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CHAPTER1 

INTRODUCTION 

Section 1.1 

Atomie hydrogen an~ deuterium gases: Two novel quantum flui ds 

Virtually all substances soüdify at low temperatures. This is due, in partienlar, to the 

universa! Van der Waals a.ttraction. During many decades the only known examples of 

substances which do not soüdify were the helium isotopes SHe and •He. They remain 

üquid down to zero temperature because their interatomie Van der Waals attraetion is 

to a large extent compensated by the zero-point ki.netic energy of the atoms. As the 

zero-point motion whieh prevents them to crystalize has a quantum-mechanical origin, 

they are generally called quantum fluids. 

As first pointed out by Hecht, w hydrogen and deuterium atoms with polarized 

electronic spins would constitute even more extreme examples of quantum fluids. Due 

to their lower mass, H and D have a larger zero-point energy than the helium isotopes, 

while the attraction strength of the triplet potential a.cting between spin-polarized 

hydrogen or deuterium atoms is comparable in weakness to the He-He attraction. 

Hecht concluded that whereas due to the quanturn mechanical zero-point motion the 

helium isotapes do not soüdify, spin polarlzed Hand D noteven üquefy. 

Spin-polarlzed bosonic H and fermionic D would therefore provide us with weakly 

interacting gas phase quantum fluids in which the ma.ny surprising phenomena which 

were discovered with the Bose liquid •He and the Fermi. üquid SHe are expected to 

take place in a much clearer form. This particularly appües to the effects which occur 

in the quanturn degeneraey regime: the low-temperature, high-density regime where 

the thermal De Broglie wavelength of the particles is larger than the interpartiele 

spacing. For instance, the phenomenon of Bose-Einstein condensa.tion in the 

degenera.te Bose gas H should occur with a condensa.te fraction reaching valnes close to 

100%.<2> This figure is to be compared to that for the degenerate Bose system 4He in 

which the Bose-Einstein condensation is sharply suppressed by the strong interaction 

effects: its condensate fra.ction is measured to be below 15%. m 

Moreover, the dilute Hand D gl!oBeS ena.ble compa.rison of experimental results with 

ab initio theoretica! results of any desired precision. This in contrast to the dense 

quanturn fluids 3He and 4He for which no ab initio microscopie theories have been 

developed. This particularly applies to the Fermi system 3He which, up to now, can 

only be described by phenomenological theories. 14> For the Bose üquid •He one can 

perfarm Monte Carlo simulationsm which are however of ümited a.ccuracy. 

Moreover, comparlson between experimental and theoretica! results is considera.bly 
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facilitated for the H and D systems as the interatomie interactions for these 

elementa.ry atoms are known with a very high degree of accuracyJ4l Spectroscopie 

experiments have confirmed the accura.cy of these ab initia potentia.ls to high 

precision.m From the experimental point of view an important advantage of spin­

polarized H and D is that with these systems, temperature and density. ca.n be 

controlled independently over large ranges of values. Furthermore, thanks to their 

large (electronic) magnetic moments, H and D can be manipulated using magnetic 

fields (see next section). In the bosónic H gas one might expect interesting phenomena 

associated with the dynamics of a non-vanishing nuclear spin (I=l) to occur. This in 

contrast to the Bose fluid 4He which carries no spin. The fermionic D gas in this 

respect should display very rich behavior: it bears a nuclear spin 1=1, to be compared 

to the nuclea.r spin I=! ofthe Fermi fluid SHe. 

For many years the idea of Hecht to use spin polarized H or D in order to create 

degenerate quanturn gases received little attention as it was by no mea.ns clear how to 

crea.te spin polarized atomie hydrogen or deuterium gas in stabie form. This cha.nged 

drastically when two decades a.fter Hecht's prediction Silvera a.nd Walraven succeeded 

in stahilizing spin polarized hydrogen for the first time.m Since that time a large 

number of experimentalists as well as theoreticians, recognizing the potential richness 

of these new quanturn systems, put elfort in the study of spin polarized quanturn 

ga.ses. In the next section we discuss the techniques for stabUizing spin polarized 

atomie hydrogen and deuterium which form the basis of all research on these systems. 

Relerences 
Ul C.E. Hecht, Physica 25, 1159 (1959). 

<2> N. Bogoliubov, J. Phys. (U.S.S.R.) 11, 23 (1947). 

l3l V.F. Sea.rs, E.C. Svensson, P. Mariel and A.D.B. Woods, Phys. Rev. Lett. 49, . 

279 (1982). 

<4l L.D. Landau, Zh. Eksp. Teor. Fiz. 30, 1058 (1956) [English translation: Soviet 

Phys. JETP 3, 920 (1957)}. 

<5> D.M. Ceperly and E.L. Pollock, Phys. Rev. Lett. 56, 351 (1986). 

(6J W. Kolos and L. Wolniewicz, J. Chem. Phys. 43, 2429 (1965}; W. Kolos and L. 

Wolniewicz, Chem. Phys. ~ett. 24, 457 (1974); L. Wolniewicz, J. Chem. Phys. 

78, 6173 (1983). 

m I. Dabrowski, Can. J. Phys. 62, 1639 (1984). 

181 I.F. Silvera and J.T.M. Walraven, Phys. Rev. Lett. 44, 164 (1980). 
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Section 1.2 

Sta.biliza.tion of H a.nd D gas 

Molecular hydtogen or deuterium can easily be dissociated in an electtic discharge. 

However, the resulting atoms are at high tempera.tures, not spin-polarized and usually 

vecy short..Uved due to adsorption and subsequent rapid recombination on surîaces. 

Experimental a.ttempts to crea.te stabie spin-polarized hydrogen or deuterium gases 

therefore all focus on the problems of how to polarize their electronic spins a.nd how to 

cool and confine them without inducing a. rapid deca.y. 

The use of Jiquid-helium covered walls formed the key to the successful 

stabilization ot atomie hydrogen. The first successful sta.bilization experimentsU.2> 

showed tha.t hydrogen and deuterium atoms can thermalize wiih liquid-helium covered 

walls at sub-keivin temperatures without undergoing a rapid recombination. The use 

of liquid-helium lined walls solved the cooling problem, and also the confinement 

problem. Furthermore, having cold atoms, the spins can be polarized in a. 

straightforward manner by exploiting the separation of spin-up and spin-down a.toms 

in strong ma.gnetic field gradients. This can be understood in more detail by exarnining 

the ground-state hyperfine energy levels for hydragen and deuterium as functions of 

magnetic field strength (Fig.l). 

0.1.----.-----, .-----,.-----, 
H D 

0•1ol------=o.:-'=o-=-:, --70.1 o 
BIT) 

0.05 0.1 

Fig.1. a) Hwerfine energy levels for the ground electronic state of hydrogen in a 
maY.".etic field, b) same for deuterium. 
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The upper hal! of the hyperfine states are "low-m.agnetic-field seekers": their energies 

decrease with magnetic field strength as they are essential.ly electron spin "up" states 

denoted by Hf or Dl. The lower hal! of the hyperfine states are "high-magnetic-field 

seekers": their energies decrease with magnetic field strength as they have essential.ly 

their electron spin in the "down" state: H! or Dl. 
The sta.ndard type of experiments utilize this beha.vior by locating the cell in which 

the spin-polarized atoms are to be sta.bilized in high field, while the dissocia.tor is 

loca.ted at a low field region (Fig.2). This configura.tion attracts the "high-field 

seekers" to the stabilization cell a.nd repels the "low-field seekers" from it. For large 

magnetic fields a.nd cold atoms so that the energy separa.tion between the "high-field 

seeking" states a.nd the "low-field seeking" sta.tes (approximately two times the 

. electronic Zeeman . energy) is much la.rger tha.n the thermal kinetic energy of the 

a.toms, this separation is in fact complete. In this way, only the "high-field-i!eeking" 

state atoms (Hl or D!) are confined. 

Ex.periments showed that this scheme is especial.ly useful in stahilizing atomie 

hydrogen. lt soon turned outC3,41 that the H! gas consisting of a.n admixture of a- and 

b-i!tate atoms (Fig.l) rapidly purifies into a b-i!tate atom gas: the so-ca.lled "doubly 

spin-polarized" atomie hydrogen gas, denoted Hit. This HU gas is very stable. There 

is a decay due to nuclear spin rela.xa.tion in two-body collisions, but this deca.y is 

extremely slowCSl as the interactions which couple to the nuclear spin are very weak. 

Three-body recombination reactions are also very slow, especial.ly at low atom 

densities. In fact, at magnetic fields of approxima.tely 8 Tesla a.nd temperatures close 

to 0.5 Kelvin three-body loss mechanisms were found to be more tha.n six orders of 

magnitude slower tha.n the zero field room-temperature three-body decay. ce1 

Accordingly, ma.ny interesting experiments have been ca.rried out with spin-polarized 

hydragen atoms at high magnetic field (see next section). 

For deuterium the situa.tion is quite different. Up to now only two successful 
experiments with D! have been reportedJ2,7l In these experiments no high atom 

density could be built up, as the samples deca.yed very ra.pidly. The origin of this ra.pid 

decay is a.ttributed tol2,71 the building up of a. two-dimensional adsorbed D atom gas 

on the heliurn surfa.ces: As discussed above, liquid-heliurn-lined wal.ls provide us with a 

very efficient mea.ns for confining spin-polarized hydrogen gas. This is because a liquid 

helium surface ha.s a very smal.l a.dsorption energy for hydragen atoms (approxima.tely 

1 K in temperature units), which prevents a. large building up of adsorbed-atom 

density down to very low tempera.tures. The adsorption energy of deuterium atoms on 

a 4He film is mea.sured to be approximately 2.6 K, 121 much larger than the value for 

H, so tha.t a.t typical tempera.ture8 of a few hundreds of millikelvins a. considera.ble 

a.dsorbed atom density builds up. In combination with an anomalously large two-body 

decay rate for adsorbed D! atoms,m this yields a. very rapid decay. 
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C>i<J 
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Fig.IJ. Lower part: ezperimental setup for H! stabilization (schematic). The 
walls are covered with a superfluid helium film. Upper part: hyperfine energy 
levels at variotJ.S locations. 

Although the situation for H! is more favorable to observe degenerate quanturn 

behavior, the degenera.cy regime in which Bose-Einstein condensa.tion should occur ha.s 

never been a.chieved. Attempts toenter this low--tempera.ture, high-density regime are 

also ha.mpered by surface adsorption. This is because, in order to achleve Bose­

Einstein condensation in a bulk gas in thermodyna.mic equilibrium with an adsorbed 

gas, a sa.tura.ted surface density has to be built up in the latter .I SI This surface density 

is roughly given by: n8::! p:Ea}h2 (p. is the reduced atomie mass of the H-H system and 

Ea the adsorption energy), which is appro:xima.tely 1014 atoms/cm2 for H on a 4He 

film. Such large adsorbed a.tom densities give rise to a very fast decay due to three­

body recombination events. t6,9l Due to this three-body recombina.tion the adsorbed 

atoms at saturated density have a mean lifetime of ouly some tens of microseconds. 

The resulting large recombination heat load warms up the sample, thereby preventing 

the degenera.cy regime to be reached. 

Several proposals have been put forward to overcome these difficulties.At 

HarvardUO I experimental efforts are going on which explore the possible existence of a 

B-:field "window" with a low enough three-body decay rate. Guided by theoretical 

results<w these efforts aim at very high magnetic fields (B ~ 25 Tesla). 

An entirely new approach is to get rid of the walls by using a wall free confinement 
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Fig.9. Lower part: ezperimental setv.p for Hj stabilization (schematic). All walls 
are covered with a sv.perjluid helium film. Upper part: hyperfine ener!lJilevels at 
variov.s ·locations. 

scheme. This should open up the intriguing possibility of working at very low (sub­

millikelvin) tempera.tures a.nd low a.tom densities to rea.ch the degenera.cy regime. The 

large ma.gnetic moments of the hydrogen a.toms could be used a.s "ha.ndles" to 

manipula.te a.nd confine them with magnetic fields. Unfortunately, the Ma:Xwell 

equations forbid a. static magnetic field maximum in free space<l2>. Hence, it is not 

possible to trap H! in a static magnetic field. A way out might be the use of a 

dynamic magnetic trap. This possibility ha.s been a.na.lyzed by Lovela.ce et al.U3l They 

find tha.t fields of the order of 1 Tesla. at a. few kilohertz are needed to provide a. trap 
for H! of a. few millikelvin deep. One may doubt whether such fields ca.n be realized 

without excessive eddy-current hea.ting in the remgeration system. Besides, it is not 

clear how the low energetic a.toms required to fill the very sha.llow trap are to be 

produced. 

Much more promising is the proposa.lU4> totrap Hf a.toms (c a.nd d atoms, Fig.1) 

instea.d of H! a.toms. These "low-field-t~eeking" atoms ca.n be tra.pped in a static 

ma.gnetic field minimum which ca.n be created in free spa.ce. Low-field-t~eeking Hf 

a.toms ca.n be made using a dissodator loca.ted in a high B-field region (Fig.3), so that 

the "low-field-t~eekers", being a.ttra.cted to the confinement region, are sepa.rated from 

the "high-field-t~eekers". The Hf a.toms in the low field region become tra.pped a.s they 

thermalize a.mongst themselves in two-body collisions and with the helium covered 

wa.lls (at tèmperatures of 50-100 mK). Working with Hf instea.d of H! can only be 
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done at the expense of introducing a. rapid decay due to electronic spin relaxation to 

"high..fi.eld-seeking•• Hl states. It appears thatus> especially spin-exchange collisions 

between two c-state atoms or between a c-state a.nd a d-state atom lead to a rapid 

relaxation toa- and b-state atoms which are repelled from the trap. Fortunately, very 

rapidly these spin-exchange processes beoome ineffective as ·they lead to the 

disappearanee of the c-state atoms, thereby creating a doubly-polarized d-state atom 

(HH) gas. The lifetime of the BH gas is limited by dipola.r spin relaxation.<tsl 

Analyses of the beha.vior of trapped Hft gas undergoing evaporative cooling and 

magnetic compression in the presenee of the dipola.r relaxation processue> indicate 

that the degeneracy regime might be reached ma.rginally at temperatures of a few tens 

of microkelvins. Most troublesome in this respect is the behavior of the ratio of 

thermaliza.tion ra.te (due toelastic collisions between the atoms) over decay ra.te (due 

to dipola.r spin-relaxation collisions). ·This ratio is proportional to the square root of 
temperature, so that at lower temperatures eva.porative cooling, relying on a. rapid 

thermalization of the atoms, becomes less efficient. In fact, the Hft gas cannot be 
cooled below a critica! temperature typically of the order of a few microkelvin, where 
thermalization and relaxation rates become of compa.rable magnitude. 

In relation to this an interesting novel development is discussed in chapter 2 of this 

thesis. In analyzing the behavior of magnetically trapped deuterium atoms (Di) very 

exciting possibilities, associated with the Fermi cha.racter of D, show up. It appea.rs 

that under the influence of fast spin-exchange proeesses also Dj purifies into doubly 

spin-pola.rized deuterium gas: Dif. But, in contrast to the case of trapped Hif, the 
dipolar relaxation limited stability of Dif increases with decreasing temperature. Also 
the ratio of thermalization rate over relaxation ra.te increa.ses with lowering 

temperature, ma.king evaporative cooling more and more efficient at lower 

temperatures. 

Recently, two groups have succeeded in magnetically trapping spin polarized H 

gas.tm Using eva.pora.tive cooling, temperatures of about 1 mK have been rea.lized in 

trapped HH gasJ1Sl Many exciting developments, including optical detection and 

manipulation of trapped H and D, U9l may be expected in the near fut ure. 
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Section 1.3 

Sci.entific opportunities a.nd applica.tions 

In the physica.l regimes alrea.dy studied, spin-polarized atomie hydragen has proven to 

be a. very rich system (for a comprehensive overview the reader is referred to Refs. 1 

and 2). Much has been learned a bout the deca.y mechanisms of spin'i)Olarlzed hydragen 

and deuterium {see previous section). Very interesting experiments have been ca.rried 

out which increased our knowledge on the interaction of low energetic H and D atoms 

with helium surfaces. Also the exceptional properties of spin'i)Olarized hydragen gas 

have clearly shown up in their transport properties, especially in the observation of 

nuclear spin waves. m 

Yet there remain many interesting scientific opportunities and technological 

applications of spin-polarized H and D which have only partially been studied, or even 

unstudied. For instance, the interaction of very low energetic H and D a.toms with 

helium surfaces is still only partially understood. A theoretica! analysis<4l leaves a 

vecy large uncertainty in the stielring probability of slow H atoms incident on a helium 

film. Having very cold a.toms (for instanee HTT or Drf atoms produced in a magnetic 
trap) one might experimentally study this problem. 

Also associated with the helium film is the possibility of observing nuclear spin 

waves in a. two-dimensional gas (see chapter 4 of this thesis). Such an experimental 

observation should provide direct information on the peculiar effects of the negative 

centrifugal "harrier" typical for 2D low energy scat tering. <SJ At higher surface 

densities the adsorbed gas becomes degenerate and is expected to undergo a Kosterlitz­
Thouless transition. !6l 

In general, the hope to abserve gas phase degenerate quanturn behavior, i.e. the 

observation of Fermi-pressure effects in D gas ( see chapter 2) and · particularly Bose­

Einstein condensation in H gas, are very important motivations for spin-polarized 

hydragen and deuterium research. 

One of the most impressive applica.tions of spin-polarized hydragen is the cryogenic 

hydrogen maser. By malring use of several peculiarities of cold H gas in a helium-lined 

cell, a very stabie frequency standard can be built. Actual maser oscillation of 

hydrogen atoms at sub-keivin temperatures has been observed by a number of 

groupsJ7l The cryogenic hydragen maser is extensively discussed in chapter 3. 

Another important application is the possibility of doing ultrahigh-resolution 

spectroscopy with very cold HorD gases in which all Doppier effects are considerably 

reduced. In this respect it is interesting to note that the results of chapter 2 indicate 

that with magnetically trapped deuterium unheard-of low temperatures can be 

reached, far below the cooling limit of a. few microkeivin for magnetically trapped 

hydrogen. 
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Other applications involve: the use of spin-polarized hydrogen or deuterium to 

create polarized proton or deuteron targets for nuclear and partiele scattering (possibly 
by using doubly-polarized H or D to crea.te solid nuclear-polarized H2 or D2t2J ), a.nd 

the use of doubly spin-polarized deuterium to enha.nce the efficiency of plasma fusion 
reactors. cal 
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Seetion 1.4 

This thesis 

The following thxee ehapters of this thesis ea.eh treat a. different reeent development in 

the theory of atomie hydxogen or deuterium gas. They have in common tha.t, on a 

microscopie level, they deal with eollisions between hydxogen (or deuterium) atoms in 

their ground electronic state. At first sight, collisions between ground-sta.te hydxogen 

atoms might seem a trivial problem, being a standard example in textbooks on atomie 

collieion theory. However, as will become clear in the next ehapters, this is eerta.inly 

not the case for the problem of collisions at very low energy. In that case the dynamics 

of all four spins involved in the eollision is manifest. The quantum-meeha.nical analysis 

of the complicated spin dynarnics shows many surprises a.nd provides a challenge 

common to the three subjects trea.ted in this thesis. 

The above ca.n be illustrated with the phenomenon of nuclear spin waves studled in 

chapter 4. As will be shown, despite the fact that interactions between two atoms are 

nuclear-spin independent, the outeome of an scattering event does depend on the 

nuclear spins involved due to partiele indistinguishability effeets at low cellision 

energies. This subtie effect gives rise to quantum phenomena on a macroscopie seale 

via the oceurrenee of nuclear spin waves. 

The interaction between the nuclear and the electronic spins plays an important 

role in the calculation of the decay rates of magnetically tra.pped H and D gases. As 

will beoome clea.r in cha.pter 2, care must be taken in the way the hyperfine interaction 

is taken into account in the ealcula.tion of inelastic two-body collisions. For instance, a 

complete neglect of this hyperfine interaction in the ealculation of the deeay rates for 

HT and DT gases yields rates which va.nish in the low-temperature limit, whereas the 

exact low-temperature rates are large and independent of temperature. 

The nuclear spin dynarnics plays a very decisive role in spin-exchange collisions 

between H atoms in a maser. In chapter 3 it will be shown that the nuclear spin 

dynarnics due to the hyperfine interaction during spin-exchange collisions puts severe 

limits on the frequency stability level achievable with low temperature H masers. 
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CHAPTER2 

MAGNETICALL Y TRAPPED ATOMIC DEUTERIUM 

Section 2.1 

Fermionic D gas versus bosonic H gas 

In the past decade a grea.t num.her of exciting experiments have been carrled out With 

spin-polarlzed hydrogen. U,2l Spin-pola.rized deuterium however, has attracted 

relatively little attention of experimentalists as, even in liquid-helium-lined cells, this 

gas was found to be very hard to sta.bilize.(3,4l This probably accounts ior the fact 

that by the time the opportunity of surface-free ma.gnetic confinement was recognized 
in the field of spin-pola.rlzed hydrogen research, (5l nobody put effort in the a.nalysis of 

the stability of magnetically tra.pped deuterium. Yet, a. little thinking alrea.dy reveals 

the exceptional properties of such a. system. Wall-free confinement of deuterium a.toms 

not only elimina.tes surface a.dsorption a.nd subsequent recombination, which cause the 

rapid decay of deuterium in helium-lined cells, but also, if the deuterium atoms are all 

in the same hyperfine state, the Pa.uli exclusion principle suppresses a.t low 

temperatures all callision processes thereby enha.ncing the sta.bility of the gas. As in 

the absence of wall a.dsorption sample temperatures can be lowered considerably this 

suppression of collisions ma.y be very strong. 

We show in the present cha.pter, tha.t the difference in beha.vior between 

magnetically-trapped bosonic H gas a.nd fermionic D gas is remarka.ble. The decay rate 

of ma.gnetically trapped H is fast a.nd, to lowest order, independent of tempera.ture. In 

tra.pped D gas however, the deca.y ra.te decreases dramatically with decrea.sing 

tempera.ture. As a result, at sub-millikelvin tempera.tures the lifetime of tra.pped D is 
orders of magnitude la.rger tha.n tha.t of trapped H. Furthermore, in the hydrogen case 

the ratio of thermaliza.tion rate over decay rate decreases with lowering tempera.ture, 

thereby putting a. fundamentallowet limit on tempera.tures a.chievable with trapped H. 

This in contrast to the deuterium case where this ratio increases with lowering 

temperature yielding the possibility of reaching unheard-of low temperatures, a.nd the 

observation of gas-phase degenera.te qua.ntum beh&vior. 

By now, two groups have reported successful experiments with ma.gnetically 

tra.pped H.<a.n Having trapped H, the trapping of D is by no mea.ns a trivia! 

extension. Due to the larger adsorption energy of D on helium films and the higher 

surface decay rate, deuterium atoms are more difficult to load in a trap tha.n hydrogen. 

Once the problem of loa.ding has been overcome, for instanee by using deeper ma.gnetic 

traps, magnetically trapped · deuterium provides us with a highly ideal ga.seous 

qua.ntum system. 
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Fig.1. Dimensionless interaction U*(r)=nu2V(r)/fL2 as a fu,nction of interatomie 
separation for various groundstate atoms. Curve 1: spin-polarized hydrogen 
atoms, curve 4: spin-polarized lithium atoms. For the sake of comparison also 
the dimensionless interaction between helium atoms (curve 2} and neon atoms 
{curve 9} is shown. For atomie species with minima in the dimensionless 
interaction much deeper than unity a large number of scattering resonances 
contribute to the recombination decay down to '1/ery low temperatures. 
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The large difference in behavior between bosonic and fermionic isotopes applies to 

all B-field trappable atoms. Hydrogen and deuterium are however unique, as without 

any doubt among all B-field-trappable atomie bosons and fermions, they have the 

highest intrinsic stability. Other atomie systems such as the alkalis, have the distinet 

advantage that they ean be laser cooled relatively easily. However, as pointed out by 
Vigué, cs1 due to fast resonance recombination associated with their strong interatomie 

interaetions and their large atomie masses, the alkalis are eonsiderably less stable. 

Fig.1 illustrates the exceptional smallness of interaction effects in magnetieally 
trapped hydrogen; 
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Section 2.2 

Spin-pola.rized deuterium in magnetic traps 

J.M.V.A. Koelman, H.T.C. Stoof, B.J. Verhaar, and J.T.M. Walra.ven• 

Department of Physics, Eindhoven University of Technology, 
5600 MB Eindhoven, The Netherlands 

•Natuurkv:ndig Laboratorium, Universiteit 'Van Amsterdam, 
1018 XE Amsterdam, The Netherlands 

[Published in Phys. Rev. Lett. 59, 676 (1987)] 

We have calculated the epin-excllange two-body rate constante associated with the 
population dynamice ai the hyperfine levels of atomie deuterium às a funetion of rnagnetic 
field in the Boltmlann zero-temperature limit. Resulte indicate that a gas ai low-fteld­
seeking deuterium atorne tra.pped in a static magnetic field minimum deeays ra.pidly into an 
ultrastabie gas of doubly spin-polarized deuterium. We aleo discuss the temperature 
dependenee of various effects. 

The interesting physics of the ga.seous spin-polarized quantum systems ha.s been 

primarily studied for the Bose system spin-polarized hydrogen and the Fermi system 

spin-polarized 3He. w Although the extreme quantum nature of these spin-polarized 

systems ha.s been esta.blished in a va.riety of experiments, the observa.tion of degenera.te 

quantum beha.vior so fa.r ha.s been out of rea.ch of the experimentalist&. For spin-down 

polarized hydrogen (H!) it wa.s establishedt2l tha.t the critica!. density for Bose­

Einstein condensation (BEC) can only be a.pproa.ched up to a factor 10 due to the 

presence of a. third-order recombina.tion process which is dominant on the surfaces of 

the helium-covered sample cells. Also for ga.seous 'He the degenera.cy regime (T<<TF, 

where TF is the Fermi tempera.ture) is fa.r out of rea.ch of ex.periments as a result of 
the rela.tively strong interaction effects which lead to the formation of the liquid 

state.m 

Spin'-polarized deuterium (D!) ha.s attra.cted rela.tively little attention of the 

ex.perimentalists a.s this ga.s wa.s found to be much less stabie than hydrogen.n.•> 

Nevertheless the theoretica! interest in this system is considerable. To establish the 

nature of the ground state of D! is a. subtie problem which stimula.ted the use of the 

a.dvanced methods of Fermi..fiuid theory. <&,81 It is predicted tha.t the doubly-polarized 

state (D!t) should be ga.seous down to T = 0 K. Also the La.nda.u parameters have 

been ca.lculated, t61 and extensive theoretica! effort was put in calcula.ting the transport 

properties of ga.seous D! a.s a. function of tempera.ture. m 

Recently, surface-free confinement schemes were proposedUI which offer new 
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prospects to observe BEC by studying spin-up polarized hydrogen (Hl) in magnatie 

trapa similar to those used for confi.ning laser-cooled spin-polarized alkalis.(9) In this 

letter we show tha.t DH is especialiy suited for confinement in a minimum-B-field trap 
and may well prove to be the purest experimental realization of the nearly ideal 

degenerata Fermi gas in which to a large extent density and temperatu.re càn be 
controlled independently. As such it is a most interesting model system enabling 

comparison with ab initio theoretica! results of any desired precision. This in contrast 

to dense, strongly interacting Fermi systems as nuclea.r matter, liquid 3He, and the 

electron gas in metals. 

30 
BlmTl 

Fig.1. Energies of the deuterium hwerfine states a.s a ju.nction of magnetic field. 

We discuss the stability of Dt, a mixture of the hyperfine states 6, E, and ( (Fig.l), 

confined in a statie minimum-B-field trap. We calculate both spin-exchange and 

dipolar two-body rate constant& in the low-field, T=O K limit, and estimate the 
temperature and field dependenee of these effects. We show that spin exchange causes 
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Dj to deca.y rapidly towards the doubly'1>01arized gas Dlt of only (-state atoms. This 

gas may be cooled with a similar evaporative seheme as proposedU> for Bif. Bowever, 

in contrast to the hydrogen case where dipolar relaxation is predicted to be very fast 

and, to 1owest order independent of temperature,uo> the stabillty of the fermion Dlt 

against dipolar relaxation is expected to grow with decreasing tempera.ture because of 
the absence of s-wa.ve sca.Uering, ultima.tely teading to an ultruto.ble sta.te. Dft is not 

only likely to be the ,nost stabie B-field·trappable spin'1>0larized system (including the 

alkalis),, but ma.y a.lso be çooled well int9 the deg~eracy regime. We brief!y discuss 

how·-FeJ:pli stfi!is.ties ·liffeqs · th;; propérti:es of Dif. As a last point we addren the 

· st-abillty, of DH àpt'11.\t resonanee rèconibination. 

We first diseuss the various relaxation processes in a gaseous mixture of 6-, E-, and 
(.:State a.toms ·(Dj): The lifetimes of these low-magnetic-field seekers are primarily 

limited by -in~tic spin-exchange relaxation events. Dipolar relaxation only beoomes 

competitive at high iha.gnetic fieldsUO) (B~0.2 Tesla for Di) and as such is not 

relevant in the current context. As in the hydrogen case an important exception to 

this rule is collisions between fully polarized a.toms ((~ collisions) .which are 
unaffected by spin-exchange. Considering the low valnes of the relevant tempera.tures 

and Fermi-Dirac statistica only low energy s-wave scattering between atoms in 

a.ntisymmetrical spin statea occurs. We therefore calcula.ted the eighteen rate 

constauts cotresponding to the allowed downward spin exchange tra.nsitions between 

the iifteen antisymmetrized spin states (a{J-/Ja)//1., ..• , (E(-(E)//1. for s-wave 

scattering in the Boltzma.nn zero-temperature limit. These rate constauts can be 

expressed in terms of the two-body spin-exchange T-ma.trix elements for va.nishing 

kinetic energy in the incoming cha.nnel. When the splittings of the internal energy 

levels are not too large, we may also a.ssume that the kinetic energy in the final 

eha.nnel va.nishes. This a.pproximationUll applies when the time interval in which the 
interaction associated with the internal degrees of freedom is interrupted by the 

exchange interaction is small compared to the time scales at whieh precessions 

associated with the internal-energy...J.evel splittings take place. For low collision 

energies, this interruption time is determined by the time interval in whieh the 

colliding atoms ca.n be localized within the interaction range: At ~ p;r02/ft. (!-' being the 

reduced atomie ma.ss and r0 the range of the interaction). Using the above 

approxima.tion, we find that the relaxation ra.tes in the Boltzma.nn zero-temperature 

limit ca.n be expressed in termsof the triplet a.nd singlet scattering lengths aT a.nd as: 

in which I i> and I f> are normalized antisymmetrie i wo-body spin states, PT (Ps) is 

the projection operator on the triplet (singlet) spin subspace, and vr=[2(EcEr)/J.']V2 is 
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the rela.tive velocity in the :6.nal spin cha.nnel. 

Using the above expression in case of spin exchange relaxation in atomie hydrogen 

with aT=1.34a0 and as=0.32ao we reproduce the values of the H+H spin-exchange 

relaxation rates obtained with a coupled channel calculaüontun within a few percent 

up .to magnetic field strengtbs of 0.1 Tesla. In case of atomie deuterium we calculate 

aT=-6.8a.o and a.s=l3.0ao a.nd obtain the values for the 18 zero..temperature spin­
exchange relaxation ra.tes displa.yed in Fig.2. Interestingly enough for the present 

purposes, these ra.tes are typically two orders of magnitude la.rger than the H+H spin­

exchange ratesJto l This is due to the la.rger value for I a.ra.s I entering in the 

expression for the ra.tes. 

We now consider low-field-seeking deuterium atoms in a magnetic trap. If we use 

the notations n6, nE, a.nd n( for the densities of these sta.tes, and assume a.1l high-field­

seeking atoms and a fraction P of the low-field-seeking atoms formed in inelastic spin­

exchange events to escape to a perfect adsorber outside the trapping region, the 

population dynamica of the va.rious hyperfine levels is described by 

Îlc5= -(Gt5(-taE+ 0 6(-t{JÇ) nónç-(0 óe-t(7+ 0 t5e-t{Je+ p GóE-tóa+ 0 6E-t{3c) n6ne, 

In genera!, a decay described by these equations yields a stabie state consisting of one 

single hyperfine component. Which hyperfine state will survive depends on the relative 

magnitudes of the various deca.y rates, as wellas on the theescape proba.bility P and 

on the ratios between the initial popula.tions. Substituting the a.bove calcula.ted 

relaxation rates, we :6.nd a preferential decay of ó and e a.toms. Hence, equal initia! 

popula.tions willlead toa trapped gas of ( a.toms {"doubly spin-polarized" deuterium). 

The fra.ction of ( atoms which survive the spin-exchange decay process when starting 

with equal initial populations decrea.ses with increasing P: At B = 0.1 T, we find tha.t 

88 % of the initia! number of.( atoms survive for P = 0, while for P = 1, this figure is 
12%. 

The trapped (-e.tom gas will be ultralong lived as, in the zero-temperature limit, 

two-body collisions can be ruled out beca.use of the Pauli principle. For nonzero 

temperatures, two-}>ody electronic dipola.r relaxation is dominant. Using plane-wave 

Bom expressionsU2l we estima.te the conesponding cross section to be O'rel!!! (E/E')V2 
-10·22 m2, with E (E') the kinetic energy in the initial (final) spin channel. For low 
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Fig.2. The zero temperature spin exchange relaxation rates G. f as a fu.nction of l-1 
magnetic field. The curves correspond to the following rates, i-1f: 1: (E-+Ça, 2: 
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collision energies, E' tends to a constant yielding the dipolar rela.xa.tion rate at low 

temperatures to be proportional. to temperature. For B~O.lT we estimate Gdtp/T ~ 

10-14 cm3s-1K·l (TS0.05 K). Notice that this energy dependenee favors rela.xa.tion of 

fast atoms leading to a self--cooling contribution associated with rela.xa.tion which is 

absent in the hydrogen case. 

Interestingly enough, though the thermal.ization rate also vanishes in the low­

temperature limit, we find that the system still achieves thermal. equilibrium on a time 

scale substantially smaller than the dipolar lifetime of Dft. Thermal.ization of the 

trapped ( gas may occur through elastic triplet potential scattering or via elastic 

dipolar collisions. At low temperatures (TS0.03 K) dipolar thermal.izing collisions 

dominate because the short-ranged triplet potential. becomes ineffective due to the 

Pauli principle. Again using plane-wave Born expressionsU21 we estimate the dipolar 

callision cross section to be O'th,dip~ 10-22 m2. At higher callision energies, where the 

Pauli principle becomes less effective, gas-phase thermalization takes place 

predominantly through elastic scattering via the strong short-ranged triplet potential.. 

A phase-shift analysis yields the conesponding cross section to be proportiona.l to the 

energy squared: O'th,trlp/E~ 10-19 m2K-2. For density n = 1014 cm-3 and temperature 

equa.l to the conesponding Fermi temperature T F ~ 39 p,K, the above expressions yield 

a lifetime due to dipolar rela.xation of severa.l hours and a gas-phase thermaliza.tion 

time of several. seconds. Under similar conditions the lifetime of Hft is some 

seconds.etOI In contrast to the case of Hlf where in the limit T -+ 0 the ratio of the 

thermal.ization rate to the rela.xa.tion rate vanishes, in case of DH this ratio increases 

as T-112. This shows the possibility to use evapora.tive cooling as an efficient means for 

cooling the trapped gas down to the degeneracy regime. 

In the foregoing, degeneracy effects were left out of consideration. An accurate 

description of such effects depends in a subtie manner on the evaporation scheme and 

requires a detailed ana.lysis. In a naive picture, the Fermi pressure limits the density 

for decreasing temperatures, in contrast to the hydrogen case where higher densities 

are favored, ultimately teading to BEO. In contrast to relaxation, the thermal.iza.tion 

rate is affected by blocking effects in the final. state. Still, the evaporative cooling 

scheme may be expected to be very efficient, if we take into account that, for low 

tempera.tures, the differences in occupation of the single-partiele levels, compared with 

the T=O state, are concentrated at the highest energy levels near the Fermi energy. 

Cooper pairing in DH is way out of reach as only p-wave pairing is possible, ml 
requiring extremely high densities. 

Resonance recombination U4l and resonance-enha.nced relaxation, which are 

proba.bly the dominant decay mechanisms in magnetically trapped alkalis, are not 

e:J:Cpected to disturb the above described decay of Dj. The (v=21, j=O) and the (v=21, 

j=l) molecular levels are just bound, so that resonance recombination can play a role 
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in the decay of Dl. In DT, however, recombination via these levels is inefficient thanks 

to the positive sign of the Zeeman energies for the low-field-seeking sta.tes. Unbound 

singlet states also play a negligible role at temperatures of interest as the lowest 

resonant state (v=20, j=6) is calculated to be 10 K above threshold. Also th7 slow 

decay of DTf is not disturbed by resonance-enhanced processes as collisions praeeed 

via. the triplet potential which doesnotsupport (almost) bound states. 

In the foregoing we discussed the behavior of the trapped gasinsome detail but we 

did not treat the problem of the loading of the trap and only mentioned some fa.cts 

relevant to the cooling of the trapped gas. As in the hydrogen case, the development of 

an efficient filling and cooling scheme is a major project, which is leit as a challenge to 

experimentalists. 

This work is part of a research program of the Stichting voor fundamenteel 

Onderzoek der Materie (FOM), which is financially supported by the Nederlandse 

organisatie voor Zuiver Wetenschappelijk Onderzoek (ZWO). 
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Section 2.3 

Spin-exchange decay of ma.gnetically tra.pped deuterium atoms 

In the previous section it was shown that under certa.in conditions fast spin-exchange 

processes lead to the purifica.tion of ma.gnetica.Uy trapped Dj gas into potentially 

ultrastabie DH gas. In this section we examine this purification process in a more 

accurate and more realistic way. First, we relax some of the approximations made in 

the calculation of the spin-exchange ra.tes: bere it is no longer assnmed that 

.tempera.tures are sufficiently low to make the zero-temperature limit applicable, and 

also the low B-field restrietion is somewhat relaxed. Secondly, we take into account 

the trap filling in the description of the Dit purification process. 

Spin--exchange decay rates 

As discussed in the previous section the hyperfine population dyna.mics of magnetically 

trapped gaseous mixtures of 6-, t-, and (-state a.toms (Di) is dominated by spin­

exchange processes. As a result of the low values of the relevant collision energies and 

Fermi-Dirac statistics, only s-wave scattering between atoms in antisymmetrical spin 

states occurs. Here we derive closed expressions descrihing the low temperature and 

low magnetic field dependenee of all rate constants corresponding to the 18 allowed 

spin-exchange transitions between the 15 antisymmetrized two-body spin states. 

In order to do this we make use of the fact tha.t for not too high B values the 

hyperfine energy-level separations have a very smal! infiuence on a collision quantity 

which bas a finite value in the limit of vanishing initia! and final kinetic energies (see 

previous section and section 4.3). For s-wave spin-exchange scattering the T-matrix 

provides us with such quantities. Neglecting the influence of the energy-level 

separa.tions by calculating the s-wave spin-exchange T-matrix elements for common 

initia! and final kinetic energies chosen halfwaym betweentheir exactvalues, we find 

that the rate constauts Gi-lf split up in a magnetic field dependent spin-matrix 

element and a. "universa!" rate constant Go depending on the specific transition and 

the magnetic field strength only via a dependenee on "C"f• the spin energy released in 
the transition (Cf. Eq. 49, section 3.3): 

(1) 

Here, li> and lf> are normalized, antisymmetrie spin states (l(afJ-fja)/-/2>, ... , 

l(f(-{f)/-/2>), and PT(Ps) is the projection operator on the triplet (singlet) spin 

subspa~. The reduced rate constant Go can be written as a thermal average over a 

cross section O'o times the relative velocity in the final spin-state (for a derivation see 
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section 4.3): 

Go(a,T)= < J 2(E+a)fp uo(E+ta) >E, (2) 

in which p denotes the reduced ma.ss. of \he colliding D atoms, while the thermal 

(Boltzmann) average < >E is given by 

{3) 

Equation (2) only applies for positive a (downward hyperfine tra.nsitions). The 

reduced rate for upward transitions is related to tha.t for downward ones via. a. simple 

Boltzma.nn factor: 

-a/kBT 
Go(-a,T) = e Go(a,T). (4) 

The cross sectien u0 is determined by 

(5) 

in which 6~ (6~) is the s-wave scattering pha.se shift for triplet (singlet) potential 

sca.ttering. In this wa.y we have reduced the problem of calculating the spin-exchange 

ra.te constants to a. standard pha.se;;hifts ca.lculation. 

In order to arrlve at closed expressions for the ra.te constants we apply another 

approxima.tion. Ma.king use of the smooth beha.vior of the qua.ntity which is to be 
therma.lly averaged [the term between averaging brackets on the right-ha.nd side of (2)] 

a.s a function of collision energy, we may apply a one-point generalized Ga.uss­

integra.tion ba.sed on the weight function w(x) = xV2ex:p(x) in Eq.(3) on the interval 

[0,11)): 

(6) 

to the right-ha.nd side of Eq.(2), yielding: 

Go(a,T) = J 2(a + ikuT)/p uo(ia +~uT). (7) 

Taken together, Eqs.(l), (4), (5), and {7) provide us with closed expressions for the 
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Fig.1. The spi'IHUha.nge relazo.tion rates G0( ... p( and G0E_.ç
1 

as junctions of 
magnetic field strength for T=O.SK(full curves) and T=OK (broken curves). 

rate constauts in terms of the triplet and singlet phase shifts. At low magnetic fields 

aud low temperatures the resulting rate constauts are fa.irly accurate. When applied to 

the case of spin-exchange relaxation in atomie hydrogen, we reproduce the values of 

25 



the H+H spin-exchange relaxation rates obtained with a. computa.tiona.lly ela.borate 

coupled-cha.nnels calculation within 1% for B<0.1T and T<50mK. At higher B-field 

strengths and higher tempera.tures the above expressions become less accurate. For 

B~l.ST and T~0.3K we find a 13% accuracy. For D+D spin-exchange rela.xation we 

expect approxima.tely the sa.me degree of accuracy. 

In the zero tempera.ture limit and for sma.ll l:l. values Eq.(7) reduces to the 

expression used in the previous section for the description of the DTf purification 

process: 

Go(l:l.,O) = J 2/:l./~ w(aras)2, (8) 

in which a.T(as) is the triplet(singlet) scattering length. Note furthermore that a 

complete neglect of the hyperfine energy-level separations in the calcula.tion of the 

relaxation ra.tes (l:l.=O) yields very bad a.pproximations as it leads to vanishing ra.tes in 

the zero-tempei:ature limit: G0(0,T) "' TV2, This is proba.bly the rea.son why a neglect 

of the splitting between intemal sta.tes is orten thought to be a typical high-energy 

a.pproximation. As ma.y be clear from the above this is not the case: if the separation 

of the intemal levels is neglected in a suitable way, the resulting expressions are 

accurate down to zero collision energy. 

In order to facllitate the analysis of experiments with magnetica.lly tra.pped 

deuterium, we para.meterized the uo cross section as a. function of COllision energy: 

u0(E) ~ 3.46><10·18 m2 (1 + 3.6 E)-1, (9) 

with E in temperature units. The errors introduced in using this para.meterization do 

not affect the above mentioned accuracy levels. 

To illustrate the B-field a.nd tempera.ture dependenee of the relaxation ra.tes 

calculated a.ccording to the a.bove scheme, two of the rates involved in the hyperfine 

popula.tion dynamica of tra.pped Df are shown in Fig.1 as functions of magnetic field 

strength fora tempera.ture of 0.3 K (drawn curves) and in the zero-tempera.ture limit 

{da.shed curves). This figure clearly shows tha.t the rates can have a considerable 

dependenee on tempera.ture, especially when the internat energy released in the 

transition is sma.ll (as for the transition óe-+(1 at low B fields). 

Purifica.tion into DfT 

We now consider the creation ?f DH by spin-exchange processes. In the previous 

section we assurned the trap to be filled with 6-, e- and (-state atoms (Dl) and 

considered the subsequent · evolution to a (-state atom gas (Dft). In actual 
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experlmental situations it is more Ukely tha.t the trap is filled with DT until a steady 

state is reached between filling flux and the flux of atoms escaping from the trap after 

spin relaxation events. We take this into account by including filling fluxtermsin the 

rate equations. Furthermore, by using the spin-exchange rate constants derlved in the 

present section, we no langerworkin the zero temperature limit but at typical trap­

filling temperatures of a few hundreds of milli-kelvins. 

Assuming the "high ... field-5eeking" a.toms (Dl) formed in spin-relaxation events to 

escape to a perfect adsorber outside the trapping region, the popwation dynamics of 

the trapped hyperfine states is described by 

(10) 

In these equations ni is the density of atoms in hyperfine state i, \P is the trap filling 

flux (atoms/s) assumed to be equally divided over the three "low...field-5eeking" states, 
and V is the effective trap volume. Evaporative losses of atoms are not included in the 

above equations as they may be avoided during the filling stage by proper design of 

the experlmental setup.C2l Note furthermore that only downward (exothermic) 

transitions enter in the rate equations due to the absence of upward (endothermic) 

spin-exchange transitions with an initial s-wave state consisting of two "low-field­

seeking" a.toms. 
The time-evolution equations for n { and n 6 can be combined to give 

(11) 

with r:G ó{_.aefG ó{ ... (:JÇ So, even when the 6-a.tom density saturates (ns=O), the (­
atom density still grows without limit. Such an unlimited growth of n{ is possible only 

if the ft- and f-a.tom densities decay away. In the long-time limit the above rate 

equations yield that n( grows at a rate !(f/V)/(l+r), while n6 and nE decay away via 

an inverse proportionality to nç Notice that the resulting Dlf purlfication is 

independent of the actual values of ihe spin-exchange rate constants. Only the 

effective ( -a.tom filling ra te depends on the values of the spin-exchange ra te constants 

via the proportionality factor (l+r)·1, reprasenting the fraction of ( atoms which, after 

being loaded in the trap, survive the spin-exchange decay and stay trapped. In Fig.2 

this dimensionless factor is shown as a function of magnatie field for a temperature of 
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Fig.!. The proportiono.lity factor 1/(l+r) entering the effective (-atom filling 
rate as a lunetion of magnetic field strength for T=0.3K (full curve) and T=OK 
(broken curve). 

0.3 K (dra.wn curve) and in the zero-tempera.ture limit (dashed curve). As is evident 

from this figure, this ratio ha.s only a wea.k B-field dependenee a.nd a.n almost negligible 

temperature dependence. 

Of course, a. real unlimited grow of n( is unphysical. As high (-a.tom densities are 

built up, deca.y processes due to ma.gnetic dipola.r spin rela.xa.tion occurring in 

collisions between (-state a.toms (predominantly Ç(-1(a and ((-~aa, see next section) 

become important a.nd ultima.tely limit the (-atom density. We inclucled this effect by 

a.dding a. dipola.r rela.xa.tion term -(Gçe .... (a+2G((-1da>n(2 on the right hand side of 
the time-evolution equa.tion for n(. Dipola.r relaxation is rela.tively very slow. Ha.ving 

ra.tes of the order of I0·14cm3s-t for tempera.tures of a few hundreds of millikelvins (see 

next section), the dipolar processes a.ffecting the (-a.tom density a.re three orders of 

magnitude slower than typkal spin-exchange processes affecting the tra.pped a.tom 

densities. Solving the rate equations including the dipola.r relaxation term to lowest 

order in the ratio of dipola.r relaxa.tion rates over spin-exchange relaxa.tion rates, we 
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find a steady state with atom densities 

n = f 

{12} 

We conclude tha.t the steady state ó- and e-atom densities are about three or~ers of 

magnitude smaller than the (-atom density. After turning o:ff the filling flux the 6 and 

E a.torns deeay away rapidly in spin-exchange collisions with ( atoms, leaving the (­

atom density relatively una:ffeeted. In this way DH gas with density of the order of 

101Satoms/em3 (a.ssurning ifl/V to be ofthe order 1Q13atoms/s) is obtained. 
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Section 2.4 

Lifetime of magnetically tra.pped ultracold atomie deuterium gas 
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We have ealculated ~he magnetic dipolar spin--relaxation rates of magnetically trapped 
doubly-spin-pola.rised atomie deuterium gaa. The results are expressed in a sim.ple closed 
formula descrihing the dipolar--relaxation-lirnited stabillty in the Boltzmann (T>>Tf), the 
degeneracy (T<<Tf), and the crossover (T~Tr) regimes. In the degeneracy regime we 
typieally fmd lifetim.es of some hours. We also discuss the dipolar decay of magnetically 
trapped spin-polarbed fermionic alkali-metal atoms. 

Introduetion 

In the past decade dramatic progress has been made in the stabilization of spin­

pola.rized atomie hydrogen. The observation of severa.l exceptiona.l properties in a large 

n~ber of experiments on thls new quantum gasw strongly overshadowed the few 

experimenta.l results<2l on its fermionic counterpart: spin-pola.rized deuterium. The 

rea.son tha.t deuterium has come into prominenee to a much lesser amount is tha.t the 

standa.rd scheme to sta.bilize hydrogen,Ul i.e., confinement at high ma.gnetic field in a. 

cell with liquid-helium covered wa.lls, is rather inefficient when a.pplied to deuterium: 
even on superfluid-helium snrfa.ces deuterium a.toms undergo a. strong adsorption and 

subsequent recombination. 

Recently, we made an ana.lysis<BJ of the hyperfine popmation dynamics of surfa.ee­

free confined deuterium atoms in a trap similar to those usçd for confining laser-:eooled . 
spin-polarized alkali-metal atoms<4l and spin-pola.rized hydrogen a.tomsm. It appea.rs 

that fa.st two-body spin--exchange proeess~ a.cting on the trapped electron spin "up"' 

deuterium atoms (DT) lead to the formation of a gas of atoms in one single hyperfine 

state in which a.lso the nuclear spins are pola.rized. Thls gas of doubly-Bpin-polarized 

deuterium atoms (Dif) is extremely sta.ble at low tempera.tures. Not only are surface 

recombination processes elimina.ted but also collision processes leading to a deca.y of 

the deuterium atom ga.s are strongly suppressed thanks to the Pa.uli exclusion 

prine)ple. In contrast to the ca.se of the ma.gnetica.lly trapped boson gas HH where 

two-body dipolar rela.xation is predicted to be very fa.st and, to lowest order, 
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independent of temperature,<6l the stability of the fermion gas DH against dipolar 

relaxation is expected to grow with decreasing temperature. !3l Applying an 

evaporative cooling scheme similar to that proposed for Hlf, !7l will ultimately lead to 

an ultrastabie low temperature DH gas. The dipolar relaxation limited stability of 

DH was estimated in Ref.3 for temperatures well above the Fermi temperature TF. 

Here we describe a more general theory for the dipolar relaxation of the Dft gas 

which also applies to the degeneracy regime (T<<TF) and the crossover regime 

(T~TF). Thè results are given in the form of a simple closed expression which, in the 

relevant regimes, describes the temperature and magnetie-field dependenee of the 

effective decay rates within a few percent. This expression also determines the dipolar 

decay rates of magnetically trapped fermionic alkali-metal atoms. For a degenerate 

(T<<TF) DH gas with density 1014 atomsfcm3 at magnetic field B = 0.1 T we find a 

lifetime as large as 5x103 s. This figure even grows with increasing magnetic field. 

Therefore, magnetically trapped DH offers a unique possibility for the experimental 

observation of gas-phase degenerate quanturn behavior. 

Decay rates 
In principle, a wealth of processes may cause a gas of doubly-spin-polarized 

magnetically trapped atoms to flip an electronic or nuclear spin. Such spin­

depolarization processes lead to a decay of the gas as atoms are formed which are 

directly ejected out of the trap (because they acquire the released energy in the form of 

kinetic energy and also because they are formed in hyperfine states which are repelled 

from the minimum-B-field trap) or because atoms are formed in hyperfine states which 

disappear out of the trap due to a subsequent strong two-body spin-exchange process. 

In view of the extreme diluteness of trapped atom gases [highest density achieved up 

to now: "' 3x1014 atoms/cm3 with Hlf Ref.5)] the first type of spin-depolarization 

processes to discuss are single-atom processes. These are commonly considered to be 

negligible or at least to be made so by judicieus selection of the experimental 

parameters. For instance, the lifetime due to spontaneous emission at hyperfine 

frequencies is enormous, and nonadiabatic spin-flips (Majorana transitions) can be 

reduced below any desired rate by a careful trap design. 
Under these circumstances, two-atom processes determine the lifetime of doubly­

spin-polarized trapped atom gases. As in the doubly-spin-polarized state the electronic 

spins of two colliding atoms are parallel, spin-exchange plays no role in the decay of 

the gas. Precession of the spins in the dipolar magnetic fields of other atoms, however, 

does lead to spin flipping, which results in a decay of the sample. Spin depolarization 

due to the magnetic dipole-dipole interaction is the dominant loss mechanism for 

trapped Hlf<6> and Dlf(3) gases. For magnetically trapped doubly-spin-polarized 
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alkali-metal atoms other decay processes such as resonance recombina.tion are 

important.!8l At very low temperatures, however, also for trapped alkali-metal atoms 

dipolar relaxation may be the dominant decay process. 

From now on we restriet ourselves to the case of dipolar relaxation in doubly-spin­

polarized gases of deuterium atoms and assume the relevant collision energies to be 

smal! compared to the splitiings between the various hyperfine energy levels. We 

denote the one-a.tom hyperfine states a, /l, 7, 6, f, and ( in order of increasing energy 

(see inset Fig.l), so that the trapped doubly-polarized state is denoted by (. Assuming 

all atoms formed in dipolar relaxa.tion events either to be in a. hyperfine state with 

predominantly electron spin-down a.nd hence to be ejected from the minimum-B-:field 

trap, or to have a.cquired enough energy to escape from the trap and stick to a wal! 

out si de the trap region, we :find for the deca.y of the ( -atom gas 

(1) 

with nç denoting the (-atom density, and the summa.tion E{xy} running over all 
distinct pairs of hyperfine states not equal to ((. Sta.rting fiom the quantum­

mechanical Bogoliubov-Bom-Green-Kirkwood-Yvon (BBGKY) hierarchy we :find that 

the relaxation ra.te G((-+xy can be expressed as an ensemble average of the relative 

velocity 2'Al./m times an effective cross section fJ ((-+xy: 

IJl 

G çç ... xy = {2r)·3 J 4'Kk2dk F (~k) !,2 (J çç ... xy(k) . 
0 

(2) 

In this equation F (~k) is the distribution function for the relative wave number k 
de:fined as · 

(3) 

in which f~k), the distribution function for the single atom wave numbers, is assumed 

to be isotropie and normalized as (2'K)-3fd!k f((k)= 1. In Eq. (2) no Pauli blocking 

terms of the form (1-fx)(t-f
7
) a.ppea.r because the atoms in hyperfine state x and y 

formed in a dipolar relaxation event undergo no blocking effects as the internat states 

x and y are unequal to ( or otherwise beca.use they have acquired enough kinetic 

energy to prevent any blocking effect to occur. 

In a dilute gas of identical fermions in one single internat state the 

antisymmetriza.tion requirement prevents the lermions to approach one another at 
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distances much smaller tha.n the thermal wavelength. As the thermal wavelength 

scales with the inverse square root of the temperature it follows that at low 

temperatures fermions experience only the long-range parts of their mutual 

interactions. Therefore, in our caleulation the sbort-ranged triplet interaction is 

neglected and the dipolar interaction, of which only the very wea.k long-range part 

contributes, is taken into account to lowest order. We find 

(4) 

A 

In this equation !'=k'k' denotes tbe fi.nalAState wave vector, and the V matrix element 

is the antisymmetrized momentum representation of the dipolar interaction 

with {xy} denoting a symmetrized and normalized spin state (xy+yx)/ [2(1+6l!Y)]112. 

Using the faet that the hyperfine energy splittings are much larger than typical kinetic 

energies so that fik < < fik' ~ [m(2e ç-ex-e
1

)]112 with ex the hyperfine energy of xAState 

atoms, and taking into account only the electron~ectron part of the dipolar 

interaction, which by far dominates over the electron~euteron and deuteron~euteron 

contributions, we find 

2 

11((.,.xy(k) = ~} 1<((1Eeel{xy}>l
2 

· (6) 

In this equation the electronic-dipolar length scale 

(7) 

which when the deuterium atom mass is substituted for m takes the value aee = 
3.26xlo-um, and the spin-matrix element <((IEeel{xy}> describes the coupling of 

the electron spin~era.tors to a spin-operator of rank two. This matrix ha.s 

nonvanishing off-diagonal elements for xy = (t:, ff, (a, fl), and aa, with absolute 

values 2$sin( 9.), 2J6'sin2( 9.), 2y!cos( 9.), 2J!jsin(28.), and 2J6'cos2( 9.), respectively. 

Here, the mixing angle 0. is determined by the relation v'cot(20.)=(Pe+Pn)B/ahr+~, 

in which Pe (Pn) is the electronic (nuclear) ma.gnetic moment, and ahr is the hyperfine 

constant (for deuterium: ahr= 1.446d0"25 J). 
Using the identity (2r)·3J41fk2dk (~k2/m)F (~k) = (2r)-3/4rk2dk (~k2/2m)f~k) 

in the right-hand side of which we recognize <Ekm>, the average kinetic energy per 
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a.tom, we find 

{8) 

with the reduced rela.xation ra.te depending only on the magnetie-field strength B 

given by 

2 

g((-txy = ~ ~~ I <"I Eeel {xy}> 12 
· {9) 

The average kinetic energy per a.tom depends on the precise form of the 

distribution function f" At low kinetic energies the dipolar interaction is much more 

effective for elastic collisions ("-t") than for inelastic ones (((-~xy), a.s the energy 

relea.sed in a hyperfine transition reduces the overlap between initia! and final states. 

As a. result, the translational degrees of freedom ma.y be a.ssumed to be in thermal 

equilibrium so that f((k) is given by the Fermi-Dirac distribution which depends on 
tempera.ture and density. For practical purposes the mean free partiele energy for a. 
Fermi-Dirac distribution can be parameterized a.s 

(10) 

with kB the Boltzmann constant and TF=:f1.2{61f2n()213/(2mkB) the Fermi temperature. 

This parameterization reduces to the well-known expressions in the Boltzmann limit 

(T>>TF) and in the degenera.cy limit (T<<TF)' and is accurate within 2% over the 
whole range of T /T F val u es. 

Equa.tion (8) tagether with the expression (9) for the reduced relaxation rate and 

the parameterization (10) for the mean kinetic energy per a.tom constitute a. simplt} 

closed expression for the rela.xation ra.tes in a. deuterium a.tom gas. 

Implica.tions. for magnetically trapped Dtf 
An important feature of the above results is that the fermionic character of the 

deuterium atoms manifests itself in the relaxation rates a.s a proportionality to the 

mean kinetic energy of the a.toms [Eq.(8)) so that the stability grows with decrea.sing 

temperature. This is not so for hydrogen atoms which behave like bosons. The same 

analysis a.pplied to bosons in essence yields an equa.tion simila.r to Eq.(8) but with 

<Ektn> replaced by the final-state energy fl.2k'2/m, !Îelding rela.xa.tion rates 

independent of tempera.ture. Hence, we expect the fermion DH to be much more 

stable than the boson Hif at temperatures which are small compared to their 
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Fig.1. The reduced dipolar rela.zation rates g((~xy as functions of magnetic 

field. The curves correspond to xy = 1: (f, 2: H, 9: (a, 4: fa, 5: aa. The 

dashed curue represents the sum of the five rates. Inset: the groundrstate 

hyperfine energy levels of atomie deuterium. 

hyperfine level splittings. 

Another aspect worth mentioning here is that, with exception of the Boltzmann 

(T> > T F) regime, the relaxation rates G (( ~xy not only depend on the magnetic field 
strength and temperature but via a dependenee on TF also on atom density. For 

instance, in the degeneracy limit (T<<TF), the relaxation rates are proportional to 

nÇ/3 Yielding a decay li( ,. n~/3. This behavior makes it possible to determine the 
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trapped gas temperature, and more specifieally to signa! degeneracy, simply by 

monitoring the trapped atom densiiy. 

Using Eq.(9) we have calculated the various reduced dipolar-rela.xation rates 

gçc-.xy and the sum rate D{xy} g((-1xy for deuterium as functions of magnatie field. 
The results are displayed in Flg.l. A prominent feature of this figure is the rapid 

deerease with increasing magnatie field of the rates ha ving an e-atom in the final state. 

This is because these rates have }Jee matrix elements which vanish at high magnatie 

fields. The rates ((-.(a and ((-.aa diminish much more slowly as they are not reduced 

by their }Jee matrix elements which go to a constant for B-.oo, but only by their 

inverse proportionality to the final-state momentum lik'. For not toe low magnetic 

fields, the sum rate is proportional to the inverse square root of the magnatie field. For 

B~0.02T we find D{xylg((-.xy ~ go B·l/2 with a rela.tive error not exceeding a few 
percent for g0 = t.i6x10·14. cm3s·tTV2K·t. Using this expression and the 

parameterization (10) we find for the chara.cteristic deca.y rate r dip= -il,fnt;.: 

(11) 

For n(= 1Q14.cm·3 and B= 0.1 T kinetic energies are small compared totherelevant 

hyperfine level separations up to temperatures of a few tensof millikelvins. At T= 10 

mK we find r dip~O.ls·t. At the same density and magnatie field but for T=T F~39~tK, 

Eq.(ll) yields rdip~ 5x1Q·4s·t, while for T<<TF the deca.y ra.te rea.ches its minimum 

va.lue r dip~ 2xtQ·4s·l. 

Equations (8) and (9) not only apply to the case of DH, but also to any doubly­

spin-polarized fermionic alkali-metal atom gas, provided the relevant kinetic energies 

are small in comparison with the hyperfine energy-levels separation. As the reduced 

rela.xa.tion rates depend on the atomie mass m as ,. m 3/2, we expect the alkali-metal 

atoms to be more unstable against dipolar rela.xa.tion than deuterium. Using the above 

expressions we find doubly-spin-polarized 6Li to bemost stabie of all fermionic alkali­

metal atoms with a total reduced dipolar-rela.xation rate g0 ~ 6.2x1Q-14 em3s·1T112K-t 

for magnetic fields B~O.Q2T. Hence, even without taking into account decay due to 

resonance recombination, which is absent in DtfUl but effective in magnetically 

trapped doubly-spin-polarized alkali-metal atomsUl , deuterium is more stabie than the 

alkali-metal atoms. 
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Seciion2.5 

Evapora.tive cooling limit a.nd Cooper pairing in Drf gas. 

In section 2.2 we discussed the tempera.ture dependenee of the decay ra.te a.nd the 

therma.lization ra.te of ma.gnetically tra.pped deuterium atoms in the Boltzma.nn 

regime. We found tha.t both decrea.se with decrea.sing temperature: the decay rate a.nd 

therma.lization ra.te being proportiona.l to temperature a.nd the square root of 

temperature, respectively. A parameter of utmost importa.nce is the ·ratio of 

therma.lization rate over decay ra.te: as long as this parameter is well a.bove unity the 

gas rema.ins in thermal equilibrium during decay. Furthermore, by forcing the most 

energetic particles to escape from the trap at a rate faster tha.n the decay rate, but 

slower than the therma.lization rate, the tra.pped gas ca.n be cooled (forced evaporative 

coolingW ). As the ratio of therma.lization ra.te over decay rate increases as T·t/2 with 

lowering tempera.ture, we concluded tha.t evapora.tive cooling is an effective means for 

cooling the trapped gas down to the degenera.cy regime. 

However, in the denvation of these results it is assumed that the temperature is 

well above the Fermi tempera.ture. In the previous section we saw tha.t the deca.y rate 

for temperatures T<TF is no longer proportional to temperature. In this section we 

investiga.te the therma.lization rate in the degenera.cy regime T<<TF. As aresult we 

are a.ble to show that trapped D gas can be cooled by forced eva.poration to unheard-of 

low tempera.tures considera.bly below the Fermi tempera.ture and fa.r below 

tempera.tures achievable with tra.pped H. 

This result puts into focus the question: •can Cooper pa.iring occur in magnetically 

trapped deuterium gas, and if so, what is the critica.! temperature?•. This is the second 

subject of the present section. 

Eva.porative cooling limit 

Below a. few tens of millikelvins the dominant therma.liza.tion process of the trapped D 

gas is elastic scattering due to the long-ranged interatomie ma.gnetic dipolar 

interaction. Using plane-wave Bom expressions!2l we find for the therma.lization rate 

in the non-degenerata regimeUl : 

(1) 

with a.ee as defined in the previous section (Eq.7). Combined with the Boltzmann­

regime deca.y rate (see previous section) 
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(2) 

wefind 

(3) 

For thermal kinetie energies far below the Zeeman splitting (fleB is typically of the 

order 0.1 K) the atoms undergo many thermalizing elastie oollisions before they get 

involved in an inelastie spin-flipping oollision. 

As we saw in the previous sectien in the degeneraey regime (T<<TF) the decay 

rate is no longer proportional to temperature: 

(4) 

Also the thermalization rate is in the degeneraey regime no longer described by the 

Boltzmann expression. At (T<<Tp) due to Pauli blocking elastie scattering is 
restricted to the vicinity of the Fermi surface. A simple phase-spaee argument shows 

that in the degeneracy regime the thermal velocity distribution in the neighborhood of 

the Fermi surface is restored at a rate which is essentially the Boltzmann 

thermalization rate (1) multiplied by the cube of the ratio of thermal wavenumber 

over Fermi wavenumber. This yields a thermalization rate proportional to the 

temperature. squared: 

(5) 

Using the theory of Vogel et al.l4l this result can be derived in a more rigorous way. 

Combining Eqs.( 4) and (5) we find that in the degeneracy regime the average number 

of elastic collisions per spin-flipping oollision is given by 

(6) 

When 7 is close to unity, forced evaporative eooling is no longer èffeetive in reducing 

the teinperature. The evaporative cooling limit Tmtn is therefore 
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For n~ 1011 cm"3 and B~ 0.1 T we have TF~ 0.39 pK and a very low cooling limit 

Tmin"' 0.05 TF ~ 20 nK. As T111 ïn is proportional to nS/6 we find even lower limiting 

temperatures at lower densities. The minimum a.tom density is set by the detection 

limit. This minimum density can be very low: using optica! (Lyma.n-a) techniques 107 

a.toms ean ea.sily be detected. m 

The above derived eva.porative cooling limit should be eompared to tha.t for 

magnetically trapped H. In that case we have 

(8) 
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a.nd a thermalization rate which is dominated by elastie s-wave triplet potentlal 

scattering: 

{9) 

with the ela.stie triplet scattering cross section O'trtp= 6.3xl0-20m2. In the same wa.y as 

above we now find for the evapora.tive cooling limit of magnetiea.l.ly trapped H: 

(10) 

which typiea.l.ly is of the order of lftl{ a.nd independent of atom density. The insome 

sense opposite behavior of trapped H and D gases is visualized in Fig.l which shows 

the a.chieva.ble degree of degeneracy nÀ3 (>..is the thermal wavelength) fur HT a.nd DT 

as a function of tempera.ture. As is evident from this figure, a much larger 

experimental'window• to abserve degenera.cy effects is ava.ilable for DT. 

Cooper pairing 

Cooper pairing is a phenomenon which occurs in degenerata Fermi fluids. It ma.nifests 

itself as a phase transition at some critica! tempera.ture Tc below which a.n energy gap 

exists between the ground state a.nd the first exited states. Roughly spea.king, the gap 

arises as the particles profit from a.n attractive part of their mutual interaction by 

forming correlated pairs (Cooper pairs) with zero total momentum. Associa.ted with 

Cooper pairing is the phenomenon of flow without resista.nce as in superfluid 3He a.nd 

superconducting materials. The scattering which gives rise to resista.nce in a normal 

Fermi fluid is absent in a Cooper-paired Fermi fluid due to the gap energy required to 

exeite the system. 

In genera!, it is very difficult to predict the critica! temperature Tc at which a 

Fermi fluid undergoes a pha.se transition to the Cooper-paired state. This is beeause 

the critica! temperature depends exponentially on the effective interparticle­

interaction strength which as a rule is not well-k.nown. An illustrative example is 

formed by the large scatter of the predicted values of Tc for liquid 3He before it was 

experimentally shown to be 2. 7 mK (6) : these values ranged from 2 mK to 1 K m . In 

one case the critica! temperature ca.n be predieted. That is for a dilute gas of fermions 

interactins via a central two-body interaction for which the low.-energy scattering 

phase shifts are aecurately k.nown. In such a system Cooper pairing into pair states 

with a.n angular momentum qua.ntum number lis possible if the phase shift fl.(k) at 
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tempera.ture region whi.ch is in principle a.ccessible with magnetically trappeel 
deuterium. 7b.e region where Cooper pa.i.ring should occur is way out of reach. 

relative wa.ve num.ber k=kF is positive. In that case the critica.! temperature is given 
b:y<7,8l 

(11) 

Doubl:y-spin-polarized deuterium a.toms interact via. the central triplet intera.ction. For 

low a.tom densities kF is vecy sma.ll and the largest ~kF)' and hence the largest Tc, 
occurs for the lowest l-va.lue a.llowed: l=l. The low energ:y l=l phase shifts can be 
expressed in termsof the scattering length a1 for l=l D+D triplet sca.ttering<9l, 
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cot 6t(k) = -3/(a.1k)3, (12) 

The scattering length a1 is numerica.lly detennined to be -5.1xlO·to m. Substituting. 

Eq.(12) and the expression for the Fermi wavenum.her k,'= {672n)!IS in Eq.(ll) leads 

to 

An analogous equation for l=O pairing in non-nuclear spin-polarized D! was 

considered by Leggett.uo1 Due to the exponential dependenee on -1/n the value for Tc 

drops dramatically when the atom density is lowered. This is shown very clearly in 

Fig.2: Cooper pa.iring is only possible for atom densities not too far below 1Q20cm·a. As 

is evident from this figure Cooper pairing is way out of rea.ch in experiments with 

trapped Dlt since in the regime where Cooper pairing should occur the atorns cannot 

be held in thermal equilibrium. 

One could argue that the above-<ierived values of Tc are too pessimistic. As 

discussed in section 3.2 in cold dilute Dit gas the atoms experience only the long­

range part of their mutual interactions. For large interatomie separations the magnetic 

dipolar interaction dominatea over the triplet interaction, so one might expect the 

attractive part of the dipolar interaction to give rise to larger values for Tc. We 

investigated this possibility by calculating what is likely to be an upper limit for the 

dipolar induced Tc. To this end we calculated Tc fora gas of atorns with an isotropie 

rs attraction and a short-ranged hard core repulsion. The strength of the r-3 attraction 

was chosen to be equal to the magnetic dipolar interaction for deuterium atorns with 

their magnetic moments in line, and the range of the hard core was chosen to be 
oomparabie to that of the repulsive part of the triplet interaction. The results of this 

calculation confirmed the above expectations. We findan expression for Tc which does 

not contain the inverse of the density in the exponent, but instea.d the inverse cube 

root of the density. Hence, this r·s attraction induced Tc dominatas at low density 

over the triplet induced Tc. However, this dominanee occurs only for atom densities 

below approximately 1011 cm·s at which Tc is unobservably low anyway . 

. We conclude that for systems of fermions with interactions fa.lling off with r·s or 

faster Cooper pa.iring is a high density phenomenon, which therefore is unobservable in 

magnetically trapped DH gases. 
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CHAPTER3 

HYDROGEN MASERS: 
INSTABILITY DUE TO SPIN-EXCHANGE COLLISlONS 

Section3.1 

Potential advanta.ges of low-tem:pera.ture hydrogen masers 

Almost thirty years a!ter its first realiza.tion by Goldenberg, Kleppner, a.nd Ramsey,w 

the hydrogen maser continues to be the most stabie of all atomie :frequency sta.nda.rds. 

For measuring times oi about one hour the relative frequency instability is observed to 

be below one part in lOtS (Fig.l). This extreme stability makes the hydrogen maser a. 
very valuable research tooi in fields as diverse as physics, astronomy, geodesy, and 

metrology. 

't (s) 

Fig.t. Predicted relative frequency stability(6) of the cryogenic hydragen maser 
( dashed cv.rve) vers'U.S averaging time compared to that of a high-performance 
qv.artz crystal oscillatortl2> (curve Q) and other atomie frequency standards 
( cv.rve Rb: commercial rubidium gas-cell standard(BJ, curve Cs: sta.terofthe-art 
cesium beam standardt8l , cv.rve H: state-ofthe-art room temperature hydrogen 
maser{3l). 

45 



The principle of hydrogen maser operation is shown in Fig.2. Molecular hydrogen is 

dissociated into atomie form in an rf discharge. The H beam which is formed at the 

output of the dissociator, is sta.te-selected by a.n a.xia.lly symmetrie multipole magnet. 

This magnet focuses the a.toms in the upper hyperfine sta.tes (the "low-field-seekers") 

on a. sma.ll entrance hole in a. teflon coa.ted qua.rtz storage bulb, while it defocuses the 

a.toms in the lower hyperfine sta.tes (the "high-field-seekers"). As a. consequence, a. 

beam of atoms with an inverted hyperfine popula.tion enters the stora.ge bulb. This 

bulb is. situated in a. microwave ca.vity tuned to the low-field ~mF=O ( c-ta.) transition, 

with a frequency of a.bout 1420 MHz. When the intensity of the atomiebeamentering 

the bulb is large enough, a selfsustained oscillation develops in which the atoms are 

stimula.ted to ra.diate at the ~mF=O transition. Some of the microwave power is 
coupled out of the ca.vity by an electrical coupling loop. 

cavi ty 

state selecter 

signal 

Fig.2. Ba9ic set-v.p of a conventional hydragen maser. 

The extreme frequency sta.bility of the H maser is mainly due tothefact that the 

hydrogen atoms are confined in the stora.ge bulb for times as long as one second, 

lea.ding to a very small observation time limited atomie linewidth. This is essentia.l for 

achieving high frequency stabilities, particula.rly because a sma.ll atomie linewidth 

reduces cavity pulling effects. Cavity pulling (Fig.3) originates from a competition 

between the atomie hyperfine frequency and the cavity resona.nce frequency in 

determining the maser oscilla.tion frequency. Under conditions of selfsustained maser 

oscilla.tion the resulting frequency is not equa.l to the atomie frequency, but is rather a. 
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Fig.9. Cavity ptdling: the maser oscillation freq'lrency is shifted from the atomie 
transition freq'lrency by a ptdling of the cavity resonance frequency. Using the · 
fact that the atomie and the cavity line profiles have a similar {Lorentzian) 
shape it follows that, if both profiles are drawn so as to be normalized to the 
same height, the maser oscillation jrequency is located at the frequency at which 
these profiles intersect. The atomie linewidth is WJually orders of magnitude 
smaller than the cavity resonance width. In the absence of noise the maser signal 
has zero bandwidth. 

trade-off between atomie frequency and cavity frequeney, in that the difference 

between oscillation frequency and atomie frequency measured in units of the atomie 

linewidth equals the difl'erenee between maser frequency and cavity frequency 

measured in units of the cavity linewidth (Fig.3). Evidently, a small atomie linewidth 

reduces the dependenee of the oscillation frequency on the relatively unstable eavity 

resonance frequency. 

A small atomie linewidth also suppresses the frequency instability due to the 

various sourees of noise. This is because the fractional frequency stability due to noise 

is given by the fractional atomie linewidth divided by the signal-to-noise ratio. As the 

signal-to-noise ratio Sn=( rP /kBT)112 increases as a function of measuring time T and 

oscillation power P, the long-termfrequency stability is, for large enough power, not 

limited by instahilities due to noise but rather by instahilities in the atomie linewidth 

and cavity frequency which couple to the maser frequency via the cavity pulling effect. 

Collisions of the atoms with the storage bulb walls perturb the hydrogen atom and 

thereby shift the hyperfine transition frequency (Fig.4). Although this wall shift very 
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strongly limits the accuracy of the hydragen maser, it does not seriously limit the 

sta.bility as this shift is sufficiently stabie at temperature stahilities under which 

hydragen masers are typically opera.ted. 

100 

TIK I 

Fig.,(,. Temperature dependenee of the jractional maser freqv.ency shift due. to 
collisions of the hydragen atoms with the wall atoms. Right part: observed shift 
with a 15 cm diameter teflon (FEP tSO) coated bulb113l, left part: predicted fora 
15 cm diameter helium coated bulb<Sl. 

As pointed out a decade ago,<2,3J a hydragen maser oparating a.t liquid helium 

tempera.tures would have a. much higher intrinsic frequency stability than a 

conventiona.l (room-temperature) hydrogen maser. This is mainly due to the much 

smaller collisiona.l H-a.tom line broadening a.t lower tempera.tures, a.llowing for a larger 

radia.ting a.tom density, and hence fora la.rger power P without increasing the atomie 

linewidth a.bove the room-temperature value. Furthermore, lower temperatures . 

increase the signal-to-noise ratio by decreasing kBT, and help to get a better control 

over the cavity resonance frequency. At tha.t time, the lack of a wall coating suitable 

for confining cold hydragen a.toms prevented the rea.lization of a cryogenic hydragen 

maser. A conventional maser, with Tefl.on-coated wa.lls can be operated down to 

appro:idmately 80 K, but only at the expense of introducing a l!U'ge wa.ll shift (Fig.4) 

and a large atomie line broadening . .Wall coatings of solid neon and solid molecular 

hydrogen surfaces can be used down to lower temperatures, but they a.lso introduce 

severe wa.ll shifts a.nd line broadenings. An important breakthrough was the success of 
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the spin-polarized hydrogen sta.biliza.tion experiment of Silvera. a.nd Walra.ven,w 

which showed tha.t H a.toms do not enter a. superfluid helium film. Of decisive 

importance for the fea.sibility of low-temperature hydrogen masers with increa.sed 

sta.bility was the discoveryUl tha.t the frequency shift due to collisions of the hydrogen 

atoms with the He-coa.ted wa.lls and the He-va.por goes through a minimum as a 

function of tempera.ture (Fig.4). Opera.tion at this temperature of a.bout 0.5 K, should 

produce a very high thermal stability. Berlinsky and Hardy predicted!Gl that with 

such types of cryogenic hydrogen masers an impravement in frequency stability of 

a.bout three orders of magnitude over that of a room-tempera.ture hydrogen maser 

should be realizable. 

Up till now we did not include the frequency shifts due to collisions between 

hydrogen a.toms in our discussion. Analyses of the effect of spin-exchange collisionsm 

showed that it shifts the maser frequency in the same way as the ca.vity pulling does: 

via. a proportionality to the atomie linewidth. Therefore, in some sense, the spin­

exchange frequency shift introduces no new diffi.culties. In this chapter we will show 

that this is defi.nitely not true in case of low temperature hydrogen masers. The above 

mentioned papers discussing the spin-exchange frequency shift a.ll ignore the effect of 

the hyperfine energy levels separation during the spin-exchange collisions. This is an 

essential omission in the case of cryogenic H-masers where, as we will show, the effect 

of the hyperfine interaction during collisions introduces large maser frequency shifts 

which strongly limit the achievable stability. 

The following two sections both deal with this hyperfi.ne-induced spin-exchange 

frequency shift. Section 3.2 gives a short account of the consequences of this shift on 

the operation of the cryogenic H maser. Section 3.3 is much more detailed. It gives a 

complete disctission of the combined effects of the spin-exchange and hyperfine 

interactions on frequency shift, line broadening and hyperfine relaxation effects in an 

oscillating H maser. It also discusses these effects for a room-temperature hydrogen 

maser. 

For background informa.tion on atomie frequency standards the reader is referred 

tothereview papers by Audoin and Vanier,(8) and Hel.lwig<D>. A recent review on the 

conventional hydrogen maser can be found in Ref.lO. A detailed discussion on 

experiments with a cryogenic hydrogen maser is given in Ref.ll. 
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Section 3.2 

Hyperfine Contribution to Spin-exchange Frequency Shifts in the Hydtogen Maser 

B.J.Verhaa.r, J.M.V.A.Koelma.n, H.T.C.Stoof, O.J.Luiten, a.nd S.B.Crampton* 

Department of Physics, Eindhoven University of Technology, 
5600MB Eindhoven, The Netherlands 

• Department of Physics and Astronomy, Williams College, 
Williamstown, Massach'ILSetts 01267 

[Published in Phys. Rev. A 35, 3825 (1987)] 

We have rigorously included hyperfine interactions during electron-spin-exchange collisions 
between ground-state hydrogen atorns and find additional frequency shifts which are 
significant for low-temperature atomie hydrogen maser oscillators. 

Introduetion 

Electron-spin-exchange collisions between ground-state paramagnatie atoms are 

usually treated in a degenerate-internal-states approximation, which ignores hyperfine 
interactions relative to electron-exchange intera.ctions during collisions. u·s> Such 

calculations predict small shifts of the ~mp=O hyperfine transition frequency in 

ground-sta.te atomie hydrogen proportional to the ra.te of collisions with other 

hydrogen atoms and to the difference between the two ~mF=O level populations.<4.~l 
Beca.nse of the proportionality to the level population difference, such shifts can be 

eliminated from the frequency of an atomie hydrogen maser oscillating in weak 

magnetic field on the ~mp=O transition by tuning the maser microwave cavity so that 
there is no change of oscillation frequency with ooilision rate.<&> A semiclassical 

treatment by one of us of hyperfine effects during collisions to first order revealed a 

small additional shift of the ~mF == 0 hydrogen maser oscillation frequency not 
compensated for by cavity mistuning. <?l Both the degenerate-internal-states shift and 

the additional hyperfine-induced shift have been confirmed near room 
temperature,<7,Bl and the degenera.te-internal-states shift down to liquid-nitrogen 
temperatures. <9> 

Recently, hydrogen maser oscillation bas been a.chieved at 9 to 10.5 K using solid­
neon storage surlaces,UO,Ul and at 0.3 to 0.6 K using superfiuid-helium storage 

surfaces.<12·14l For cryogenic masers eperating with reduced thermal noise and 
potentially greater radiated power, the instabillty due tothermal noise may be11H1l 

as low as two parts in 101s. The a.ctual instabillty minimum will be determined by 

mechanisms which couple the maser frequency. to instahilities of other maser 
parameters. Understanding the magnitudes and level population dependendes of any 
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uncompensa.ted hyperfine-induced spin-excha.nge-eollision frequency shifts is therefore 
potentially important to using cryogenic hydragen masers as frequency sta.nda.rds a.nd 
spectroscopie tools. At cryogenic tempera.tures the effects of a.tom identity a.nd 
qua.ntiza.tion of Collision a.ngula.r momenta. are significant, so tha.t it is essential that 
calculations be fully qua.ntum mechanica!. Berllnsky a.nd Shizgal have extendat the 
qua.ntum-mecha.nieal degenera.te-internal-states calcula.tions to 10 K a.nd below.<t&l We 
report here a. qua.ntum-mechanical trea.tment of frequency shifts a.nd broadening due to 
H-H spin-exchange eollisions at low tempera.tures, including hyperfine-induced effeets. 
We :find effeets which are large oomps.red to the potential thermal instabUities of 
cryogenic hydrogen masers, but ma.y also provide a. sensitive probe of nona.diabatic 
oontributions in hydrogen-hydrogen a.tom-e.tom interaetions a.t low ooilision energies. 

Metbod 
Our starting point is the evolution equa.tion for t.he spin density matrix, 

(1) 

the qua.ntum-meehanical Boltzmann equa.tion for a. homogeneons system, whieh we 
have derived from the fundamental Bogoliubov-Born-Green-Kirkwood-Yvon 
(BBGKY) hiera.rehy for the distribution matrices. In this equa.tion Greek subscripts 
take values a,b,c,d, the ls hyperfine states in order of inereasing energy Ea. (Fig 1). 
The operator H1(t) represents a.ny (time-dependent but position-independent) 
ma.gnetic :field eperating on the atoms. The last term represents all rela.xa.tion terms 
ex:cept for the rela.xa.tion due to the two-body collisions taken into account in the 
previous term. The hydrogen atom density is denoted by n, the atomie mass by ma, 
a.nd the wave number in the entrance ehannels of the S-ma.trix elements by k. The 
nota.tion { etP} implies normallzed symmetrization ( a.ntisymmetrization) of two-body 
spin states for relative orbital angula.r momenturnleven (odd) having z component m. 
The brackets < > denote thermal averaging with the same velocity distribution for 
eaeh of the spin sta.tes, assuming dominanee of thermallzing ela.stic collisions with the 
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Fig.J. Atomie hydrogen ground-state energy levels vs applied magnetic field. 

strength in units {ftwo)/(Pe-p,p) (=0.102 T). 

walls or between atoms relative to inelastic collisions between atoms. 

Considerlng situations with coherence only between the a and c levels, we have a. 
4x4 spin density matrix with only olle pair of nonvanishing o:Cf-diagonal elements Pac = 
Pea"'· The ooilision terros in Eq.(l) contributing to the time development of Pac have 

theform 

(2) 

with rate-constant-Uke119l coefficients G11• 

Let us now look more closely at the ná.ture of these coefficients on the basis of some 

symmetry considerations. The S-matrix elements follow from the Schródinger equation 

for two-body scattering. This contains a central interaction vc consisting of singlet 

and triplet potantials 

(3) 

Ps(PT} standing for a projection on singlet {triplet) subspaces. In addition, it contains 

the intra-atomie hyperfine interactions, 
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{4) 

in which wo is the hyperfine frequency, while .S.1,2 and I 1,2 are the electron and proton 

spins of the two colliding atoms. We consider only the cäse of' very weak exiemal 

magnetic fields and so leave out Zeeman terms in calculating the S-matrix elements. 

Although these terms, the interatomie hyperfine interactions, and the spin dipolar 

interactions can be included in our coupled-channel calculations,<20> their effects are 

negligible compared to the exchange and intra-atomie hyperfine interactions. We leave 

them out both in the discussion of symmetries and in the later first-order treatment so 

as to keep the physics as transparent as possible. 

Each of the coefficients G11 then contains a sum of products S{aa}l,{av}l 

S• { call,{ cvll' independent of m. It turns out tha.t only elastic S-matrix elements 
contribute. For odd l this follows from the selection rule ~mF = 0, taking into account 

that antisymmetrie spin states {av} and {cv} can be formed simultaneously only for v 
= b or d. For even l it is due to assuming zero magnetic field: All five symmetrie spin 

states eonsisting of two different hyperfine states, at least one of which is a or c, have 

unmixed S=1, so that no coupling by Vc (or Vhf') occurs within this set or to aa and 

cc. The five S=1 spin states having elastic S-matrix elements exp{2i~ ), with ~ the 

triplet phase shift, the S-matrix products withinGvare canceled by the conesponding 

products of Kronecker deltas for 11 = b or d. Therefore, in Eq.(2) the v = b and d 

terms have eontributions from odd l only, the v =a and c terms from even l only. 

The ooilision problem shows symmetry under a 1800 combined rotation of the two 

electron spins and two proton spins a.bout an axis perpendicular to the weak rnagnetic 

field. This rota.tion exchanges b and d while leaving a. a.nd c alone. We conclude that 

the S-matrix elements for the ab and ad spin states are equal, as are those for the spin 

states eb and cd. The result is fi~ally that G11 = <VÀ11> = <v>X11 with <v> the 

thermal average collisionspeed and X11 the thermal average of the .:\11 "cross section" 

defined in simplified notation as 

. 2?1' ~ l l * 
.:\a= ::-'2' L (2l+l)[Saa aa{S{ac} {ac}) -1], 

k leven ' ' 

211' ~ l l * 
Ac= ::-'2' L {2l+l)[S{a.c} {ac}(Scc cc) -1], 

k leven ' ' 
(5) 

?I' ~ l l * 
Àb =Ad=~ l;dd {2l+l)[S{a.v},{a.v}{S{cv},{cv}) -1], 11 =bord. 

We stress that a11·of the S-matrix elements in Eq.(5) are to be calculated for a. 
common value of kinetic energy in the particular elastic channel. 
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Substituting 

pac(t) = Pa.c(O)exp[i(wo+6w+i/r2)t] 

and using 2: Pw = 1, we find for the ûequency shift 
11 

(6) 

in which 

Ào = Im[(Àc-Àa)/2], 

(7) 

At this point it is interesting to indicate how these results reduce to those of 
Balling et al. when the hyperfine splitting is turned off. The channels can then be 

deccupled by transforming to the triplet and singlet channels, leading to the 

expressions 

(8) 

for the S-matrix elements in the degenerate-internal-states appro:xima.tion as 

expectation values in (anti)symmetric spin states depending on 1.. Altematively, we 

may note tha.t without Vhf the Hamiltonian for the two-body problem no longer 
depend on the proton-spin degrees of ûeedom. A combined rotation of proton spins by 

1800 a.bout the magnetic field direction as an additional symmetry eperation now 

exchanges a and c while leaving band d alone. Wethen find 

(9) 

The ûequency shift 6w thus. reduces to the well-known expression for the case of 
vanis~ng hyperfine splitting (Àbo} =-À +j4 of Ref. 18). 

To determine the various À quantities without neglecting hyperfine splitting, we 
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have to calculate the elastic S-matrix elements in Eq.(5). This can be done by 

integrating the coupled radial equations descrihing the R-H scattering wave functions 

in the va.rious cha.nnels: the so-called coupled-cha.nnels (CC) approach,!20,2ll which in 

principle yields exact results. This is one of the methods we have used. 

Calculating the frequency shift by the CC approach over the wide temperature 

interval needed for thermal averaging would be rather time consuming. Instead, it is 

attractive to use an approach which exploits the weakness of the hyperfine interaction 

(liwo r:s 0.068 K) in the fonn of a calculation that takes into account the hyperfine 

interaction as a first-order correction to the degenerate-internal-states approximation. 

However, a simple Bom-type approach for the hyperfine interaction yields volume 

integrals which do not converge. This diffi.culty stems from the fact that the hyperfine 

. interaction does not fall of! at large distances. Yet as pointed out in Ref. 22, a first-

order treatment is possible and leads to a Bom-type integral restricted to a finite 

volume beyond which the singlet and triplet potentials are negligible, accompanied by 

a Wronskian surface term which in a way accounts for the nonvanishing hyperfine 

interaction in the outer volume. We use this methad to calculate the va.rious elastic S­

matrix elements including the fini te energy separation of other hyperfine energy levels 

from the hyperfine energy level associa.ted with the particular elastic cha.nnel under 

consideration. The first-order corrections then arise from back and forth transitions to 

other hyperfine levels during a collision, as in the semiclassical trea.tment.m We find 

that the corrections to the degenerate-internal-states S-matrix elements are given by 

i.e., a simplespin-matrix element times a quantity A. t given by 

with the Wronskian W defined as W[f,g] = f8gflJr-gfJf.flJr. The radial wave functions 
ui{o) are normalized so as to have asymptotic behavior 

and ot(kr) is a Ha.nkel-like free outgoing W!loVe with asymptotic behavier ei(kr-§tr). 

Expression (11) is independent of r0 under the condition that the triplet and singlet 

potentials are zero for r > r0• 
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Substituting the S-ma.trix elements including the first-order corrections into (5), we 

find for the right-ha.nd side of (7): 

(12) 

with the corrections to the degenerate--internal-states >.\0) values of Eq. (9) given by 

(13) 

Equations (6), (7), a.nd (5) represent our final tormulation of the spin-exchange 

frequency shift including the hyperfine contributions. In the following section these 

equations form the basis of a coupled-cha.nnel calculation. Likewise, Eqs. (12), (13), 
a.nd (11) are used fora first-order calcula.tion. 

Results 

Both in the CC calculation a.nd in the first-order approximation we have used "state-­
of-the--art11 singlet and triplet potentials.(23,24l Details of the CC calculation are given 

in Refs. 20 a.nd 21. With respect to nonadiabatic effects, two types of calculations have 

been carried out. The first incorporates the departure from the Born-Oppenheimer 

approximation together with relativistic and radia.tive effects only as first-order 

corrections to the singlet and triplet potentials, as in Ref. 24, Sec. m. This approach is 

commonly called the "adiabatic" approximation. Wolniewicz (Ref. 24, Sec. IV) has 

devised a method for including the departure from Born-Oppenheimer in the bound­

state energies to second order ( usually referred to as "nonadiabatic" corrections ), but 

this metbod does not apply to the continuum. Our own calculations and those of Ref. 
25 indicate that the second-order corrections to the bound-state energies nearest the 

continuum can be reproduced by simply re'placing the reduced proton mass imP by the 

reduced atomie mass ima in the first-order calculation. In the second type of 

calcula.tion we incorporate nonadiabatic effects into the continuum calculation by 

replacing the reduced mass p. = imP by p. = lma in the radial Schrödinger equa.tion. 
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Results show a. rema.rka.ble sensitivity to this introduetion of nona.dia.baticity, fa.r 

greater tha.n would be expected from the rela.tive change of the reduced-mass 

parameter p. from imp to Fa· In view of the large collection of results involved, we 

restriet the following figures to results ca.lculated using p. = ~ma. In discussing these 

:figures, the most important dift'erences with the a.dia.batic. results will be indica.ted. 

In Fig.2 we give the contributions of the pa.rtia.l waves l = 0,1,2,3 to Àt. a.nd of the 

pa.rtia.l waves l = 1,3 to À2, as functions of energy. The hyper:fine-induced correction to 

Ào is sma.ll a.nd does not seem to be significant. Note that the low-energy behavior in 

Fig.2 is proportional to El-!, in a.ccorda.nce with expecta.tions. This :figure makes clea.r 

that the :first-order treatment is indeed of considerable help in covering the large 
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energy range and the la.rge number of pa.rtial waves needed to calculate Boltzmann­

averaged values over the temperature range of interest: Comparing the CC results 

with the first-order results, the first-order calculation gives very accurate results 

except at low energies in the l = 0 pa.rtial wave. The deviation takes the form of a 

prominent cusp in the CC curve due to the threshold of the cc channel feit in the aa. 

channel at E = 2li.wc. This threshold behavior is easily understood by noting that each 

of the S-matrix elements involved is a. regular analytic functionU&l of the wave 

number in the channel opening up at the threshold. Purely imaginary values for this 

wave number below threshold, changing into real values above, explain the calculated 

result that the pa.th which is foliowed by s!~0 in the complex plane shows a. goo kink. 

The latter gives rise to the cusp beha.vior in Fig. 2. It is understandable that it cannot 

be reproduced by a first-order treatment based on the idea. that the hyperfine 

interaction has a. small effect. However, it is clear tha.t the hyperfine sepa.ra.tion of the 

aa and cc thresholds is of prima.ry importance at low energies. In a. classica! picture the 

hyperfine-precession angle of spins during a ooilision is no longer small for collisions 

with a longer duration at threshold. 

From the same argument one might expect similarly large difference of CC and 

first-order results close to resonances, and that turns out to be the case. Calculations 

using reduced mass IL = · !mp show a pronounood resonance behavior of the >. quantities 

in the I. = 4 partial wave due to the 14,4 vibration-rota.tion state in the continuurn at 

1.3 K. Close to resonance, the fi:rst-order t:reatment grea.tly ove:restimates the >. 
quantities, and Boltzmann a.vera.ging then leads to app:reciable contributions by the 

:resonance. The CC calculation shows two much weaker resonances with a 2ftwo 
hyperfine separation, corresponding to the energies at which the a.a and cc channels are 

resonant. Boltzmann averaging these leads to a. much smaller contribution by the 

resonance. Using IL = !ma, the v = 14., j = 4 resona.nce shifts to lower energies in the 

continuurn or even below the a.a threshold,!27l depending on the radial extent of the 

0.2 em-1 "nonconvergence" correction of Ref. 24. In both cases the in:fluence of the 

resona.nce is negligible. 

Our aarlier discussion of the l = 0 pa.rtial wave dealt only with the difference 

between the CC a.nd first-order results. The l=O curve shows a rema:rkable sensitivity 

to IL Replacing IL = ~ma by the very nearly equal value ~mp leads to changes of up to 
50% in Fig.2. Even a.fter Boltzmann averaging this difference is expected to be 

observable. 

Figure 3 shows the tempera.ture dependenee of the thermally avera.ged quantities 

Xt and X2. For completeness we have also a.dded Xo, u1 = ;(ü.- u-), and u2 =ju-, with 

u.(u-) the thermal average spin-exchange broa.dening cross sectionU8.28l for even (odd) 

1.. Our.values for Ut. u2, and X0 differ significantly from those of Refs. 18 a.nd 28. This 

is not due to hyperfine-induced contributions, which are negligible, but to diffe:rences 
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Fig.9. The.rmally o.ve.rage.d value.s of the. various fre.q:u,e.ncy shift anà broadening 
cross se.ctions as junctions of te.mpe.rature. To combine the advantage.s of a 
logarithmic plot for large.r value.s of the cross sections o.nd a linear plot for 
small value.s1 the vertical scale is taken to be linear in z = arcsinh.{üt/1 ()-22'/77)) 

and z = arcsinh.{Xi /10-22'/71) ), re.spectively. Th.e horizontal scale is logarith.mic. 
Solid lines, CO calculation; dotted line, firsfrorde.r calculation where it diffe.rs 
significantly from the. oe calculation. 

in the potentials used to calcula.te them. Note tha.t the high CC valnes of Àt below the 

cusp result in significant devia.tions of the first-order valnes close to the important 

temperature 0.5K. 

Sisnificanee for hydrogen masers 

Although X1 and X2 are several orders of magnitude less than "Xo at the temperatilres of 

interest to cryogenic hydrogen masers, they are significant beca.use of the different 

60 



comhinations of level populations Pw that accompany their contrihuticns to AmF=O 

transition frequency shifts. Under conditions of self-excited maser oscilla.tion, Pcc-Pa:a. is 

fixed by the requirement tha.t the power ra.dia.ted by the a.toms be equal to tha.t 

dissipated in the microwave ea.vity and other electronics. Assuming a single Lorentzian 

microwave cavity mode and using the methods of Ref. 6 we find 

'h.Vc(1+A2) 
Pee - Pa:a. = , 

Pfl/JB 2 'lQV b nT2 
(14) 

With A = Q(Wc/w-w/Wc) twice the ratio of ea.vity mistuning to ca.vity resonance 

width, f.tB the Bohr magneton, r,Vb/Vc a :fi.Uing factor relating the rf energy density to 

the amplitude of rf field driving the AmF=O tra.nsition,<29l and 1/1fT2 the full 

frequency width (in Hz) of th~ A~=O transition. Suhstituting (14) into (6) and 

including the direct frequency pulling due to cavity mistuning, 

(15) 

with a = (<v>/p.0)('h./p.B2)(Vc/'1QVb)· The largest potential instahility is due to 

cavity mistuning. Assuming linewidth 1/'lfT2 of order 1 Hz, cavity instahilities of pa.rts 

in 105 of the cavity width would produce frequency instahilities of the order of parts in 

1014 of the oscillation frequency, large compa.red to the 10·15 instahilities of room­

temperature hydragen maser standardsU1l and vecy large compa.red to the potential 

thermal instahilities of cryogenic masers. In practiee the cavity tuning must bereset 

by monitoring it either electroniea.lly, using extemal sourees and detectors, or using 

va.riations of the oscillation frequency itself as some maser parameters are varied. 

Assuming linea.r dependenee of the oscillation frequeney on 1/T2, values of asciilation 

frequency measured for different values of 1/T2 and different valnes of ll for A << 1 

· can be used to correct the asciilation frequency to its "tuned" value: the value it would 

have if the ea.vity were tuned to produce no varlation of oscillation frequency with 

1/T2. Such methodstsOl of setting the maser cavity are relatively insensitive to 

instahilities of coupling to external microwave sourees and detectors. Moreover, in the 

absence of the frequency shifts propodional to X1 and X2, the tuned oscilla.tion 

frequency would be unshifted by either ea.vity mistuning or collision effects. Because of 

the hyper:fi.ne-indueed collision effects, such tuning methods may leave significant 

frequency offsets which can convert linewidth instahilities to instahilities of the tuned 

maser oscillation frequency. 

To illustrate these effeets we make use of 

(16) 
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the second term of which is obtained by a derivationm similar to that of (6), but 

ignoring hyperfine-induced effects which are negligible. Here 1/ro includes all 

contributions to the linewidth not due to gas-phase spin-exchange collisions. Surface 

spin-exchange and recombination effects are small because the surface gas density is 

very low under cryogenic maser operating cónditions, so that 1/ro is dominated by the 

rate at which atoms flow in and out of the maser storage volume, plus any rela.xa.tion 

by motion through magnetie field gradients. Using (16) to elimina.te n<v> from (15), 

wefind 

(17) 

with 

It(Pcc+Pa.a)+Iz 
0=-. . 

'it(Pcc+Pa.a)+i12 
(18) 

The dimensionless quantity 0 generally depends on l/r2 in a complicated way via a 

1/r2 dependenee of Pcc+Pa.a· However, there are several important cases when the l/r2 
dependenee of 0 can be negleeted. Ai very low temperatures I 2<<It a.nd Ü2<<Ü~t 

yielding 0 = - It/Üt independent of Pcc+Pa.a· lf a.ny single rela.xa.tion rate greatly 

exceeds all others, Pcc+Paa. and 0 are approxima.tely constant as relaxation processas 

vary. To get a.n impression of the likely instabilities of maser oscillation frequency due 

to hyperfine-induced cellision effects, we therefore negleet the 1/r2 dependenee of 0. 
In this approxima.tion 6w varles linearly with 1/ r 2 as the density is varied. Correeting 

the oscillation frequency to the value it would have with the ca.vity tuned for no 

varlation of oscilla.tion frequency as the density is varled then leaves the tuned 

asciilation frequency offset by the last term in (17). Figure 4 gives 0 as a funetion of 

tempera.ture for the choiees Pcc+Paa.= 0.5 and l.O. We include valnes of aio calculated 
assuming (fJQVb/V c)=lOOO, à. value intermedia te between its value in the :first 

cryogenic masersUo·13J and its likely value in aetual cryogenic maser standards. The 

very large increase of 0 relative to aio as the temperature is lowered illustrates the 

much greater importance of hyperfine-induced frequency shifts at cryogenic 

temperatures, for example, at 0.5K and Pcc+Pa.a=0.5, 0=0.07. Even this small value 

puts sevère Iimits on maser parameter stabUities required to achieve maser frequency 

instability as low as 2 partsin 101s. For 0 = 0.07 the maximum .allowed instability of 

1/ro would be 3 x 10·7s·t. 

Note that measurements of changes of residual offset frequency with changes of 

1/ro could be used both to rednee the hyperfine-induced frequency offsets and to 
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Fig.-4. The dimensicnless fre([!Uincy offset parameters oXo and Sl as functions of 
temperature. Sl is gi11en for Pcc+Paa {tota.l fraction of atoms in a or c states) 
equa.l to 0.5 and 1.0, andaXo isgi11enforf1QVb/Vc = 1000. 

measure X1 and X2, as in the high-temperature investiga.tions of hyperfine-induced 

spin-exchange frequency shifts.m Considering the sensitivity of the low-temperature 

spin-exchange cross sections ëT1,2 and Xo,1,2 to details of the R-H interaction, in 

particular to nonadiabatic effects, such experiment& may yield interesting results. 
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Section 3.3 
Spin-Exchange Frequency Shifts in Cryogenic and Room Temperature 
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We have calcula.ted the spin-exchange shifts of the ground state .6.mr=O transition of a. gas 
of hydrogen a.toms in sero ma.gnetic field from sero tempera.ture up to tempera.tures of 
lOOOK. Ta.king into account the hyperfine interaction during spin-exchange eollisiona we 
find shifts nonlinear in the atomie linewidth and not c:ompensated for by the usual methods 
of tuning the microwave c:a.vilàes of oseilla.ting hydrogen maser frequency sta.ndards. At 
room temperatures these shitta affect the H-maser atability at the level of ÓW/W ~ 10·15. At 
cryogenic tempera.tures these shifts are large c:ompared to the potential thermal instahilities 
of liquid-heliurn-lined hydrogen maser&. A detailed study of these nonlinear shifts reveals 
several ways to reduce these new sourees of frequeney instability. 

Introduetion 

The unparalleled frequency sta.bility of the hydrogen maser gives rise to numerous 

interesting scientifie experiments and techniques. Important achievements such as 

submillisecond-of-arc a.ngular resolutions in radio astronomym a.nd the deteetion of 

d.rifts of the ea.rth's teetonic plates as small a.s a few centimeters per a.nnum{2l are 

unthinkable without the very-long-baseline interferometry technique which is founded 

on the ultra high frequency stability of hydrogen masers. Also for physicists the 

hydrogen maser has developed into a.n important research tool. State-of-the-a.rt 

hyd.rogen maser ïnstabilities as low as one part in 1015 are essential in experiments 

such as the determination oi the Stark shift of the hydrogen hyperfine splitting, (3l a.nd 

accurate verifications of general relativit:y theoryJ4J 

Despite these impressive accomplishments, even more stabie frequency standards 

would be extremely welcome, not only to improve upon the above-mentioned 

experiments and techniques, but also to open up new horizons in fields a.s diverse as 

metrology, physics, astronomy and geodesy. An illustrative example is the fact that 
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the best atomie clocks available are not suffi.ciently stabie to determine a.ny 

irregularities in the period of the fastest millisecond pulsar discovered. m 

As pointed out a decade a.go, (6! a. cryogenie hydragen maser might imprave 

considerably upon the frequency stability of a conventional (room-temperature) 

hydrogen maser, tha.nks to the reduced thermal noise a.nd cavity pulling at lower 

temperatures. In 1984 Crampton et a.l.m reported maser operation of a solid-Ne­

coa.ted hydrogen maser at 10 K. Two years ago Hess et a.l., Hiirlima.nn et al. a.nd 

Walsworth et al. reported<Sl the fitst observations of maser oscilla.tion .with liquid-•He­

coated walls at temperatures near 0.5 K. For this type of cryogenie hydrogen masers a 

frequency-4nstability limit due to thermal fluetua.tions as low as two parts in 1018 was 

a.nticipated by Berlinsky a.nd Hardy,m leading to the exciting possibility for a.n 

impravement in the state-of-the-art of frequency stability with almost three orders of 

magnitude. However, as we pointed out alreadJ: briefly in a previous publication,ool 

one may cast doubt on the realization of that large stability impravement because of 
frequeney instahilities associated with hydragen atom spin-exchange eollisions. 

Spin-exchange collisions between the hydrogen atoms radiating in a hydrogen 
maser frequency standard affect the maser frequency in two distinct wa.ys. They 
directly shift the transition frequency, and they broaden the atomie linewidth, which 

increa.ses the frequency pulling due to cavity mistuning. The usual theoretical 

treatment of hydrogen atom spin-exchange collisions, uu which treats the hyperfine 
energy levels during the collisions as degenerate, prediets that the direct spin-exchange 

frequency shifts are proportional to the atomie linewidth, as are frequency shifts due 

to cavity mistuning.<l2l Tuning the cavity so that the oscillation frequency is 

indepen.dent of atomie linewidth {11spin-exchange tuning") is predicted by that 

treatment to cancel the direct spin-exchange shift against the cavity mistuning shifi 

a.nd henee to leave the oscillation frequency independent of collision rate. cm As the 

collision rate is one of the most difficnlt parameters to stabilize, such 11spin-exchange 

tuning" methods have been important to the development of hydrogen maser 

stàndards. 

Including the hyperfine energy-level splitting to first order in a. semi-cla.ssical spin­

exchange callision calcnlation, prediets additional direet frequency shifts not 
proportional to the total atomie linewidth, but rather proportional to the collision part 

of the linewidth.U4l This leaves the spin-exchange tuned oscilla.tion .frequency 

independent of collision rate but offset by an amount proportional to that part of the 

atomie linewidth not ca.used by collisions. uo Measurements of this offset in a. room 

temperature hydrogen maser agreed within errors with the semiclassical estimate of 

the effectJUl The offset predieted by that calcnlation does not adversely affect the 

stability of hydragen maser standards unless something happens to affect tha.t part of 

the liriewidth not due to collisions, such as a change of relaxation by motion of the 
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atoms through magnetic field gradients or a change of rela.xation due to interactions 

with the storage surface. 

We have recently done a fully quantum-mechanical calculation of the direct shifts 

for cryogenic tempera.tures taking into account the nonzero hyperfine energy levels 

splittingJtOl We fourtd new effects which are nonlinear in the collision rate and so 

produce not only an offset of the spin-exchange tuned oscillation frequency, but also a 

varlation of the oscillation frequency with collision rate even after spin-exchange 

tuning. 

In this paper we present a more complete description of the formalism. In addition, 

we extend the results fot the a.dditional direct shifts to a much larger tempera.ture 

interval so that their implications for hydtogen maser frequency standards operating 

at room temperature can be investigated. Near room temperature these a.dditional 

direct shifts are small, but in contrast to the semiclassical result, are highly nonlinear 

in the collision ra.te. We show that the semiclassical a.pproxima.tion used for the 

calculation of the direct shifts breaks down when the infl.uence of the exchange 

interaction on the orbital degrees of freedom cannot be neglected. At collision energies 

large in comparison to the strength of the exchange interaction we show that the 

quantum-mechanical a.nd semiclassical results a.gree, in which case both predict direct 

shifts linear in the collision rate. 

A third aim of the present paper is to investigate in detail the varlation of the 

spin-exchange tuned oscillation frequency with collision rate at cryogenic and room 

temperatures. Although near room temperature the additional direct shifts are small, 

the varia.tions of the spin-exchange turted oscilla.tion frequency are large enough to 

affect the rela.tive sta.bility of the maser a.t the 10·15 level. At cryogenic temperatures 

va.riations of the spin-exchange turted oscillation frequency are orders of magnitude 

larger than the potential thermal instabilitiest91 of liquid-helium-temperature maser 

standa.rds. 

In exarnining the varlation of the spin-exchange tuned frequency with Collision rate 

we are able to propose various strategies to minimize these new sourees of frequency 

instabilities. Severa.l modifica.tions of cryogenic hydtogen-maser designs potentially 

reduce the dependenee of the spin-exchange tuned oscilla.tion frequency on the atomie 

linewidth by some orders of magnitude, yielding the possibility of cryogenic hydrogen­

maser frequency standards with long term frequency insta.bilities close to the potential 
thermal instability limit of 2 parts in 1018. 
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Spin-exchange freguency shifts in oscillating hydrogen masers 

Our starting point for the denvation of the direct frequency shifts is the evolution 

equation for the spin-<lensity matrix 

(1) 

In this equation p is the 4x4 one partiele spin-<lensity matrix in which the Greek 

subsr.ripts take values a,b,c,d, the ground-state hyperfine levels in order of increasing 

energy fa: (see Fig.l). The first term on the right-hand side of Eq.(l) is the radiation 

term resulting from the interaction of the atomie magnetic moments with the rf cavity 

magnetic field. The secend term on the right-hand side represents all time-independent 

one-atom terms such as wall collisions, finite cavity residence time, and interactions 

with magnetic field inhomogeneities. 

0~+---~=---~~~~~ 
E/1iw 0 

Fig.1. Atomie hydrogen ground-state energy levels. 

The third term on the right-hand side of Eq.(l), the cellision term, may be derived 

as fellows. We start with a system of N ground state hydrogen atoms mutually 

interacting via. a. central spin-<lependent (singlet or triplet) interaction enelosed in a 

large but finite volume L3. At the end of this denvation we take the limit 1-too. The 

time evolution for the single-partiele distribution matrix F' can be expressed in terros 

of the pair-<iistribution matrix F• via. the first equation of the quantum-mechanical 

Bogoliubov-Born-Kirkwood-Yvon (BBGKY) hierarchy<t&l, which in some suitable 

single-partiele basis can be written 

J Fkk, + k}:(Hklpk'-FkpHpk') = -k L (Vkp,mnF~n,k'p-Fkp,mn Vmn,k'p). (2) 
p pmn 
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Here H represents the single-partiele hamiltonia.n a.nd V the pair interaction. This 
equation may be converted to a elosed equation for the single-partiele distrlbution 
matrix by expressing the pair matrix at the right-ha.nd side in terms of the single­

partiele distribution matrix. To first order in the hydragen atom density a.nd assuming 
at times long before a binary collision the absence of a.ny correlation between the 

atoms not duetopartiele indistinguishability (molecular chaos assumption), the pair 
density matrix in Eq.{2} may be wrltten 

F kl,mn = l OJiJ:pq (F pr F qs + E F ps F qr) nt;!!n (3) 
pqrs 

in which O!+l is the causal two-body M0ller wave operator, mi while the statistica sign 

E=+l tor a gas ofhydrogen a.toms, being (composite) bosons (e=-1 applies to the case 

of fermions ). To be more definite we work in a single-partiele basis {In>} in which the 

single-partiele Hamiltonia.n is diagonal (H In> = E~ In>). Furthermore, we restriet 
ourselves to spatially homogeneons systems so that these single-partiele states are 
common eigenstatas of the momenturn operator a.nd the hyperfine spin hamiltonia.n, 

In> = l!n,v>. We have E~ = ft2!_M2ma + eV' (ma is the atomie mass) a.nd the 
single-partiele density matrix is diagonal in the momenturn indices. Transfotming to 

the interaction representation: Fkn = Fkn exp[i(E{-E~)t/lt], we find 

JFkk' = -k l [vkl,mn°Ju;:pq(Fplqs+eFpsF qr>0id·t 
mnpqrsl 

- 0zH;pq(F pl qs +~:F pl qr>0i;:!n V mn,k'l] exp(kAEt). ( 4) 

The "energy inelasticity" AE:=E~-E~.+E~-E~+E:-E~ in the exponent on the right­
ha.nd side can only receive a contribution due to the hyperfine energy-level separations 

since F, being diagonal in momenturn, does not eouple between different kinetie 
energies. Terms with AE#O average out on time scales long in comparison with the 

hyperfine preeession time scale lt/ AE. So, in the long-time limit, we may restriet the 

summations on the right-ha.nd side of Eq.(4) to values E~+E~+E:=E~,+E~+E~ and 
reptace the exponent by unity. Assuming a dominanee of either thermalizing collisions, 
with the walls or elastic collisions between the atoms relative to inelastic collisions, 
the transla.tional degrees of treedom are Boltzmann distributed as 

with the single-partiele spin-density matrix p normalized to unity, :E Pao. =1, and 
a 
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P m (!) the Boltzmann distribution for free a.toms with ma.ss m also norma!ized to 

unity, I:n P m<!n) = 1. Using the identity P m(!) P m<!') = P2m(!+!') P ;mCH!-!')) 
and center of ma.ss momentum conservation we may carry out the summatien over the 

eenter of ma.ss momenta. Tak:ing the limit N-+ m, L-+ m, N/L3 = n = constant, and 

after performing the angular integrations, we finally arrive at 

1/2 

,OM. IC= n r PPJ.'·Pw[<I+611:À)(l+61o)(1+6pz)(1+61',V')] l (2t+l) 
À/'/''VV' l 

In this equation the prime on the summatien sign indicates the subsidiary condition 

e11:+el',+ev, = e~~:,+el'+ev' while Greek subscripts between brackets are a short-hand 
notatien for norma!ized ( anti)symmetric two-body spin states, 

(7) 

which for a gas of hydragen atoms (~:=+1) leads to (anti)symmetric spin states for 

(odd) even angular momentum numbers t. The S-matrix. elements, defined for the 

various angular momentum numbers so a.s to form a unitary matrix in spin spaee, are 

to be evaluated for a. common kinetic energy Ek=fl.2k2/ma in the entrance cha.nnels 

{I'V} and {1''11'}, and the brackets < ... > denote thermal averaging over the wave 

number k. The :final result, i.e., the cellision contribution to the spin evolution 

[Eq.(6)], ha.s already been presented in Ref.lO. 

We study situations in which the atoms are stimulated to radiate at one specific 

transition a.--+/J. In that case the only nonvanishing off-diagonal elements of the spin­

density matrix are Pc43 and Paf3=Paf3"· The one-particle and collision terms in Eq.(l) 
contributing to the time development of Paf3 are of the form: 

in which the complex coefficient ro-i6wo generally depends in a. complicated way on 

the vaiues of the diagonal spin-density matrix elements {Jw, but is independent of Paf3· 
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The complex coef:ficients G oP,~~-+>. describe the contribution of collisions in which a v­

state a.tom makes a. transition to the >.. state in colliding with an a.tom which is in a 

coherent superposition of the a and {j sta.tes. These ra.telike coef:ficients ma.y be 

expressed in terms of complex effective "cross sections" r:r a{j,~~-+>. using 

(10) 

with v=2lik/ma being the relative rollision velocity. In turn these "cross sections" are 

given in terms of S-ma.trix elements via.: 

Upon substituting 

(12) 

together with Eqs.(S) and (9) in Eq.(l) for XK.'=a{j a.nd neglecting for a moment the 

radiation term, we find for the direct frequency shift ów and the atomie linewidth r: 

Öw= ówo+ ówc, (13) 

(14) 

in which the direct frequency shift ÓWc and line broa.dening r c due to spin-exchange 

collisions are rela.ted to the "cross sections11 r:r oP,~~-+>. via.: 

Here we have introduced the modified therma.l averaging ü = <vr:r>f<v>, with the 

thermally a.veraged collision velocity <v>=(16kuT/nna)112, 

In a hydrogen maser oscilla.ting at low magnetic field on the .ó.mF=O transition 

with unperturbed atomie frequency w0=( f.c-ca)/i there is only coherence between the 

a and c states. Substituting aP=a.c in the preceding expressions we find a.t zero 

magnetic field Ga.c,IHÀ = 6v>. Ga.c,À-+À (no contribution from inela.stic processes) and 

Ga.c,b-+b = Ga.c,d-+d' yielding 
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(16) 

(17) 

with the reaJ. spin-exchange shift and broa.dening "cross-sections" Ài and 01 defined in 

terms of the er ac,v-lll eoef:ficients by 

(18) 

{19} 

(20) 

Theelastic S-matrlx elements occurring in the expressions for crac l.Hll follow from 
• the Sehrödinger equation descrihing H+H scattering with an effective central two-

body interaction eonsisting of singlet and triplet potentials, 

<{aP}!Vc{r)l{.\6}> = I <{aP}!Ps!{>.6}> Vs(r), (21) 
8=0,1 

with Vo(V1) being the singlet(triplet) potential and Ps standing for the projection 

operator on the subspa.ce with total electron spin S. Sinee these projection operators 

a.re nondia.gonal in the I { a/1} > basis we have to deal with sets of coupled radial 

equa.tions descrihing the H+H scattering wave fnnetion in tbe various cha.nnels. 

Caleulations of this kind a.re easily carrled outl17l at the low ternperature of 0.5 K, 

where the liquid-•He-eovered eryogenic hydtogen maser is to operate: S-matrix 

elernents need to be calculated only at a relatively small number of energy values. For 

caleulations at higher ternperatures, sueh as those neeessa.ry to obtain thermally 

averaged frequeney-shift cross sections for room temperature hydtogen masers, 

however, a coupled-eha.nnel approach beoomes a tedious task. Fortunately, in this 

regime it is possible to circurnvent this task by means of the degenerate-intemal-states 

(DIS) approximation whieh negleets the internal energy..:J.evel sepa.ration and replaces 

the various intemal energy levels fo. by a eommon constant fo, in whieh case the 

equations ean be deeoupled in transforming to a basis in whieh the total electron spin 

Sis a good quantum number. Splitting off factors containing the low energy behavior 

this leads to the result ua,m 
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Notice tha.t we have some freedom in choosing a. value for e0• When dealing with 

ela.stic 5-ma.trix elements S{a8l{aP} a suitable choice is to set 2eo equal to the 
internal energy in the specific 'chà.nnet under considera.tion (2eo=Ea+fj3), which leads 

to the evaluation of singlet or triplet phaseshifts at a.n energy equal to the kinetic 

energy in the ela.stic cha.nnel considered. Substituting expression (22) with this choice 

of e0 for the ela.stic 5-matrix elements in the u ac lHV coefficients on the rlght-hand side 
' of Eqs.(lS)-(20) yields 

J.ÖDIS) = -; l (2l+l) sin(2~-2~) , 
2k leven 

(23) 

, (DIS) _ , (DIS) _ O 
"1 - "2 - ' (24) 

.,.(DIS)_ O 
"'0 - • (25) 

(26) 

(27) 

in which the pha.se shifts 6~ are to be evaluated at a ooilision energy Ek=fi.2k2/ma.. 

These equations are in agreement with the results obta.ined by Balling et al. 

On the basis of previous experlenceus,m one might expect tha.t treating the 

hyperfine energy levels durlng collisions a.s degenerata yields a very accurate 

descrlption of hydrogen atom spin-exchange collision processes down to zero collision 

energy, so that the direct frequency shift due tospin-exchange collisionsis accurately 

described by the well-known DIS result: 

{28) 

rendering the more complicated Eq.(16) of less interest. However, a.s pointed out 

previously,UOl although X1 and X2 are iudeed small ooropared to Xo, in a H-maser 

Xt(Pcc+Pa.a.) and X2 roa.y be large ooropared to Xo(Pcc-Pa.a.)· The reasou for this is that 
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in having self-sustained maser oscillation Pcc:-Paa is strongl:y reduced by transfer of 

energy. to the cavity eleetromagnetic field, yielding a. strongly suppressed DIS direct 

frequency shift. Moreover, retaining the radiation term in Eq.(l) for M'=ac shows 

n(Pcc:-Paa) to be proportional to the total atomie linewidthU2l 

2 n(Pcc-Paa) = 'Y(l+A )r, {29) 

in which 7 is a constant dependent on cavity parameters, and À is twice the ratio of 

cavity mistuning to cavity resonance linewidth. This yields the possibility to 

compensate the DIS direct shifts against shifts due to cavity mistuning.113l These 

considerations make it necessSJ:y to take into account hyper:line-induced effects in the 

calculation of the direct frequency shifts. On the other hand, in the equation 

descrihing spin-achange line broadening [Eq.(17)], only the terms having a 

nonvanishing DIS contribution have to be retained. This is beca.use even when the 

hyper:line-induced cross section cro is oomparabie in magnitude to c;:h the quantity 

(Pcc-Paa)cro can still be neglected compared to (Pcc+Paa)ëTt because I Pcc-Paa I< <1. 
The shift Àw in the ma.ser frequency is the sum of the direct shift 6w and the shift 

r À due to cavity rnistuning. (12) In view of the previous paragraph the direct shift due 

to spin-achange collisions is calcula.ted using expression (16) with the result · {29) 
substituted and Eq.(l7) with Pcc-Paa=O substituted. For later use it is convenient to 

split the oscillation frequency shift Àw as a sum of a. shift À Wo independent of collision 

rate and a shift À Wc vanishing at zero-collision rate, 

(30) 

with the dimensionless parameters (l and n de:lined a.s 

At(Pcc+Paa)+X2 
0= ------

- Üt(Pcc+Paa)+cr2 ' 
(31) 

(32) 

Here 6w0 is the direct frequency shift due to one a.tom processes which in most ca.ses is 

dominated by the shift due to wall collisions. The combined effect of the shift due to 

cavity pulling and the direct shift due to almost-pure spin-achange collisions on the 

H-ma.ser frequency is described by the parameter fl. The parameter 0 is a mea.sute for 

the additional effects of hyperfine induced spinexchange shifts on the H-ma.ser 

frequency. The DIS value for 0 vanishes (>.t=À:r=O), in which case spin-achange 

tuning the cavity, i.e. setting À so a.s to make Àw independent of collisionallinewidth, 
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yields the frequency shift purely determined by the shifts due to one-a.tom processes 

such as wall collisie~: Aw=6wo. Talring into account the hyperfine level separation in 

a semi-classical picture<W yields 0 to be nonzero but independent of Pcc+Pa.a. 

(Àt=Ut=O). In this case the spin-exchange tuning procedure leads to an oscillation 
frequency shift being the sum of a shirt due to one-a.tom processes and a shift 

proportional to the contribution of one-a.tom processes to the linewidth: 

Aw=6wo+Ofo. According to the preceding analysis 0 is nonzero and depends in a 

complicated way on collision ra.te via. the collision rate dependenee of the level 

popula.tion sum Pcc+Pa.a., yielding the oscilla.tion frequency shift to depend on the 
collision rate even af'ter spin-exchange tuning. 

Hyperfine-level population dynamics 

As is evident from Eqs.(30)-(32), the evaluation of the frequency shift Aw requires 

knowledge of the value of Pcc+Pa.a.· Wedetermine this parameterstarting from Eq.(l), 
but now for the time evolution of the diagonal spin-density matrix elements. We sta.rt 

by investigating the rate of change of Pec+Pa.a.· Using Eq.(6) we find for the collision 

term on the right-hand side of Eq.(l) at zero magnetic field: 

(33) 

Using the unitarity property of the S matrix, the downwa.rd spin-exchange rela.xa.tion 
rates are given by<m 

(34) 

Again using the dominanee of thermalizing elastic collisions over inelastic collisions, 

the upward relaxa.tion rates G 
7

6-+a/3 . are related to the corresponding downwa.rd 

relaxa.tion rates G a/3-+76 via a. Boltzmann factor 

(35) 

The level populations Po.o. on the right-hand side of Eq.(33) ma.y be expressed in terms 

of Pcc:-Pa.a., Pcc+Pa.a., and Pdd..:.Pbb· Furthermore we use the fact that in oscillating H 

masers 7f/n is a small ps.rameter (typically r-I09cm·3s) yielding IPcc:-Pa.a.l<<l and 

76 



!Pacl2<<1 so that Eq.(33) can be approximated by 

with Gbd-1 :: 0 bd-tac + 0 bd-taa. + 0 bd-ICC ' 
0--~bd:: 0 ac-tbd + 0 aa-tbd + 0 cc-tbd. 

(37) 
(38) 

We now tnrn to the rema.ining terros in Eq.(l) oontributing to the rate of change of 

the level population sum Pcc+Paa· No contribution oomes from the radiation term. The 

one-body term, however, does eontribute. A:D. important oontribution to this term 

arises from atom flow in and out of the maser bulb. Of the many possible other one­

body processes that may affect the level populations, we include transitions due to 

motion throngh magnatie field gradients both as an exa.mple of the oomplications 

introdnced by additional hyperfine transition processes and as an exa.mple of the 

opportnnities to use these processas to diagnose or even "tune out" frequeney 
instabilities. We thns havelt91 

in whieh rb and r m are the contributions of atom flow and magnatie field gradients to 

the atomie linewidth r and Ptv are the fra.ctional hyperfine level populations of atoms 
entering the maser bulb. 

For stationary oscillation the total rate of change of Pcc+Paa must be zero, whieh 

aga.in nsing I Pcc-Paa I <<!leads to 

Using the fact that the difference between the d- and b-level populations is only 

affected by relaxation due toatomflow and magnatie gradients (not by the interaction 
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with the rf cavity magnetic field nor by spin-exchange collisions), we have 

(44) 

Using this result, Eq.( 43) reduces to a quadratic equa.tion in the single unknown 

Pcc+Pa.a· Eliminating n in favor of fc using Eq.(17) with (Pcc-Pa.a)O:o!::! 0 leaves this 

equation quadratic in Pcc+Pa.a with the partial relaxation widths entering the 

coefficients only in the form of their ratios. We conclude tha.t Pcc+Pa.a (and hence 0) 
depends on rb, r Dil and re only in the form of a dependenee on two of their ratios, for 

instance, r c/fb a.nd r m/fb. 

The various spin-exchange relaxation rates contributing to G -+bd and Gbd-+ may be 
calcula.ted using the DIS expression (22) in Eq.(34). A somewha.t cruder 

approxima.tion,ltu a. high-energy version of the DIS approximation, consists of a 

complete neglect ofthe difference between the channel energies fa +EP' fr +EÓ' and 2fo 

in Eq.(22) which, when substituted in Eq.(34), yields 

and 

r.;(DIS) - (DIS) 
Gbd-+ = G-+bd = <v>\"'1 +2112 ), 

(45) 

(46) 

(47) 

leading to a vanishing quadratic term in Eq.(43), with the conesponding simple 

solution 

This high-energy approximation is valid only at collision energies which are large in 

comparison with the internal energy-levels splittings. Since at the opera.ting 

temperatures of liquid-helium-Uned hydrogen masers (T!::!0.5 K) typical collision 

energies are compara.ble in magnitude to the internal energy..J.evel splittings 

[(eb+fd-Ea-fa)/kB = 2fi.wo/ka!::! 0.14 K], the solution of the more complicated Eq.(43) 

rather than Eq.( 48) must in general be used as a. closed formula. for Pcc+Paa· 
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Methods of calculation 

As is clear îrom the preceding sections, to determine the H-maser îrequency shift 

(Eq.30), we have to calculate several spin-exchange collision cross sections and 

rela.xation rates. We start with the inelastic processes. Substituting the DIS expression 

(22) in Eq.(34) we find<17l 

[ 

r::- ]2i+1 -J Et. JE +e +E E -E 
G =\'(2i+1)( 2 7r'li. k ka f[1 6 sin2(6!(F.!)--ê!(F.!))} afl-tr6 !. mak E, 1 -.~c o -x 

i k 

(49) 

with Ek:= ~ +ea +ep-2Eo. As in Eq.(22), we have some îreedom in choosing the value 

of 2f0• The evalua.tion of the rela.xa.tion rates amounts to a standard phase-shift 

calculation for singlet- and triplet-potential scattering. In these and all further 

calculations we use "stat(H)f-the-art" singlet and triplet potentials,<20> including 

adiabatic, relativistic, and radiative corrections. Nonadiabatic corrections are taken 

into account simply by replacing the nuclear mass occurring in the adiabatic equations 

by the atomie mass m3 .<2t,tOl Choosing 2Eo in Eq.(49) halfway between the initialand 

final channel energies, i.e., 2Eo = ~(ett+€{3+e,+Ea), yields good agreement with coupled 

channel<17l results (typical deviations below 1%). 

The calculation of elastic processes is somewhat more involved. In particular, the 

hyperfine-induced spin-exchange frequency shift and broadening "cross sections" (>.h 
.\2, and cr0) require the evalua.tion of elastic S-matrix elements taking into account the 

hyperfine energy-level separa.tion. This can be done by taking the hyperfine energy­

level separation into account as a. first-order correction to the DIS approxima.tion,<22, 
10) 

i i(DIS) i 5{aP}{aP} = 8{aP}{aP} + .6.S{aP}{aP}· (50} 

When choosing 2eo=Ea+ftl in Eq.(22) the DIS elastic S-ma.trix elements reduce to: 

(51) 

with 

i _ 2i6~(E) 
S8(E) = e , (52} 
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a.nd the first-order correction takes the form 

with the dimensionless qua.ntity Á l defined by 

(54) 

Here W( , ) is a. Wronskia.n, ol a. Hankel-like free outgoing wave with a.symptotic 
behavior ei(kr-!r), a.nd the radial singlet(triplet) wave functions u! (uf) are 

normalized so a.s to have the outgoing part - si 0~ In a classica! picture the first­

order correction !!.sfa.B}{aP} arises due to the finite separation of other hyperfine 

energy levels (e1+E1i) froiri the total hyperfine energy ea.+Et! a.ssoclated with the 
particular elastic channel under considera.tion, which is felt when making back a.nd 

forth tra.nsitions to other hyperfine levels during the time that the exchange 

interaction is active. 

Using Eqs;(S0)-(53) we find for the hyperfine-induced frequency shift a.nd 

broa.dening cross sections: 

(55) 

(56} 

(5'7) 

(58} 

.., _ ..,(DIS) 1.,.. 
"'1 - "1 - 2' "'0' (59) 

". _ ..,.(DIS) 
"'2- "2 . (60} 

Classically speaking, this first-order treatment breaks down when the collision time 
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becomes large compared to the precession frequency associated with the internal 

energy-level splitting. The collision duration is large at low collision energies and at 

narrow resonances, occurring in the singlet channel at certain collision energies.<23l 

We were able to find out about the range of applicability of the first-order approach 

under various tircumstances in coniparing the first-order results with results obtained 

with the coupled-cl.annel analysis. This comparison fully confirmed the preceding 

classica! expectation: the agreement of the first-order approach with the coupled­

channel method turned out to be excellent except for the dominating l=O partial wave 

at the low energies relevant for the cryogenic H maser and at energies and l values at 

which narrow resonances for singlet scattering occur. 

The low-energy deviation for l=O is most prominent at collision energies below 

2tw0, due to the fact that the path in the complex plane which is foliowed by the 

elastic S-matrix element s!~~aa when varying the energy shows a 900 kink at 

E=2Ea+2tw0 originating from the threshold in the cc channel feltin the aa channel at 

this energy. This behavior is absent in the first-order calculation which leads to S­

matrix elements which all follow smooth paths in the complex plane. 

The deviation at singlet resonances turned out to be most prominent for resonance 

widths roughly comparable to or smaller than the hyperfine energy-level splitting 

2hw0• The quantity t::..l(E) characterizing the hyperfine-induced correction to the 

elastic S-matrix elements is then no longer small compared to unity, yielding a large 

overestimation of hyperfine-induced effects. Fortunately, we were able to avoid a time­

consuming coupled-ehannel calculation at narrow resonances by devising a modified 
zeroth-order approach. This approach is based on the fact that we have some freedom 

in choosing a value for Eo in Eq.(22) so as to make the first-order contribution to the 

elastic 8-matrix elements as small as possible. As is clear intuitively, a good choice for 

Eo at narrow singlet resonances appears to be one which gives the first-order correction 

tothetwo-body Harniltonian 

V'= t l{'r6}>(E1+E6-2fo)<{76}1 
{76} 

(61) 

a vanishing expectation value in singlet spin space. The calculation of the elastic S­

matrix elements occurring in the expression for uac in zeroth order using this 
11HII 

choice for Eo leads to the evaluation of singlet or triplet phase shifts at energies shifted 
from the kinetic energy in the particwar elastic channel under consideration [Eq.(22)]. 

In view of the result that all narrow resonances occur at energies which are large in 

comparison with the internal energy levels splitting (a typical narrow resonance being 

the v=ll, l=13 resonance at E ~ 276K), we may neglect the energy difference 

Ea.+Er3-2fo compared to typical kinetic energies in the denominators of Eq.(22). This 
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leads to an expression for theelasticS-matrix elementsof the form of Eq.(Sl) but with 

the energy argument of the singlet or triplet S matrix on the right-hand side replaced 

by Ek +ea+E(3-2Eo. Using this expression for the elastic S-matrix elements in the 

uac,')'-+-y coefficients on the right-hand sides of Eqs.(lS)-{20) gives rise to nonvanishing 
hyperfine-induced frequency shift and broadening cross-sections. Comparison with 

coupled-channels results reveals that at narrow resonances these modified zeroth-order 

results are almost indistinguishable from the exact results. 

It is of interest to oompare the semiclassical results for the hyperfine-induced 

frequency-shift cross sections of Ref.14 in some detail with our quantum-mechanical 

results. In the semiclassical straight-line calculation spin-exchange collisions are 

modeled as spin evolutions under the influence of timMependent spin interactions 

originating from the triplet and singlet potentials as the particles move along the 

undefl.ected classica! trajectorie&. Defining the singlet (triplet) spin propagators Go 

(G1) as 

t + 

aàt.,t.)(b,E) = exp[-k Jvs(b,t)dt], 

t. 
(62) 

with b the impact parameter, and neglecting hyperfine-induced effects we find for the 

semiclassical (SC) elastic S-matrix elements 

s~~p}{~~}(b,E) = L a(+m,-)(~,E) <{a,B}IPsl{a,B}> (63) 

S=O,l 

[cf. Eq.(Sl)]. The first-order corrections to theelasticS-matrix elements take the form 

of Eq.(53) with !J.l(E) replaced by 

+co 
t:J.(b,E) =~wo J [af +m,t>-aö +m,t>] [ aft·->-a0 (t,->] dt, (64) 

-co 

leading to the semiclassical expression for the hyperfine induced frequency-shift cross 

section .>.;(E), 

00 

.>.~SC)(E) = 1 J Im [ !J. * (b,E)[Gf +m,-)(b,E)+GÖ +m,-)(b,E)J] 21rb db (65) 

0 

[cf. Eq.(57)]. The analogous expression for >.~SC)(E) is identical to the right-hand side 
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of Eq.(65) except forthereplacement of the plus sign by a minus sign. However, it can 

be shown that the imaginary part of .6.•G\+oo,-«>) is just equal to the imaginary part of 

.6.•Gb+oo,-«>), so that .>.\50) vanishes. The origin of this cancellation can be traeed back 

to the neglect of the influence of the exchange interaction on the orbital degrees of 

freedom: generalizing the preceding calculation scheme so as to take into account the 

difference between the classica! singlet and triplet scattering trajectories would yield 

non-vanishing values for .>.\80
>.u4l This picture is confirmed by the numerical results 

presented in the following section. 

Numerical results 

We first consider the spin-exchange frequency shift and broadening cross sections. 

Although the cross sections .>.o, a., and 0'2 have already been calculated by several 

authors, t24,25l we include them here beca.use these previous values for a 1 differ 

Fig.2. Spin-exchangè fre.quency shift and broadening cross se.ctions for low 
callision e.ne.rgies. 
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quantitatively and qua.litatively from our values due to the neglect of hyperfine-­

induced effects at low collision energies. Also due to the use of improved potentia.ls, 

our results for Ào, 0'1J and 0'2 differ at low collision energies from previous results. 

In Fig.2 the frequency and broadening cross sectious are given as functions of 

relative collision energy. A prominent feature of Fig.2 is the occurrence of cusps in the 

Àt. O'o, a.nd O't cross sections at E- = 21l.w0 = 0.14 K. As discussed in the previous 

section, the origin of this beha.vior can be traeed back to threshold effects in the l=O 

partia.l wave. The corresponding cusp in the >. 0 cross sectionis invisible at the sca.le of 

this figure since the main contribution to this cross section comes from the DIS term 

which behaves smoothly as a tunetion of energy. The >.2 a.nd 0'2 cross sections vanish at 

zero collision energy a.nd show no cusp behavior as they have no l=O contribution. All 

other cross sections diverge as E-1/2 at low collision energy. For the 0'1 cross section 

this is in contrast to the finite va.lue at zero collision energy, expected!2Sl on the basis 

of DIS considerations. 

In Fig.3 the therma.lly averaged frequency-shift cross sections are shown as 

functions of temperature. The low-temperature behavior in this figure corresponds to 

the low-energy behavior in Fig:2. The cross section 0'1 is strongly reduced at high 
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Fig.,f. Valtu1s of Àt and >.2 resulting from tke quantum-mechanical calculation 
and the deviation ofthe semfrclassicalvalue for >.2 with the quantu111rmechanical 
value as junctions of ener91J. 

T(K) 

Fig.5. Degenerate-internal-state values of relazation rates at B=O for all allowed 
downward spinreuhange transitions as junctions of temperature; 1, abtfr.taai 2, 

G cc-+aai 9, G cc-+bdÎ 4, Gbdrtac = G cdrtatl = G clHabÏ and the sum rates 5, Gbt~rti 
6, G.,..btJ.· 
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temperatures due to a cancellation of contributions from subsequent t values [see 

Eq.(19)]. Although a semiclassical theory prediets X1 to vanish,t14l we find X1 to be 

oomparabie in magnitude to X2, even at tempera.tures as high as 1000 K. This in 

contrast to (711 which is negligible compared to (72 at T= 1000 K, which by itself would 

suggest that the semiclassical theory predicting (71 to vanish is applicable at this 

temperature. Calculating .:\1 and .:\2 fully quantummechanically as well as >.2 semi­

classically assuming straight.:Une trajectories, we find that >. 1 as well as the difference 

between the semiclassical and quantummechanical valnes for >.2 both beoome small in 

oomparisou with >.2 (Fig.4) when collision energies beoome large in comparison With 

the typical strengthof the exchange interaction (a few eV}, as may be expected from 

the picture described above. In this way we arrive at the condusion tha.t the 

applica.billty of the semi-cla.ssical straight.:Une calculation scheme is restricted to 

collision energies above a few eV ( conesponding to tempera.tures ~ lOS K). 

Fig.6. Dimenaionless freq:u.enC'fl"shift parameters Ö (lor 1::1=0 DttUJ. 7=109cm-3s) 
an.d 0 (for Pcc+Paa= 0.5, 1.0} as fu,nctions oftempertlttJ.re. 

To detennine the effective spin-exchange relaxa.tion rates Gbd,.. and G ,..bd playing 

a role in the dependenee of Pcc+Paa on B-atom density, we have to calculate the DIS 

values of several spin-exchange relaxation rates G a{J-t
7

6' In Fig.5 the rate constauts 

corresponding to the allowed downward spin-exchange transitions at B=O are 

presented as functions of temperature. Also, the effective rates Gbd,.. and G -+bd are 

shown. The figure clearly shows that the rate constauts involving odd t valnes only are 

completely negligible at sub-keivin temperatures, but beoome increasingly important 
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at temperatures above 1 K. Note tha.t the dUferenee Gbd-t-G -tbd• which vanishes in 
the high-energy approximation, is negligible compared to Gbd-1 only at temperatures 

well above 1 K. 
Using the values of X11 X2, ü1, and Ü2 displayed in Fig.3, we are able todetermine 

the dimensionless frequency-offset parameter 0 (Eq.(31)]. Figure 6 shows 0 for two 

different values of Pcc+Paa. as a fûnction of temperature. In order to oompare this 

hyperfine-induced frequency-offset parameter with the DIS frequency offset parameter 

Q we also show the latter as a function of temperature for A=O and a typical value r-
109 cm·ss. Figure 6 shows very clearly that hyperfine-induced spin-exchange frequency 

shifts beoome increasingly important at lower temperatures. Both frequency-offset 

parameters have a :finite zero-temperature limit. We :find O(T=0)=3.4 and 

Q(T=O,A=O) wel! below unity but depending on the preclse value for "'· 

To get an idea whether hyperfine induced effects lead to important new sourees of 

frequency instahilities we simula.ted the operation of hydrogen-maser frequency 

standards at varlous tempera.tures. To begin with, we restricted ourselves to the 

collision-ra.te-dependent oscillation ûequency shift 11wc which potentially ca.uses the 

largest instahilities sinee the ooilision rate is diffi.cult to keep constant in an oscillating 

H maser. Using Eqs.(30)(32), (43), (44), and the calculated values of the varlous spin­

exchange ooilision qua.ntities we determined the varlations of the oscillation ûequency 

with varying COllision rate for various ca.vity tunings. Sinee the dependenee of n on rb, 
r. and re can be written as O(rc/rb,r./rb), Eq.(30) shows that the offset !::.Wc of the 
oscillation ûequency ûom its value at zero ooilision ra.te when expreseed in units of rb 
also depends on the varlous contributions to the hyperfine relaxation ra.tes as 

l:::.wc(rc/rb,rm/rb)· Figure 7 displays !::.Wc/rb as a. lunetion of rc/rb for a maser 
operating at 0.5K with r 11=0 at varlous ca.vity frequency settings. As is evident ûom 

this :figure, the oscillation frequency varles nonlinea:rly with r c1 beca.use of the 

dependenee of n on the level populations sum Pce+Pa.a., which is itself dependent on 

collision rate. Even when applying the usual "spin-exchange tuning" procedure, i.e., 

tuning the ca.vity so tha.t the oscillation ûequency is the same at the minimum 

collision rate a.t wbich self-sustained oscillation can be obtained and the maximum 
collision ra.te available, there remains an appreciable varlation of oscilla.tion frequency 

in between these two values. Beca.use it is difficult to reproduce and keep constant the 

collision ra.te in a hydrogen maser, these varlations of the "spin-exchange tuned11 

oscillation frequency with r c pose severe problems to the realization of ultrastabie 

cryogenic hydrogen microwave standards: due to the large slopes present in Fig.7 

variations of the collisional linewidth r c as small as 0.01 s·t lead to varlations of the 

fractional oscillation frequency offset !::.wf w of the order 10·15, which is very large when 

compared to the potential thermal instahilities of cryogenic masers. Of course, when 

workingat very low atom densities the collisionallinewidth can be kept stabie within 

a much smaller interval. However, this can only be done at the expense of increa.sing 
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Fig.1. Variatiens of fractional frequency offset with collision rate at T=0.5 K 
and r m=O for different cavity frequency settings b. corresponding to t1 
increments of 0.001 between nbsequent curves. 

Fig.8. Variations of jractiona.l frequency offset with colrision rate at T=300 K 
and r m =0 for different cavity jreq11.ency settings A cornsponding to t1 
increments of 0.5x10·6 between nbsequent curves. 



the oscillation frequency instahilities due to thermal noise. 18,9l In the next section we 

investigate strategies which reduce the frequency insta.hility due to variations in the 

collisional linewidth while leaving the poteniial thermal instahilities at a level of 2 

parts in 1018. 

At room temperatures these problems are much less serions. Figure 8 shows the 

oscillation frequency shifts for va.rious cavity frequency settings as functions of the 

collisionallinewidth for T = 300 K. The nonlinear va.ria.tions of oscillation frequency 

are three orders of magnitude smaller in compa.rison with the cryogenic results, tha.nks 

to the much smaller value of Cl (Fig.6). When the cavity is tuned so that th~ 

oscillation frequency is the same at the minimum and maximum collision rates at 

which maser oscillation occurs, it leaves a fractional varlation of frequency with 

collision rate typically of order 10·111 per Hz of collisionallinewidth. In order to keep 

fra.ctional va.riations of oscilla.tion frequency due to the nonlinear dependenee of 

linewidth sa.fely helow the 1Q·15level, marki:ng the state of the art of room temperature 

hydrogen-maser relative frequency instahilities, the variations in collision rate then 

need only to be kept below the 10% level. 

Stratemes for mînimizing the nonlinear direct shifts 

Since the instahilities in the maser frequency due to the nonlinear dependenee of the 

oscilla.tion frequency on collision rates seems to be prohibitive in improving 

substantially upon the stability of room temperature hydrogen masers using cryogenic 

hydrogen masers, it is necessary to develop techniques for minimizing this nonlinear 

dependence. We can distinguish three different approaches to a.ccomplish this. First, 

we may reduce (or even remove) the slope of the cavity frequency as function of 

collision ra.te at ambient collision frequency hy some refinement of the spin-exchange 

tuning procedure. Secondly, we can reduce the dependenee of the frequency-oHset 

parameter Cl on the level population surn Pcc+Paa· As a third possibility we can reduce 

the dependenee of the relative level population sum pcc+paa on collision rate. 

The first strategy amounts to using a smaller range of r c va.ria.tions to set the 
ca.vity tuning. The optimum spin-exchange tuning procedure clearly would be the one 

which eliminates the slope of the collision frequency with callision ra.te at a certa.in 

collision ra.te. However, even the most refined spin-exchange tuning procedure cannot 

annihilate any nonlinear dependenee on collision ra.te. Indeed, diHerentia.ting Eq.(30) 

twice with respect to the collisional linewidth r c while keeping the linewidth not due 

to collisions r 0 constant yields 

(66) 
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which can not be elimina.ted by a.ny ca.vity frequency setting since it is independent of 

Ä. Using the fact that Pcc+Paa, and hence 0, depends only on the relative magnitudes 

of the various hyperfine rela.xa.tion contributions, it is easily seen that also the 

dimensionless quantity refPÄw/8fe2 depends only on the ra.tios of rb, r., and re. 
Figure 9 shows the nonlinearity parameter E = re I 8-IÄw/ ar e2l for re=rb a.t various 

temperatures with varying r m/rb. A very prominent feature of Fig.9 is the sharp 

decrea.se of the nonlinearity parameter with increasing tempera.ture: at room 

temperature E is typically 3 orders of magnitude smaller than at T=O.SK. At T=0.5K 

the parameter E is of the order 2x1o-a for the linewidth due to collislons roughly equal 

; I I I I ; 

T(K). 
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Fi.g.9. Nonlinearity parameterE for rc;l'b=1 an.d T= 0.51(, 10K1 900K as 

fu,n.cti.on.s ofr m!l'b· 

to the linewidth due to atom flow and a. small con tribution of magnetic field gradients 

to the ra.diative linewidth. Assuming re':!. 2s-1 variations of the collision rate of 1% lead 

to variations of the fractional oscillation frequency shift Äw/ w of approxima.tely 

2xiO-t7, still an order of magnitude larger than the potential thermal instabillUes of 

liquid-helium-lined hydrogen masers. Moreover, ii seems unlikely that tha optimum 

spin-exchange tuning procedure can be realized in practice, as such a tuning procedure 

requires small re variations to set the ca.vity tuning, which leadstoa decrea.se in the 

accura.cy of the cavity-tuning procedure. In the following we nevertheless make use of 

the nonlinearity parameter E since it provides a. fundamental lower bound to 

instabUities in the oscillation frequency due to varia.tions in the collision ra.te 
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We have only the temperature as a single adjustable parameter available to rednee 

the nonlinear direet shifts by the seeond strategy, redueing the dependenee of 0 on 

Pcc+Paa· As is already clear from Fig.9, higher eryogenic temperatures of about 10 K 

reduee the nonlineacity parameter roughly by a factor .. of 10. In this respect neon­

surface hydrogen masers eperating near 10 K hold some promise although solid neon 

surfaces are harder to reproduce and maintain than superHuid helium surfaees. The 

dependenee of 0 on Pcc+Paa ean he completely eliminated at temperatures at which 

XiqrüiX2 vanishes. This oceurs at very low and very high temperatures, as wellas at 

T= 7.6 K and T= 77 K (Fig.6). From these, the low-temperature limit and the 7.6 K 
temperature wollid in principle hold some promise for achieving an rutrastabie 

hydrogen-maser standard because at these temp&atures spill-exchange relaxation cross 

seetions are low enough that collisions are not likely to limit the radiated power at 
achievable hydrogen atom fiuxes. However, the eperation temperature of 7.6 K is 

unsuitable for hydrogen-maser standards as it seems unlikely that any wall coating 

suitable for operatien at this particular temperature exists. Also, the T-10 limit is 
unsuitable not only beeause of the problem of confining ultracold atoms without 

disturbing the hyperfine frequeney, but also because in this limit the magnitude of 0 
exceeds unity, yielding for the cavity mistuning parameter required by the spin­

exchange tuning condition t1=0 a value of order 1, which is unrealistic sinee the 

eavity mistuning 1:::. is limited to vaiues 11:::.1 < <1. 

Fig.IO. Nonlinearity paro.meter S 'll1Îth wrying rb/(1'b+rm) for vo..rio'U.S 'IJCÜtt.es 

ofrc/(rb+rm) o..t T=0.5 K. 
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Thete are sevetal ways to rednee the dependenee of the maser ftequency on 

callision ta.te using the thitd stra.tegy, reducing the dependenee of Pcc+Paa on callision 

rate. For instance, when working at high atom densities so that nGbd ... >>fb+fm, 

Eq.(43) yields a strongly reduced dependenee of Pcc+Paa on collision rate. This can be 

seen clea.rly in Fig.10, which shows the nonlinea.rity parameter fot va.rious valnes of 

fe/(fb+fm) as functions of fb/(fb+fm): fot fixed valnes of fb/(fb+fm) the 
nonlinea.rity parameter decrea.ses sharply with increasing r c/(fb+ r .). Another 

important feature of Fig.10 is the large dip in the nonlinea.rity parameter fot 

fb/(fb+fm) = 0.35. This dip results from the !act that at this value for fb/(fb+fm) 

for P~d-r/?,b=1/2 the level popula.tion difference 2(pdd-l'bb) = 0.35 [Eq.( «)] which is 

just equal to the value of 

at T=0.5 K. Substituting 

2(pdd-Pbb) = J (Gbd.,. -G-+bd)/Gbd-t 

together with P~c+P~a= 1/2 in Eq.(43) yields the level population sum Pcc+Paa= 1/2 
independent of collision ra.te. This gives rise to a modified tuning procedure which in 

principle a.nnihilates the collisioJHate-dependent oscillation ftequency shift !:.wc 
completely. The essence of this tuning procedure is first to set the magnetic field 

ihhomogeneities so as to make Ö-0 [Eq.(30)] independent of callision rate before 

applying the usual spin-exchange tuning procedure. The dependenee of Ö-0 on r c ca.n 

be monitored by determining the oscillation ftequency a.nd the totallinewidth [which 

ca.n be determined experimentally ftom va.riations t:.w of oscillation frequency with 

cavity mistuning t:., as shown by Eqs.(30) a.nd (32)] at three different collision ta.tes: if 

the oscilla.tion ftequency depends nonlinea.rly on totallinewidth at these three points, 

n-n still has some dependenee on ooilision rate. For n-n independent of Collision rate 

the usual spin-exchange tuning procedure yields Ö=O and hence a va.nishing collision 

rate dependent shift, t:.wc=O. 
Even when !:.wc is completely removed, we still have to deal with the collision-ra.te­

independent shift !:.wo = ÓWo + n ro = ÓWo + n ro. Fora 4He-llned hydrogen maser 
oparating at a temperature T=(J'.5K Berlinsky and Hardy predictedC9l that the shift 

ówo could be kept constant aga.inst thermal instahilities to within 1 part in 1018. The 

second term contributing to !:.wo seems more critical. Fot Pcc+Paa= 1/2 a.nd T == 0.5 

K we have 0 = 0.07 (Fig.6). This value implies a maximum allowed instability in the 

linewidth not due to collisions as low as ór0=3xl0-7s-t in order to achieve a frequency 

instability of 2 pa.rts in 1018, lt . seems unlikely that all line-broadening processes 

contributing to fo (atom flow, motion through magnetic field gra.dients, wall 

collisions, Doppier broadening, etc.) can be kept stable within this limit. 

At room temperature n !::: 0.0002, more tha.n two orders of magnitude smaller than 
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at T= 0.5 K. In order to achieve a. frequency instability of 1 pa.rt in 1015 the linewidth 

not due to eollisions must be kept stabie within approximately 0.05 s·t. 
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CHAPTER4 

SPIN WAVES IN DILUTE H! GAS 

Section4.1 

Spin waves in dilute gases 

Among the many fascinating properties of spin-polarized hydrogen gas, the spin-wave 

phenomenon takes a prominent place. Of course, spin waves are rather commonplace 

in dense systems such as liquid 3He and electrens in ferromagnetic metals. In dilute 

hydrogen atom gas however, the observation of spin wavesl1> came as a surprise. 

Although the possibility of coherent spin oscillations in dilute non-degenerata gases 

was predicted by Bashldn(2l and independently in considerable detail by Lhuillier and 

Laloê, m workers in the field were rather skeptical a bout the observability of spin 

waves in such systems. It was believed that the exchange efiects which are a.t the 

origin of the spin-wave phenomenon, to be effective, require a. dense degenerata phase 

such as in the Fermi liquid BHe. 

The success of the Cerneli spin-wave experiment for H gas, Ul and a related 

experiment with 3He gas, w showed that this skepticism was too pessimistic. In fact, 

these ex:periments showed very convincingly that spin waves can propagate in any 

system of identical particles independent of partiele statistics or partiele density, as 

long as there is some degree of spin-polariza.tion, and if temperature is low enough. 

This last requirement can be stated more precisely as fellows: If the thermal De 

BrogUe wavelength of the constituent particles is considerably longer than the range of 

the interpartiele interaction. 

The theoretical description of spin waves in dilute gases differs from that in dense 

systems, in tha.t no adjustable phenon;tenological parameters are required. This nice 

feature, typical for theories on dilute systerns, makes it possible to predict the spin­

wave modes for any experimental geometry. Such modes, calculated for the Cornell 
ex:perimental geometry by Lévy and Ruckenstein(Sl agreed excellently with the 

ex:perimental results. 

The hydrogen gas in which the spin waves are observed is in a. high ma.gnetic field 

(B= 6-10 T), so that only the high-field-seeking a.- and b-states are popula.ted (sect.l.2, 

Fig.l). At high magnetic field thèse hyperfine states both have their electron spin 

antiparallel to the magnatie field, but differ in their nuclear spin orienta.tions, which 

are parallel (state b) or antiparallel (state a) to the electron spin. In the Cornell 

experiment, starting from a doubly polarized gas, the nuclear spins were tilted by 

applying an NMR pulse at the a+-+b transition frequency. This gave rise to collective 

oscillations of the nuclea.r magnetiza.tion, although the gas was dilute and had no 
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significant nuclea.r-epin-dependent interactions. Essential for the occurrence of these 

spin waves is the large initial pola.rization of the nuclea.r spins, which originates from 

preferential recombina.tion of the a-eta.te atoms (sect. 1.2). 

In the next section we give a simple model which makes plausible tha.t spin waves 

ca.n propa.gate in a dilute system with spin-independent intera.ctions if the spins a.re 

pola.rized. The rema.ining two sections are devoted to the possibility of exciting spin 

waves in the two-dimensional H! gas adsorbed on a superfluid helium film. Section 2.3 

gives a denvation of the spin wave equa.tion from first principles, valid for any nuinber 

of spatial dimensions d~2. Using these results, we discuss the possibilities for observing 

spin waves in 2D H! gas. 
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Section4.2 

A simple microscopie picture 

How can spin waves originate in a rarefied Boltzmann gas of particles with spin­

independent interactions? Here, we want to give an answer to this question in the form 

of a simple microscopie model. ~hich, although it may have some tentative aspects 

(like any simple description of a complicated phenomenon), does give reasonable 

results and certainly has its merlts in giving some physical insight into this subtie 

phenomenon. 

· ·: We consider a gas of identical particles (bosons or fermions) with two 

degenerateW intemal states (spin! particles). In particular we study the spin 

evolution due to two-particle collisions occurring in the gas. Such collisions are 

described by a wavef~ction which is a combined spin-spatial wave function. We 

choose the bisector of the llpin-a.xes of the two colliding particles as the spin 

quantization a.xis (z-a.xis), rp as the. angle of the x-a.xis with the plane spanned by the 

two spinvectors, and 0 as the angle between the spins and the z-a.xis (Fig.1). For gases 

in which the mean f'ree path of the particles is much shorter than the length scale over 

which the spin-orientation varles appreciably, only scattering between particles with 

almost parallel spins (I 0 I <<1) occurs. For small angle 0, we may work out all 

expressions to first order in e, so that the spin functions of the particles take the 
form<2l 

(1) 

The two-particle spinfunction consists çf a symmetrie (triplet) part and an 

antisymmetrie (singlet) part: 

(2) 

The magnitude and direction of the transverse spin component of a partiele is given by 

the magnitude and phase, respectively, of the expectation value of the spin operator 

u.=~(ux+iuy), which satisfies the rules u.l T>=O, and u.l !>=I T>· 
Now, we take the spatial degrees of f'reedom into our consideration. Taking into 

account s-wave scattering (dominant at low temperatures) due to a central spin­

independent interaction, some textbook scattering theory<3l gives for the asymptotic 

form of the symmetrie (i.) or antisymmetrie (i.) scattering wave function in relative 
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coordinates: 

(3) 

with the s-wave scattering amplitude f0(k) given in ternts of the s-wave pha.seshift 

óO(k) by 

(4) 

Notice that, consistent with the s-wave scattering a.ssumption, according to Eq.(3) 

only the spatially symmetrie component undergoes scattering. Depending on whether 

the particles obey Bose-statistics (E=+l), or Fermi~ta.tistics (e=-1), the total 

wavefunction must be symmetrie or antisymmetric, respectively, under permutation of 
the particles. For the total wavelunetion we therefore write 

(5} 

Using the ex:pression for the a.symptotic form of the plane wavem 

(6) 

fll. A A A 

with B(x) defi.ned via the relation / 4?rdx 6(x-xo) f(x) =f(xo), we can split up the wave 

functions q> :t: in incoming ( q> ~} and outgoing ( q> ;> parts: 

(7} 

with 

In the same way the total wave function [Eq.(5)] can be split in an ingoing and an 

outgoing part: 

(9) 
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with 

We define the expectation value 

which gives the radial flux of the transverse spin component (ra.d!al spin Acurrent) of 

partiele 1 fora wavelunetion 111'. By changing 0'.(1) into 0'.(2) and rinto-r the right­

hand side of (11) changes into the definition of the radial $pin flux of partiele 2. For 

the total radial spin flux of both particles we have 

:!rad{'ll'} 5 :!(1)rad{'ll'} + :!(2)rad{'ll'} 

= 2~m [111'*[0' +(1)-0' +(2)J(Jr'~~')- (Jr111•)[ 0' +(1)-0' +(2)]111']; (12) 

Calculating the radial spin current for the ingoing (111';) and the outgoing (111'~) 

wa.vefunctions by combining Eqs.(8-10,12), we find them to differ for a.symptotic r­

values by a term ~~ad: 

(13) 

The ~bad term can he interpreted a.s the net radial spin current at loca.tion r due to 

the scat tering. U receives a. non-vanishing contribu~io~ only from the interterenee term 

between the transmitted waves [proportional to 6{k±r )], and the spherica.lly sca.ttered 
wave: 

Integra.ting over the surface of a sphere with radius r, we find for the difference 

between the total outgoing spin current and the total ingoing spin current: 

(15) 

This result can be interpreted a.s follows. lt describes a. change in the spin current 
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Fig.l. Visualization of the spirH"otation effect in low-energy collisions between 
identical particles. 
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Fig.!. Spin wave modes, a: righ~ traveli.ng spin wave, b: left traveling spin wave, 
and c: standing spin wave ( superpaaition of a and b). 



given by a rotatien of the plane in which the spinveetors are loca.ted a.:ound the vector 

of the total spin over an angle -2E6D(k) [Fig.(1)]. Due to the factor k this total spin 

current is only in the direction of the transmitted wave. The factor 47f/k2 is the 

effective cross section for this 11spin-rotation11 process. At low temperatures, 

I éO(k) I <<1 for all relevant k-values. In tha.t case, the spin rotations are in the same 

direction. It thus becomes clea.r intuitively tha.t, a.lthough collisions occur at random 

times, subsequent spin rotations add up and form, a.t a macroscopie sca.le, a coherent 

oscilla.tion of the spin magnetization (Fig.2). A formalism for the discussion of such 

coherent oscillations is considered in the following section. 

Relerences 

U> The a.ssumption that the interna.l energy levels are degenerate is not essential. 

The problem with finite interna.l energy level sepa.ration can be reduced to the 

degenerate problem when we transfarm to the spin-coordinate system rotating 

with the average Larmor frequency associated with the energy level splitting. 

<2> U. Fano, Rev. Mod. Phys. 29, 74 (1957). 

<Sl A. Messiah, Qttan.tum Mechanica (North-Holland, Amsterdam, 1961). 
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Beetion 4.3 
Spin waves in 2D and 3D gases 

Denvation of the spin wave eguation 
Our starting point for the denvation of the spin diHusion equa.tion is the quanturn 

mechanica! BBGKY hierarchy for a system of N identical particles in a large but fini te 

volume Ld ( d is the num.her of physical dimensions) with periadie bounda.ry 
conditions. The lowest equation of this hierarchy describes the time evollition of the 

single partiele distribution matrix F' (normalized as Tr[F']=N ) in terms of the pair 
distribution matrix F" (normalized as Tr[F"]=N(N-1) ): 

cft Fkk' + Îl(HkpFpk'-Fkp Hpk') = -k l (Vkp,mnF~,k·p-Fkp,mn vmn,k'p). (l) 
p pmn 

Here H represents the single-partiele Ha.miltonian and V the pair interaction. This 
equation may be converted to a elosed equation fot the single partiele distribution 
matrix by expressing the pair matrix at the rlght hand side in terms of the single­
partiele distribution matrix. To first order in the hydragen atom density and assuming 

at times long before a bina.ry collision the absence of a.ny correlation between the 
atoms not due to partiele indistinguishability (molecular chaos assumption), the pair 
density matrix in Eq.(l) may be wrlttenC1J 

F • - \' f!!+l (F' F' + F' F' ) f!l+l t kl,mn- l li:l,pq pr qs f ps qr rs,mn (2) 
pqrs 

in which n<•> is the causa! two-body M0ller wave operator, <2l while the statistica sign 
e=+l fora gas of bosonic hydragen a.toms ( e=-1 applies to the case of fermions). To 
be more definite we work from now on in a single-partiele basis { In>} in which the 

single-partiele hamiltonia.n is diagonal (H In> = En In>). Defining the T-opera.tor as 
T:Vf!!+l, and using some rela.tions for the M0ller wave operator from scattering 
theory,<2l we find 
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in whieh 11 is a small posiiive constant. We will take the limit 11-+ 0 alter going to the 
limit L -+ oo. At this point in the denvation the limit 11 -+ 0 ea.nnot be taken as for 
fini te L the value for 11 is bounded from below by the requirement m 11 > > fl.wt with Wt 

the mean traversal frequeney for motion through the volume Ld. 
Using the faet that inhomogenemes of the system show up only over macroscopie 

distá.nees of order L we ca.n write out the indices labelling the single-partiele sta.tes in 
terms of wave veetors (underlined cha.racters) and internal--state labels (Greek 
subscripts ): 

Ek -+ E(!) + Ea, 

Fkk' ... F aa•(!,!'), 

with E(k) = fl)k2/2m. For spin-independent interaetions and splitting of! the eenter of 
mass momentum we find for the T-matrix: 

Mter working out the resulting expression we take the thermadynamie limit: N -+ oo, 
L ... oo, N fLd = n = constant, so tha.t summations over waveveetors change into 
integrations. Taking aJ.so the limit f1-+ 0, and applying the Wigner transformation 

while using the fa.ct tha.t the gas is only slightly inhomogeneous, we find: 

a h i 
Of !arf.!.!) + m '!·Y/ a,a(!.!J + fi:[E a<!J-E j.!Jl f arf-!.!) = 

-kJ: (27r)·dJd! [T(!_-!,!-!)frJ!_,!)!7.f!•D -Tt(!_-f,!_-!)F arf.!,!)F ,.,f!;!J 
1' 

+ E T(!-!.!-!.)F afLDF 1rJ.!.v - E T t (!-!,!-!)F aft!JF 7j.!.!)] 

+ ~l(27r)·3dJd!Ja~Jdg [T(!-!.~Tt(H,!-!)F arf-P.>iJF 7,y<g,!) 
1' 

(4) 

+ E T(!-!.~Tt(H,!-!)F Q"(U?.,!)F 7rf.9.·D] ó{~+g-!-!) ó{E(~+E(g)-E(!)-E(!)). 
(5) 
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Using the optica! theorem(2l this may be re-written as 

ö 11. • 
Of f arf..!..!J + m !.· Yi arJ..!..9 + TtfE aW-E rJ..!) l f arJ..!..!) = 

+te (211") -dJ d! Re{T{!.-1,!.-!)} 2 [ F a'Y(!_,!)F 7rJ..!,'!J-F ai!,!)F 7rJ..!..!)] 
7 

2
a(211")·3d J d!J dE.J dg[ I T{!.--!.E.-g) 122 [ F arf..!..!JF n(!,!J-F arJ..p_,!)F 7-y<g,!)] 

7 

- eT(!_-!,E:-9.)T t (p_--g,!-!.) 2 [ F a-y(E_,!)F 7rJ..g_,!J -1 F a7(!_,!)F 7rJ..!.!) 
7 

-!F a7(!,!JF 7rJ..!..!)]] ê(p_+g-!,-!) ê(E(P.)+ E(9.)-E(!.)-E(!)). ( 6) 

We define the spin density as the zeroth-order moment of the distribution function 

with respect to k: 

(7) 

From Eq.(6) a spin density conservation equatîon can be derived: 

(8) 

with the spin current defined as the :first-order moment of the distribution1function 
with respect to k: 

(9) 

Equation (8) has precisely the. form one should expect for a system with spin­
independent interactions. However, it is not a closed equation as it co~tains the spin 

current. Just as for the spin density we ma.y derive from Eq.(6} an evolution equation 
forthespin current. However, this equation would contain asecondorder k-moment of 
the distribution function f. In this way a hierarchy of equations descrihing the time 

evolution of the k-moments of the distribution function arises. We may èut off this 
hierarchy using the Chapma.n-Enskog scheme. C4J Physically this means that we 

suppose, as a first approximation, local thermal equilibrium, i.e. that in each separate 
region of the gas thermal equilibrium is reached, whereas the gas as a whole is out of 
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equilibrium. Mathematically this amounts to treating the drift term at the left hand 

side of Eq.(6) as a. small perturbation compared to the callision term at the right hand 

side. Neglecting for a moment the drift term, Eq.(6) describes a rapid rela.xation to a 

local equilibrium situa.tion: 

(10) 

with i'eq(~ the Boltzmann distribution f'unction sa.tisf'ying the deta.iled balance 

condition i'eq(k)f'eq(l)=feq(p)i'eq(q) for !+!=J?.+.!J., and E(~+E(!)=E(2}+E(g). 

Linearizing around local equilibrium, i.e., writing 

(ll) 

and working out all terms in Eq.(6) to first order in ga.{J' except for the drift term 

which is worked out to zeroth order in ga.{J' we find tha.t the first order correction to 

the distribution funcUon is given by ga.e(!,!,,t) = (li./kBT)(!,.J.a/1). For the spin­

cmrent evolution equation we find 

(12) 

To derive this result, we a.pplied the s-wave approximation to the T-matrix in which 

case the T-matrix depends only on the magnitude of the wavenumbers: T(k,k') = 
To(k)/A for k=k' (on the energy shell). The normaliza.tion constant A= 21fdl2/f(d/2) 

is the area of a. d-dimensional "sphere" with unit radius. The s-wave approximation is 

justified for a gas of hydragen atoms at temperatures of a few hundreds of' millikelvins 

or less. The spin-transport coefficients 0 and K in Eq.(12) can be expressed as thermal 

averages over the real part of the T-matrix and the squared modulus of the T-matrix, 

respectively. 

The T-matrix can be written in termsofthes-wave phase shift DO(k): 

To(k) = -~~eibO(k) sin[60(k)]. 
'Ir m kd·2 

Using this equation we find forthespin transport coefficients 0 and K: 

(13) 
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with À=(2?rfl.2/mksT)V2, the thermal De Broglie wavelengthof the particles. 

We reduce the above-deri~ed coupled equations (8) and (12) descrihing the spin 
transport to one single spin-diffusion equation in the following way. First, we define 

the 11rota.ting11 spin pola.riza.tion ( dimensionless spin density): 

(16) 

and the "rotating" spin-polarization current: 

_ i(E~-E~)t/11. 
§.cJ.r,t} = e J..af}!,t)/n. (17) 

In these equa.tions E~ is the energy of the hyperfine level a averagedover the volume. 

In agreement with experimental circumstances we suppose the deviations 6E a(!)= 
E aW-E ~ sma.ll compared to thermal energies, and also sma.ll compared to n.K. 
Physically this means that inhomogeneities in the external field do not infiuence the 

thermal motion of the particles, and that the spin currents relax at time scales much 

shorter than the time scale needed to depbase them in the field inhomogeneities. 

Furthermore, within a few interatomie cellision times the spin current is relaxed to its 

(Iocal) equilibrium value, while the spin density (a conserved quantity during 

collisions) changes significantly only over much longer time scales. Therefore, the spin 

current follows a.diabatica.lly the varying spin density. Mathernatica.lly this means that 

we may substitute the stationary value of the spin current following f.rom the spin 

current evolution equation in the evolution equation for the spin density. Using the 

above assumptions we find that this quasi-stationary value of the spin current satisfies 

the equation 

(18) 

with the spindilfusion constant Do = kB T /mK, m and the dimensionless coefficient p. 
= 0./K. We obtain a single transport equation when we construct a ·closed expression 
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for §_a{J satisfying Eq.(18), and substitute it in the time evolution equation for the 

spinpola.riza ti on: 

{19) 

[Cf. Eq.(S)]. In the absence of oscillating extemal fields, the pola.rization matrix is 

diagonal, P atf.bt) = P aa('bi)óa:P' so that Eq.(18) yields a diagonal spin-<:urrent 
matrix, which when substituted in Eq.(l9) yields 

.J: p aa = Do V2P aa· {20) 

For wea.k· external oscillating fields (small tipping-a.ngle pulses) we may linearize 

a.round this unperturbed situation, and write 

{21) 

with lP ~I <<L To first order in P ~ we find a solution to Eq.(18) which, 

substituted in Eq.(19), gives the desired spin-diffusion equation 

a · Do 
P ' + !i 6E -óE )P ' = V2P ' 

Of a{J Tl.'· a IJ a{J l-iep.( p~p~ o$ 
(22) 

This se-<:alled linea.rized spin-wave equation is a direct generalization of the 

conesponding equa.tion for two-level systems in 3D derived by Lhuillier and LaloëJSl 

Notice tha.t the ferm of this equation is independent of the number of spatial 

dimensions, only the values of the spin-transport coefficients Do and p. depend on the 

dimensionality. Equation (22) is a diffusion equation with a complex diffusion 

constant. It describes very well the results of the Cornell spin-wave experimentm on 

bulk (3D) atomie hydrogen gas. Thereby the theoretica! values of p. and Do obtained 

fora 3D H!-atom gas by Lhuillier<Sl were confirmed. In the following we will calculate 

these parameters for a. 2D H! -a.tom gas. 

First, we show tha.t the dimensionless coefficient p. is related to the quality factor 

Q of the spinwaves. To do this, we assume homogeneons external fields, so that the 

Larmor-precession term on the left-hand side of Eq.(22) vanishes, and by substituting 

P ap=exp[i(k,.;t+w(k)t)] we ea.sily obtain the spin-wave dispersion relation, 
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Hence, off-diagonal elements of the polarizaüon matrix undergo damped oscillations 

with quality factor 

In experiments with atomie hydrogen the spin-polarization is a.lmost complete, 

IP~-P~I ~ 1, and the spin-wave quality factor is given by the absolute value of the 

coefficient p.. 

Spin-wave guality façtor in 2D a.nd 3D 
As we are interestad in the possible occurrence of spin waves in the two-dimensional 

hydrogen gas a.dsorbed on a superfiuid helium film, we study p. for general spa.tial 

dimensionality d ~ 2. Using Eqs.(14) and (15) we find 

n <cos 60(k) sin t50(k)> 
p. =- = --------, 

K <sin2óO(k)> 
(23) 

with thermal averaging 

(24) 

In order to get a closed expression for p., we use the effective range expansion for 

general elimension d ~ 2 as introduced by Verhaar et al.,19J 

{ 

-2 r2(d~2) [ 2 ld-
2
[1 + O(k2)] 

?!' (d-2 &.iJ • 
cot óo(k) = d 

-; [-7 + ln(Çë]] [1 + O(k
2)], 

d> 2, 

(25) 
d=2, 

with 8.d the scattering lengthand 7 = 0.57721. .. Euler's constant. For elimension d > 2 

this leads to the low-tempe~ature limitUOJ 

(26) 

which for d=3 reduces to the well-known result<BJ 
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"' = -3./2 '!:_ ' d = 3. 16aa (27) 

The p.-coefficient for d::::2 ca.nnot be obtained from the limit d-~2 in Eq.(26) [notice that 

this would lead totheresult p."" oo, i.e., undamped spin waves]. A closed expression 

descrihing the low-tempera.ture behavior of p. in 2D ca.n be obtained from Eq.(23) and 

Eq.(25) for d=2, when making use of the slow varlation of c50(k) for small k-values. 

Tha.nks to this slow varlation the thermal integrals in Eq.(23) ca.n be approximated 

using a one-point generalized Gauss-integration formula. This leads to the result uo l 

(28) 

In the relevant regime .À> >&cl:, .Eqs.(26) and (27) show tha.t spin waves are more 

da.mped in lower spatial dimensions. In the zero-temperature limit we find that p. 

diverges as "' T·<d·2l/2 for d>2, and "' ln(T) for d=2. In Fig.l p. is shown for bulk 

(d=3) a.nd adsorbed (d=2) H! gas as a. function of temperature. The full curves 

represent the values obtained by numerical thermal a.veraging in Eq.(23) using 

effective range expansions for cot(óO) including the effective range [O(k2)] term,<9l and 

the dasbed curves represent the simple expressions (27) and {28) with the calculated 

values a.2= 1.22xi0·10m a.nd as= 0.7lxi0·10m. As ca.n beseen very clea.rly in Fig.l, the 

simple expression (26) very accurately describes the spin-transport coef:ficient p. in 2D 

-1.0 

·10 

0.01 0.1 
TlK) 

Fig.1: Coefficient p. versus temperature for two- and three-dimensional H! gas. Full 
curves: incltuling effecti'tJe-range terms, dashed curves: without effective range terms 
[Eqs.(27) and (28)]. 
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H! gas îor all relevant temperatures (T~ 0.4 K). The above analysis makes clear that, 

in principle, spin waves can props.gate in 2D gases of adsorbed H! atoms. The low Q 

value associated with 2D spin waves makes clear, however, that these spin waves will 

be much less pronounced than in 3D gases. The possibilities for observation of spin 

waves in 2D H! gas will be discussed in detail in the next section. 
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Section4.4 

Spin waves in Hl a.dsorbed on a superfl.uid 'He film 
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1018 XE Amsterdam, The Netherlands 

[Published in Phys. Rev. B. 32, 7195 (1985)] 

The poasibilitiea f'or observa.tion a.nd the properties are discussed f'or two-dimensiona.l spin 
waves in a nondegenerate apin-polari.zed atomie hydrogen gas adsorbed on a aupertluid 
helium film. We present results f'or the spin-transport parameters Do en p, basedon two­
dimensiona.l effectiv«H:a.nge theory. The spin--wave quality factor is a.n order of magnitude 
sma.ller tha.n in the volume case. 

Introduetion 

Spin waves in ierromagnets and other dense systerns have been known sinee the 1950s. 

In such systems the De Broglie wa.velength of the constituents is at least comparable 

to the dista.nce between nearest neighbors. The associated quanturn exchange 

interaction generated by identical-particle symmetrization is known to play à. crucial 

role in the propagation of spin waves. Some years ago Bashkin!ll a.nd Lhuillier a.nd 

Laloët2l pointed to the less obvious possibility of spin waves in very dilute 

nondegenerate gases. The existence of spin waves was demonstrated a year ago in spin­

polarized atomie hydrogen!S,4> and at about the same timem in spin-polarized SHe. 
This discovery led us to investigate the possibility of such waves propagating in the 

two-dimensional Hl gas adsorbed on a superfluid helium film. 

Sueh surface spin waves would be interesting for their own sake, but also û:om a 

more general point of view. Taking into account the important role of surface atoms in 

the decay of Hl in stabilization experiments, it is of vita! importa.nce to confirm the 

accepted picture that the collisions of adsorbed H atoms are not influeneed 

significa.ntly by the dynamies of the helium film. By now it becomes clear!6l that the 

decay of the atomie density at the surface is not primarily due to two-body dipolar 

relaxation and thus the latter process does not produce the useful information on the 

above-:mentioned properties which would otherwise have been obtained. The three-
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body surface callision processes which one now tends to hold responsible for the decay 

are probably too complicated to yield such reliable information. On the contrary, 

surface properties derived from one- and two-body processes such as spin waves are 

indispensable for reliable calcula.tionsm of three-body deca.y a.t the surfa.ce. When it is 

possible to measure specHic transport coefficients such as Do and p. (see below) for 

surface spin waves, this would yield valua.ble information on the H! + H! surface 

scattering. A preliminary report on the present work was presented in Ref. 8. 

Previous deta.iled enquiries<DJ into the extent of three dimensionality of the · H-H 

collision process a.t a. superfluid 4He surface, as well as the devel.opment of a. two­

dimensional effective-range theory,uoJ provide us with sufficient insight to calculate 

the properties of spin waves in adsorbed H! assurning a static 4He surface. Recently, 

Bashkint11l also discussed the possibilities for observation of spin waves in adsorbed 

H!. He used a sealing procedure to rela.te the two-body surface scattering process to 

that in three dimensions. The premisses for applying this sealing transformation are 

certa.inly not fulfilled for H! on 4He, in which we are primarily interested in this paper 

in view of the experience from Ref. 9: the width d of the atomie wave functions 

perpendicular to the surface is of the order of the range of the H-H triplet interaction. 

If one would neverthel.ess apply it to tha.t case, the result for the spin-wave quality 

factor is of the order of d/a. independent of tempera.ture, where a is the three­

dimensional (3D) scattering length. This value is a. factor of 5 larger than tha.t to be 

obta.ined in the following from a. more reliable approach, a factor which may be of 

crudal importance in conneetion with the prospects for observation of surface spin 

waves on 4He. Contrary to Ba.shkin we sha.ll also pay attention to the consequences of 

the adsorption-desorption kinetics for the observa.bility of surface spin waves. 

Surface spin waves 

On the atomie scale H! spin waves are due to the "identical spin rota.tion" (ISR) 

effect: In the case of complete pola.riza.tion and small tipping angles the effective spins 

precessin a. two-body callision a.bout their sumover an angle -2eóO(k), where e = +1 

( -1) for bosons (fermions) and óO(k) is the s-wa.ve phase shift calculated for a. spin­

independent potential. Low tempera.tures are essential for the ISR to lead to a. 

coherent spin transport through the medium. On one hand to a.void collisions with k 

values for which l2óO(k) I = 0(1). On the other hand, to avoid p and higher waves 

which also perturb the simple ISR beha.vior. 

On the macroscopie sca.le the collective spin dyna.mics is described by spin-wave 

equations in which two important parameters are D0, the spin-diffusion constant in the 

unpola.rized gas,. and p, measuring the influence of the partiele indistinguisha.bility on 

the spin transport properties. In d dimensions we have for a nondegenera.te spin-
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Fig.l. Two-dimensional spin-transport coefficients n2Do and p. 'l!ers'US 
temperature. The broken line indicates the low-temperature limit for p. which 
depends logarithmically on tempera.ture. 

polarized gas, 

(1) 

/Jl de e -e2 es cos [ 60(4! e)] sin [ óO(ip Ç)] 
p. = ---------------, {2) 

where >. is the thermal wavelength and nd is de d-dimensional partiele density. 
Turning tod= 2 we use the effective-range ~ressionUOl 

(3) 

with 1 = 0.57721 ... = Euler's constant, while a = 2.3ao and re = 14.3ao, the two­
dimensional scattering length and effective range, respectively. These values were 
calculated using a potential obtained by averaging the H-H triplet potential over the 
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finite extension of the atomie wave functions perpendicular to the surface (so-ealled 
2iD model!9l }. Figure 1 shows n2Do and p. as functions of temperature. For low 
temperatures {T < 0.2 K} these coefficients go to the values 

and 

The value for p., as wellas the corresponding spin-wave quality factor, following from 
the first of these equa.tions, is considerably smaller than the bulk value. Note, 
furthermore, tha.t p. shows a weak tempera.ture dependence, which is due to the typical 
logarithmic k dependenee of the phase shift in two dimensions. 

To investiga.te under wha.t conditions H! spin waves might be observable in the 
adsorbed phase we consider a. Cornell-type NMR experiment using a cell with a large 
surface to volume ratio a.nd most of the surface para.llel to the (linea.r} magnetic field 
gradient in the x direction. Of the remaining sma.ll surface part one end is at x = 0 

and the other at x = L. Following Ref. 4 we denote the component of the polarization 
along l! by u0 and its positive circular component in the frame rotating with the 
Larmor frequency at x = 0 by 6u +• For the geometry considered we are interested in 
the lowest transverse (yz-independent} mode, being the only transverse mode coupled 
to the NMR resonator. We thus have 6t:T.(t:,t) = F(x,t), where F sa.tisfies the boundary 
condition, based on the smallness of the end surfaces, 

and the mode expansion 

· in which Fk(x) sa.tisfies 

~I =~I =O, 
x=O x=L 

d2Fk _ fJ.I.O'o-i [ GxJ _lr ---- W:It-li r, 
dx2 Do 

(4) 

(5} 

(6} 

and the boundary conditions (4f In Eq. (6), Gx/TI. is the shift of the Larmor frequency 
due to the field gradient. 
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Without tpg0 term, Eq. (6) represents spin diffusion in an inhomogeneons field. 

The f.IJ.ao term arises from the ISR effect. lts form can be understood qualitatively by 

considering the net effect on a spin of competing ISR precessions around neighboring 

spins. Clearl~, this net effect vanishes for spatially constant or linearly varying 

polarization Q'(x,t). The first nonvanishing contribution comes from the second 

derivative. This can be visualized by studying the behavior of a. single spin due to two 

neighboring spins. The net ISR effect vanishes when the latter are tilted over the same 

angle in opposite directions relative to the first one. Only deviations from this 

situation contribute. The conesponding molecul~ field term in the equation for 8g./ 8t 
gives rise to the above-mentioned EJUTo term in Eq. (6). 

For frequenties Wk smal! relativa to LIGI/'h. the solutions of Eqs. (6) and (4) can 

be expressedU2l in Airy funetions Ai, ea.eh of which corresponds to a (complex) 

spinwave eigenfrequeney, 

(7) 

with ak defined as the kth zero of Ai', being negative real for all values k = 1,2, .... In 
Eq. (7) and in the following the upper sign refers to the case Epu0 > 0 and the lower 

sign to EJLUo<O. Writing Wk as nk-irk. nk and rk are products of &k and k-independent 

quantities: 

(8) 

The distance between eigenfrequenties is determined by the constant 

(9) 

while the quality factor Q = I {h 1/rk = cote is determined by the constant 

(10) 

The observed spectrum assotiated with Eq. (5) is a sumover Lorentz profiles eentered 

at the frequenties Ok with half-width fJt. Notiee that w=O eorresponds to the highest 

(lowest) Larmor frequency in the sample in case EJLCTo>O ( <0). Hence ior negative 

polarization (u0<0) and repulsive (p<O) bosons (e=+1) the spin-wave frequenties Ok 

of the most weakly damped spin waves add positively to the mean Larmor frequency, 

so that the sharpest spin-wave peaks appear on the high..:frequency side of the 

resonance spectrum. 
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Adsorntion=desorption kin et i es 

In the foregoing analysis we assumed the surface spin transport to be decoupled from 

that in the bulk. In what circumstances does the adsorption-desorption kinetics allow 

for such a decoupling? We consider the following two time scales: 'T'd = 1fr11 i.e., the 

damping time of the most weakly damped surface wave, and the mean residency time 

of atoms on the surface: 

(11) 

We takeU3l the sticking probability a equal to 0.03 and the binding energy(14l in 

tempera.ture units EB/kB equa.l to 1.0 K. 

The adsorption-desorption kinetica does not influence the surface spin-wave 

phenomenon if 

Tres>> 7'd· (12) 

Wedefine the a.uxiliary time constant 1" = (na)V2ft./l G I· This is the time which would 

be needed by two H atoms at the average interpartiele distance to undergo a relative 

spin precession of 1 rad. For typica.l densities n2111 109 cm·a a.nd field gradients I YB I= 
10·• T cm·t, 1" is of the order of 1s. 

For complete pola.riza.tion we then have 

~=---4~#~2+~1~)1_/6~(~r·.)2_f3 __ __ (13) 
at(naDo)1

/
3 sin(iarccot!ttl) 

Figure 2 shows 'T'd for va.rious va.lues of 1", as well as 'T'res, as a. function of tempera.ture. 

Clearly, for the a.bove mentioned n2 and IYBI values condition (12} is fulfilled for 

tempera.tures below 0.08 K. Considèring from now on this regime, the spin-wave peaks 

have a typica.l width rd·t = 102 s·t. This va.lue is comparable to that for bulk spin 

waves, as is the tota.l width LIG 1/Tt. = 104 s·t ( dimension L 111 1 cm) of the NMR 

absorption spectrum. Due to the lower !PI va.lue, however, the quality factor is an 

order of magnitude smaller than for bulk spin waves. Thus, surface spin-wave peaks in 

the spectrum are as narrow as in the volume case, but their mutua.l dista.nce is smaller. 

From the point of view of observa.bility it is a.lso of importance to point out that 

the surface resona.nce spectrum is shifted over 2.5xl04 Hz by the surface hyperfine 

frequency shiît rela.tive to the volume spectrum. For the overall intensity of the 

surface signal the tota.l number of atoms is of interest. It is larger or compara.ble to the 

number oî volume atoms îor surface to volume ratios A/V > 1 cm·t (T ~ 0.08 K). 
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Fig.2. The times Td and Tres as a fu,nction of temperature (vertical scale in 
seconds) for r' = 10 s (curve a)1 1 s (curve b}, and 0.1 s (curve c). 

With a high-field(!::! ST) NMR spectrometer the minimum detectable num.ber!15l of H 

atoms is of order 3><1013. For detection of spin waves using small tipping angles, 

substantially larger quantities are required. This implies the necessity of large surface 

area within the resonator, possihly a large num.her of sheets or a ribbon. It seems 

questionahle whether sufficient surface area may be realized in practice. In principle, a. 

large ga.in in sensitivity may be realized hy werking at B = 0.65 T, where the NMR 

frequency is field independent to first order. m> Since this implies a different 

excitation and detection scheme it is not further discussed here. We also have t.o take 

into account the requirement that Td should he small relative to the recomhination 

time for H a.toms at the surface. The experimental value<6> for Ls indicates, however, 

that this requirement is amply fulfilled. 
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CHAPTER5 

CONCLUDING REMARKS 

This thesis deals with cellision phenomena in atomie hydrogen and deuterium gases. 

Substantial insight has been obtained into the role played by the nuclear spin 

dyna.mics during collisions between low energy ground state hydrogen (deuterium) 

atoms. On the basis of this insight several new effects have been predicted: 

• . The formation of an ultra-stabie nuclear spin-polarized state due to spin-exchange 

collisions between magnetically trapped deuterium atoms. 

• Shifts of the hydrogen maser frequency due to the nuclear spin dyna.mics during 

H + H spin-exchange collisions. 

• Nuclear spin waves in two-dimensiona.l atomie hydrogen gas due to the spin-

rotatien effect associated with low energy collisions between identical particles. 

Of course, these predictions have to prove their value while confronted with 

experimental results. In this respect it is promising that these predictions form a 

strong enough challenge for experimenta.lists to put effort in their experimenta.l 

verification. 

For instance, the Amsterdam group working on spin-polarized quanturn gases is 

currently workingUl on the trapping of deuterium atoms. In a preliminary attempt by 

the Amsterdam group<1l to loa.d deuterium atoms in a magnetic trap no clear signalof 

trapped deuterium atoms ~as observed. This was probably due to the specific trap 

geometry used, which was optimized for trapping hydrogen atoms and which was not 

deep enough to decouple the stronger a.dsorbing deuterium atoms from the walls. By 

using deeper traps andfor optica.l manipulation techniquest2l, some interesting 

experimental results with magnetically confined deuterium atoms may be expected in 

the near future. 

Also the predicted H-maser frequency shifts are likely to be confronted with 

experiments in the near future. The U.B.C. group is currently improving the 

frequency-stability measurements of their cryogenic hydrogen maser by using two 
reierenee room-temperature hydrogen masers.m This should make it possible to study 

experimentally the cellision frequency shifts of the cryogenic H maser predicted in this 

thesis. 

The M.I.T. group studied two-dimensiona.l hydrogen atom gas adsorbed on a 

fritted glass "sponge" covered with superiluid 4He. 14l They did not observe the surface 

spin waves predicted in this thesis.· This negative result is understandable taking into 

account the very rapid decay of the hydrogen atoms observed in this experiment. The 

anomalously short lifetimes of the atoms is attributed!U to spin rela.xa.tion by 

magnetic impurities inside the "sponge". The same experiment with a better 
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characterized substrate should make it possible to observe spin waves in 2D hydrogen 

atom gas. 
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SUMMARY 

. Collision phenomena are of outmost importance in spin-polarized atomie hydragen and 

deuterium gases. On the one hand, it appea.rs that low energy collisions between even 
such simple particles as H àtoms give rise to a very rich variety of physical 

phenomena. On the other hand, via the occurrence of interatomie collisions, nature 

puts very strict limits to the physical regimes which ca.n be explored with these 

qua.ntum gases. 
As an illustration, the decay due to interatomie collisions thwarted till now all 

attempts to reach the low-temperature, high-density regime where effects due to 

degeneracy are expected to show up. In chapter 2 of this thesis a. simple way out is 
presented for the case of Fermi gases: In spin-polarized Fermi systems at very low 

temperatures collisions are much less effective tha.n in Bose systems. Working out 

these ideas for the Fermi gas consisting of magnetically confined deuterium atoms 

some interesting possibilities show up. It appears that fast spin-exchange collisions 

automatically lead to a completely spin-polarized gas for which the spin-relaxation 

limited lifetime increases dramatically with decreasing temperature. As also the ratio 
of internal thermalization rate over deeay ra.te increases with decreasing temperature, 

this gas ca.n be cooled by forced evaporation down to unheard-of low temperatures. 

In cha.pter 3 it is shown that interatomie çollisions also play a decisive role in 
determining the frequency stability of cryogenic hydragen masers. Especially the 
hyper-fine-interaction induced dynamics of the nuclear spins during collisions, which 

inevita.bly shows up at lower collision energies, strongly limits the impravement in 
frequency sta.bility attaina.ble by H masers operating at lower temperatures. This is 

because of frequency shifts a.ssociated with this nuclear spin dynamics, which are 

nonlinear in the atomie linewidth. These shifts are nat compensated for by the usual 

methods of tuning the microwave cavities of oscillating hydragen-maser frequency 
sta.ndards which eliminate only the shifts proportional to tlie atomie linewidth. At 

room temperature these nonlinear shifts are much less prominent but still measurable 

with sta.te-of-the-art hydrogen masers. 
In chapter 4 the phenomenon of spin waves is studied. These colleetive oscillations 

of the nuclear spins occurring in a hydrogen-atom gas with polarized eleetronic spins 

are also associa.ted with the nuclear spin dynamics during collisions. In contrast to the 
nuclear spin dynamics relevant for H masers, this dynamics of the nuclear spins is not 

induced by a.n interaction which couples to the nuclear spin degrees of freedom, but 

instead by partiele indistinguishability effects. It is shown that the resulting spin 
waves are not restricted to bulk (3D) gases, but can also propagate in 2D gases 

adsorbed on a substrate. In adsorbed gases the spin-wave characteristic coefficients 
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a.cquire a logarithmic temperature dependenee typical for 2D. The case of a 2D 

hydrogen-a.tom gas adsorbed on a superfiuid •Be film is considered in some detail. 

Taking into account the adsorption--desorption kinetics the regime where spin waves 

should be observable in a.dsorbed B gas is determined. 

SAMENVATriNG 

Botsingsverschijnselen zijn van groot belang in spingepolariseerd atomair waterstof gas 

en deuterium gas. Enerzijds blijkt. dat lage energie botsingen tussen zo eenvoudige 

deeltjes als waterstofatomen aanleiding geven tot een zeer rijke verscheidenheid aan 

fysische verschijnselen. Anderzijds limiteert de natuur, door middel van interatomaire 

botsingen, in zeer sterke mate de fysische regimes waarin deze quanturngassen 

onderzocht kunnen worden. 

Dit laatste kan gemustreerd worden aan de hand van het verval ten gevolge van 

interatomaire botsingen. Tot op heden verijdelt dit verval alle pogingen tot het 

bereiken van het lage-temperatuur, hoge-dichtheid regime waar effekten tengevolge 

van degeneratie verwacht worden waarneembaar te zijn. In hoofdstuk 2 van dit 

proefschrift wordt een eenvoudige uitweg gepresenteerd voor het geval van Fermi­

gassen: bij zeer lage temperaturen zijn botsingen in spingepolariseerde Fermi-systemen 

veel minder effectief dan in Base-systemen. Een aantal interessante mogelijkheden 

treden naar voren wanneer we deze ideeën uitwerken voor het Fermi-gas bestaande uit 

magnetisch opgesloten deuteriumatomen. Bet blijkt dat snelle spin-exchange botsingen 

vanzelf leiden tot een compleet spingepolariseerd gas waarvan de door spin-relaxatie 

gelimiteerde levensduur drastisch toeneemt met afnemende temperatuur. Dit gas kan 

door middel van geforceerd afdampen gekoeld worden tot ongekend lage temperaturen, 

aangezien bij afnemende temperatuur ook de thermalisa.Ue-snelheid tèn gevolge van 

interatomaire botsingen toeneemt ten opzichte van de vervalssnelheid. 
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In hoofdstuk 3 wordt aangetoond dat interatomaire botsingen ook een beslissende 

rol spelen met betrekking tot de frequentie stabiliteit van cryogene waterstof-masers. 

Met name de door de hyperfijnwisselwerking geïnduceerde dynamika van de nucleare 

spins gedurende botsingen, welke onvermijdelijk de kop opsteekt bij lagere 

botsingsenergieën, limiteert sterk de verbetering in frequentie stabiliteit die haalbaar is 

met H-masers werkend bij lagere temperaturen. I>it vanwege de met de nucleare 

spindynamika geassocieerde frequentieverschuiving, welke niet-lineair is in de atomaire 

lijnbreedte. Deze verschuiving kan niet geêlimineerd worden met de gebruikelijke 

methoden voor het afstellen van de microgolf trilholten van oscillerende waterstof­

masers: deze elimineren alleen verschuivingen die evenredig zijn met de atomaire 

lijnbreedte. Bij kamertemperatuur is de niet-lineaire verschuiving minder opvallend 

maar, met de huidige stand van zaken op het gebied van waterstof masers, nog altijd 

meetbaar. 

In hoofdstuk 4 wordt het verschijnsel spingolven bestudeerd. Deze collectieve 

oscillaties van de nucleare spins die waargenomen zijn in een gas bestaande uit 

waterstof atomen met gepolariseerde electrenenspins zijn eveneens geassocieerd met 

nucleaire spin dynamika tijdens botsingen. In tegenstelling tot de nucleare spin 

dynamika relevant in H masers, is in dit geval de dynamica van de nucleare spins niet 

geïnduceerd door een wisselwerking welke koppelt met de nucleare spin vrijheids­

graden, maar in plaats daarvan door deeltjes-ononderscheidbaarheids-clfekten. Er 

wordt aangetoond dat de resulterende spingolven niet beperkt zijn tot drie­

dimensionale (3D) gassen, maar ook kunnen propageren in 2D gassen geadsorbeerd aan 

een substraat. In geadsorbeerde gassen verkrijgen de karakteristieke spingolf­

coëfficienten een logaritmische temperatuur afhankelijkheid typisch voor 2D. Het geval 

van 2D atomair waterstofgas geadsorbeerd aan een superfluïde 4He film wordt in detail 

beschouwd. De adsorptie-desorptie kinetiek in de beschouwing betrekkend wordt het 

regime bepaald waarin spingolven waarneembaar zullen zijn in geadsorbeerd H gas. 
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1. Dubbel spin-gepolariseerd atomair deuterium is het meest stabiele magnetisch 
opsluitbare neutrale gas. 

Dit proefschrift, hoofdstuk 2. 

2. Geforceerd afdampen van wandvrij opgesloten deuteriumatomen in een 
magneetveldminimum biedt de mogelijkheid tot het bereiken van ongekend lage 
temperaturen. 

Dit proefschrift, hoofdstuk 2. 

3. In een willekeurig tweedimensionaal gebied met oppervlakte iN/3 (N geheel 
positief) kunnen N+ 1 punten geplaatst worden zodanig dat de afstand tussen teder paar 
punten groter dan of gelijk is aan 1. 

4. De nuldoorgangen van de botsingadoorsneden welke de verschuiving van de H+H 
21cm-lijn karakteriseren, kunnen in principe gebruikt worden voor de definitie van een 
temperatuurschaal die vanuit theoretisch oogpunt voordelen biedt ten opzichte van 
bestaande temperatuurschalen. 

F. LoJoë, privé mededeling. 

5. De door Berlinsky en Hardy voorspelde frequentiestabiliteit van de cryogene H­
maser van 2 op 1018 is niet realistisch. 

A.J. Berlinsky o.nd W.N. Hardy, Proc. 19th Annuo.l Precise Time and Time Interval 
(PTT]) Applications and Planning Meeting, Washington D.C. 1982 [NASA Conf. 
Publ. No. 2220, 1982, p. 5.f7J. 

6. Gesloten uitdrukkingen voor vervalsconstanten en transportcoëfficienten in 2D en 
3D quantumgassen kunnen gevonden worden met behulp van gegeneraliseerde Gauss­
Laguerre integratie. 

Dit proefschrift, hoofdstuk 2 en 4. 

7. De invloed van afwijkingen van de adiabatische Born-Oppenheimer benadering op 
H+H of D+D botsingen kan eenvoudig afgeschat worden door in de uitdrukkingen 
gebaseerd op de adiabatische benadering de kernmassa te vervangen door de atoom­
massa. 

P.R. Bunker, C.J. McLarnon and R.E. Moss, Mol. Phys. :ii, 425 ( 1 971); 
Dit proefs'chrift, hoofdstuk 9. 

8. De "ontaarde interne toestanden benaderin$" geeft, mits op de juiste grootheid 
toegepast, zelfs bij willekeurig lage botsingsenerpeên een zeer nauwkeurige beschrijving 
van botsingen tussen grondtoestands H atomen. 

Dit proefschrift, hoofdstuk 2 en 9. 



9. Op een separabele Rilhertruimte is gegeven een verzameling positieve operatoren 
{Rij) met de eigenschap dat Ei.J RiJ = I. Indien de marginale operatoren Pm = Ej Rmj 
en l.ln = Ei Rin niet cammuteren z1jn beide geen projecties. Dit resultaat geeft aan dat 
de introductie van gemeenschapelijke metingen van incompatibele observabelen in de 
quantummechanica impliceert dat meetresultaten van een enkelvou~ge observabele in 
het algemeen niet door middel van projecties kunnen worden gerepresenteerd. 

W.M. de Muynck and J.M. V.A. Koelman, Phys. Lett. 98A, 1 (1989). 

10. In het "mozaiekbeeld11 zoals dat in een groot aantal centrale antenne inrichtingen 
geïmplementeerd is kunnen fractale objecten waargenomen worden met Rausdorlf­
dimensies variërend van 0.50 tot 1.95. Dergelijke mozaïekbeelden zijn bij uitstek geschikt 
om de leek begrip van fractalen bij te brengen. 

B.B. Mandelbrot, 11 The fractal geometry of nature11
, W.H. Preeman and company, 

New York, 1983. 

11. Ter onderdrukking van randeffecten verdient het aanbeveling het oosterse bordspel 
Go te spelen met gebruikmaking van periodieke randvoorwaarden. 

12. Ter vermijding van kostbare hardwarematige oplossingen dan wel arbeidsintensieve 
permutatiehandelingen, verdient het aanbevelin~ om tekstverwerkingspakketten te 
voorzien van de mogelijkheid om printers zodarug aan te sturen dat een dokument 
bestaande uit meerdere pagina's in volgorde van afnemend paginanummer wordt 
afgedrukt. 


