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CHAPTER l 

FEEDS FOR REFLECTOR ANTENNAS 

1.1 Introduetion 

The parabolic reflector is a popular antenna in the microwave region. 

This is the frequency range from. 1 GHz to 300 GHz. In this range the 

parabolic reflector is used as an antenna for radar, line-of-sight 

communications, satellite communications and as an instrument for 

radio-astronomical investigations. 

The principle of this reflector antenna is that a spherical wave de­

parts from the focal point of the parabola towards the reflector, which 

reflects the wave and concentratas a large part of the energy in a 

small angle along the axis of the parabola. As a souree of the sphe­

rical waves use is mostly made of a small horn antenna. 

Such a souree is called a feed. It is obvious that the performance of 

the reflector antenna depends mainly on the feed used. For instance, 

the illumination of the reflector and the spill-over energy along the 

rim of the reflector depend on the radiation pattern of the feed. 

It is well-known that for a reflector antenna no unique definition of 

the bandwidth can be given [1]. However, generally speaking, we can 

say that the bandwidth of a reflector antenna is chiefly determined 

by the properties of the feed. 

The precise requirements which have to be satisfied by the feed depend 

on the application for which the antenna will be used. 

Let us summarise the most relevant properties of the feed in the four 

applications mentioned at the beginning of this section. 

For a radar antenna a high gain is necessary, because the range of a 

radar system is proportional to the square root of the antenna gain. 

This high gain can be obtained if a reflector antenna is used with a 

diameter, which is large compared with the wavelength. Moreover, one 

should choose the illumination of the reflector in such a way that a 

high efficiency is obtained. This requirement implies that the illu­

mination should be as uniformly as possible and the spill-over energy 

along the rim of the reflector as low as 'possible. A radiation pattem 
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·with these two properties is called a sector shaped radiation pattern. 

The radiation pattem of a conventional feed, such as an open radia­

ting waveguide, deviates considerably from a sector shaped radiation 

pattern. Therefore modern research on feeds is mainly carried out with 

the aim to improve the radiation pattern of conventional feeds. For a 

radar antenna it is sufficient that the feed possesses a sector shaped 

radiation pattern in a rather small frequency range, because the band­

width of a radar antenna is small. 

In addition, sometimes a· radar antenna should transmit and receive 

circularly polarised waves in order to prevent the detection of echoes 

from such targets as rain and snow [1]. It is clear that in this case 

the feed should be able to transmit and receive circularly polarised 

waves without disturbing the other properties discussed above. 

An antenna for line-of-sight communications should meet the same high 

requirement with regard to the gain as a radar àntenna. The bandwidth 

of this antenna system is much larger, because the antenna is used for 

telephone and T.V. traffic. In the frequency spectrum above I GHz sev­

eral frequency bands have been allocated for this kind of communica­

tions. Which of the frequency bands mentioned above are used in a, 

line-of-sight communication system depends on the local situation. 

In order to use the frequency bands as effectively as possible the 

feed must be suitable for operation in two perpendicular modes of po­

larisation [2]. In that case it is very desirabie that the radiation 

patterns in two perpendicular planes are the same for the two modes 

of polarisation. It is obvious that a symmetrical radiation pattern 

with respect to the antenna axis meets this requirement. 

One of the most recent applications in the microwave field is communi­

cation by means of satellites, for instance, the famous Early Bird 

(= Intelsat I), Intelsat II and Intelsat III and in the near future 

the Intelsat IV, which are employed for intercontinental telephone 

and T.V. traffic. Again the antenna for satellite-communications 

should be suitable for braadband operation, because of the large 

amount of information that must be handled with this system. In order 

to get an idea about the bandwidth which is required in these modern 

communication systems, it should be noted that a groundstation used 

for communications with Intelsat III must be suitable for 

in the frequency band 3700- 4200MHz and transmitting in the 5925-
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6425 Mt1z band. Besides, the gain and the figure of me rit, which is de­

fined as the ratio of the antenna gain and the system noise tempera­

ture, should meet very stringent requirements. Especially in connee­

tion with the low noise requirement a cassegrain antenna is used ex­

clusively. In order to obtain high aperture efficiency and low spill­

over and diffraction losses at the subreflector the principle of dual 

shaping has been proposed [3]. In this case it is necessary for the 

radiation pattem of the feed to be symmetrical with respect to the 

antenna axis in the desired frequency band. The reflectors can be ad­

justed only for one frequency. Therefore it is a coercive demand that 

the phase pattern is also independent of the frequency in the desired 

frequency band and symmetrical with respect to the antenna axis as 

well. However, owing to the principle of dual shaping, it is not nec­

essary that the feed possesses a sector shaped radiation pattern. A 

complete list of requirements which should be met by a feed in an an­

tenna of a groundstation can be found in [4] . 

The purpose of a radio-astronomical antenna is to detect and to study 

celestial radio sources. In order to prevent interference with other 

users of the frequency spectrum, several frequency bands have been 

allocated to radio-astronomical research. An example is the frequency 

band situated between 140QM.>-Jz and 1427 MHz. So the bandwidth which is 

needed is small. Radio-astronomical investigations require a high re­

solution and a high sensitivity. A high resolution is obtained with a 

large reflector antenna, while a high sensitivity requires that the 

system noise temperature is low, So the antenna noise temperature must 

be low, for in most cases low noise receivers are used. The low tempe­

rature is obtained by using a carefully designed feed and applying an 

edge illumination of about 20 dB, including the space attenuation. If 

the antenna is used for studying the polarisation characteristics of a 

radio source, it is necessary that the cross-polarisation in the main 

beam should be as low as possible [5]. It can be shown quite easily 

that this low cross-polarisation can be realised with a feed with a 

symmetrical radiation pattern with respect to the antenna axis [6).In 

that case the electric field in the aperture of the reflector has a 

constant direction. 
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Summarising one can say that in general ·a good feed should possess one 

or more of the following properties: 

(i) a flat or sector shaped radiation pattem in the forward direc­

tion in order to illuminate a reflector as effectively as possi­

ble; 

(ii) a power radiation pattem and a phase radiation pattem both of 

which are symmetrical with respect to the antenna axis; 

(iii) the feed should possess the two properties mentioned above in a 

frequency band as large as possible. 

In the next section a survey of the recent literature conceming feeds 

for reflector antennas is given. In this survey special attention is 

devoted to the three properties of feeds mentioned above. 

1.2 Survey of the recent literature conceming feeds 

High aperture efficiency and high spill-over efficiency can be at­

tained with a feed which has a sector shaped radiation pattem. The 

problem of synthesising a sector shaped radiation pattern has at­

tracted the attention of several investigators in the antenna field. 

A remarkable effort has been made by Koch [7]. He started by observ­

ing that the radiation pattem on a field basis is approximately the 

Fourier transferm of the aperture field. The next consideration was 

that an ideal sector shaped pattem can be realised with an aperture 

field of the ferm J 1 (x) I x; x is the normalised radius of the cir­

cular aperture. The following task was to generateafield to approximate 

this situation. This was done by means of a central waveguide and five 

conductors with circular cross-sectien arranged coaxially. A further 

impravement of the system was publisbed one year later [8) by the same 

author,He claimed to havesucceeded in synthesising a sector ~haped ra­

diation pattem. However, up till now no information concerning the 

bandwidth of this antenna is available. 

A purely experimental approach of the same problem has been foliowed 

by Geyer (9]. He designed a feed for an antenna for line-of-sight com­

munications. He was able to improve the radiation pattem of a circu­

lar hom radiator by placing one or more annular one-quarter wave 

chokes around the aperture. Then the radiation pattern in the H-plane, 
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tbe E-plane and the 45°-plane became equal in a relative frequency 

band of I : 1.2. There is still need fora theoretica! explanation of 

bis results. Besides, it is desirabie that more design information is 

available. The same problem has been also tackled by Thust [10]. He 

placed mushroom-shaped elements on the flange of a hom radiator, 

They pointed in the direction of the antenna axis. In this way a more 

or less sector shaped pattern was realised in the frequency band 5.925 

GHz to6.425GHz. In this case too, it will be difficult to give a the­

oretica! explanation of the phenomena observed. 

In the antenna research work discussed hitherto the main effort was 

devoted to the design of a sector shaped radiation pattem. This was 

of more importance than obtaining also a completely symmetrical radi­

ation pattern, 

In some applications, however, a radiation pattern which is as symme­

trical as possible is of the utmost importance. As an example we re­

cal! that the application of the dual shaping principle demands a sym­

metrical radiation pattern and a phase pattem which is symmetrical 

with respect to the antenna axis as well. The first effort to design a 

hom antenna with equal beamwidth in all planes through the antenna 

axis was undertaken by Potter [11]. He was able to imprave the radia­

tien pattern of a conical hom antenna by applying two modes. Some­

where in the feed the TM11 -mode is generated apart from the dominant 

TE11-mode. If the right phase and amplitude relations in the aperture 

are applied to these two modes, a radiation pattern is obtained with 

equal beamwidth in the E-plane, H-plane and 45°-plane. The theory of 

mode generation as given by Potter bas been extended by Nagelberg and 

Shefer [12] and by Reitzig [13]. From their work and the paper of Pot­

ter it is impossible to get a clear insight into the pandwidth which 

can beobtainedwith this dual-mode technique. In an effort to imprave 

the radiation pattern of the dual-mode conical horn antenna Ludwig 

[14] used four modes. His aim was to synthesise a symmetrical pattern 

with a prescribed dip in the forwarddirection. It can be proved that a 

feed with this radiation pattem gives rise to a very high aperture 

efficiency. Ludwig obtained some beautiful results; especially the 

splitting of the beam is very remarkable. Again, the question of band­

width was nat discussed by him. In addition it is obvious that the 

problem of mode generation and control is very difficult. Moreover, 

I l 



completely new methods of measurement should be developed. 

Therefore, it is not surprising that one has looked for new means for 

generating a prescribed aperture field. A promising approach to the 

problem has been given by Minett and Thomas [IS] • They studied 

the electromagnetic field in the focal region of a parabola on which 

a plane wave is incident along the axis of the parabola. From their 

considerations they concluded that a symmetrical radiation pattern can 

be obtained with a circular hom antenna in which a hybrid mode propa­

gates. In spite of their ,unsatisfactory theoretica! considerations, 

they found experimentally a symmetrical radietion pattern, at least 

for one frequency. In an accompanying paper, Rumsey [16] publisbed 

some calculations conceming symmetrical radiation fields. Also 

Simmans and Kay [17] studied the same problem. They found that it was 

possible to get a symmetrical radiation pattern by placing transverse 

fins in a conical horn with large flare angle. Surprisingly, they re­

ported that the radiation pattem of this antenna is also independent 

of the frequency in a relative frequency band of I_:. 1.6. If the fins 

are removed the symmetry diseppears but the radietion pattern remains 

virtually independent of the frequeney. A theoretica! understanding 

of this important phenomenon has not been found up till now. Besides, 

there is a need for more practical information, whieh can be used by the 

designer of this kind of antenna. 

The phenomenon __ that the faF-field radietion pattern of the horn anten­

na proposed by Simmans and Kay is independent of the frequency, is 

eompletely new. Classica! theory of the hom antenna prediets that the 

beamwidth is smaller aecording as the frequency is higher [18], [19]. 

There is only one example of a hom antenna with a radiation pattem 

which is more or less independent of frequency. This is the well-known 

horn-paraboloid antenna, which possesses braadband properties in the 

near field of the antenna [20]. This type of antenna has been used as 

a feed in the German groundstation antenna for satellite communiea­

tions [21]. A disadvantage of the feedis that it must be very large 

even if the focal distance is only one-quarter of the diameter of the 

pa~abolic reflector. The second disadvantage is the fact that some 

distartion of the field occurs, caused by the parabalie reflector. Re­

cently some improvements of the radietion pattern have been realised 

by Trentini et al. (22]. They used,Potter's dual-mode technique [11], 
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which implies that the improvements which are reached, probably are 

restricted to a small frequency band. 

1.3 Formulation of the problem 

From the first sectien it is obvious that a good feed must have a com-

bination of which of course depend on the application of the 

antenna. Much work on feeds has been done, as can be seen from section 

1.2. However, most of the work has an experimental character and con­

sequently there is little insight into the precise oparation of many 

antennas. Therefore, the designer of this kind of antennas does not 

have much useful information at his disposal. With special raferenee 

to the application in the field of satellite communications there is a 

need for a horn antenna which can handle linearly and circularly po­

larised waves. Because a conical horn antenna can handle these two 

modes of polarisation, it is very suitable for this application. In 

the very limited amount of literature on conical hom antennas [23], 

[24] there is no indication that the conical horn antenna possesses 

frequency-independent properties, with the exception of the artiele of 

Simmons and Kay [17]. One of the results of the present stuqy is that 

the conical horn antenna can be used as a broadband antenna, provided 

that the dimensions of the antenna are chosen in the right way. It is 

the purpose of the present study to collect theoretica! and experimen­

tal tools which can be used by the designer of braadband conical horn 

antennas. In chapter 2 the attention is not only devoted to the power 

pattem of these antennas but also to the phase pattern. The phase 

pattern is very important if the antenna is used as a feed in a re­

flector antenna. In chapter 3 a theory is developed which is concerned 

with a symmetrical radiation pattern. Bath the theoretica! and the 

experimental aspects of this problem are stuclied in some detail. 
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CHAPTER 2 

FREQUENCY-INDEPENDENT CONICAL HORN ANTENNA 

2.1 ~he radiation pattern of a hom antenna 

The calculation of the radiation pattern of a horn antenna starts with 

Maxwell's equations 

<l§C.c,tl 
curl + 0 • div ê<.c,tl 0 • at 

ag<.c,t> 
cur I ~<r:,tl - !<r,tl div QC.c,tl p ( 

) ' at 

where the current distribution !C[,tl and the charge distribution 

pC.c,tJ are connected by the equation div !C.c,tl+ <lp_i~·~) ~ 0. 

In vacuum equations (2.1) reduce to the following two: 

curl ECrl 

curl !j([l 

In the derivation of (2.2) use bas been made of the relations 

(2. I) 

(2.2) 

QC.c,tl = E0 t) and §C[,tl ~ ~0 !:JC[,tl. Furthermore a time depend-

enee exp(jwt) bas been assumed together with the following relations 

Re(~ C[l 

Re(!:!<r:l 
(2. 3) 

For the sake of completeness the following relations are also given: 

Re (!C!:l ejwt) 

Re(PC[l ejwt) 
(2. 3') 

The calculation of the radiation pattem of a horn antenna has been 

greatly facilitated by the use of a representation theorem. The thee­

rem can be formulated in the following way [25]. 
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Consider the electromagnetic field g<r>, ~<rl originating from the 

sóurce distributions !<r> and p([l ·enclosed by S1 (Fig. 2.1) Then the 

electromagnetic field in a point P in the region between the two 

closed surfaces S1 and is given by the expressions 

Fig. 2.1. Illustration for calculating the electromagnetic field in P; 
sourees are within S1. 

and 

~<r> curlp J{ n x ~([ 1 ) t 1)!(.[,[ 1 l dS + 

s 
+ jw!o curlp curlp /{ n x t:!<c'>} l)i([,['l dS 

s 

~<rl ~ curlp J{ ']. x ~([' l} 

s 
--.

1
- curlp curlpf{n x 

JW\.lo 
I ) f 1jJ ( [' [I ) dS 

with 
s 

- j k I r-r' I e - -
lr::-r: 1 I 
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The operator curl acts on the coordinates of the point P. The p 
electromagnetic field in P can be found if the tangential electric 

field and the tangential magnetic field on the closed surfaces S1 and 

are known. Let us choose for s2 a sphere with radius ~. which be­

comes infinite. The sourees !(rJ and p([l of the electromagnetic field 

are found within the finite surface s1• Then it can be proved [26]that 

the contribution of the integral over s2 to the electromagnetic field 

in P vanishes. Now the integration in (2.4) and (2.5) can be restricted 

to the surface s
1

• The radiation pattern of ahorn antenna can now be 

calculated in the following way. (Fig. 2.2) 

G----- ---------1 
I 
1 generator 
I 
I 
I 
I 
I 

I I 
-=----- ---------:.1 

Fig. 2.2. Horn antenna and generator. 

As a closed surface S1, we choose S1 =Sc+ SA' 

consists of the outside surface of the antenna (the signal souree 

included). 

sA. is the aperture of the hom antenna. 

In order to make possible the calculation of the radiation pattem of 

an antenna it is necessary to formulate some assumptions concerning 

the tangential electric and the tangential 

The assumptions are: 

field on sl. 

(i) the outside of the antenna is perfectly conducting; consequently 

I} x ( r') 0 on 

(ii) the currents on the outside of the antenna and the signal souree 

are negligible; consequently I} x :-H r') 

(iii)the aperture field is the same as would exist in that place if 

the horn antenna was not truncated; this implies that the higher 

modes~ which are excited at the aperture, are negligible. 
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These assumptions give rise to the following comment: 

(i) this assumption offers no problems in practice, because for the 

construction of the hom antennas copper and aluminium have been 

used; 

(ii) the currents on the outside of the hom antenna act as sourees for the 

radiation field; this assumption implies, however, that the contrihu­

tien of these currents to the radiation in the forward direction can 

be neglected. 

(iii)this assumption seems to be reasonable, provided the diameter of 

the aperture is large compared with the wavelength. If the aper­

ture field is zero at the rim of the aperture, then the effect of 

the truncation will be ne~ligible. This situation occurs for the 

antennas, which are discussed in chapter 3 of this study. Neg­

lecting the higher modes at the aperture is qot allowed in gener­

al, _especially if the diameter of the aperture is of the order of 

a wavelength. However,in this study we are dealing with hom an­

tennas having a large diameter compared with the wavelength. 

In general it is impossible to predict the effect of any of the above 

assumptions on the radiation pattem. Justifying these assumptions can 

only be done by cernparing the experimental results with computations 

based on the above assumptions. Summarising we can say that the aqua­

tions (2.4) and (2.5) have been reduced to (Fig. 2.3): 

p 

0 

Fig. 2,3. Horn antenna with observation point P. 
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~(~) = curlp J {b x ~(~ 1 )} ~([,~ 1 ) dS + 

+ -.
1
- curlp

5

~urlp/ {!:! x ~<.c')} ~<r:.r:') dS , 
JW€:0 

SA 

~(,C) curlp J {!:!x ~(,C'l} 1
) dS + 

--.-
1

- curlp
5

~urlp J {!:!x ÇC,e'l} ~<r:.r:.'J dS 
JW]..Io 

SA 

The next step is to carry out the vector operations curlp and 

(2. 6) 

(2. 7) 

curlp curlp • Because the operators act only on the coordinates of the 

observation point P and not on the souree point Q, it is allowed to 

interchange the integration and the vector operations. Then we find 

-jkr0 [ ( 1) J) 
ro ~0 x {n x s<r:'l} dS + 

+ (k~ )2) 
0 

- j kr o {. ( 1) r. ( 1) J) l 
r 0 ~0 x Lro x { !JX~ ( r I ) } ~ dS+ 

(2.8) 

( - jk (1 + -
1
-) jkr0 

~<r 1 > }J) ds + 

3 e-jkro(,cll [ (1){ 
+ Ckr

0
)2) 4rr r 0 ~o x [oX [ 

1
) }]) ; dS+ 

(2.9) 
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with the following definitions: 

r: - r' !:o 

(1) 
.Co (2.10) 

The region surrounding the antenna at a distance of a few wavelengtbs 

is named the reactive near-field region. This region is of no imper­

tanee and is excluded in the following considerations. On the assump­

tion that kr0 >> 1, the formulae (2.8) and (2.9) are reduced to the fol­

lowing more simple form: 

with 

.:.Jls.J.)t-< 1 )~ lnxE(r'l} 
41T 1-o i- - -

SA 

-zo(r:~ 1) x[rá 1l x { !lx!:!<r:' > }])} e-~:r 0 dS, 

(2. 11) 

7df J ( Z0 [r~ llx{!lx!:!<r:' >1] + 

SA 
(2.12) 

The formulae (2.11) and (2,12) are the mathematica! formulation of 

Huygens' principle, which says that every surface-element of the aper­

ture acts as a souree of a spherical wave. So the electromagnetic 

field in a point P is composed of the contributions of spherical waves 

departing from the various points of the aperture. 

Next we restriet ourselves to the situation where SA is a flat circu­

lar surface and in addition we suppose that the origin of the coordi­

nate system coincides with the centre of the circle (Fig.2.4) 

The expressions (2.11) and (2.12) are very complicated. However, de­

pending on the distance of P to the aperture, appropriate approxi­

mations are possible. In order to carry out these approximations it is 
(1) • 

necessary to express .Co , Ln the spherical unit veetors êr• êe• ê~· 
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Fig. 2.4. 

Then we find [27] 

(1) 

Io ~0 

x 

Circular aperture and coordinate system. 

r' J sine cos(<f> -q,' l 
ro ~e[~~ cose cos(q,- q,'~ 

Now \ve write for r 
0 

Cr' )2 [ r 0 = r - r 1 sin 6 cOs (<jl - .p') + Zr 1 

[
(r')3l + 0 -~.­
r·~ -

2 2 
in 8 COS(<f> 

(2. 13) 

(2. 14) 

This expression has been obtained by applying a binominal expansion of 

(2. 10) [27] and is more precise than the one derived with Newton's 

iteration formula for finding a square root of a given number [28]. 

If we assume that the diameter D of the aperture is at least a few 

wavelengths, then a large part of the energy will be concentrated in a 

rather small angle around the antenna-axis (z-axis) and the estimatio:n 

<~>' l I « 1 is valid. 

The following considerations now give rise to the far field region ap­

proximation. If the distance r 0 of point P to a point Q of the aper-
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ture is,large, two approximations inthefactor exp(-jkr0 l/r0 can be 

ca~ried out. The first is that in the denominater r 0 is replaced by r. 

The secoud approximation is that the numerator is replaced by 

exp [+ jk (-r + r' sine cos(~-~· ll]. 

In the far field region approximation it is also allowed to approxi­

mate r~ll by êr , as can be verified from (2.13). After these approxi­

mations we find for the expressions (2.11) and (2.12) 

and 

e-~kr ~r x/ (tn x ~<r:'>} + 

SA 

-z
0 

[ ~r x{!:! x ~<r:'>}]) 6 jkr
1 

sin e cos(~ - .p') dS 

~ e-jkr 
4rr --r- ~r x ~<r:'>} + 

(2.15) 

(2.16) 

These are the formulae which describe the electromagnetic field at a , 

largedistance of an aperture. An interesting feature is that the inte­

gral does not depend on the distance r, but only on the angles e and .p 

(Fig. 2.4). So we can write for (2.15) and (2.16) 

~<r:l ~ 
e-jkr 

f<e,~l (2. 17) ---41! r • 

Z0~<r:l ~ 
6
-jkr 

x f<e,~>. (2. 18) a 41T r -r 

f<e,.pl represents the angular distribution of the radiation and is in 

general a complex vector. 

From (2.17) and (2.18) the conclusion is drawn that 

~r x (2. 19) 

Formula (2.19) implies that the time-average intensity of energy flow 
--t 1 

is given by ~<r::, t) .. t Re [s<r:l x ~<r:l*] - I s<r:> 12 

So far we have not discussed the validity of the far field region ap­

proximation. In other words, we have not examined for what minimum 
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distarlCe r r:1in the far field region approximation is applicable. The 

distance r 
r:1in 

is found by the condition that the error in the fase-

exponent is less than À/16. The maximum error is given by 

(0/2) 2 I 2 rmin ; thus we find 

(2.20) 

which is a generally accepted limit for the far field region of an 

aperture antenna. 

Sametimes one is interested in the radiation pattern of an aperture 

antenna in a region between the reactive near field region and the far 

field region. It is named the radiating near field region [29]. The 

hornparaboloid possesses its broadband properties [20], [21] in this 

region. If one wishes to calculate the electromagnetic field in the ra­

diating near-field region a careful treatment of (2.11) and (2.12) is 

needed. Especially the question, what approximations are allowed is 

very difficult to answer [30]. Kikkert [31] applied the following ap­

proximations: 

(i) 
(1) ro is replaced by 

(ii) r0 in the denominator is replaced by r 

[ 
. ( r' l2] (iii) exp(-jkr0 ) is approximated by exp -jk r-r' srne cos(~-~')+2"rj 

Then the expressions (2. 11) and (2. 12) can be replaced by 

E(rl ~ e-~kr ~r x f (b x ~(c'l} 
SA 

z~r x {~ ; !::!<r' l }])ejkr' SÏil e cos(~-~') -jk 

) } + 

sin e cos(~ ~·) - jk 

' 2 
dS , (2.21) 

dS • (2. 22) 
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In order to derive similar expressionsas given in(2.17) and (2.18) it 

is necessary to replace [Ul,,p) by .E<e,.p,-rl. So the angular distribu­

tion of the radiation depends on the distance r. But, the relation 

Z H(r) ~ a x E(r) 
o- - -r - -

(2.23) 

is still valid. 

Kikkert [31] used the formulae (2.21) and (2.22) to calculate the elec­

tromagnetic field of the hornparaboloid in the radiating near-field 

region. The diameter of the aperture of the hornparaboloid was 10À. He 

compared his calculations with the measurements of the amplitude and 

the phase of the electromagnetic field in this region. Ris conclusion 

is that the agreement between the measurements and the calculations is 

rather good, provided the distance of the point of observation to the 

aperture is larger than-twice the diameter of the aperture. The reason 

why the formulae (2.21) and (2.22) are written down here is because 

they will greatly facilitate the discussion on broadband conical horn 

antennas in the following section. A rather extensive discussion of 

the limits of the radiating near-field region can be found in the book 

of Hansen [27], 

The formulae (2.21) and (2.22) are not very convenient for later con­

siderations. Therefore, the vector products are carried out (see ap -

pendix A). 

The following results are obtained: 

and 

.p') + 
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with 

2a 

pa 

diameter of aperture, 

r' • 
u=kas'ne 

In these expressions the aperture fields are primed and written in 

circular coordinates. The unprimed radiation fields are given in spher­

ical coordinates (Fig. 2.4). These formulae are exactly the same as 

for the fields in the far field region except fora factor exp[-jvp 2 ], 

which in this region is negligible. 

2.2 

From the expressions (2.11) and (2.12) one can see that the electro­

magnetic field in a point P in the radiating near-field region of an 

aperture consists of the contributions of spherical waveiets origi­

nating from various points in the aperture. Every wavelet arrives at 

a point with a phase which is a function of the electric distance 

between the field point P and the aperture point 0 under consideration. 

So this phase is a function of the frequency. Now suppose that point P 

O,Ol o, l 1.0 

Fig. 2.5 On-axis time-average 
to aperture. Normalised 

of energy flow against distance 
at r ~ 2D2i\. 
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is on the axis of the aperture. Suppose further that the aperture is 

an equiphase plane. Then it is easily seen that the factor exp[-jvp 2] 

in the formulae (2.24} and (2.25) takes into account the fact that the 

waveiets arrive at P with a phase which is different for the various 

wavelets. Hansen [32] calculated the time-average intensity of energy 

flow §<r,t>tat Pat a distance r from the aperture, in the case of a 

constant-phase circular aperture and with a tapered illumination 

(1 - ), From his results (Fig. 2.5) it can beseen that in the radi­

ating near field region the time-average intensity of energy flow as a 

function of the distance to the aperture bas maxima and minima. 

The maximum at di stance r = 0. 2 02 /À (0 is the diameter of the aper­

ture) bas an interesting property. In fact, in the neighbourhood of 

this point the derivative with respect to the wavelength is small in 

a relatively large reg~on. This means that we may expect that in the 

neighbourhood of this point a circular aperture with tapered illumina­

tion (1 - p2) and constant-phase distribution has a radiation field 

which, in a certain frequency band, is almest independent of the fre­

quency. 

This frequency-independent property of the radiation field is restric­

ted to the near field region. However it is possible to remove the re­

gion, where this frequency-independent proparty occurs to ether re­

gions up to infinity. To prove this assertien we consider two circular 

aperture antennas, one with a constant-phase field distribution and 

amplitude distribution s'<p,~ 1 l, ~ 1 (p,~ 1 ), and theether with the same 

amplitude distribution but with quadratic phase distribution. Thus the 

fields in the aperture in the secend case are given by 

s'<p.~'l[exp -jkdp 2] and ~ 1 (p,~ 1 )[exp -jkdp 2], where the quantity kd 

is the phase difference between rim and centre of the aperture. Then 

in each of the two cases the electromagnetic field in the radiating 

near-field region is given by the formulae (2.24) and (2.25}, provided 

in the secend case v is replaced by 

v' = k(d + (2.26) 

This means that the electromagnetic field at a distance r 1 from an 

aperture antenna with constant-phase distribution is the.same as the 
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electromagnetic field of an aperture antenna with quadratic phase dis­

tribution, but now at a distance r2 from the antenna and on condition 

that 

(2. 27) 

The only restrietion is that r1 and r 2 are in the radiating near field 

region or in the far field r~gion. Now it is clear that'with the 

choice of the appropriate phase distribution it is possible to remave 

the region in which an aperture antenna exhibits frequency-independent 

properties, to any distance from the aperture, including infinity. 

In the case calculated 

appear at a distance r 

by Hansen the frequency-independent properties 
5 = 0.2 02/À. Thus V = 4n. Suppose that we wish 

to realise the same radiation pattern as in the case stuclied by Hansen, 

but now at infinity. Then it is necessary to choose d in such a way 

that kd = ~TI. This means that d = ~À. In the remairring part of this 

study we shall consider only the far field region, except when in­

dicated otherwise. 

Up till now we have suggested that a circular aperture with a quadra­

tic phase field distribution, having the property that the phase dif­

ference between rim and centre of the aperture is about half a wave­

length, has a radiation pattern which is only slightly dependent on 

the frequency, at least in the forward direction. This phenomenon of­

fers the possibility to design a frequency-independent antenna, espe­

cially in the microwave region. 

In fact, the theory of this section can now be applied to a conical 

horn antenna. In a conical horn antenna a spherical wave can propagate 

and then produces a quadratic phase field distribution across the aper­

ture provided the flare angle of the cone is small. Furthermore the 

length of the horn should be chosen so large that the phase difference 

between rim and centre of the aperture is approximately half a wave-· 

length. Next we shall prove this assertion. For that purpose let us 

write down the expressions for the electromagnetic field in a conical 

waveguide. (Fig. 2.6) 
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r' "' pa 

a 

Fig. 2.6. Conical horn antenna. 

In practice the electromagnetic field in a conical horn antenna is 

mostly excited by coupling the cone to a circular waveg~ide in which 

the TE11-mode propagates. 

Therefore we shall assume that in the conical waveguide the TE1v-mode 

too, propagates. The expressions for the electromagnetic field of this 

wode have the following form: 

0 

Ee - 1 (kR) sin e 
P1 (cos 8) cos (jl 

R \) 

1 h d [P1 (cos e ll sin (jl 
R V 

( kR) ëië 
\) (2.28) 

HR 
\)(v+ 1) h (kRl P1 (cos 8)sin ~ -w- \) \) 

He 
1 h! (kRl ~e [P~(cosel] sin (jl 
R \) 

H(jl 1 h! (kRl -~- P1 <cos el cos 4> R \) s1ne v 
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The derivation of (2.28) can be found in [24} ar [33]. 01 (cos el is the 
\) 

associated Legendre function of the first kind and of the order v. The 

prime in h' {kRl means differentiating with respect to R. Furthermore 
V . r-) 

h (kRl ~ (rr kR/2)i H(2f(kRl, where H'", represents a Hankel function 
v v+z v+2 

of the second kind and of the order v+!. The choice of the Hankel func-

tion of the second kind tagether with the assumed time-dependenee 

exp [+ jwt] gives rise toa outwards propagating wave. The value of v 

is determined by the condition that the tangential electrical field 

varrishes at the boundary e a 0 • 

Thus 

~e [P~ (cos el 0 (2. 29) 

Fradin [34] has given the value of v for several flare augles e10 • His 

results are collected in Fig. 2.7. 

10 

V 

t 
5 

0 Fig. 2.7. Mode number v against 
flare angle a0 • 

We are now able to derive the condition under which the phase field 

distribution is a quadratic function of the radius. 

Moreover, we shall study the condition under which the phase differ­

ence between rim and centre of the aperture is approximately half a 

wavelength. 

From Fig. 2.6 it can be seen that 

x R 1 - cos e 
cos e pa tan te . (2. 30) 
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Furthermore, 

d 

x 

and 

P ~ tan ke = pd tan te 
" • tan la z 0 

(2. 31) 

(2.32) 

Suppose that a0 ~ 15°, then tan a0 : a0 with an error of 2.5%, and the 

following approximation holds 

x~ Pd (2.33) 

So the phase field distribution is indeed a quadratic function of the 

radius, provided a0 is small enough, for instance, a0 ~ 15°,From 

Fig. 2.7 we see that in this case v >> 1. 

In order to be sure that the phase difference between centre, and rim 

of the aperture is approximately half a wavelength, a second require­

ment concerning the geometry of the cone is necessary. From Fig. 2.6 

we see that 

d = R (-
1
-­cos ilo 

(12 

If we approximate cos a0 by 1 - 2° , then we see that 

d R 

(2.34) 

(2.35) 

We know that d should be chosen in such a way that d ~ tÀ. For the case 

that a0 = TI/12 rad, we find that R;À ~ 14,4 and kR ~ 90. So the follow­

ing inequality holds 

kR >> v >> 1 , 

Within this approximation we can write [33] 

TI (v+l l e- jkR , 
hv (kRl ~ z = (2.36) 

d h (kR) 
V 

~ jk h (kR) 
d R V 
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Using (2.28) and (2.36) we can prove quite easily that 

(2. 37) 

So the wave impedance is approximated by the impedance of free space. 

Having specified the dirneusion of the horn antenna we shall compute 

the radiation pattern of the antenna. For this computation we use the 

formulae (2.24) and (2.25). In order to apply ·these as conveniently as 

possible we look for useful approximations of the aperture fields. The 
. dP~ (cos 8) 8 - dependenee of E~ and E8 is described by the funct~ons d8 

I and ~ P~ (cos 8) respectively. These functions are difficult to 

deal with. However, because of the small flare angle it is possible to 

approximate E~ and E
8 

in terms of Bessel functions, which are well 

known. With a view to finding the approximations for E~ and E
8 

we note 

that the following relation [35] , [36] provides a basis for these ap­

proximations: 

P-IJ (cos 8) 
V 

(2.38) 

(V _,. oo sin ±8->- 0 and a finite and f 0) 

a = (2v + 1) sin ±8 

Because we are interested in a formula for piJ (cos 8) we use the rela­
v 

tion [35] , [36] 

2QIJ (cos 8) sin TIIJ 
V { 

IJ r(v+]J+1) -IJ } TI Pv (cos 8) cos "TI - P (cos 8) 
~ f(v-].1+1) v 

(2.39) 

with QIJ (cos 8) the associated Legendre function of the secoud kind 
V 

and order v. f(x) is the Gamma function. Using the relation f(1 + x) 

x f(x) and substituting IJ = 1 we find 

P 1 <cos 8 l 
V 

-v(v+ 1) Jl[(2v+1)sin±8] :;;;;-v(v+ 1) Ji[(2v+1)sin±8J 
(v+±lcos±8 v+± 

(2. 40) 
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Now we compute 

dP~~~os6) .~ -v{v+ 1) Jl[<2v+1)sint6] 
v+~ 

f 
- v(v + 1) J 1 [(2v + 1) sin tS] • 

After applying the boundary condition E~ 

·' J 11 ' 

! I 

(2v+1l cos ;!e ~ 
x 2 

(2.41) 

0 we obtain 

(2.42) 

jll being the first zero of Jl(x). In the region a0 ~ 15 the values 

of v computed from (2.42) are virtually identical with the values of 

Fig. 2.7. Next we wish to introduce the radius p in the formula for 

E~ and E6 and we note that 

sin ie (2v + 1) sin !6 = (2v + 1) sin fa0 , sin 2cr
0 

Furthermore, we see .::hat (Fig. 2.6) sin !S ~ t sine= Pa/zR and 

sin ~a/2R. 

' So (2v + 1) sin ,.\e ~ j 11pand we find 

(2 .43) 

A' similar computation yields 

.". -ikR J1Ui1Pl 
ej~(v·t·l l ~ v(v+l) cos ~. 

f\ h1P 
(2.44) 

The computation of the radiation pattern of a conical horn antenna is 

possible by using the formulae (2.24) and (2.25). In these formulae 

the aperture fields are written in cylindrical components, while in 

(2.37), (2.43) and (2.44) spherical components are used to describe 

the electromagnetic field in the hom. So befare the substitution of 

the aperture fields in the formulae (2.24) and (2.25), the following 

32 



transformations are necessary: 

{2.45) 

(2.46) 

(2. 47) 

(2.48) 

The relations (2.45) and (2.46) are valid because the flar~ angle of 

the cone is small. Expressions (2.47) and (2.48) mean a change in no­

tation. In the derivation of (2.45) to (2.48) incl. we have neglected 

the space loss caused by the distance x (Fig. 2.6). Fora horn with 

R 14,4 fi. and d ~ i À this results in au error of a bout 3%. 

After all these preparations we find for the electromagnetic field in 

the aperture SA: 

E' "' -Zal-i~ (2.49) r -q, 
with 

'kd 2 
g(p)e-j f(p)e-J P cos$' and E' sin <P' (2.50) q, 

where 
Jl(j{lp) 

f (p) A 

and (2. 51) 
1 ·' g(p) A Jl(Jllp). 

A is a constant. In the following considerations we take A I. 

In order to study the frequency-independent properties of the conical 

horn antenna in more detail we substitute the formulae (2.49) and 

(2.50) in the expressions (2.24) and (2.25). Using the relation [37]: 

8
jupcos(q,-q,') 

we find 

E = 
6 

2 1: (2.52) 
n=t 

(2. 53) 
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with 

and 

with 

and 

(u,v) 

E$ 

IH(u,vl 

l J [{t(p) - g(p) }J 0 (upl-{t<pl+g(pl }J 2 (up)}-jvp
2

pdp 

0 

_ jka2 e-jkr + cos e 
Zr 2 sin $ IH(u,v) 

(2.54) 

j [l Ho) - g( 0 ) fJo <"' > •{ f( 0 l •g I 0 l fJ' <"' >] e- j"o' odo 

0 

U = ka sin 9, V kd , 

For further considerations it is convenient to have the following re­

lations at our disposal: 

Use has been made of (2.19), The power radiated per unitsolid angle 

is P(9,$) = r2!s<e,$ll and is of course independent of the distance r; 

it is given by the expression 
2 

_ , -1(ka2) 4e P(9,$l - 2Z0 -z- cos 2 
(2. 55) 

By inspeetion it can beseen that IE(O,vl = IH(û,v), Suppose that 

P(fl,~l has a maximum value for 8=0. Then this value is given by 

P<O,Ol = tz~ 1 (k~2 y- lrE<O,v>l 2 (2.56) 

The power radiation pattern F(S,$) is defined by means' of the follow­

ing expression 

-~ F(fl,qil - P(O,Ol (2. 57) 

From (2.55), (2.56) and (2.57) it follows immediately that 

Next we define the power radiation pattem in the E-plane and in the 

H-plane ($ = O.and $ = ~ respectively). 

The power radiation pattern in the E-plane becomes 
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(2.59) 

For the power radiation pattern in the H-plane we find 

0) fH, (u,v) cos 4 ~ 
2 

The functions tE(u,v) and 

and (2.60) respectively. 

(2.60) 

u,v) are defined by the relations (2.59) 

Let us now return to the conical horn antenna and its frequency-inde-

pendent properties. That the antenna iudeed possesses these properties 

appears most clearly by studying the power radiation pattern in the 

H-plane and the power radiation pattern FE in the E-plane. The func­

tions FH and FE depend on 8 and on the quantities u and v. These quau­

tities contain the dimensions d and a. If d and a are given, then the 

flareangle ~0 can be found by means of equation (2.31). To be sure 

that the results of the following calculations are applicable as gene­

rally as possible, it is preferable to study the functions fH(u,vJ and 

fE(u,vl. This is a resonable procedure because we are dealing with an­

tennas which have a rather large aperture. This means that a large part 

of the energy is concentrated around the axis of the antenna. Thus the 

factor represents only a minor correction. 

Substitution of the expressions (2.51) in the formulae for fE(u,v) and 

fHCu,vJ gives 

2 

(2. 61) 

!1 ' . 2 
Jo(j lp)e-JVP pdp 

0 

and 
2 

~----,....-------------1. (2.62) 

!\ 1 _. 2 
Jo(jllp)e JVP pdp 

0 
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Inthederivationof:2.61) and (2.62) the following recurrence relations 

of the Bessel function have been used 

' m J m ( z) =- z J m ( z) + J m-1 ( z l 

(2.63) 

For purposes of comparison we prefer to calculate the functions 

Fig. 2.8. 
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(2.64) 

16 

sin e 

J/4 l/2 3/4 

--- d/À 

Beamwidth of perfectly conducting conical hom antenna with 
small flare angle; H-plane. 



These functions have been computed with the ELX8 digital computer.With 

a view to getting a convenient representation of the numerical results, 

the following procedure has been adopted. In a rectangular coordinate 

system lines of constant beamwidth have been plotted. As an example, 

the 10-dB line in the H-plane has been found in the following manner. 

Take '(u,v) ~ 10, prescribe the number v and find the number u, which 

' satisfies the equation fH(u,v) 10. 

Then we plot the quantity ~ along the abscissa. Along the ordina-
1T a sin e te we plot the quantity a 

V d 
The results are collected 

in Fig. 2.8 and Fig. 2.9 for the H-plane and the E-plane respectively. 

From Fig. 2.8 it can be seen that the beamwidth is indeed highly inde­

pendent of frequency on condition that 3/8 d;À < 3/4. The condition 

3/8 < dj~ < 3/4 implies a relative bandwidth of I : 2. Especially the 

10-dB beamwidth is nearly constant in the frequency region where 

3/8 < < 3/4. The 5-dB beamwidth and the 20-dB beamwidth are some-

what more dependent on the frequency. If the dimensions of a conical 

horn antenna are given, then the value of d is fixed. Suppose that 

tb is antenna is used in a frequency band so that < 1 I 4. Th en the 

aperture is approximately an equiphase plane and the classica! theory 

of horn antennas can be applied. This theory prediets that the beam­

width is larger a~cording as the frequency is lower. This fact can 

also he observed in Fig. 2.8. 

Let us now choose À in such a way that d;À varies from i to 1. This 

gives also rise to a relative bandwidth 1 : 2. Hm.;ever, the picture is 

now different. For the value of d /,\, given by 1 /2 < < 3/4 thè beam­

width is still constant as a function of frequency. For the values of 

dj\ between 3/4 and 1 the beamwidth increases as d;À increases.Besides 

the phenomenon of the splitting of the beam is observed for 1. 

This means that the function (u,v) does not have its maximum value 

for e = 0, but for two other'values of 8 on either side of the direc-

tion e 0. So there are two values of 8 for which the function fH(CJ,V) 

has a value which is, for instance, 1 dB higher than the value of 

(u,v) for e 0. Fig. 2.8a shows the main lobe of a radiation pattern 

with beamspli tting. 
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Fig. 2.8a. Illustration of beamsplitting. 
20 40 60 

-e 

A glance at Fig.1.9 shows· immediately that the beamwidth in the E-plane 

is more dependent on frequency. Furthermore, we see that the beamwidth 

in the H-plane and in the E-plane is different for the same frequency. 

This means that the power radiation pattern is asymmetrie with respect 

to the angle ~. We also abserve that sametimes the beamwidth is oot 

uniquely defined, since the radiation pattem does oot decrease mono­

tonously with increasing e. This phenomenon is illustrated in Fig.2.9a. 

Moreover we observed that the splitting of the beam takes place at a 

lower frequency. In spite of these imperfections we can say that a co­

nical horn antenna with a quadratic phase distribution exhibita indeed 

frequency-independent properties. 

20 40 

38 

60 

Fig. 2.9a. Illustration of a power 
radiation pattern in which the 
power decreasas non-monotonously. 



Fig. 2.9. 

--r-----------r-----------~----~---4----16 

Tra 1 d sine 
,_-----------+-----------+------~--~~--14 

1/4 l/2 3/4 

---d/À 

Beamwidth of perfectly conducting conical horn antenna with 
small flare angle; E-plane. 

The sidelobes in the E-plane are caused by the fact that is rather 

large at the rim r' ~ a. To prove this assertion we have computed the 

power radiation pattern of an aperture with a field distribution given 
' ' by (2.49) and (2.50) and with g(p) -f(p) ~ -Jl(jllP). Now we are 

I 
sure that Er is zero at the rim r' a. The results of this computation 

show that indeed the sidelobes have disappeared. We also have computed 

the power radiation pattern of an aperture with a field distribution 
I 

given by (2.49) and (2.50) and (p) ~ -f(p) ~ -Jt<jttPl. We know that 
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' J1(0) = 0 and J1(j11) = 0.58. So we should expeet that high sidelobes 

exist in the power radiation pattern. A computation confirmed this ex­

pectation. 

In the final part of this section we shall study the gain of such a 

hom antenna. The definition of the gain function G(e ~) is given by 

the relation 

G(e,$l = P<e,~l • 
1 tft 

(2. 65} 

where Pt represents the power radiated by the antenna. Pt can be found 

by effecting an integration of Poynting's vector over the aperture SA 

of the antenna. Using the relations (2.49) and (2.50) we find 
a 21r 

Pt = J J tRe(gx~*]r1 dr 1 d<j:> 1 Jz~'f lll ''•IE;I'Jc'"'''' 
0 0 0 0 

1 

tz~ 1 rr a2f {lf<r>ll 2 + Jg<pJJZ} pdp • (2.66) 

0 

Suppose that P(6,$l has a maximum value for 60 , $0 • Then the gain G 

of the antenna is defined by G = G(e 0 ,$0 ). Next we restriet ourselves 

to the 

G 

case that· 80 = 0. Then we find for the gain 
1 

ka [tf(p)- g(pl} e-jvp2 pdp 12 

fli f(p) l 2 +b(p) 12 }pdp 

0 

(2.67) 

In the derivation of (2.67) use has been made of (2.56). The integral 

in the denominator of (2.67) is calculated in the following way. Sub­

stituting the expression (2.51) in this integral and replacing jr 1p 

by x and A by 1 gives 

~IJ;~' Jt{J';xl }'.{J:{x)}'Jxdx. 
0 

This integral can be transformed to the next two after using (2.63) 

~IJ;,)'/~(x) xdx- 2 ('IJ:,)' j\ (x) Ji (x) dx. 

0 0 
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integral we find [38] For the first ., t J~''' d, 

! 

~ 
2 

0 

! 

iJ.ul..2 
2 

For the gain G we then find 

G e pdp - jvp2 12 

This formula can be written in the somewhat more simple form 

G = C(ka)2 A(v) with C 8.38 and 

Al'' i/ J 0 tj;,,, ,-J"' odo I'. 
0 

(2.68) 

(2. 69) 

The gain of an antenna is mostly expressed in decibels. Therefore we 

study the quantity g = 10 10 1og G and we find that 

9 10 2rra 
20 log --À-- - L(v) (2. 70) 

where 

Llvl - 10 10 1og ACvl - 9.23 • 

The function L(v) has been plotted in Fig. 2.10. 

The gain of a conical hom antenna can now be found from formula 

(2.70) and Fig. 2. 10, provided the conditions, under which the formu­

lae (2.50) and (2.51) are derived, are fulfilled. These conditions are: 

a0 $ 15° and kR >> 1. From equation (2.70) and Fig. 2.10 we conclude 

that a maximum gain for prescribed diameter 2a and fixed frequency is 
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-10~--J_---L--~L---~ 

20/32 10/32 

-d/À 

Fig. 2.10. The function L(v) 
against d/À. 

obtained if d = 0; this implies that the aperture is an equiphase 

plane. So the slant length 1 = R+d (Fig. 2.6) should be infinite long. 

This raises the question of how to obtain a maximum gain for pres­

cribed parameters, for instance, the slant length 1. Let us now consi­

der a conical horn antenna with fixed slant length I. The dimensions 

of the antenna are completely determined if we also choose tne dia -

meter 2a. Formula (2.70) suggests that fora fixed frequency a large 

gain can be realised if we choose 2a large. However, this gives also 

rise toa large value of d/À and thus toa large value of L(v). So 

there seems to be an optimum value of the gain for prescribed slant 

}~ngth I and fixed frequency. Let us try to find the condition for 

which this optimum gain is obtained for fixed slant len_gth and fre­

quency. 

From Fig. 2.6 it can be derived that 

(2.71) 

Th en 

9 (2. 72) 

So the gain has a maximum value if10 10 1og v A(v)has a maximum value. 

The function 1010 1og v (Alv has been plotted in Fig. 2.11. 

The maximum value of the gain occurs if d/À = 25/64. And in that case 

we find for the gain 

9 20 10 log Z1ra - 2 86 
À , [dB] • (2.73) 
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1010 1og vA(vJ(dB) 

t 

Fig. 2.11. Maximum gain for fixed slant length 

and fixed frequency. 

4/8 1 
--+d/1, 

It should be noted that the results given in the formulae (2.70) and 

(2.73) can also be found in [39]. However, no derivation of the re­

sults is given there and a reference is lacking also. To the best of 

the autor's knowledge Gray and Schelkunoff were the first to calculate 

the gain of a conical horn antenna. They did not publish the results 

of their calculations, but these can be found in a paper by King [40]. 

In this paper it is pointed out that optimum gain for fixed axial 

length R can be obtained if d;À ; 0,3. It is very easy to prove that 

the expression (2.71) is also valid if we replace I by the axial 

length R, provided d << R, which implies that the hom antenna should 

be long. So with our theory it may be expected that maximum gain for 

fixed axial length occurs when we choose djÀ 25/64. It should be 

noted that the exact value of for which the function 10 10 1og vA(v) 

has a maximum can not be found accurately. From Fig. 2.11 we observed 

that the choice d;À ; 0.3 rise to a difference in gain of 0.2 dB 

compared with the choice 25/64. Recently Hamid [41] reported a 

good agreement between the calculations of Gray and Schelkunoff and 

his own calculations of the gain of a conical horn antenna. He report­

ed a difference of ~ 0.09 dB between the gain calculated by him and 

the results of King. The calculations of Hamid are based on the geom­

etrical theory of diffraction of J.B. Keller. 

It is also possible to choose a fixed value of the angle a0 and a fixed 

frequency and to adjust the length of the horn antenna in such a way 

that a maximum gain is obtained. If a0 is constant, then a;d is con-
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stant, as can be derived from (2.31). The expression (2.69) can be 

, written in a somewhat other form 

G : (a y C v2 A ( v) , (2.74) 

JQlOiog v2A(v) (dB) 

t 
-5 

-JO Fig. 2.12. Maximum gain for fixed 

flare angle and fixed frequency. 
4/8 

The quantity JolOiog v2A(vl has been plotted in Fig. 2.12. Now we see 

that the gain has a maximum if d = 0.53 À and this value of d deter­

mines the value of Za. 

Suppose that the dimensions of the horn antenna are specified, then 

equation (2.74) can be used for finding the frequency for which the 

gain has a maximum. Again we find that d = 0.53 À, where d is a fixed 

quantity. In conclusion we may say that frequency independenee of the 

gain occurs in the same frequency region where the beamwidth is fre­

quency-independent. Obviously, the requirement for minimum frequency­

dependence of the beamwidth is the s.ame as for maximum gain, as was 

also to be expected from Fig. 2.5. 
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2.3 Experimental investigation of the power radiation pattern of a 

frequency-independent conical horn antenna with a small flare 

The main conclusion of the preceding section is that a conical horn an­

tenna possesses a power radiation pattern which under certain conditi­

ons is independent of frequency, especially in the H-plane. Besides,it 

is obvious that Fig. 2.8 and Fig. 2.9 together can be used as a design 

chart. However, in the derivation of the results plotted in the two 

diagrams mentioned above some approximations have been made. These ap­

proximations restriet the usefulness of Fig. 2.8 and Fig. 2.9 somewhat. 

In this section we shall first investigate the limits of the useful­

ness of these two diagrams. In the latter part of this section we shall 

describe experiments that confirm the theoretica! predictions. 

Suppose that we wish to design a conical horn antenna with a power ra­

diation pattern independent of the frequency in a relative frequency 

band of 1 : 2. From Fig. 2.9 we see that we have to choose d/À < 3/4 

in order to prevent the main lobe of the pattern from splitting. On 

the other hand we must choose d/À > 3/8 in order to be sure that the 

desired frequency band is obtained. Fig. 2.8 shows that the choice 

3/8 < d/À < 3/4 iudeed gives rise to a power radiation pattern, which 

is independent of the frequency, although some broadening of the beam 

occurs at the lower end of the desired frequency band. Fig. 2.9 shows 

us that the pat tern in the E-plane will vary somewhat more with frequen-

cy. 

In the preceding section we have assumed that a
0 

:=::; 15°. Th is imposes a 

restrietion with respect to the power radiation pattern which can be 

realised with antennas of the type that we are discussing. Let us in­

vestigate this question in more detail. From this preceding section we 

know that 

d ~ a tan I 
ao or (2. 31) 2 

2 ~ ao 
(2. 75) a =-z 

So d 1 1T 
and 24. < 2 T2 > a 
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' 2 8 h na · From F1g. • we see t at d s1n 61o,H 
the 10 dB beamwidth in the H-plane. 

Thus 

4.8, where 2 810,H denotes 

(2. 76) 

In a similar way we find for the 20 dB beamwidth in the H-plane 

(2. 77) 

A camparisen of Fig. 2.8 with Fig. 2.9 shows that the beamwidth in the 

E-plane is somewhat larger than in the H-plane. 

The theory developed so far can be used only for the design of braad­

band conical horn antennas with a rather narrow beam. These antennas 

are very suitable as feeds in cassegrain antennas. where the feeds il­

luminate a rather small subreflector. More details concerning casse-

grain antennas are given in [42]. In practice the 10-dB beamwidth or 

the 20-dB beamwidth of the feed is specified and it is the task of the 

designer of the feed to meet the required specification. fbis can be 

done by using the following formulae 

40 
e2o,H 

o, 30 
Q) 
"0 

;::: 20 
zelo,H 

'"' "' ..... 

I 
Q) 

.0 

0 
0 5 JO IS 

-+ il0 (deg.) 

Fig. 2.13. 10-dB beamwidth and 20-dB beamwidth in H-plane of frequency­
independent conical hom antenna with small flare angle against 
flare angle il0 • 
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TI a S .In e d IO,H 4.8 1Ta . d sIn e2o,H 7.7 • (2. 78) 

Using (2.78) and the relation 

d (2.31) 

we have calculated the curves of Fig. 2. 13, which gives the flare angle 

:l for prescribed beamwidth in the H-plane. By means of the relation 0 

Rjd 
2 

-;:;:: (2.35) 

Fig. 2.14. Lengthof frequency-independent conical horn antenna with small 
flare angle against flare angle. 

we can find R/d. The results are given in Fig. 2.14 and show that large 

va lues of R/ d are necessary if the flare angle a0 becomes small. Th is 

is the case if we try to design an antenna with a power radiation pat­

tern with a rather narrow beam. Up till now we have not found the val­

ues of a0 and R/d. The dimensions of the conical horn antenna are com­

pletely specified if the value of d is known. The value of d depends 

on the frequency band for which the antenna will be used. From thE! 

first part of the section we know that the value of d/À is between 3/8 

and . Suppose that the lowest frequency for which the antenna will 
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be used is given by f1, then Àl c/f1 and 

(2.79) 

Summerising we may formulate the design procedure as fellows. Choose 

the 10-dB beamwidth in the H-plane. From Fig. 2.13 the 20-dB beamwidth 

and the angle a
0 

are found. Now Fig. 2.14 gives the value of R/d. The 

choice of d depends on the desired frequency band, in which the antenna 

will be used. If d is known, R can be found and this completes the de­

sign. 

In order to verify the theory developed in this study we have compared 

the measured power radiation pattern of a conical horn antenna with 

the theoretica! power radiation pattern. The measurements have been 

carried out in the frequency band between 7 GHz and 14 GHz. The dimen­

sions of the horn antenn'a are given in Fig. 2.15. They are not exactly 

equal to the dimensions obtained from the design procedure of the first 

part of this section. The reason for the discrepancy is that this horn 

antenna was already available before the theory, described in the pre­

sent study, was developed. 

In fact, some preliminary measurements with the horn have already been 

described [4]. Suppose that f 1 ~ 7 GHz. Then from (2.79) it fellows 

that d ~ 16.1 mm. This value differs only slightly from the actual 

value of 17.4 mm. So the antenna can be used for an experimental veri­

fication of the theory. 

2a 

Fig. 2. IS. Illustration of frequency-independent conical horn antenna. 
2a ~ 264mm; d ~ 17,4mm; a

0 
~ 150. 
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The T~ 1 v-mode in the horn is launched by coupling the cone to a circu­

lar waveguide in which the TE11-mode propagates. The diameter of the 

waveguide is 28 mm • In order to investigate, whether the dominant 

mode can propagate through the waveguide for frequencies between 7 GHz 

and 14 GHz without exciting higher modes, we have composed a table with 

the cut-off frequencies 

cited. 

mode 

TE 11 

n~o1 

TE:n 

-;-Mll 

TEol 

TM2l 

of several modes which can possible be ex-

Tabla ! 

fc 

6.281 

8.206 

10.420 

1 .075 

13.075 

17.520 

The table gives rise to the following considerations: 

(i the circular waveguide eau be used for frequencies abcven 6.281 

. However, it is advisable to choose the lowest frequency 

somewhat above 6.281 GHz, to be sure that the losses are low. 

Moreover, the conneetion between the generator and the trans­

mitting antenna at the test.range consists of a normal X-band 

waveguide with a cut-off frequency of 6. 557 GHz. So it >vas de­

cided to start the measurements at GHz, 

(ii ) There are several modes with a cut-off frequency between 7 GHz 

and 14 GHz. So in principle these modes can be excited if there 

are discontinuities in the waveguide. A discontinuity is the con­

neetion between the waveguide and the cone. For physical reasous 

we may say that only modes with the same ~'-dependence as the 

TE 11 -mode can be excited. So it must be expected that the l-
1 

mode will be excited" in the frequency band from 1 • to 

14 GHz, 
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Photogeaph 2. 

o ,0 

Equipment fOe the meaSUeement of the eadiation pattern of 
antennas . (Scient:if ic- Atlan ta instruments). 

Co nical hO en antenna undee test on the turntabIe. 
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(iii) If there is a good agreement between the computed and the mea­

sured power radiation pattern in the frequency band from 13.075 

GHz to 14 GHz, then we may draw the conclusion that the influ­

ence of higher modes, excited at the waveguide-cone transition, 

is negligible as far as the radiation pattern is concerned. 

For the maasurement of the power radiation pattem use has been made 

of an antenna test range of 180 m. length. The antenna under test is 

used as a receiving antenna and is mounted on a turntable. The antenna 

under test rotates while a plane wave is incident upon it. The plane 

wave is produced by a transmitting antenna situated at a distance of 

180 m. from the tumtable, So the far field region condition (2.20) is 

satisfied. The transmitting antenna is a paraboloid reflector type with 

a diameter of 1.20 m. 
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Fig. 2.16. Beamwidth of conical hom antenna of Fig. 2.15 against frequency. 
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Fig. 2. 17. Power radiation pattern of the conical horn antenna of Fig. 2. IS 
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In photo 1 an antenna under test is mounted on the turntable.On theright 

hand side of photo 2 the receiver used in the measurements is shown. 

The right part of the console contains the recording equipment and some 

instruments for eperating the turntable. A more comprehensive descrip­

tion of this type of measurements can be found in [43] and [44], where 

many raferences are also given. 

With the equipment described above we have measured the power radia­

tien pattern of the antenna of Fig. 2.15 as a function of frequency. 

The results of the measurements have been collected in Fig. 2.16 to­

gether with theoretica! results, and they show good agreement. It 

should be noted that beamsplitting is observed for frequencies between 

13 GHz and 14 GHz. Furthermore it was impossible to sketch the 20 dB 

line between 13 GHz and 14 GHz owing to the behaviour of 

the sidelobes. 

For purposes of illustration the complete power radiation pattem in 

the H-plane and the E-plane has been included for the frequencies 8GHz, 

13 GHz and 14 GHz and are shown in Fig. 2.17, Fig. 2.17a and Fig. 2.17.~ 

respectively. The agreement between theoretica! en experimental results 

is good for 8 GHz. In Fig.2.17a we cbserve that the theoretically pre­

dicted beamsplitting in the E-plane does not occur in the experimenti­

cal results. In Fig.2.17b we have shifted both the theoretica! and the 

experimental power radiation pattern in the E-plane about 2 dB with 

respect to the H-plane patterns. This was done to keep the curves 

within the frame of the diagram. In fact, the value of the maxima of 

·fH(O,v) and fE(O,vi are equal as can beseen from (2.59) and (2.60). 

From Fig. 2.17bwe concluded that at 14 GHz beamsplitting in the E-plane 

occurs indeed. Another conclusion is that the agreement between theere­

tical and experimental results is not so good at this frequency. Proba­

bly this is caused by the excitation of the TM 11 -mode. Finally, we have 

measured the V.S.W.R. of the antenna as a function of the frequency. We 

found that the V.S.W.R. was less than 1.15 in the frequency range be­

tween 7 GHz and 14 GHz. 

In conclusion we may say that conical hom antennas with a bandwidth of 

I : 2 can be designed as described in this sectien and the agreement 

between theoretica! predictions and experimental results is resonably 

good. The bandwidth is restricted by the occurrence of the beamsplitting 

of the pattern and the excitation of higher modes at the transition from 
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waveguide to cone. In cases where beamsplitting presents no difficulties, 

a larger bandwidth can be obtained. However, in that case it is neces­

sary to improve the bandwidth of the waveguide, which is coupled to the 

conical horn antenna. 
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Fig. 2. 17a. Power radiation pattern of the conical horn antenna of Fig. 2. IS 
at 13 GHz. 
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Fig. 2.17b, Power radiation pattern of the conical horn antenna of Fig. 2.15 
at 14 GHz. 
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2.4 Theory of the equiphase surfaces of a frequency-independent coni­

cal horn antenna with a small flare angle. 

In the preceding two sections it was found both theoretically and exper­

imentally that the conical horn antenna has a power radiation pattem 

which is independent of frequency in a relative frequency band I : 2, 

provided the dimensions of the hornare chosen correctly. From Fig.2.13 

we draw the conclusion that the 20 dB beamwidth of this type of antenna 

is less than 20°. So this antenna is very suitable as a feed in a casse­

grain antenna. A cassegrain antenna consists of a large paraboloid re­

flector and a small hyperboloid reflector (Fig. 2.18). 

Fig. 2. 18. Diagram of cassegrain antenna. 

The feed illuminates the hyperboloid reflector. This implies that the 

beamwidth of the power radiation pattem of the feed should be narrow. 

The theory of the cassegrain antenna starts with the assumption that 

the equiphase planes of the feed are spherical, at least in the vicinity 

of the hyperbaleid reflector. This assumption allows the designer of a 

cassegrain antenna to trest the feed as a point source, located at the 

so called phase centre. It is important that the position of the phase 

centre is of the frequency in the same frequency band where 

the beamwidth is constant. In fact, a change in the position of the 

phase centre disturbs the phase distribution over the paraboloid re­

flector and this gives rise to a reduction of the gain of the casse­

grain antenna 
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So it is important to study the equiphase surfaces of the conical horn 

antenna with frequency-independent power radiation pattern. To start 

this study we repeat the formulae (2.53) and (2.54), which give the 

electric field in the far field region 

jka2 -jkr 
2r e 

+ cos 6 
2 

cos <jJ (u,v) (2. 53) 

(2. 54) 

The functions IH(u,v) and IE(u,v) are both complex for all values of u 

and v except v = 0. So IH(u,Ol and IE(u,O) are real functions. In case 

v = 0 we are dealing with an aperture SA (Fig.2.3) with a constant phase 

field distribution. An open circular waveguide is an example of such an 

aperture. The equiphase surfaces are now given by r = constant. This 

implies that the e~uiphase surfaces are spheres and the phase centre 

coincides with the centre of the aperture SA. 

If the functions IH(u,vl and IE(u,v) are complex, then we may write 

(2.80) 

and 

(u,vl (2.81) 

and wH(u,vl wH<O,v) describes the phase variations in the H-plane 

with respect to the point u 0, along a circle with radius r. The func­

tion (u,vl - ~E(O,v) has the same meaning, but now in the E-plane. 

The conclusion that can be drawn now is that the sphere with radius r 

is not an equiphase surface. In this case, too, the equiphase surfaces 

may be spheres, but the centre of the spheres does not coincide with 

the origin of the coordinate system. However, this is only possible if 

the functions wH(u,vl and (u,vl are identical. If the functions 

~H(u,v) and ~E(u,vl differ, we may conclude that the centre of curva­

ture of the equiphase lines in the H-plane is not the same point as the 

centre of curvature of the equiphase lines in the E-plane. We shall now 

speak about the phase centre in the H-plane and the phase centre in the 

E-plane respectively. We shall now show that the above situation occurs 

in the conical horn antennas, the properties of which are described in 

this study. To study the position of the two phase eentres in more de­

tail the functions 
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Fig. 2.19. 

Phase variations in the H-plane along a circle with large radius r 
. rra . I agaLnst ~ s1n e for several values of d À. The centre of the circle 

coincides with the centre of the aperture of the conical horn antenna. 
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Phase variations in the E-plane along a circle with large radius r 
• Tië! . agaLnst ~ s 1 n 6 for several values of d/A. The centre of the circle 

coincides with the centre of the aperture of the conical horn antenna. 

59 



12 

XH(e)/d 

2.0 
JO 1.8 

1.6 
1.4 

8 
1.2 

l.O 

6 0.8 

0.6 

4 0.4 ; 

0.2 

2 

0 
0 1/4 1/2 3/4 

---d/:\. 

Fig. 2.21. Curves of constant XH(el/d-value against d/:\. fora conical horn 
antenna with small flare angle. 

and (2.82) 
360 

~E(u,vl =ZiT (tlt(u,vl - !J;E(O,vl] 

have been computed for several values of u and v. In Fig. 2.19 and Fig. 

2.20 we have plotted ~H(u,vl and 

a.= Ufv 
11~ sin e for somevalues 

~H(u,vl only for values of 
11~ sin 

60 

(u,v) respectively as function of 

of d/:\.. In Fig. 2.19 we have plotted 

e which'are within the 20 dB points, 



16~----------+-----------~-----------r-----------+------~ 

na . l ct s1n e 

(6)/d 

2.~ 
1.8 

1.6 
1.4 

1.2 

1.0 

0.8 

0.6 

0.4. 

0.2 

0 L-----------~----------~------------~----------~--------~ 
0 J/4 1/2 3/4 

---d/À 

Fig. 2.22. Curves of constant XE(S) /d-value against d/À for a conical horn 
antenna with small flare angle. 

This can be verified by comparing Fig. 2.19 with Fig. 2.8. The same 

policy has been foliowed with respect to Fig. 2.20. With these curves 

it is possible to find the equiphase lines in the H-plane and the E­

plane. In Fig. 2.23 a diagram of a conical hom is given and it is sup­

posed that point P is in the far field region of the antenna. 

If the circle with radius r and centre 0 is known, then the equiphase 

line through P can be constructed, because xH{e) = 3~0 $H(u,vl. The 
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p 

Fig. 2.23, Hom antenna and equiphase line PQ in far field region. 

same procedure can be adopted for finding the equiphase line through P 

in the E-plane. In the latter case xE(6) À 
360 ~E<u,vJ. Fr om the fact 

that the functions ~H<u,v) and ~E(u,vJ are positive we conclude that 

the two eentres of curvature are shifted into the hom. 

Now that we are able to find the equiphase lines in the H-plane and the 

E-plane, there remain two questions to be solved. First we have to in­

vestigate whether the equiphase lines in the H-plane and the E-plane 

are circles or not. In the second place we have to investigate the 

frequency dependenee of the equiphase lines. We prefer to investigate 

first the second question. For this purpose we have composed a diagram 

(Fig. 2.21), which gives lines of constant xH(S) /d as a function of 

d/À, 

In Fig. 2.22 the same information has been gathered for the E-plane. 

From these two diagrams we conclude that the equiphase lines in the 

H-plane and in the E-plane are indeed independent of frequency in the 

range ! < ~ < 1, In the range 3/8 < d/À < i the equiphase lines are 

slightly dependent on the frequency. Suppose that the antennas under 

discussion is used as a feed in a reflector antenna, then the phase 

efficiency (4] of this reflector antenna can be found using·the dia­

grams Fig. 2.21 and Fig. 2.22. 

For the investigation conceming the question whether the equiphase lines 

are circles we adopt the following procedure. Fig. 2,24 shows a circle 

with radius r and an equiphase line in the H-plane through P, Suppose 
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this equiphase line is a circle with centre 0. Then we eompute the dis­

taneep between 0 and 0' from the phase variations xH(8). If the equi­

phase line is a eircle then p does not depend on the angle e. 

p 

0 

Fig. 2.24. Geometrical figure for calculating the phase eentre of a horn 
antenna. 

Let O'Q = r + p and QS = xH((l). 

Applying the eosine rule we find 

which gives 

p Zr(1-cos el (2.83) 

Expression (2.83) simplifies if r is very large and e # 0. In that 

case we may write, except for e o, 

p (2. 84) 

Using the definition of xH(8) and substituting the first expression 

of (2.82) gives 

~H(u,vl - •H<O,v) À 

1 - cos e d 
(2. 85) 
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In a similar way we find for the E-plane 

(
E) = 1_ ~E(u,v) - ~E(O,v) À 

d E 2n 1 - cos e d (2.86) 

The functions (~)H and (~)E have been calculated as a function of e 
for the antenna of Fig. 2.15. These calculations have been performed 

for three values of d/À, The results of the computations are gathered 

in Fig. 2.25 and Fig. 2.26. From these diagrams we may conclude that 

no phase centre in H-plane or E-plane exists. 

(p/d) 50 

t H 40 

30 

20 ~ -----0.75 ____. -=::::.::--o. 5 
- -------0.375 

JO______-

o~---L----L----L----L-----
0 5 10 15 20 

-e (deg. > 

Fig. 2.25. Location of phase centre of conical horn antenna in H-plane for 
somevalues of d/À, 

100 
(p/d) 

tE 80 

60 

40 

0 5 JO 15 20 

-e (deg.) 

Fig. 2.26. Location of phase centre of conical hom antenna in E-plane for 
some values of d/À. 
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However, on closer examinatien we see that for small va lues of dj;, the 

equiphase lines in the H-plane and the E-plane are approximately cir­

cles, at least in the vicinity of the direction e 0. Fot large val-

ues of the equiphase lines are not ei re les. Th is phenomenon has an 

influence on the phase efficiency as a function of frequency, In order 

to investigate this effect it is advisable to use the diagrams in Fig. 

2.21 and Fig. 2.22. However, it should be noted that this investigation 

can be carried out only if the dimensions of the reflector antenna are 

known. As we are studying the properties of the feed only~ it is clear 

that this investigation is outside the scope of the present study. 

From the previous discussion we have concluded that Fig. 2.21 and Fig. 

2.22 are important for the practical use of the braadband feeds, the 

properties of which are described in the present study. Therefore there 

is need for an experimental verification of the theoretica! results of 

this section. These experiments will be described in the next section. 

2.5 Experimental investigation of the phase radiation pattem of a 

frequency-independent conical horn antenna with a small flare 

From the preceding sectien we have learned that the frequency-inde­

pendent antennas which are the subject of the present study, have no 

phase centre. The second conclusion was that the phase efficiency of 

a paraboloid reflector antenna, illuminated by a frequency-independent 

conical horn antenna, can be determined using Fig. 2. 2 I and Fig. 2. 22. 

So there is need for an experimental confirmatien of the theoretica! 

results of Fig. 2,21 and Fig. 2.22. Unfortunately, Fig. 2.21 and 

2.22 are not suitable for a direct experimental confirmation, because 

the results of phase measurements are given in terms of degrees, while 

in Fig. 2. 21 .and Fig. 2. 22 the information concerning the phase radia­

tien pattern is gathered in terros of distances. However, the diagrams 

of Figs. 2.21 and 2.22 are derived from the same numerical results as 

those of Figs. 2.19 and 2.20. The only difference is that in Figs.2.21 

and 2.22 more information has been collected than in Figs. 2.19 and 

2.20, which are only given for the purpose of reference. To obtain an 
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experimental confirmation of the numerical results which are used for 

composing Figs. 2.21 and 2.22 it is sufficient to measure the quanti­

ties ~H(u,vl and ~E(u,vl. Therefore, it was decided to measure these 

quantities as a function of e forsome values of d/À. 

In principle, it is possible to carry out these measurements with two 

probes. One probe has a fixed position P (Fig. 2.24) with respect to 

the antenna under test. The other is moving along an are of a circle PS. 

Connecting these two probes to a phase-measuring circuit we obtain the 

quantities ~H(u,vl , ~E(u,vl respectively, as a function of e. However, 

this metbod is not very convenient for the following reason. The dis­

tanee r (Fig. 2.24) should be so long that the probes are in the far 

field region of the antenna under test. This requirement imposes a res­

truction on the distance r, which is given by 

202 
r ~-À- ' (2. 20) 

D being the diameter of the antenna under test. For an antenna with 

0 ~ 10À, we find r2 200À. To measure the phase variations ~H(u,v) and 

~E(u,vl with an accuracy of, for instance.2rr/72 rad, it is necessary 

to be sure that the distance r is constant within À/72, which obviously 

offers mechanica! problems. The À/72 criterion has been chosen because 

the accuracy of the phase measuring circuit is approximately 5°. Even 

if we choose a less stringent criterion than À/72, for instance, À/16, 

the method proposed above gives mechanical problems. 

A better metbod of measuring ~H(u,vl and ~E<u,vl is the following. The 

antenna under test rotates around the point O,which coincides with the 

centre of the aperture of the antenna under test. At the same time a 

plane wave is incident upon the antenna along P 0. This plane wave is 

produced by a transmitting antenna in P. The reference signal is cou­

pled out from the transmission line between the generator and the 

transmitting antenna (Fig. 2.27). 

It can be proved that the phase variations, which are measured, if the 

antenna under test rotates around an axis through 0, are indeed equal 

to ~H(u,vl and ~E(u,v) respectively. The proof of this assertion can 

not be given by means of the well-known reciprocity theorem of anten­

nas, This theorem states that the ratio of the gain function of an an­

tenna used as a transmitting antenna and the effective receiving cross-
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2 

1: generator 

2: transmitting antenna 

0 •>---...., 
3 

3: antenna under test 

4: phase measuring circuit 

5: recorder 

Fig. 2.27. measuring system for the measurement of phase 

section of the antenna, when the antenna is used as a receiving anten­

na is the same for all antennas. So this theorem is formulated in terros 

of energy, and consequently it cannot be used for proving the above 

assertion, which is concerned with measuring of phase-differences.How­

ever, the proof of the above assertion can be derived from a recent 

paper of De Hoop (46]. The details of the proof are found in appen-

dix B. 

The accuracy of the measuring methad proposed above is chiefly deter­

mined by the accuracy with which the axis of rotation coincides with 

the aperture.To be sure that thisis indeedthe case, the following 

methad has been adopted. Suppose that an open circular waveguide is 

mounted on the turntable in such a way that the aperture of this radi­

ator coincides with the axis of rotation. Then we know from the preca­

ding section and from the paper of De Hoop (46] that the phase varia -

tion is zer~ if the waveguide rotates. We shall use this criterion to 

determine whether the axis of rotation lies within the aperture of the 

conical horn antenna. Therefore, the antenna is mounted on the turn­

tabie and a thin metal plate is connected to the antenna. The plate 

coincides with the aperture of the antenna. In the centre of the plate 

is a hole, which acts as the aperture of a circular waveguide. The dia-
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meter of the hole,is 28 mm. and the thickness of the plateis 1 mm.Thé­

details of the system are given in Fig. 2.28. 

Fig. 2.28. Conical hom antenna with plate. 

The precise position of the antenna with respect to the turntable is 

found by mounting the antenna on the turntable in such a way that the 

measured pha~e variation is zero if the antenna rotates. Next, the 

plate is removed and the measurement of the phase variation is repeated. 

In this case the quantities ~H(u,v) and $E(u,vl respectively are mea­

sured, In Fig. 2.29 an example of the results of these two measurements 

has been plotted. The measurements have been carried out for the an -

tenna of Fig. 2.15 and for the frequency 8.6 GHz. 

The method of measuring described above has been used to measure the 

quantities $H(u,vl and $E(u,vl for several frequencies. The measure­

ments have been performed for the antenna of Fig. 2.15. An anechoic 

chamber, designed by Emerson and Cuming, was used. The distance r be­

tween the transmitting antenna and the antenna under test was 4.8m. So 

the distance requirement (2.20) is satisfied for frequencies below 10 

GHz • However, for frequencies above 10 GHz the requirement (2.20) is 

not satiesfied. For frequencies below 15 GHz the requirement 

(2. 87) 

can be satisfied • So it is to be expected that the results of the 

measurements for frequencies above 10 GHz deviate somewhat from the 

theoretica! predictions. 

Photograph 3 shows a picture of the antenna mounted on the turntable 

in the anechoic chamber. Photograph 4 shows the same picture, but now 

with the plate connected to the antenna. Finally we report that the 

receiver of photograph 2 is used as the phase measuring circuit. 
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Fig. 2.29. Measured phase variations in H-plane at 8.6 GHz. 
a: antenna of Fig. 2.15, 
b: antenna of Fig. 2.15 with plate. 

69 



Phol:ogral'h J. Con ical horn an tenna of Fig . 2 . 15 moun ted on a tu rnt ble Ln 
the anechoic chambe r. 

7 I 



Photograph 4 . Conical horn antenna of Fig. 2.15 with plate mounted on a 
turntable in the anechoic chamber. 
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The results of the measurements are collected in Fig. 2.30 and Fig. 

,2. 31 for the H-plane and the E-plane respecti vely. Tabel II can be 

used for converting the djÀ values into frequencies. 

Tab Ie 11 

f(GHz] 

8.6 

9.7 

10.8 

12.9 

14.0 

This table has been composed assuming that d : 17,4mm. From Fig. 2.30 

and Fig. 2.31 the following conclusions and comments may be formulated: 

(i) the agreement between experimental results and theoretica! pre­

dictions is rather goed for frequencies below 10.8 GHz,especially 

in the H-plane. In fact. the maximum deviation between theory and 

experimental results was less than 25°, The experimental resu'lts 

are slightly smaller than the theoretica! predictions. An expla­

nation of this deviation has not been found; 

(ii) the discrepancy between experimental and theoretica! results at 

14 GHz might be caused by the excitation of the TM11-mode; 

(iii) the discrepancy between experimental and theoretica! results at 

the higher frequencies might be also caused by the fact that the 

distance requirement (2.20) is not satisfied for frequencies 

above 10 GHz, 

In conclusion we may say that the agreement between experimental re­

sults and theoretica! predictions is rather good. So the diagrams of 

Fig. 2.21 and Fig. 2.22 can indeed be used for determining the phase 

efficiency of a parabcleid reflector antenna. illuminated by a fre­

quency-independent conical hom antenna. 
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CHAPTER3 

CONICAL HORN ANTENNAS WITH SYMMETRICAL RADlATION PATTERN 

In the sections 2.2 and 2.3 we have seen that the radiation pattern of 

a conical horn antenna is not symmetrical with respect to the antenna­

axis. A secend phenomenon that was observed is that there exist rather 

high sidelobes in the E-plane. This implies that the conical horn an -

tenna of 2.15 is not very suitable as a feed in a cassegrain an­

tenna, as drawn schematically in Fig. 3. J. In order to prove this as­

sertien we have computed the fraction of the total energy which is ra­

diated within the cone angle e for various values of e. 

______ e 
..::::._ . -- . . --t-

Fig. 3. 1. Diagram of cassegrain antenna, 

The calculations have been performed for the frequency 8 Grlz. The re -

sults are collected in Fig. 3.2. Tagether with Fig. 2.17 we may fermu­

late the following conclusions. If the system is designed in such a way 

that in the H-plane the edge illumination at the subreflector is 10 dB, 

then only 63% of the energy is intercepted by the subreflector. If we 

apply an edge illumination of 15 dB then 88% of the energy is inter -

cepted by the reflector. Finally we see that 91% of the energy will 

reach the subreflector if the edge illumination is dB. 

This unfavourable situation is, of course, caused by the high sidelobes 

in the E-plane. Therefore it would be desirable if a conical horn an­

tenna could be designed with a symmatrical radiation pattarn which,for 

instanca, is idantical with tha radiation pattarn in tha H-plane of 
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Fig. 3.2 Fraction of the energy radiatèd within a cone-angle e against e. 
Antenna of Fig. 2.15. 

the antenna of Fig. 2.15. Moreover, we reeall that a feed fora para­

bolie reflector for radio~astronomical investigations should possess 

a symmetrical radiatlon pattern as well. This is of importance if one 

wishes to study the :lolarisation characteristics of radio sources. In 

case of antennas for radio-astronomical investigations, however the 

feed is placed at the focus of the paraboloid. Therefore, in this case, 

a feed with a beamwidth larger than that of the antenna of Fig. 2.15 

should be applied. So we see that it is necessary to have at our dis­

posal a theory concerning feeds with symmetrical radiation patterns. 

In the remaining part of this section we shall develop a theory of 

symmetrical radiation patterns of circular apertures. In the following 

considerations use will be made of a special class of solutions of 

Maxwell' s equations. These solutions were discovered by Rumsey [47]. 

To introduce these solutions we abserve that, if the equations 

curl ~([l = - jw~0 ~([l and curl ~<rl = jwe
0 

~<rl possess 

of the type ~([l C~([l, then C ! jZ
0

• 

solutions 

Substitution of the relation ~<r> = C ~([l in each of the two Maxwell 

equations shows immediately that C = ! jZ0 • We shall denote these two 

types of salution by ~a([l and se<rl: 

(3. I) 

It is very interesting to study Poynting's vector of this type of elec-
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tromagnetic field. We find 

(r) x H . 
-al 

(3. 2) 

In expression (3.2) we have assumed that ~ ~ar + j ~ai ; so ~ar and 

~ai represent the real and irnaginary part of ~a· The asterisk denotes 

complex conjugate. 

For the other solution we find 

(3. 3) 

We notice that S and 
a 

have the rernarkable property that they are in-

dependent of time. 

The types of electromagnetic field as discussed above were first studied 

by Rumsey. Some other properties of these fields, which are not relevant 

to the present considerations, can be found in [47]. Especially ele-

rnentary sourceswhich generate the electromagnetic fields (3. 1) is given. 

It is possible to findother sourees of the electromagnetic fields (3.1). 

Therefore the following lemma has been forrnulated. 

• p 

< 
s 

Fig. 3.3. Antenna within closed surface S. 

Lemma 1. 

If the electric and magnetic fields on a closed surface S are relatE:d 

by the relation (~ 1 ) + ~(~ 1 ) (Fig. 3.3), then th!' electric <end 

magnetic fields in a point P are also related by E + Hr). 

Proof. Substitution of E(r 1 ) = + H(r') in the expressions (2,l;) 

and (2.5) immediately gives the result 
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(3.4) 

In the next lemma we formulate a property of the radiation field of an 

antenna with aperture SA (Fig. 2.2) and we assume that the tangential 

electric field and the tangential magnetic field are zero on the sur­

face SC" 

Lemma 2. 

If the electric and magnetic fields in an aperture SA satisfy the rela­

tion ~a<r'l = + jZ
0 

~a<r'l, then the electromagnetic field in the far 

field region is circularly polarised in every point. The sense of polar­

iaation is counter-clockwise with respect to the direction of propaga­

tion, 

Proof. From expression (2.19) we know that ~r x ~a([l 

Lemma I gives the relation ~a([l = jZ
0 

~a([l. 

So j{êr x ~a ([l } = jZ
0 

~a ([l = ~a <[l and 

j ~r x { Eae ~e + Ea<l> ~."} = Eae ~e + Ea<l> ~." · 
And we see that 

for every value 6 and <j>. 

A similar property can he formulated for the electromagnetic field 

given by ~S = -jZ0 ~s· 

(3. 5) 

If the electric and magnetic fields in the aperture SA satisfy the re­

lation ~s<r'l = -jZ
0 

~s<r'l, then the electromagnetic field in the far 

field region is circularly polarised in every point. The sense of po -

larisation is clockwise with respect to the direction of propagation. 

The components of the electric field in the far field region are re­

lated by 

(3. 6) 

In the following lemmas we shall restriet ourselves to a circular aper­

ture SA as defined in Fig. 2.4. Furthermore we assume a quadratic phase 

distribution across the aperture SA. 

78 



Lemma 3 

Let the electromagnetic fields in the aperture SA be given by 

E ( r 1 ) 
-a -

I) 

( r') 

(r 1 ) ejn~' with 
1 

{fa1(r') ~r' + ga1(r') ~<P'} e-jv(~Ji 

~r' and ~<P' are the unit veetors in the circular aperture SA. 

(3.7) 

Then the electromagnetic field in the far field region is given by: 

1 e 

Fal <r,el 

- j 

F (r 6) ejn<P with 
al ' 

(3.8) 

Proof. From the substitution of the relations given in (3.7) in the 

expression (2.24) and using the relations 

2-,: J ej"~ 1 
coS(\J-1> 1 )ejup 

0 21T (3.9) 

eJno/ sin(~-~'leJ f . "'' 'up n-
n<P {J n-1 (up) +J n + 1 (up>} 

0 

the result (3.8) follows immediately. 

Although the next three lemmas are quite similar to lemma 3, we shall 

formulate them rather extensively. This method of working offers the 

opportunity to define all the quantities needed in the following argu­

mentation. 

79 



Lemma 4. 

,Let the electromagnetic field in the aperture SA be given by 

E ( r') 
-a -

E <r' l -a -

J·z H (r') 
o -a - and 

e (r'l e-jn~' with 
-a2 

(3.10) 

Then the electromagnetic field in the far field region is given by 

E · E · F ( e' e- j n~ ·w~th a2e = -J a2~ = a2 r, 1 
• 

.n-1 jka2 -jkr 
Fa2 <r,el = J 4r e x 

1 

J Uta2 <Pl - j 9a.z<Pl cose} x{Jn_ 1<upl - Jn+l(~pl} 
0 

Proof. From the substitution of the relations given in (3.JO) in the 

expression (2.24) and using the relations 

211 

Je-jn~'cos(~-~'lejup cos(~-<~>' )d<P' 

0 211 f e-jnq,' s in(<P-<P' lejup 

(3. 12) 
cos< q.-q.' l • n-1 - j n q, j } 

d.p' =jrr J e lJn-1(up)+Jn+1(up) 

0 
the result (3.11) follows immediately. 

The next two lemmas are given without proof. 

Lemma 5. 

Let the electromagnetic fields in the aperture SA be given by 

<r:') 'l and 

r' l 1 ( r') ejn~' with (3. 13) 

( r' l { f 131 ( r' l + 9131 (r') 
. (rJ2 -JV -~~~ }e a 
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Then the electromagnetic field in the far field region is given by 

1 e with 

1 (r,e) jn-1 
1<plcose}{Jn-l(up)-Jn+ 1(upl} 

(3 .14) 

Lemma 6. 

Let the electromagnetic fields in the aperture SA be given by 

~s<c'J -j <c' J and 

<c' J §82(r' l 
e-jn,P' with (3. IS) 

§sz<r' l {t r' l + ( r') ~r ê_<jl 1 } e- j V a 

Then the electromagnetic field in the far field region is represented 

by 
( r, el e- j n<P 

1 

F ( oJ J·n-1 
82 r'" 

jka
2 

-jkrf fl{t 1 , r , el{J ( J J ( )t 4r e ~ 82'p' ,p!COS i n-1 up- n+l up f 

+j{ (p) -jf l{ 
0 tJ -jvp

2 
Jcoser Jn_

1
(upl+Jn+l(uplr e pdp (3.16) 

Next we formulate a property of the power radiation pattern of an aper­

ture SA with aperture fields as specified in lemma 3. 

Let the electromagnetic fields in the aperture 

( r' J 

E ( r' J 
-(1 -

j (r') and 

e
1
<r'Jejn<P'. 

-a 

Then in the far field region Poynting's vector is 

be given by 

(3. 7) 

(3.17) 
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From the lemmas 2 and 3 we know that 

Applying formula (3.2} we find 

-1 2 
Z

0 
IF 11r,Bll a • a -r 

So we see that the aperture fieldsas specified in (3.7) give rise to 

a radiation field with the property that the power radiation pattern 

is symmetrical with respect to the antenna-axis. This is not a remarka­

bie property, because it can be proved that a circular aperture with 
. <V' 

an electromagnetic field of the type e+Jn gives rise to a symmetrical 

power radiation pattern. The precise form of the power radiation pattern 

dependsof course on the vector tunetion ~al(r 1 ). 

However, one general property of the function Fa 1<r,el can be derived 

quite easily. Using the property of the Bessel function that Jn(O) 0 

with the exception that J 0 (0) = 1, we see that Fa 11r,B) is zero for 

8 = 0 if n # 1. Therefore we conclude that especially the case n 

is of practical importance. It should be noted, however, that antennas 

with a radiation pattern which has a zero in the forward direction are 

sametimes used for autotracking purposes (48], (49]. But the study of 

these antennas is beyond the scope of the present study. 

Finally, it is obvious that the aperture fields of the lemmas 4,5 and 

6 give rise to symmetrical power radiation patterns as well. 

So far we have formulated properties of radiation fields which are 

circularly polarised in every point, and we have introduced aperture 

fields which can generate them. With these types of electromagnetic 

field one can campose also radiation fields with a symmetrical power 

radiation pattern, but which are linearly polarised. In fact, it is 

well-known that a linearly polarised plane wave can be decomposed into 

two circularly polarised plane waves, one of them with clockwise polar­

isation, the other with counter-clockwise polarisation. On the other 
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hand, one can find a linearly polarised plane wave as a superposition 

of two circularly polarised plane waves, one of them with clockwise 

polarisation, the other with counter-clockwise polarisation. We shall 

use this idea to construct radiation fields which are linearly pola­

rised and possess symmetrical power radiation patterns. Moreover, we 

shall derive the aperture fields, which can generate them. 

Theorem I. 

A superposition of the radiation fields as specified in the lemmas 3 

and 6 produces a radiation field which is linearly polad.sed, provided 

we choose 

I\ 
) 

t
52

<r' l and 

(r'). 

Moreover, the power radiation pattern is symmetrical with respect to 

the antenna - axis. The aperture fields which eau generate this elec­

tromagnetic field are represented by 

Z H' 
o r 

p 

2j 

r';a . 

1
(p)cosnq,' e 

1
Cp) sin n<t>' e-j 

-jvp2 
e ' 

with 

Proof. From the lemmas 3 and 6 we know that 

1 e ej n<j> Fa 
1 

( r, el and 1 • 

-jn<jl" Ir 6' e , 82,, I ; and 

With the choice f 1 ( r') t
132

cr') and ( r') 

Fo:
1

<r,8) (r 1 6). 

The sum of the two fields is now given by 

::() , e + Es ze ... 1 ( r·' cos nct: and 

E<j> 1q, + 1 < r· Ie) Î:î ncj>. 

(3. 18) 

(3. 19) 

83 



So the phase-difference between the two components of the electric 

field is 0 or n, which means that the electromagnetic field is linearly 

polarised. 

The magnetic field can be found from (3.19) with the relation 

(2. 19) 

Then we find for the time-average of Poynting's vector 

which is independent of the angle $. Thus the power radiation pattarn 

is symmetrical with respect to the antenna-axis. The aperture fields, 

which give rise to the radiation, field as specified in (3.19), can be 

found by summing up the aperture fields as specified in lemma 3 and 6. 

We then find 

l +j'n~' -J'n$ 1
} -J'vp 2 

-jg (p)e + jg (p)e e 
al S2 

-jvpz 
(p)cos n~'e . 

which completes the proof. 

From the electromagnetic fields as discussed in lemma 3 and 6 we can 

find a radiation field similar to the one of theerem 1. The only diffe­

rence is that we have to assume 

- f ( r') 
!l2 9u 1 < r' l = 9az < r' l . 

However, on closer examinatien we see that these fields are the same 
71 

as these of theerem I, apart from a rotatien in$ (and $')over Zn . 

Combining the electromagnetic fields of lemma 4 and 5 we can formulate 

a theerem similar to theerem I. We shall state it without proof. 
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Theorem 2. 

Superposition of the radiation fields as specified in lemma 4 and 5 

produces a radiation field which is linearly polarised, provided we 

choose 

f S 1 ( r-' ) and 

( r I) ( r') 

Moreover, the power radiation pattern is symmetrical with respect to 

the antenna-axis. The aperture fields, which generate this electro­

magnetic field are given by 

- 2 (p) cos n<t>' 

' (p) sin c,q,' Eq, e 
(3. 20) 

I -jvp2 z H =-2 f a2(p) in n<r' e ' 0 r 

( p l cos n<P' e-j 

It should be noted that the aperture fields of (3. 18) and (3.20) are 

indeed of a different type. So, in ge.neral, they will give rise to a 

different power radiation pattem in the two cases. 

The choice 

(r') t
131

(r 1 ) and 

( r' J 1 ( r' l 

leads to a symmetrical power radiation pattern as well. However, this 

pattern is the same as specified in theorem 2, apart from a rotation 

over <P (and <P') of ;n . 

At this point of the considerations it is useful to return to the 

beginning of this section. There we have stated that there is a need 

for syrnmetrical power radiation patterns, which are of the same form 

as, for instance, the H-plane pattern of the antenna of Fig. 2.15. Up 

till now we have only developed a theory of syrnmetrical power radiation 

patterns. These patterns are the same form as the H-plane pattern of 

the antenna of Fig. 2.15 provided the corresponding functions 
1,2 

can be found. So the question is now to find a structure, and ,2 
for instanee a circular waveguide, which guides waves of the type as 
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discussed in the theorems 1 and 2. This problem will be discussed in 

the sections 3.2 and 3.4. In section 3.3 we shall investigate the 

power radiation patterns in more detail. 

3.2 ~E~E~g~~i~~_~É_~~~~~_i~_~_~iE~~~~E_~y~i~~Ei~~~_~~~~g~i~~_~i~~ 

~~i~~~E~Ei~_~~~~~~EY· 

In the formulae (3.18) and (3.20) we have specified the electromagnetic 

fields in a circular aperture, which produce a symmetrical radiation 

pattern. The next task is to investigate , how these aperture fields 

can be generated. Because we are dealing with a circular aperture it 

is but natural to try to generate these electromagnetic fields in a 

circular waveguide (Fig. 3.4). 

Fig. 3.4. Circular waveguide. 

Therefore we investigate whether modes with a transverse electric 

field and a transverse magnetic field as specified in (3.18) and 

(3.20) with v = 0 can exist in a circular waveguide with a perfectly 

conducting boundary. We know that in such a waveguide the tangential 

electric field is zero at the boundary. But then the normal component 

of the magnetic field ~s also zero [50]. The expressions (3.18) and 

(3.20) prescribe that in that case the normal component of the elec­

trical field should be zero as weIl, provided n I O. Using [50] again 

we see that the tangential component of the magnetic field is also zero 

at the boundary. This implies that there are no currents in the wave­

guide wall. So it is impossible to genera te the electromagnetic fields 
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of (3.18) and (3.20) 1n a circular waveguide with a perfectly conducting 

boundary, even if we use a sum of TE-modes and TM-modes instead of one 

mode. 

Suppose that we wish to design a circular waveguide in which modes can 

exist with a transverse electric field and a transverse magnetic field 

as specified in (3.18) and (3.20) with v = O. From the diver gence 

equations we derive that these modes have E ~ and H~ components, which 

in general are unequal zero. Next we shall prove that these modes can 

exist in a circular waveguide with a very special anis otropic boundary. 

This boundary is characterized by the conditions 

(3.21 ) 

We assume that the real parts of Zz and Zoj> are zero. I n that case we 

are sure that the time-average power fl ow in the radial direction is 

zero. 

Sa Z 
z X and z 

0.22) 

Xoj> and Xz are t he rircumferential and longitudinal surface reaetanees 

respectively . The question of the realisation of this surface reaetanee 

will be discussed in one o f the forthcoming sections. The electromag­

netic field in a waveguide with an anisotropic boundary, defined by the 

equations (3.21) and (3.22), is the Sum of a TE field and a TM field, 

because there exist an H' and an E' at the boundary. This type o f field z z 
is called a hybrid field. 

Suppose that the TE field has a generating function [51] 

.' ~ ~ r I , 1> ' ,z) = Al J n ( kc r ' ) s in rl 1r I 
-yz 

e , (3.23) 

the field being generated by 

<V 2 (r I, oj> I, z) - Jn ( kcr ' ) cos n<j>' 
- yz 

(3.24) e , 

lYith kc2 = k2 + y 2. 

Then we can derive the components of the electromagnetic field of a 

TE field by means of the following expressions [52] 
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1 il1j; l I ~. H --;:;- w· r jw!lo 3r 1 3z 

I iP.L. I 

E<l> ar' Hq, jw11
0 

?" 
~. 
acp'az (3.25) 

E' 0, ' ( a2 k2) 1j;l • = H 
jw!lo "äï7 + z z 

For a TM field we find 

' ~. H' 3l/J2 E ?" w· r jwe: ar'az r 
0 

' ~. I ~. E<l> jwe: ?" aq,'az Hq, ar' 
0 

(3.26) 

I 1 (a2 k2) 
I 

E jwe:o "äï7 + l/!2 • H 0 z z 

Then we find for the electromagnetic field in the waveguide 

(3.27) 

(3.28) 

(3.29) 

(3.30) 

E' y2+k2 
AzJn(kc r') cos n<!>' z jwe: ' 

0 

(3.31) 

H' y2+k2 
AlJn(kcr') sin n<l>' z jWIJO 

(3.32) 

The prime in J
1 
(k r') means differentiating with respect tokcr' .In the 

n c 
expressions (3.27) to (3.32) incl. we have omitted the common factor 
-yz e . 

By inspeetion it may be shown that these expressions are of the same 

type as (3.18) provided 

(3.33) 

The choice 

(3.34) 

88 



gives rise to expressions which are the same as specified in (3.20). 

Obviously, the relations (3.33) and (3.34) yield a restrietion for the 

value of Z~ and Z~. This restrietion may be found by applying the 

boundary conditions (3.21). 

We find 

and 

{ AzJ! c 
n 

a being the radius of the waveguide. Substitution of A1 

(3. and (3.36) gives 

0. 

) ' (3.36) 

in 

(3.37) 

This relation has been derived also in [15] using a completely diffe­

rent approach. 

For the case A1 

The result is 

Z
0

A2 we derive the dispersion equation from (3.36), 

{ y 
- jk 

n 
(3.38) 

where use has been made of the second recurrence relation of (2.63).In 

{ (k2+y2)t 

jww
0 

we find 

y 
jk (3.39) 

In the preceding section we have pointed out that the case n = 1 is of 

practical significance. Therefore, we shall restriet ourselves in the 

following considerations to the case n = 1. In the section 3.4 we shall 

discuss how ~ circular waveguide with the boundary conditions as spe­

cified in (3.21) can be realised. We shall then see that a physical 

realisation is possible for the case Z~ 0 and "'· So in the re-

maining part of this section we shall assume that = 0 and Z
2 

oo, 

which is in agreement wi th (3. 37). Now the dispersion equations redt:.ce 

to the form 
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Fig. 3.5. 
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e;k against 2a;À for circular waveguide with anisotropic boundary: 
(1) 

a: HE11 -mode, 
(2) 

b: fast HE11 -mode, 
(2) 

c: slow HE11 -mode. 



) ) . (3.40) 

For a propagating mode we have y ~B. The dispersion equation (3.40) 

gives the value of P/k for a prescribed value of ka. 

Let us now consider the solutions of equation (3.40). The 

2a/:). curve of this equation has been plotted in Fig. 3.5. 

versus 

We see that the curve has two branches with or.e common point. The 

branch marked with the symbol a is related to the solution with i\ 1 

Z
0

Az wheras the other branch, marked b is related to the solution with 

A. 1 o We shall call the mode associated with the branch a the 

HEÎi)-mode. The other mode is the ?)-mode. 

The common point can be found by putting B;k o 0 in equation (3.40). 

The result is 

(ka) J (ka) or 
0 

(3.41) 

, 1 ( l(a l 0 

The first root of this equation is ka; 1.841 or 0.58. The con-

dition (3.41) is exactly the same as the one which gives the cut-off 

frequency of the TE 1 1-mode in a perfectly conducting waveguide with 

radius a. The second root of (3.41) is ka o 5.331 or 

gives the cut-off frequency of a higher hybrid mode. 

o1,69and 

. . f. ld f H- ( 1 ) d Let us now investLgate the transverse electrLc Le o· the ~11 -moe. 

For this mode we have A1 

found in the following way. 

and the components 

B ' I) + k J] ( 

' and E can be 
'P 

')} cos ~' 

t A2 Z (k2-g 2 )k 
0 

AzZo( 
. I 
) 2 

[lJo(kcr' )+J2( ' ) } + 

{(1 + ~) kcr' )+ ~ 

~{J 0 ( ')-J 2 Ckcr' l}}osq,' 

~)J2 {kcr'l} cos <P' 

I . P,zZo< )! (1 ~) f 1 Ckcr') 'l <P' • (3. 42) 
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In (3.42) use has been made of the formulae (2.63) • 

. In a similar way we find 

~ ) J ( k r ' l - (1 - §) J 2 ( k r ' ) } s i n <f> ' k 0 c k c 

(3.43) 

The functions fl(kcr'l and 9l(kcr'l are plotted inFig.3.6for several 

values of Za/À. InFig.3.6a we have plotted the corresponding functions 

of the TE11-mode in a perfectly conducting waveguide. From these figures 

two conclusions can be drawn. 

(i) For increasing values of 2a;À we abserve that the function g1<kcr') 

undergoes only a minor change, whereas the function fl(kcr') 

changes drastically. 

(ii) For a frequency at which 2a;À = 0.6 we see that the components of 
( 1 ) 

the electromagnetic field of the HE 11 -mode are virtually the same 

as of the TE11-mode. 

1,00 

S/k 

t 

0,95 

0,90 

Fig. 3.7. 
( 1 ) 

S/k against 2a/À for HE11 -mode. 

o,s5~~------~~--------~-
5 10 

Large values of 2a/À. 

-+- 2a/J.. 

I 
From conclusion (i) we see that the value of Er at the boundary r' = a 

decreases for increasing values of 2a;À. In chapter 2 we have seen that 
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the high sidelobes in the E-plane radiation pattern of a conical horn 

antenna are caused by the fact that the value of EI is rather large at 
r 

the boundary r' = a. So the con i cal horn antenna with the special ani-

sotropic boundary discussed in this sectien gives us the possibility to 

imprave the sidelobe behaviour in the E-plane. 

We shall discuss this phenomenon in more detail in section: 3. 6. Th en we 

shall also use Fig. 3.7. 

From equation (3.27) to (3.30) incl. and the relation (3.33) we may 
(1) 

conclude that the electric field lines of the HE11 -mode are of the same 

form as the magnet ie field lines apart from a rotatien in ~·of 90°. From 
1) 
l conclusion (ii) we know that the electrical field lines of the 

mode are virtually of the same form as those of the TE 1 -mode in a per­

fectly conducting waveguide, at least for 2a;À = 0.6. So it is now pos-

sible to sketch the field lines of the 
1) 
1 -mode for 0.6. This 

has been done in Fig. 3.8, where also a sketch of the field lines of 

the TE11-mode is given. 

Fig. 3.8. Transverse electric field lines and transverse magnetic field lines. 

a : TE 1 l -mode, ,, ) 
b: HEii -mode for 2a0 .6. 

It is now possible to make some qualitative remarks about the problem of 

generating the Hd { Let us couple a perfectly conducting wave·-

guide with radius a, in which the TE1 1 -mode propagates, to a waveguLde 

with the sameradius but with boundary conditions as specified in (3.21) 

and with co and 0. (See Fig. 3.9). 
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Fig. 3. 10. The functions f2( ) and gz(kcap) against p. 

a: 2a/À 0.55, 

b: 2a/À 0.50, 

c: Za/À 0.45. 
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f2(kcr') is larger in the neigbourhood of the boundary, whereas the 

function 92<kcr') is zero at the boundary. So this mode is not suitable 

for antenna applications. 

Branch b of Fig. 3.5 suggests that slow waves can exist if 2a;À < 0.44. 

Therefore we shall investigate the occurence of these waves in more 

detail. 

Now the generating function of the TE field is given by 

-yz 
•3<r',t',zl • A3 In<rcr') sin nt' e , 

whereas the TM field has the generating function 

2 
In is the modified Bessel function [53] and re 

Then the components of the electromagnetic field are 

E 
k2+y2 

A4 In<rcr'l cos nt', z jwe0 

k2+y2 
A3 In ( r er') sin n<j>'. 

jwt:o 

(3. 46) 

(3.47) 

(3.48). 

(3.49) 

(3.50) 

(3.51) 

(3.52) 

(3.53) 

In the expressions (3.48) to (3.53) incl. we have omitted the factor 

e-yz. Also in this case we find that the condition 

(3.54) 

gives rise to an electromagnetic field as specified in {3;18). 

Electromagnetic fields of the type of (3.20) can be found by substitu­

tion of 

(3, 55) 
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In both cases we find again that 

z z + z2 
z q, 0 

0. 

If we restriet ourselves to the special case 

rive for the dispersion equation 

(1 ± }k) r:a In<real ). 

(3.37) 

0 and we de-

(3.56) 

The - sign corresponds to the salution with the condition (3.54) and 

the + sign refers to that with the condition (3.55). 

In the special case n ; these equations reduce to 

) . (3. 57) 

From the fact that the functions I1 ( ) and I
0

( ) are positive [53] 

and Sfk is greater than one we see that the equation with the - sign 

has no salution at all. The salution of the other equation is plotted 

as branche e in Fig. 3.5. Gomparing branch b and branch e of Fig. 3.5 

we see that branche is the continuation of branch b of Fig. 3.5, and 

we abserve that there exists a continuous transition from the :ast to 

the slow waves. Therefore, it is reasonable to assume that the elec­

tromagnetic field of this mode is similar to that plotted in Fig. 3. JO. 

In order to verify this assumption we have calculated the transverse 

electric field of fue slow )-mode. 

The next two expressions serve as a starting-point 

I 
.lp eosq,' {(1 n r er')- (1 + ~)Iz(fer'J} E A4Z0 r >'ç 

- He l\4Z0 (1 s) k f3 ( I) cos <P'; 

I 

sincf>' {(1 -0 er er')+ (1 + ~)I2(fer'J} E$ A4Z0 

(1 ~) 93Cf er' l sin <P'· 

Use has been made of the recurrence relations [53] 

I (z) z y 

I 
2 I (z) 

y 

1 ( z)' 

(z) + 1 ( z). 

(3.58) 

(3. 59) 

(3.60) 
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In Fig. 3.1 I we have plotted two typical examples, namely for 2af>,~0.41 

and .44. 

Observing Fig. 3.10 and Fig. 3.11 we conclude that neither the fast nor 
(2) 

the slow HE 1 1 -mode is suitable for antenna applications. Moreover this 
( 1) 

mode can only exist if < 0. The properties of the HE 11 -mode, 

however, indicate that this mode can be used for antenna applications 

and that the excitation of the mode is not a serious problem. In the 

next section we shall investigate the radiation pattern of an open cir­

cular waveguide with aperture fields equal to the transvêrse electro-
(1) 

magnetic fieldsof the HE1 1 -mode. 

3.3 Power radiation pattern of an open circular waveguide with ani­

satropie boundary. 

( 1) 
One of the results of section 3.2 is that the HE11 -mode has the inte-

resting property that the component E
1 

has only a small value at the 
r 

boundary of the waveguide, provided the frequency is not too close to 

the cut-off frequency. This implies that the radiation pattern of an 

·open waveguide which supports this mode, will have lower sidelobes 

than in the corresponding case of the TE11-rnode in a perfectly conduc­

ting waveguide. Therefore, it is interesting to calculate the radiation 

pattern of an open circular waveguide with an anisatrapie boundary. We 

start by writing down the aperture fields in the following form: 

I 
I 

Eq, 2 

_J. 
2 

and 

A2Zo 

~) J0 <><cr') + (1 ~) J <kcr'l, 

~)J0<kcr'J-(1-~)J 2 ( 'l, 

(3.61) 

(3. 62) 

(3. 63) 

(3. 64) 

(3.65) 

(3. 66) 
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Moreover, we assume that the aperture is an equiphase plane; so v = 0. 

Substitution of the expressions (3.61) to (3.64) incl. in the formulae 

(2.24) and (2.25), and using the relations: 

!2n cos~ 1 cos(~-~ 1 )ejup cos(~-~
1 ) f jz(upl} (3.67) d~'=ncos~ J 0 (up) - • 

0!2n 
sin~'sin(~-~'lejup cosl•-~'1 { J 2 (up ll (3. 68) d•'=-ncos~ J 0 (up)+ I 

't sin~'cos(~-~')ejup cos(•-•'1 { J 2 I up 1} (3.69) d•'=nsin~ J0 (up) , 

Ofzn 

0 

cos. 1 sin(•-~'lejup cos (·-~I ) I + Jz(upl} (3.70) d~'=nsin~ J 0 (upl • 

which can be derived.quite easily from the formulae (3.9) and (3.12), 

we find 

Ee = - t A2Z0 lk2-S 2 l! e-jkr cos • x 

0
ffFipa1,6l J0 (upl - G(pat.Sl J 2 (up I } pdp. (3. 71) 

i 'k 2 'k 
E~ t A2Z

0 
(k2-(32)> ~ e-J r sin ~ x 4r 

oj{f(paj,6) J
0

1up) - Glpa1,el Jz(up)} pdp (3. 72) 

with 

al kca. 

The functions F(pal,S) and G(pa1,BI are defined by the relations 

(3.73) 

G I pa 1 , el = { f I pa 1 l - g (pa 1 l} (1 - cos eI, 

with 

P = r'/a. 

The expressions (3.71) and (3.72) are of the saroe form as (3.19). So 

they describe a syrometrical power radiation pattern, as was to be ex­

pected. The expressions (3.71) and (3.72) can be written in the 

following abbreviated form 
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" _j_ c k.z-s 2 rl: e- jk: 
ces~ 1(6), 

~e 4 

' jka2 -jkr 
(3.74) 

.L AzZo( l" e s'n<P 1 ( e) , 2 4r 

with 

2 /((1 1(8) + ~) j ) Jo(up) (1+cos9) 

0 

(1-cosel} pdp. (1 - ~ ) J 2 (Pa 1 l J 2 (up l (3. 75) 

In the derivation of I(8) use has been made of the formul<!e (3.65) and 

(3.66). Poynting's vector is given by 

) 1(ka2) z(.L AzZ )2(k2-o2) I ( l 2 ~(r,e,~ 4r 2 0 " x I e 

The power radiated per unit solid angle is P(8,<)l) 

power radiation pattern is then represented by 

r 2 I§ ( r, 8, cp l ! and the 

FC8) r cel 
1
z 

ll(o l (3.76) 

with 

I(O) ; 4 (1 + ~ )/J
1

0 Coatl pdp 

The function F(8) 0 b . . can e wr1tten 1n a closed form if we use the formu-

la [54] 

0/:n(klp)Jn(kzol pdp; kf~k~ j kzJn(k!Pl\-1CkzPl-

kt Jn_ 1Ck1pl Jn(kzPl!. (3. 77) 

By means of this formula we can calculate the following integrals 

!
1 

alp) :Jdp J1(a1)· (3.78) 
al 

0 

• ~~ 0 (a1ol J 0 (up)pdp jalJl(al) J 0 (u)-u J 0 Ca1l J 1 Cull. (3.79) 

0 

0

/J,Io,ol J,lcplpdp "'i~c' {cJ,Io;IJ;Icl· o1J 1 io 1 1 J,lclJ. (3.80) 

For the function f(O) we now find 

at 1 [ 
F(8) ; ZJI (all ai-u~ (1+cosel { a 1J 1 (al)J 0 (u) 

+a( 1 - cosel { a1h (all h<ul - uJz(al)Jl (ul}]. (3.81) 
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Fig. 3. 12. Power radiation pattern of radiating circular waveguide with 
anisotropic boundary. 

a: 2a/À 0.6; b: 2a/À 0.8; c: 2a/). 1,0; 

d: 2a/). 1. 2; e: 2a/). 1. 4; f: 2a/'A 1. 6; 
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In the formula for f(S) we have used the abbrevation 

- B/k 
+ B/k 

(3.82) 

It may be recalled that the function f(S) represents the power radia­

tion pattern of an open circular waveguide with aperture fields equal 

to the transverse part of the electromagnetic field of the HEÎl'-mode. 

We are now able to calculate this pattern for several values of 2a/À. 

The procedure, which has been adopted is as follows. Choose the value 

of 2a/À, From Fig. 3.5 or Fig. 3.7 we find S/k. After calculating a 

and a1 we eau find the function f(6). In Fig. 3.12 we have plotted the 

function 10l 0 1og f{6) for several values of 2a/À between 0.6 and 1.8, 

whereas in Fig. 3.13 we have plotted the 3, 5, 10,15,20 and 30d8 points 

for several values of 2a/À between 1.4 and 2.4. These figures eau be 

used as a design chart. For instance, suppose that we wish to design a 

feed for a parabalie reflector antenna. Suppose further that this feed 

should have a symmetrical power pattern with a 20-dB beamwidth of 120~ 

(Among other factors this choice depends, of course, on the ratio of 

the focal distance and the diameter of the reflector). Then we see that 

this requirement can be met withafeed having 2a/À = 1.6. So, after 

specifying the frequency for which this feed will be used, we can find 

the diameter of the radiating waveguide. 

The next task then is to find a physical structure which acts as a 

waveguide with the anisotropic boundary defined in the previous sec-

tion by the relation (3.21), with Z$ = 0 and 

be discussed in the following section. 
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3.4 Circular corrugated waveguide. 

In this section w7 shall prove that a circular carrugated waveguide in 

a limited frequency region acts as an anisatrapie waveguide as dis­

cussed in the preceding sections (Fig. 3.14). 

2b 

Fig. 3.14. Circular corrugated waveguide. 

A corrugated waveguide consists of a central part (I) and equally 

spaeed grooves (II). Such a waveguide is a periadie structure and an 

exact theory of it shauld start by writing down the electromagnetic 

fields in the central part in the farm of a series of space harmonies. 

Ihe fallowing step is then to find the electromagnetic fields in the 

grooves. After applying the baundary conditions at r' a dispersion 

equation is obtained. The salution of the equatian is a difficult task. 

This procedure has been foliowed -in the design of linear accelerators 

[55], [56], where the distance between two consecutive grooves is of 

the order of half a wavelength. In our case, however, the distance be­

tween two consecutive grooves is so short that there are many grooves 

per wavelength. This implies that it is permissible to ignore the 

periadie nature of the waveguide. The electromagnetic fields in the 

central part of the waveguide can now be determined by treating the 

structure as a waveguide with an impedance boundary. In the following 

we shall indicate a second reason for abandoning the treatment of the 

corrugated waveguide as a periadie structure. In section 3.5 we shall 

deal with conical horn antennas of which the boundary cansists of 
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closely spaeed grooves. They have no periadie nature and therefore we 

expect that a theory of them can be developed only if we describe the 

properties of theboundary in terros of an impedance boundary. Our next 

taskis to prove that the waveguide, sketched in Fig. 3.14, exhibits 

indeed the property that Z<P e 0 and = oo ,for r' = a. Therefore, we 

abserve that the region II between r' = a and r' = b is in fact a ra­

dial waveguide• which is short-circuited at r' = b. The electromagne­

tic fields in a radial waveguide can be derived in a way similar to 

the one in which we have found the electromagnetic fields in a circu­

lar waveguide. The modes which can exist in a radial waveguide (Fig. 

3.15) represent waves propagating in the direction + r' or- r'. 

z 

Fig. 3.15. Radial waveguide. 

They are TE-modes and TM-modes with respect to the z-axis. The TM-modes 

can be derived from the generating function [57] 

ffi'ITZ 
lj!TM(r' .~' ,z) = fn(kcr') cos nq,' cos~, 

k~ k2 - (~:) 
2 

We shall specify the function fn(kcr') later on. 

(3.83) 

The components of the electromagnetic field of this mode can now be 

found using (3.26). 
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The results are: 

' E z 

I 
H 

r r 

0. 

I) 

1 ) sin nq,' 

cos neb' sin m?rz 
t2 

1 ) cos n~' 

nijl 1 cos 

By inspeetion we see that the boundàry conditions at z 

(3.84) 

(3. 85) 

(3.86) 

(3.87) 

(3.88) 

(3. 89) 

0 and z ~ 

are satisfied. The components of the electromagnetic field of the TE­

mode can be derived from the generating function: 

) cos n.p 1 sin (3.90) 

and (3.25). The results are: 

E 
n 

(kor') sin nep' sin (3. 91) 
r t=T 

df (k r' J 
n c 

n<~o' sin (3.92) dr 1 cos 

o, (3.93) 

Î nep' (3.94) 
jw:Jo 

cos cos 

I mrr 
:1q, j CJ:J t;" fn( I) i:J nq>' cos (3.95) 

0 

!k2 (~:Y}f n ( 
I) cos nq,' sin (3.96) 

( 
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In this case too 0 the boundary conditions at z = 0 and z t2 are satis-

fied. For waves propagating in the positive r 1-direction we have to 

take f n ( kcr 1 l = H~ 2 ) ( kcr 1 l whereas for waves propagating in the nega­

tive r-direction fn(kcr 1 ) H~ll(kcr 1 ). So we see that for propa­

gating waves k~ > 0 or k2 >(~;} .From the expressions (3.84) to (3.96) 

incl. we conclude that the dominant mode is the TM-mode with the com-
1 I I À 

ponents E2 , H$ and Hr. If we choose t2 < 2 then only the dominant mode 

can propagate. Under these conditions we find for the electromagnetic 

field in the radial waveguide with a short-circuit at r 1 = b: 

-jwl-10 { A H~ 1 l<kr 1 ) + 8 H~ 2 ) ( kr 1 )} cos n<j> 1 
• (3.97) 

I n {AH~ll(kr 1 l 8 H~2 ) (kr 1 l ~ Hr -rr + sin nQ>I . (3. 98) 

I -l A 
dH~ 1) ( kr 1 ) dH~2 l<kr'l 

} cos nQ> 1 HQ> dr 1 + 8 dr 1 (3.99) 

Applying the boundary condition E2 0 for r 1 

ti ons 

b and using the rela-

H ( 1 ) ( kr 1 l 
n 

J n ( kr I) + j Yn(kr 1 ) (3. 1 00) 

H<Zl (kr 1 ) Jn(kr 1 ) - j Yn(kr'l ' n 
(3.101) 

we obtain the fin al result: 

(3.102) 

(3.103) 

(3.104) 

The primes in J 
1 
(kr') and Y

1 
(kr 1 ) (3.103} means differentiating with 

n n 
respect to the argument kr 1 • is a new constant and Yn(kr') is the 

Neumann function [58]. Next wedefine ZQ> by the relation 

IlO 



(3.105) 

and by the relation 

(3.106) 

So and are average values over one period of the structure.From 

the expressions (3.102) to (3.104) incl. we see that there exists no 
' E~ at the opening of the groeve. E
4 

is also zero on the dams between 

the grooves. However, H
1 

is non-zero at the dams, because there flows 
z I 

a current in the q,'-direction. So = 0. is non-zero at the opening 

of the groeve. If we assume that the width of the dams is negligible, 

then we can conclude that = "'• provided we choose the frequency in 

such a way that H ' q, is zero at the opening of the groove. 

The condit i ons = 0 and are just the conditions under which 

the considerations of the preceding sections are valid. However, some 

remarks should be made in order to indicate the restrictions of the 

theory: 

(i the electromagnetic field at the opening of the grooves is very 

complicated, because apart from the propagating TM-mode, there 

exist also evanescent modes, which are not taken into account; 

(ii ) the quantity t 1 does not appear in our theory; 

(iii) the condition ' = 0 at the opening of the grooves depends on the 

frequency. In the sections 3.2 and 3.3 we have assumed that 

and were independent of the frequency. So the theory is valid 

only at frequencies for which H; = 0. However, the condition H;=o 
is approximately satisfied in limited frequency bands. In other 

words, symmetrical radiation patterns can be obtained only in 

limited frequency bands. 

IJl 



Within the restrictions of our theory the condition 0 offers no 

difficulty, whereas the condition Z2 = oo is equivalent with 

(3. I 07) 

If we assume that ka>> 1 and kb>> 1, which means that we are dealing 

with a waveguide with large diameter, then it is permissible to apply 

the following approximations [60]: 

J n (z) ~ ~z) i cos (z - !':) 
4 (3.108) 

Yn(z) ~ (;z) ! sin (z - - !':) 
4 

Substituting (3.108) in (3. 107) and using the recurrence relations 

1 
Z (z) 

\) 

-v z Zv<zl • 1 (z) (3.109) 

where Zv(z) stands for Jv(zl, Yv(z) resp., we obtain the equation 

tan k(b-a) = - katn. (3.110) 

If the diameter of the waveguide is large, for instanee ka >5TI, then we 

h ' ' k(b ) TI 'f 1 F . 3 1 k may use t e approxLmatLon -a 2 t n = . rom sectton • we now 

that the case n = 1 isthe most important one and we shall restriet our 

further considerations to that case. An exact solution of equation 
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0 2 
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Fig. 3. 16. 

Depth of the grooves against 

diameter of waveguide; 

fixed frequency. 



(3. 107) can be found by prescrihing the value of ka and solving the 

equation for kb. For < 5 the results are collected in Fig. 3.16. For 

values of > 5 equation(3.JIO) can be used. The main condusion is 

that for fixed frequency the depth of the grooves increases if the dia­

meter or the waveguide decreases. We shall return to this phenomenon in 

the following section, where we shall apply the theory of this section. 

a 

t 
o,s 

Fig. 3. 17. 

0 

Depthof the grooves against frequency; 

fixed diameter of waveguide. 
0 2 3 4 5 

__.....,. 2a/\ 

In Fig. 3.17 we have plotted the samenumerical results, but in a some­

what different way. From Fig. 3.17 we may derive the depth of the grooves, 

and we can see that this depth is a function of the frequency if the 

diameter is fixed. To obtain some insight into the frequency-dependent 

behaviour of the corrugated waveguide, one has to solve Maxwell's equa­

tion for various combinations of ka and kb. Substitution of the trans -

verse part of the electromagnetic field in the formulae which represent 

the radiation field, offers the possibility to investigate the frequen­

cy-dependence behaviour of the corrugated conical horn antenna. However, 

this is a comprehensive task. In addition, in order to be complete, one 

h ld 1 h . . ff. . f h - ( 1l d . sou a so compute t e transmLss~on coe ~c1ent o te H~ 11 -mo e 1n 

the corrugated waveguide and the reflection coefficient of the TEil­

mode in the perfectly conducting waveguide. To obtain quickly insight 

into the frequency-dependent behaviour of corrugated conical horn an­

tennas, we have used an experimental approach, although it is desirable 

that the solutions of the above problems should be found. 

So in the following sections of this study we shall describe some expe­

riments, which will give some idea about the usefulness of the corru­

gated conical hom antennas. 
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3.5 The power radiation pattem of the corrugated conical horn anten­

nas with small flare angle and small aperture. 

The purpose of this section is to study the power radiation pattarn of 

conical horn antennas with a corrugated boundary of the same type as 

discussed in section 3.4. As in chapter 2, we shall restriet our consi­

derations to conical horn antennas with a flare angle a0 < 15°. This 

offers the possibility to treat the antenna as an open circular wave­

guide radiator. The radiation pattern of this radiator can be computed 

rather easily; if necessary a quadratic phase field distribution across 

the aperture may be assumed. In addition, it is now possible to use the 

results of the preceding section, because the conical horn antenna can 

ba considered to be á cylindrical waveguide with a cross-section which 

increases only slightly from the top of the cone towards the aperture. 

It should be noted that the grooves are assumed to be perpendicular to 

the wall of the antenna. However, the angle a0 < 15° and, consequently, 

the theory of the preceding section can still be applied. This implies 

that a theory of corrugated conical horn antennas with small flare 

angle can be formulated, but only for the frequency which satisfies 

equation (3.107). 

From Fig. 3,16 one may conclude that fora fixed frequency the depthof 

the grooves increases towards the apex of the cone. However, it is 

desirabie to advoid the machanical difficulties of constructing horn 

antennas with variable depth of the grooves. In fact, this depth was 

chosen constant. A consequence of this procedure is that the depth of 

the first grooves at the throat of the hom are not optimised with res­

pect to the matching of the transition from perfectly conducting wave­

guide to corrugated waveguide and with respect to the excitation of the 

HEii)-mode. Especially one is not sure that no unwanted modes are ex­

cited. 

The difficulties described above are in fact of the same type, as has 

already been noticed at the end of section 3.4. So an experimental ap­

proach to the s~lution of the above problems has been adopted. However, 

tur~her theoretica! investigation is necessary. In this conneetion we 

remark that ~ome preliminary results concerning these problems have 

been publisbed by Bryant [61]. 
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To investigate whether the theory of section 3.4 is valid, one bas to 

measure the power radiation pattern of corrugated conical horn antennas 

as a function of the frequency. If the theory is valid, then one should 

abserve a symmetrical power radiation pattem for the frequency which 

satisfies (3.107), provided the depthof the groove at the aperture and 

the diameter of the aperture are substituted in (3.107). With a view to 

carrying out the above investigation, three antennas with different 

aperture diameter have been constructed. (Fig. 3.18). The dimensions 

of these antennas are summarised in Table III. 

Fig. 3.18. Corrugated conical horn antenna. 

In Fig. 3.18 we may distinguish three regions. The first is the circu­

lar waveguid~ and the first part of the conical horn antenna, where the 

boundary is perfectly conducting. The second region is that part of the 

horn antenna which consists of the corrugated boundary. The third part 

is the radiating aperture The length p has been determined experi­

mentally. The criterion that bas been used for this purpose was that 

the reflection coefficient should be below 20 dB. 
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TABLE I 11 

2a 2a' a 

p ~· t2 d, n 0 
antenna [mm] [mm] [mm] m] [mm] [mm] 

1 62.3 28 15° 12.4 2 2 9 14 

2 91 28 150 12 2 2 9 28 

3 121.3 28 15° 113.5 2 2 9 42 

n is the number of the grooves. 

The power radiation pattem of the three antennas of table III has been 

measured as a function of the frequency. Moreover, the pattern has been 

calculated for the frequency which satisfies (3.107). These calcula­

tions are performed by multiplying the integrand of (3.71) and of (3.72) 

by exp [-jvp 2]; v has the same meaning as in chapter 2. For the substi­

tution of (3.65) and (3.66) in (3.71) and (3.72) one needs the value of 

S/k, which has been found by solving (3;40). The results of the mea­

surements and the computations are given in Fig. 3.19 to Fig. 3.21 incl. 

In addition these also show the reflection coefficient of the antennas 

as a function of the frequency. The information concerning the reflec­

tion èoefficient has been obtained by means of a sweep-technique. 
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Fig. 3. 19, Beamwidth against frequency for antenna I. 
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Reileetion coefficient against 

frequency for antenna I. 

8 9 10 11 12 

~ frequency 

The conclusions that eau be drawn from Fig. 3.19 to Fig. 3.21 incl. are: 

(i The power radiation patterns are symmetrical for the frequency 

that satisfies equation (3.107); 

(ii ) the power radiation patterns are approximately symmetrical in a 

rather large frequency band; the lowest frequency in this band is 

the one of (i). It should be noted that this conclusion is only 

valid if we restriet ourselves to the 3,10 and 20 points; 

(iii) the antennas 2 and 3 possess a power radiation pattern that is 

symmetrical within the 30 dB points and in the same large fre­

quency band as mentioned in eonelusion (ii); 

(iv) the beamwidth of the antennas I, 2 and 3 is a function of the 

frequency. This is not surprising, beeause the phase difference 

between rim and centre of the aperture is too small to give rise 

to a frequency-independent antenna. In fact, even for antenna 3 

we find from (2.31) that d/A • 0.26 at 10 GHz. 

The argumentation whieh has been used in (iv) to make plausible that 

antenna 3 cannot possess frequency-independent properties, is nat eom­

pletely sati~faetory for the following reason. Fig. 2.8 and Fig. 2.9 

show that the beamwidth of a eonical hom antenna eannot be independent 

of the frequency if d;À 0. . However, in the derivation of the theory 

which underlies Fig. 2.8 and Fig. 2.9 the amplitude distribution eer­

responding to the iE 1 has been assumed. In general, this distri­

bution differs from the one which exists in the aperture of antenna 3. 
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Horeover, Fig. 2.8 and Fig. 2.9 are valid only if the amplitude distri­

bution is independent of the frequency. Obviously, this is not the case 

for the aperture fields of a corrugated conical horn antenna, as can be 

concluded from Fig. 3.6. It should be noted that the diagrams of Fig. 

3.6 have been composed under the assumption that and Z~ are indepen-

dent of the frequency, which is not the case for a corrugated conical 

horn antenna. This is a secoud reason for supposing that the aperture 

fields of corrugated conical hom antennas are dependent on the fre­

quency. 
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3.6 Theoretica! investigation of frequency - independent conical 

horn antennas with small flare angle and anisatrapie boundary. 

The results of the preceding section indicate that a symmetrical power 

radiation pattern can be obtained with a corrugated conical horn anten­

na, at least for the frequency which satisfies (3.107). If the diameter 

of the aperture is not toa small a symmetrical radiation pattern is ob­

tained in a rather large frequency band. These results raise the ques­

tion whether it is possible to combine the frequency-independent pro­

perties of the conical horn antenna with perfectly conducting boundary 

and the symmetry properties od the corrugated conical horn antenna of 

the preceding section. 

In this section we shall perfarm calculations concerning the above 

question and in the last section of this study some experimental results 

will be described. The theoretica! considerations start with the as­

sumption that 

z~ = 0 and zz = 00
• (3. lil) 

These assumptions imply that Z~ and Z
2 

are independent of the frequency. 

Although the assurnptions (3. lil) are nat valid fora corrugated conical 

horn antenna as described in section (3.4) and (3.5) it is still useful 

to start with them for the following two reasons: 

(i the results of this section will show that useful antennas can be 

designed, provided the above assumptions are valid. This will 

stirnulate investigations with the aim to synthesise a boundary 

with the above properties, 

(ii) in the next sectien weshall show that the above assumptions are 

acceptable for corrugated conical horn antennas, but only in a 

limited frequency range. 

It is very interesting to campare the results of this sectien with re­

sults described in chapter 2. Therefore we assume that the flare angle 

a0 ~ 150, Then we know from (2.75) that 

Suppose that Q > l then 
À "' 

120 

2a 
À 

(2.75) 

2 h > 3.8 (3.112) 



Frorn Fig. 3.7 we abserve that 

duce to the following one 

~ 0.98, The equation (3.40) now re-

0 (3. 113) 

So 

(3. 114) 

where 1
is the first zero of J 0 (x) 

Substitution of 

(k2 s2Jt jol 
a 

(3. 115) 

and 

kcr' j 01 
[' 
a 

(3.116) 

tagether with S/k in the expressions (3.61) to (3.66) incl. gives 

r' 
1 ä ; cos <P l, (3. 117) 

~J r' a oUolälsinq,', (3. 118) 

jOl 
(jo 1 

r' 
ZoA2 -a- Jo - ) 

a 
sin <P', (3.119) 

Zo/1.2 
jOl 

(jo 1 
r' q,'. - -J - ) cos a o a 

(3.120) 

The electric field lines and the magnetic field lines of this mode can 

be constructed easily. This has been done in Fig. 3.22. 

Fig. 3.22. Transverse electric field lines and transverse magnetic field 
1l lines of the 1 -mode for large value of 2a/À. 
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A comparison of Fig. 3.8 with Fig. 3.22 shows that for large val~e of 

2a/À the field lines become straight lines. This factdemonstrat~s again 

that the transverse electric field and the transverse magnetic field of 

the HE~~)-mode depend on the value of 2a/À. This is not the case for 

modes in a perfectly conducting waveguide. 
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~ 20d8 
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3dB 

2 

1/4 2/4 3/4 6/4 4/4 5/4 
--•d/À 

Fig. 3.23. Beamwidth of conical hom antenna with small flare angle and 
anisotropic boundary. 

Substitution of (3.117) to (3.120) incl. in (2.24) and (2.25) gives the 

radiation field. It should be noted that in (2.24) and (2.25) now v=kd. 

Following the same procedure as in chapter 2 a similar diagram as in 

Fig. 2.8 has been composed and is given in Fig. 3.23. We note that this 

diagram has already been publisbed elsewhere. [62]. As we are concerned 

with symmetrical power radiation pattern, it is sufficient to compose 

one diagram. From Fig. 3.23 we observe that indeed a frequency-indepen­

dent antenna with a symmetrical power radiation pattern can be obtained, 

provided it is possible to design a boundary which is described by 

frequency-independent Z~ and Zz, satisfying the relation(3.111). Fur­

thermore, we observe that there exist no sidelobes in the pattem and 

beamsplitting occurs for a larger value of d/À compared with the situ­

ation of Fig. 2.9. 
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For the sake of completeness we have also composed a diagram similar to 

the one of Fig. 2.21. This diagram is given in Fig. 3.24. From this 

diagram the equiphase surfaces can be constructed. It is obvious that 

the equiphase surfaces are independent of the frequency toa. The cur­

ves of Fig. 3.24 are of the same form as the curves of Fig. 2.21. So 

we may conclude that the antennas stuclied in this section have no 

phasecentre. 

sine 

1 
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6 

4 

2 ---------;--------0.1 

l/4 2/4 3/4 4/4 5/4 6/4 
--... dl>. 

Fig. 3.24 Curves ot constant X(G) /d-value against d/À for conical horn 
antenna with small flare angle and anisatrapie boundary. 

In Fig. 3.2 we have plotted the fraction of the total energy which is 

radiated within the cone-angle 8 for various values of e. These data 

are related to the antenna of Fig. 2.15 and are given for 8 GHz. 

The same information has been plotted in Fig. 3.25 for an antenna with 

the same dimensions as the antenna of Fig. 2.15 but with a boundary, 

specified by (3.111). Fig. 3.25 is also only valid for 8 GHz. In con-
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ciusion we see that in this case a larger fraction of the total energy 

is radiated between the angles -6 and 6 as in the corresponding case 

of the antenna of Fig. 2.15. 

100% 

50% 

9 18 27 

- S(deg.) 

Fig. 3.25. 

Fraction of the energy radiated within the cone-angle a against e. 
----• conical horn antenna with small flare angle and per~ectly 

conducting boundary, 
----• conical hom antenna with small flare' angle and anisatrapie 

boundary. 

The dimensions are identical with these of the antenna of Fig. 2.15. 

3.7 Experimental investigation of frequency-independent corrugated 

conical horn antennas with small flare angle. 

The purpose of this sectien is te investigate whether frequency-inde­

pendent radiation patterns can be obtained with a corrugated conical 

horn antenna. The idea is to choose the dimensions of the horn in such 

a way that a frequency-independent horn antenna is obtained prviTided 

the corrugated boundary can bedescribed by (3.111). The next step is 

te measure the radiation pattem of this antenna as a function of the 

frequency. Then it is possible te investigate in which frequency band 

a symmetrical radiation pattern exists. 
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In order to carry out these measurements and to facilitate the compar­

ison with the results of chapter 2 an antenna was constructed with the 

same flare angle and aperture as the antenna of Fig. 2.15. The inside 

of the antenna consists of a corrugated boundary. The dimensions of 

the antenna are given in Table IV and the symbols have the same meaning 

as in Fig. 3.18. The value of p was chosen experimentallyin order to 

obtain a good matching. 

antenna 

4 

t2 d1 

mm] [mm] 

2.3 9 

n 

34 

The power radiation pattern was measured using the antenna test range 

described in chapter 2. The results are given in Fig. 3.26 and the con­

clusion can be drawn that indeed a symmetrical power radiation pattern 

can be obtained in the frequency band from about 7GHz to 10 GHz. 
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The secoud conclusion is that the beamwidth in the H-plane is virtually 

independent of the frequency in the band from 7 GHz to 15,5 GHz. 

However the pattem in theE -plane exhibits a rather large variatien as 

a function of the frequency. Finally the theoretically predicted beam­

width has also been plotted in the diagram. This value can be calculat­

ed for the frequency that satisfies (3.107) and we see that a symmetri­

cal power radiation pattern is obtained in a frequency range around 

this frequency. A complete power radiation pattern has been included 

also in Fig. 3.27 and shows good agreement between theory and experi-

ment. 

Note that in the above antenna the width of the dams is about twice the 

width of the grooves, which is not in accordance with the assumption 

made in section 3.4. The dimensions of the grooves and the dams has 

been chosen in the same way as has been done by Kay [63], In this re­

port the results of an experimental study concerning corrugated coni­

cal horn antennas with large flare angle are described. 
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Fig. 3.30. Measured phase variations in E-plane of antenna 5. 
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In order to have better agreement with the theoretical assumptions of 

section (3.4) a new antenna was constructed. This antenna has the 

same flare angle and aperture as the above antenna, but the width of 

the dams was chosen as small as possible. The dimensions of this an­

tenna are collected in Table V ·• 

TABLE V 

2a 2a' (l p tl tz d' n 
0 

anten na [mm] [mm] [mm] [mm] [mm] [mm] 

5 264 28 15° 26 3.8 2.3 9 67 

The power radiation pattem of this antenna has been measured also and 

the results are given in Fig. 3.28. The main conclusion is that' the re­

sults are virtually the same as for the former antenna, although the 

variations in beamwidth as a function of the frequency are a little 

smoother except for the dip at 10.5 GHz in the 1 0-dB and 20-dB curves. 

For the frequency band from 7 GHz to 8 GHz we observed a very broad 

beam in the E-plane. These results are not plotted in the diagram. We 

have also measured the phase variatien along a circle with a centre 

that coincides with the centre of the aperture of the antenna. The 

measurements have b.een performed in the same way as described in sec­

tion 2.5. The results are collected in Fig. 3.29 and Fig. 3.30 and 

good agreement with the theoretical predicted values, at least for 

the frequency for which the depth of the grooves was a quarter of 

a wavelength. 
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APPENDIX A 

The expression for the electric field in the far field region is repre­

seneed by 

E(r) 8
- jkr 

r ~r x J (!2 x ~<r::'J- Z0 [êr x{!! x t:J<r::'>l]) x 

SA 

This can be written in the abbreviated form 

with 

Ee 1l: 8
-jkr 

I~ 4n r ' 

E<l> 
_Jl: 8

-jkr 
!8 4n r 

! J ( o. x E < r' ) - z0 [2r x { !2 x tl ( c 1 )} J) x 

SA 

8
jkr 1 sin e cos(<IJ 

Using the abbreviàtion M n x E(r') -

we see that 

. ( r' ) 2 

8
jkr'sin e cos(? - <1>' l -Jk ~ dS 

and 
r' 2 

<I>') - j k dS • 

(2. 21) 

(A. I) 

(A. 2) 

(A. 3) 

(A.4) 

The calculation of M8 and M
9 

can be carried out easily if we use Fig. 

2.4. Then we find 

a a and -x' -y 

' ' cos <1>' - E~ sin ~· lêx + (Er sin <1>' + cos ~'la 
-y '· 

(A.5) 

are unit veetors in a rectangular coordinate system. 
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Moreover we see that the vector !:::! equals So 

I I I I 

!:::! x s<r' > -(Er sin~~ + E~ cos ~ 1 ) §x+ u::;rcos~'-E~sin ~'l§y • 

(A.6) 

In a similar way we derive that 

I I I I 
-(H sin~· + H cos~') a + <H cos~'-H sin ~'la 

r ~ -x r ~ -y • 

(A. 7) 

We know that 

-z [a o -r x { 

(A,8) 

and 

(A. 9) 

Substitution of the relations 

a sin e cos ~ a + sin e sin 
"' 

a + cos e -r -x -y 

§e cos a cos ~ a + cos e sin ~ a - sin e -x -y 

§~ - sin ~ + cos 
"' 

a -y 

and (A.6) and (A.7) in (A.S) and (A.9) gives the following result: 

I I 

cos(~-~'l [-E."cos e + Z
0

Hr] + sin(~-~ 1 ) 
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' Z0 Hrcose] • 

(A. I I) 



Combining (A.tl) with (A.!) and (A.4) we obtain 

~ e-jkrf 
41! r 

SA 

x 
6
jkr' sine cos(~-~ 1 ) 

'k ( r') 
J ~dS • (A.I2) 

The combination of (A.IO) with (A.2) and (A.3) results in 

Erp 

6
jkr' sin B cos(~-rp'l 

. ( r') 2 
Jk ~dS. (A. 13) 

Af ter applying the substitutions r 1 = P~ , dSs a2 pdp drp 1 , 

u ka sine and v = ka 2/2r in (A.I2) and (A.13) we find the expressions 

(2.24) and (2.25) 

APPENDIXB 

The purpose of this appendix is to summarise the results of De Hocp's 

paper [46] and to use them as a theoretica! foundation of the method 

of phase measurement as has heen described in sectien 2.5. In [46J an 

antenna has been considered as a transmitting as well as a receiving 

antenna. Let us first summarise the results of [46] for the case that 

the antenna is considered to be transmitting. The starting points are 

the formulae (2. 11) and (2.12). We use essentially the notatien of chap­

ter 2, but some minor changes will be made to facilitate the camparisen 

with [46). 
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Point P is assumed to be in the far field region of the antenna. Then 

the following approximation of r
0 

Ir:- r:'l is valid: 

r 
0 

where r 

Ir: - .c' I [([,[l 

I (1) 
<r:,[l' and r 

1 : generator 

2: waveguide 

3: antenna 

- Z<r r'l -·- + (r' r' l]i ~ r-- ,_ 

!:: 
r 

Fig. B.I. Antenna with closed surface S. 

Then we write for the electric field in P 

-ik e-jkr (\) ->L.;..:. ___ r 
411 r -

s 
(1) ] J.k(r(ll r'l 

!: x {n x ~T<r'l} e - '- dS 

. -jkr 
~T([l = .:..!!__e __ F (r(1ll. 
- - 411 r -T -

<.r 
( 1) 

'!: f ) (B.l) 

p 

(B.2) 

The subscript T denotes the transmitting situation and S represents 

any closed surface surrounding the antenna. For the magnetic field in 

P we find 

e -jkr (1) (1) 
-- r x ET<r: ) r -

(B.3) 
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Suppose now that a plane wave is incident upon the antenna from the 

direction -r(ll The plane wave is represented by 

E. 
-I 

§ specifies the amplitude and the state of polarisation. 

(B.4) 

Apart from the incident field there exists a scattered field denoted 

by Ss and , and the total field in case of receiving is given by 

E. + 
-I 

tlR ~ ~i • ~s • 

The subscript R denotes the receiving case. 

In [46] the following reciprocity relation has been proved: 

(B.S) 

(B. 6). 

It should be noted that the constant in the right-hand side of (B.6) 

differs somewhat from the one in equation (5.4) in [46]. This is caused 

by a slightly different definition of the function fT<r(lJl. Again, S 

denotes any closed surface surrounding the antenna. 

x 

y 

1: generator in case of transmitting 

1: laad in case of receiving 

2: waveguide 

3: antenna 

4: coordinate system. 

Fig. B.2. Antenna and coordinate system. 
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If we choose S as indicated in Fig. B.2 and assume that the antenna 

· system is perfectly conducting, we may restriet the integration in the 

left-hand side of (B.6) to a cross-section of the waveguide at z O.If 

the waveguide between the generator/laad and the antenna is long enough, 

then we can find a reference plane z = 0 where only the dominant mode 

exists, It is then possible to perfarm the integration of the left-hand 

side of (B.6), For this purpose a rectangular coordinate system is in­

troduced. (Fig. B.2). The positive z direction points towards the an­

tenna. The coordinates x and y determine the position of a point in a 

given cross-section of the waveguide. 

From the theory of wave propagation in cylindrical waveguides [59] we 

know that the transverse part of the electric field vector and the 

transverse part ~t of the magnètic field vector can be written as 

V(z) ~ <x,y) , 

I(z) b <x,y) , 
(B, 7) 

where the voltage V(z) and the current l(z) describe the longitudinal 

dependence, and ~(x,y) and b<x,y) are the transverse vector functions 

of the mode. If a waveguide is analysed on an impedance basis, the 

vector functions ~(x,y) and b<x,yl are normalised in such a way that 

dxby 1 • (B.S) 

Substitution of (B.7) and (B.S) intheleft-hand side of (B.6) gives 

the following result: 

(B.9) 

s 
After introducing the impedance ZT of the antenna system observed at 

z = 0 and the impedance ZL of the load observed at z = 0, we may write 

(B. 10) 

where the minus sign in the second expression of (B.lO) is due to the 
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fact that the positive z-direction has been chosen towards the antenna. 

Substitution of ~B.IO) in (B.9) gives 

!([ -T x ~R ~Rx~T), !l dS (ZT + IT (B. 11) 

s 

J<~T x 
r:: x ~Tl. D dS (..!_ + VT VR =R ZR 

(B, 12) 

s 
Combining (B. 6) with (B. 11) results in 

z-1 B F ( r ( 1l) (ZT + ZR) IR 0 -T - (B. 13) 

Combining (B. 6) with (B. 12) gives 

B 1 ) ) + VR • (B. 14) 

Let us now assume that the point 0 in Fig. B.J coincides with the cen­

tre of the aperture of the antenna. 

Then the equations (B.I3) and (B.I4) give rise to the formulation of 

the following theorem. 

Suppose that a plane wave is incident upon an antenna successively 
1) 

from different directions given by the vector • Suppose further 

that the phase variations of the transverse part of the electric field 

vector or the transverse part of the magnetic field vector are measured 

with respect to the phase in case the plane wave is incident perpendi­

culary upon the antenna. Then (B. 13) and (B.I4) show that these phase 
. . 'd . 1 . h h h . . f F ( (1)) var~at~ons are ~ ent~ca w~t t e p ase var~at~ons o -T [ • 

If the phase variations are measured in the above way, one should take 

care that the antenna under test rotates around an axis through the 
( 1) 

aperture, because the calculations of [ l are performed in a 

coordinate system, the origin of which coincides with the centre of 

the aperture. 

The measuréments described in section 2.5 are based on the above theo-

rem. 

Finally, the author wishes to express his appreciation to De Hoop for 

making available some unpublished notes, which were relevant to our 

problem. 
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SUMMARY 

This thesis refers to feeds for reflector antennas. In the introduetion 

an attempt has been made to describe the properties which a good feed 

should possess. Subsequently a review of the recent literature concem­

ing feeds has been given. 

In chapter 2 the properties of conical horn antennas with small flare 

angles are studied. The slant length of the horn has been chosen in 

such a way that the phase distribution across the aperture of the hom 

antenna is a quadratic function of the length of the radiusvector in 

the aperture. It has been proved in sectien 2.2 that these antennas 

have power radiation patterns which are independent of the frequency 

in a rather large frequency band. The theory of the preceding sectien 

has been verified in sectien 2.3. and it has been shown that frequency­

independent conical hom antennas can be designed in a relative fre­

quency range I : 2. The phase radiation pattems of the above antennas 

have been studied theoretically in sectien 2.4. The conclusion is that 

the phase radiation pattern is independent of the frequency as well. 

Moreover,it turns out that these antennas do not possess a phase centre. 

An experimental study of the phase radiation pattern has been under­

taken and is described in sectien 2.5. For this study a new method of 

measurement has been developed. Good agreement between theory and ex­

periment was obtained. 

It should be noted that the theory of chapter 2 applies to conical horn 

antennas with a perfectly conducting boundary. A property of these an­

tennas is that their radiation patterns are not symmetrical with respect 

to the antenna-axis. Moreover,there exist rather high sidelobes in the 

E-plane. For some applications these sidelobes and the asymmetry are 

undesirable. 

In the first sectien of chapter 3 a theory concerning symmetrical ra­

diation patterns of circular apertures is developed. In sectien 3.2 

wave propagation in a cylindrical waveguide with a special anisotropic 

boundary is discussed and it is proved that the transverse part of the 
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electromagnetic fields is of the same type as the aperture fields found 

in sectien 3.1. Soanopen radiating cylindrical waveguide with the 

anisatrapie boundàry, specified in section 3.2, gives rise to a symme­

trical radiation pattern. These patterns are discussed in section 3.3. 

In the next section a corrugated cylindrical waveguide is studied and 

it is proved that this waveguide possesses the special anisatrapie 

boundary discussed in section 3.2, however, only for one frequency. It 

may be expected that the theory of the sections 3.3 and 3.4 is also 

valid for carrugated conical horn antennas with small fl~re angle. 

Sectien 3.5 contains some experimental results of corrugated conical 

horn antennas with small flare angle. These results confirm the theory 

of the preceding sections. Moreover,it is shown that symmetrical power 

radiation patterns are obtained in a rather large frequency range, es­

pecially if the aperture is not small. 

The frequency-independent properties of the conical hom antenna with 

perfectly conducting boundary are obtained by a right choice of the 

dimensions of the antenna. This raises the question whether it is 

possible to combine the frequency-independent properties of the conical 

horn antenna with perfectly conducting boundary and the symmetry pro­

perties of the conical horn antenna with anisatrapie boundary. Calcula­

tions concerning this question are given in section 3.6 and show that 

frequency-independent conical horn antennas with a symmetrical radia­

tien pattern can be obtained provided the anisatrapie boundary which 

has been assumed in sectien 3.6 can be realised independent of the 

frequency. This question has been investigated experimentally in sec­

tien 3.7. In this section the properties of corrugated conical horn 

antennas with small flare angles and large apertures are studied. The 

dimensions of the antennas are chosen in such a way that again the 

phase distribution across the aperture is a quadratic function of the 

length of the radiusvector in the aperture. The experimental results 

show that indeed a symmetrical radiation pattern can be obtained in a 

frequency range from 8 GHz to 10 GHz, while acceptable patterns are 

ohtained in .the frequency range from 10 GHz to 15GHz with the excep­

tion of a small frequency range around 10.5 GHz. Finally the phase 

radiation pattern of the above antenna has been studied and good 

agreement with the theoretica! predictions was found, at least for the 

frequency for which the depth of the grooves is a quarter of a wave­

length. 
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SAMENVATTING 

Dit proefschrift heeft betrekking op belichters voor reflector anten­

nes. In de inleiding is een poging gedaan de eigenschappen te beschrij­

van, die een goede belichter dient te bezitten. Vervelgens-n een over­

llic:J:!.t van de receute literatuur over beliehters gege~en. 

In hoofdstuk 2 worden de eigenschappen van conische hoorn antennes met 

een kleine tophoek bestudeerd. De lengte van de hoorn antenne is zoda­

nig gekozen dat de faseverdeling over de apertuur een kwadratische 

funktie is van de lengte van de radiusvector in de apertuur. In para­

graaf 2.2 wordt bewezen dat deze antennes een vermogensstralingsdia -

gram bezitten, dat onafhankelijk is van de frequentie in een tamelijk 

grote frequentieband. ~e theorie V&i de vorige paragraaf i~ ge;erifi­

~rd in pat:!!g:raaf 2 J en er is aangetoond dat inderdaad frequentie­

_onafhankelijke conische hoorn anteu>UUI outuorpea kinlaG \i9l'àeft ia eelil 

~elatieve freqyeatiebaaà 2 1 I. Het fasestralingsdiagram is theoretisch 

onderzocht in paragraaf 2. 4. Jle cond11SÎ e is dat bet faseet:ralin:gscHa­

~ eveneens onafhrulkelijk is van de he~~:Heatie .--ievendien -b-H~t 

~i antennes geen fasecentrum bezitten. Een experimenteel onderzoek 

naar het fasestralingsdiagram is in paragraaf 2.5 beschreven. ieli "as 

.!12!!i&.'llQ.Q.X: .dit-O~zóek-..-n~~-meetmetb&de-.t~~k.keleft, Be 

~!ee~~-t~!Dilli.!ULt1!_'!Jt§!l.J;.tl.e-.ox~t.iac;he..- eKf!erimeBtele Eeslllteteft -~~ 

~-··"" 

De theorie van hoofdstuk 2 is geldig voor conische hoorn antennes met 

een perfect geleidende wand. Een eigenschap van deze antennes is dat 

het stralingsdiagram niet symmetrisch is met betrekking tot de antenne­

as. BQyendien bezittea àese &aÈeBRes hege eijl!lsBeft ia àet B vlak ~an 

~ strali~gsàiagram~ Voor sommige toepassiageR eijs èeee zijlYsseR an 

ei& es;'l!llllet:rie ongewenst. In de eerste paragraaf van hoofdstuk 3 is een 

theorie betreffende symmetrische stralingsdiagrammen van cirkelvormige 

aperturen ontwikkeld. 

Het onderwerp van paragraaf 3.2 is golfvoortpl.anting in een cirke1-

.cylindrische golfgeleider met een anisotrope wand./Bc ; Jt 1 llhzcu 
f 
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dat de transversale veldverdeling van hetzelfde type is als de aper­

tY.urvelden, die in paragraaf 3.1 gev{}nden zijn: Dus een open cirkel­

j:ylindrische golfgeleider. met de anisotrope wand, die in paragraaf 3. 2 

nader··gesp.eclliceeFd -is, heeft een··symmetrisch s.t.r.al.ingsdiagram. Deze 

~en-~n-.:ender;wer·p-v.a;a .. di-scussie in paragraaf· 3,3, In de vol­

gende paragraaf worden cirkelcylindrische golfgeleiders met groeven 

in de wand bestudeerd en de conclusie is dat deze golfgeleiders een 

anisotrope wand bezitten met dezelfde eigenschappen als in paragraaf 

3.2 verondersteld werd, echter slechts voor een frequenti-e. 'Men mag 

verwachten dat de theorie van de paragrafen 3.3 en 3.4 ook geldig is 

voor conische gegroefde hoorn antennes met kleine tophoek. Paragraaf 

3. 5 bev·at enige experimentele resultaten verkregen met conische ge­

groefde hoorn antennes met kleine tophoek. J)eze resultaten beve1ltigen 

~t.h!Wrie..van. de vorige paragraten •. Bovendien is aangetoond dat 

~.&rische stralingsdiagrammen kunnen worden verkregen in een tame­

lijke gr.ote frequentieband, speciaal als de apertuur niet te klein is. 

De frequentie-onafhankelijke eigenschappen van de conische hoorn an­

tenne met. perfect geleidende wand worden verkregen door een juiste 

keuze van de afmetingen van de antenne,' Ma.g..-k-an, zicl:r t11:r··afvragen of­

-he~,mogelijk is de frequentie-onafhankelijke eigenschappen van de 

noJ:maLe.. .. conische hoorn antenne met perfect geleidende wand te combi­

neren met de symmetrie. eigenschappen van de conische gegroefde hoorn 

antenne, Berekeningen betreffende deze kwestie zijn in paragraaf 3.6 

opgenomen en de conclusie is dat frequentie-onafhankelijke conische 

hoorn antennes met een symmetrisch stralingsdiagram inderdaad ontworpen 

kunnen worden onder voorwaarde dat de anisotrope wand, die in paragraaf 

3.6 verondersteld werd, gerealiseerd kan worden voor iedere frequentie. 

De laatste kwestie is experimenteel onderzocht in paragraaf 3.7. In 

deze paragraaf worden de eigenschappen van conisch gegroefde hoorn 

antennes met kleine tophoek en grote apertuur bestudeerd. 

El& ,afmetingen van de antennes zijn weer zodanig gekozen dat een fase­

vard~ling ov.er de ~pertuur ontstaat, die een kwadratische functie is 

van de. lengte van de radiusvector in de apertuur. De experimentele re­

sultaten laten zien dat ~rdaad symmetrische stralingsdiagrammen 

worden verkregen in een frequentieband van 8GHz tot 10 GHz, terwijl 

acceptabele diagrammen worden verkregen in een frequentieband van 

10 GHz tot 15 GHz met uitzondering van een kleine frequentieband om 
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10,5 GHz. Tenslotte werd het fasestralingsdiagram van de bovengenoemde 

antenne bestudeerd en een goede overeenstemming werd gevonden tussen 

de experimentele resultaten en de theoretische resultaten, tenminste 

voor de frequentie waarvoor de diepte van de groeven een kwart van de 

golflengte was. 
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Errata 

p. 23: znd line: "fase" should be "phase". 

P• 77: 15th line: "(3.1) is" should be "(3.1) are". 

P• lOO: should be re• 

P• I 1 I : formula (3.105): 
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H<j> should be 
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Hz· 
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