8) = (p11B1N p2152)B.
O

Finally we prove a result that amounts to the associativity of parallel com-
position as mentioned in section 2.3. There we claimed that:

(sl H ”ﬁz 52) “ﬁa S3=581 A “ (Sz 32”/33 33),

where, by convention, the omitted base for the left hand side is 8; U 8;, and
for the right hand side is 83 U f3.

Lemma 3.36 (Associativity of parallel composition)
Let B12 = 1 U Bz and B3 = B2 U Bs.

(Pl B “Bz 02) f1ia ”33 Pz =p1h ”ﬁzs (Pz B2 ”ﬁs Ps)'
0
Proof

Let 8 = By U By U B3. Since the commutativity of parallel composition is
clear, it suffices to prove the following:

(p1 811182 p2) BralBs p3 =
(p118118) N (p21B2|B) N (pa 1 B3| B).

We use the two lemmata above.
(Pl B ”ﬁz pz) Hia ”ﬁa p3 =
(p11B1|B120 p21B2|B12) 1 Br2|B N p3 1 B3lB =
p1181|Br2 1 Br2lB N p2 1 B2|Br2 T BrzlB N pst BslB =
(p118118) N (021 B21B) N (p3 1 B5|B).

(As was to be shown).

]
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3.7 Process environments

Now that we have established the domain P(A) , we are able to define
the meaning of TINP processes S. This meaning, Obs[S]#, is the set of
observations that S admits, where 7 is a process environment determining
the meaning of free occurrences of process variablesin §. With thisin mind it
will be clear that n itself must be a function from the set of process variables
Pvar to P(A). Then, if we denote the domain of process environments by
H, Obs is a function of the form:

Obs : TNP — (H — P(A))

Actually, a process variable P¢ x) denotes a process with a base contained
in (¢,x). Therefore we define the domain of process environments as follows.

Definition 3.37 (Process environments)

(ne) HY {ne Pvar — P(A) | for all Ps, n(Ps) € P(Ag)}-

(n€) Hyp & {ne Pvar — Ppg(A) | for all Py, n(Ps) € Pou(Ap)}.
The variant n[pg/Pg|, where pg € P(Ag), is defined as usual:
(nlos/Ps])(Ps) = ps
(nlps/Pal)(@s) = n(Qp) i Qg1 # Pa.
O
Lemma 3.38
(i) H and Hpy, with the usual function space order, are complete lattices.
(ii) For any Ps € Pvar :
An-Apg.nlps/Fg) € [H — [P(Ag) — H]].
(ili) Similar to (ii), with H replaced by Hp,.
Proof

(i) Take any collection {n;|f € I'} in H. It is clear that | |; 5; exists as an
element of Pvar— P(A). It remains to show that (| |; n:)(Ps) € P(Ap).
This follows directly from:

(U 7)(Pg) = U(’?e(Pﬁ)),

and the fact that P(Ag)is a complete lattice. The proof for Hyy is very
similar.
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(ii) First we show that Apg.n[ps/Pg| is a completely additive function from
P(Ag) to H, for each particular n € H.

Let {p;|i € I'} be some collection in P(Ag).
(nl(U 23/ o) (Bp) = J i = U (mlos/ P)(P))-
iel il i€l
For process variables Qg 5% Pg :

(nl(U )/ P3]) (@51) = (@) =
€]

U n(@s) = U (nloi/Pal(@s1))-

i€l i€l
So we have indeed:

nl(UJ #:)/Ps] = |_| nloi/ Pe).

iel i€l

Secondly, we show that An.Ap.n[p/Pg| is completely edditive in its n
argument. Let {n;|j € J} be some collection of environments,

(An.2pp.nlps/ Pal)(|_] ni) = Apa.(|_] ni)les/ Ps)

JEJ jed
= Apg. | | (nslpa/Ps]) = || Aop-niles/Ps] =
jed jeJ
LI (An-Apg.1l0s/ Ps](n;))-

jedJ
(iii) Very similar to case (ii).

]

3.8 The definition of the semantics Obs

Finally we come to the semantics of TNP, that we define by means of the
following function:

Obs : TNP—[Hpg— Ppg(A)].

We do this by first defining a function with the same name Obs that has the
functionality:

Obs : TNP—[H—P(A)].
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Then we prove that the restriction of this latter function to the subset Hp,
of H has the correct functionality, that is, always yields prefiz closed, total
sets of computations. This way of defining Obs facilitates the definition of
the semantics of mixed terms that we introduce in chapter 4.

We assume that we have available two interpretation functions, £ and 8, for
expressions and boolean expressions:

£ : Exp — (State — Val),
B : Bexp — (State — {true, false}).
The definition of Obs is by induction on the structure of processes.
Definition 3.39 (Semantics of TNP)
Obs[skip]n = 1z
Obs[abort]n = %
Obs[z :=e]n = Closﬁ({(so,e, solz: (£fe]s0)) | so € State})

Obs[b]n = Close({(so, €,30) | 80 € State, Bﬂb]]so})

Obs[c.z:b]n =

Close({(so, < (¢,v) >, 80|z : v) | g € State, v € Val, B[b](so|z : v)})

Obs[Paln = n(Ps)

Obs[S1\x]n = (Obs[S1]n)\x

Obs[S1\¢e]n = (Obs[Si]n)\e

Obs[$1(d/e)n = (Obs[Ss]m)ld/e]

Obs[[S1 5 S2]ln = Obs[S1]n & Obs[Sz]n

Obs[[S; or Sz]n = Obs[Si]n U Obs[Sz]n

Obs[[Sy 81|82 S2]ln = Obs[Si]n 8: || 82 Obs[S2]n

ObslusPs.S1ln = s (App.0bs[S1](nlos/Ps)))

= (Xpp.(Obs[S1](nlos/ Ps]) U %))

Obs[Pg = Syin S;]n = Obs[S:]|(n[Obs[S1]n/Psl)
0
Theorem 3.40 (Well definedness of Obs)

The semantics Obs is well defined, and in fact:
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An.0bs[S]n € [H—P(Ap)], where B = base(S).
0
Proof

Let $ € TNP, 8 = base(S) = (¢, x).
We must show:

(a) Obs[S]n € P(A), i.e.,0bs[S]n is a well defined subset of A.
(b) chan(0bs[S]n) C ¢

(c) assign(Obs[S]n) € x

(d) An.Obs[S]n is a continvous function.

We prove this simultaneously by induction on the structure of the process
S.

Case 1 S € {skip,abort,b,z:=e,c.z:b}

(a) Follows immediately from the definitions of 1z, Z and the (lose oper-
ator.

(b) Is obvious for the first four cases, since here chan(Obs[S]n) = 0.
Also, from the semantic definition and definition 1.4, it follows that
chan(0bs[c.z:b]n) = {c} = chan(c.z:b).

(c) Is obvious for the first three cases, since here assign(Obs[S]n) = 0.
Further:

assign(0bs[z := e]n) C {z} Uvar(e) = var(z :=e¢),
and similarly:
assign(Obs[c.z:b]n) C {z} U var(b) = var(c.z:b).
(d) Is satisfied since An.0bs[S]n is a constant function in all five subcases.
Case 2 S = Ps.

Clearly Obs[Pg]n = n(Ps) € P(Ap), by the definition of H.
Moreover, function application is continuous in its first argument.
Hence, An.n(Ps) is continuous.

Case 83 S € {S1\x, Si\¢, S1{d/c)}.
‘Let B; = base(S1), and let B = base(S). By induction,
An.Obs[S1]n € [H-P(Ag,)]
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It has been proven above that the corresponding semantic operations
are all continuous. Moreover, by comparing the results of lemma 3.31
and definition 2.4 of base(S) in chapter 2, one sees that these semantic
operations transform a set with its base contained in f; into a set
with base contained in 8. That is, the semantic operations have the
functionality:

\x, \¢, (d/e) € [P(Ag,)—=P(Ap)l.

But then, by function composition we obtain semantic functions with
the following functionality:

An.Obs[S]n € [H—P(Ag)].
Cased S¢ {Sl ; 87, S10rSsy, 51 81 ”ﬂz Sz}

Let B; = base(S;) for i = 1,2. Then 8 = base(S) = B U F; by
definition 1.4.

By induction we may assume that, for¢ = 1,2:
An.0bs[Si]n € [H—P(Ag,)]-

The semantic operations for these three operators have been shown
to be continuous. Lemma 3.31 states that, for sequential composition
and choice, sets py, p2 with bases contained in By, B2 are mapped into
a set with base contained in $8; U B3. The same is clear for parallel
composition, from the definition of this operation. This means that:

8,U, a1llea € [P(Ap,) x P(Ag,)—P(Lg)].
So, by function composition, we obtain the function
An.Obs[Sn € [H—P(Ap)]
Case 5 S =p,P3.5

In chapter 2 the definition of bases and the context sensitive restrictions
guarantee that base(S) = 8 2 B % base(S).

From the theory of cpos it is known that the fixed point operator is a
continuous operator itself, that is, 4 is an element of:

[[P(Ag)—P(Ag)|—P(Ap)]-
Therefore, it suffices to show that :

An.Apg.0bs[[S1](nps/Psl) U B
is an element of [H—[P(Ag)— P(Ag)]]. Now this is the case, since:
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(i) by induction,
An.0bs[S1]n € [H—P(Ag,)], and so
An.0bs[S1nuZ € [H—P(Ag)l.

(ii) by lemma 3.37, A.Apg.n|ps/Pp] € [H—[P(Ag)—H]].

Composition of these two functions yields the desired result.
Case8 S=P; = 5in S,
Let 3; = base(S;), for i = 1,2. Then 8 = base(S) = Bs.
By induction we have that
An.0bs[S;]n € [H—P(Ap,)], for i =1,2.
By lemma 3.37,
An.Apg,.n(ps,/ Ps,] € [H—[P(Ap,)—H].
From this we infer that:
An.n[Obs[S1]n/Ps) € [H—H],
and hence that:
An.Obs[Sa](n]Obs[S1 I/ Fal) € [H—P(Ag,)].
Since B2 =  we conclude that
Obs[S]n € [H—P(Ag)].
(W

Next we show that the restriction of Obs to the domain Hpy is a function
that yields total prefix closed sets.

Lemma 3.41

The restriction of Obs to Hpy has the following functionality:
Obs : TNP—|Hpgz—Ppe(A)].

0

Proof

The proof is by a straightforward induction on the structure of processes.

For process variables Py we have that Obs[Pg]n € Ppa(Ag) by the assump-
tion that n € Hypy. In section 3.4 we have shown that the denotations for
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the atomic processes skip and abort are total prefix closed sets, and it is

clear from the definition that the denotations for the other atomic processes

are total and prefix closed because we used the (lose operator for the corre-

sponding clauses. We have also shown that the semantic operations that we

have used in the definition of Obs all preserve totality and prefix closedness.

Finally, in section 3.3 it was shown that Ppz(A) is a subcpo of A(A), and -
so the p, operator yields a prefix closed set for functions in the subspace

[Pos(B)—Poz(A)]-

O

3.9 An alternative representation

Up to now we have regarded the meaning of a process as a set of com-
putations. This is rather different from the usual semantics for sequential
programs, where one defines the meaning of a program as a transformer of
states or, in the case of nondeterministic programs, as a transformer of sets
of states. We show in this section that our semantics is in fact isomorphic to
such a transformer semantics, based upon the notion of so called generalized
states. A generalized state is a pair (A, s), consisting of a trace component
h and a state component s. Intuitively, such pairs can be used to describe,
for some moment during the execution of some process S, the current state
of the variables and the sequence of communications performed thus far. If
this moment corresponds to the start of some process S, then we call (A, s)
the initial trace and state for the execution of S. If and when S terminates,
some generalized state (h', s') has been reached, where &' includes the initial
trace h as a prefix. A generalized state of the form (k, L) shall be used
to describe those moments during execution where no observable final state
has been reached yet. As one may expect, when we consider the semantics
of a sequential composition S;;Ss, a final generalized state (h,s), with an
observable, i.e. non bottom, state s for some process Sj, is converted into
a pair (h, 1) to indicate an intermediate stage of the computation, and also
functions as an initial generalized state for the execution of Ss.

The first step is to treat a set of computations as the grapk of e function.
To this end we define the following domains.

Definition 3.42 ()

o (0€) =% Tracex Statey, - (Generalized states)
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e The partial order Cx on ¥ is defined by:
(t,8) Cx (¥, ¢') iff either (t,8) = (¢,¢') ors= L and t < .

< is the prefix order on traces. We omit the X subscript when no
ambiguity arises.

o A subset X of X is called prefix closed if it is downwards closed with
respect to Ty . This is the case iff for every generalized state (h, s) in
X all pairs (h', L) are also in X, where k' is an arbitrary prefix of h.

o A subset of X is called total if it contains the pair (e, L).

¢ P(Z) denotes the collection of all subsets of . P,(X), P(Z) and P, (Z)
denote the collections of all prefiz closed subsets, all total subsets and
all total prefiz closed subsets of X,

o (9€) Fun ¥ {pe (StateL — A(T)) | #(L) C{(s, L)}}

¢ A functions ¢ : State; — P(I) is called total (prefix closed) if, for each
80, $(80) is nonempty (prefix closed).

O

There is an obvious bijection between the domains P(A) and Fun. The
bijection F: P(A) — Fun, and its inverse § are defined by:

F(p) = Aso.{(t,8) | (s0,t,8) € p} and:
g(é) = {(307 t, 3) ‘ (ta 8) € ¢(80)}.

Note that the strictness requirément for Fun elements corresponds to the
property of the domain A that (L,e, L) is the only computation starting
with a bottom initial state.

The bijection ¥ : P(A) — Fun preserves prefix closures and totality. That
is:

e p€ P(A) is prefix closed iff #(p) € Fun is prefix closed.
e Z C piff 7(p) is total.

This follows directly from the definitions. In fact the complete cpo structure
of the domains P(A) and A(A) is inherited, if we define the following cpo
structures:

Definition 3.43 (Cpos based on P(X))

We introduce the following cpos:
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e (A(Z),C,0)

o (A(Z),S{( L))

o (P(2), S, {(e; 1)})

e The function space Fun with the usual pointwise order on functions.

e The subspaces Fun; and Funy of Fun where the range of functions is
restricted to P; or Py.
]

It is straightforward to check that F and G are monotone functions. From
general cpo theory it is known that if a bijection and its inverse are both
monotone, then they are both continuous bottom preserving functions. There-
fore, since F is such a bijection, one sees that P(A) and Fun are isomorphic

as cpos.

The next step in our development is to associate with each Fun element ¢ a
transformer of sets of generalized states.

Definition 3.44 (Generalized predicate transformers)
Define, for ¢ € State, — P(X), the functions:

¢' : T—P(T) and

#' 1 P(Z)—P(T), as follows.

¢' ((to, 30)) & 10" 9(s0)

)Y U #(tos)= U t"9(s0)

(to.30)eX (to.S0)eX

0

By analogy with “classical” forward predicate transformer semantics, we call
P(2)— P(X) elements generalized predicate transformers. We combine the {
mapping with the isomorphism F, and define a mapping Tr.

Definition 3.45 (The mapping Tr)
Tr: A(A) — (P(B)-AE))

is defined by:
Tr(o) ¥ (F(p))".
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g

Obviously this associates a state transformer semantics Tr(Obs[S]n) with
process S.

The Tr-operator enjoys the following property:
Tr(p1dp2) = Tr(pz) o Tr(p1)

Thus we see that a sequential composition of processes corresponds to a
simple function composition of the associated transformers:

Tr(Obs[ Sy ; S2]n) = Tr(Obs[Sz]n) o Tr(Obs[S1]n)

We want to formulate our semantics directly in terms of X-transformers.
First, we collect some general facts about isomorphic epo’s.

Definition 3.46 (Isomorphic representations of environments)
Assume that o : P(A)—D is some isomorphism of cpo’s. Define:
Dg def a(P(Ag)) (for each B € Base)
z {¢ € Pvar—D | ¢=aonforsomen e H}
O
Clearly the following holds:
o ¢(Pg) € Dg for ¢ € Z and
e An.aon is an isomorphism from H to Z.
Definition 3.47 (Isomorphic copy of semantics)

With «,D,Z as above, define M : TNP—(Z—D) such as to make the
following diagram commute:

Obs[S] )

Aaon l l:'x

MLs]

That is, M[S] is determined by: M[S](ao7n) = ao Obs[S]n.
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This canonical way of defining semantic functions M becomes applicable to
our domain of generalized predicate transformers if we can turn the mapping
Tr into an isomorphism of cpos. To this end we have:

Definition 3.48 (Domain Tra of Z-transformers)

Trais defined as the set of all functions ¢ € P(Z)—P(X) that satisfy the
following conditions:

i) ¢(lg) <1y (strictness)

() (UX)=Uv(X) (complete additivity)
i€l i€l

(i) ¢ X) =1t "¢¥(X)  (prefix preservation)
O
Lemma 3.49

The mapping A¢.¢! is an isomorphism between Fun and Tra. Its inverse
is:  Ap.Asg.¥({(e, 50)})-

O

Proof

First we prove that the mappings between Fun and Tra are well defined.

Assume that ¢ € Fun. We check that ¢! satisfies properties (i) - (iii) of the
definition of X transformers.

Property (i)
¢'(Lz) = ¢'({(s, 1)}) = 4(L) € Lx.
Property (ii)

o'(lJ X:) = U{¢'((to, s0)) | (to,0) € |J X} =

sel i€l
U{#'((t0,50)) | (toys0)€Xi | i€} =
UWU{#' ((to,50)) | (20, 80) € Xi}) = | #'(X).

€l icl
Property (iii)

#l(to"X) = J{t"8(s) | (he)ete’X}=

U(tet1) d(s) | (t1,8) e X} =
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Uto {t1°¢(s) | (t1,9)eX}=
to"Utt"¢(s) | (t1,9) € X} = to"@'(X).

This proves the well definedness of the mapping A¢.¢!. The well definedness
of Ap. Asg. ¥({(e, s0)}) follows from:

Aso . ¥({(s,50)}) (L) = $({(s, L)}) = ¥(Lg) € Ls.

Next we prove that the two mappings are inverses of each other:
Xso-8'({(,0) }) xoo. e 8(6) | () € {(5r50)}} =
A80.¢(80) =

Vice versa, we have:

(Aso-b({(e,50)) =

AX. Ut (oo p({(e,50)})(s) | (t5) € X} =
U e{(69))) | (e eX)=

X Jw{(1,9)}) | (ts)eX}=
AXH(UJH(E9)} | (Le)eX))=

AXP(X) =1

The monotonicity of both mappings is clear.
0
So we have the following cpo isomorphisms:
P(A) L Fun 4! Tra
Consequently, we define the state transformer semantics for TNP as follows:
M : TNP — (Z—Fun),
M!: TNP — (Z2'—>Tra), defined by
MISI(F o n) & 7(0bs[S]n),
MI[SY(Tr o n) & Tr(Obs[S]n),
where Z ={Fon | n€ H},Z'={Tron | ne H}.



Chapter 4

Correctness formulae

4.1 Introduction

Our aim is the study of formal systems for reasoning about TNNP programs,
and so our first task is now to introduce the formulae of these systems.
Corresponding to the different semantic domains, we have a number of dif-
ferent classes of formulae. Those formulae corresponding to the domains
Trace, State; , 3 and A are called assertions, and those corresponding to
program denotations are called correctness formulae.

Our language for assertions deviates in several ways from what is the custom
for Hoare style proof systems:

e It is a first order typed predicate language. That is, there are four
types of terms, all called expressions, denoting values, channelnames,
natural numbers and traces.

o We distinguish between assignable variables, denoting values that can
be changed by program execution, and logical variables, denoting val-
ues that remain fixed throughout program execution.

Assignable variables coincide with the variables in programs, while
logical variables cannot occur within program text.

e Sometimes we also distinguish between the value of an assignable vari-
able in an tnitial state and in a final state.
Therefore we end up with four types of variables:

1. (z €)Var — Assignable variables, ranging over Val,. Var was
already introduced with the semantics. For assertions interpreted
in both an initial and final state, a term  will denote the value
of variable z in the final state.

109
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2. (z° €)Var® — Similar to Var except that z° denotes the initial
state value of z.

3. h — the single variable denoting the trace or communication his-
tory of a program. It is similar to assignable variables in that it
is affected by program execution.

4. (v €)Lvar,(n €)Nvar,(t €)Tvar — Logical variables, ranging
over Val, ,N and Trace, where N denotes the natural numbers.
Variables of this type can occur free or bound by means of a
quantifier. Free logical variables are also called ghost variables.
Logical variables n, ranging over the natural numbers N are used
as indices for trace expressions.

Expressions are built up from constants and the variables above, by means
of operations. As for operations on traces we focus the attention on the im-
portant trace-projection operator |”. We found that, in order to formulate a
compositional rule for parallel composition, one needs to be careful in which
ways to refer to the communication history. Restricting such references by
making them exclusively via projections allows a rule without any kind of
interference freedom tests, by imposing some simple syntactic restrictions on
the projections occurring in the premisses of the rule.

Other operations on traces include the length It| of a trace t, as well as
chan(t[n]) and val(t[n]), denoting the channelname and communicated value
of the n-th communication of t.

Finally we remark that, unlike what is the custom, we shall not consider
an assertion to be undefined in bottom states. The reason is that a bottom
state only indicates an unfinished computation, and so it makes sense to
interpret an assertion for a computation ending in a bottom state. This
is even essential to describe nonterminating processes. Unlike what is the
case for sequential programs such processes are not deemed to be uninter-
esting, for it is possible to communicate with them. Therefore our assertion
language must be capable of describing the communication behaviour of a
nonterminated process. Within assertions, the symbols T and T° denote the
characteristic predicates for non-bottom final- and initial states.

4.2 The syntax of assertions

For each of the domains Trace, State,X and A there is a class Assn(-).
Since Assn(Trace), Assn(State) and Assn(Z) can be obtained as subsets
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of Assn(A), we first define this latter class. We shall write simply Assn
instead of Assn(A).

Definition 4.1 (Syntax of expressions)
e (e €) exp — The class of Val; expressions.
(This class is not fixed; we list the minimum requirements.)
ex=z | z° | v | val(telie]) |
o (ie €) sexp — Integer exzpressions.
tex=0 | 1 | n | fex+iex | fey-dez | ltel
o (ce€) cexp — Channelname expressions.
(c denotes a constant channelname; there are no variables)
ceu= ¢ | chan(te[ie])
e (c €) cset — Fixed sets of channelnames.
cu= {c1, ",¢en} | chan— {c1,-+*,¢cn}
o (te €) texp — Trace ezpressions.
tex=¢€¢ | <(c,v)> | h | t | teites | tele | te[d/c]
0
Definition 4.2 (Syntax of assertions)
(x €) Assn — Assertions.
X n=e; =ey | tey=1teg | cey=cey | teg =tey |
T LT xaaxe | ~x | 3] | 3n(x) | 3t(x)
0

For expressions and assertions the sets FV(-) and BV (-), of free- and bound
variables, are defined as usual. Note that the variables z, 2° and A can only
occur free, since there are no quantifiers for these types of variables. (Only
logical variables can occur bound).

From FV{X) we derive the following sets:
var(X) e py (x) N Var
var®(x) ¥ FV(x) N Var°
lvar(x) e FV(X) N Lvar
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nvar(x) & FV(x) N Avar

tvar(x) & FV (x) N Tvar

gvar(X) o lvar(X) U nvar(X) U tvar(x)

var®(x) ¥ {z e Var | z€ var(X) or z° € var°(x)}
(And analogously for expressions).
Definition 4.3 (Assertions on Trace, State and )

o (¢, €)Assn(D) &
{p € Assn | wvar°(p) =0 and T°does not occur within ¢}

o (I€)Assn(Trace) &
{I € Assn(Z) | var(p) =0 and Tdoes not occur within I'}
o (€ €)Assn(State) L' {¢ € Assn(D) | h& FV(£)}
(]

4.3 The meaning of assertions

The next step is to tnterpret expressions and assertions. For the interpreta-
tion of assertions, we need the domain T of truthvalues:

Definition 4.4 (truth values T)

The complete lattice of truth values is defined as:
T {true,false} ordered by:false T true.
0

Expressions and assertions are interpreted in a computation triple (so, 4, ),
determining the values of variables z°,z and A, and in a logical variable
environment v, determining the values of free logical variables v, n and t.

Definition 4.5 (logical variable environments)

(v €)T ¥ (Lvar — Val) x (Nvar—N) x (Tvar — Trace)

Each 4 is a triple (vz,7n,vr). However, we will usually write simply v(v),
7(n) and 7(t) instead of v1(v), Yn(n) and y7(t).

O

The interpretation of expressions is by means of the following functions:
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£ : exp—(T—(A—Val}))

CE : cexp—(I'—(A—Chan))

I€ : fezp—(I'—(A—N))

TE : tezp— (I'—{A—Trace))
Remark

There is no need for any bottom value for trace expressions, since the com-
putation history is always well defined, and all trace operations are total. In
particular the expression < (¢,v) > is always defined, but only because we
do only allow logical variables v, rather than arbitrary expressions e, as the
value component of the communication. For similar reasons we don’t need
a bottom value for natural numbers in our setup.

We list the defining clauses for these four functions.

o &[z]v(s0,hy L) =1L
E[=]v(s0s hy8) = s(x) for s # L
Elz°v(L,h,8) =L ‘
€ [z°]v(s0, h, 8) = so(z) for sg # L
E[v]v(so0, h, 8) = ¥(v) (i.en(v))
€ [ val(te[se]) |v(so, hy 8) = the value part of the element with index
I€ [ie}(so, h, 8) of trace T€ [te]v(so, k, ), provided this element exists,
otherwise it is defined to be L.

o IE[0]y(s0,hy8) =0
IE[1]y(s0, hy8) = 1
IE En]]'V(SOa h, 3) = '1("’) (i'e° ’TN(n))
I€ [ies + sea]y(s0, by 8) = IE [ies]v(s0, By 8) + IE[ie2]v(s0, b, 8)
IE[iey - iex]y(s0, by 8) = IE [ie1]v (50, b, 8) - IE[ie2]v (50, b, 8)
I€ [itel]y(so, k, 8) = the length of trace TE [te]y(so,h, s).

o Cec]v(s0,hy8) =¢
CE [chan(telie])]v(so, h, 8) = the channel part of the element with index
I€ [ie]v(s0, h, ) of trace TE [te]y(so, h, 8), provided this element exists,
otherwise it is defined to be L.

o T¢[elv(s0,h,8) =¢
TE] < (eyv) > Ja(s0, b, 8) =< (e, 7(v)) >
TE[R]v(s0shys) =h
TE[t]v(s0shy8) = 4(t) (i.evr(t))
TE [tertez]v(s0, b, 8) = TE [ter]v(s0, b, 8) " TE [tea]v(s0, b, 5)
TE [te|e]v(s0, by 8) = (TE[te]v(s0, by )]
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TE [te[d/c]]v(s0, b, 8) = (TE[te]v(s0, by 8))[d/c]

e We left open the possibility that there are other operators for expres-
sions. All such operators must be interpreted strictly.

There is some ambiguity between the function £ as above and, on the other
hand, the function £ : £xp—(State— Val) as defined in chapter 3.

However, we shall make the following assumption:

(a) Ezp C exp, i.e. any expression e that can occur in a program is
also allowed within assertions.

(b) Ele]v(s0,h,8) = Ee]s for e € Exp.
(c) Consequently , if e € £zp and Z is a list such that {:c} 2 var(e),
then € [e[2°/Z]]v(s0, h,s) = € [e]s0
Next we interpret assertions by means of the function

T : Assn—(T'—(A—T)).

Again we must face the problem of dealing with “undefined” values. As
already mentioned, simply defining T[X]vé to be “false” whenever some
expressions within X turns out to have a bottom value is not appropriate. For
instance, assume we want to express that some process S cannot terminate
unless some value v has been sent along channel ¢ and is stored in z. Using the
predicate T, denoting a terminated computation, we can write this formally
as:

T - (1l{e}1#0 A 2 = val(Al{c}1))

Obviously this assertion should be interpreted as “true” for any nonter-
minated computation (sq, h, L), despite the fact that = will have a bottom
value in this case.

Since we are not eager to introduce the complexity of a three-valued logic, we
have adopted the following solution. All atomic assertions occurring in Assn
are interpreted strictly with respect to bottom values of expressions, that is,
they have the truthvalue false as soon as they contain some expression that
has a bottom value.

Definition 4.6 (Interpretation of assertions)
Tler=e]vé if Efeg]v6 = Efea]vé # L
Tlier = ses|¥s iff TE[ies]vd = TE [ies]yé
Tlcer = cex]vd iff CE[cer]vé = CE[cex]vd # L
Tter =tex]vé if TE[ter]v6 = TE[tex]vé
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T[Tlv(se,hys) if s# L

TITJv(s0, hys) iff so# L

TixiAX2]vé i T[x1]v6 and T[x2]né

Tl-x]yé iff not T[x]vé

T[3v(x)]¥6 if there is some w € Val such that T[{X]}'y[w/ v]é
T[3n(x)]y6 if there is some m € N such that T[x]y[m/n]é
T[3t(x)]yé iff there is some u € Trace such that T [x]y[u/t]é

0
Note that quantifiers range over proper, i.e. non bottom, values.
We often use the following abbreviations:

o iey < iey for 3nfie; + n = dez).

tey < tey for Jt(test = tey).

a channelname ¢ used as trace ezpression, for h|{c}.
last(te) for te[kel].
A for =T,

ey # ez for (e} = e2).

X1V Xz for =(=X1 A —X2).

X1—Xz for =(X1 A =X2).

Yu(x) for ~Jv(-x).

e Vn(x) for -3In(-x).

e Vit(x) for ~3t(-x).

o Vz(x) for Vv(x[v/z]), where v & FV(X).
e Vh(x) for Vt(x[t/h]), where t & FV(X).

Remark Defined predicates, such as #, need not be strict! E.g., for a
nonterminated computation §, an assertion such as z # z turns out to be
true,

The abbreviations above are “syntax directed” in the sense that the text
denoted by an abbreviation does not depend on, nor affects, the textual
context in which the abbreviation is placed. This is not the case for the
following more complicated abbreviational mechanisms:
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e rest(te)is often used as a trace expression denoting all communications
of te but the last one. That is, te = rest(te) last(te). Our language has
no trace expression that equals rest(te), but any assertion X containing
the abbreviation rest(te) is equivalent to the assertion:

Vi(t*last(te) = te — X'),

where ¢ is some fresh logical trace variable, and where X' is obtained
from X by substituting ¢ for all occurrences of rest(te).

o In a similar way one can rewrite an assertion containing a trace expres-
sion of the form < (c,e) >, where e is some arbitrary expression, into
an equivalent assertion that uses an expression of the form < (¢c,v) >
instead.

We have similar interpretations for 4ssn(X) etc.:
T : Assn(Z)—(I—(Z-T))
T : Assn(Trace)—(I'—(Trace—T))
T : Assn(State)—(I'—(State; —T))
For p € Assn(X), I € Assn(Trace), & € Assn(State), we define:

Tlelv(h,s) ' Tlelv(s0,h,8), Where so € State is arbitrarily cho-
sen.

T~k &f 7 [I]v(sos hy8), where sp,s € State are arbitrarily chosen.

T[&]vs % T[€]v(s0,h,5), where 5o € State, h € Trace are arbi-
trarily chosen.

On many occasions it is more appropriate to interpret an assertion as a set
of computations:

Definition 4.7 (Interpretation of assertions as sets)
[-]a ¢ Assn—(T—P(A)),
[- 15 : Assn(E)—(T—A(E)),

defined as follows:
[xay Esen | Tlx]~6} and

lelgy & {cez | Tlelvo}
(]

We omit the A or I subscripts if these are clear from the context.
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4.4 Assertions in normal form

A simple theorem of predicate logic states that if some variable  does not
occur free in some formula X, then the truthvalue of X does not depend on the
value of z. As far as assignable variables and logical variables are concerned
we have a similar result for our assertion language. The communication
history h needs a more refined theorem, however. It is not so interesting
to know whether X depends on h itself or not. Rather we must be able to
determine which projections of h X depends on. To this end we introduce a
certain normal form for assertions.

Definition 4.8 (normal form and history channels of assertions)
# A trace expression is in normal form iff;
(i) Each occurrence of h is contained within an expression of the form
hle. (Possibly with ¢ equal to Chan).
(ii) No occurrence of h is within the scope of a projection operator
other than required by (i).
e An assertion X is in normal form if all its trace expressions are.

¢ For X in normal form we define the set hchan(x) as the union of all
sets of channels used for the projections as required by (i). We call
this the set of history channels of X.

[
Remark

In [ZRE], only trace expressions in normal form are allowed. There, the sub
expressions as required by (i) are denoted as n¢.

]

Next we list algebraic rules for trace expressions that allow one to rewrite
any assertion into (some) normal form. By no means we need all these laws
to obtain normal forms; but the list is of interest in itself. A normal form
is achieved by “moving projections inside” and replacing occurrences of h
not within the scope of any projection by the term h|Chan. Laws (vi), (vii),
(viii), (ix), (x) and (xi) are sufficient to perform this transformation.

Algebraic laws for trace expressions

Concatenation laws:
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(i) tee = ete = te
(i) (teitez)tes = tei(teates)
Projection laws:
(iii) elc=¢€
(iv) < (c,v) > |e =< (c,v) > ifeee
(v) <(e,v)>e=¢ ifede
(vi) (teites)|e = (tei|c)(tes|c)
(vii) te|c'|c = te|(cnc')
(viii) (te[d/c])|e = (te[d/c])|(c — {c}) provided d # ¢
(ix) (te[d/c])|e = (te|e)[d/c] ife,dec
(x) (te[d/c])|c = (te|c) ife,dggc
(xi) te|Chan = te
(xii) teld =€
Relabeling laws:
(xiii) e[d/c] =¢
(xiv) < (¢yv) > [d/c] =< (d,v) >
(xv) < (c,v) > [d/c] =< (c',v) > ifc#Ed
(xvi) (teitez)[d/c] = (tea[d/c])(tes[d/c])
(xvii) (te|c)[d/c] = (te[d/c])|(c U {d}) ifcec
(xviii) (te|e)|d/c] = (te|c) ifege
(xix) tefc/c] = te
(xx) te[d/c][d"/c] = te|d/¢] ifc#d
(xxi) teld/e][d/d] = teld[e][d/d]
(xxii) te[d/c][d'/c'] = te[d'[/c'][d/¢] ifc#e,d#£d, d#Fe

In the presence of (viii), we could have chosen instead of (ix) and (x) the
following two laws:

(ix’) te[d/c]|c = te|(c U {c})[d/c] provided d € ¢
(x’) teld/c]|c = te|(c — {c}) provided d & c
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Although normal forms are not unique, we claim the following.

Lemma 4.9

If tey and te; are both normal forms of te, then hchan(te;) = hchan(tez).
Proof

Assume that hchan(te;) # hchan(tes), say ¢ € hchan(te;), but ¢ & hchan(tez).
If < (¢,0) >™ denotes a sequence of m communications, then by a straight-
forward proof with induction on the structure of te; and teg, it is shown
that Am.T¢E [kterl]y(so, < {¢,0) >™, 8) is, for all 4, s¢ and s, strict monotone
increasing, while Am.TE [keal]y(s0, < (¢,0) >™,s) is a constant function.
This contradicts the fact that te; and te; have been obtained by rewriting
the same trace expression te, so that te; = te = te;.

By reduction ad absurdum we conclude that hchan(te;) = hchan(tes).

O
Definition 4.10 (history channels of assertions)

For arbitrary assertions X we now define the set hchan(x) as hchan(Xn),
where Xn is some normal form of X. (The previous lemma guarantees that
this definition is unambiguous.)

a

In practice, one needs not to rewrite assertions into normal form to determine
their history channels. In fact it is sufficient to ensure, via rewriting using the
laws above, that there are no intervening renaming operations between any
projection operation and occurrences of h within the scope of that projection
operation. For provided that X satisfies this restriction, one can calculate
hchan(Xx) by means of the following table. ‘

FV () tvar(-) hehan(-)
h {h} 0 Chan

t {t} {t} 0

telc FV (te) tvar(te) hchan(te) N e,
teites | FV (telteg) tvar(tel, teg) hchan (tel, teg)
3t(x) | FV(x) — {t} tvar(x)—{t} | hchan(X)
teld/c] | FV (te) tvar(te) hchan(te)

The other cases follow as usual by induction on the structure of X. Note
that channelnames, occurring in X, but not used in references to kA do not
count for hchan(x). E.g. we have hchan(h|{c,d}) = {c,d}, but, on the
other hand, hchan(t|{c,d}) = 0.
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Note that channel renaming applied to some trace expression te does not
influence the history channels of the expression. An example might clarify
this. Consider the trace expressions te; & h|{c} and te; def (hl{c})[d/c].
Of course it is true that te; denotes a sequence consisting exclusively of ¢
communications and te; denotes a sequence of d communications. But if we
interpret the expressions for some computation (s, h, ), then in both cases,
the result is determined by the ¢ communications of the history (only). It
is this dependence on the communication history, rather than the channels
occurring in the final result of interpreting a trace expression te, that is
formalized by the set hchan(te). Indeed hchan(te;) = hchan(tez) = {c}.

Note also that te|{d} = tez, and so hchan(tez|{d}) must equal hchan(tez)
rather than hchan(tez) N {d}. This shows that the third clause of the table
is incorrect for assertions that do not satisfy the restriction.

We define the syntactic counterpart of the semantic assertion base, intro-
duced in chapter 3.

Definition 4.11 (Assertion bases)

For an assertion X the (syntactic) assertion base is defined as:

abase(x) & (hchan(X), var(x)).
()

Note that the assertion base abase(X) does not account for variables in
var®(X), that is, in general abase(Xx) # (hchan(Xx), var(?)(x)).

Finally we can state the main lemma of this section, about the independence
of assertions X from variables and trace projections not occurring {free) in
X. The corollaries of this lemma form the basis for proof rules for parallel
composition, channel hiding and variable hiding, as we shall introduce in
the next chapter. The lemma itself is used again in chapter 6, to show the
appropriateness of the characteristic assertion for sequential composition.

Lemma 4.12
Let X be some assertion with:

var(X) C {z}, var°(X) C {§°}, hchan(x) C ¢, gvar(Xx) C {g}.
Assume 7,4’ € T, 59, 80', 8,8 € State,,h, K’ € Trace are such that:

e 5o and sy’ agree on var®(X), that is, either sp = 8o’ = L or so(§) =

' -
8o (y) )
e s and &' agree on var(X), that is, either s = s' = L or s(&) = §'(z),
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e hlc = h'|c, and
* 7(9) =+'()-
Then T[x]v(s0,h,s) iff T[x]v'(s0', #', 8").

Proof First, rewrite all trace expressions within X into normal form. Then
each occurrence of h in X, is within a projection of the form h|c', where
¢ Ce. Clearly:

TE[Rle'|vh = hlc' = K'|¢' = TE[R|c']VH

Similarly, we have for any z,y°,¢g € FV(X) that:
Elz]v(s0s hys) = L = E[z]'(sd', ', 6"), if s=46' = L,
Efz]v(s0, b, 8) = s(z) = §'(z) = €£[z]¥'(so', 1, 8'), if 5,8’ # L
Ely°v(s0, hys) = L = €[y (so's 'y 6'), if 5o = 8o’ = L,
Efy° 1 (s0, hy ) = so(y) = so'(y) = € [y]v'(s0', 1', 8'), if s0,50" # L,
E[glv(s0, hy ) = 7(g) = 7'(9) = € [g]7'(s0', ', &').

From these equalities, it follows by a straightforward induction on the struc-
ture of expressions that all expressions , occurring in atomic formulae of X get
the same values for both cases. Since atomic assertions are either equalities
between expressions, or T or T° predicates, it follows that all such atomic
assertions within X have the same truthvalue for both cases. Consequently,
X itself must have the same truthvalue for both cases.

]

Corollary 4.13

Let abase(x) C B. Then, for any y €T, p € P(A):
p C [x]v iff p|B € [x].

Proof

Let 8 = (¢,{Z}) and take some arbitrary computation § = (sg,h,s) € p.
Then if s # L, we have that §|8 = (sq, hle, 80|Z : (%)), and else §|8 =
(30, Rle, L).

We apply the lemma, where we take so = s¢/, 8' = s¢|Z : s(Z), and h' = hlc.
Clearly, k|e = (h|c)|c and if s # L then (%) = (s0|Z : s(2))(Z).

Hence, by the lemma:

T [x)+(s0, A, 8) iff T[x]v(s0, k|c, s0|Z : 8(Z))
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That is:
6 € [x]v iff &lc|x € [x]r,
(as was to be shown).
0
Corollary 4.14

abase([x]v) C abase(x).
0

Proof

Let p = [x]yandlet 8 = abase(X). Since abase(p) is defined as the smallest
base /¥ such that p1 ' = p, it suffices to show that p18 = p.

p 1 B is defined as the largest p' such that ¢'|8 = p|B. Therefore, to prove
that this set actually equals p, we must show that

(a) p|B = p|B, which is trivial, and

(b) If p'|8 = p|B, then o' C p.
To prove that (b) is satisfied we apply corollary 4.13 twice:

1. Since clearly p C p, we see that p|# = p, where we use the given
conditions on abase(X) to apply the previous corollary.

2. Now assume that p'|8 = p|8. Then, from point 1, 2| C p. Again
using the previous corollary, we see that p' C p.

4.5 Validity and proper validity

In our semantic definition we have chosen for a uniform treatment of finished
and unfinished computations. The assertion language reflects this approach
by admitting assertions that express properties of both finished and unfin-
ished computations. This property of the assertion language is vital for two
of the proof systems that we formulate in the next chapter. The first of
these two, the so called SAT system, has been set up so as to mimic the ob-
servation semantics, and therefore it is only natural to deal explicitly with
bottom and top predicates in this case. The second system we have called
the Hoare system, since many of the proof rules resemble, or even are of
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identical form, as the rules of ”classical“* Hoare style systems for sequential
programs. Nevertheless it should be said that these nice looking rules have
been obtained at the price of a more complicated assertion language. There-
fore a third proof system is presented, the so called Invariant system, for a
new type of correctness formulae. This system differs from the Hoare sys-
tem in that finished and unfinished compuatations are treated separately, i.e.
in a non uniform fashion. As a consequence, assertions for the correctness
formulae of the Invariant system are simpler, since they express properties
of either finished computations or of communication histories. Formulae of
the Invariant system can be regarded as formulae of the Hoare system of
a special, standardized form. It is the task of this section to introduce the
concepts and notations that allow us to discuss the relationship between the
two systems. Besides this relationship there is the related problem how to
deal with the concepts of validity and universal closure of assertions in the
presence of bottom and top predicates. We distinguish between strict va-
lidity and proper validity of assertions. Informally speaking, strict validity
means “true for all possible computations”, and proper validity means “true
for all possible finished computations”. When no ambiguity arises we say
“valid” instead of the somewhat cumbersome “strictly valid” or “properly
valid”. In practice this means that valid stands for strictly valid except for
the Invariant system where it stands for properly valid.

Definition 4.15 (Validity of assertions )
e X is strictly valid if: VAV6 € A : T[x]é.

e An assertion X is properly valid if:
YV (s0,t,8) € Aysg # L,8# L : T[x]v(s0,t, 8).

0

For “classical” first order predicate logics, the validity of some assertion
X boils down to the truth of the universal closure of X. We would like
to introduce a generalized version of the universal closure operation, with
similar properties. To be precise, we want to define the universal closure
Y (X) as an assertion that is true if and only if X is properly valid. Similarly,
the strict universal closure ¥, (X) should be an assertion that is true if and
only if X is strictly valid.

In analogy with predicate logic, one first attempts to define ¥ (X) by means
of putting universal quantifiers in front of X, one for each free variable of
X. This however does not take care of the — state dependent — bottom
and top predicates. To state the problem more clearly: an assertion that
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is closed with respect to free variables does not denote a constant truth
value, since the truth value of bottom and top predicates still depends on
the comput~tion. Therefore, let us first state more precisely what is meant
by a “closed” assertion in this context.

Definition 4.16 (Closedness of assertions)

e Closedness of some assertion X with respect to assignable variables or
ghost variables is defined as usual for (many sorted) predicate logic.
Here we distinguish between Var closedness, meaning that var(x) = 0,
and Var® closedness, meaning that var®°(x) = 0,

e X is closed with respect to final states if it is Var closed and moreover
does not contain the 1 or T predicates. Analogously it is closed with
respect to initial states if it is Var® closed and does not contain the 1°
and T° predicates.

e An assertion is closed if does contain neither free variables nor any of
the L, 1°, T or T° predicates.

0

It will be clear that the universal closure operation that we try to define must
remove free variables as well as all bottom and top predicates. Whereas free
variables can be bound by means of universal quantifiers, we can get rid
of top and bottom predicates by means of operations called bottom sub-
stitution and top substitution. The idea is that any assertion X can be
rewritten into a (finite) conjunction of assertions obtained from X by such
substitutions. Essentially, a bottom substitution X[.l] is some assertion not
containing bottom or top predicates that is equivalent to X as far as nonfin-
ished computations are considered. Also, we define X[T] as an assertion not
containing bottom or top predicates that is equivalent to X for finished com-
putations. There are similar operations for removing the versions for initial
states of the bottom and top predicates. The assertion X[.L°] for instance is
an assertion not containing 1 ° or T° that is equivalent to X for computations
starting in a bottom state. Since there is only one such computation, viz.
the triple (L, &, 1), the operation includes also substitutions for the history
h and for atomic predicates referring to the final state.

Definition 4.17 (Bottom and top substitutions)

Let X be some assertion. The assertions: X[L],X[L°],X[T] and X[T°] are
obtained from X as follows:

e X[L] is obtained by replacing atomic subformulae containing Var names,
and occurrences of T, by false.
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e z[1°] is obtained by replacing atomic subformulae containing Var
and/or Var® names, and occurrences of T,T°, by false. Finally, ¢
is substituted for h.

e X[T] is obtained by replacing occurrences of T by true.

o X[T°] is similar, except that occurrences of T° instead of T are replaced
by true.

0

There is an accompanying lemma that states that the operations do have
the intended effect as explained above:

Lemma 4.18

Let (s, h,8) € A
(a) TIXLL (505 By ) i T [xIr(s0, By 1)
(b) If s # L then: T[X[T]]v(s0,h,s) iff T[x]v(s0,h,s)
() TIXIL]7(s0 by ) i Tl (Ly 6, 1)
(d) If s¢ # L then: T[x[T°]]v(s0,h,s) iff T[x]~v(s0,h,s)
(e) L°—(h =& A L) is strictly valid.

0

Proof

For cases (a)..(d) the proofs are by means of induction on the structure of
assertions, and are fairly straightforward. It suffices to check that, for the
right hand and left hand sides, all expressions obtain the same value, and
that the T and T° have the same truthvalue. For the T and T° predicates
this is immediately clear from the definitions. For expressions the equality
follows essentially from the strictness of our interpretation.

For example, consider case (a). An expression e either does not contain
Var names , in which case its value does not depend on the final state
component, or it does contain such names. In the last case, for the right
hand side the value of the Var names in e is 1, and by the strictness of all
operations, the value of e itself is also L. The atomic assertion containing e
is then interpreted as false. By the definition of Xx|.L], the atomic assertion
containing e is for the left hand side replaced by the assertion false, that is,
it has the same truthvalue.

Property (e) follows directly from the structure of the domain A. Note
that if we would have defined A as State; x Trace X State,, rather than
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as (State x Trace x State; ) U {(L,¢, L)}, property (e) would not have been
universally valid. Of course, it would have been a property satisfied by any
process, and so, (e) would have been present in the form of an extra axiom
within the proof systems of chapter 5.

O
At last we can define the universal closure operations:
Definition 4.19 (Universal closures)

o If var(x) = {Z} = {z1,+++, 2} and ¥ is a list, of the same length as Z,
of fresh logical variables, then the proper universal closure with respect
to final states is the assertion:

vz (x) ¥ va(x[T][o/2]),
e The strict universal closure with respect to final states is:
Viz (%) ¥ vz (x) A x[1]

e With similar notation the proper and strict version of universal closure
with respect to initial states are:

va° (x) & vo(x[T°|[#/2°)),
Viz® (x) % ¥e° (x) A X[L°]

e Universal closures with respect to the three types of ghost variables
are defined as usual for (many sorted) predicate logic. Note that there
is no need for bottom or top substitution in these cases. We denote
these closures by: Yv (X),¥n (x) and ¥t (X).

The universal closure with respect to all ghost variables together is
denoted by Yg (X).

e Finally, the proper and strict version of the universal closure of X are:
Y (x) % Yo Yn ¥t VR Yz V2® (X)
VL (%) & Yo VnVEVRY, 2V, 2° (X)
]

We remark that in the formula defining V, (X) the order of the quantifiers
is important: the quantification V| z° should occur only after the quantifiers
for h and z. The reason is that V, z° includes substitutions for A, T and Var
variables. For actual calculations and proofs a somewhat simpler formula
for V) (X) is offered in the lemma below.
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One might think that we should have introduced a new quantifier ranging
over Val; rather than Val. This however would not have allowed us to ex-
press the strict closure operations in a more direct way since for e.g. ¥, z (),
either all z denote the bottom value or none does, excluding intermediate sit-
uations. This is not expressed by means of a sequence of quantifiers ranging
over Val .

Lemma 4.20 (properties of universal closures)

(a) ¥z (x) and VY, z (X) are closed with respect to final states.
Forsg # 1:

T [¥z (X) | (50, b, 8) iff Vs € State : T[x]v(s0, b, s),
T [Viz (X) ] (s0, by 8) iff Vs € States : T[x]v(s0, A, 8)-
(b) ¥Yz°(x) and V,z° (x) are closed with respect to initial states, and:
T [¥z° (X))¥(s0, h, 8) iff V8o € State : T[x]v(s0, b, ),
TViz® (X)]v(s0, hy s) iff T[Y2® (X)]v(s0s k,8) and T{x]v(L,e,L).
(¢} Y(x) and V, (Xx) are closed assertions and moreover: |
X is properly valid iff Y (X) is true,
X is strictly valid iff V) (X) is true.
(d) V. (x) is equivalent to:
Vi (x) = Y00 AVIXLL A YIX(L])
O
The proofs are directly from the definitions and lemma 4.18.

Item (d) of the last lemma indicates that a proof of (strict) validity of some
assertion X in general splits into a threefold case analysis, where the cases
correspond to a bottom initial state, an unfinished computation and a fin-
ished computation. Such case analyses are less cumbersome if the assertion
is of the following form:

(L°=x1) A ((T°A L)—X2) A (T—Xs),
where none of X3, X3 or X3 contains bottom or top predicates, X; does not
refer to Var or Var® variables, and X2 does not refer to Var variables.
For the validity of X then boils down to the proper validity of X, X2 and X3.

We call assertions that do not contain bottom or top predicates proper asser-
tions. Since this type of assertions forms the basis for the Invariant system,
we introduce some notation. '.
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Definition 4.21 (Proper assertions)

The class of proper assertions is defined as:

(r €) Assn, &

{r € Assn | r does not contain the 1°, |, T° or the T predicate}
(ps g, 7 €)Assmy(£) & {p € Assn, | var(p) = 0}

Remark. We do not define Assny(Trace) as this class would coincide with

Assn(Trace).
]

The next lemma shows that any assertion can be factorized into three con-
juncts as indicated above. A similar factorization into disjuncts is also pro-
vided. An important special case is the factorization of assertions ¢ from
Assn(X) since this factorization forms the basis for the formulae of the In-
variant system.

Lemma 4.22 (Factorization of assertions)

Let X € Assn and p € Assn(X).
Let x1 = X[L°], X2 = X[T°][L], X3 = X[T], p=[T] and I = ¢|.L].

1. All of X1, X2, X3, p and I are proper assertions.

2. I is even closed with respect to initial and final states,
that is I € Assn(Trace).

3. The factorization into conjuncts is:
X <> (L°-x1) A ((T°A L)—x2) A (T—X3),
4. and the factorization into disjuncts is:
X <= (L°AX1) V ((T°AL)AX2) Vv (T AXs),
5. p <= (L—=I)A(T—p) (factorization in conjuncts)
6. ¢ < (LAI)V(T Ap) (factorization in disjuncts)
3
Proof
The proofs are all very similar. We give the proof of case 6, as an example.

Let (h,s) € X and v €T be arbitrary. Then:
(h,3) € [o]y iff
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s=1 and (h, L) €[]y or s # L and (h,s) € [p]y

iff

(h,s) € [L]~ and (h,s) € [e[L]]7 or (h,s) € [T]y and (h,s) € [¢[T]]¥
iff

(hys) € [(L Ap[L]) V(T Ae[TD],
as was to be shown.
(]

Assertions of the form T—p, L—p, T Ap and L A o, where p € Assn(X)
shall play an important role. We list some useful properties of these. As
before, let p = ¢[T] and I = p[1]

1. (T—e)[l] <= true (anti-strictness w.r.t. 1)
(T A@)[L] <> false (strictness w.r.t. 1)
(L—¢)[T] <= true (T-strictness)
(LA@)[T] <= false (T-antistrictness.)

2. T—rp > T—p
TAp <= TAp
L &= |1
IAp <= LAIT

3. (T—p)—(T—q) <= T—(p—q)
(Top)A(T—q) <= T—(pAg)
(T—p) v (T—q) <= T—(pVvyg)
~(T=p) > T
N.B. =(T—p) <= To-p

4. Viz [T—p] < Vz|p]
iz [T—p] < Jz[p|

5. T—p is strictly valid iff p is properly valid.

4.6 Mixed terms

As already motivated in chapter 3, we have set up our definitions of the
semantics of processes and assertions such that a formula of the form § C x
can be used to express that some process S satisfies certain safety proper-
ties, viz. those formalized by the assertion X. More specificly, we have taken
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care that although processes and assertions belong to different syntactical
categories, both denote sets of computations. Therefore a formula § C x
makes sense since it can be interpreted as Obs[S]n C [x]y. Notwithstand-
ing these facts we shall introduce yet another syntactic category, viz. that of
mized terms, that incorporates both processes and assertions, and moreover
is closed under the TNP operations, such as for instance sequential or par-
allel composition. One reason for doing this is that it allows a more uniform
treatment of several definitions and proofs, especially when we come to the
completeness results of chapter 6. For instance, we need counterparts of the
TNP operations for combining assertions anyhow. Now we prove in chap-
ter 6 that one can always represent assertions containing these counterparts
within the already given assertion language Assn i.e., without such TNP
operations. Although this shows that it is inessential to have these TNP
operations for assertions, it is conceptually much clearer to allow them nev-
ertheless. A similar reason for introducing mixed terms is that in chapter
6, we seek for each closed process S a corresponding characteristic assertion
Xs, such that not only S C Xg holds, but even § = X is the cage. It turns
out that no such assertion does exist. However, we can find an assertion
A(S) such that S = A(S)|base(S), where “|” denotes the projection oper-
ator. Although the term A(S)|base(S) is not an assertion, it ¢s one of our
mixed terms.

Whereas we have indicated certain technical reasons for introducing mixed
terms, there is also the advantage that certain methodologies for program
development can be studied in an elegant way. For instance, if some process
S is to be constructed from a given specification X then according to one
strategy we want to transform X gredually into S. Here mixed terms arise
in the intermediate stages of the development of S.

Finally we remark that the idea of mixed terms was much inspired by [O],
who considers mixed terms for the language TCSP. Olderog names Dijkstra
[Dij] and Wirth [Wi] as the inventors of the original idea of mixing programs
with specifications. Also, Back [Ba| and Hehner [He| are referred to as the
first ones who formalized this idea for sequential and concurrent programs,
respectively.

Definition 4.23 (Syntax of mixed terms)

For any set A of atomic terms, with typical elements a, we define TNP(A)
as follows.

m € TNP(4)
mu=a | Z | Xg | mi\c | mi\x | myldfc) | Kern(mi) |
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my;mg | mpormy | my s me |
Xg=miinmg | pXpgm | p.Xgmy
0
The classes of atomic terms that we are interested in are the following:
Definition 4.24 (Syntax of atomic processes and of predicative terms)
* a€ Mftom
ax=skip | abort | z:=e | b | caz:b

¢ For assertions X € Assn and bases 8 € Base the class of predicative
terms Pred is:

7 € Pred
xu=X|#  (the vertical bar denoting projection )
If B is finite, then we call the specification finstely based.

e We abbreviate TNP{AomU Pred) as Mized and call its elements mized
terms. If all predicative terms of some mixed term are finitely based
we call the mixed term itself finitely based. {Atomic processes o are
always finitely based).

g

We identify the assertion X with the mixed term Xx|(Chan, Var). That is,
we regard Assn as a subset of Mized. In the same way, TINP processes
are included, but here we must be carefull. For assertions are mixed terms
and the assertion false is interpreted as an empty set of computations. This
indicates that the appropriate domain of interpretation for mixed terms is
the complete set P(A) rather than for instance the set of all non empty sets
of computations. As discussed extensively in chapter 3 we run into troubles
with the recursion construct for this domain, since the least solution for
#Xp.Xp is the empty set. There we also argued that this is not appropriate
for the recursion construct in TINP. Therefore, our language of mixed terms
includes two recursion constructs:

e pXg.my, interpreted as the least solution of the equation X3 = m1(Xjp),
e p,Xg.my, interpreted as uXg.(m; or Z).

We identify the TNP term p,Pg.Sp with the mixed term p,Pg.So. If we
compare our approach with the mixed terms as studied in [O], we see that
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a slightly different solution has been adopted for the problem. In our ter-
minology we can rephrase it as follows: An assertion X is interpreted as
equivalent to X or Z. To be precise, Olderog [O] deals with traces only, not
with state transformers, and so the set Z does not occur within his theory.
However, the set {¢} plays the same role in [O] as our set Z, and it is actually
this singleton set that is always included in the traceset denoted by some
predicate. Consequently, the domain of interpretation can be restricted to
non empty (trace) sets, and on this restricted domain the difference between
recursion constructs in the style as for our mixed terms vanishes. The dis-
advantage of this approach is the unnatural interpretation of specifications.
For instance, the fact that “false” and “h = &” are equivalent assertions is
somewhat surprising, and so although one would expect that no process sat-
isfies the specification false, any non communicating and non terminating
process does.

We prefer to include Z only for recursive processes, where it is justified on
the basis of the intuitive operational semantics.

There is a second difference between TINP processes and mixed terms in
that the former always denote prefiz closed sets, whereas the set denoted by
assertions, and so mixed terms, need not prefix closed. A typical example is
the assertion

X (h=eVh=<(c,0)(c,0)>).

For this reason we introduced the kernel operation into our language. It is
assured that Kern(m) is prefix closed since the kernel operation transforms
the set denoted by m into the largest prefix closed set contained within this
set. The kernel operation plays an important role when it comes to the
question of modular completeness. The idea is that if Xg is regarded as a
“black box” process that is to be replaced by some actual implementation,
then we already know that this implementation will denote a prefix closed
set. This is similar to the information provided by the base 8 of the black
box: any legal implementation has a base that is included in 8. Now to be
able to use this implicit knowledge in a formal proof one needs proof rules
to do so. One of these is the invariance aziom that expresses the invariance
of all channels and assignable variables outside 8. The fact that Xz denotes
a process rather than some arbitrary mixed term can be expresssed by the
equality Xg = Kern(Xg). If it has been specified that Xy satisfies some
assertion X, then this equality can be used, within a formal proof that is, to
infer that X actually satisfies Kern(X).

Example If X4 satisfies the assertion
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x (h=¢eVh=<(c0)(c,0)>),

and Xg = Kern(Xg), then it can be proven that Xz satisfies the assertion
(h = €). The so called substitutivity rule that enables the proof of this fact
is introduced in section 4.14.

O

The definition of the semantics of mixed terms is almost the same as for
TNP processes. In section 3.8 we defined the function:

Obs : TNP — [H—P(A)).

We extend this to a function defined for mixed terms. Unlike TNP processes,
mixed terms can contain free logical variables. Consequently we define our
new version of Obs with an extra argument ~ that determines the meaning
of such variables. So the new version has the following functionality:

Obs : Mized— (I' — [H—P(A)]).
The semantic functions M and M! are adapted in the same way.
For atomic processes o we define:

Obs[e]yn = Obs[e]n.

Here the function Obs on the right hand side is the one defined for TNP
processes, and the the function on the left hand side is the “new” one.

For predicative terms |8, we derive their semantics from the semantics for
assertions.

Obs[x|Blvn = ([x])I8.

The semantics of operations is the same as for TINP, except for the new
recursion construct:

Definition 4.25 (Semantics of TNP(A4))
Obs[ Xg]yn = n(Xps)
Obs[my\x]yn = (Obs[my]yn)\x
Obs[mi\c]yn = (Obs[mi]yn)\e
Obs[my{d/c)]vn = (Obs[my]vyn)[d/¢]
Obs[my ;mz]yn = Obs[mi]yn & Obs[mz]yn
Obs[my or ma]lyn = Obs[my]yn U Obs[ma]yn
Obs[my g1 || 82 mz]yn = Obs[mi]yn g1 || 82 Obs[mz]yn
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Obs[uXg.mi]yn = p()\p,s-obb‘ﬂmlﬂ’m [Pﬁ/Xﬁ])
Obs[ X5 = myin mg]yn = Obs[ma](7)(n[Obs[m1]yn/Xs])
[

The semantics of the u, recursion construct is defined via the abbreviation
defined above.

It is seen that for TINP processes, viewed as mixed term, we have essentially
the same semantics, that is:

Obs[S]yn = Obs[S]n,

where again the right hand side function is the semantic function for TNP,
and the left hand side function is the semantic function for mixed terms.

4.7 Correctness formulae

The overall goal of chapter 4 is the introduction of formulae that are used
to specify processes. These are called “correctness formulae”, or simply
“formulae”.

Definition 4.26 (Syntax of formulae)

Let X € Assn,p, ¥ € Assn(X), m,my, my € Mized and let g denote a ghost
variable.

(f €)Form — Formulae or correctness formulae.

fe=x | miCm | (p)m(¥) | Ve(f) |

Hvfa | infa | fi—=fr | YXa(f)
O

We are mainly interested in those my C ms formulae where the second
mixed term is an predicative term X. We use the notation m; sat X for such
formulae, and call them “SAT formulae”. The SAT system of chapter 5 is

in fact an axiomatization of SAT formulae.

Similarly, (¢) m (¢) is called a “Hoare triple”, and the Hoare system of
chapter 5 forms the corresponding axiomatization.

The Invariant system of chapter 5 is based on formulae that can be seen
as Hoare formulae with a special, standardized, form. This is explained in
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section 4.8, and so we do not pay special attention to Invariant formulae
anymore in this section.

We freely use other logical connectives than the ones listed in the definition.
As is custom, these are formally treated as abbreviations. Also we use
my = mgy as an abbreviation for m; C ma2 Amg C my.

The free logical variables, called ghost variables, and the free process vari-
ables of a formula are defined as follows:

gvar(f) pvar(f)
X gvar(f) ]
my C my | gvar(my, my) | pvar(my, mg)
(p)m(¥) | gvar(p, ¢, m) | pvar(m)

Yg(f) | gvar(f) - {g} | pvar(f)

fivfa |gvar(fi,fa) | pvar(fi, fa)
finfz | gvar(fi, fa) | pvar(fi, f2)

fl - f2 g”af(flx f2) pvar(fl, f2)
VXp(f) | gvar(f) pvar(f) — {X5s}

Correctness formulae do never contain free the variable h denoting the com-
munication history, neither do they contain free assignable variables. The
(implicit) binding of the assignable variables and the history A is not that
surprising, as this is also the case for conventional Hoare logic. But the
fact that ghost variables are not implicitly bound needs some explanation,
especially since in [ZRE] we did rely on such an implicit quantification.

Examine the following proof outline.

{z=1v}

zi=z-1;
{z=v-1}
Xp

{z=v—-1Ay=(v-1)1}
z:=z+1l;y:=y-2
{z=vAy=1vl}

If we consider a formulae such as {z = v} z:=2—-1 {z = v — 1} as
a specification on its own, then clearly the intention is that the formula
should be true for any value of v, which suggests that we interpret such a

formula as follows:
‘v’v({xzv}x::z—l{xzv—l}).
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Indeed such an universal quantification is introduced, implicitly, when we say
that the formula {z = v} = := z — 1 {x = v — 1} is valid, which informally
means that the formula is true for all environments. (The notion of validity
is defined in section 4.10). However, the proof outline above is intuitively
understood as:

“From:

{z=v}zi=2—-1{z=v-1},
{z=v-1}Xg{z=v—-1Ay=(v-1)!} and
{z=v-1Ay=(v-1)}z=z+1l;y:=y-z{z=vAy=10vl}
it follows that:
{z=viz:=z-1Xgiz:=z+Liy:=y-z{z=vAy=0vl}"
rather than:

“From:

Vv({x:v}z:zznl{x=v41}),
Vo({z=v-1}Xg{z=v-1Ay=(v=-1)}) and
Vv({x:v—-lAy:(u—l)!}x:=a:+1; y:=y-z{x=v/\y=v!})
it follows that:
Vv({:z::v}:c:::a——I;Xg;xzz3:+1;y:=y-x{z=v!\y=v!}).”

We do not claim that the latter proof is invalid; only that it cannot be seen
as an accurate formalization of intuitive reasoning. For intuitively, as soon
as we consider the proof as a whole, all occurrences of the “v” in the outline
above are meant to denote one and the same logical value, throughout the
whole proof outline.

Note that this is not the case for assignable variables: occurrences of z in
different assertions also denote different values.

We decided that no implicit quantification for ghost variables should be used
for the interpretation of correctness formulae, but that rather the formula
language must provide the means to write such quantifications explicitly. As
a result, many definitions and proofs became more natural. For example,
when implicit quantification over ghost variables is used, the soundness proof
of the Hoare rule for sequential composition reveals that implicit applications
of the logical rules for removal and introduction of universal quantifiers are
hidden in the Hoare rule. Such complications are not present in our ap-
proach.
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Since the only free variables of correctness formulae are process variables
and ghost variables, it is natural that the semantics can be given as follows:

Definition 4.27 (Semantics of formulae)

Let H denote the domain of process environments, as defined in chapter 3.
Then the semantic function

T : Form—(H—(T—-T))

is defined as follows:
Tlx]yn iff forall 6§ € A: T[x]vé
T [m1 € ma]yn iff Obs[m;]yn C Obs[ma]yn
Tl(e)m($)lyn iff M [m]yn([eley) € [¥]zy
TSV folyn i T{filyn or T(f2]vn
T[fr A fo]n i T[fi]yn and T[f2]yn
T fi—folyn i T[f1]yn implies T[f2]vn
T[VXp(f)]yn iff for all pg € P(Ag) : T[f1(nles/Xsl)y
T[¥g(£)]n iff T[f1(v[v/g])n
for all values v of the domain of interpretation for g.

]

4.8 Substitution in correctness formulae

For f € Form, €& € Pvar and m € TNP, the substitution f[m/£] is defined
provided that base(m) C base(£). It is defined as usual for predicate logics,
except for the following: TINP terms can contain bindings of £ in the form
of a recursion or process naming construct. Therefore, the following cases
deserve special attention: |

(a) (n€-m)[m/€] = p€.m
(b) (ps.my)[m/€] = pg.(my[m/€]), provided that ¢ & pvar(m)
(c) (§=my inmg)[m/€] = (£ = my in my)

(d) (¢ =my inmy)[m/€] = (s = ma[m/£] in my[m/¢]),
provided that ¢ & pvar(m)

(e) VE(S)m/€] = VE(S)
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(f) Ve(f)Im/€] = Ye(f[m/€]),
provided ¢ & pvar(f).

(g8) K, in case (b),(d) or (f), ¢ € pvar(m), then the substitution is applied
after renaming ¢ into 0, for some fresh 8, as is usual for such “name
clashes”.

Lemma 4.28

T[fm/€&]vn = TLFI(v)(n[Obs[m]yn/€])
Proof

The proof is by means of induction on the structure of correctness formulae,
and mixed terms. It is very much like similar proofs of substitution lemmata,
for instance as in [Bak]. Therefore, we omit the details here.

O

4.9 Predicate transformers

We define a weakest precondition and a strongest postcondition operator.
It is custom to define the weakest precondition and strongest postcondition
of some assertion with respect to some program. However, we define these
conditions with respect to some assertion X € Assn. This means that we
treat assertions from Assn as predicate transformers, where in this context
a “predicate” is to be understood as an assertion from Assn(X), i.e. a
predicate denotes a set of generalized states. The weakest precondition and
strongest postcondition are used to transform SAT specifications into Hoare
specifications. The transformation of Hoare formulae into SAT specifications
is possible too, by means of the so called “leads to” operator “~»”,

Apart from the three operators mentioned above, we take the opportunity to
introduce a few abbreviations and some more operations on assertions. One
of these is the (sequential) composition operator “5.” This operator forms
the basis for the sequential composition rule of the SAT system. A reason
for introducing it here is that there is a close relationship with the strongest
postcondition operator.

The other operations that we define correspond to the closure operations,
introduced in chapter 3. Especially the kernel operation is of interest. We
remark that in [Widom] the kernel closure is handled by adding extra tem-
poral logic operators to the assertion language. Within our approach this is
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not necessary, for the kernel closure of the set denoted by some assertion X
is denotable by some assertion Kern(x) that is obtained from X as described
in this section.

The following operations are defined. Let X, X1, X2 € Assn, @, € Assn(X).
X156X2 (€ Assn) composition of Xy, Xa.
p <4 X (€ Assn(X)) strongest postcondition for ¢ with respect to X.
X b ¢ (€ Assn(XT)) weakest precondition for ¢ with respect to X.
@~ tp (€ Assn) characteristic formula determined by ¢, ¢.
1e, 1x, 1p, Ze, Z.
Pref(x) prefix closure of X.
Kern(x) Kernel of x.
Kern(to, 1) Kernel of ¢ with respect to initial trace .

Close(x) Closure of X. (Not to be confused with the universal closure
operations introduced above.)

First we define the semantic operations corresponding to weakest precondi-
tions, strongest postconditions and the leads to operator.

Definition 4.29 (Let p, p1,p2 € P(A), x,71, 72 € P(Z).)
rdp=
{(h, s)eX | Iy, ta, 8 (h =t3t3 A (t1,81) € 7 A(81,12,8) € p)}
pbr=
{(h, s)€X | Vi, 8 ((s,t;,sl) € p = (ht1,8) € :r)}
Ty~ Mg =
{(s0,h,8) € A | Vto((to, 50) € 71 => (toh,s) € m2) }
0

Definition 4.30 (Let X, X1, Xz € Assn, p, ¢ € Assn(Z).)
[x18 x2]v & [xaly 6 [xelv
[ <t x]y & [l < [XIy
def

[x > ¢lv =[xy &[4y
[e ~ ¢17 & [ely ~ [¥]v
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[Zely & Ze & {(so,h, L) €A | hlc=¢}

[z]v & 2

[1c]y £ {(s0,h,8) €A | hle=¢}

[y & {(s0, b, L), (50, h,8) | s0(2) = 5(2)}
[Lex ]y dz'if.l[lc]h N [ ]y

[Pref () 1y & Pref(Ix])
[Kern(x)]y & Kern([x]v)

[Close(x)]y & Z U Pres ([x])
0

Lemma 4.31 The constructs defined above can be expressed within our
assertion language, as follows:

e Z. is expressed by hle =eA L
Z is expressed by h=¢ A L
1. is expressed by hlc =¢
1y is expressed by T — Z = z°, where {Z} =x
1(cx) is expressed by 1c A 1x = (hle = e A (T — = 2°))

e Pref(X) is expressed as follows.

Let Z be a list containing all z in var(X), and let & be a list of fresh
logical variables of the same length. Let ¢ = hchan(X), and let ¢ be a
fresh logical trace variable. Then Pref(X) is expressed by:

xv 3t(hle < tle A LA (X[LI[t/H] v 35(x[5/2, t/h]))).
e Kern(X) is expressed by:
X AVi(tle < hle - X[L][t/A)),
where ¢ = hchan(x) and where t is a fresh logical trace variable.
o (lose(X) is expressed by:
ZV Pref(x) and by Pref(Z Vv X)
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o Let Z € Var® be a list containing all z € Var such that z € var(x,)
or z° € var®(Xz), and let ¥ € Lvar*® be a list of fresh logical variables
of the same length. Let t;,¢2 be fresh logical trace variables, and let ¢
denote hchan(X1, X2).

Then X3 S X2 is expressed by:
[CalllaxslL)aL) v

T° A3t 3530 (hle = (tata) e A xa[Tlts/B, /2] A Xa[Tol[5/2°, ta/]) |
o Strongest postcondition.

Let Z € Var* be a list containing all z € Var such that = € var(p) or
z° € var°(X), and let ¥ € Lvar* be a list of fresh logical variables of
the same length. Let t;,¢; be fresh logical trace variables, and let ¢
denote hchan(yp, X).

Then ¢ < X is expressed by:
[(tp[_l.] AX[L]AL) Vv

313,30 (le = (tita)le A ©[Tlts/h, 5/2] AX[T][5/2°, t2/H)) |-
o Weakest precondition.
X b 4 is expressed by:
(LA GL]—wlL]) v
(T A (VeaYoa (X T]fta/ Bl —plhts /) 2/2°]),

where Z contains all z € Var such that z € var(X, ¢) or z° € var®(x),
and where 1; is fresh. '

e Leads to operator.

Let Z contain all z such that z € var(p) or z° € var®(yp), and let
to € Tvar be fresh.
@ ~+ 1) is expressed by:

Vo (plto/h, 2°/2,T°/T] - ¥ltoh/h]).

For the Hoare and Invariant systems we need an operation closely related to
the kernel operation:
Definition 4.32 (Kernel for Assn(X))

For ¢ € Assn(X) and logical trace variable to we define Kern(to, ). Then:
Let ¢ = hchan(¥).
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Kern(to, %) % ¥ A Vi(to|e < tle < hle — $[L][t/A]).
0

Proof of the lemma.

We consider only a few interesting cases.

o Kernel

We prove semantic equality between Kern(X) and the representing assertion
defined in the lemma.

[Kern(x)]v = Kern([x]y) =

{6ea | V¥C6:8e]x]y} =

{(s0,h,8) € [x]y | YR'(K <h—(s0,k,1)€[x]")} =

{(s0,hys) € [x]y | VA'(A'|c < hle — (s0,h', 1) € [x]7)} =

{(s0,h,8) € [X]y | VA'(R'|e < hle — (s0, b, 8) € [x[L][t/A]](v[F'/2]))} =
{(s0,h,8) € [x]y | VR'((s0,h,5) € [t|e < hle — x[L][t/A]}(v[R'/t]))} =
[x AVi(tle < hle — x[L][t/h])]r-

e Composition

[X18x2]y =

{(s0,h,8) € A | Thy,ha, 8, such that h = hihy A

(80, k1, 81) € [Xaly A (51, k2, 8) € [Xa2]v} =

{(s0,h,8) €A | s=LA(s0,h,L)e[xa]lyAr(L,e L)€ [x2]v} U
{(s0sh,8) € A | Thy,hy, 81, such that h=hihy Asg# LAs # LA
(80 k1, 81) € [X1]7 A (81, B2, 8) € [X2]7}-

Using lemma 4.17 one sees that the first set of this union equals:
DxalL] A xz[L°] A L.

In the treatment of the second set of the union above, we rely on lemmata
4.11 and 4.17. Assume that (sg,h,s) is some arbitrary A element. The
following equivalences hold:

8g # ... A 3hy, hy, 81 # 1, such that
h = hihy A (s0, h1,81) € [X1]7 A (81, B2, 8) € [X2]y
iff
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so # L A dhy, hs, @, 8 # L, such that
hle = (hiha)le A s1(Z) = @ A (80, h1,81) € [X1]y A (81, k2, 8) € [X2]y
iff
8o # L A 3hy, he, W, such that hlc = (hiha)lc A
(50, h, 8) € [xa[Tl[ta/h, B/Z[]Y' A (50, b, 8) € [Xa[T°1[5/2°, t2/ R ],
where 7' % ~[h1/t1, ha/tz, ®/7)
iff
(s0,h,8) €
[T° A 3ty,t2, v (Rle = (8122)|e A X1[T][t1/h, /2] A X2[T°|[8/2°, t2/A]) |-

Altogether we showed that the the two sets of the union above are expressed
by the two disjuncts of the assertion X;6X3.

» Strongest postcondition

Note that the semantic definition of ¢ <1 X is almost the same as for ©éX,
except that the interpretation of the former is by means of a set of trace
state pairs rather than as a set of computations. Here we used the fact that
¥, although an element of Assn(Z), is also an element of Assn, that does
not actually refer to the initial state. Thus one sees that:

(h,s) € [ < x]v iff Isg # L such that (sg, h, s) € [dX]y.

This explains the formula representing ¢ < X: It equals 3z°(p3X). Since
var®(pdx) = @, this boils down to (edx)[T°].

o Weakest precondition

[x > ¢l =

{(h,5) | Vh1,81((s,h1,81) € [x]7 = (hhs, 1) € [$])} =
{(h,s) | s=LA(LL)ex]y=(hL)e[¥]v} U

{(hys) | # LAVhy,e1((s,h1,81) € [X}y = (hhy,s1) € [$])}-
Clearly the first set of this union equals:

[L A (XL L) ]

We show that the second set equals

[T AYEVLa(X[T°][t1/h]—¢[ht1/R]))[Z/2°]]v.

Let
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(x) = Ver¥ 2T fta/ K] lhts /) [2/2°)
From the definition of strict universal closure it follows that this is the for-
mula:

Ve (X[T°][L1[t1/A][2/2°] =¥ [ L][ht1/A]) A
Ve Yo(X[T°][T]lte/H][5/3][2/2°| >[Ikt / A5/ ).
In the following sequence of equivalences we rely on the fact that, although

X € Assn, it is the case that for instance X[T°|[T][t1/A][6/%][Z/Z°] is an
element of Assn(X).

(h,8) € [T A (]y
iff

s# LA

[Vhy ((, s) € [X[T°][LI[ts/Rllz/2°] ) (IR /ta])

= (h,s) € [[L][hts/R)](v[R1/t2]))] A

[vhav2((h, 5) € DT ITo/ 2t/ M2/ 21 el /11, 9/3)
= (h,s) € [¥[T][5/3][ts/M}(2[hs/ts, /)]

iff

s# LA

vha((s,h1, 1) € [x]y = (hhy, 1) € [9]r) A
VhVsy # L((s,h1,81) € [X]y = (hhy,s1) € [¥hy)

iff

s # L AVYhiVs ((s, hi,81) € [x]y = (hh1,81) € [[1/)]]'1)
This was to be shown.

o leads to operator

[p ~ ¢ly = [elv~ 4]y =

{(s0,hy8) | Vho((ho,50) € [0]7 =

(hoh,s) € [¢]v)} =

{(s0,h8) | Vho((s0,h,5) € [plto/h,2°/2, T°/TI}(vlho/ta]) = (s0,h,5) €
[$ltoh/h]1(7[ho/ta]))} =
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[Veo(elto/h, 2° /2, T°/T] — $ltoh/A])] 7
This last set equals the interpretation of the assertion expressing @ ~» ¢.
O

The operators defined above enjoy a number of simple properties. We list
some of these properties.

Lemma 4.33 Properties of semantic predicate transformers
Let 7 € A(Z),p€ P(A),n; € P(E) forie I, and p; € P(A) fori € I.
(i) p > 7 is antimonotone in p, monotone in .

(ii) = < p is monotone in both x and p.

(iii) (Uipi) b =0y(p; > 7)

(iv) (rups) > 7 2 Ui(ps b 7)

(v) 2 > (Uim) 2 Uilp b )

(vi) p & (Nim) =Ni(p b =})

(vii) 7 < (Uips) = Ui(7 < p5)

(viii) 7 < (Nsps) C N7 < ;)

(ix) (Uim;) <t p = Ui < p)

(x) (nim) < p € Ny(m; < p)

(xi) x Cp > (x<p)

(xii) (ppr)dpCr

(xiil) (v < p1) < pz C 7 < (p16p2)

(]

The proof of these properties is straightforward from the definitions. To
each of the properties above there is a corresponding property for a syntactic
operator, that follows immediately from the lemma above. We list some of
the more useful of those properties.

Lemma 4.34 Properties of syntactic predicate transformers
The following implications and equivalences are (strictly) valid:
(1) x > ($1Vea) « (X > Y1)V (X > o)

(i) x b (1A ) & (X B 1) A(X B> )
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(iif) (p1V @2} AX o (1 AX) V(3 < X)
(Iv) (p1 A p2) <X = (1 AX) A2 < X)
(v) e=x b (pax)

(Vi) (xpyY)ax— 9

(vii) (p < Xx1) < X2 = ¢ < (X15X2)

(viil) p <4 (X1 V X2) &= (<4 X1) V (p < X2)
.

4.10 Natural deduction and correctness formulae

Our goal in the next chapter will be the design of formal proof systems for
correctness formulae. The systems are in natural deduction style. Hence, we
must define a satisfaction relation for formulae, and a notion of soundness
of proof rules, that suits natural deduction.

Definition 4.35 (Satisfaction relation)

Let F = {fg,*-, fn—-1} be a finite set of formulae.
Then we define:

e Fl=f iff VneHNyel.( A Tlfilwm= TIflm).
fieF
o We define validity of a formulae f as a special case of this:

Ef f Vne HVyeT.(T[f]).
O

For a natural deduction system, as opposed to a Hilbert style proof system,
provability of formulae has the form of a relation: F I~ f. (Read: f is provable
from the set of hypotheses F)

A formal proof system then, is an inductive definition of the I relation, by
means of a number of clauses of the form: “If Fo - fo, -« Fn—1 F fn—1, then
also F, - f,”. This is usually put into the form of a proof rule:

Fol fo, -3 Fa1t fna
Fobfn
An aziom is a rule for which n = 0; it is denoted as Fg |- fo.

If we can infer F I f by application of proof rules, we say that F I f is
deducible or also that f is provable under the hypotheses F.

A rule is called sound iff
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(AERES)=Fak fu

i<n .
Clearly, when all (axioms and) rules are sound, the proof system is sound,
ie: '

Frf=>FEf
Most of our proofrules turn out to be axioms, that is, they are of the form:

{fﬂs ey fn—l} + fn
This is also written as a rule of the form:
foy*++s fa1
fn

For this latter type of rule, the soundness condition amounts to the following:

Vn € HVy € I‘-(/\ Tlfilyn = Tﬂfn]*m)-
i<n
We will design several proof systems in the next chapter. They differ only
as far as the nonlogical rules are concerned. Therefore, we summarize the
logical rules here. Essentially, these rules have been taken from [v. Dalen]

4.11 Logical rules

(i) F+f iffeF  (reflexivity)
F+ fla-"9F - fn—l ) {fls“"fn—l} - fn

(i) FFJ (transitivity)
(iii) ;l}—_)} provided F C F' {weakening)
(iv) % (A-introduction)
1
(v) fl—fA.fz (1=1,2) (A-elimination)
(vi) 7 {; 7 (+=1,2) (v-introduction)
1V fa
iy LSS FUlR VA FEAVE () imination)

FFf

(vm] Fu{fl} f‘fz

—-introduction
Ft fi—fo ( )
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(ix) h inh (—-elimination)

f2
Frf . . .
(x) Frvel) provided £ ¢ pvar(F) (V-introduction)
Frf . . .
Frve() provided g & gvar(F)  (V-introduction)
(xi) ;[i}g] (V-elimination)
(It is understood here that base(m) C base(£), since otherwise the
substitution for the process variable £ is not even defined.)
Eig;;] (V-elimination),
where ge is an expression of the same type as the logical variable g.
O

The soundness of most of these rules is obvious, We give a proof for three
cases:

¢ Rule (viii). This is the analogue of the “deduction theorem” for Hilbert
style systems, however, without the restrictions associated with this
theorem.

We must show, for arbitrary F def {f4s++, fL_1}; that:

Fu{fi}Efa=> FE fi=f,

that is:
Vyn(( A TLA T A TlAlvm) = Tlflm) =
<n
V(A TUfilm = (Tl = Tlhlm).
i<n
This is obvious.

e Rule (x) Take some arbitrary F def {fb+++, fi_1} such that & & pvar(f})
for i < n. Assume that F = f, that is:

Van( A T1f T = T1flm).
i<n
This implies:

VynVpg € P(Ap)( A T1STmles/€l = T 11 1nles/€))-

i<n
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[

Since £ & pvar(f!),
Tl nles/ €l = TlfilAn, fori<n.

So we get:
Yan(\ T1filvn = Vog € P(8p) : T1f1vnlos/£])-
That is:Kn
Yro( A T = TIVE( ).
So we c;::lude that F k= VE(f), as was to be shown.

The corres?onding rule for the introduction of universal Qua.ntiﬁers for
logical variables is proven sound in a completely smular way, except
that the role of 4 and # is interchanged.

Rule (xi) For this, substitution lemma 4.28 is needed:
T[fIm/&llnm = TLF1(v) (n[Cbs[m]yn/£])-
We show:

Vyn(TVE()vn = TLf[m/E]lm).
So take some arbitrary n € H.

T[VE(f) Jyn means: ¥pg € P(Ag) : T[f](nles/€]), where B =
base(€).
Since base(m) C B, we have Obs[m]yn € P(Ag). Hence, instantiating

pp as Obs[m]yn, we see that T [f](v)(n[Obs[m]vyn/£]) holds. By the
lemma, this implies T[f[m/&]]yn.

Again, the corresponding rule for logical variables is proven in a similar
way.

We give an example, explaining how one can change the name of a bound
variable. Let Vg(f) be some given formula, and let ¢’ be a ghost variable, of
the same type as g, that does not occur free in f. We show that H I Vg'(f)
is deducible from H - Yg(f), even when g’ does occur free in some of the
hypotheses H.

Note that the V-elimination rule is in fact the following aziom:

Ya(f) F flge/gl-
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If we choose g' for ge we have the following instance:

Ya(f) F flg'/gl-

Since g’ does not occur free in Vg{(f), we can apply the V-introduction rule,
and obtain:

Yg(f) FYg'(flg'/g])-

Now if H |- Vg(f) has been given, then clearly one can combine this with
the above, using the transitivity rule. This yields the desired result:

H+VYg'(flg'/9])-

Note that the deduction above is valid even when g' does occur free in H.

4.12 Axioms and rules for (in-) equalities.

mCm (reflexivity)

m; Cmy, my Cmg

transitivit
m; C mg3 ( y)
Remark
miCm, mCm .
1="2, 72="1 (antisymmetry)
m; = my

is a derived rule, since m; = mg abbreviates m; C mp Amg C my; this latter
formula is derivable by means of the A-introduction rule.
O

my = my, f[m1/Py|
fma/ Pg]
(m; and my must be substitutable for Pg).

(substitutivity)

To be able to give corresponding rules for C, we must introduce the notion
of positive and negative occurrences of some process variable Pg. To this
end, we define, for f € Form, the sets f* and f~ as follows:

Definition 4.36 (Positive and negative occurrences)
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f ft /-
X ) )
my C my | pvar(mg) | pvar(my)
m sat X 1} pvar(m)
()m(¥) 9 pvar(m)
Hnfe | ifURY | AU S
AV | Atufe™ | ATV
fimfe | ifufet | ATUAT
VPs(f) | ft—{Ps} | f - {Ps}
vg(f) f* /-

We call f monotone in Py if Ps & f~, and antimonotone if Pg ¢ f*.

Now we can formulate our rules:

my C my, f[m/Pg]
f(ma/Pp]

my C my, f[mz/Ps)
f[ma/ Ps]

provided f is monotone in Pg.

provided { is antimonotone in Pg.

4.13 Satisfiability

A SAT or Hoare formula f(Xg) is an antimonotone formula. We call such
a formula satisfiable if there exists a TNP process S such that f[S/Xj] is
valid. TINP processes satisfy the following axiom:

ZC S (least element).

From this, and the antimonotony rule of the previous section, it follows that
f(Xp) is satisfiable if and only if f[Z/Xp] is valid. A SAT formulae of the
form Xz sat X is satisfiable iff Z C [x ]y, for all 4 € I'. This is the case
whenever X[L|[e/h] is a strictly valid assertion. In this situation, we will
also say that X itself is satisfiable.

O

4.14 The relation between SAT and Hoare for-
mulae

By means of }>,<1 and ~+, we can translate SAT formulae into Hoare for-
mulae and vice versa. This is the contents of the following four proofrules
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Lemma 4.37

m sat X
() (5P)
(p) m (p < X)
m sat X
@ 2— (WP)
(x b ¢) m(¥)
(p) m (¥)
(i) —— (HS)
m sat p ~ ¢
m sat @ ~ ¢
vy ——— (SH)
(0) m (¢¥)
O

The rules show that (¢) m (¢) and m sat @ ~» ¢ are equivalent. In general
this is not the case for m sat X and (p) m (¢ < X) or (X > ¢) m (¢).

Proof

We prove the soundness of the four rules.
Take some arbitrary n € H.

(i) Assume that Obs[m]vyn C [Xx]~v. To show:

Mmlyn(lelv) € [e < x].

So take some (h,s) € M{[m]yn([¢]7)-

Then, there must be some (t1,51) € [@]v and (s1,t2,8) € Obs[m]yn
such that h = ty1,.

By the assumption above, (s1,12,s) € [X]7.

Hence, (k,s) € [e]y < [x]7=[¢ < x]¥

(ii) Assume again that Obs[m]yn C [x]~. To show:

M [m]n(lx > ¢lv) € [$]y

Take some (h,s) € MI[m]yn ([[X > 1/)]]'7) Then there are (to, s0) €
[x & ¥]~, (so,t1,8) € Obs[m]~yn such that h = tpt;.

From the premisse of the rule it follows that (so, 1, s) € [X]~.

But then, by the definition of I, (to,t1,s) € [¥]~, that is,

(h,8) € [¢].
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(iii),(iv) Takesome € H,« € I'. Then we have the following equivalences:
M mlyn(lely) € [¢]7y iff
Vto, 50, h, 8¢
((to, s0) € [l A (50, b, 8) € Obs[m]yn) = (toh,s) € [¢]y iff
V(so, k, 8) € Obs[m]yn :
Vto ((t0; 80) € [pl7 = (toh, s) € [p]1) iff
Y(so, h, ) € Obs[m]yn : (so,h,s) € [e]y ~ [¥]v iff
Obs[mlyn € [ ~ .

4.15 Proper correctness formulae

In [ZRE] an axiomatization is given for specifications that are essentially of
the following form:

I: {p}S{q},
where S is a process, I € Assn(Trace) , p,q € Assn,y ().

Within the present context we can define the meaning of this formula as
follows:

TI: {p} S {g}]vm iff

VtoVsg # L : T[p](7)(te,50) =

(Y(t1,5) € M[STnso : TN (ko tr) A (s # L = Tgl(1)(to"t1, 9))-
This definition can be understand as follows ([ZRE)):
“Let tp, 89 be some initial trace and state for which p holds, then:

e I is required to hold for all possible extensions ty“t; of the initial trace
to, produced by executing S. Note that, because of prefix closedness
of M[S]nse, this amounts to the same as requiring that I holds at all
moments during execution of S.

e g is required to hold for the final state and trace, if and when S ter-
minates, since such terminated computations are represented by pairs
(t,s) with s # L in M[S]nso™.



154 CHAPTER 4. CORRECTNESS FORMULAE

We rewrite this definition into a simpler form. Note that:

* (so # LA T[p](7)(t0s30)) & T[T A p](7)(to, 50),

. [T 1) te"ta A (s #1l= T[[q]]('y)(tg“tl,s))} &
THEA(T=g)](1)(t0"t, ),

* (t1,8) € M[S](n)(s0) &

(t1,8) € MI[ST(n)({(s,50)}) &
(to"t1,8) € MI[ST(n)({(to, 50)})-

So, using the complete additivity of Mt[S]n, we see that:
TU : {p} S {g}]vn iff
MISTAT Apl(M)) € HIA (T—9)](7).
But this means that I : {p} S {q} is equivalent to:
(TAP)S(IA(T—q). ()
That is, the formulae of [ZRE| can be expressed within our formalism!
We shall use I : {p} m {¢} as an abbreviation of the Hoare formula:
(T Ap)m (I A (T—g).

We call our new type of correctness formulae proper formulae. Note that we,
although the motivation for these formulae is based upon a certain intuition
about processes,we nevertheless allow arbitrary mixed terms in our Invariant
formulae.

Although it appears that the expressive power of the formulae of [ZRE] is
less than that of our Hoare triples, we now show that this is not the case if
we restrict ourselves to TINP processes S.

First, we list some proof rules that we will need below. Apart from the
bottom closure rule, all of these rules are included in the Hoare system of
chapter 5. The bottom closure rule is special, for it is sound only for TNP
processes and not for arbitrary mixed terms.

(p1) S (¥1), (p2) S (¥2)
(p1 A p2) S (%1 A th2)

(1) S (¥1) , (©2) S (42)
(p1Vp2) S (Y1V4hs)

Vilp—e"), (¢') S (#), Vi(d'—¢)
() S (¥)

(conjunction)

(disjunction)

(consequence)
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(LAI)S (LAI) whereIec Assn(Trace) (strictness)

(p) S (L—1)
(p) 5 (I)

We shall not prove the soundness of these rules here, since that is the task
of chapter 5, except for the bottom closure rule.

where I € Assn(Trace) (bottom closure)

Lemma 4.38 (Soundness of the bottom closure rule)

Let I € Assn(Trace), n € H,y €. If T[(p)S(L—I)]yn = true, then also
Tl(p)S(I)}yn = true.

O
Proof
T(e)S(L—1I)]yn = true is interpreted as:
MIST(n)([eln) € [L—1]-
This means that if (k, s) € MI[S](n)([¢]7) and s = L, then h € [I]~.

We must prove that for (k, s) as indicated except that s # L, it is alse true
that h € [I]~.

So assume that (h,s) € M'[S](n){[¢]y) and that s # L. Then there exists
an initial trace state pair (hg, so) such that for some trace h;, h = hgh; and
(30, h1, 8) € Obs[S]n. Since we assume here that S is a TNP process, rather
than an arbitrary mixed term, we know from lemma 3.41 that Obs[S |n
is prefiz closed. This implies that (sg, h1, L) € Obs[S]n too,and so, that
(h, L) € MI[S](n)([#]n)- But this implies that h € [I]y!

We conclude that:

MUST(n([eln) < ],
which amounts to the truth of T[(¢)S(I)]yn.
O

Next we show how to represent a formula (¢) S (¢) in the form of an
Invariant formula. From lemma 4.22 it follows that any such formula can be
rewritten into: ’

(LADV(TAR) S (L=NA(T=), ()
where I = p[L], p= @[T}, J = ¢[1], ¢=¢[T].

This lemma states that the following equivalences hold:
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Vi(p e (LADV(TAp)) and

vy (¢ — ((L—=J)A (Tﬁq)))

Hence using the consequence rule and the implication introduction rule
twice, one can formally prove: (¢) S (¢) < (1). Formula (1) can be
factorized into a conjunction of the following four:

(LAI)S (L—J) (2)

(LADS (T—q) (3)

(TAp)S(L=Jd) (4)

(TAap)S(T—g) (5)
Again (1) « ((2) AB)A{4A (5)) can be formally proven, using the con-
junction, disjunction and consequence rules.

Now from (4) one derives (T Ap) S (J) by means of the bottom closure rule.
Combining this with (5), using the conjunction and consequence rules, we
see that

(TAP)S (I A(T—9))

is formally derivable from (1). That is, the following is a provable implica-
tion:

() S (¥) — J:{p} S {q}

If I-J is a valid assertion, that is if Y(I—J) is true, we can show the
reverse too. (Note that since I and J are closed with respect to initial and
final states, Y(I—J) is equivalent to YV, (I—J).)

From (T Ap) S (J A (T—q)), we get, by using the consequence rule:
(TAp) S (L-T)A(T—g))  (8)

Also, the instance of the strictness axiom (LAI) S (L AI) can be weakened
by means of the consequence rule into:

(LADS ((LAT)V(TAg) (1)
Again using lemma 4.22, we obtain the equivalent formula:
(LADS(L-N)A(T—q)  (8)

Then, by applying the disjunction rule to combine (6) and (8), followed by
an application of the consequence rule, we derive formula (1). So
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J : {p} S {q} — () S (¥)
is provable in the case that ¥(I—J) holds.

Finally we prove that if ¥(I—J) is not valid then (@) S (¢) is unsatisfiable.
That is, there exists no TINP process S such that () S (¢). For, assume
there are some h € Trace and v € T, such that h € [I]y but not h € [J]7.
Then we have:

(h, L) € [(LAT) V(T Ap)]v, and (b, L) & [(L—T) A (T—q)] .

Hence, since MI[S](n)({(k, L)}) = {(k, L)}, we see that (1) cannot hold in
this case for any 5. That is, (1), and so {¢) S (¥), is unsatisfiable.

All together we proved the following:
Lemma 4.39
Let p, ¢ € Assn(Z), S € TNP, p=o[T], g=¢[T], I = o[L], J = ¢[L].
If Y(I—J) is true the equivalence:
(p) S (¥) & J : {p} S {g}

is valid and can even be proven formally, using the rules above. Else, that
is if Y(I—J) is not true, () S (¢) is unsatisfiable.

O

We finish with three proofrules that are used to translate Hoare formulae
into Invariant formulae and vice versa. The soundness of the first two rules
follows immediate from our definition of Invariant formulae. The soundness
of the third rule is part of the lemma above.

I: {p}m{q}
(i) (1H)
(TAp) m(IA(T—q)

(TAp)m (IA(T—q))

(ii)
I: {p} m{q}
For TNP processes S:
() S (¥) » Y(p[L]—¢[Ll])
(iii) (Prop)
o[L] = {o[T]} S {¥[T]}

|



Chapter 5

Proof systems for TNP

5.1 Introduction

We introduce three formal proof systems for TINP processes, called the SAT
system, the Hoare system and the Invariant system. The three systems are
axiomatizations of the three types of correctness formulae with correspond-
ing names that we defined in chapter 4. Each system is divided into three
groups:

A Axioms for atomic processes.
B Rules corresponding to the TINP constructs.
C Adaptation rules.

We introduce the term “adaptation rules” for all those rules that are con-
cerned with the adaptation of some black box specification spec(¢) to another
specification spec’(¢) for the same black box. A well known example of such
a rule is the “consequence rule” of Hoare’s logic. There are important dif-
ferences with respect to the number and the complexity of adaptation rules
for the three systems.

The SAT system is an axiomatization of mixed terms by means of SAT
formulae. These formulae are of the form m sat X, where m is a mixed term
and Xx(€ Assn) is an assertion. For the SAT system the adaptation rules

are:
o the invariance axiom,

e the conjunction rule, and

» the consequence rule.

159
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The fact that there are only a few of such adaptation rules, and moreover
that they are quite elegant, is one of the virtues of the SAT system. The
price for this elegance is the added complexity of assertions in comparison
with usual Hoare style logic. This is prominently present in the rule for
sequential composition. This rule is the following one:

my sal x1,mg sat X2

Sy ;82 sat x1 6 x2

One should keep in mind here that, although the “5” operator allows a
compact notation, X;56X, is nothing else but an abbreviation of a rather
complex assertion. Let us consider the case where one wants to show that
a certain process m of the form my;my;- - -; my satisfies a given assertion
X, where the component m; is known to satisfy x;. Basically, there are two
strategies for proving this specification:

(1) First prove that m sat X18X25 -+ -5Xy, by repeated application of the
sequential composition rule of the SAT system. (That part is very
easy, indeed.) Then, as the second step, prove that m sat X by means
of the consequence rule. The latter step includes the validation of the
implication: (X16X28++-8Xx) — X. The problem with this validation,
whether feasible or not, is that it is as complex as the validation of the
original specification.

(2) First prove that my; mg sat X12, for some appropriately chosen asser-
tion X2, by means of the sequential composition rule and the con-
sequence rule. Of course this includes the validation of the assertion
{x18X2) — X12. We proceed in this way, inventing “intermediate” as-
sertions for binary sequential compositions that are proven by means
of the sequential composition and consequence rules. The validation
of one huge “verification condition”, that was necessary for the first
strategy, has been replaced by the validation of k—1 simpler conditions.

Similar problems arise when one tries to formulate a proof rule for the itera~
tion construct. We have not included such a rule in the formal system below
since in fact m® is an abbreviation of u,£ - (skip or m; £), and the loop
rule is a derived rule that follows from the SAT rules for skip , the choice
and sequential composition, and the recursion construct. Nevertheless, it is
interesting to discuss this rule, since it brings out more clearly the differences
between the SAT system on the one hand and Hoare style systems on the
other hand.
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One possibility is to introduce a so called “chop-star” [BKP| operation on
assertions that has the same semantics as the Kleene star for processes. That
is, we could define X* as an assertion that is interpreted as follows:

T[x*]v(s0, h,8) iff there exist some integer n
and states and traces $1,...,8p, hi1,..., A, such that
8, =8, h="hyhg++-h,, and, for 1 <i < n: T[X]v(si-1,hi,si)

This definition explains the name chop-star: it is a generalization of the “5”
operator that is sometimes called the “chop” operator. There is no simple
way to express the chop-star operation in terms of the chop operator in our
assertion language, since the chop-star includes an existential quantifier for
the number n of chops so to say.

The proof rule for the loop construct would then become:

mj sat X1
(chop-star)

* x
mj sat X3

The problem with this type of rule is essentially the same as above: the
assertion Xi i3 as complex as the process itself.

It will be clear that if some specification mj sat X is to be verified, and
m;y is known to satisfy Xj, then one must validate the verification condition
X} — X. This in generally will involve some kind of induction on the number
n of chops in the definition of X}. We regard this as the main difference with
the well known proof rule for loops in Hoare’s logic: whereas the Hoare style
rule explicitly indicates that some induction hypothesis must be formulated
(the loop invariant), and also indicates what kind of “induction step” must
be proven (the invariance of the loop invariant), the chop-star rule shifts the
problem to a similar problem within the assertion language.

A more attractive rule is the following one:

mysat X3 , skip satx , Vi ((x18x)—Xx)

(loop)
mj sat X

This time the induction principle is captured by the rule. The rule also
brings out once more the importance of the axiomatization of sequential
composition, here embodied by the chop operator in one of the premisses of
the rule.
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The problems with the treatment of sequential composition in proof systems
in the style of the SAT system formed the incentive for studying a precon-
dition/postcondition style of reasoning about processes. The main idea is
that there is not only an initial state in which a process starts executing, but
that there is also an initial ¢trace of communication actions. For a sequential
context my ; mg of my, the initial trace for mj includes the communications
performed by m;. Regarding pairs of states and traces as a generalized state,
and using assertions ¢, ¢ that are predicate formulae for generalized states,
we were able to formulate the following rule for sequential composition:

(p) m1 (p), (p) m2 (¥)
(9)S1 ;5 S2(¥)

Note that, at least in its outer form, it is exactly the “classical” rule of
Hoare’s logic for sequential composition. Because of this coincidence, the
following rule for the loop construct should not be a surprise:

(p)mi(e) , (p)skip(p)

(loop)

() mi ()
Apart from the premisse for skip this has the same form as the corresponding
rule in Hoare’s logic. (Again we have not included this rule in the formal
system below since it is a derived rule for our approach.)

Comparing these two rules with the corresponding SAT rules, we remark
that the Hoare style rules do not introduce complicated operators, like the
chop operator.

A more interesting observation is that whereas the SAT rules suggest a
bottom up approach to program development, the Hoare rules suggest a top
down development. For instance, the SAT rule for sequential composition
constructs a specification from a priori given specifications for the parts, but,
on the other hand, the Hoare style rule splits an a priori given specification
for the whole into specifications for the parts.

This difference in terms of top down versus bottom up development is present
in most of the rules for the two systems.

One notable exception is the SAT rule for channel renaming; as can be seen
below, this rule has a top down character. It is not the case that we could not
formulate a bottom up style rule for this construct, but the bottom up ruleis
much less attractive for actual program proving than the top down version.
Of course this raises the question whether we have excluded a bottom up
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style program development, and if so, what style of development do we
propose? To answer the first question: no, we have not excluded bottom
up style. This is shown in chapter 6, where we construct, bottom up, a so
characteristic assertion for each mixed term, that is essentially the strongest
assertion that is satisfied by the mixed term. The SAT system allows one
to formally prove that a mixed term does satisfy its characteristic assertion.
In particular the characteristic assertion for mj(d/c) can be proven from the
characteristic assertion for m; without undue effort. The reason then why
we do not regard the renaming rule as a bottom up style rule is that, given
some actual specification for m;, the rule does not suggest any appropriate
specification for mj{d/c).

The section with adaptetion rules for the Hoare system does contain more
axioms and rules than the corresponding section for the SAT system. This is
a well known phenomenon from Hoare style systems for sequential programs
that allow procedures. Of course then the question remains why the SAT
system does not need so many adaptation rules. The reason for this is that
many adaptation rules are in fact reformulations of general logic principles.
For instance, the (J)-pre rule of the Hoare system corresponds closely to the
following logical principle:

Provided that g ¢ FV(H) :
HU{fo}F fi

(3 - introduction)
Hu{3g(fo)} F N

Now for the SAT system, the logical principle can be applied via the use
of the consequence rule, whereas for the Hoare system one needs a new
proof rule. This can be seen more clearly from the soundness proofs that we
give for the Hoare system. Instead of proving the soundness of Hoare rules
directly from the semantic definition of TINP , we show that the application
of a Hoare rule corresponds to a proof in the SAT system preceded and
followed by a translation of Hoare formulae into equivalent SAT formulae
and vice versa.

One salient point of the Hoare system is the prefiz invariance aziom. This
axiom is: (tg|e < hle) m (to|e < hlc), where ¢g is some logical trace variable,
and ¢ is some arbitrary set of channels.

This axiom has no counterpart in Hoare systems for sequential programs.
The soundness of the axiom is clear by the fact that a process can only ez-
tend an existing initial trace by submitting new communications, but it can
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neither withdraw nor change the temporal ordering of already performed
communications. In our completeness proof for the Hoare system in chapter
7, it is the preservation of temporal ordering what we need the prefix invari-
ance axiom for. It has been shown by Josef Hooman [HooZw| that the prefix
invariance axiom is essential to obtain a complete proof system.

Finally we discuss the Invariant system. By inspection of the Hoare system
below, one remarks that many axioms are more complicated than one would
expect, due to the fact that both terminated and non finished computations
must be described by the same assertions. In chapter 4 we already pointed
out that for TNP processes an alternative, more attractive, representation
of Hoare formulae is possible in the form of Invariant formulae. In fact
The Invariant system is, apart from a few exceptions, a reformulation of the
Hoare system in terms of Invariant formulae.

5.2 The SAT proof system

5.2.1 Axioms for Atomic Processes

To bring out the structure of the axioms for atomic processes more clearly we
first define a so called characteristic assertion A(a) for each atomic process
a. In the soundness proofs for these axioms we actually prove that, as far
as the free channels and variables of o are concerned, A(e) and « itself
do have the same semantics. So it is certainly the case that the set of
computations denoted by « is contained in the semantics of A(«). This
inclusion is expressed by the following SAT axioms, where A(«) is as defined
below.

Predicative processes of the form X|8, resemble in many aspects atomic pro-
cesses. We include here the “characteristic assertion”, and the axiom for
such predicative processes,

s Atomic processes o
a sat Aa).

e Predicative processes
X|B sat X.

O

Definition 5.1 (Characteristic assertions for Atom and Pred)
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A(abort) = A(Z) = L.
A(skip) = true.
Alz:=€)=T — (z=e[§°/g A& = ©°),
where {§} = var(e) and {®} = var(e) — {z}.
A(b) =T — (bA® = 1°), where {@} = var(}).
Alcz:b)=(LAc=¢)V
vje =< v > Ab[B° /B, v/2] A (T — (v=2A®B=u°]))
where @ = var(b) — {z}.
A(x|8) = x.
3

5.2.2 Rules for the TNP constructs

¢ Channel hiding

m sat X
provided hchan(x)Ne =190

m\¢ sat X
e Variable hiding

m sat X
provided var(X) Nx =0

m\x sat X

e Renaming

m sat X[ hld/c|/h]

m(d/c) sat X
e Kernel

m sat X

Kern{m) sat Kern(x)

165
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e Sequential composition

my sat X1, m2 sat X»

my;my sal Xy 5 Xy
o Choice

my sat X1, mg sal X3

myorms sal Xi V X2

e Parallel composition
Provided that for (¢, 5) = (1,2) and for (i,7) = (2,1) :
abase(X;) N B; C P, the following rule is applicable:

my sat X;,my sal Xz

my 81|82 m2 sat X3 A X2

o Recursion

Provided that Xz & pvar(H):
HU{Xg sat X} - m sat X

Hl pXg.m sat X
® i, Recursion

Provided that X ¢ pvar(H):
HbFZsatx , HU{Xgsat X}Fmsatx

HbF p,Xg.m sat X

® Process naming

Provided that Xg ¢ pvar(H):
HbFmysatxy , HU{Xpsat X1} F mg sat X2

H Xg =m; in m; sat X2
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5.2.3 Adaptation rules for the SAT system

» Invariance

Provided that base(m) N (d, {§}) = (0, 0):
msat (h|d=ecA (T = §=¢°))

s Conjunction

m sat X1, m sal Xo

m sat (X1 A Xa2)

o Consequence

m sat X1,V (X1—X2)

m sat X3

Remark The universal quantor V,, introduced in chapter 4, denotes strict
universal closure.

5.3 The Hoare system

5.3.1 Axioms for Atomic Processes

In the section for the SAT system we introduced the characteristic assertions
A(a) for atomic processes and predicative processes a, that describes the
behavior of & as far as the channels and variables in base(a) are concerned.

For bases 8 such that base(o) C B the assertion Ag(a), defined as A(a) A
18-base(e)s then can be seen to describe this behavior as far as all channels
and variables in8 are concerned.

We have chosen the axiom for atomic process to be of the form:
(4s(a) > ¢) a(¥),
where 8 = base(a) U abase(yp). This form shall enable us to deduce, indi-

rectly, the completeness of these axioms from the completeness of the corre-
sponding SAT axioms.

After simplification of the assertions of the form Ag(a) t> ¢, one obtains the
following set of axioms:

e Abort,Z
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(¥[L]) abort ()
(¥[L]) Z (¥)
e Skip
(¥[L] A ¥) skip (¥)
e Guard

(YL A (T AB) —9[T]) & ()

o Assign
(S[LIA (T—e[L][e/2])) © =€ ().
o Com
(¥[L]A
T — Yo (bv/z]— (¥[L][h < (c;v) > /Rl A[TI[h < (¢, v) > /h,v/2])))
c.z:b
(¥)
For predicative processes, we choose the following axiom:
e Predicative processes

(») (x18) (¢ < x).

The axiom has been chosen such as to facilitate the completeness results of
chapter 7.

5.4 Rules for the TNP constructs

o Channel hiding

(p) m(¥)
_— provided hchan(¢)Ne =90

(p) m\e (¥)
e Variable hiding

(L) m (¥)
—— provided var(¢)Nx =9

() m\x (¥)
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e Renaming

Let ¢’ be some fresh channel name.

(plhle/c')/h] A e =e)m(¢[hld/c]c/c|/R])
(p) m{d/e) (¥)

® Kern
If hchan(p, ) C ¢ and g is fresh, then:
(P)m(¥)

(@ A hle = tg|c) Kern(m) (Kern(to, ¥))

+ Sequential composition

(P)mi(p) , (o) m2(¥)
(p) m1;ma (¥)

o Choice

(e)mi(¥) , () m:z(¥)

(lp) mi Oor ms (¢)

* Parallel composition

Provided that for (¢, 5) = (1,2) and for (1,5) = (2,1) :
abase(;) N B; C B, the following rule is applicable:

(pr)mi(d1) ,  (p2) m2 (¥2)

(p1 A p2).my 8|82 ma (1 A ¢2)

o Recursion

169

Let § be some arbitrary list of logical variables, possibly the empty list.

Provided that Xz ¢ pvar(H):
H U {¥3l(p) X ($)]} - Y5l() m (¥)]

H F Vg((p) pXp.m (4)]
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e i, Recursion

Let § be some arbitrary list of logical variables, possibly the empty list.
Provided that Xg ¢ pvar(H):

HEVil(e) 2 (¥)] , HU{V3[(v) Xp (¢)]}+ V5[() m ($)]

H +Yg[(p) pXp.m (¢)]

o Process naming

Let § be some arbitrary list of logical variables, possibly the empty list.
Provided that Xg & pvar(H):

HEVYgl(p1) mi($1)] 5 HU{¥g[(p1)Xp(1)]} F (p2) m2 (¥2)

H | (p2) Xp = my in ma(¢h2)

5.4.1 Adaptation rules for the Hoare system

o Invariance

(B[L] A ) m ()
provided that abase(t) N base(m) = (8,8).

e Prefiz invariance

For arbitrary logical trace variable {3 and channel set c:

(tole < hle) m (to|e < hc)
e Strictness
(LArp)m(LAay)
e Conjunction

(p)m (1) » (p2) m ()

(1A @2)m (P11 t2)

o Disjunction
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(pr)m(¥1) , (p2) m(¢s)

(p1V @2) m (1 V ¥2)

o Consequence

Vile—e) , (P)m(d) , Vi(¥'—¢)

(p) m(¥)
e J— pre
vg[(e) m (v)]
— provided g Nvar(y) =0
(35(w)) m (¥)
Remark

An alternative formulation is:

Provided § N var(y) =0 and {g} Ngvar(H) = 0:
Ht (p) m (¢)

HF (3§(p)) m (¢¥)

This second version is in fact a derived rule. For if {§} N gvar(H) = 0 one

can first apply the V introduction rule of chapter 4, to obtain V§ [(go) m (¢)]
from (p) m (¢), and then apply the 3 — pre rule. We often use this derived
rule tacitly.

5.4.2 Extra adaptation rules for the Hoare system

e Strong adaptation
Provided that 8N base(m) = (9, 9),
(p1) m (1)

(p2) m (p2 < (p1 ~ ¥1) A 1p)

Although we don’t use it, there is also a weakest precondition version of this
rule. Under the same conditions for g :
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(1) m (¥1)

(Adaptation, WP-version)
(({(p1 ~ 1) A 1) B h2) m ()

e Initial trace adaptation

Provided that ¢' N hchan(p,¥) = 0
(p Ahle' =€) m(¥)

initial trace adaptation

(p) m ()

5.5 The Invariant System

5.5.1 Axioms for Atomic Processes

o Abort,Z
I:{I} abort {false}
I:{I} z {false}
o Skip
I:{pAI}skip{pAI}
e Guard
I:{pAI}b{pAIAD}
e Assign
I:{ple/z]AT}z:=e{pAl}
o Com
I:{I Ao (bo/z] - (I[h < (c,v) > /B] A plh < (¢,v) > /h]lv/]))}
cz:b
{pAI}
® Predicative processes

We do not offer an axiom for arbitrary predicative processes. We consider
only processes denoted by (J, R), that are of the following form:

W, R) ¥ ((T°—=J) A (T — R))|base(J, R),
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where J and R are proper assertions, that is, elements of Assn,, and where

var(J) = 0.

So R is proper assertion characterizing the relation between initial state val-
ues, communication histories and final state values for terminated computa-
tions. Similarly, J describes the communication history during ezecution in
relation to the initial state values of variables.

For such processes, the following axiom holds:

(paJ): {p} (J,R) {p< (J AR)}.

5.5.2 Rules for the TNP constructs

e Channel hiding

I:{p} m{q}
provided hchan(Il,q)Nne = 0.
I:{p} m\c{q}
e Variable hiding
I:{p}m{q}
provided var(g) Nx = .
I:{p} m\x{q}

e Renaming

Let ¢’ be some fresh channel name. Then:
(I[hld/c][c/c|/h]) : {phle/c')/h] A c =€} m {q[hld/c][c/c| /R ]}
I: {p} m{d/c){q}

o Kern
If hchan(I,p,q) C c and tg is fresh, then:
I:{p}m{q¢}

(Kern(to, I)) : {p A hle = to|e} Kern(m) {q}

o Sequential composition
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I:{pym{r} , I:{r}ma{q}

I:{p}mi;mz{q}

o Choice

I:{p}ymi{q} , I:{p}my{q}

I:{p} myorm; {q}
o Parallel composition

Provided that for (1, 7) = (1,2) and for (1,7) = (2,1):
abase(L, )N B; C Bi:

L:{p}mi{a} , L:{p:}m:{e}

i AL : {p1 A pa} my 61|82 m2 {q1 A q2}

o Recursion

Let § be some arbitrary list of logical variables, possibly the empty list.
Provided that Xg ¢ pvar(H):

Hu {Yg[I : {p} Xp {q}]} - V4l : {p} m1 {q}]

Ygll : {p} pXg.my {q}]

¢ u, Recursion

Let '§ be some arbitrary list of logical variables, possibly the empty list.
Provided that Xg & pvar(H):

Hu{vg[I: {pAI} Xg {q}]} V5[l : {pA I} m {q}]

Vgl : {pA I} p:Xp.my {q}]

e Process naming

Let § be some arbitrary list of logical variables, possibly the empty list.
Provided that Xz & pvar(H):

HEVgL:{m}mi{a}] , HU{VGL:{p1} mi{a}]}F L : {pz} m2 {q2}

HE I :{p:} Xg=myinm; {q:}
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5.5.3 Adaptation rules for the Invariant System

o Invariance
I:{pAlm{pAl}
provided abase(p, I) N base(m) = (8, 8).

e Prefiz tnvariance

For arbitrary logical trace variable ¢ty and set of channels c:

(hle < tole) : {h|e < tole} m {hle < toc}
o Closure adaptation

I:{p} m{q}
I:{p}m{gnl}

o Initial trace adaptation

Provided that ¢' N hchan(I,p,q) =0
I:{pAhlc'=¢e}m{q}

I:{p}m{q}

e Conjunction
Li:{p}m{a} , L:{p}m{g}

LAL:{piAp}m{qAq}

initial trace adaptation

e Disjunction

L:{m}m{n} , L:{p}m{q}

hvL:{pVvp}m{nVae}
o Consequence

I':{p}m{d}
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Y(I'-1),¥(p—p'), ¥(g'—q)

I:{p}m{q}
e J— pre
vg[1 : {p} m {a}]

provided § Nvar(l,q) =9

I:{33(p)} m {4}

6.6 Scott’s induction rule

The Induction Principle of Scott is well known.[Scott] We rephrase this prin-
ciple for our particular language of correctness formulae.

Definition 5.2 (Admissible formulae)

A correctness formula f is called anticontinuous in a process variable Xg if
for any chain < p; >;en in P(Ag) the following holds:

T @I #i/Xs)) iff

ieN
Vi € N(T[£1(v)(nlpi/ Xg))-

If a formulae f is anticontinuous in all its free process variables, we call it
admaissible.

(]
Theorem 5.3 Scott’s Induction Rule

Let f be a correctness formula that is anticontinuous in Xg. Then the fol-
lowing rule is sound. Provided that Xg ¢ pvar(H) :

H - flalse/Xs] , HU{f} F flm/Xg]

H | flpXg.m/Xg]
]
Proof

The second premisse of the rule can be transformed as in the following
derivation. Note that the introduction of the universal quantifier in the
second step is allowed since Xg & pvar(H).
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HU{f}F flm/Xg]

(= Introduction)
H b f - flm/Xg]

(V Introduction)
H9YXp(f — flm/ X))

Therefore, what we must prove is that from:
H |= flfalse/Xpg| and
H = VX5(f — flm/Xg),
it follows that:
H |= f[uXg.m/Xg].
Let H = {fo,..., fn}. Take some arbitrary 4,5 such that A T[f:]yn holds.

ieN
Then we have the following two facts:

(1)
T[f[false/Xg]]yn, thatis,
TLf1(7)(n[Obs[false]yn/Xp]),  or equivalently,
TLf1()(n[8/ Xg))-
(2)
Vs € P(2g) (TLI—flm/Xsl)(2)(nlos/ Xs])),  which holds ift

Vos € P(2s)(TL1(1)(nlos/ X)) = TS [m/Xal)()(nlos/ Xe)))  iff

Vos € P(8g) (TI71()(nlos/ X)) = T [f1(x)(n[Obs[m])(nles/Xg])/ Xe]) )
Define the chain < pl’) >,y in P(Ap) as follows:

P+ = Obs[m](v)(n[et)/ Xg]) fori>o0.

From point (1) it follows that:

T (o Xg1),
and from point (2) that, for all s € N :

TIF 1) (le)/ Xg)) = TIF1(v) (o1 / Xg])-
A simple proof by induction on ¢ yields that:
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vi € N(T 100 (0o Xg])).
The anticontinuity of f in Xz then implies that :
T L1 (nlLie® / X))
Since Obs[uXg.m](n) = L;pl?), one sees that:
T/1(7)(n[Obs[uXp.m](n)/Xp]) holds,
which is equivalent to:
T[f(uXg.m/Xg]1(7)(n),
which was to be shown.
0

The Recursion rules for our three proof systems are in fact instances of
Scott’s Induction rule. This follows from the following lemma.

Lemma 5.4 Admissibility of SAT

Let m € Mized, X € Assn. Then the correctness formula m set X is admis-
sible.

O
Corollary 5.5

Hoare formulae Yg[(¢) m (¢)] and Invariant formulae V§|I : {p} m {q}] are
admissible.

n}
Proof

We must prove the anticontinuity of m sat X in every process variable of
pvar(m sat X)(= pvar(m)). So let Xz € pvar(X), and let < p; >;-n be
some chain in P(Ag).

The following equivalences hold:
T[m sat XJ()(n[UJ pi/Xe]) iff
ieN
Obsm] (v)(n| l%:pe/Xﬁ]) C [x]yiff
1]

(U ObsIm](x)(nlos/Xe])) € Ixl iff

seN
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vi (Obs[m](v)(nlpi/ Xal) € [xI)-
This proves the admissibility of SAT formulae.

The admissibility of Hoare formulae follows from the admissibility of SAT
formulae and the fact that each Hoare formula V§[(¢) m (¢)] is equivalent to
the SAT formula m sat Yg[@ ~» ¢]. This shows also shows the admissibility
of Invariant formulae, as these are {abbreviations of) Hoare formulae.

O

5.7 The soundness of the sat system

We prove the soundness or all SAT axioms and -rules, directly from the
definition of the semantics. We recall that the condition for the soundness
of the rule:

fo: Y fn-l
fn

is the following semantic condition:

Vn € HVvy e (A T[F]w = T[falm)-
i<n
We present the proof as a series of lemmata.

Lemma 5.6

For the assertion A(a), defined for atomic processes and predicative processesa
in section 5.2.1, the following equality holds:

a = A(a)|base(a).
0
Corollary 5.7
The SAT axioms for atomic processes are sound.
0
Proof

Since A(a)|base(a) C A(e) and « sat A(e) is just an abbreviation of o C
A(a), the corollary follows directly from the lemma.

The lemma is proven by means of the following semantical calculations.
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e Abort, Z
Obs[abort]yn = Z = {(so, €, L)|s0 € State, } =
{(s0rh L)]s0 € State,}|(9,0) = [LIr](8,9).
The process 2 is treated similarly.
e Skip
Obs[skip]yn = 1 = {(s0,¢€, 1), (0, €, 50)|50 € State, } =
{(s0, h, 5)|50, 5 € State,,h € Trace}|(0,0) = [true]~|(8,0).
e Assign
Let {§} = var(e),s = {g} U {z}, {w} = {§} - {=}.
Obs[z := e]yn = Close ({(so, e,50[€[e]so/z]) | s0 € Statc}) =
Z U {(s0,¢,50[€ [e]s0/z])|s0 € State} = ()
[L17(0,2) U [T Az =e[z°/2]]](8, {=}) =
[L171(0,2) U [T Az =e[z°/z] A @ = w°]v|(0,8) =
[Lv(TAz=¢[z°/z])A D =w]v|(0,2) =
(T—z = e[z°/z] A ® = ©°)]~|(0, 5).

(As was to be shown). Here the equality (*) follows from the assump-
tions made on the £ functions in chapter 4. These assumptions imply
that if a computation & is of the form (so,¢, so[€ [e]s0/2]), then we
have the following equalities:

Eflz]vd = (sol€ [e]so/x])(z) = £ [e]sq, and
Ee[z° /2|76 = €[e]so-

So if § is of the this form then § € [z = e[2°/Z|].

e Guard

Let {®} = var(b).
Obs[b]yn = Close ({(so, £,80) |80 € State, B[[b]so})
=2Z U {(s0,¢,80)|s0 € State, B[b]sp} =
[L1v](@,{®}) U [T AblI(8,0) =
[L1N@ {®}) U [TrbA®=2]]0,{®}) =
[T— (A®=w)]v|(0 {m}).
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e Com Let £ = var(b) U {z}, {®} = var(d) — {z}.
Obsfc.z:b]yn =

Close({(s0, < (c;) >, s0[v/=])}]s0 € State, B[b](so[v/z])}) =

z U {(30a < (c: U) > —-L)’ (80, < (C, U) >, So[v/:!:])]
sg € State, B[b](so[v/z])} =

[-L]1(9,2) U
[Bele =< v > Ab[@° /@, v/2] A (T—oz = v)]]]({c}, {2}) =

[LAc=ell({c},5) U
[3v[- - -] Aw = 2]]({c}, 5) =

[(LAc=¢e)v(@v[---]rw=d]1({c},5)).
e Predicative processes

We must prove that x|8 = A(x|3)|base(x|B). This is obvious, since
A(x|8) = X and base(x|B) = B.

O
Lemma 5.8
~ The proof rules of the SAT system are sound.
Proof
e Hiding rules
For both hiding rules the premisse states that:
Obslmlm € [XI
The restrictions for these rules are:
(a) wvar(x) C Var — x, for variable hiding, and
(b) chan(x) C Chan — ¢, for channel hiding.
From (a) it follows, by corollary 4.13, that
p € [x]v iff p|(Var —x) < [x]7.
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And so, from the premisse, we can infer that:
Obs[mi\x]yn = Obs[m]yn|(Var —x) C [x]y
By the same corollary, and (b) we see that
p C [x]v iff pl(Chan —€) C [Xx]v,
Hence:
Obs[my\e]yn = Obs[m]yn|(Chan— c) C [x]~.
o Renaming
First note that:
TE[R[d/c]lv(s0st, 8) = (TE[R]1(20, ¢, 8))[d/c]
= t[d/c] = TE[h]v{s0,t[d/c], 8).

Since h is the only atomic expression that depends on the trace component
of a computation §, one sees that the following holds:

T [x{hld/e] /Ml i€ T [x]1(5ld/c])
This implies that

(Ixnld/el/mll) [d/fe] = [xT.
Remark Note that, in general, [x[d/c|]y # ([[x]]'y) [d/e] !
Now assume that the premisse of the rule holds, i.e. that:

Obs[m]yn C [x[h[d/c]/R]]v.

Then from the monotonicity of the renaming operation [d/c] follows:
Obs[m(d/e)Jyn = (Obs[m]yn)(d/c| €
(Ix{nld/el/mIby)d/e] = [xIv

This proves the soundness of the rule.

e Kernel

The premisse of the rule states that:
Obs[m]yn € [x]r-

From this, and the monotonicity of the Kern operation, it follows directly
that:

Obs[ Kern{m)]yn C Kern{[x]v) = [ Kern(x)]~y
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e Sequential composition and nondeterministic choice
The premisses of both rules state that:
Obs[m;]yn C [X:i]y for ¢ = 1,2
From this the desired results follows easily:
(¥) Obs[my; me]yn = Obs[m1]yn80bs[ms]yn C (monotony of 3)
[X1]7 8 [X2]ly = [x18%2]y,  and
(#9) Obs[Sy or Sz]yn = Obs[my]yn U Obs[my]yn €  (monotony of U)
Xy v [x2]y = [x1 v X2]v.
e Parallel composition
The premisses of the rule state that:
(1) Obs[mi]yn C [xily fors = 1,2.
We reformulate the restrictions on the free variables of the X;:
abase(x;) C B U ((Chan, Var) — B;),
for (1,7) = (1,2) and for (¢,5) = (2, 1).

From this we must prove that Obs[m; 8 || 82 mz]yn C [X1 A Xz2]v, where
Obs[my 8. || 8z mz]yn is determined as the largest set p € P(A) such that:

(2) plBi € Obs[m;]lyn, and
(3) base(p) C (81U B2)
That is, for p as above, we must prove that p C [X;]4.

Now from the restrictions, it follows by corollary 4.13 of chapter 4 that, for
(5, 7) as above:

(4 rCxlvif

pl(B: U ((Chan, Var) — B;)) € [x:i]v
Also, property (3) is equivalent to:

(5) p=10pl(B1U Bs).

Since p|(B81U B2)}|(B: U ((Chan, Var) — B;)) = p|Bi, we see that from (4) and
(5) it follows that:

6) pCxily iff p|B: C [Xi]v, ford = 1,2.
Combining this with (1),(2) yields:
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() pCxi]y fori = 1,2, thatis :
p C [x1 A Xxz]n.

(As was to be shown).

o Recursion

This case follows from Scott’s Induction rule and the fact that SAT formulae
are admissible. The first premisse of Scott’s rule becomes H - false sat X.
Since this is a valid formula, the first premisse can be omitted from the rule,

and only the second premisse remains. The second premisse is, for the case
of SAT formulae:

H U {Xg sat X} - m sat X.
This is exactly the premisse of the SAT rule for recursion.
® i, Recursion

From the premisse H I Z sat X it follows by means of the weakening rule
that

HuU{Xg sat X} - Z sat X.

This is one of the premisses of the following derivation:
HU{Xg sat X} 2% sat x , HU{Xg sat X} - m sat X

(Choice)
HU{Xg sat X} F-morZ sat X VX

(Consequence)
HU{Xg sat X} - morZ sat X

(Recursion)
H & pXg.(morZ) sat X

The conclusion of this derivation is (abbreviated by) H F p,Xg.m sat X,
which was to be shown.

® Process naming

Note that this rule is not of the restricted format, but rather is a natural
deduction rule of the general form. We must show the following:

(H k= my sat X4 A HU {£ sat X1} = m; sat Xz) =
H F &1 = myin ms sat X2

This amounts to the following:

I
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Vquy(T[[H]]'xr; = Obs[my]yn C [[xl]]'y) and

Vavr ((TLE] A n(€) € [xaly) = Obs[malyn € [xall)
then:
Va¥y (T H]m = Obs[€1 = myin ma]yn € [xa])
So choose some arbitrary n and « such that T[H]vy7n. From the first im-
plication it follows that Obs[mj]yn C [x1]y. Let n' = n[Obs[m1]yn/&].
From the restriction for the rule it is known that § & pvar(H). Therefore
TIH]n'y holds too. Moreover, n'(§1) = Obs[my]yn C [X1]y. But then
we can infer from the second implication that Obs[ma]yn' C [x2]v. Since
Obs[[ &1 = myin; ma]yn = Obs[m2]yn’, we conclude that
Obs[€1 = muin;ma]yn C [Xz]v,
as was to be shown.
¢ Invariance
From the theorem following the semantic definition, we know that:
Obs[m]yn € P(Ag), wheref = (c,x) = base(m).
That is, for any § = (sg, b, 8) € Obs[m]~yn, we have the inclusion: base(§) C
base(m) Therefore, if d, § are such that (d, §)Nbase(m) = (0, 8),then hjld = ¢
and if s # L then sg(§) = s(§) We conclude that T[hld = e A(T—§ =
7°)]vé = true for all § € Obs[m]yn, as was to be shown.
o Conjunction
The premisses of the rule state that:
Obs[m]yn C [X;]y fordi = 1,2
This implies that
Obs[m]yn C [xaly 0 [x2ly = [xaA X2l
e Consequence
From the first premisse we have:
Obs[mlvn € [aly (+)

The second premisse, ¥, [X1 — X2|, holds iff Xy — X2 is a strictly valid asser-
tion. That is, for any v € T, if T[X1]v8, then T[x2]v8. We see that, for

any 7, [xa]y € Dl

Together with (*) we can conclude that:
Obs[m]yn C [xz]~.

(As was to be shown.)
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5.8 The soundness of the Hoare system

5.8.1 The Hoare SAT transformation

Let A(a) and Ag(a) as defined in the section on axioms for atomic processes,
where B = base(a) U abase(t)). Since for assertion X, ¢ the implication:

X— (X b))~y

is valid, we have the following derivation: Let 8 def abase(t) — base(a)

a sat A(a) (SAT axiom) , « sat 1 (invariance)

(Conjunction)

a sat Ag(a)

(Consequence)
o sat (Ag(e) b $) ~ &

(SH)
(4s(@) b ¢) @ (4)

Therefore, to prove the soundness of the Hoare axioms for atomic processes,
all we need to do is to show that they are actually of the form:

(As(a) b ¥) a(¥).
This is done as follows, using the representation for X b ¢ provided in lemma
4.31. In all cases below, let 8 = (¢, {Z}).

e Skip

We must calculate Ag(skip). To this end, we first calculate a few sub
expressions of this assertion:

A(skip) = true, so

— Ap(skip) = hlc = e A (T—z = z°)

Ag(skip)[L°] iff e|c = ¢ A false—false iff true
Ag(sKip) [T][L][12/R] if tafe = &
Ag(skip)[T|[t1/h| if tilc =eAZ=2Z°

Therefore, Ag(skip) b ¢ iff

(L A (true—y[L])) V

(T AV VYL X (Ag(skip)[T°|[t1/R]—%[ht1/h])[Z/2°]) iff
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(LAB[L])V

(T AVEs(ti]e = emp[L][hts/h]) AVEYL X ((ta]e = € A 2 = 2°)
—¢[T][ht1/h])[z/2°]) iff

(L AL V(T AY[L] A (¥[T][2°/2]))[2/2°] iff

YL A (T—y[T]) iff

LAY
This last assertion is indeed the precondition of the skip axiom in the
Hoare system, as was to be shown.

e Abort, Z
A(abort) = 1 so Ag(abort) = (L Akl|c=¢)
For the purpose of calculating Ag(abort) > ¢ we remark that:
— Ag(abort)[L°] iff true A g|c = ¢ iff true
— Ag(abort)[T°][L][t1/h] iff trueAtijc =c iff t1jc=¢
— Ag(abort)[T][t1/h] iff false A t1|c = ¢ iff false
Therefore we see that:

Ag(abort) > ¢ iff

(L A (true—y[L])) V

(T AVt VL z(Ag(abort)[T°][t1/h]—v[ht1/h])[z/Z°]) iff
(L Ag[L]v

(T AV (t1]|c = e—y[L]|[ht1/h]) AVt Vz(false— - - -)) iff
(LAYLD V(T AY[L]) iff

Y[

Here we used the fact that, if t;|c = € then [L][At;/h] iff [L] since
hchan(y) C e. We conclude that (Ag(abort) > ¢)abort(y) is the
formula: (¢[L])abort(t), as was to be shown.

The case Z is of course completely similar.
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s Guard

A(b) = T—(bA w = w°), where {@} = var(d), so
— Ap(d)=T—(bAZ=2°)A(hlc=¢), and

—  Ag(b)[L°] iff false—(false A g|c = ¢) iff true
- Ap(b) [To][.l.”tl/h] iff tllc =€

— Ag(D)[T|[t1/h]ifbAZ=2Atijc=¢
Therefore: Ag(b) > v iff

(L A (true—y[L])) vV

(T AV, 2(Ap(B)[T ][t/ Al [ht1/R])[2/2°]) iff

(L ALV
(T AVt (t1]e = e[ L][t1h/R])A
Vi Yz((BA Z = 2° Aty|e = e)—[T][ht1/h])[Z/2°]) iff
(LASLD V(T AgLLI A (b—9[T][z°/2])[2/2°]) iff
WL A (T AB)—(T]
We conclude that (Ag(b) > ¥)b(1) is the formula:
($L] A (T A B)—[T]b().
Assign
Alz:=e) = To(z=¢€[2°/2]| A& = w°),
where {Z} = var(e), {®w} = var(e) — {z}.
So:
— gz i=e) = (To(z=elz/8 Ag =) A (hle = <),
where {} = {2} - {z}
—  Ag(z:=¢€)[L°] iff (false— .-} Ae|c = ¢ iff true
—  Ag(z := )[T°][L][t1/h] iff (false— -} Atijc =€ciff t1jc=¢
- Ag(z:=¢)[T|[t1/h]ifz=¢[2°/ZlAG=F"Alilc=¢
Therefore, Ag(z :=¢€) > ¢ iff
(L A (true—y[L])) v
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(T AV Vo 2(Ag(z := €)[T°|[t1/h]—v[ht1/R])|Z/2°]) iff
ny
(T AVt (t1]e = e—[L][hty/R])A
Vit Ve ((z = e[2° /2] A § = §° A ti|e = €)—[T|[ht1/h])[2/z°]) iff
(L A[L])V
(T AL A ($[T[e]2°/2] /2, 5°/9]) 2/ 2°]) iff
BILIA (T—glL]le/2])
So we can conclude that (Ag(z : =€) > ¢) z := e (¢) is the assertion:
($lL A (T—9[L][e/2])) = := e (¥).
¢ Communication
Alez:b)=(LAce=¢)V
Fvfe =< v > Ab[@*/a][v/z] A (T—(v=zA® =),
where @ = var(b) — {z}.
Therefore,
— Aglc.z:b) = (LAkle=¢€)Vv
(hld =€ ATv[e =< v > Ab[@°/a][v/a] A (T (v =2 A §=§7))]),
where d = ¢ — {c}, {7} = {2} - {z}.
— Ag(c.z:b)[L°] iff (trueAejc =€) V.- iff true
—  Ag(e.z:b)[T°][L][t1/h] iff t1]c = eV
(t11d = & A Tvfts|e =< v > Ab[&*/i][v/2]])
—  Aglc.z:b)[T][t1/h] iff
tid = e AJuft1]e < v > Ab[@°/B][v/z]Av=2A§=§°]
We use this to calculate Ag(c.z:b) 1> ¢ as follows:
Ag(cz:d) b o
iff
(L A (true—y[L])) v
(T AVErYaz( Ag(em:0) [ T°]la/B] — lhtr/h]) [/2°])
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iff
(LAY[L)V

(T AVt ((tale = &V (t1]d = & A Bofts]e =< v > Ab[°/i][v/z]]))

— [L][ht1/h])[Z/2°]A V1V 2((t1]d = eATu[ti|e =< v > Ab[w°/w][v/z]A
v=zAg=g)] - $[T]lhtr/h])[z/2°))

iff

(L ALLD) V(T A[L] A Vu(blv/z]—¢[L][h < (c,v) > /h])
AVu(blv/z]=$[T][h < (c,v) > /A][v/z]))

if

Y[L] A ToVu(blv/z]—($[L][A < (c,v} >]A

Y[TI[k < (¢, v) > /h][v/z])).

This last assertion is the precondition of the communication axiom
within the Hoare system, as was to be shown.

e Predicative processes

The following simple derivation suffices:

(x|B) sat x (Predicative process)

(SP)
(p) (x18) (¢ <4 X)

This ends the soundness proof for the Hoare axioms for atomic processes.
The next step is to treat the TINP constructs.

e Hiding rules

Assume for the channel hiding rule that hchan(y) N ¢ = @ and for the
variable hiding rule that var(y) N x = 0.

Since hchan(p ~» ) = hchan(y) and var(p ~» ) = var(y), the following
derivations are possible:

(p) m(¥)

(HS)
m sat (¢ ~ )

(channel hiding in sat system)
m\c sat (p ~ )

(SH)
(p) m\c (¢)
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{p) m (¥)

HS)

m sat (p ~ 9)

(var hiding in sat system)

m\x sat (o ~ ¢)

(SH)
(p) m\x (¥)

e Renaming
Let ¢ be fresh, and let $ and ¢ be as follows:
& ¥ plhle/c)/h] A (c=¢),
& = y[hld/c|[c/<)/h].
We prove that the following implication is valid:
(B~ ) Ac' =€) > ((p ~ ¥)[hld/c]/h]).
Therefore assume:
@~ ad=c (1)

By expanding the definition of the ~» operator one sees that this is equivalent
to:

Vio(Blto/hy 2°/2, T°/T] = $ltoh/h]) A (¢'=e),
that is:
vto ((eltolc/<')/h,5°/2, T°/T] Atole = 6) -

¥[(toh)[d/cllc/c/h]) A (' =¢).  (2)

From (2) we must prove:

vty (lth/h, 2°/2, T°/T] — lth(kld/c])/h]).  (3)

So take some arbitrary t}, and assume p(th/h,Z°/%, T°/T]. We must then
prove that ¢[th(h[d/c])/h] holds. Since ¢’ is fresh, so in particular does not
occur free within ¢ or 1, we may assume, without loss of generality, that
ty|c' = & for this proof.

We now instantiate (2), where we choose tg to be tj[c'/c|. |

It is easily checked that:
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to[c/c'] = tylc'/elle/c'] = ty and that
tolc = tylc'/e]le = e.
Therefore we can use the implication in (2) to infer ¥[(toh)[d/c][c/<']/h].

By the assumption on ¢}, and the conjunct ¢’ = ¢ in (2), it is seen that

(toh)[d/cllc/c] = (to[e'/c]ld/e]le/ )" (hld/cllc/c])) = to(hld/c]).
But then we can conclude that ¢[t)(h[d/c])/h] holds, as was to be shown.

We use the implication that we just proved, in the the following derivation:

() m (9)

(HS)  m sat (¢' =€) (Invariance)
m sat ( ~> )

(Conjunction )

m sat (@~ P)AC =¢)

(Consequence)

m sat ((p ~» $)[h[d/c]/h))

(Renaming)
m(d/e} sat (p ~ ¢)

SH)
(p) m{d/c) (¥)

eKernel

Let ¢ = hchan(y), and let o' = p A (hle = tolc).
(p)ma(¥)

(HS)
my sat (p ~ ¢)

(Kern)
Kern(my) sat Kern(p ~» )

(SP)
(¢)Kern(m1)(p' < Kern(p ~ ¢))

(Consequence)

(¢')Kern(my)(Kern(to, ¥, €))

The application of the consequence rule in this derivation is justified as
follows.
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(h,s) € [¢' < Kern(p ~ $)]v

implies

3Ry, he, 81 2 h = hihg A (A1, 81) € [@']7 A (51, B2y 8) € [Kern(p ~ ¢) ]y
implies

Jhy, hg, 81t h = hihe A (h1,81) € [o]y A Rile = 7(te)|c A

Vhy((hy 1) € [ely = ((haha), 5) € [$]7) A

VY < ha, Yh (s, 1) € [oly — (b}, 1) € [9](4)
implies

3hy, hay 81t h = hihg A hyle = 4(tg)|e A

(hiha,s) € [$]7 A VR < hy((hihh, 1) € [9]7)
implies

Jhi,he, 81t h = hihs A

(hahz, ) € [$]y A VA, < ha((v(to)B3, L) € [¥])
implies

(hy8) € [$]7 A VR (1(to)le < Wle < hle — (K, 1) € [9]v)
implies

(h, s) € [Kern(to, ¥, c)]v.

sSequential composition

(v) m1 (p) (p) m2 (¥)
(HS)

(H8)
m; sat (o ~» p) mg sat (p ~ )
()
my ; mg sat ((&o ~ p)S(p ~ *!’))
(Consequence)

my ; my sat (@ ~ )

(SH)
() my; mz (¥)

o Choice
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(0) m1 (¥) (v) ma (¥)
(HS)

(1)
my sat (p ~ ¢) my sat (o ~ ¢)
(Choice)
myormy sat (o ~ PV~ ¢h)
(Consequence)

mjyorm; sat (p ~ )

(SH)
(p) m1orm; (¥)
e Parallel composition
Assume that abase(y;) N B; C Bi, for (1,7) = (1,2) and (5, 7) = (2, 1).

Note that, since abase(p ~» ) = abase(y)) the conditions above still hold if
we replace ¢; by ©; ~» ;. This means that the application of the parallel
composition rule in the following derivation is justified:

(p1)ma(41) (p2)ma(42)
(HS)

(HS)
my sat (p1 ~ Y1) mg sat (pg ~ 2)

(Parallel composition)

my B || B2 mg sat (1 ~ Y1 A pa ~ th2)

(Consequence)

my 61 || 82 m2 sat ((p1 A p2) ~ (Y1 A )

(SH)
(1 A p2) ma 81|82 ma2 (1 A ¥2)
e Recursion, u, Recursion

The recursion rule is a special case of Scott’s Induction rule, since we already
showed the admissibility of Hoare formulae. Just as for the case of SAT
formulae, the first premisse of Scott’s rule, which is in this case of the form
H I~ (p) false (¢), can be omitted since it is always satisfied.

The case of p, recursion is treated completely similar to the corresponding
case for the SAT system.

e Process naming

This case is very similar to the corresponding case for the SAT system.

e Invariance
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Assume that abase(y) = (d, {4}) and that (d, {§}) N base(m) = (8, 0).

Then we have the following derivation, starting with an instance of the
invariance axiom, for the sat system.

msat (hld=eA (T —§=§°))

(WP)
((la=en(T—g=5)) > o) m(v)

(Consequence)

(¥[L] A ¢) m ()

(The proof of the property used for the consequence rule in this derivation
is very similar to the calculation of the weakest precondition for the skip
process above.)

e Prefiz Invariance

Note that:
Vto(to|e < hle ~ tole < hjc) iff
VigVta(tole < thle — tole < thlc)

Clearly the last assertion is universally valid, explaining why we need no
prefix invariance axiom for the SAT system!

The soundness of the axiom for the Hoare system follows from:

m sat true invariance

(Consequence)
m sat Vig(to|c < hle ~ tgle < hlc)

(Consequence)

m sat tolc < ke ~» fole < hle

(sH)
(tole < hlc) m (tole < hlc)
e Strictness

Note that if ¢ € Assn(Z), then the Assn assertions L° Ap[to/h,Z°/zl, T°T]
and L Ap[tg/h] do have the same truth value. Also, werecall that 1° — (h|e =
€ A 1) is universally valid, by the structure of the domain A.

So if we choose ¢ = hchan(yp), then we see that:
(LAp) ~ (LAag),



196 CHAPTER 5. PROOF SYSTEMS FOR TNP

which is equivalent to
Vto ((L° A plto/h, 2°/21, T°T]) = (L A plto/h])),
is universally valid.

This explains why there is no strictness axiom for the SAT system. And
similar to above, we can prove the soundness of the strictness axiom for the
Hoare system: 1° — (hlc =€ A L)

msat (LAg) ~ (LAgp)

(SH)
(Lrg)m(LArg)

e Conjunction

(1) m (¢1) (2) m (¥2)
(HS)

(HS)
m sat (‘Pl ~r 1[)1) m sat (392 thid ‘/’2)
(Conjunction)
m sat (1 ~ Y1 A g ~ )
(Consequence)
m sat ((p1 A p2) ~ (1 A h2))
(1 A p2) m (Y1 A th2)
o Disjunction
(1) m (1) (p2) m ()
(HS) (HS)
m sat (@1 ~ 1) m sat (p2 ~* th2)
(Disjunction)
m sat (p1 ~ 1 A g ~ 2)
(Consequence)

m sat ((p1V e2) ~ (Y1 V 42))

(p1Vez) m(¥1V )
o Consequence
Assume the validity of V; (¢—¢') and V, (¢*—>¢). Then is is easily checked

that also (¢' ~ ¢') — (¢ ~ ¢) is valid, and thus we have the following
derivation:
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(") m (¢')
(HS)
m sat (¢’ ~ ¢')
(Consequence)
m sat (p ~ )
(SH)
() m (¥)
e J-pre

If § are logical variables that do not occur free in ¢, then:
V(o) iff
Vgvio(plto/h, 2°/2, T°/T] —¢lton/h])  iff
Vto (Fg(plto/h, 3°/2, T°/T]) —¢ltoh/h])  iff
3g(p) ~ 4.

This is used in the following derivation. Provided that § do not occur free
in hypotheses of the derivation:

() m (¥)

(HS)
m sat (¢ ~ ¢)

(v-Intro)
m sat (Vg(p ~ ¥))

(Consequence)

m sat (33(p) ~ ¢)

(SH)
(Fa(¥)) m (¥)
e Strong adaptation

Under the assumption that 3nbase(m) = (0, @) we have the following deriva-
tion:

(1) m (1)

HS) m sat 15 (Invariance)

m sat (p1 ~ 11)1)7

(SP)
(p2) m (o2 < (1 ~ 1))
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The weakest precondition version of the rule is derived similarly, using the
“WP” rule instead of the “SP” rule.

o Initial trace adaptation

The transformation is simple:

(o A hle' =€) m ()

(HS)
m sat (p Ahlc' =€) ~ ¢
(Consequence)
m sat @ ~ Y
—— (sH)
() m (¥)

The application of the consequence rule is justified by the following calcula-
tions. We prove that

(o ABle! =€) ~m ) = (0~ ¥)
is a valid implication, under the assumption that ¢’ N hchan(p, ¢) = 0.
Assume that:

(50, h,) € [( A Ble! =€) ~ B
This is equivalent to:

Vho(((ho, o) € [©]7 A hole' =€) = (hoh,s) € [¢]).

We want to show that the conjunct hglc’ = € can be left out. So assume
that we have some arbitrary (ho, so) € [¥]y. Since hchan(p) Nc' = 0 this
implies that:

(ho\c', 50) € [l

It is clear that (ho\c')|c' = €, and so by the given implication it follows that:
((ho\c')h, 8) € [¥]7.

Since also hchan(y) Nc' = @, one sees that:
(hoh,s) € [4]7,

as was to be shown.

O
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5.9 Soundness of the Invariant system

e Abort,Z
Choosing ¢ = (I A (T—false)}, we have:

(¥[1]) abort (¥) (Abort)

‘ (Consequence)
(I) abort (I A (T—false))
(Consequence)
(T A I) abort (I A (T—false))
(HI)

I: {I} abort {false}
The process % is treated completely similar.
o Skip
Choosing ¥ = (I A (T—p )), we have:

(¥[L] A ¢) skip (¥) (Skip)

(Consequence)
(I A (IAT—p))skip (IA(T—p))

(Consequence)
(TApAI)skip (IA(T—(pAI)))

I:{pAI}skip{pAI}
o Assign
Choosing ¢ as I A (T—(p A I)) we have that:
¢[Ll] & I and
$[Tlle/=] ¢ (pA De/z] ¢ (ple/z] A ).

Hence:

($[L] A ¢[Tlle/2]) z:= e (¢) (Assign)

(Consequence)

(TAple/zlAI) z:=e(IA(T—-(pAI)))

(HI)

I:{ple/z|AI}z:=e{pAI}
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e Guard

Choosing ¢ as I A (T—(p A I Ab)) we have that:
¢[L] © I and
Y[T] & (pAIAD).

Hence:

(YILIA (T AB)—=¢[T]) 8(¥) (Guard)

(Consequence)
(IA(T A= (pAIAL))B(IA(T—=(pAIAD)))

(Consequence)
(TApAIbB(IA(T—b))

HI)

I:{pAI}b{pAIAb}
s Com
Let ¢ = I A(T—(pA I)). Then:
Y[L] & I and
Y[T|epAal
The communication axiom in the Hoare system for this ¢ is:
(In
T— Vv(b[v/x]—» (I[h < (eyv) > /B A (pA D[R < (c,v) > /h, v/a:])))
c.z:b
(A (T(pAD)).

By means of the the Consequence rule one can derive from this the following
formula:

(TAIA

Vv (b[v/a:]——> (I[h < (e,v) > /h] A plh < (c,v) > /A, v/x])))
c.x:b

(IA(T—(pAD).

By definition, formalized in the “(HI)” rule, the last formula is:

I+ {1 AVo(blv/] — (Ih < (¢,v) > /B Aplh < (c,v) > /Hl[v/2}))}
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cz:bh
{pAnI}.
e Predicative processes

Let {(J, R) be a predicative process as indicated for the axiom. We calculate
the following strongest postconditions:

(Tap) < ((T°—J) A (T—R))

iff

Etlatﬁa(mc = (tatz)|e Ap[ti/h, B/ AT[B/Z°, ta /A A (T — R[a/f,tg/h})).
paJiff

(p[L] A truea 1) V)

313,30 (hle = (tata)[e A plta/h, /2] A J[5/2°, ta/H] ).

T—{(p<(JAR))iff
T — [3t13t,30(hle = (tst2)|c Aplts /b, 5/2| AT [5/2°, t2/ W AR[3/2°, 12/ h]) |

From these calculations it is clear that the following is a strictly valid asser-
tion:

[(TAp) < (TP ) A (T=R)] = [ NAT - (< (TAR)))].
Therefore, the following derivation is admitted.

(TAp) (L,R) ((TAP) A ((T°—=J)A(T—R)) (Pred.)

(Consequence)
(TAp) (L, R) (p< JA(T—=(p< (J A R))))

(HI)
p<J : {p} (J,R) {p< (JAR)}
o Hiding rules

If ¢ N hehan(g,I) = @, then also ¢ N hchan(I A (T—¢q)) = 0. Hence the
following derivation is allowed:
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I:{p}mi{q}
(1H)
(T A p) my (I A (T—»q))
(Hiding)
(T Ap)mi\e (1A (T—q))
HI)

I:{p}mi\c{q}
Variable hiding is very similar since x N var(g) = x Nvar(I A (T—g)).

o Renaming

We use the following two abbreviations for substitution:
(1] 2 [hfe/]/A] and
def
[2] = [hld/c]le/</A].

Then we have the following derivation:

1:{p} mi{d/c}{q}

(Consequence)
112] : {p[1] A c = €} my {q[2]}
(1H)

(TAp[I]Ac=e)my (I[2) A (T—q[2]))
eKernel

Let ¢ C hchan(I,q).

I:{p}mi{q}
(TAap)mi(IA(T—q)
(Kern)

(T A p A ke = tgle) Kern(my) (Kern(to, I A (T—q)))

(Consequence)
(T A p A hle = to|e) Kern(m,) (Kern(to, I) A (T—q))

Kern(tg, I} : {p A h|c = to|c} Kern(m,) {q}
o Sequential composition

We have the following derivations:
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(A)
I:{p}m{r}

(IH)
(T Ap)ymy (IA(T—r))

(Consequence)
(TApm (LA V(T AT))

(B)
I:{r}ms{q}

(IH) (LAI)mg(LAI) (Strictness)
(TAr)me (IA(T—q))

(Disj.)
(LADV(TANme ((LADV I A(T—4q)))

{Consequence)
(LADV(TAT))my (IA(T—g))

(€)
(TAp)my ((LAD V(T AY) ((LADV(TAr)) ma(IA(T—g)) .

¥

(T Ap)my;mg (IA(T—q))

(HI)
I: {p} mi;my {q}

Clearly the soundness of the rule follows by combining these three deriva-
tions.

o Chotce
I:{p}m;{q} I:{p} mz{q}
(IH) (IH)
(TAp)my (IA(T—q)) (T Ap)mz (IA(T—q))
' (Choice)

((TAPIA(T AD)) miorme ((IA(T—gq)) Vv (IA(T—q)))

(Cons.)
(T Ap) miormy (I A(T—q))

(HI)
I:{p} miorm; {q}

o Parallel composition
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Assume that for 1 = 1,2 : abase(gi, I;) N 3; C Bi. Then we have the following
derivation:

Iy : {p1} mi {q1} Iy : {p2} m2 {q2}
(IH)

(IH)
(T Ap1) mi (LA (T—q1)) (T Ap2) mz (I A (T—q2))

(P.C.)
(T AP) A(T A pz)) my gz ma (LA (T—q1)) A (L2 A (T—42)))

(TA(p1Ap2)) myBal[B2ma (I AL)AT—(q1 A q2))

(HI)
L ALy : {p1Ap2} myBi| B2 ms {q1 A g2}

The application of the parallel composition rule for Hoare formulae is justi-
fied by the fact that:

abase([,' A (T—bq,‘)) N ,BJ' = abase(I,-, q,') N ﬂj & ﬂ,‘.
e Recursion, u, Recursion

Since I : {p} m; {q} formulae are (abbreviations of) Hoare formulae, the
corresponding rules for this latter type of formulae are applicable. For the
case of u, recursion one could have expected the following rule:

H-Vg(I:{p}z{q}], HU{Vg[I: {p} Xp {g}]} F Vg[I : {p} m:1 {g}]

Vgl : {p} n:Xp.my {q}]

The premisse of the form H + Vg[I : {p} Z {q}| however boils down to
H+ Y(p — I). The premisse could be omitted by including the invariant I
as a conjunct to the preconditions of the relevant formulae, as we have done
for the rule for u, recursion in the Invariant system. The following simple
derivation shows that in this case the premisse for Z in the rule above is
always valid.

I:{I} z {false}

( (Consequence)

I:{pAI}Z{q}

(V— introduction)
vall: {pA I} Z {g}]

e Process naming.
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The rule for the invariance system is just a special case of the corresponding
rule for the Hoare system.

e Invariance.
Let p = IA(T—(pAI)).

The assumption for the axiom is that abase(p, I) N base(m) = (9, 0). This
implies that abase(y) N base(m) = (0, 0).

Since $[L] < I it is clear that: (T ApAI) = (Y[L] A ).

Hence the following derivation is possible:

($[L] A ) my (¢) (invariance)

(Consequence)

(TApA)my (IA(T—(pAI)))

(HI)
I:{pAI}mi{pAI}
e Prefiz invariance

hle < tole) m (h|e < to|le) (prefix invariance)

(Consequence)

T A hle < tole) m (hle < tole A (T—h|e < tolc))

(HI)
(hle < tole) : {h|c < to|le} m {h|ec < tolc}

e Closure adaptation

I:{p} m{q}
(1H)
(TAp)m (IA(T—q))
(Consequence)
(TAp)m(IA(T—(¢n 1))
(HI)

I:{p} m{gnlI}

e Initial trace adaptation
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I:{pAhlc=¢}m{q}

(1)
(TApAhle=¢€)m (IA(T—yq))

(Initial trace adaptation)
(TAp)m(IA(T—g))

(HI)
I:{p} m{q}
o Conjunction
Iy {p1} m1 {q1} L : {p2} mz {g2}
(IH) (IH)
(T Ap1) my (LA (T—q1)) (T Ap2) me (I A (T—q2))
(Conj.)
(TAP)A(TAP)) m (LA (T—q)) A (I A (T—4g2))) (Eloiss]
(TA(prAp2)) m (LA L) A (T—(q1 A g2)))
(HI)
(LAL):{p1Ap2} m{q1 A g2}
e Disjunction
I : {p1} mi {q1} Iy : {p2} m2 {q2}
(IH)y— (IH)
(T Ap1) mi (LA (T—q1)) (T Ap2) ma (A (T—42))
(Disj.)
(TAp)V(TAP)) m (A (T—q1))V (L2 A (T—4g2))) (Cons)

(TA(rVE)) m((ILLVIE)A(T—(q1V ¢2)))

(HI)
(Lhv):{p1Vp} m{q1Vae}

e Consequence

From the premisse:
Y(I'-1),Y(p—p'), ¥(¢'—19),
it follows that:
V(T AP)=(TAP)), Yi((I'A(T—4)) = (T A (T—g)))
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Therefore the following derivation is possible:

I': {p'y m{q'}

() (T AR)=(T AP)),
(TAP)m(I'A (T=¢)) VL((I'A (T=g))= (T A (T—49)))

(Cons.)
(T /\p) m (I A (T—rq))

(HI)
I:{p}m{q}

e J— pre

vg[I: {p} m {a}]

(V- elimination)

I:{p} m{q}

(1H)
(TAp)m (IA(T—q))

(V— introduction)

Vg[(T Ap)m (1A (T—q))]

(3— pre)
(33(T Ap)) m(IA(T—q))
(Consequence)
(T A3g(p)) m (IA(T—4q))
(HI)

I:{33(p)} m {q}



Chapter 6

Completeness

6.1 Introduction

Now that we have formulated several proof systems, we consider the deduc-
tive strength of these systems. In relation to this we examine the expressive
power of specifications.

First of all we formulate some rather general yardsticks that can be applied
to arbitrary proposed specification methods for TINP processes. Then we
apply these yardsticks to our own method, as proposed in chapter 4. This
results in the definition of so called characteristic specifications, that will
play a major role in the completeness proof for the SAT system.

6.2 The expressive power of specifications

Consider some arbitrary proposed specification method for TNP processes.
So for the moment the term “specification” refers to a certain type of for-
mulae from this method, not necessarily to the specifications of chapter 4.
A reasonable assumption that we will make is that processes with equal se-
mantics and with the same bases satisfy the same specifications. That is,
if S; = S; and base(Sy) = base(Sz), and “spec” is some specification, then
either both S; and S, satisfy spec or none of the two does. Let S;CS; de-
note that S; C S; and base(S;) C base(Sz). Also let S; = S; denote that
Sy = S; and base(S;) = base(Sz2). Four criteria about the expressiveness of
the method, that might be satisfied or not, are:

1. If Sy and S, satisfy the same specifications, then S; = S;.

209
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(Together with the assumption made above this means that S§; = S,
iff Sy and S; satisfy the same specifications.)

2. For each process S there is a weak characteristic specification Wch(S)
in the following sense: if S; 2 S;, then S; does not satisfy Wch(S;)
or Sz does not satisfy Wch(Si). (It is understood here that S itself
does satisfy Wch(S).)

3. For each process S there is a characteristic specification Ch-(S) with
the property that any S’ satisfies Ch- (S) iff S'CS.

4. Similar to 3, there is a specification Ch«(S), such that S’ satisfies
Ch«(S) iff S'= 8.

Criterion 1 is the weakest of these four.

An alternative formulationis: If S; 2 Sj, then there exists some separating
specification Sep(Sy, S2) that is satisfied by one of the two processes but not
by the other.

Criterion 2 is stronger: it requires that specifications Wch(S) are deter-
mined on forehand such that Sep(Si,Sz) can be chosen as either Wch(S;)
or Wch(Sz).

Criterion 2 is implied by criterion 3, since if we have available characteristic
specifications Ch-(S), we can choose Wch(S) to be Ch-(S). Then, if
S, 2 S,, we must have S; S, or Sy ZS;, and therefore that S; does not
satisfy Ch(S;) or S; does not satisfy Ch(Sy).

Clearly criterion 4 is still stronger than criterion 3. It implies a stronger
version of criterion 2, in that the separating specification Sep(.S1, S;) can be
chosen as Ch«(S)) and also as Ch(Sz).

Criterion 3 is the best of these four that one can hope for in the case of
a system for safety properties. The reason for this is that if spec is such
a specification that is satisfied by S, it is also satisfied by all S’ such that
S'CS. This follows from the characterization of safety properties of chapter
3. This shows that criterion 4 cannot be met by specifications methods for
safety properties, including our own methods from chapter 4.

An example of a specification method for TINP not meeting criterion 1 would
be the class of Hoare formulae {pre}Pg{post}, with the usual interpretation:
If Pg starts in an initial trace and state satisfying “pre”, then if and when Pg
terminates, “post” will hold for the resulting final trace and state. This is
essentially our class of invariant formulae I : {pre} Ps{post} with I identical
to true. For this method, the processes S; and S;, defined as:
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(Together with the assumption made above this means that S; =2 8,
iff $; and S, satisfy the same specifications.)

2. For each process S there is a weak characteristic specification Weh(S)
in the following sense: if §; # 83, then S does not satisfy Wch(S;)
or S; does not satisfy Wch(S;). (It is understood here that S itself
does satisfy Wch(S).)

3. For each process S there is a characteristic specification ChE(S) with
the property that any S’ satisfies Ch-(S) iff S'CS.

4. Similar to 3, there is a specification Ch«(S), such that S' satisfies
Chx(S) iff S'= 8.

Criterion 1 is the weakest of these four.

An alternative formulationis: If §; % S;, then there exists some separating
specification Sep(Sy, S2) that is satisfied by one of the two processes but not
by the other.

Criterion 2 is stronger: it requires that specifications Wch(S) are deter-
mined on forehand such that Sep(S;,Sz) can be chosen as either Wch(S)
or Wch(S;).

Criterion 2 is implied by criterion 3, since if we have available characteristic
specifications Ch—(S), we can choose Wch(S) to be Ch-(S). Then, if
Sy % Sz, we must have S; £.S3, or S; £ S, and therefore that S; does not
satisfy Chr=(S:) or S; does not satisfy Ch=(S5}).

Clearly criterion 4 is still stronger than criterion 3. It implies a stronger
version of criterion 2, in that the separating specification Sep(S;,5;) can be
chosen as Ch(S1) and also as Cha(Sy).

Criterion 3 is the best of these four that one can hope for in the case of
a system for safety properties. The reason for this is that if spec is such
a specification that is satisfied by S, it is also satisfied by all S’ such that
S'CS. This follows from the characterization of safety properties of chapter
3. This shows that criterion 4 cannot be met by specifications methods for
safety properties, including our own methods from chapter 4.

An example of a specification method for TNP not meeting criterion 1 would
be the class of Hoare formulae {pre} Ps{post}, with the usual interpretation:
If Py starts in an initial trace and state satisfying “pre”, then if and when Pg
terminates, “post” will hold for the resulting final trace and state. This is
essentially our class of invariant formulae I : {pre} Ps{post} with I identical
to true. For this method, the processes S; and S;, defined as:
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51 def p:Pg.Pg and Sa def 42 Pg.cl0; Pg

would satisfy the same specifications, since both have base 8 and neither of
them terminates. However, S; # S; and so Sy ¥ S,.

It is noteworthy that the system consisting of “classical” Hoare style speci-
fications for, sequential programs does satisfy criterion 1 and 2, but that it
does not meet criterion 3. For these systems a specification consists of a pair
(pre, post) of assertions in a first order predicate language. A program S
satisfies a specification if {pre}S{post} is a valid formula. To prove that cri-
terion 3 cannot be met, let us assume on the contrary that (pre,ip, post,iip)
is a characteristic specification for the program skip. That is, we assume
that:

{preskip}S' {post,kip } iff S'Cskip

Now since the set of free variables occurring in pre,iip or post,pip is a finite
one, there must be some variable, say z, not occurring in it. But then it is
easily seen that:

{?"e:ks’p} z:=1 {POStskip}
is a valid formula, despite the fact that z := 1 Lskip.

The simple counterexample as above is not possible for the Hoare specifi-
cations of chapter 4, who have the form (pre)Ps(post). Here the base S
attached to P expresses the invariance of the infinitely many variables and
channels not present in 8. For instance, a characteristic specification for
skip is:

(true) P (true)

The process z := 1 does not satisfy this specification because it is not even
substitutable for P(@’@). We shall prove that for closed processes there are
characteristic specifications conform criterion 3 in the form of Hoare spec-
ifications as well as in the form of SAT formulae. To deal with non closed
processes we must enlarge these specification classes if we want criterion 3
still to be satisfied. We prove that in this case specifications of the following
form suffice:

1(6) & ¥ Ve (( A speci(s))—spec(s))
s=1.n

where each spec;(¢;) is a SAT formula or Hoare formula. As mentioned
before in chapter 4, the formula f(£) above specifies a process $ such that
S satisfies spec provided the “modules” ¢;...¢, satisfy spec; ... specy.
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The proof of these claims introduces the so called characteristic assertions
A(m) for mixed terms m. We shall define A(m) as an assertion that satisfies
the equality: A(m)|base(m) = m. If m does contain free process variables,
then A(m) is a parametrized assertion. These characteristic assertions play
a major role in the completeness proof for the SAT system.

Before we proceed to the definition of A(m) we would like to compare our
treatment of bases with that of others. In [Olderog2|, specifications are
identified with assertions X that are closed with respect to ghost variables.
Satisfaction of such a specification by a (closed) process S simply means
that S C X is valid, and, in particular, no explicit condition on bases is
included. This means that such specifications correspond to formulae of the
form P C X in our system. Here we adopt the convention that P without
base subscript abbreviates P(Chan,’Var)‘

The problem with these formulae is that the assertion X must somehow
express the invariance of (infinitely many) channels and variables. Now,
similar as in [Olderog2], we can include a conjunct h = h|c in X to enforce
that no communications outside ¢ can occur. A problem with such conjuncts
is that they are not preserved by the parallel composition operator. For
instance, the following inference is not sound:

Slgh=k|c1 s Szgh=k‘62

S ” Sy C (h = h{cl) A (h = hl02)

The conclusion of this inference can be rewritten into:
S1 || S2 € (k= hl|(e1 Nez)).

This is incorrect however; in fact we may conclude only that:
S1 || S2 C (h = h|(e1 Ueg)).

Indeed the restrictions associated with our parallel composition rule in gen-
eral forbid the inference above. The reason is that hchan(h = h|c;) = Chan,
and so the condition that hchan(h = hle;) N chan(S;) C chan(S;) for
(£,7) = (1,2) and for (i,5) = (2,1), implies that chan(S;) = chan(S:),
which is usually not the case.

An even more serious problem is caused by the fact that, within our assertion
language, there exists no assertion at all that expresses the invariance of
infinitely many assignable variables. This could be regarded as a weakness
of this language that should be corrected by adding for instance special
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assertions of the form mod(x). The interpretation of these new assertions
then must be as follows:

[mod(x)](7) = {(s0, h,8) | 8= L or s(y) = se(y) for all y € Var — x}.

Another alternative would have been to allow for infinite conjunctions, such
as /\ (y = y°). Both approaches occur in the literature; see for example

veVar-x
{Lam2], [Jonkers].

Of course, if we express the invariance of variables within assertions, we
will have the same type of problems with parallel composition as was the
case with the invariance of channels. For example, the following inference,
analogous to the one above, is not sound either:

81 C mod(x1) , S2 € mod(xs)

The foregoing explains why we decided
S ” Sy C mod(xl) A mOd(XQ)

not to rely on the assertion language to express the base of processes, but

rather include bases as a separate part of specifications.

A similar approach, for a language dealing with traces only, can be found in
[Snep]. There the base of a process is called its alphabet.

6.3 Characteristic specifications

In chapter 5 we introduced characteristic assertions A(a) for atomic pro-
cesses . We proved that not only o sat A(a), but that even a = A(a)|base(a)
is the case. This means that, of all assertions X such that abase(x) C base(a),
A(«a) is the strongest assertion that is still satisfied by a.

The next step is now to extend A by assigning such a characteristic assertion
A(m) to just any mixed term m.

For m with free process variables contained in £1,---, &n, A{m) is peram-
eterized by assertions Xi,--*,X,. We indicate this by A(m)(X1,+ <, Xxn),
where the matching between the parameters X; and process variables §; is
to be understood from the context. Sometimes we abbreviate A(m)(X) as
A{m)(X1, "+, Xn) or even omit the list X completely. Similarly we use m(X|5)
as an abbreviation for m[(X1|81)/&1," "5 (Xn|Bn)/&nl-

We shall prove the following equality:
A(m)(X)|base(m) = m(X|B)
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In particular for closed m this implies that:
A(m)|base(m) =m

The free channels and variables in A(m) are chosen such that:
abase(A(m)) C base(m)

It is seen that for predicates X such that abase(Xx) C B the following equation
holds for ' 2 8

(x A 1g-p)|B' = x|8

As a consequence of this, if we define for 8 D base(m) the assertion Ag(m)
as

Ag(m) = A(m) A lﬁ-—base(m)
then:
Ag(m)|B = A(m)|base(m) = m.

We use this abbreviation Ag(m) already in the definition of A(m) below.
First we repeat definition 5.1, which defines A(e) for atomic processes o.

Definition 6.1 (Characteristic assertions for Atom)
A(skip) = true
Af{abort) =1
Azi=e)=T - (s =elg’/g] A0 = 0°),
where {§} = var(e) and {@} = var(e) — {z}
A(b) =T — (bA @ = w°), where {®w} = var(b)
Alcz:b)=(LAec=¢)V
Jvje =< v > AbBB°/B,v/Z] A (T — (v=2A % = 0°]))
where w = var(b) — {z}

O

Apart from the recursion construct we give an explicit definition of A(m).
For the recursion construct we can prove that there ezists such an assertion,
without being able to give such an explicit definition. In section 6.5 we
point out that in an assertion language that includes infinite disjunctions of
formulae, one can give an explicit definition of characteristic assertions for
the recursion construct.

Definition 6.2 (Characteristic assertion for mixed terms)

For m not a p-construct we define:
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A(X|B)(X) = x

A(Z)(x)=1

A(1)(X) = true

A(Xé‘.)()'() = X;, where X = X1,-*, Xn-
A(mi\e)(%) = 3t(A(m1)(R)[t/h] A Ble' =1|e"),
where ¢’ = chan(m;\c) = chan(m;) —¢.

A(m1\x)(%) = 32(A(m1)(X)), where {z} =x.

Almi(d/e)) (%) = 3t(A(m1)(R)[t/] A hle = (tler)[d/e])
where ¢ = chan(my[d/c]) = (chan{m;) — {c}) U {d}
and ¢; = chan(m;).
A(Kern(m1))(X) = Kern(A(m1)(X))
A(my;ma)(X) = Ag(mi1)(X) 6 Ag(ma)(X), where B = base(m;; m2).
A(my Umg)(X) = Ap(my)(X) V Ag(mz)(X), where 8 = base(m; Umyg).
A(m1 81| 82 ma)(X) = Ag, (m1)(X) A Ag,(m2)(X)
A(Xpy = mo i1 my)(R) = A(m) (X0, ), where Xo = Agy(mo) ),
and where we assumed that my = my (X3, X3 ,--- X3 ).
O

To prove the existence of an assertion A(m) for the case that m contains
the p construct, we first show that the set of (codes of) m computations is
recursively enumerable (r.e.). From this it then easily follows that A(m) is
arithmetical, that is, representable by some formula from first order arith-
metic. A slight complication will be that m possibly contains subterms of
the form (X|B) or Xg. Such terms do not necessarily correspond to some
r.e. set. Now since we aim at a representing assertion for m(X|3), we may
assume without loss of generality that m itself does not contain subterms
of the form (x|8). A second, more technical, problem is that computations
cannot be enumerated by a Turing machine (T.M.) since they are infinite
objects, due to the presence of states within them. However, it suffices to
enumerate integer codes for computations. The coding relies on the finite
base of m.
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Since our assertion language “includes”, but not equals the language of arith-
metic, we first show that arithmetical sets are representable in our assertion
language. So assume that base(m) = 8 = (¢,x) = (¢, {21, -+, Zp}). Choose
some injection

[ Val™ x Trace x Val*—N

that is representable within arithmetic, and define for § € A,p € P(A) :
codep(5) = codeg((s0,h,8)) % f(s0(2), ke, 8(2)),
codeg(p) = {codeg(8) | 6 € p}.

Since our assertion language does contain the expressions z°, £2°, - z2,
hle,zy,+- -2y, and also includes arithmetic, it is clear that there is some
assertion Xeode 5ay, with hchan(Xcode) = €,v0r°(Xcode) = X,lvar(Xeode) =
{n} that satisfies:

8 € [Xeode |7 iff ¥(n) = codeg(d).

Abbreviate m(X|3) by m[e/s]. From the assumption that base(m) = B,
it follows that base(Obs| m|e/e]|]yn) C B. From this and the fact that
codeg(6) = codeg(8') iff 6 and §' agree with respect to the channels and
variables in # it follows that:

6|8 € Obs[m|e/e]]yn iff codeg(6) € codeg(Obs[m[e/e]]n).

Below we argue that the set codeg(Obs[m[e/e]]yn) is arithmetical. Then
there is some assertion, X,, say, such that: hchan(Xm) = varl®)(xy) =
8, lvar(Xm) = lvar(mle/e]) U {n} and

Tr[Xm]67 iff ¥(n) € codeg(Obs[m[e/e]]yn).
(The & argument for T'r[X,] is arbitrary here).
Define Arr(m)(X) to be:

In(Xm A Xcode)-

Then we have that:

5 € [Arr(m)(X) ]
iff for some integer n such that n = codeg(§) :

n € codeg(Obs[m[e/e]|]vn)
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iff 5|8 € Obs[mle/]]yn.
That is, [Arr(m)(X)]v|8 = Obs[m[e/e]]¥n,
e We define A(uXp.mo)(X) as Arr(uXg.mg)(X).

It remains to be shown that codeg(Obs[m[e/e]]yn) is arithmetical. We give
an argument based on recursive enumerability. A set p is called recursively
enumerable with respect to sets py, - - -, pp, if p can be enumerated by a Turing
machine TM that is allowed to consult so called oracles to decide whether
some object is in p; or not. ([Hop|.) Call a mixed term m(X} ,---X3 )

r.e. with respect to X} ,--- X2 if codeg(Obs[m]vyn) is r.e. with respect to
codeg, (1(X5,)), -+, codeg,(n(X3 ).
Theorem 6.3

Every mixed term m(Xj, ,- -+ X} ) not containing subterms of the form (x|8)
is recursively enumerable with respect to X él, o Xp .

a

Theorem 6.4  If m is r.e. with respect to X} ,---X3 , then m(X|3) is
arithmetical.

O

Proof of theorem 6.3

We heavily rely on general techniques as occurring in, for instance, [Hop|.
What must be seen is the following:

There exists a TM M that given as input a mixed term m and the codes for
oracle TM’s for the parameters X; ot Xg produces the code for a TM
O(m) that enumerates the (codes of the) computations of m.

The reason that it does not suffice to show mere ezistence of O is that then
our induction argument below gets stuck for the case of (nested) recursion.

The proof is by means of induction on the number of recursion constructs
appearing within m. (That is, there is a different M for each number of
recursion constructs.) The TM M for some given number of recursion con-
structs in m, constructs O by means of a syntax directed translation. That
is, for a composed m, M first creates TM’s O(m;) for the parts m;, and
then uses these for the construction of O(m). This means a case distinction,
according to the various TNP constructs. We treat a few interesting cases.
We show what the structure of O(m) must be. That a TM M exists that
constructs O(m) will be reasonably clear in the cases below.
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e Constructs such as hiding.

Let m be of the form m;\e. Our TM M must construct O(m) from
O(m;). Now O(m) is as follows: It simulates O(m;), and for each
(code of a) computation generated during this simulation, it removes
all ¢ communications. The result is then output generated by our
machine O(m).

e Kernel operation

Assume m is of the form Kern(m,). This case is different from opera-
tions such as hiding since Kern is not the pointwise extension of some
operation on single computations. However, if we can enumerate the
codes of computations of m;, then we can also enumerate finite sets
of such codes. For each of such sets, our TM O(m) can check whether
it consists of the code of some computation é together with the codes
of all § such that §' C §. If this is the case, then our TM outputs the
code of §, otherwise it proceeds immediately with generating the next
finite set. This is seen to generate exactly the codes for Kern(m;).

o Process variables.
Obvious, since we have available oracle TM’s for such variables.
e Recursion.

So assume that m is of the form pXg.m;. The syntactic approxima-
tions m[f], as defined in chapter 3, do not have a simpler syntactic
structure than m, but the number of recursion constructs within them
is one less than for m. So we may assume by induction that there
is some TM M’ that constructs O(m;) from input m; and the oracle
TM’s. (Note that we do not need an extra oracle for X because this
variable does not occur free in any of the mm.) The TM M, that
we are to construct, must construct O(m). The latter TM operates as
follows: By means of “dovetailing” it enumerates the syntactic approx-
imations mll, for each ml'l it first constructs O(mll) using the TM M,
and finally it simulates O(mlfl), where the codes generated during this
simulation are included in the enumeration of our TM O(m). This
generates exactly all codes for the (infinite) union of the semantic de-
notations for the mll, and from chapter 3 it follows that this equals
the set of codes for the semantics of the recursion construct uXg.m;.

O
Proof of theorem 6.4
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The proof that r.e. sets are arithmetical is completely standard, and can be
found in [Schoen|. Now we have sets that are r.e. relative to given oracles.
But the sets enumerated by these oracles are certainly arithmetical since
they equal codeg, ([ X;|B: ], where X; is by definition within our assertion
language.

O

6.4 Expressiveness of characteristic assertions

We prove a theorem that is a generalization of lemma 5.2 to the case of
arbitrary mixed terms, rather than atomic processes only. It is shown that
a mixed term m and its characteristic assertion Ag(m)(X) have the same
semantics as far as the channels and variables in 8 are concerned, and pro-
vided that m is placed in a context where its free process variables have
the same semantics as the parameters X, again as far as the bases of these
variables are concerned.

Theorem 6.5 Let base(m) C B and pvar(m) C {X} ,..., X} }. For
A(m)(X) defined as above:

(A X5, =xl8:) — (4p(m)(X))8 = m

i=1l.n

Corollary 6.6
(As(m)(X))18 = m(X|8)

1

Proof

Clearly the corollary follows from the theorem since
(A X5, = xi|8:) — m = m(X|B)

is a valid formula.

The proof of the theorem is by induction on the structure or m. To avoid te-
dious notation we omit in most cases the X parameter list and also implicitly
assume the premisse A;—; , Xj. = Xi|6;

e Atomic processes
These have already been taken care of in the proof of lemma 5.2

o Specification
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Obs[x|8]vn = [x]v18 = [A(x|B)(X)]|8
e cases m = Z and m = 1. These are completely similar to abort and
skip.

e Process variable.

That is, assume m is one of the free process variables st‘,. Then:

Obs[m(x|B)]vn = Obs[x:|B:]n~.
= [x:l18: = [A(XE) (X)) 16
= [A(m)(X)]|base(m)

e Channel hiding and renaming

First a simple lemma. Assume that f is some operation on traces.
Recall that this induces an operation f on A as well as on P(A).
Moreover, assume that f is representable in our assertion language.

Lemma 6.7
(f([x]n)le = ([Fe[x[t/h] A hle = f(E)]e]]v)]e.
Proof
([3t[x[t/R] A Ble = f(&)le]])|e =
{(s0,h,8) | 3Fh',h" € Trace such that h = h'|c,
(so, b', 8) € [X[t/h] A hle = f(t)|c]v[A"/t]}
= {(so,h,8) | IH',h" € Trace such that h = k’[¢,
(s0, A", 8) € [X]y and K'|c = f(R")|c}
= {(s0,h,8) | h" € Trace such that
(s0, B", 8) € [X]y and A = f(h")|c}
= (A([xI)le.
]

Using this lemma we handle channel hiding as follows: Let ¢; =
chan(m;),x; = var(®)(m;).

Obs[mi\c]yn = (Obs[my]yn)\c =
(Obs[mi]yn)|(Chan —¢) =
([A(m1)]v)lerxa|(Chan — c) =
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Here the last but one equality follows from the fact that:
(s0, b, 8'[w/Z])|(x1 — x) = (80, b, &) |(x1 — x).
[
Let (cl,xl) = base(ml) (SO (01,X1 - X] = base(m;\x)).
Using the lemma, one sees that:
Obs[ms\xlvn = (Obs[ms Joyn)\x =
(Obs[my]yn)|(Var — x) =
(([A(m1)]N)leax1)|(Var — x) =
([A(m1)IM)I(x1 — x)]ex =
([39(A(ma)[5/2])]7) | (%1 — %) |er =
([A(m1)\x]7)le1|(x1 — x).
Kern

Lemma 6.9

If p € P(A) is saturated w.r.t. (Chan,Var) — § in the sense that
abase(p) C B then

Kern(p|B) = Kern(p)|B.

Proof: Let p be as indicated. Then p1 8 = p. This has the following
consequences:

8 € p implies 6|8 € p|B C p1 B = p, implies § € p.
5|8 € p implies §|8|8 € p|B, implies 8|8 € p|B.

From this we conclude that if p' € P(A), then p' C piff /|8 C p. In
the proof below we apply this to the set down(é') defined as:

down(§')={6eA | §C &}
We also use, in the one but last step, the fact that p|8 C p18 = p.
Take some arbitrary § € A. Then:

6 € Kern(p)|B iff

36'(6 = &'|B and &' € Kern(p)) iff

36'(6 = &'|8 and down(§') C p) iff

36'(6 = §'|8 and down(8')|8 C p) iff
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([A(m1)]7)|(c1 — €)|x1 = (By the lemma, choosing f to be identity)
([3t (A(ma)[t/R] A Rl (e1 - €) = t](e1 - €)) ]7)l(e1 - )l

([A(m)\e]7)l(e1 — €, x1)-

Next we handle channel renaming by choosing f(k) to be (h|c1){d/c].
Let (e1,%1) = base(my(d/c)). From rules (vii),(viii) and (ix) in chapter
4, it follows that:

(hlex)[d/e] = (hler|er U {e, d})[d/c] = ((hle)[d/e]) e U {c, d}
= ((hlex)[d/e])|((e1 ~ {e}) U {d}) = ((hles)[d/c])]e.

This equality, and the fact that the |[x; and [d/c| operations commute
from the basis for the following derivation:

Obs[my{d/c)|yn = (Obs[my]yn)|d/c] =
([A(m1)leslxs)[d/c] =
((TA(m1)]vle1)[d/c])|c|x1 = (By the lemma)
([3t[A(ma)[t/h] A hle = (ter)[d/c]|c]7)|elx1 =
([3t[A(m1)[t/h] A hle = (ter)d/c]]]Y)lelxy =
([A(mi{d/c))]7)ler]x1.
e Variable hiding

First a lemma similar to that used for channel hiding.

Lemma 6.8
[xI7v](x2 — %) = ([Fo(x[5/Z]) |7)| (%1 — %).

Proof
([36(x[3/2]) )] (1 — %) =
{(s0, h,s)|3s’ € State, such that
(s05 by o) € [30(x(5/2])7 and (0, 8) = (505 by )| 1 — %)} =
{(s0, h, 8)|3¢' € State,, 3w € Val* such that
(80, h, 8’[@/@]) € U:XE’T and (303 h, 3} = (SOs h, 8’)‘(}{1 - X)} =
{(s0,h,8)|3s" € State, such that (sp, h,s")
€ [x]~ and (s, h,5) = (s0, h, 8")|(x1 — x)} =
(IxIv)l ez — %)
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36'(6 = &'|8 and down(8'|8) C p) iff
6 = 6|8 and down(6) C p iff
down(§) C p|B iff
§ € Kern(p|B)

O

We use the lemma to show that the given assertion for A(Kern(m;))
is the appropriate one: Let (c,x) = base(m;)(= base(Kern(m,))).

Obs[ Kern(my)]vyn = Kern(Obs[my]yn) =
Kern([A(m1)]v|e|x) = (By the lemma)
(Kern([A(m1)]7)) elx.

e Sequential composition

Let 8 = base(my; mg) = base(m;) U base(m;y). Then:

Obs[m; ma]yn = Obs[mi]yn & Obs[mz]yn =
([4s(m1)]7)|B3 ([4s(m2)]7)18 = (By lemma shown below)
(14s(m1) 175 [ Ag(ma) 1) 18 =
([45(m1) & Ag(ma)]n) I8 =
([A(m1; m2)[)|8.

In this proof we relied on the fact that, in the above case, the pro-
jection |B distributes over the composition operator 8. In general it
is not true that for py,p2 € P(A) we have (p13p2)|8 = p1|8 3 p2|B!
However, if there are assertions X1, X2 say, such that p; = [X;]v and
moreover, (hchan(x;),var(®(x;)) C B for i = 1,2, then we do have
this distributive property.

In fact this is a consequence of lemma 4.12. The following proof relies
heavily on this lemma. Let 8 = (¢,x), {Z} = x, and let p;, p2 be as
indicated. We show that (p; 3 p2)|B = p1|8 5 p2|B as follows:

For arbitrary 6 € A, we have that

6 € (p15p2)|B

iff

Jso, 81, 82, h1, hy such that § = (so(ha, h2)|c, 50|Z : 82(ZF))
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and (sg, by, 81) € p1, (81, h2, 82) € p2

iff

Jso, 51, 52, hy, hg such that § = (sg, hi|c”ha|c, 30|Z : 32(%))

and (8o, b1, 81) € p1, (80|Z : 81(Z), k2, 82) € p2

iff

dsg, s1', s2', by, b such that § = (sg, h!|c"hhe, so|Z : 52'(Z)) and
(s0, hilc, s0|Z : 81'(Z)) € p1|B, (s0|Z : 81'(Z), hY, 50|Z : 82/ (2)) € p2|B
iff

Jsg, 81", 82", hY, b} such that § = (sq, hhY, s2")

and (so, hy, 81") € p1|B, (51", hz, 52") € pa| B

iff

& € p1|B3S p2lB.

Choice

Let 8 = base(m; or my) = base(m;) U base(m;). Then:

Obs[my or ma]yn = Obs[my]Jyn U Obs[mz)yn =
([4s(m1)]7)18 U ([As(m2) )| =

(L4s(m)lr U [4s(m2)]) 18 =

([As(m1) v Ap(m2)]7)I18 =

([A(m1 or m2)]n)|8

Remark

This resembles the case of sequential composition, except that distribu-
tivity of the projection over set union is clear. In fact,

(PrUP2)|B = ;m|BU p2|B

follows from the complete additivity of the projection operator, as
shown in chapter 3.

Parallel composition

In the next derivation we use properties of the projection and chaotic
closure operations, the fact that abase(Ag(m)) C B, and the charac-
terization of the parallel composition operator in lemma 3.35.



6.4. EXPRESSIVENESS OF CHARACTERISTIC ASSERTIONS 225

Let 8 = By U B2 = base(m;y .|| 82 mz). Then:

Obs[my 8, || 82 ma]yn = Obs[my]yn 8 || 82 Obs[mz]yn =
(146, (m1)17)|B1 61 || 82 ([ Ap,(m2) )82 =

(145, (m)]1181) 1 Brcap([ Ag, (ma) 11182) 1 52) 18 =

(14, (m0) ) 180 ([4p,(m2) 1) 18) 18 =
(145, (m0)]7 N [4g,(ma) 1) 18 =

(146, (m1) A A, (m2) ) 18 =
([A(m1 81 || 82 m2)]7)18.
e Process naming
Since Ag(X3, = mo in m1)(X1, - Xn) = Ag(m1)(Xos X1s*Xn),
where Xo = Ag,(mo){X1,* - Xn), we must prove:
( A Xs=% lf@f) — (X3, = moinmy) = Ag(m1)(Xo, X1, + - Xn)|B(1)
1<i<n
By induction we may assume:

( /\ X;‘ = Xi]ﬁs‘) — mp = Aﬁo(mﬂ)(xl, i 'X?})lﬂ(b (2)

1<i<n
( /\ Xj’; = Xill@i) — my = Ag(m1)(Xo; X1, - - Xn)|B. (3)
0<i<n
Now take some 7, n, such that
Tl A Xp, = xlB:] .
1<i<n

Then:
Obs[ X3, = mo in my]yn = Obs[my )77, (4)
where 7j = n[(Obs[mo]yn)/X3,).
Using (2) we see that actually:
7 = (T Ago(mo) (s, Xn) 1180) /X3,
By the definition of X we then see that:
Tl A Xb = xilBilA

0<i<n
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So we can use (3) to infer that:

Tr[my = Ag(mi)(Xo, X1, - X0) |81,
that is:

Obs[my v = [Ap(m1)(Xo, X1, Xn) 7|8
Combining this with (4) we see that (1) is satisfied, as was to be shown.
e Recursion
We defined A(pXg.mo)(X) = Arr(uXg.mq)(X), and we know that
(8 Xp.m0) (X1B) = Arr(uXp.m0) (V5.

So (uXg.mo)(X|A) = A(pXps.mo)(X)|B follows immediately from the
definition of characteristic assertions for u constructs. This last equal-
ity is equivalent to:

( A\ X35, =x|8:) = uXp.mo = A(uXp.mo)(X)|8.

1<i<n

6.5 Characteristic assertions and recursion -again

Although we succeeded in defining A(uXg.mo)(X) as an assertion, we need a
more tractable representation for the completeness proof to be given below.

For m = pXg.mq define the syntactic approzimations x!*l for ¢ > 0

X0 = false

X1 = Ag(mo) (X!, X)
(Here we assume that mq = mo(Xp, X5 ,--- X3 )).
The characteristic assertion for m could be written by means of an infinite
disjunction:

» - 197
A(uXpgmo)(X) =V x”. (4
i>0

Of course such an infinite formula is not an assertion itself. However, we can
treat the formula

”m - V XM”
20

as an abbreviation for the following semantic equality:
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Obs[m]yn = | [x*]r.

20
We now prove that in this sense the equality (*) above is valid. So what we
want to prove is:

( A X5 = xilB:)—pXgmo =\ XU,

1<i<n 430
that is, for arbitrary n,~:

(A n0G)=Dxhig) =

1<i<n

Obs[pXg.molvm = (|J [X¥1]7)|8.

j=0
Now from the definition of Obs for recursion it follows that:

Obs[uXg.molyn = U pll
j20

where

{ pl0l = ¢
P+ = Obs[mo] (v)(n[el7)/xs])

Therefore, using the complete additivity of the projection operator |8, we
see that it suffices to show that for all 5 > 0:

(A n(x5)=Dxhg) = o = [xi]]8
1<i<n

This last equality then, can be shown to hold by induction on j. So assume
that n and « are such that:

A n(XE) = [x]v18:

1<ign
e case J = 0:
o1 = 0 = [false]|8 = [x]1|5.
o Induction step: Assume plil = [xl/ ]}]’}'L@- Then:
p[,-+1] = Obs[mo] (%) (n[p[ﬂ/Xﬂ]) = Obs[mo], (1)
where fj = n[(ﬂx{ﬂ:ﬂ’Ylﬁ)/Xﬁ]*
Using also the assumption for 1 we see that:

TrlC A X = xi18:) A (Xp = x17|8) .

1<i<n
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But this means that theorem 6.5 is applicable, and thus we infer that:
Obs[mo]ijy = l[Ap(mo)(Xm, X1, Xn) 7B = HX[j+l}ﬂ'¥lﬂ
Together with (1) this shows that
Pt = Xt}
O

Define the following abbreviations:
X & (uXp.mo) (%),
X1 & A(mg) (x1l, %).
Lemma 6.10
x[“l and xlw+1l are equivalent assertions.
Proof

Since the free channels and variables of both assertions are contained within
B, it suffices to show that x1“l|8 = xl«+11|8. For the proof of this equality
we use the fact that (the semantics of) uXg.mg is given as a (least) fixed
point of (the semantics of) mg. Therefore we know that:

mo[(uXp.mo)/ Xp] = pXg.mo.

Consequently:
x+|8 = A(mo) (6], X)|8 = mo[(x!*!|8)/ Xp, ~ — ] =
mo[(uXg.mo)/ Xp, — — —] = uXg.mo|— — =] = A(uXp.mo)(X)|8 = x*I|5.
0

6.6 Compositional completeness of the SAT sys-
tem

We are in the position to give the proof of one of the main results of this
thesis: that of the compositional completeness of the SAT system.

First we show in lemma 6.12 that the characteristic assertion for some mixed
term m is satisfied by this mixed term, and moreover that it is the strongest
assertion with this property.

Then, in lemma 6.13, essentially the completeness proof is given for all lan-
guage constructs except recursion and process naming.
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Finally, in theorem 6.15, we prove the compositional completeness of the
whole SAT system.

Lemma 6.11

If pvar(m) C {¢,"--¢n}, base(m) C B and H is some set of hypotheses, of
the form {¢; sat X1,...,¢n 86t Xy}, then

H |=m sat Ag(m)}(X1,---Xn)- (1)
Moreover if abase(X) C 8, and
H |=m sat X, (2)
then the following assertion is valid:
Ap(m)(x1,-Xa) = X (3)
0O
Proof

¢ sat X; implies ¢; C X;|B; where §; = base(s;). So, using the monotonicity
of m(¢i, -« +¢n), we see that :

{51 80t X1, .., $n 80t X} = m C m(X|B),
where m(X|3) abbreviates m{(X1|B1)/¢1,* s (Xn|Bn)/¢n)-
On the other hand we know from corollary 6.6 that:
m(X|8) = A(m)(X1, - - Xn)|base(m).
Therefore we conclude that:
{¢1 8at X1,...,¢n 56t Xn} Em C A(m)(Xq,- -+ Xn)|base(m)
is valid, that is, (1) is valid, indeed.

Now assume that (2) is valid. Note that (2) implies that m(X|8) sat X, and
so, m(X|8) C X. Since, by corollary 6.6, m(X|5) = Ag(m)(X1,-+Xn)|B we
see that:

Ap(m)(x1,- - Xa)BC X (4)

It is easily proven that for arbitrary X4, X; with abase(X,) = B, 2 abase(X;)
that if X;4|Ba © X», then X C X3, that is, X;—Xp is valid in this case. To see
this, let ps = [Xa]v, 26 = [Xs ], and assume that py|Ba C py. Then we have
the following (in)equalities:

Pa=patBa= Pa'ﬁartea C 1B = ps.
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Applying this to the situation above one sees that from (4) it follows that:
Ag(m)(X1, -+ Xn) = X

is valid, since abase(Ag{m)(--+)) = B 2 abase(x) by the assumption made
for x.

O

The main step is to show that a characteristic assertion for some mixed term
is not only satisfied by this term, but that it possible to formally deduce that
fact. We first prove that this is the case for TNP constructs that do not
introduce bound process variables. By inspection of the SAT system, one
sees that it contains only compositional proofrules. Therefore, what we prove
in lemma 6.13 is essentially elementary compositional completeness for the
SAT system.

Theorem 6.12 { Completeness w.r.t. characteristic assertions)

Let "op” be one of the mixed term operators, where we assume that it is not
the recursion construct or the process naming construct. Let:

e m=op(my, -, mp),
o pvar(m) C {¢1,---¢n}
o x(m) = A(m)(X1," - Xn)
o xlmi = A(mg) (X1, Xn) fors=1---k
Then the following is deducible within the SAT system:
my sat XU™) ... my sat xm) - op(my,- -, my) sat x{m)
5 ,
Proof
We check simply that the claim holds for each of the operators in turn.
e op is a nullary operator.

That is, ¥ = 0 and so m = op. Then m is either one of the atomic
processes a, or it is a predicative term X|83.

Hence, we must show the following for atomic processes:

F a sat A(a).
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This is the case, indeed, since by inspection of the system one sees that
for each of the atomic processes, a sat A(a) is one of the SAT axioms
for a € Atom.

For predicative processes m = X|8, we must show that
F x|B sat X,

which follows immediately from the presence of the axiom for predica-
tive processes.

*m= ml\c
xtms) = A(m1)(X)
x™ = 3¢(x(™)[t/h] A h|c’ = t|c")
where ¢’ = chan(mi\c) = chan{m;) — ¢
Note that x{m1)—x{m) is valid, and that hchan(x(™) nc = @. This
justifies the following derivation:
my sat x{m1)
—— (Consequence)

m;y sal x(m)

(Channel hiding)
mj\c sat x(™)

® M = ml\x
X™) = A(ms) )
x™ = 3z(x(™)), where {z} =x
Similar to the case above, we have that x{™1)—x(™) ig valid and that
var(x{™) N x = 0. So the obvious derivation is:
my sat x(ma)
— (Consequence)

my sat x(m)

(Variable hiding)
my\x sat x(™)
e m=my{d/c)
x(™1) = A(m;)(%)
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X = 3(xm[t/h] A hle = (tlex)[d/c])
where ¢ = chan(my(d/c)) = (chan(m,) — {c}) U {d}
and €1 = chan(m;).
Let € = {c, d} — c;. First we show that the following assertion is valid:
(Xt A BfE = €) - (™ [Bld/el/R). ()

So assume Xx{™1) and h|¢ = . We must prove the existence of a trace
t such that both

x™)[t/h] and hld/c]|e = (t|c1)[d/c]

are true. Now choose t = h. Then clearly the first of these latter
two is satisfied. Note that h|¢ = € implies that h|c; = hl(e; UE) =
h|(c1U{c,d}). Using this equality and the algebraic laws from chapter
4, one sees that:

hld/c]|c = hld/c]|(c U {c}) = R[d/c||(c1U {c, d})
= (h|(e1 U {e,d})){d/e] = (hle1)[d/c].

So if we choose t = h, then the second of the two assertions above is
satisfied too.

The assertion (%) forms the basis for the following derivation:

my sat X(™) | my sat h|é = ¢ (Invariance )

(Conjunction)

my sat (x(™1) A h|E =€)

(Consequence,(*))

my sat X\™[h[d/c]/R]

(Renaming)
my(d/c) sat x(™
The conclusion is that m; sat x(™1} b m;{d/c) sat x(™), as was to be
shown.
Kern
Let m = Kern(my).
If x(m1) = A(m;)(X), then A(Kern(m,))(X) = Kem(x(ml)).

So the following simple derivation suffices:
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my sal x(m1)

(Kern)
Kern(my) sat Kern(x{™))

e Sequential composition

Let m = my;my, B = base(m) = B U By, where §; = base(m;) for 1 =
1,2. Recall that Ag(m;)(X) = A(m;)(X) A 15-p,.
For { = 1,2 we have the following derivation:

m; sat A(m;)(X), my; sat 1g_p, (Invariance)

(Conjunction)

m; sal Aﬁ (m,)()—()

The conclusions of these two derivations are combined by the sequential
composition rule:

my sat Ag(m,)(X) , ma sat Ag(mg)(X)

(Sequential composition)
my; mg sat Ag(my)(X) & Ag(mz)(X)
This is the desired result since A(my; mg)(X) = Ag(mi1}{X)3A5(m2)(X).
So we conclude that:
my sat A(my)(X), ma sat A(m3)(X) - my; mg sat A(my; m2)(X).
¢ Choice
Let m = my or my, and
let 8 = base(m) = By U B2, where B; = base(m;) for i = 1,2.

Similar to the case for sequential composition one can derive
m; sat Ag(m,;)(X) from m; sat A(m;)(X), using the invariance axiom.
Then the choice rule combines those two formulae:

m;y sat Ag(my)(X) , mq sat Ag(m3)(X)

(Choice)
mj or my sat Ag (ml)()'() v Aﬁ(mz)()-()

This is what was to be shown since:

A(my or mp)(X) = Ag(m1)(X) v Ag(m2)(X). -
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e Parallel composition

Let m = my 8, || 82 m2, B = B1 U Bz. The syntactic restrictions on
mixed terms require that base(m;) C f; for i = 1, 2.

As before, m; sat Ag,(m;)(X) is derivable from m; sat A(m;)(X), us-
ing the invariance axiom. Now abase(Ag,(m;)(X)) C B;, and so the
following application of the rule for parallel composition is justified:

my sat Ag, (m1)(X) , m2 sat Ag,(m2)(X)

(Parallel composition)
my pr || 82 mz sat Ag, (m1)(X) A Ag,(m2)(X)
This was to be shown since the conclusion of this rule is the required
assertion A(my 8. ] 82 m2)(X).

O

Finally we arrive at the main theorem:

Theorem 6.13

The SAT system is compositionally complete.

0

According to the definition of compositional completeness this means the
following. Let mspec(m) denote a modular specification for the SAT system.
We shall use the “natural deduction form™ for such specifications in this
chapter.

That is, for a modular specification

mspec(m) def ( /\ ¢ sat X‘-) — m sat X

i=l.n

we shall freely use the equivalent formula:
HF m sat X,

where H is the set of hypotheses ¢; sat X3,...,¢n 80t X5. As argued in chap-~
ter 1 we may assume that the process variables ¢; are all distinct.

Compositional completeness the amounts to the following:

If m is of the form C(my,...,m;), where C is one of the mixed term con-
structs, and mspec(m) is valid, that is,

H = m sat X,
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then there exist mspec,, ..., mspeci such that:
(a) mspec;(my) is valid for i=1..k.
(b) mspec(C(my,...,m;)) is deducible from the hypotheses mspec;(m;).

Note that C can be one of the mixed term operators, but that it can also be
the process naming construct or the recursion construct.

Proof

We may assume that H contains only specifications for process variables
that actually do occur free in m. For if this is not the case we first show the
deducibility of (H N pvar(m)) - m sat X and then apply the weakening rule
of chapter 4 to deduce H - m sat X.

The definition of compositional completeness allows a completely free choice
of modular specifications mspec; for the parts m; as long as (a) and (b) are
satisfied. But actually we can limit our choice as follows. If pvar(m;) =
pvar(m), that is, C does not bind a process variable or else the bound
variable does not occur free in m;, then we shall choose the hypotheses part
of mspec; equal to the corresponding part (A;<, ¢ sat X;) of mspec(m). So
in this case mspec;(m;) is of the form:

H + spec™)(m,),
where spec(™)(m;) is a SAT specification of the form m; sat X;.

And if C does bind the process variable 8; and this variable occurs free in
m;, then we shall choose mspec; of the form:

H U {8; sat x!")} I spec(™)(m,),
where spec(™)(m;) is a SAT formula as above.

So let m be some mixed term with pvar(m) C {¢1--¢.} and let X, X1, Xy
be assertions such that, for H as above,

HEmsatx  (*).

Either m is of the form op(my,- -, mi) where op is one of the mixed term
operators, or m is a process naming or recursion construct.

Case 1. m of the form op(my,- -+, m;) for some k < 0.

This is a case where no process variables are bound, and consequently:

pvar(m;) C pvar(m) C {¢1--+¢n} foriel-- k.
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We must show the existence of specifications spec(™) such that clause (a)
and (b) from the definition of compositionality are satisfied. We make the
following choice:

spect™) (m;) = my sat A(m;)(X1,"** Xn)-
We must prove, for i=1..k,
(a) H |=m; sat A(mi)(X1,*Xn),and

(b) Ht op(my,---my) sat X is deducible from the following set of specifi-
cations:

HF m; sat A(my)(X1,-++Xn), whereds € 1 -k.

Now (a) follows easily from lemma 6.12 above. To prove (b) it suffices to
show that op(m;, - - -my) sat X is derivable from hypotheses m; sat A(m;)(X).
The transitivity rule of chapter 4 then ensures that (b) is satisfied.

By theorem 6.13, op(my, - -+, my) sat A(m)(X) is derivable from the given
hypotheses.

Let 3 = base(m) U (hchan(X), var(®}(X)). By lemma 6.12, Aé(m)()'c) — X is
a valid assertion. This justifies the application of the consequence rule in
the following derivation.

op(my, - - -my) sat A(m)(X) , op(mi,---my) sat 15_, (Invariance)

(Conj.)
op(my, - --my) sat Az(m)(X)

(Consequence)
op(my,---my) sat X
The conclusion of this derivation is the desired specification.
Case 2. m is of the form @y = my inm,.
Here we have the following situation with respect to free process variables:
pvar(m,) C pvar(m),
pvar(mgz) C {01} U pvar(m).
Let
x™) = A(my)(X1,- -+, Xn), and
x(™2) = A(mg)(x™1), X1, +, Xn)-
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Choose spec(™i)(m;) = m; sat x{™:} for § = 1,2, and take spec(f1) = speclm1),
It suffices to show the following:
(a’) H }=my sat x(™) and HU {6; sat x(™1)} = my sat x(m),
(b’} H 6y = my in my sat X is deducible from:
H - m; sat X(mﬂ, together with: H U {0 sat x(ml)} F my sat x(m2),
As before, (a’) follows from lemma 6.12.

Note that §; does not occur in any of the hypotheses H, by the assump-
tion made above, and the fact that #; does not occur free in m. There-
fore, one application of the process naming rule suffices to deduce H -
0; = my in my sat x(™2) from the two hypotheses. Since actually x(mz) =
A(m)(X), we can use the same reasoning as for (b) above to deduce H +
8, = my in mg sat X.

Case 8. m is of the form pu@y.my
Here, pvar(my) C {0} U pvar(m)

Let x| = A(u8;.m)(X1,-* -, Xn), and choose spect™)(m;) = m; sat x*I.
Take speclf1) = speclm),

We must prove:
(a.”) Hu {01 sat X[w}} }: my sal X[w], and
(b®) H I pb#y.my sat X is deducible from: H U {0; sat x} I m; sat xtvl,

If x*l = A(m;)(x[*],x1,:--,Xn), then from lemma 6.12 above it follows
that:

HU {91 sat X{w]} ]: my sat x{w+1]

is valid. Lemma 6.11 guarantees that x[*] & x{**1 is valid too. From these
two facts it directly follows that (a”) is satisfied.

The proof of (b”)is fairly similar to that of (b).

Again we may assume that the variable #; does not occur free in the hy-
potheses H. Using the recursion rule one first deduces H - ufy.m; sat x[*l,
and then, in the way described under (b), deduces H - uf;.m; sat x[¥l,.

This ends case 3, and therefore the proof of the theorem.

0
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6.7 Modular Completeness

Our aim is to show that the SAT system is modular complete. Since we
already know that the system is compositionally complete, it remains to see
that it is adaptation complete. For then theorem 1.9 of chapter 1 guarantees
that the system is modular complete too.

Theorem 6.14

The SAT system is adaptation complete.
||

Proof

Assume that for certain process variable ¢ and assertions X, X' the following
implication is valid:

¢satXx—>g¢satx. (1)

We must show that ¢ sat X' is derivable from ¢ sat X. To this end we prove
first a simple lemma.

Lemma 6.15

Let base(¢) = B and abase(X, X') = B, and let (1) be valid.

Then the assertion (X A 1g_g) — X' is (strictly) valid.

0

To prove this we must show for arbitrary 4 € T that
IxA1pply € [XIY (2

By interpreting (1) we see that for all 4 € T and all p € P(Ap) the following
holds:

p S [x]y— e C[X]n.
We apply this to the set p defined by:

p ¥ ([x A 15-g]7)1B-

It is obvious that p € P(Ag). We prove that it is also contained in [x]vy. We
use the fact that abase(X A 1g_g) C B

(IxA1p-s])IB = ([x A Lp—p]M)I(BUB") €
(Ix A 1g-p]V) T(BUA) = [x Adg—p]ly € [X]-
We may conclude from this that:
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(IxA1p-g]M)IB € [X']7

But then we see that:
[xAdg_gly=([xA1g-p]7)T(BUA) =
(XA Lp-pI)I(BUB) T (BU A =
(IX A Las|m)IB1 (BUB) € (IXTM) T(BU B =
[X'].

This proves the lemma.

O

The lemma justifies the use of the consequence rule in the following
derivation:

¢ sat X, ¢ sat 1g_g (Invariance)

(Conjunction)

¢ sat XA 1‘3:_5
—————— (Consequence)

¢ sat X'
As was to be shown.
0
Theorem 6.16
The SAT system is modular complete
O
Proof: Immediate from theorems 1.9, 6.13 and 6.14.



Chapter 7

The Hoare and Invariant systems

7.1 The SAT-Hoare transformation

In this chapter we consider the completeness question for the Hoare system
and the Invariant system. Rather than proving the completeness of these
systems directly from the semantic definition for mixed terms we point out
how proofs given within the SAT system can be transformed into proofs
within the Hoare system. Moreover, proofs within the Hoare system can be
transformed into proofs within the Invariant system. In this way we are able
to prove the compositional completeness of these two systems.

In chapter 4 we explained that any Hoare formula () m () can be repre-
sented by the SAT formula m sat ¢ ~» t. The idea is to transform a proof
of the latter formula into a proof of the former one. Below we formulate a
theorem that essentially states that if m sat X is provable, in the SAT sys-
tem that is, then (¢)m(p < X) is provable in the Hoare system, where ¢ is
arbitrary. Then one can obtain a proof of (¢) m () by first transforming
a proof of m sat ¢ ~» ¢ into a proof of () m (p < (¢ ~ ¥)). One more
application of the consequence rule then suffices to prove (p) m (¢) since
(p<(p ~ 9¥)) — ¢ isavalid implication. A slight complication arises for the
transformation of proofs that rely on the introduction and discharge of hy-
potheses concerning free process variables. One problem is that the formula
(v) m (p < X) is in general weaker than m sat X, and for hypotheses this is
undesirable. Another problem is that hypotheses specify the behavior of a
black box that can occur several times within the program text, and so one
must be able to adapt such specifications. Therefore, we prove that a deduc-
tion of H F m sat X, where H is a set of SAT formulae ¢; sat X3,...,¢ sat X,
can be transformed into a deduction of H I (¢) m (¢ < X), where H is a set
of Hoare formulae, Vg, [(v1)s1(¥1)],- - -, V3;[(1)¢i(¢1)] that are all adaptable

240
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and moreover are equivalent to the corresponding SAT formulae. We con-
sider both the Hoare system with and without the “extra adaptation rules”
of section 5.4.2. In the latter case not all formulae are adaptable. Never-
theless, we prove that also in this case it is always possible to choose an
adaptable and equivalent Hoare formulae for some given SAT specification
¢ sat X.

Theorem 7.1 Transformation of SAT proofs to Hoare proofs

Let m(my,...,m,) be some mixed term with occurrences of the meta vari-
ables my, ..., my,, let X some satisfiable assertion and let some proof scheme
be given that shows how

H & m(my,...,my,) sat X
is deduced from

H; - my sat X4,

H, F m, sat Xp.

Let H be a given set of adaptable Hoare formulae equivalent to the formulae
in H. Let ¢ € Assn(Z) be arbitrary.

Then, for { = 1..n, there are sets H; of adaptable Hoare formulae equivalent
to the SAT formulae in H; and assertions p;, such that

HE (p) m(my,...,my) (0 < X)
is deducible from:

HiF (1) m1 (g3 < X1),

H,F (©n) mn (P, < Xn).
]
Lemma 7.2

For each mixed term m and satisfiable assertion X there exist a list of (fresh)
logical variables § and an assertion ¢ such that V§[(¢) m (p < X)] is an
adaptable Hoare formula, and moreover the following equivalence is valid:

m sat X < Vg[(p) m (v < X)].
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O

We start with the proof of the theorem, where we already use the lemma.
The proof of the lemma is given thereafter, but of course does not depend
on the theorem.

Proof of theorem 7.1

The proof is by induction on the length of the given deduction in the SAT
system. We make a case distinction, according to the proof rule used in the
last step of this deduction. For most cases, the sets H; are the same as H,
and it will be clear that we then chose the sets H; equal to H. For such
cases we avoid mentioning the sets of hypotheses, to avoid lengthy notation.

Some cases below need a separate treatment of bottom - and non bottom
inittal states. It is profitable to treat bottom initial states once and for all.
This is done as follows.

Assume a given deduction ends as:

m sat X
Let some ¢ € Assn(X) be given. Define:

pt=1Ap[L],
e =T Ap[T]

In each case below we shall prove that
(eNme"ax) (1)

is derivable. Here we treat (o) m (p'), and how to combine the formulae
for the bottom and top case.

We made the assumption that X is a satisfiable predicate, implying that
X[L°] is valid. We use this in a (partial) expansion of @ < X:

ot < xiff
(L AX[L)AL) V- ———~ iff
(trueAp[L]AtrueAl)V — — — — - iff

This already suffices to conclude that
ot = (T 9X)
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is a valid implication. We use this in the following derivation, showing the
derivability of ¢ < X :

(pt) m (pt)(strictness)

(Consequence)

(ph) m (p* < X) (1) m(pT < x)

(Disjunction)

(et veT)m((et ax)V(eT <4X))

(Consequence)
(P)m (v < X)

Here the second application of the consequence rule is justified by the fol-
lowing laws:

o piffptve’, (lemma 4.22)
e (p1<9X)V(p2aXx)iff ((1Ve2) dX) (lemma 4.34).

Convention. In the rest of the proof we show the derivability of () m (¢ «
X) where ¢ can be assumed to be of the form T A ¢'[T]. Of course the
induction hypothesis can be applied for arbitrary preconditions, not only for
preconditions of the form above.

We now make our case distinction with respect to the last step of the de-
duction.

¢ Atomic processes

Assume that the last step of the deduction is an instance of one of the
SAT axioms for an atomic process. In chapter 6 we showed that these
axioms are of the form:

asat Ale) (1)

In section 5.8.1 we showed that the Hoare system axioms for atomic
processes are all of the form:

(4p(e) P ¥)a(¥), (2)
where 3 = base(a) U abase(1).

Now let ¢ be given, and let 3 = base(a) U abase(p). Then one can
construct the following derivation:

(Ap(a) b (p < Ap(e))) @ (p < Ap(e)) (a—axiom)

(Consequence)
(#) @ (p < A(a))
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The application of the consequence rule is justified by lemma 4.34 and
the fact that Ag(a) — A(a) is a valid assertion.

Predicative processes

Assume that the last step of the deduction is an instance of the SAT
axioms for a predicative process. This axiom has the form:

(x|B) sat x.
The corresponding Hoare axioms are, for arbitrary precondition ¢ :

(p) (X18) (¢ < X).

The provability of these last formulae was to be shown.
Channel hiding

Assume that the given deduction ends as:

my sal X
(Hiding)

m\¢€ sat X

The restriction associated with the rule enforces that hchan(x)Né = 0
here. If ¢ happens to be such that hchan(p) Né = @ too, then also
hchan(p < X) N € = @, and so the following derivation is possible:

(p) m1 (p < X)

(Hiding)
(p) mi\E (p < X)
Since by induction (@) m1 (p < X) is derivable, we have shown that

(¢) mi\E (¥ < X) is derivable for p with hchan(p) N & = @. We use
this fact to handle the general case, i.e. without any restriction on .

Let ¢ = hchan(p, x) and let ¢! = ¢ — &. Define ¢' as follows: Take
some fresh logical trace variable t5 and let:
@' = plto/R] A (to]c' = h|c').

Note that hchan(p')NE = €'NE = @. Therefore, from above we already
know that the following formula is derivable:

(P)m\e((¢' ax)). (1)
Apart from this derivation we have the following instance of the prefix
invariance axiom:
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(tolc < h|c) mi\E (to|e < hle).
An application of the conjunction rule to combine this with (1) yields:
(¢' A (tole < hle) mi\E (' < X) A (tole < Ble). (2)
The precondition of (2) is:
@lto/RB] A (to|e' = hle') A (to]e < hc).
Since ¢' C ¢ this is clearly implied by:
elto/h] A (to|e = hlc).
Since hchan(p) C ¢, this last assertion is equivalent to:
@ A (to|e = hle).
Moreover, we prove below that:
(¢ 9x)Altole < hle)) = (pax)  (3)
is valid.

Therefore we can apply the consequence rule to (2) as is done in the
following derivation:

(2)

(Consequence)
(o A (olc = Bje)) mn\é (0 < X)

(3-pre)
(Btole A (tole = hle)]) m1\E (¢ < X)

(Consequence)

(v) mi\E (¢ < X)
The conclusion of this derivation is the formula which was to be shown
provable.

We are left with the proof of (3). Take some arbitrary y € T, (h,s) € &
and assume:

o (h,8) € [(w[to/] A (to]c’ = Rlc")) < X],
that is: V
I3k, 3so’ (h = hhl A (1(to), 50') € [l A

(v(to)le’ = Rhle') A (so's by 8) € [xT)  (4)
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e (h,s) € [to|c < hlc]y, that is
(to)le < hle  (5)
From (4) and (5) we must show that :
e (h,s) € [(p < X)]v, thatis :
3hoThs3s0 (b = hoh1 Ao, s0) € []1A (0, k1, 8) € [X]7)  (6)

Now take some h, hf, s’ as indicated by (4). From (5) it follows
that there exist traces hg such that hg < h and 4(tg)|e = ho|c. Take
one of these and take h; such that A = hgh;. Choose sg = sp'. We
must prove for this choice of hg, hy and so that (ho,s) € [@ ]~y and
(s0, k1, 8) € [X]. To this end we first show that actually ho|c' = h}|c’
and hy|c’ = hi|¢’.

First of all:

ho|c' = hole|c’ = 7(to)|c|c’ = ¥(to)|c', and
by (4) we know that ~(¢g)|c’ = hg|c’. This shows that hg|e' = hjl|c'.
Secondly, since hohy = h = h{h} we have that

(Role’)"(Ralc') = (hole")"(Ry]c")
So we conclude that also h)|c' = h}|c'.
As to the proof of (hg,s9) € [ @]y we remark that, since v(tg)|e =
holc and sq = s¢', the pairs (ho, s0) and ((2o), 30') agree on abase(yp).
But we know already that (v(to), s¢') € [, and so we can infer that
also (hg, s0) € [¢]7-

The restriction on hchan(x) implies that hchan(x) C ¢'. This means
that (so, h1,8) and (so', k), s) agree on abase(Xx). And since we know
that (so', A, s) € [X]y we can conclude that also (so, h),s) € [X]~.
(As was to be shown).

0
e Variable hiding

Assume the given deduction ends as:

my sal X
(Hiding)

mi\x sat X

The restriction for this rule then requires that var(x) Nx = . (Note
that nothing is required with respect to var°(x)). Now var(p <1 X) =



7.1.

THE SAT-HOARE TRANSFORMATION 247

var(X), and so var(p < X)Nx = @ too, for arbitrary ¢. So the following
derivation is allowed:

(p) m (p 4 X)

(Hiding)
(v) m1\x (¢ < X)

(The restriction for this rule requires that var(p < X) Nx = @, but
nothing is required with respect to var(p).)

Since () m; (¢ < X) can by induction assumed to be derivable, we
see that (p) mi1\x (¢ < X) is derivable, as was to be shown.

Channel renaming

Assume that the given deduction ends as follows:

my sat X[h[d/c|/h]

(Renaming)
my(d/c) sat X
Let ' = pfhlc/c'|/h] A (¢ = €) A(c' = t'), where ¢’ is some fresh

channel name and t' is some fresh logical trace variable. By induction
the following is derivable:

(') ma (¢ < (x[h[d/c]/R])). (1)
The invariance rule can be used to derive:
(¢=t)m (=1 | (2)
Combining (1) and (2) using the conjunction rule yields:
(¢) my (¢ < (XIBLA/I/B)A (= 8)).  (3)
Below we prove the validity of the following assertion:
(¢' <t (x[rla/cl/m) A (¢ =) = (0 < X)[Bld/ellc/e]/h])  (4)

We use this in the following deduction that shows the derivability of
() mi(d/c) (p < X).
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(¢') m1 ((¢' < (x[h[d/c]/R])) A (¢ = )

(Consequence)
(¥') m1 (v < X)[hld/c][e/<]/R])
(3-pre)
Gt'le']) ma (( < X)[Rld/cllc/c/R])
(Consequence)

(elhie/<'l/h] A (e = €)) m1 (¢ < X)[hld/c][c/<]/h])

(Renaming)
(p) mi{d/e) (¢ < X)

Proof of (4).

Take some arbitrary 4 € T', (h, 3) € £ and assume:

o (h,8) € [(p[hle/c/R] A (c =€) A =) < (x[h[d/c]/A])]n.

that is:

3k, 3so’ (h = hoh', A (Rhle/c'), s0') € [e]y A

(hbl{c} = &) A (Bhl{c'} = ¥(t)) A (so, Ki[d/c], 5) € [x]).-
o (h,s) € [c' =t']y, that is: hl{c'} = 7(t).
We must prove from these assumptions that
e (h,s) € (¢ < x)[h[d/c]lc/c|/R]]v, that is:
TFhoTh13so (h{d/c][c/c'] = hohy A (ho, 50) € [0]7 A (s0, b1, 8) € [X]).
To see that this is the case, take hf, b}, 50’ as indicted, and choose:
= ho = hle/c'],
— hy = hi[d/c],
— 89 = 8¢,

Clearly the requirements (hg, sp) € [w]v and (sg, k1, s) € [x]7y follow
directly from the assumptions. There remains to prove:

hld/c|le/<'] = hohy = (hole/<])" (R [d/c]).

Since h = hyh) it suffices to prove:

(i) hold/c|le/e]] = hole/<']; and
(ii) A[d/c]lc/c] = my[d/c].
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Now (i) follows immediately from the assumption hj|{c} = ¢ implying
khld/c] = hy. Equality (ii) will follow similarly if we can show that
(hi[d/¢c])|{c'} = ¢, or, equivalently, that h}|{c'} = . This last equality
follows from:

hol{c'} = v(t') = hl{c'} = (Roh1){c} = (hol{c'})"(R1I{c"})-
(]
e Kernel

Assume the given deduction ends as:

my sat X

(Kernel)
Kern(my) sat Kern(X)
Let some precondition ¢ be given. Let (c, {Z}) = abase(p, X) and let

v be a list of fresh logical variables of some length as £. Take some
fresh logical trace variable t3. Define:

¢ =pA(hle=tc)A(2=1)

We have the following derivation, where the premisse itself is derivable
by the induction hypotheses:

(@) m1 (¢ 1 X)

(Kernel)
(¢' A hle = to|c) Kern(m,) (Kern{to, ¢’ < X))
(Consequence)
(¢') Kern(my) (¢ < Kern(x))
J-pre
(3toTo[¢']) Kern(my) (¢ < Kern(x))
(Consequence)

() Kern(mi) (p < Kern(X))

Here the application of the consequence rule relies on the fact, to be
proven below, that

Kern(tg, (¢’ < X)) = ¢ < Kern(X) (*)
is valid.
Proof of (x).
Let (h,s) € [Kern(to, ' < X)]7.
By expanding the definition of Kern(tg, ¢’ < X) we see that this means:
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(hys) € [’ < x]v, and
(h, s) € [Vi{to|e < tle < hle — (¢’ < x)[L][t/R]]A-

We interpret these two formulae, and also use the fact that ¢ can be
assumed to be of the form T A — — —. (So (ho, s0) € [¥ ¥ implies
sg # L .) This interpretation amounts to the following:

(a) 3ho, h, s0(h = hohy A (o, 50) € [l A (hole = (to)[c)
Asg # L A (s0(Z) = () A (50, b1, 8) € [[X]]’r).

(b) If, for some k', 4(to)|c < A'|e < hlc then:
Thp, b, a0’ (' = Bk A (B, 0') € [l A (Bhle = (to) c)
A so' # LA (s'(2) = 7()) A (s0', by L) € [xl)-

From (a) and (b) we must prove:

(h,8) € [ < Kern(x)]~, that is:

3}30, hi, 8o (h = hohi A (ho, 89) < [[(p}]’y A (80, hl, 8) € [IKC!’?’&(X)E'}’).
To prove this, take hg, h1, and 8¢ as indicated by (a). The requirement
(80, b1, 8) € [ Kern(x)]~ splits into:

(i) (s0, b1, 8) € [x]v and

(ii) If Y < hq then (s, A}, L) € [x]7.

Clearly (i) follows immediately from (a). Now apply (b) and choose
K" = hoh. Since, by (a), 1(to)le = hole < (hohl)le < (hoha)le = hle,
we see that there exist hy, hY, so' with the properties as indicated under
(b). From hglc = v(to)|c = hj|e and (hoh{)|c = h'|c = (hph))|c it fol-
lows that Af|c = h{|c. Similarly we see: s0(Z) = v(¥) = 80'(Z). There-
fore, (so’, hY, L) and (sq, h¥, L) agree on abase(Xx) and since we know al-

ready that (so’, kY, L) € [X]y by (b), we see that also (sq, h{, L) € [x]7,
as was to be shown.

o Sequential composition

Assume the given deduction ends with:

mysat Xy , mgsat Xz

(Sequential composition)

my;my sat X19X2
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By induction, () ms (o <t xa) and ( <t X1) ms (¢ < X1) < X3) are
derivable. Since by lemma 4.34 (¢ <1 X1) < X2 implies @ <1 (X16X3), we
have the following derivation:

(P)mi(eax1) , (p<ax1)m:((p<Xx1)<Xz)

(Seq. comp.)
(p) m1;my ((p < X1) < X2)

(Consequence)
(v) m1;ma (2 < (X18X2))
o Choice
Assume the given deduction ends with:

my sat X3y , mg sat Xz

myorms sal X1V X2

By induction, (¢) m; (¢ < X1) and () m2 (p <1 X2) are derivable. By
lemma 4.33, point (ii}, (¢ < X;) implies (@ < (X1 V X2)), for { = 1,2.
So we have:

(p) m1 (p < x1)

(Cons.)  (p) mg (@ < X1V X2)
(p) m1 (e < X1V X2)

(Choice)
(v) miorm; (p < (X1 V X2))
e Parallel composition
Assume that the given deduction ends as follows:

misat Xy , mg sat Xg

(Parallel composition)

my £ || f2 mz sat X1 A X2

Let in the following ;" stand for 3 —1. From the restrictions associated
with the rule it the follows that abase(X;) N B; C B; for i € 1, 2.

We want to show the derivability of:
(¢) my1 51| hz m2 (‘P < (X1 A Xz))a
where we may assume, by induction, the derivability of:

(i)mi(ei < X3),
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for ¢ = 1,2, for arbitrary ;.

The first idea is to choose ¢; = @3 = . Unfortunately this will not
do, for the resulting specifications for the parts in general cannot be
combined by the parallel composition rule from the Hoare system. The
reason is that in general (abase(y) N B;) Z fi.

Therefore we choose p; as in the following definition. We rely on the
fact that we can assume that @ is of the form T A ¢'.

Definefort €1,2:

o 8% B, U By uabase(p, X1, X2) = (say) (¢, {Z}),

o B; & B U (abase(p, x1,X2) — fj) = (say) (e, {2:}),
e Let © be a list, of the same length as %, of distinct fresh logical

variables. Let #; be the sublist of ¥ corresponding to Z;. Also, let
to be a fresh logical trace variable,

o i = o[o/x][to/R] A (5: = &) A (tole; = hle:).

Informally speaking, we have divided up J into B, and B, that is 1 =
B1U B3, in such a way that ;N 8; C B;. The assertion 303¢g(yp;) is the
strongest one possible on the channels and variables in §; given that
® holds.

In fact we have that abase(p;) N éj = ;N ﬁj C fi. Moreover, from the
restriction on abase(X;) stated above, it follows that :

abase(ip; < X:) 1§ = (abase(p;) U abase(x:)) N s < fi

From these calculations we conclude that the restrictions associated
with the following application of the parallel composition rule are met:

(1) m1(p1 9 X1) , (p2) m2 (p2 < X2)

(parallel comp.)
(1 A p3) m1 B || Bz m2 ((p1 < X1) A (2 4 X2))

Let @, denote (to|lc < hlc) and let m = my 4 || j mq. Clearly,
(#p) m (©,) is an instance of the prefix invariance axiom. Using the
conjunction rule to combine this axiom with the conclusion of the rule
above, we obtain:

(1A ez Apy) m ({1 <4 X1) A (2 < X2) Apy). (1)
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Below we give the proof of the following:
Lemma 7.3
The following assertions are valid:
(i) (p1AP2APp) < (A (5=2)A(to|c = hle)).
(ii) ((p1 4 X1) A2 < X2) A ) = (< (X2 A X2))-
0O
Using the lemma we obtain the following derivation:

Let ¢ denote o A (¥ = Z) A (to|c = hc).

(1 A pa App) m ((p1 < X1) A (2 A X2) A pp)

(Consequence)
(¥) m (¢ < (X1 A X2))
(3-pre)
(Fo3to[¥]) m (¢ < (X1 A X2))
(Consequence)

() m (¢ <2 (X1 A X2))
The last formula was the one to be shown to be provable.
Proof of the lemma.
The important observation to be made here is that although
(tole = hle) # ((toler = hle1) A (tolcz = hlcz)),
it 48 true that
(tole = hlc) « ((to|c1 = hle1) A (o|c2 = hlez) A (to|c < hlc)).

The implication from left to right is easy: if to|c = h|c then also
to|e: = to|e|e; = h|c|c; = hlc;. Reverse, assume tg|c; = hl¢; for § =
1,2 and tg|c < hl|c. Let us assume to the contrary that to|c # hlc.
Since tg|c < h|c it follows that Ig|cl # Ih|cL This excludes the case
that ¢9|c and h|c differ only in that the order of the communications is
different. Rather there must be some channel d € ¢ such that Itg|{d} | #
Ih|{d}L However, d € ¢; or d € c2 and so tp|c; = h|c; is violated or
to|cz = h|cy is violated. By reduction ad absurdum, to|c = hjc.

Using the equivalence above we now prove part(i) of the lemma:

1A Py A pp iff
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o[9/Z][to/h] A (B1 = F1) A (Vg = Z3) A (to|er = hle1)A

(to]cz = hje2) A (to]e < hlc) iff

e[0/z][ta/h] A (¥ = Z) A (to]c = hlc) iff

@ A (8= Z) A (to|e = hlc) (since abase(p) C (c,x)).
O

Next we prove part (ii) of the lemma. We give a semantic argument.
That is, we prove that for arbitrary v € T, (h,s) € %,

if (b, 8) € [(121 9 X1) A (2 < X2) A ]y
then (h,s) € [ < (X1 A X2)}]7-
Let us first rewrite this, by expanding the (semantic) < operators.

We may assurme:

o (h,s) € [p; < xi]v, that is, fori € 1,2:

In3hi 35 (h = hihi A (hh, 85) € Loy alsh, b, 8) € 6l). (1)
o (h,s) € [tolc < hlc], that is: y(to)lc < hle.  (2)

From this it must be shown that:
o (h,s) € [ < (X1 AX2)]7, that is:

ThoThy3s0 (h = hoha A (ho, 50) € []y A

(50, b1, 8) € [X1]7 A (50,1, 8) € [xal)-  (3)

So assume (1) and (2). Take some h{,h{ and s} as indicated by (1).
From (2) it follows that there exists traces h{ such that hf < h and
7(to)|c = hyle. Choose hg as the longest of these hf traces. Take Ay
such that hohy = h. (We postpone the choice of some sg.)

First we show that actually ho|c; = hf|e; and hy|c; = hi|c;. For we
have that:

hole; = hole|e; = y(to)|e|es = ¥(to)|es-
And from (hi, sb) € [w;]y follows that:
~(to)|es = hb|c;.
Therefore hgle; = hf|c;. Moreover, A
(hole:)" (hles) = (hoha)les = hle; = (hohi)le; = (hple:)" (hile:).
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We conclude that also hy|e; = hi|e;.

Next we must choose some sy and then prove that (ho, so) € [¢]y and
(s0; h1,8) € [X:i]v. Because of the assumption that ¢ is of the form
T A -+, the same holds for the p; assertions. So from the assumption
that (hi,sh) € [o;]v it follows that s§ # L, for both { = 1 and
i = 2. Therefore we can, for instance, choose sy = s}|% : ¥(¥). From
the lemma, part(i}, follows that instead of proving (ho, sp) € [ ]« it
suffices to show that (ho,s0) € [¥;]y and (ho,0) € [@,]7. This is
done as follows:

From (h, s§) € [w;] follows:

(a) hi|ei = ho|e; (This was shown above.)

(b) so(2:) = v(w:) = (8|2 : 7(9))(Z:) = s0(Z:)
So (ho,so) and (h,s}) agree on abase(y;), and therefore (h},sh) €
l;]y implies that (ho, so) € [w;]7-

The proof that (ho, s0) € [@,]7 is straightforward: ~(to)|c = ho|c by
the choice of hg.

We are left with the proof of : (so, by, 5) € [X;]y. Now this is clear, as
(80, h1,8) and (s}, ki, s) agree on abase(X;) and (s}, A, s) € [x:]~.

This ends the proof of the lemma, and so of the parallel composition
case.

O
» Invariance
Assume we have given an instance of the invariance axiom:
m sat (h|d =) A (T — §=§°).
From this axiom it then follows that (d, {§}) N base(m) = (8, 8).

Let some ¢ be given. We want to prove:
(P) m(p < ((hld=e)A (T — §=175°))-

~ Let abase(1p) U (d, {7}) = (c, {z}).

— Let ¢ be a list, of the same length as Z of fresh logical variables.
Let @ be the sublist corresponding to §. Let to be some fresh
logical trace variable.

— Let ¢' = (p[T][5/2][to/R])-
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- Let p; = (to|/d = h|d) A (T — @ = §).
— Let p, = (tolc < hlc).

Note that we have the following instances of the invariance axiom:

(&' Aeg) AP Apg)[L]) m (@' A py)
Since the precondition of this formula is equivalent to ¢’ A p ¢, we can
use the consequence rule to derive:

(' Aps)m (o' Aopg).
We use the conjunction rule to combine this with the following instance
of the prefix invariance axiom of the Hoare system:

(Wp) m (Pp)‘
This yields the formula:
(W' Aprhpy) m (' AppApy).
Below we prove the validity of:
(' Nornp) = (e ((Bld=e)A(T—g=75°)). (¥

Therefore the following derivation is possible:

(W' Npsnpp) m (e Appnpy)

(Consequence)

(P resnp)mp<((hld=e)A(T = §=7"))

(3-pre)
(FtoF[’' A pr App]) m (e < ((hld =€) A (T — §=17°)))

(Consequence)
() m(p 2 ((hld=€)A (T — §=7°))

(As was to be shown.)

Proof of (*):

Assume (h,s) € [¢' Ao Ap,].
We must show: (h,s) €[ (hld=eA (T — §=7))]y.

Take some arbitrary state s' # L. We have have the following situa-
tion:

(a) o # L,

(b) (h,s) € [o[T][v/3][to/R]]n, that is: (v(to),s'|Z : 7(9)) € [e]7,
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(c) ~(to)|d = h|d,
(d) ~(to)le < Ale,
(e) if s # L then v(®) = s(§).

From (a) - (e) must be shown:

Sho, hidsg ((80, hi, 8) EAAR=hohi A (ho, So) € [[ga]]'r A

(h1ld =€) A (s # L — s(5) = 0(5)))-

[Remark The clause “(sg, h1,8) € A” might appear superfluous, for
by our naming conventions we already know that sg € State,,h; €
Trace and 8 € State;. However, this is not sufficient since we have
no guarantee that if sg = L then hy = ¢ and s = L, as is the case
for A elements. In all cases before, there was some clause of the form
“(80, b1, 8) € [X]v” present, and since [X]y C A, the condition above
was enforced automatically. Not so in this case, explaining the conjunct
(80, hy, 3) € A. ]

Now choose hg such that kg < h and ho|c = 7(tp). (There exists such
a hg by (d)). Take hy such that hohy = h. Choose sp = &'|Z : v(7).

Because §' # 1, we have that sp # L1 and this guarantees that
(s0, h1,8) € A. Note that (ho,s0) and (y(to), s'|Z : (7)) agree on
(e, {Z}), and so agree on abase(yp). From this and (b) it follows that
(kos 80) € [[‘P]]”f‘

We chose hg such that hojc = v(to)|c, implying that ho|d = ~(to)|d,
for we have d C c. Then, using equality (c), we see that

(hohy)|d = h|d = ~(to)|d = ho|d:
Conclusion: hj|d =¢.
Similarly, because % is a sublist of ¥, we have that if 8 # L :
8(g) = 7(®) = 5|z : 7(7)(7) = 50(F)-
This ends the proof of (%), and so of the “invariance” case.
e Conjunction

Let the given deduction end with

msat Xy , wmasal Xz

(Conjunction)

m sat (X1 A X2)
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We want to deduce (p) m (p < (X1AXz2)). Surprisingly the last formula
cannot be proven from (p) m (@< X1) and (p) m (v < X2) by applying
the conjunction- and consequence rule. The reason for this is that:

(< x1) A (< X2)) = (p < (X1 A X2))

is not valid in general. Rather it follows from lemma 4.33, point (viii),
that the reverse implication holds. However define:

©' = p A (hle = tole) A (2 = 9),

where (¢, {Z}) = abase(p, X1, X2) and where to and ¥ are fresh logical
variables. Below we prove that:

(¢ ax) A (P A4X2)) = (P A X1AX). (%)

is a valid assertion. Moreover, by induction we may assume provability
of (¢') m (¢' < x;) for £ = 1, 2. This leads to the following derivation:

(P)m(e<ax1) , () m(e Ax2)

(Conjunction)
(' Ae') m((¢' < X1) A (¢ <4 X2))
(Consequence)
(#") m (p < (x1 A X2))
(3-pre)
(FtoFt[e']) m (v < (X1 A X2))
(Consequence)

(p) m (p < (X1 A X2))

There remains the proof of (*)

We may assume that ¢ is of the form T A . Therefore (h,s) € ¢’
implies that s # L.

Now assume (h, 8) € [(¢' < X1) A (' < X2)]7, that is:
Fort=1and¢{=2:

3hj, 3hi, Joo’ (h = Kk A so* # L A (hh, s0°) € [y A

(hble = 7(to)|c) A (so°(2) = 1(9)) A (50, b, 8) € Dxilhy).-
To prove: (h,s) € [¢ < (X1 A X2)]7, that is:

3hoThyTso (h = hohi A (ho, s0) € [e]y A



7.1. THE SAT-HOARE TRANSFORMATION 259

(309 hl) s) € lIXl]]'T A (30> hl’ 3) € [[XZH'Y)'
Now take hj, h%, so* as indicated. We then have that:
(a) hgle = 1(to)|c = hf]e,
(b) Since h}h! = h = h}h%, from (a) it follows that also h}jc = h?|c.
(c) s0*(z) = 7() = s0*(2).

We see that (so!, h},s) and (se?, hi, s) agree on abase(X1,Xz). There-
fore we can chqose ho, hy and sq as follows:
ho = h(ll, h; = hi, 8p = 801

It is immediately clear that h = hghy, that (he, s0) € [ ]y and that
(0, h1, 8) € [X1]7. Since, by the above, (sq, hy, s) and (s?, h1, s) agree
on abase(Xz), we see that also (sg, b1, s) € [X2]7. As was to be shown.

¢ Consequence

The given deduction,

m sat X,V (X — X')

(Consequence)

m sat X'

is easily transformed into:

()meax) , Yi((pax)—(pax))

(Consequence)
() m(p < X')
s Process naming

Assume the given deduction ends with an application of the process
narmning rule:

HFmysatxy; , HU{& sat X3} mg sat X3

HI & = myin m; sat X3
From the restriction for this rule it follows that & ¢ H. We recall that

H is some given set of adaptable Hoare formulae that are equivalent
to the formulae in H. It is clear that £ ¢ H too.

By lemma 7.2 we can take some adaptable specification of the form:
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Vi[(er)aler < x1)]» ()

such that (1) is equivalent to §; sat x1. We may assume that the logical

variables § have been chosen fresh, so they do not occur free in the set
H.

By induction we may assuimne, for arbitrary ¢, the deducibility of:
Ht (pp) mi (pp < X1), and
HU{()}F (¢) ma (p < Xa).

Using the V— introduction rule, one derives from the first of these two
formulae:

Htvg [(fPF) my (pr < Xl)]'

From this, the desired formula is deduced in one step, using the process
naming rule of the Hoare system:

Hr(1) , Hu{)}+ (p) mz(p<x2)

(Process naming)
B¢ (p) &=miinm; (o < Xa)
(uz) Recursion

Assume that the given deduction ends with an application of the re-
cursion rule as follows:

HV\Zsat X, HU{£ sat X - my} sat X

(uz recursion)
Hb pgzémy sat X

From the restriction for this rule it follows that { ¢ H, and so also
€ & H, where H is the corresponding set of Hoare formulae. We must
show the deducibility of H I (p)uz&.mi(p < X) for arbitrary ¢.

By lemma 7.2 we can take some Hoare specification of the form:
vg[(er)e(er <1 X)], (1)
such that it is equivalent to £ sat X and is also adaptable.

By induction we may assume the deducibility of:
At (pp)Z(pr < X) and
U {vg[(er)€(er < X))} F (05) m1 (2r < X).
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Since we may assume that § has been chosen such that § & Ivar(f? )s
the V- introduction rule can be used to infer:

B +Vg|(¢r)Z(0p < X)] and

A,vg [(@F)ﬁ(@p < X)] Vg [(991?‘) my (pr < X)]~

Clearly we can apply the recursion rule from the Hoare system, and
obtain thus:

Hi\VYg [(Pp)ﬁzﬁml(so? < X)]-

From the equivalence between (1) and £ sat X and the validity of the
implication

(€ sat X) — (9) € (v X),

it follows that the implication

Va[(er) € (pr < X)| = () £ (P < X)

is valid too. Because of the adaptability of (1) this implication is
provable or, equivalently:

HbE(p) E(p<ax)

can be deduced from:
B KV (er) & (pr < X)]-

By replacing € by pz€.m; in this proof we see that:
AV (p)uzémip < X)

is deducible from:

HFVj[(pp)pzémi(er < X))

This shows that the latter formula is deducible, since we already proved
above that the former formula is deducible.

Finally we treat (non pz) recursion. This case is identical to the case
of uz recursion except that the corresponding proof rules of the SAT
system and the Hoare system do not have the premisse of the form
Z sat X.

This ends the proof of theorem 7.1.
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|
Theorem 7.4 Compositional Completeness for the Hoare system

The Hoare system is compositionally complete for the class of Hoare formulae
H + VYg[(e) m ()] where H consists of adaptable Hoare formulae, and where
V§l(e) € (¥)] is a satisfiable specification.

I

Proof

Assume that H is the following given set of adaptable Hoare specifications:
H 2 {99, ((61) 61 (B0} -+ Y3a[(85) ¢ (u)]}-

Assume that Vg[(e) & ()] is satisfiable, and that:
A E=Yg((p) m(m,...,mi) (9)]. (1)

To prove the theorem we must show the existence of sets of adaptable Hoare
specifications H;, and assertions ¢;, 1; such that:

(a) H; = (p;) mi (), for ¢ = 1..k, and
(b) H F Vg[(p) m(my,.. -smy) ()] is deducible from:
Hy F (p1) my ($1)s -5 Hi b (1) ma ($3).
Let H %' {1 sat Vg, (6 ~ ¥1)s- -5 6 98 Va0 (6 ~ )}
From (1) it follows that: ’
B = () mmay ey me) (9),
and so:
H = m(my,...,my) sat (¢ ~ ).

By the compositional completeness of the SAT system this implies the exis-
tence of sets of SAT specifications H; and assertions X; such that:

(a’) H; = my sat X, for i = 1.k, and
(b’) HtF m(m;,...,my) sat (¢ ~ ¢) is deducible from:
Hy - my sat X1,..., Hy = my, sat X,

Note that H as defined above is a set of adaptable Hoare specifications that
are equivalent to the SAT specifications H. But then, by theorem 7.1, there
do exist sets of Hoare specifications H; and assertions @; such that:

(a”) H; k= (p;) mi (p; < X;) for i = 1.k, and
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(b”) HF (p) m{my,...,my) (p < (@ ~ ) is deducible from:
HyF (01) m1 (p1 <4 X1)s -, Hi b (04) mi (0 <1 Xk)

Therefore, if we choose ¥; def ©; < Xi, then point (a) is satisfied. Moreover,
(o < (¢ ~ ¢$)) — 9 is a valid implication, and so, one can apply the
consequence rule to deduce:

HF (p) m(my,...,m) ()

from:

HF () m(my,...,mp) (2 <t (p ~ ).
If § N gvar(H) = @, then we can apply the V- introduction rule to obtain:

H +Vg[(p) m(my,...,mi) ()],
and we are finished.

If gNgvar(H) # 0, then we first choose some list of fresh ghost variables g/,
and deduce as above:

A+ 9g'[(lg'/9]) m(ma, ..., me) (¥13'/8])],

In section 4.11 we already showed how to change the name of bound vari-
ables, and in this way one can deduce:

H +Yg[(p) m(my, ..., m) (¥)].
This was to be shown.

0

7.2 Freeze predicates

We are left with the proof of lemma 7.2. We define a special class of assertions
that we shall use to prove this lemma. The assertions of this class are called
freeze predicates since they are used to “freeze” the values of the channels
and assignable variables in some particular state in the sense that logical
variables are introduced that are set equal to these values. If such a freeze
predicate is used as precondition to freeze the initial state values and initial
trace values of variables, then one can (indirectly) refer to these values in the
postcondition via the logical variables introduced by the freeze predicate.

Definition 7.5 (Freeze predicates)
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Let 8 = (¢,{Z}) and let ¥y be a list of the same length as Z of logical
variables. Let to be a logical trace variable. We define the freeze predicate
#g(to, Vo) as follows:

ba(to, Bo) 2 T A (hle = tolc) A (Z = o).
O
Next we prove the following lemma, which clearly implies lemma 7.2.
Lemma 7.6

Let X be a satisfiable predicate such that ebase(x) C B and
gvar(X) N {to, %o} = §. Then the following holds:

(i) For any mixed term m not containing ¢ or ¥p free: -
‘m sat x iff Vto\’t?g{((;&ﬂ(to, ‘I_Jo))m(ég(to, 90) <] X)]
(ii) VtoVoo[(ds(te, Do) € (ds(to, Do) < X)] is an adaptable specification for
the Hoare system even when it does not include the “extra” adaptation
rules of section 5.4.2.
a
Proof
Abbreviate ¢g(to, vo) as dg.
o If m sat X then VtoVuo[(¢s)m{¢s <t X)] as is shown by the following deriva-
tion:
m sat X

(SP)
(¢8)m(ds < X)

(V—introduction)

VtoVoo[($s)m{ds < X)]

To prove the reverse we start with a derivation:

Vo¥io[(8s)m(¢s < X)]

(V—elimination)

(pa)m(ds < X)

(HS)
m sat ¢p ~ (g <4 X)

(V—introduction)

m sat VigVig[dg ~ (s < X)]

(Consequence)

m sat X
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The application of the consequence rule must be justified by proving the
validity of:

Vio¥ao[gp ~ (35 < X)] = x. (1)

The implication (1) is not valid for arbitrary assertions ¢g; rather it is a
typical property of our freeze predicates. To prove (1) we first expand the
definition of ¢g < X.

$p < X iff
(da[L] AX[L]A L)V
(3t1, t230(hle = (tat2)|e A $a[T[t1/h][5/2) A X[T°][5/2°)[t2/h)))
iff
(false A — — —) v 3(hle = (tot)]c A X[T°][50/2°][t/h])-
This expansion is used in the following expansion of VtgVog[¢g ~» (dg <t X)] :
Vto¥ao s ~ (¢ <t X)) iff
VioVaoVto' (¢alte’ /by 2°/2, T°/T] = (9 <1 X)[to'h/h]) iff

VigVogVie' ((T° A ta'fc = to[c AZ® = f’g) —

3t ((to'h) e = (tot)]e A X[T][E0/2°][t/R])). (2)

Choosing to' = tg = €, g = I°, we see that (2) implies:
T°=3t(hle =tle AX[T°)[t/H]).  (3)

And from (3) it follows that:
Te—x[T°]. (4)

Since X is satisfiable, X[L°]is valid. And therefore we see that:
X HE (T2=X[T°]) A (Lo—x[L°]) iff (T°—x[T°]).

So (4) actually is equivalent to X.

This ends the proof of implication (1), and so of the proof of part (i) of the
lemma.

Next we prove part (ii).

First we show how to adapt the formula
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Vi¥oo[(#s) € (464 X)| (1)
to a similar formula that expresses extra invariance properties.
Let 8’ = (d, {§}) such that #' N base(€) = (0,0).

Let g be a list of logical variables of the same length as §. If the ¢-th
element of § actually is the same variable as the j-th element of %, then take
for the i-th element of g variables the j-th element of #ig. Choose fresh g
variables for those § elements not already occurring in Z. In short: although
the % and §j list need not be disjunct we have chosen the 1y consistent with
the already given g list. Now our claim is that if:

def

b5 =
then we can derive from (1) the formula:
VtoVoo, Bo[(65) € (65 < (XA 1p))].  (2)
Let:
pp & (told = hld A (T—g = @),
op & (to](cu @) < A|(cu a)).
We use instances of the invariance- and prefix invariance axioms:
(er[L]App) E(pr),  (3)
(ep) & (pp)- (4)

By application of the V — E rule, followed by the conjunction rule we derive
from (1), (3) and (4):

(¢8 A wrlL] Avr Aop)é((¢s < X) Aer App). (5)
Clearly it is the case that

$5— (98 AerlL] A pr Aep)
is valid. If we can prove that

((¢s < X) A pp App)— (5 < (XA 1p)) (6)

is valid too, then the consequence rule is applicable to (5) and yields:

(¢5) £ (5 (xA1g)).  (7)

T A(to|(cud) =h|(cUd)) AZ=ToA g =1y,
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Since neither to nor any of the ¥y or Wy occur free in hypotheses of this
derivation of (7) we can use the V—introduction rule to obtain the desired
formula (2) from (7).

We are left with the proof of (6).

Assume, for arbitrary chosen (h,s) € I,y € T, that:
(h,s) € [(¢s < X) A pr Appls

that is:

(a) 3hb, Ky 3so’ (A = hohl A s’ # L A (hble = 7(to)le) A

s0'(Z) = v(¥o) A (so', B}, 8) € [[x]h), and

(b) h|d = ~(to)|d A (s # L—s(§) = v(Bg)), and

(©) 1(to)l (U d) < hi(cU ).

From the above it must be shown that:

(hys) € [¢5 < (x A 1g)],

that is:

Tho, haso (b = hohy A so # L A (hol(c U d) = 7(to)|(c U d))
Aa9(Z) = (%0) A s0(F) = 7o) A (80, b1, 8) € [X]

Ahild =€ A (s # L— s(5) = s0(5)))-

Let h{, kY, 8¢’ be as indicated under (a}). By (c) we can choose some Ag such
that kg < h and 7(ts)|(c Ud) = hg|{c Ud). Take for this choice of h¢ a trace
hy such that hghy = h. Choose 89 = sq'[y{®0)/§]. Since s¢’ # L also 59 # L,
and

s0(#) = 80 [ (o) /7] = (o).
For those z from # not already occurring in §:
so(2) = so'[7(0)/9] = s0'(z) = (w0,
where vy is the §p element corresponding to z. Since the list Wy was chosen

in a way consistent with 6o and so(§) = 7(Bo) we see that so(Z) = (7o) is
the case.

To see that (sq,h1,5) € [Xx ]y it will suffice to show that (so,hy,s) and
(so’, b, s) agree on abase(Xx)(C (¢, {Z})).
For we know already that (s¢', A%, 8) € [X]y. From (a) follows so'(Z) = (%),
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and we just showed so(Z) = 7(¥o), so sp and s’ do agree on £ From the
definition of hqg follows directly that y(to)|c = ho|c and ~(to)|d = ho|d.
Combining with equalities from (a) and (b) we see that:

ho|c = v(to)|c = hy|e, and
hold = v(to)|d = h|d.
Since hohy = h = h{h}, this implies:
hi|e = hi|e and
hijld=e.

We have shown that (sg, hy,s) and (so', h), s) agree on abase(Xx) and so that
(so0, h1,8) € [X]n. Also hy|d = ¢ has been shown, so there remains to see
that if s # 1 then s(§) = sp(§). But this is clear since both sides equal ()
in this case, as follows from the definition of sp and (b).

At last we can continue the proof of part (ii).

Assume that the following specification implication holds:
Ve [Vto¥ao((45) € (35 < X)) = ¥al(e) € ()] (8)

We must show that

val(e) € (¥)]

can de derived from:

VioVoo((¢6) € (6 < X))-

We have already shown how to change the names of bound logical variables,
and so we may assume here that the logical variables {§} are disjunct from
the “freeze” variables {to,Uo} and from any logical variables that occur in
hypotheses. Under these conditions, (8) implies the following formula:

Ve [VeaVao(($5) & (85 < X)) — (#) € (¥)]-
By part (i) of the lemma, this is equivalent to:
Ve (€ sat x—(0) € ()], (9)

and this is equivalent to:

N3 :ﬁ sat X—& sat (p ~ t,b)] (10)

Let B' = abase(X,p ~ ) — base(£). Then lemma 6.15 states that (10)
implies the validity of:
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(XA lg)=(p~ ). (11)

We have shown already how to adapt the formula
Vto¥5o((¢) € (45 < X))

to:
VtoVao, @0 ((85) € (85 < (x A 1p))). (12)

(Notation as above, except that we have now fixed our choice for #' as
abase(' ~ ') — base(€)). If we remove the quantifiers by means of the
V—elimination rule and then apply the consequence rule we obtain:

(¢5) € (85 < (p ~ ¢)). (13)
Let o' = p[T][to/h][%0/Z, Do/F]-

Then (¢') £ (¢') follows directly from an instance of the invariance axiom.
Combining this formula with (13) via the conjunction rule yields:

(25700 E((B5 (P~ 9)) A (19)
We prove below, in lemma 7.7, the validity of:

(659 (e~ 9 Ag') = 9. (15)

Therefore we can proceed the derivation as follows:

(14)
(657 ¢') € (¥)

(consequence)

(3 - pre)
(FtoTvo3o[g5 A ©']) € (¥)

(consequence)
(TAg)€(¥)

By the assumption that X is a satisfiable assertion, together with (9) it
follows that () & () is a satisfiable formula. As before, this implies that
(L A @) — ¢ is valid and so that:

(LA ) € (L A p) strictness

(consequence)
(LAe)§(¥)

is a legitimate derivation. Using the disjunction rule and consequence rule
again we obtain the formula:
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() € (¥)-

Finally, by means of the Y—introduction rule we obtain the desired formula:
vil() € (¥)]-

O

Lemma 7.7

Let @, ¢ € Assn(X) with abase(p, ¢) C B = (¢, {Z}), and to, Bo & gvar(p, ¢).
If ¢5(to, Vo) is the freeze predicate T Atglc = hjc A £ = %, and
@' = ¢[T][to/h][¥0/Z] then the following assertion is valid:

(($6(t0,50) <t (2~ 9)) A ') 9.
(]
Proof

Take some arbitrary (h,s) € I,y € I. If (h,s) € [ds(to, Bo) < (o ~ ¢)]y
then:

3ho3hy3s0 (h = hoh1 A (o, 50) € [5(to, Bo) YA
(30 h1,8) € [ ~ $]), that is:

dho3hydsg (h = hohy Asg # L A ’}'(to)lc = hg]c A ";(ﬁo) = 80(5)

AVho((hos 50) € [y = (hohs,s) € [¥])). (1)
If also (h, 8) € [¢']y then for any § € State, ie. §# 1,

((+(t))s 32 : 7(%0)) € [e]r- (2)
We must prove from (1) and (2) that (h, s) € [¢]v. This is straightforward:
Take ho, hy and sg as indicted by (1). Then from (1) it follows that (ho, so)
and (y(to), 5|Z : 7(¥o)) agree on abase(p). By (2) the latter pair is member
of []y and therefore also (hg, sg) € [¢]y. But then the implication in (1)
guarantees that (hoh, s) € [¢¥], i.e, that (h,s) € [¢]y.

O
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7.3 Adaptation completeness for the Hoare sys-
tem

We prove that the Hoare system is adaptation complete if it includes the
“strong adaptation rule”. That is if

¥g1[(1) Xa (91)] = Va2 [(e2) X5 ()]
is a valid formula, then Vg, [(fpz) Xs (1/)2)] is provable from the hypothesis
Va1 [(991) Xs ('/’1)]'

In chapter 4 we showed that our formal system allows one to change the
names of bound variables. That is, if ¢’ is a fresh variable, then the following
is deducible:

Vg[(e) Xs ()] F Vo'[(¢la'/a]) Xs (¥g'/a])]-

Therefore, we may assume without loss of generality that, for the formulae
as above, the following conditions are satisfied:

{71} ngvar(ps, ¥2) =0, and
{52} ngvar(py, 1) = 0.

Under these conditions, it is the case that
= Va1 [(1) X (1)] = Va2 [(02) Xp (9)] if
= Vg:1¥32 (1) Xs ($1) — (e2) X (¥2)] if
k= (p1) Xp (¥1) — (p2) Xp (¥2) iff
[= Xg sat (p1 ~> 1) — Xp sat (pz ~ ths).

From the results on modular completeness for the SAT system, we know
that the last formula implies the validity of the following assertion:

((‘Pl ~ ) A 1(d,{g})) — (2 ~ th3),

where (d, {7}) 4 abase(io1 ~ $1, 02 ~ ) - B.
In chapter 4 we also proved the validity of

(e < (e~ ) = 9.
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Altogether we now see that the following derivation is possible within the
Hoare system:

Va1[(e1) Xs (¥1)]

(V-elimination)

(p1) Xp (¢1)

(Strong adaptation)
(v2) Xg (P2 < ((p1 ~ $1) AL g 5n))
(d.{y})

(Consequence)
(p2) Xp (P2 < ((p2 ~ ¥2))

(Consequence)

(p2) Xp (¥2)

V-introduction)

Va2[(p2) Xp (¥2)]
This proves the adaptation completeness of the Hoare system.

Theorem 7.8
The Hoare system is modular complete.

0
Proof

Since we already showed the compositional completeness of this system,
it follows from the results of chapter 1 that the Hoare system is modular
complete.

7.4 The Invariant system

We prove the compositional completeness of the Invariant system. Since the
formulae and proof rules of the Invariant system are so closely related to
the formulae and rules of the Hoare system, we shall base our proof upon a
transformation of Hoare style proofs in Invariant style proofs.

For a given Hoare formula f of the form (o) m (¢) we denote by f! the
corresponding Invariant formula [1] : {©[T]} m {[T]}. In chapter 4 we
proved the equivalence of f and f1, for TNP processes S. For a set of Hoare
formulae H we use H! for the set of Invariant formulae obtained from H by
applying the t operation to each formula in H.
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Theorem 7.9 Transformation of Hoare proofs to Invariant proofs

Let m(m;,...,m;) be some mixed term with occurrences of the meta vari-
ables my, ..., m;. Assume that all predicative processes used within m are of
the restricted form, (J, R), as defined with the Invariant rule for predicative
processes, and that they are all satisfiable.

Let some Hoare style proof scheme be given that shows how

Ht (p) m(my,...,mp)(¥)

is deduced from

Hy b (p1) m1 (y1),

Hy & (1) me (¥x),

and that does not use the “extra adaptation rules” of section 5.4.2. Assume
also that all Hoare specifications used in this scheme are satisfiable.

Then there is a proof scheme for the Invariant system for which:
H'Ey[L] : {o[T]} m(my,...,me){$[T]}

is deduced from:

HF (L] 2 {pa[TI} ma {a[ T},

HI b e[ L] = {x[T]} ma {[T1}-
O
Proof

The proof is with induction on the length of the given Hoare style deduction.
We make a case distinction, according to the proof rule used in the last step
of this deduction.

e For a number of axioms and rules it is the case that if

(p1)m1(¥1),- - -, (i) me(¥)
(p)m(y)

is an instance of the (axiom or) rule in the Hoare system, then
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Vil L] : {ea[TIhma{a[T]} - L] : {ou[TT}ma{s[T]}
YL : {o[T}m{([T]}

is an instance of the corresponding (axiom or) rule in the Invariant
system. In these cases the induction step is immediately clear. By

inspection of the rules one sees that this is the case for the following
axioms and rules:

e channel hiding

o variable hiding

o channel renaming

e parallel composition
e choice

¢ conjunction

e disjunction

e prefix invariance

e S-pre

We check the other possible axioms and rules.
Abort,Z
The given instance of the abort axiom:
($[L]) abort (v)
transforms into:

¢[L]: {¢[L]} abort {false} (abort)

(Consequence)
(L] : {$[L]} abort {y[T]} |
The process Z is treated completely similar.
Skip
The given instance of the skip axiom:
(¥[L] A ¥) skip (¢)

transforms into:

$[L] : {#[T] A $[L]} skip {$[T] A ¢[L]} (skip)

(Consequence)

$[L]: {$[L] A ¢[T]} skip {¢[T]}
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o Guard

The given instance:

(YILIA (—¥[T]) b (4)

transforms into:

$lL]: {¢[L]A (09 [TD)} & {$[L] A (59 [T]) A B}

{Consequence)
$[L]: {[L] A (b—o[T])} & {$[T]}
The derived conclusion is the desired formula since
($lL] A o9[T))[T] =
SILTIA @[T]-¢[T][T]) =
YLl A (b—-9[T]).
s Assign
The given instance:
(SILIA (T — ¢[T][e/2])) 2 := e ()

transforms into:

$[L]: {$[L] A $[Tl[e/]} = := e {¢[L] A $[T]} (assign)

(Cons.)
YIL] : {$[L] A $[Tlle/]} 2 := e {$[T]}
The derived conclusion is the desired formula since
(wlLIA (T - ¢[TD)[T] =
SLITIA(T[T] = #[T][T]) =
Wl A [T]
e Communication
The given instance is:
(LA
T— ‘v’v(b[v/a:]-—» ([L][R < (c,v) > /AAY[T][R < (¢,v) > /A, v/:c])))
c.z:b

(¥)
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The corresponding derivation in the invariant system is:

Y[L]:

{#[L]A

Vo(b[v/=] = ($[L][k < (¢, v) > /B] A $[T][h < (c,v) > /h][v/2]))}
cz:b

{o[T]A¥[L]},

followed by an application of the consequence rule to remove the con-
junct ¢[L] from the postcondition.

Predicative processes

We only consider the transformation for predicative processes of the
form (J, R), as defined with the Invariant system. The term (J, R)
abbreviates the process:

(J, R) ¥ ((T°— J) A (T — R))|base(J, R).

Now assume that we have an instance of the axiom for predicative
processes of the following form:

(0) (J,R) (p < ((T° > J) A (T — R))).
By expansion of the definition of the < operator, one sees that the
following implications are valid:

(p[T] <) = (< ((T° = J) A (T—R))[L]),
([Tl (JAR)) = (¢ ((T°=>J) A (T—R))[T]).
These facts form the basis for the following derivation.

Let X7 ¥ o < ((T°—J) A (T—=R)).
o[TI < J : {p[T]} (J, B) {e[T] < (J A R)}

(Consequence)
(e < x5r)[L] : {e[T]} (4, R) {(¢ < xs8)[T]}

Parallel composition

Although parallel composition is one of the “trivial® cases from the list
above, we show what the transformation is, as an example:

(p1) m1 (1) , (w2) m2 (¢2)

(p1 A ©2) my 61|82 ma (1 A t2)
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transforms into:

(L] : {ea[T]} ma {[T]}, vl L] : {w2[T]} m2 {42[T]}

(P2 A 2)[L]: {(p1 A @2)[T]} m1 81| 82 m2 {(b1 A ¢2)[T]}

Here we used the fact that (1 A 02)[T] = @1[T] A p2[T] ete. It is
easily checked that the restrictions for the rule are equivalent to those
for the rule in the given proof step above.

e Sequential composition

Let the given derivation end as:

(P)mi(p) » () m2 (¥)

(#) m1;mz (¥)
We first show that p[L]—4[L] is a valid assertion.

By the assumption that all predicative processes in the given scheme
are satisfiable, we know that Z C mj. So we conclude that (p) Z (¢)
is valid.

Since Tr[2lvn([LAs{L]]7) = [LAG{ L]}y we see that [LAo[L]ly € [l
must hold. Now if (h,s) € [p[L]]y then (h,L) € [L A p[L]]7 s0
(h, L) € [L A9[L]]y and so (h, s) € [¢[L]]7. This proves the validity
of the implication p[L]—[L].

Therefore, the proof step above can be transformed into:

plL] : {p[T]}mi{p[T]}

(Cons.)  y[L]: {p[T]}me{®[T]}
$[1] : {e[T]}mi{p(T]}

(Seq. comp.)
P[L] 2 {[T]}me; me{y[T]}
e (u;) Recursion

Let the given deduction end as follows:

HEVgl(p)2(¥)] , HU{vg{(p) Xp ($)]} FY5[() m (4)]

H FYg((p) pXg.m ()]

The restriction for this rule is that Xp & pvar(H).
From the validity of the premisse H I (@) Z () follows that:
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Tr(Obs[Z]n)([elv) < [¥]-

(Tr was defined in section 3.9).
That is:

{(h, 1) | (hs) efeln} < [¥]-

Since for s # L it is the case that (h,s) € [[T|]y iff (h,s) € [¢]y
and (h, s) € [¥[L]]y iff (h, L) € [¥]~, one sees that:

o[T]=¢[L]

is proper valid, and so ¢[T] « (o[T]| A ¥[1]) is a proper equivalence.
Therefore the proof step above is transformed into:

HU{Vg[y[L]: {[T] A ¢[L]} Xp {$[T]}}F
Va[ylL]: {[T] A L]} ma {$[T]}]

Va[[L] : {@[T] A L]} peXg.ma {$[T]}]

(Conms.)
Vg[$[L] : {e[T1} meXp-ma {4[T]}]

Invariance

(Y[L] A $)m(y)
with the restriction Abase(t) N Base(m) = (9, #), transforms into:

Bl (WL AS[TIm{$[LIA[T]} (Invariance)

(Consequence)
P[L] : {S[LIAS[TIIm{$[T]}

The conclusion of this derivation is the one that was to be shown
provable, since

(YIL]AR)T] = LTI A $[T] = $[LI A ¢[T].
(¥[L] does not contain Lor T symbols, so $[L|[T] = ¢[L]).

e Consequence

VL (SO—*SO') ’ Vl('l”_’\b) s
(¢ )m(+')

(Consequence)

(P)m(y)
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transforms into:

V(Y[ LI=¢[L]), (e[ T]=¢'[T]), Y(#'[T]=9[T])
L] {R [TIIm{¢[T]}

PlL]: {p[T]km{$[T]}

o Strictness
If f is an instance of the strictness axiom of the form:
(Lre)S(LAg),

then f1 is the formula p[1] : {false} S {false}.
Now false : {false} S {false} is an instance of the invariance axiom
of the Invariant system, and using the consequence rule one derives
easily the desired formula f! from this instance.

e Process naming

Assume the Hoare deduction ends as:

HEVYg[(pr) mi($1)] 5 HU{V[(e1)Xp(1)]} - (p2) m2 (¥2)

H }“ ((pz)Xp = my in m2(¢z)

This is transformed in a straightforward way:

H FVg[$[L]s: {e[T]1} m1 {$[T]1}]
HU {Vg[$[L]1: {e[T]1} m1 {$[T]1}]} F ¢[L2 : {@[T]2} m2 {4[T]2}

Hbt L]z {p[T]2} Xpg = miinmy {¢[T]s}

We have proven the compositional completeness of the Invariant sys-
tem.
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SAMENVATTING

Het construeren van correct werkende programmatuur is een van de belang-
rijkste, slechts gedeeltelijk opgeloste, problemen in de informatica. Sinds
de constructie van de eerste electronische rekenapparatuur in de veertiger
jaren van deze eeuw is de capaciteit van deze apparatuur even dramatisch
toegenomen als de prijs daarvoor is afgenomen. Helaas heeft de ontwikkel-
ing van programmatuur daar geen gelijke tred mee weten te houden. Sinds
1968 is men zelfs gaan spreken van de “software crisis”. Een van de oorzaken
daarvoor moet gezocht worden in de (fundamentele) onmogelijkheid om pro-
grammatuur afdoende uit te testen. Immers, het aantal mogelijke inputs met
de daarop volgende responses van een programma is dermate groot dat dit
als uitgesloten wordt beschouwd. We citeren E. Dijkstra: “Het testen van
programma’s kan gebruikt worden om fouten aan te tonen, maar niet om
de afwezigheid daarvan aan te tonen”. Als alternatief voor het testen is het
verifieren van de correctheid van programma’s met behulp van wiskundige
middelen ingevoerd. Het principe bestaat daaruit dat eerst in een zgn. spec-
ificatietaal een (wiskundige) beschrijving wordt gegeven van het gewenste
gedrag van een te construeren programma, waarna tijdens de constructie,
weer met wiskundige middelen, geverifiéerd wordt dat het programma ook
daadwerkelijk voldoet aan deze beschrijving. Dit proefschrift beschrijft en
analyseert een drietal van dergelijke specificatietalen en de daarbij behorende
verificatiemethoden. De aandacht gaat daarbij uit naar de specificatie, con-
structie en verificatie van parallelle, d.w.z. gelijktijdig opererende, processen.
Processen kunnen elkaar daarbij beinvloeden door onderlinge synchronisatie
en door communicatie van gegevens. Bovendien kunnen er tijdens het exe-
cuteren van een programma nieuwe processen bijkomen en weer verdwijnen.

Een belangrijk middel om niet ten onder te gaan in de complexiteit van
omvangrijke programmatuur is het “verdeel en heers” principe. Daartoe
wordt een programma onderverdeeld in een aantal onafhankelijk van elkaar
te construeren modulen. Een specificatie van het gedrag van zo’n module
dient als een soort contract tussen de gebruiker en de implementator van
de module. De gebruiker construeert zijn programma met behulp van deze
modulen en verifidert de programmaspecificatie op basis van de specificaties
van de modulen. De interne constructie van de modulen hoeft en wenst hij
niet te kennen. Een module moet daarbij opgevat worden als een programma
dat zelf weer verder onderverdeeld kan worden in nog eenvoudiger modulen.
De term compositioneel verwijst in deze context naar de mogelijkheid om
de correctheid van een uit modulen samengesteld programma te verifitren
op grond van specificaties van deze modulen, maar zonder kennis van de
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inwendige constructie daarvan. De specificatie- en verificatiemethoden die in
dit proefschrift bestudeerd worden, onderscheiden zich doordat zij ontworpen
zijn om een dergelijke compositionele specificatie en verificatie mogelijk te
maken. De kwaliteiten van de diverse specificatie en verificatiemethoden
worden in dit licht met elkaar vergeleken.

Hoofdstuk 1 bevat een overzicht, en een informele inleiding in de verifi-
catie van TNP programma’s. Verder worden de begrippen “compositionele
volledigheid”, “adaptatie volledigheid” en “modulaire volledigheid” ingevo-
erd.

Hoofdstuk 2 bevat een definitie van de grammatica van de talen DNP (“Dy-
namic Networks of Processes”), en TNP (“Theoretical Networks of Pro-
cesses” ).

Hoofdstuk 3 behandelt de betekenis van TINP, ook wel (denotationele) se-
mantiek genoemd.

Hoofdstuk 4 voert de verschillende talen voor het specificeren van TINP
programma’s in. Dit zijn de assertietaal, de klassen van SAT, Hoare en
Invarianten specificaties, en tenslotte een mengvorm tussen TNP en de as-
sertietaal, genaamd “Mixed terms”.

Hoofdstuk 5 introduceert drie bewijssystemen die gebruikt kunnen worden
voor de verificatie van TINP programma’s, te weten het SAT systeem, het
Hoare systeem en het Invarianten systeem. De soundness, d.w.z. geldigheid,
van deze systemen wordt bewezen.

Hoofdstuk 6 en 7 beschouwen de volledigheid aan van de drie bewijssytemen.
Het SAT systeem en het Hoare systeem worden beiden zowel composition-
eel, adaptatie als modulair volledig bewezen. Voor het Invarianten systeem
wordt compositionele volledigheid aangetoond.
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Stellingen

behorend bij het proefschrift
Compositionality, Concurrency and Partial correctness
van
Job Zwiers
Stelling 1

Het in dit proefschrift ingevoerde “generalized state® begrip maakt het mogelijk de specificatietaal
COLD uit te breiden naar parallel communicerende systemen, waarbij het bestaande COLD (voor
sequentiéle systemen) behouden blijft.

L.M.G. Feijs, HB.M. Jonkers, C.P.J. Koymans, G.R. Renardel de Lavalette,
“Formal Definition of the Design Language COLD-K”, Philips Research Technical Note 234/87,
ook als ESPRIT rapport METEOR/t7/PRLE/7.

Stelling 2

In “Trace-Based Network Proof Systems: Expressiveness and Completeness” door J. Widom wordt
de specificatietaal STL ingevoerd. Een STL specificatie wordt “precise” genoemd voor een gegeven
process wanneer, informeel gesproken, ieder door de specificatie toegelaten communicatie gedrag
ook wordt toegelaten door het process en vice versa. Het begrip speelt een belangrijke rol in het
volledigheids resultaat van Widom, waarin wordt aangetoond dat een bepaalde parallelle compositie
regel, verwant aan de overeenkomstige regel van het SAT systeem van dit proefschrift, preciseness
behoudt. Er zijn echter processen waarvoor geen “precise” STL specificatie bestaat. Dit volgt uit
het feit dat er in STL geen onderscheid gemmakt kan worden tussen de volgende twee processes:

(c;dord) en (c;dord;cord).

J. Widom, “Trace-based network proof systems: Expressiveness and Completeness”,
Ph.D. Thesis 87-833, Cornell University, Ithaca, NewYork, 1987.

Stelling 3

In hoofdstuk 5 van “Mathematical Theory of Program Correctness” van J. de Bakker wordt een
Hoare logica voor recursieve sequentiéle programma’s zonder parameter mechanisme ingevoerd.
Om een relatief volledig bewijssyteem te verkrijgen blijkt een relatief groot aantal minder aantrek-
kelijke adaptatieregels te moeten worden toegevoegd, zoals bijvoorbeeld de verschillende substitutie
regels.

Een aanmerkelijk eenvoudiger en eleganter relatief volledig systeem kan echter worden verkregen
door niet uit te gaan van Hoare logica maar van een formalisme analoog aan het SAT systeem
van dit proefschrift. Er is dan natuurlijk geen specificatie van communicatie gedrag meer nodig,
en daarmee vervalt eveneens de noodzaak om het gedrag van nog niet getermineerde berekeningen
vast te leggen. Slechts een drietal eenvoudige adaptatieregels is dan nodig, te weten een invariantie
axioma, een conjunctie- en een consequence regel. Wanneer slechts gestreefd wordt naar relatieve
volledigheid, en afgezien wordt van modulaire volledigheid zoals gedefiniéerd in hoofdstuk 1 van
dit proefschrift, dan kan wat de adaptatie regels betreft zelfs volstaan worden met uitsluitend een
consequence regel.

J. de Bakker, “Mathematical Theory of Program Correctness”, Prentice-Hall.
Stelling 4 |

In K. Apt’s “Ten years of Hoare’s Logic” wordt een bewijsregel gegeven voor ALGOL type declaratie
van locale variabelen die niet compositioneel is, omdat in de premisse van deze regel een substitutie
wordt uitgevoerd in de syntactische component S van de constructie beginnew z; Send. Apt stelt
daarbij dat, wanneer recursieve procedures zijn toegelaten, een regel, geintroduceerd door Lauer,



waarbij niet in de programmatekst maar in de pre- en postcondities van Hoare formules gesub-
stitueerd wordt correspondeert met een dynamic scope semantiek, in plaats van de gebruikelijke
semantiek met de static scope aanname.

Echter, in een opzet die uitgaat van natuurlijke deductie kan op eenvoudige wijze een compositionele
regel gegeven worden, waarbij de static scope aanname behouden blijft. Deze regel heeft de volgende
vorm:

A+ {ply/=]} S {qly/=]}
H i+ {p}begm new z; Send {7}

Hierbij is H een verzameling hypothesen in de vorm van Hoare formules {pre;} P; {post;}, waarbij P;
een procedure naam is. H is uit H verkregen door in alle daarin voorkomende pre- en postcondities
de variabele y voor z te substitueren. De variabele y moet noch vrij voorkomen in de gebruikte
pre- en postcondities pre; en post;, noch in S.

K.R. Apt, “Ten years of Hoare’s logic”, TOPLAS 3, (4}, 1981.
P.E. Lauer, “Consistent formal theories of the semantics of programming languages”,
Technical Report TR.25.121, IBM Laboratory Vienna, 1971.

Stelling 5

In “Ten years of Hoare’s logic” (ref. zie boven) bespreekt Apt verschillende mechanismen voor
parameter overdracht voor procedures, waaronder het call-by-value/result mechanisme. Apt merkt
op dat corresponderende bewijsregel het nadeel heeft dat voor iedere procedure call een afzonderlijk
bewijs nodig is voor de premisse die betrekking heeft op de body van de desbetreffende procedure.
Daarom wordt voorgesteld om een parametersubstitutie regel van Cook, oorspronkelijk bedoeld
voor het call-by-name mechanisme, te gebruiken waarbij dan wel de nodige restricties die inherent
zijn aan deze regel moeten worden geaccepteerd. Deze restricties zijn de volgende. Als procedure
P(%,0) met formele value/result parameters Z en formele value parameters ¥ gedeclareerd is met
procedure body Sp, dan moet voor iedere call van de vorm P(#,&) voldaan zijn aan de volgende
voorwaarden: # is een lijst van verschillende variabelen, € is een lijst van expressies die geen van de
# variabelen bevatten, en geen variabele in @ of & anders dan een formele parameter mag voorkomen
in de body Sg. Bovendien mag in Sg niet geassigneerd worden aan de formele value parameters o.
De regel wordt dan de volgende. Mits var(post) N {z,9} C {u}:

{preo} P(2,9) {posto}

{preol@/z,2/v]} P(3,2) {post[t/z,2/v]}

Dit resultaat kan als volgt worden verbeterd. Voor het call-by-value/result mechanisme kunnen al
de genoemde restricties achterwege blijven wanneer de volgende regel wordt gebruikt:

Als var(post) N {z,v} C {4} dan geldt:.
{preo} P(2,0) {posto} , pre— prec[u/z,&/v], posto— post[z/u]

{pre} P(5,?) {post}

Wanneer toch aan alle restricties is voldaan kan Cook’s regel afgeleid worden uit de hier voorgestelde
regel.

S.A. Cook, “Soundness and completeness of an axiom system for program verification”,
SIAM Journal on Computing, vol. 7, no 1, 1978.



Stelling 6

De correctheid van programmatransformaties gebaseerd op het bestaan van een simulatierelatie
« tussen een “abstract” programma S4 en een implementerend “concreet” programma S¢ komt
neer op het aantonen van een inclusierelatie van de vorm a~!;Sc;a C Sa. Dergelijke trans-
formaties vormen de basis van onder meer de methoden voor datastructuren implementatie van
[Hoare], [Hoare&Jifeng| en [Reynolds|, en van de reificatie techniek zoals gebruikt voor de VDM
methode [Jones]|. Als het abstracte programma gespecificeerd is door middel van een Hoare spec-
ificatie {pre} S4 {post} dan is aan bovenstaande inclusie voldaan wanneer het implementerende
programma voldoet aan {{a)pre} Sc {[a]post}.

Een Hoare formule {pre} S {post} wordt vaak geinterpreteerd als Vo[{pre} S {post}] waarbij de
lijst ¥ bestaat uit alle vrije logische variabelen van de formule.

Echter, het gebruik van deze impliciete universele quantificatie is ongewenst omdat in dat geval
bovenstaande verificatiemethode voor programmatransformatie onvolledig blijkt te zijn. Wanneer
geen impliciete quantificatie wordt aangenomen, dan kan volledigheid worden aangetoond.

[Hoare] C.A.R. Hoare, “Proof of Correctness of Data Representations”,

Acta Informatica, vol 1, 1972.

[Hoare& Jifeng] C.A.R. Hoare, Jifeng He, J.W. Sanders, “Data Refinement Refined”,
Proc. 1st ESOP, LNCS 213, 1986.

[Jones] C.B. Jones, “Systematic software development using VDM”, Prentice-Hall.
[Reynolds] J. Reynolds, “The craft of programming”, Prentice-Hall.

Stelling 7

Programmaspecificaties gebaseerd op assumption-commitment paren zijn geintroduceerd door Misra
en Chandy. Het “generalized state” concept zoals geintroduceerd in dit proefschrift kan in de
Misra/Chandy aanpak geincorporeerd worden, en leidt dan tot formules van de volgende vorm:

(4,C) : {pre} S {post}.
Hierin zijn A en C een assumption en commitment betreffende het communicatie gedrag en zijn pre

en post een pre- en postconditie betreffende zowel het communicatie gedrag als het state-transformer
gedrag. De interpretatie van deze formule is:

Als voor de initiéle communicatiegeschiedenis en programmatoestand waarin process § start voldaan
is aan de preconditie pre, dan is de commitment C gegarandeerd op ieder moment tijdens executie
mits op alle voorafgaande momenten de assumptie A niet geschonden is, en als het process termi-
neert en de assumptie A is nooit geschonden tijdens de executie, dan voldoen de finale communicatie
geschiedenis en toestand aan de postconditie post.

Het is echter niet noodzakelijk om Misra/Chandy type formules als een nieuwe vorm van specifi-
caties te beschouwen, omdat dergelijke formules al gerepresenteerd kunnen worden door “Invariant”
formules zoals ingevoerd in hoofdstuk 4 van dit proefschrift. De representerende formule is:

Vio[Past(c,to, A) — C : {pre A to|c = hlc} § {Kern(c,tp, A) — post}],
waarbij Past(c, o, A) staat voor de assertie Vi(fg|c < t|c < h|c — A[t/h]), en Kern(c,tp, A) voor
A A Past(c, tg, A).
J. Misra, M. Chandy, “Proofs of Networks of Processes”, IEEE SE 7 (4), 1981.
Stelling 8

De aantrekkelijke kant van Misra/Chandy type specificaties wordt vooral gevormd door onder-
staande bewijsregel voor parallelle compositie van processen. In [ZBR] is beargumenteerd dat
daarmee bepaalde bewijzen met inductie naar de lengte van de communicatie geschiedenis vereen-
voudigd worden op een manier die vergelijkbaar is met de vereenvoudiging die de welbekende “while
rule” voor iteratie betekent ten op zichte van een expliciet inductie bewijs naar de lengte van de
berekening van een programma. Om deze reden is onderstaande regel superieur aan bewijsregels



voor parallelle compositie die in essentie gebaseerd zijn op het nemen van een conjunctie van de
specificaties voor de delen S; en S; als specificatie voor de parallelle compositie Sy || S3, zoals
ingevoerd door Zhou Chao-Chen en Hoare [ZH], en zoals bestudeerd in dit proefschrift. De regel
is echter een afgeleide regel voor het Invariant system uit hoofdstuk 5, zie [ZRE]. De regel is geldig
voor TINP processes, maar niet voor willekeurige “mixed terms”.

Mits abase(A;, C;, pi, ¢;) N base(S3—;) C base(S;), voor i = 1,2 :
(41,C1) : {;} S1{q1}, (42,C2) : {pz} Sz {¢z}
MAAGL— 43) , YAAC:— Ay

(MO)
(A,C1ACy) : {p1Ap2} Si || S2{qr"Agz}
[ZBR] J. Zwiers, A. de Bruin, W.P. de Roever, “A proof system for partial correctness of Dynamic

Networks of Processes”, Proc. of the Conference on Logics of Programs 1983, Springer Lecture
Notes in Computer Science 164, 1984.

[ZH] Zhou Chao-Chen, C.A.R. Hoare, “Partial correctness of CSP”, IEEE Int. Conf. on Distributed
Computer Sytems 1981.

[ZRE] J. Zwiers, W.P. de Roever en P. van Emde Boas, “Compositionality and Concurrent Net-
works: Soundness and Completeness of a Proofsystem”, in de versie van het rapport No.57, sectie
Informatica Katholieke Universiteit Nijmegen.

Stelling 9

Van Nguyen merkt in [Nguyen| op dat het bewijssysteem zoals gegeven door Misra en Chandy on-
volledig is. Door het invoeren van onderstaand axioma kan deze onvolledigheid worden opgeheven.

(A, Past(c,tp, A)) : {to|lc = hlc} S {true}.

Hierin is ¢ de verzameling channels vrij voorkomend in A, en is ¢y een niet in A vrij voorkomende
trace variabele.

Een relatief volledig bewijssyteem kan worden verkregen door modificatie van het Invariant system
op de wijze zoals aangegeven in [ZRE)].

[Nguyen] Van Nguyen, “The incompleteness of Misra and Chandy’s proof systems for networks of
processes”, Information Processing Letters 21, 1985.

[ZRE] Zie boven.
Stelling 10

Uit de handleiding van het IATgX “Document Preparation System”, gebruikt voor o.m. het zetten
van deze stelling, blijkt niet dat de auteur een expert op het terrein van programma specificatie is.

Leslie Lamport, “I#TEX User’s Guide & Reference Manual”, Addison-Wesley, 1986.





