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Abstract

Thegrowth of sub-monolayerislandsin heteroepitaxialsemiconductorsystemsis sim-
ulatedby meansof theMonteCarlomethod.As therelevantprocesses,deposition,dif-
fusionandnearest-andnext-nearest-neighborbondingis included. Diffusionprocesses
occurwith Arrhenius-like probability. To accountfor theelasticstraininherentto lattice
mismatchedgrowth, aself-consistentlycalculatedelasticstrainfield is incorporated.

The influenceof macroscopicgrowth parameterslike temperature,flux to thesurface
during deposition,surfacecoverageandgrowth interruptiontime on sizeorderingand
regularspatialarrangementof islandsis analyzed.An optimalparameterrangeis identi-
fied to obtainbotha regularspatialarrangementof dotsandanarrow sizedistribution.

Thetransitionfromkineticallycontrolledgrowthconditionsto thermodynamicallycon-
trolledgrowth reachedafterlongequilibrationtimesis analyzedandacrossover in island
sizedistributionsbetweenbothregimesis foundfor differenttemperatures.

Simulationswith anisotropicelasticstrainparametersrelatedto the
�������

systemare
performedto verify theexperimentallyobservedformationof islandchainsorientedalong�����
	��
���

direction.Simulationsarein goodagreementwith experimentaldata.
The growth of stacked quantumdot layersis consideredby fully taking into account

theself-consistentlycalculatedelasticstrainfield. A transitionfrom verticallycorrelated
growth to anti-correlatedgrowth with increasingbuffer layer thicknessis observed as
well as an improved orderingwith respectto island sizeswith increasingnumberof
depositedlayers.
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Zusammenfassung

DasheteroepitaktischeWachstumvon Inselnim sub-monolagenBereichwird mittels
derMonteCarloTechniksimuliert.Die für denWachstumsprozessrelevantenParameter
sind Deposition,Diffusion und nächstesowie übern̈achsteNachbarbindungen.Diffu-
sionsprozessegeschehenmit einerWahrscheinlichkeit, die übereinenArheniusFaktor
bestimmtwird. Die für gitterfehlangepasstesWachstumtypische,elastischeVerspannung
wird überein selbstkonsistentgeneriertesVerspannungsfeldin dasProgrammeingebun-
den,wobeiaucheinekubischeAnisotropieber̈ucksichtigtwerdenkann.

Der EinflußdermakroskopischenWachstumsparameterwie Temperatur, Materialfluß
zur Oberfl̈achewährendder Deposition,Oberfl̈achenbedeckungund Dauerder Wachs-
tumsunterbrechungauf die Größenordnungund räumlicheAnordnungder Inseln wird
betrachtet. Dazu wird ein optimaler Arbeitsbereichim Parameterraumbestimmtzu
dem sowohl eine reguläre räumliche Anordnung der Inseln als auch eine schmale
Größenverteilungerzieltwerdenkann.

Es wird der Übergangvon kinetischkontrolliertenWachstumsbedingungen,wie sie
währendder Depositionvorherrschen,zu thermodynamischkontrolliertemWachstum,
wie es nach langenRelaxationszeitenbeobachtetwird, analysiertund ein Übergang
zwischendenWachstumsmodibeobachtet,bei demsichdie Größenverteilungenzu ver-
schiedenenTemperaturen̈uberschneiden.

EswurdenSimulationenmit einemanisotropenelatischenVerspannungsfeld,welches
dem von ������� ähnlich ist, angestelltum experimentellbeobachteteStrukturenin der
FormvonInselketten,dieentlangder ���������
�
� Richtungorientiertsind,nachzuvollziehen.
Die Simulationsergebnissedeckensichauf befriedigendeWeisemit denexperimentellen
Befunden.

Das Wachstumvon gestapeltenQuantenpunktSchichtenwird betrachtet,wobei das
selbstkonsistentberechneteVerspannungsfeldvollständig mitber̈ucksichtigwird. Man
findeteinenÜbergangvonvertikalkorreliertemWachstumzuantikorreliertemWachstum
mit zunehmenderPufferschichtdickesowie zunehmendbessereGrößenordnungunterden
Inselnmit zunehmenderAnzahlderdeponiertenSchichten.
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I.

Introduction

Natureprovidesa seeminglyendlessvari-
ety of forms, patternsand shapesand it

might take a similarly endlessamountof time
beforescientistshave unveiledthepreciseand
detailedmechanismswhich areultimately re-
sponsiblefor theiremergence.

As complex as these driving processes
might be and indeed quite often they are
chaoticin character, it turnsout for mostcases
of ’natural’ patternformationthattheresulting
macroscopicstructuresare of suprisingsim-
plicity – somesaybeauty.

Thesesimple patternsare a result of self-
organisation. This term generallydescribes
the spontaneousformation of stationary or
time-dependentstructuresin opendissipative
systems.The key featureof suchsystemsis
the existanceof a hierarchyof dynamics.At
the lowest level, for example, is the dynam-
ics of singleatomsor cells. Their behaviour
usuallyis quiteunpredictable.Stochasticpro-
cessesdominate and the dynamics can be
calledcomplex at best.TheBrownianmotion
of a single water moleculemight serve as a
handyexample.

By moving towards larger spatial scales,
self-averaging effects reducethe numberof
degreesof freedomandspatialcorrelationsbe-
come apparent,like for instance,a directed
flow of water molecules. Also, as an effect
of self-averagingmacroscopicparameterscan
be assignedto the flow like directionandve-

locity. By further increasingthe lengthscales
one might end up with the macroscopicpic-
ture of a deterministic,laminar flow of wa-
ter in the shapeof a vortex over the drain of
a bathtub, which is a rathersimplestructure
comparedto the underlying, randommotion
of watermolecules.The formationof a vor-
tex afterpulling theplug is actuallya resultof
self-organisation.

The term ’self-organization’ can, to some
extent, be considered the guiding thread
throughoutthis thesis. Ultimately, it can be
held responsiblefor all the importantresults
derived in the following chapters. Though
a very special field of physics, namely the
growth of quantumdots on a semiconductor
surface under the influenceof elastic strain
[Sch98d, Bos99a, Bos99b, Bos00, Mei00a,
Mei01c, Mei01a, Mei01b], is consideredin
thiswork, theobservedself-organizingeffects
areby no meansuniqueto this particularsys-
temandit mightbeinstructive to haveacloser
lookatpatternformationin self-organizedsys-
temsfrom a moregeneralpointof view.

In thefollowing a coupleof examplesfrom
variousfieldsof scientificendeavour aregiven
to elucidatethe universalityof self-organized
patternformingprocessesin nature.

Chemistry A very prominentexample of a
patternforming processis the so called
Belousov-Zhabotinskiireaction[Zha64].
This reactioninvolvesonly a few organic
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12 I. Intr oduction

moleculesandproducestwo morpholog-
ically differentpatterns– concentriccir-
ular waves and expandingspiral waves
– by a chemicalreaction. The reaction
is madevisible by indicator molecules
which turn blue or orangein color de-
pendingon theconcentrationof a certain
reactionproduct.

It is very interestingto note that very
similar patternscanbe observed on cer-
tain forms of sea-shellsand even the
stripes on a zebra might be related to
the Belousov-Zhabotinskii reaction, in-
dicating a certain universality of self-
organized,patternformingprocesses.

Biology Self-organization also governs the
evolution of a biologicalecosystem,con-
sisting of a certain numberod species,
someof them predators,someof them
prey. As is shown in [Pim91] the evolu-
tion of asimplesystemconsistingonly of
foxes,rabbitsandgrass,whichis thefeed
for therabbits,might resultin a limit cy-
cle motion of populationnumbers. The
systemis driven by periodic population
explosionsof rabbitsdueto few foxesand
plenty of grassanda consecutive explo-
sion in thepopulationof foxesdrivenby
asurplusof well fed rabbits.

Again, the basic processesof a rabbit
gatheringgrassandtrying to escapehun-
gry foxesis a by all meanscomplex pro-
cess.But seenfrom aproperdistance,the
numberof life rabbitsperformsa simple
upanddown motionin time1.

Society It is claimed in [Kau95] that even
in oursocietyself-organisationprocesses
playavital rolein thecoexistanceof peo-
ple and in the adaptionto changingex-
ternalconditionsin theform of economy
andpolitics.

In physicsself-organizationhasbeenreal-
izedin almostevery discipline,from mechan-
ics over opticsto electronictransport[Sch87,
Sch01, Mei97a, Mei97b, Mei97c, Mei98a,
Mei98b, Mei99, Mei00c, Mei00b]. A com-
monproblema scientistfacesin dealingwith
self-organizationprocessesis the choiceof a
proper hierarchyto describethe problem at
hand.

A microscopicview, includingmany minute
details can give a precise description of
the dynamic processeswhich lead to self-
organization. Thus,using a large numberof
microscopicparametersusually is the most
generalansatzif it comesto predicting the
influenceof small parameterchangesin the
vicinity of acritical pointwherethedynamical
behaviour of thesystemmaychangerapidly if
certainparametersaretuned.But it is alsothe
leastgeneralmethod,sinceoneis restrictedto
thesystemthemicroscopicmodelhasbeende-
signedfor and the applicability to othersys-
temsis ratherlimited.

Theoppositeapproachwould be to neglect
the microscopicfundamentfrom the begin-
ning and to model the dynamicsof a given
systemby alimited setof macroscopicparam-
eterslike pressureor temperatureto capture
the essentialfeaturesof the system.This ap-
proachusually includesa fair amountof ed-
ucatedguesswork but onemight endup with
differential-or rateequationswhich describe
not only the consideredsystembut a whole
class of systemswith similar dynamic be-
haviour, asocalleduniversalityclass.

Theapplicabilityof thismacroscopicansatz
sensitively dependson the amount of rele-
vant parameters.It might work fine for large
length- and time scales,whereonly few pa-
rametersaresufficient to describethesystem.
It might, however, beworthlesson intermedi-
atescales,wheredynamicsis determinedby

���
Thesame,of course,goesfor thefoxesaswell
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a large numberof independentor interacting
parameters.Omitting one importantparame-
ter might resultin analtogetherdifferent(and
usuallywrong)descriptionof thesystem.

One more important differenceexists be-
tween the two approachesconcerningtime
scales. Sincein macroscopicmodelsno mi-
croscopicprocessesare consideredand only
parametersenter, which vary on muchslower
time scalesdue to self-averaging,statements
aboutthe systemslong termevolution canbe
readily obtained. If one is pressedto ex-
tractthesameinformationfrom amicroscopic
model,since,for example,nomacroscopicde-
scription of the problemor only crudeones
areaccessible,onemight be facingan unsur-
mountableobstacle. Though a microscopic
model,in principle,would yield the samere-
sultsasa goodmacroscopicone,it might take
anunacceptablylargenumberof microscopic
stepsto getthere.

Now, this thesisconsidersa problemjust of
suchcharacter. The growth of quantumdots
on a semiconductorsurfaceperseis a micro-
scopicprocesscharacterizedby atomic inter-
actions. The interactionpotentialsare rather
complex anddependstronglyon externalpa-
rametersand the local atomic environment.
Thougha completemicroscopictreatmentis
possible,for example by ab-initio methods,
the long term evolution of sucha systemfar
from equilibriumis still a coupleof ordersof
magnitudebeyond the capabilityof even the
mostadvancedcomputersavailabletoday.

On the otherside,purely macroscopicde-
scriptionsexist in the form of rateequations,
which, for example,canexplain the temporal
evolutionof theaverageislandsizedepending
on temperatureor coverage. However, these
modelsareonly valid for a limited parameter
rangeandonly explaina fractionof thewhole
growth process.

Still, the completedynamicsof quantum
dot growth can be modeled and simulated

even for reasonablylong times by a method
which combinesthe use of detailed,micro-
scopicsingleparticleeventswith thegeneral-
ity andspeedof amacroscopicapproach.This
methodis calledMonteCarloschemeandre-
liesheavily oncomputationaleffort.

The basisof a Monte Carlo simulationare
single particle events which do not attempt
to cover all atomisticprocessesbut arerather
chosenfrom an intermediatelevel ascharac-
teristic,self-averagedparametersasfor exam-
ple the averagebinding energiesto neighbor-
ing particles.To furtherreducethecomplexity
of the systemsdynamics,all possiblemicro-
scopiceventsaresampledby theMonteCarlo
algorithmin dependenceon few macroscopic
parametersas temperatureor the bulk elastic
moduli.

In this sensethe Monte Carlo simulation
is placedbetweenthe purelymicroscopicap-
proachof basic,singleparticleeventsandthe
generalbut not so preciseansatzof macro-
scopicmodels.

Of course,the successof a Monte Carlo
simulationclearlydependson a properchoice
of atomisticeventsaswell ason their relation
to themacroscopicparameters.To giveaclear
understandingof theMonteCarlomodelused
throughoutthis work chapterII dealswith the
atomisticprocessesin surfacegrowth,explain-
ing all the relevant microscopiceffectswhich
entertheMonteCarloscheme.Sincetheterm
’Monte Carlo’ itself is quite a generalone,
anoverview over differentMonteCarlometh-
odsis given aswell andvariousMonteCarlo
approachesusedin surfacescienceare com-
pared.

ChapterIII deals with the effect of self-
organizedgrowth that leadsto the formation
of quantumdot structures. The influenceof
external growth parameterslike temperature,
depositionrate or coverageon the resulting
growth patternsis analyzedandanoptimalpa-
rameterrangeidentifiedwith respecttosizeor-
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14 I. Intr oduction

deringandthespatialarrangementof dots.
Macroscopicrateequationsfor thesizedis-

tribution of quantumdotson a semiconductor
surfacecanbederivedfor thedynamiccaseof
duringor shortlyafterthedepositionof quan-
tum dot material.Thepredictedsizedistribu-
tions are,however, completelydifferentfrom
thepredictionsof thermodynamicequilibrium
theory. Here,the IVth chaptermakesfull use
of theMonteCarlomethodbeinganinterme-
diate technique. By performinga long time
Monte Carlo simulationit canbe shown that
growth during depositionindeedagreeswith
themacroscopicrateequationsderivedfor the
dynamiccasebut then,in the courseof equi-
libration, the sizedistribution swingstowards
the equilibrium distribution. It is shown that
thisprocesshasapronouncedtemperaturede-
pendence.

By incorporatingthe elasticanisotropy of
the binary semiconductorcompound �! �"$#
into the Monte Carlo simulation it will be
shown in chapterV, that the regular arrange-
ment of islandsalong chainsorientedalong
the %�&�'�')( crystaldirection,which canbe ob-
served in liquid phaseepitaxy (LPE) experi-
mentsby [Sch98b] canbeexplainedby aself-
organizationeffect mediatedby anisotropic
strain. This strain is generatedby the lattice
mismatchedgrowth of islandson the surface
of a �! crystal.Indeed,averygoodagreement
betweentheMonteCarlosimulationsandthe
experimentalresultsis found.

ThelastchapterVI considersstackedlayers
of quantumdots,socalledquantumdotsuper-
lattices.In experimentsit hasbeenfoundthat
quantumdot growth is clearly influencedby
thedistributionof dotsin buriedlayersbeneath
thesurface.Dependingonthethicknessof the
separatinglayer, dots tendto grow on top of
eachother, which is calledcorrelatedgrowth,
or they grow anti-correlated.Again thestrain
field seemsresponsiblefor the correlationef-
fects.

The transition from correlated to anti-
correlatedgrowth in dependenceon the sep-
aratinglayer thicknesscanbe reproducedby
thesimulationsandimportantinsightsinto the
growth dynamicsof stackedquantumdot lay-
erscanbegainedfrom theMonteCarlo tech-
nique.

The whole of the following chapterswill
identify theMonteCarloschemeasaversatile
andpotenttool for themodellingandsimula-
tion of quantumdotgrowth processesatsemi-
conductorsurfaces.
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II.

Theory of Self-Organized Growth

In this work thegrowth of nanoscalesurface
structuresis considered.From a very sim-

plified point of view the processof growth is
very much like spreadingsandgrainsonto a
table top. This analogyis, of course,only
a very crude one and it doesnot take a lot
of physicalinsight to spot the evident differ-
ences.Sandgrainsdo not behave like atoms
anda nanoscalesurfaceis never aslevel asa
table,but mostimportantly, it is very difficult
to obtainlittle sandpiles— preferrablyof sim-
ilar size and in a regular arrangement— by
depositingsanduniformly on a table. How-
ever, this is just the effect that this work in-
tendsto explain sincetheemergenceof quan-
tum dots is observed in experimentsdealing
with atomicor moleculardeposition.

Thekey wordsfor understandingnanoscale
structuringarediffusionandparticle interac-
tion, noneof which is presentin sandgrains.
Thereare, in fact, variousways of diffusive
motion possiblefor atomson a surface. For
example, the depositedatoms will perform
a moreor lesspronouncedBrownian motion
in dependenceon temperature.This can be
adaptedin thesandexample,andit is possible
to makethegrainsdiffusebymoving thetable.
Then,undercertainconditions,the diffusion
of the sandgrainsis indeedsufficient to ob-
serve patternformation,like ripplesor dunes.
Unfortunately, thedriving forcesin theseopen
systemsneedto be of a specialform andno

patternformingprocessis known to exist for a
purely stochasticmotion of particles1. There
exists, however, anotherstructuringprocess
for atomsthat is not presentin sand. The
electro-chemicalinteractionof atomsof the
sameor differentelementsis responsiblefor
effectsonshortlengthscales,likeatomicbond-
ing, up to long rangeinteractionsmediatedby
elasticstrain.Thesefeaturesareultimatelyre-
sponsiblefor theemergenceof self-organized
quantumdots of a well definedaveragesize
andlateralarrangement.

This chapter is split into two parts. To
elucidatethe basicphysicalconceptsand,of
course,to emphasizethe complexity of self-
organizedgrowth mechanismsof nanoscale
particlesin contrastto the trivial macroscopic
sand-on-tableexperiment, the first part ex-
plainsa coupleof relevant termsand effects
in surfacesciencethatwill beusedthroughout
this text. In the secondpart an introduction
to MonteCarlo techniquesis meantto clarify
the numericaland computationalframework
of the simulationroutine that hasbeenused
to obtainmostof the numericalresults. Fur-

*�+
Randomdiffusion processescan be analyzedby

meansof the‘Langevin equation’or the‘Fokker-Planck
equation’.Bothequationsdonotexhibit instabilitiesthat
could leadto self-organizedpatternsunlesssomeinter-
actionsor nonlinearpotentialsare introduced. This is
ratherfortunatesincethesephysikallaws,interalia,gov-
ernthedistributionof oxygenin ouroffices.
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16 II. Theory of Self-OrganizedGrowth

theron it will bediscussedwhich of theafore
mentionedeffects have beenincludedin the
presentwork.

II.1 Physicsof growth on surfaces

II.1.1 Depositionand diffusion

Thefirst steptowardstheformationof quan-
tum dotsis thedepositionof acertainma-

terial on a given surface. To this enda cou-
pleof technologicallydifferentproceduresex-
ist thatareneverthelessverymuchalike,asfar
as the basicprocesseslike depositionof ma-
terial on the samplesurfaceanddiffuson are
concerned.

Molecularbeamepitaxy(MBE) belongsto
the physicalvapourdepositionmethods.The
substanceto bedepositedis vaporized,andthe
moleculesformedinto a beam. This beamis
underultra high vacuumconditionsdirected
towardsasurface,wheretheparticlesconden-
sate.To allow for diffusive motionof thede-
positedatoms,thesampleis heated.Sinceno
otherchemicallyactive substancesareusedin
this form of epitaxy, depositionanddiffusion
is characterizedby only the most basicpro-
cesses.For thisreasonthegrowth techniqueof
MBE is very convenientfor theoreticalmod-
elling of growth.

Ontheotherhandin chemicalvapourdepo-
sition (CVD) the growth material is brought
to the samplein form of a chemicalcarrier
gassolution. A prominentexampleis metal
organic CVD (MOCVD). Depositionoccurs
via chemicalreactionsat the samplesurface.
Thesereactionscanbeverycomplex andsince
thedepositionratedependssensitively on the
concentrationsof the variouschemicallyac-
tive speciesthe local growth kineticscanbe-
comequite involved. Furthermore,reactions
usuallyoccurbothwaysandconsequentlydes-
orption is muchmoreimportantin CVD than
in MBE.

An other widely usedepitaxial methodis
theliquid phaseepitaxy(LPE) wherethesub-
strateis submerged into an oversaturatedliq-
uid solution. Material precipitatesfrom the
solutionandis depositedon thesample.Here,
again,therelevantdepositionprocessesareba-
sic but diffusion is widely aidedby the pres-
enceof a liquid phase.

While in MBE and low pressureCVD the
interaction of the growing surface with the
ambientatmosphereis of minor importance,
the theory of growth from densephaseslike
LPE or growth from the melt can become
mostcomplex. Here,for instance,a simulta-
neoussolutionof the Navier-Stokes equation
and mass-and energy-transportequationsis
required.

Obviously, the technicaldetails in various
epitaxialsetupscandiffer strongly. Neverthe-
lessall methodsusedfor epitaxyfollow asim-
ple schemethat consistsof transportingma-
terial to the samplesurface,depositingit and
allowing for diffusion.

The depositionmight be assimpleasscat-
teringatomson thesurface(asin MBE or re-
lated sputteringtechniques)or complex and
dominatedby chemicalreactions(asin CVD)
but ultimately any of the above mentioned
techniquesensuresacertainfluxof particlesto
thesurface.Theflux is therelevantquantityin
termsof growth kineticsandits physicaleffect
is basicallyindependentof theappliedmethod
of deposition.

Oncean atom is depositedon the surface
it can travel from , to - on various paths
(Fig.II.1).

Plainsurfacediffusion (Fig.II.1b) is an im-
portant mechanismin all growth techniques
andconsistsof consecutive hopsfrom onelat-
tice site to a neighboringone. Sinceit is the
energeticallymostfavorableway of diffusion,
at leastfor shortdistances,it generallydomi-
natesall otherwaysof transportation.

The movementof atomsthroughthe bulk
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II.1. Physicsof growth on surfaces 17

A

B

a

c

b

Fig. II.1: Possiblewaysof diffusionfrom . to / :
a - desorption,condensationprocess,b - surface
diffusion,c - volumediffusion.

solid (Fig.II.1c) is usuallynegligible. Volume
diffusionmight,however, play a role on inter-
mediatedistances,if all othermeansof trans-
portationareblocked, for examplein samples
with acappedsurface.

Without the help of a chemicalagent,des-
orption processeshave to overcomea larger
energy barrierthanthoseresponsiblefor sur-
facediffusion. Nevertheless,desorption-con-
densationprocesses(Fig.II.1a) are relevant,
especiallyin CVD where adatomsare des-
orbedfrom the surface by a chemicalback-
reaction,and provide an energetically favor-
ableway of travelling long distances.In spe-
cial cases,like in MBE growth of 0214365 , des-
orptioncanbecomethedominanteffect when
athigh temperaturesarsenicevaporates.

II.1.2 Growth classification

If material 3 is depositedon material 7 it is
notat all clearin which way thegrowth will

occur. Additionally, for a given materialsys-
tem the modeof growth dependson external
parameterslike temperatureandpressure.

The simplest growth mode of hetere-
ogrowth, where one complete monolayer
grows after the other is rather the exception
than the rule. Under certainconditionsrare
gasesgrow layer-by-layer on graphite. An-
otherexampleis the 368:9)021<;>=?9�@ film growth
onsapphireACB�B
D:EGF asreportedin [Wic94]. This
growth mode is also called Frank-Van der

Merwe[Fra49] growth mode(Fig.II.2b).

a)

b)

c)

Fig. II.2: Important growth modesin epitaxy:
a) Volmer-Weber growth mode, b) Frank-Van
der Merwe growth mode, c) Stranski-Krastanov
growth mode.

Conversely, in growth experiments with
leadongraphitetheleaddoesnot form mono-
layers.It ratherformslittle dropletsverysimi-
lar towaterdropletsonafreshlysealedcartop.
Thisgrowth modeis referredto astheVolmer-
Weber[Vol26] growth mode(Fig.II.2a).

Indeed,this analogybetweenleadandwa-
terdropletsis worthpursuing.By definingthe
surfacetensionsfor a liquid dropletonaplane
surfaceas HJILK , H INM and H MOK for the interfaces
solid/vapor, solid/liquid and liquid/vapor, re-
spectively, onecanshow thatthedropletforms
anangleP with thesolidgivenas:

Q�RTS P U H ILKWV H INM
H MOK D (II.1)

For H IXKZY H IXM\[ H MOK eq.(II.1) is well de-
finedandthe liquid is saidto benon-wetting.
Suprisingly, the sameis true for solid lead
on graphite, whereasfor example xenon is
wetting the graphitesubstrateandis growing
layer-by-layer.

But thenagainsolid dropletsarenot quite
like a liquid. Solidscomeup with additional
featureslikeawell definedlatticeconstantand
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18 II. Theory of Self-OrganizedGrowth

certainelasticproperties.This is themainrea-
sonfor the existenceof a third growth mode,
theStranski-Krastanov growth mode.

A monolayerof atomsadsorbedon a for-
eignsubstrateis subjectedto two differentef-
fects. The adatom-adatominteractionwithin
the layer favors a certaininteratomicdistance] . In general,the lattice constantof the sub-
strate ^ is different and the adatom-substrate
interactionforcesthe monolayertowardslat-
tice constant̂ . The lattice misfit _ ]a` ^�b>cd^
then determinesif the growth will occur in
a commensurateor incommensurateway. If
theadatom-adatominteractionis thedominant
one,theadlayerwill not adoptthelatticecon-
stantof the substrateandgrow incommensu-
rately.

For commensurateconditions the lattice
misfit is zeroor the adatom-substrateinterac-
tion isstrongerthantheinteractionof adatoms.
The depositedmaterialgrows with the same
lattice constantas the substrate,i. e. epitaxi-
ally.

In contrast to liquids another problem
arises,if morethanjust onemonolayeris de-
posited. The energy gain for the first mono-
layer wetting the substratemight be large
enoughto enforcecommensurategrowth. The
correspondingenergy gain is proportionalto
the interfacearea. Now, every consecutively
grown layer has to adopt a commensurate
structureand the energy loss is proportional
to the depositedvolume of adsorbate. It is
obvious that at somepoint the lossesof en-
ergy outweighthegainandatransitionwill oc-
cur from commensurategrowth to therelaxed
crystalline structureof the adsorbate. This
transitionischaracterizedby theappearanceof
misfitdislocations(Fig.II.3a)whereadditional
atoms(green)areincorporatedinto thegrow-
ing layerto relaxelasticstrain.Thisprocessof
strainrelief resultsin a Frank-VanderMerwe
like growth mode.

Thereis, however, anotherway of reducing

a)

b)

Fig. II.3: Strain relief by a) generationof mis-
fit dislocations(green atoms) and b) Stranski-
Krastanov growth mode.Thegreenline marksthe
endof thewettinglayer. Atomsof thesubstrateare
blue,depositedmaterialis red.

thestraingeneratedby commensurategrowth.
Here,again,thegrowth continuesup to a crit-
ical thicknessbasicallywithout dislocations.
Then,insteadof theemergenceof misfit dislo-
cationsthe growth proceedsby the formation
of small clustersof adsorbate,much like the
dropletsin Volmer-Webergrowth (Fig.II.3b).
Here,the strainrelief is moreefficient by the
formationof islands;this growth modeis re-
ferredto asStranski-Krastanov growth mode
[Str39, RP98,Dou98].

Stranski-Krastanov growth can be
found in eTfhgjikc�l ] gji growth [Kon98b],m ^�npokc m ^�q6o)_�r�r�rGb [Pin98], in n!s�ltouc�nvs
[Tei98] and gWw�c�n!sx_�r�y�y)b [Par98] to namebut
a few.
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II.1. Physicsof growth on surfaces 19

II.1.3 Nucleation and growth of quantum
dots

Singleatomsthathavebeenadsorbedto the
surfacearecalledadatoms. Dependingon

temperaturetheseadatomswill diffuseon the
surfacewith aprobabilityfor singlehopsgiven
by eq.II.2[Sch97b]. They will continueto dif-
fuseuntil they find anotheradatomwherethey
canstick.

The additionalbinding energy betweenthe
two adatomsreducesthediffusionprobability
dramatically. If temperatureis low enough,it
is not likely that the adatomswill dissociate
againandanislandhasnucleated. For higher
temperaturesthe bond betweentwo adatoms
might not bestablefor long; thenthe critical
nucleusfor a nucleationprocessneedsto be
larger than just oneadatom. It is then likely
thatacritical nucleusof two adatomsmightbe
suitedto allow nucleationof anislandif athird
adatomattaches.

Thesoformedislandsor terracescangrow
by the further collection of other adatoms.
During this growth processnucleationwill
becomeless importantsince the existing is-
lands will efficiently competefor incoming
atoms. Experimentalevidenceof nucleation
and quantumdot growth is given in [Zha99,
Kam94].

At somepoint theislandswill coalesceand
yield acompletelayer. Thisprocessis charac-
teristicof Frank-VanderMerwegrowth. Up to
thecompletionof thefirst monolayerthesys-
temis saidto have a sub-monolayercoverage.
Sub-monolayercoveragesare definedas the
relationof thenumberof atomsdepositedper
unit areato the numberof atomsthat would
cover this areacompletely. It is usuallygiven
in unitsof percent.

If, however, strain is a relevant factor,
the lateral growth of islandsmight be ener-
getically inconvenientbeforecoalescencebe-
comesimportant. Then a transition occurs

from 2D-growth to threedimensionalor verti-
calgrowth andislandsbecomedropletsor dots
[Ter94, Shk98]. The critical layer thickness
for thistransitionis investigatedin [Leo94] forzT{h|j}

dotson ~2� |6} andin [Spr94] for �t�<�6�
on �$���6���������G� .

Theactualshapeof thesedotsdependsvery
sensitively on theelasticpropertiesof thead-
sorbateand may changeduring the growth
process[Gar97, Dar99b]. Discussionsof equi-
librium shapesof quantumdotscanbe found
in [Mol96, Rob98, Mol98, Lee98b, Wan99]
and for

z){h|6}
on ~t� |j} �C�����G� in [Peh96].

Physicalpropertiesof dotson vicinal surfaces
in the

zT{h|j}k� ~t� |j} systemare examinedin
[Evt99] and pyramid-like quantumdots are
discussedin [Gru95].

If quantum dots are grown in Stranski-
Krastanov growth modethe dots have to re-
lax strain, which is only partly possibleby
a properchoiceof shape. In large dots it is
very likely thatdislocationswill appear, addi-
tionally. The emergenceof dislaoctionsasa
wayof relaxingstrainis consideredin [Gha89,
Mad96]. Dislocationsare,however, anunde-
siredeffect, sincethey influencethe physical
propertiesof the dots considerably. Instead
technologicalapplicationsdemanddislocation
freeor coherentdots.

At low temperaturesaneffect similar to the
2D – 3D transition can be observed in sys-
temsthatwould grow layer-by-layerat higher
temperatures. This effect is called kinetic
rougheningandis intimatelyconnectedto the
Schẅobeleffect thatwill bediscussedin sec-
tion II.1.4.b. TheSchẅobeleffect is basically
an extra energy barrier that preventsadatoms
from falling off islandedges. If adatomsar-
rive atopan island,they arelikely to stayon
top becauseof the Schẅobel barrier, which
is evenmoreefficient in low temperaturesys-
tems. Therebythe nucleationratein the sec-
ondgrowth layeris increasedandconsecutive
layersbegin to grow longbeforethelowerlay-
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20 II. Theory of Self-OrganizedGrowth

ersarecomplete[Orr92, Hey97, Ros98].
This,of course,is akineticeffectandacon-

siderablysmoothergrowth morphologycanbe
achievedby introducingagrowthinterruption
that gives the adatomsenoughtime to find
their equilibrium positions[Kam96, Shc99a,
Liu00].

In thiscontext it hastobementionedthatthe
in somesenseoppositeeffect to kineticrough-
ening– the inducedlayer-by-layergrowth in
systemsthatwouldotherwiseshow 3D island-
ing – canbeobtainedby theuseof surfactants.
Thesesurfactantsareadsorbedimpuritiesthat
float on the surfaceduring the whole growth
process.Their effect is to changelocal kinetic
processeslike attachmentand detachmentto
islandsandthey might evenhave aninfluence
onnucleationprocesses[Hwa98, Kan95].

The smoothingaction of surfactantscan
be quite impressive as in the growth of �$�
on �v� . Without surfactants�$� grows in the
Stranski-Krastanov growth modewith a wet-
ting layer thicknessof three monolayersat�k���

K. If asurfactantlikeAntimony or Arsenic
is used,the layer-by-layergrowth is extended
upto thirty monolayersbefore3D dotsemerge
[Cop90].

Theimpactof surfactantsonthegrowthpro-
cesshave also beenverified in Monte Carlo
simulationswith andwithoutstrainin [Liu01]
and[Liu99a], respectively.

II.1.4 Edgeeffects

Now, the main featuresof growing adsor-
batehave beendiscussed.To constructa

goodsimulationcodeof heterogrowth, onehas
to considera coupleof othereffects that are
causedby theatomicinteractionandinfluence
the diffusive motion of adatomsin a specific
way.

Thediffusionof sandgrainsonaroughsur-
faceis only hinderedby the heightof the en-
ergy barrierthey have to surmountwith every

hop. This is not sofor adatoms.Dueto inter-
actionphenomenathediffusionbarrierheight
variesin dependenceof the local surounding
and even dependson the locus to wherethe
adatomis moving, sincetheconsideredparti-
clesareof aquantumphysicalnature.

The atomic structureof the surface gen-
eratesa corrugatedpotential landscapefor
adatoms. At least for low temperatures
adatomswill belocatedat theenergy minima,
the so called easysites. To make a transi-
tion from oneeasysite to another, they have
to crossa free energy barrier ��� . According
to theGibbs-Boltzmannformulatheprobabil-
ity � for anadatomhaving enoughenergy for
sucha transitionis

� � �d�����
����� � �x¡d¢�£!¤j¥ (II.2)

wheretheattemptfrequency �d� is of theorder
of a typicalatomicfrequency ( ¦¨§ �4©XªG«�¬­© ).

Energy barriersfor adatomhomodiffusion
on (111)and(100)surfacesof ® ¯ , ® ° and ±T²
havebeenobtainedfrom first-principlescalcu-
lationsusingthefull potentiallinearmuffin tin
orbital technique[Boi95]. Valuesrangefrom�
³ §�´$µ �
³O�T¶

eV for Ag(111)to § ³¸·�¹ µ �
³O� ´ eV
for Ir(100). Resultsfor adatomself-diffusion
on º2»���§�§�§ ¥ arepresentedin [Boi98]. If strain
is present,the diffusion barrierschangeas is
shown in [Rat97b] for º2»���§�§�§ ¥ and ®W°¼��§�§�§ ¥ .

Ab initio results for microscopicgrowth
processesin �2½4® « homoepitaxyare derived
in [Kra98, Kra99]. A densityfunctionaltheory
derivationof hoppingratesis givenin [Rat98].

II.1.4.a Edgediffusion

If other adatomsare presentin the immedi-
atevicinity of thehoppingatom,theprocesses
becomemore complex and, for this matter,
different from sanddiffusion. Here, the dif-
fusional barrier is increasedby a numberof
nearestand, possibly, next nearestneighbor
bonds � ¾ . For the motion of an atom away
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II.1. Physicsof growth on surfaces 21

from its neighborswhereabondhasto bebro-
ken(Fig.II.4), thediffusionbarrierwill change
from ¿�À to ¿WÁ�ÂÄÃÅ¿6À!ÆÇ¿ È .

Eedge

Eoff

Ecorner

Fig. II.4: Possiblemovesfor adatoms(green)at
an island edge(top view). Characteristicenergy
barriersfor detachment,edge-andcornerdiffusion
arelabeledÉpÊNË , ÉpÌÎÍxÏNÌ and ÉpÐÎÊ�Ñ:ÒxÌÎÑ , respectively.

Ontheotherhand,if theatomdiffusesalong
a step, someof the bondsto (next-)nearest
neighborswill stay intact. Consequently, the
energy barrier for diffusion along an edge¿WÓLÔ�Õ>Ó will in generalbesmallerthanthe bar-
rier associatedwith detachment.Thesameis
truefor diffusionaroundcorneratomsevenif
the loweringof thebarrieris lesspronounced
here( ¿WÁ�ÂaÖ×¿ Ø Á>ÙÛÚ�ÓXÙ Ö×¿ ÓLÔ�Õ>Ó ).

A moredetaileddiscussionof waysto deal
with theenergeticsof jumpsof adatomsin the
presenceof neighboringatomswill begivenin
thenext sectiononMonteCarlomethods.

II.1.4.b Schẅobelbarrier

A similar effect canbe found for atomsatop
a stepedge.An adatomwilling to stepdown
hasto breakbondsin the upperlayer andgo
throughanuncomfortableposition(Fig.II.5c),
whereit hasonly few neighbors. The same
holds,by theway, aswell for anadatomcross-
ing thestepon its wayup.

Thiseffectwasfirst observedbyEhrlichand
discussedby Schẅobel in termsof its conse-
quencesfor crystal growth. In Fig.II.5a the
potentialasexperiencedby anatomat thestep
is shown. The additionalenergy an atomhas

a)

b)

c)

Fig. II.5: a)Adatom(green)atastepedgeexperi-
encestheSchẅobel-barrier. Thered line sketches
the potentialfelt by the adatom. b) and c) show
waysto overcometheedgebarrier.

to gainto overcomea stepis called(Ehrlich-)
Schẅobelbarrier.

Dependingon the material theremight be
an energetically more favorableway to cross
the step(Fig.II.5b). Here, the atomatop the
stepedgepushesthe outermostatom of the
upper step layer aside and slips down into
the formed vacancy. This behaviour can ge
found, for example,in Ü�Ý -layerswith Þ�ß�à�à)á
orientation. The jump-process,on the other
hand,is favoredin mostsemiconductormate-
rials andcanalsobeobserved in âjÝ , ÜWã andäaå

[Sto94].
TheSchẅobelbarrierseemsto beresponsi-

ble for thestability of atomicallysharptips as
they areused,for instance,in scanningtunnel-
ing microscopy. A stabilizingeffectoncertain
facetsof threedimensionalnanostructureshas
beenfoundby meansof MonteCarlosimula-
tionsin [Köh00, Tür96].

In [Ter94] it is shown that the Schẅobel
barrierhasa major impacton the critical is-
land size, beyond which the growth kinetics
changesfrom two dimensionalislandgrowth
to theformationof threedimensionalquantum
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22 II. Theory of Self-OrganizedGrowth

dots.

II.1.4.c Kick-out effect

A similar processastheexchangemechanism
in crossingtheSchẅobelbarrier(Fig.II.5b) is
alsoobservableduringthedepositionof atoms
with MBE techniques.Here,theatomsarriv-
ing at the surfacecarry a comparatively high
kinetic energy. If they happento hit a step
edge,thetransferof energy mightbesufficient
to breakthebondsof theedgeatom. As a re-
sult thearriving atomwill beincorporatedinto
theupperlayerasshown in Fig.II.6.

Fig. II.6: ‘Kick-out’-ef fect at stepedgesduring
MBE deposition.

Thiseffect is called‘kick-out’ effect andis,
in contrastto the Schẅobelexchangemecha-
nism,independentof thematerialbut only rel-
evantin MBE.

II.1.5 Anisotropy and surfacereconstruc-
tion

So far we have assumedthe surface to
be homogeneousandisotropic. Unfortu-

nately, almostall atomicsurfacesexhibit fea-
turesthat result in ananisotropicdiffusion of
adatoms.In this context we have to differen-
tiate betweenforms of anisotropy that affect
diffusion. As far as this work is concerned,
the most important forms of anisotropy are

the diffusionalanisotropy that ariseswith re-
constructedsurfacesandtheelasticanisotropy
that leadsto an anisotropicextensionof sur-
facestress.Both forms of anisotropy will be
discussedin thefollowing.

Apart from theseforms of anisotropy one
might obsereanisotropy of sticking.Here,the
nearestneighborbondsare different in dif-
ferent directions. This effect is, for exam-
ple, presentin ævç on æ!çxèCé�é�êGë . Under cer-
tain conditionsoneobservesthe formationof
elongatedsub-monolayerislandsduringMBE
growth [Mo91, Mo92]. It is arguedthat this
effect is dueto thestickinganisotropy2. Stick-
ing is much easierat the end of the dimers
that make up the ìÄíîê reconstructedsurface
of ævçxèCé�é�êGë thanalongadimerside(Fig.II.7a).

If a solid is cut to obtaina surfaceof a cer-
tain orientation,thesurfaceatomslosepartof
their neighborbonds. The now unsaturated
bonds are called dangling bonds. In most
casesit is energetically favorable to connect
two dangling bonds. This is only possible,
if the atomsat the surfacechangefrom their
bulk positionsto distinctplacesthatallow for
saturationof openbonds. Usually, the now
reconstructedsurface has a lower symmetry
than a planarsectionof the bulk. In terms
of diffusion it has to be remarked that a re-
constructedsurfacehascertaindesignateddi-
rectionsin whichdiffusionprocessesaremore
likely to happenthanin others.
æ!ç�èCé�é�êGë , for example,hasa ìïíðê recon-

structedsurface(Fig.II.7a)wheredimersform
at thesurface.Fig.II.7b shows a sketchof the
potential landscapeof the reconstructedsur-
face. It is obvious, that diffusion along the
dimer rows is energetically easierthandiffu-
sionacrosstherows,sincetheenergy barriers
in the trencharelow. This anisotropy dueto

ñóò
Diffusional anisotropy is, however, present inô
õLö:÷�÷Gø>ù

aswell. In factdiffusionalongthedimerrows
of the

ñûú ø
reconstructionis stronglyenhanced
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II.1. Physicsof growth on surfaces 23

a)

b)

Fig. II.7: a) (2 ü 1) surface reconstructionofý¼þ>ÿ��������
. Reconstructedsurfacedimersin green.

b) Sketchof thecorrespondingpotentiallandscape
(blue- low, red- highpotential).

thesurfacereconstructionis referredto asdif-
fusionalanisotropy.

Surface reconstructionscan, however, be
quite complex giving rise to equalycomplex,
anisotropicsurfacediffusion.

There is evidence, for example, that for
phosphorous-terminated ���
	���
�
���� grown by
MOVPE a coexistanceof differentsurfacere-
constructionscanbefound[Vog99b, Vog99a].

For the growth of 	�� on ������
�
���� , for ex-
ample, islandswith a structuresimilar to a
surfacereconstructionemerge. The energetic
minimumfavours ��� ������� �����! #"%$�&('*)��,+�-.���
islandsbefore a transitonto a squarephase
is inducedwith increasinggrowth temperature
[Li93].

II.1.6 Elastic anisotropy

Until now thediffusionof adatomshasbeen
discussedto someextent.Thisseemsjus-

tified, sincediffusion is oneof the key ingre-
dientstowardspatternformation. Thesecond
ingredientrelevantto self-organizedgrowth is
the elasticstrain that is generatedif materi-

als with a different lattice parameterarecon-
nectedepitaxially. Thestrainmakesitself felt
by an isotropicor anisotropiccontribution to
the binding energies. This contribution in-
fluencesmaximumislandsizesandtheshape
of islandson a short lengthscaleand island-
island interaction that is important for spa-
tial orderingof islandson a long-rangescale
[Rat94a, Rat96, Dar97, Orr92]. An experi-
mentaltechniquesto quantifyelasticstrainin
quantumdot structuresby meansof transmis-
sion electronmicroscopy (TEM) is presented
in [Car98].

To estimatetheeffect of strainon thebind-
ing energy, it is helpful to considerthe inter-
action of a pair of atoms. For large separa-
tions the interactionis attractive but becomes
repulsive for very short distances. A corre-
spondingatomicinteractionpotentialis shown
in Fig.II.8I. For acertaindistancethepotential
hasaminimum,whichdefinestheequilibrium
distanceof thepair of atoms.This distanceis
equivalent to the lattice constantin a relaxed
crystallinesolid.

If the pair of atomsis forced to leave its
equilibriumpositionsby, for example,epitax-
ial growth on a substratewith a different lat-
tice constant,the interactionbetweenthepair
of atomswill decreaseandwith it thebinding
energy. Thus,in astrainedadsorbatetheatoms
aremorelooselyboundthanin anequilibrium
crystal. Strainalsoreducesdiffusion barriers
andallowsadatomsto diffusefaster.

If growth onastrainedsurfaceis considered
as is the casefor growth on a wetting layer
in the Stranski-Krastanov growth mode, the
interatomic distancebetweensurface atoms
is alreadydifferent from the equilibrium dis-
tance. Now a changein the relative distance
causedby strainshifts the atomscloserto or
farther from their equilibrium positions. In
this caseit is important to differentiatebe-
tween compressive and tensile strain, since
now the contribution of strain to the binding
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Fig. II.8: Interactionpotentialof a pair of atoms. A - effect of strain in a relaxed pair of atoms. a)
equilibriumdistance,b) compressedandc) extendedpair. B - sameasA for a pairof atomsunderexternal
tension.

energy hasa differentsign in eachof the two
cases.For certainsurfacereconstructionsthis
effect canalsobe observed in unstrainedsur-
faces,asfor /10 on 2�3547658�9�9�:�; -c 8=<?>�<@; , where
the energetic changeof adsorptionand tran-
sition sitesincreasesthe diffusion barrier for
moderate,tensilestrains.

In the next stepthe problemarisesof how
to calculatethe elastic strain fields that are
presentin heteroepitaxy. Theeasiestapproach
is to make up a heuristicmodelthat captures
the main featuresof strain. Bose [Sch98d,
Bos99a, Bos99b, Bos00] hasexplainedself-
organizedgrowth of regularly arrangedisland
arrayswith a sharpsizedistribution by means
of a purely heuristicmodel. Here, the strain
energy correctiondecayedlinearly with the
distanceA from theislandboundary. Its abso-
lute valuewasproportionalto the islandsize
with a squaresymmetryof thestrainfield that
wascenteredaboutthe centerof massof the
island,to relateto thegeometryof a sqarelat-
tice surface.Despitethefactthat,particularly,
the simplegeometryof the strainfield is not
ableto copewith unusuallyshapedislands,the

obtainedresultsconformto alot of experimen-
tal findings[Nöt96, Abs96, Wan97]. Further-
more,theheuristicmodelhasthegreatadvan-
tageof computationalsimplicity.

To find a morephysicalmotivation to con-
structthe strainfield, onecouldstartfrom an
atomisticpoint of view andmodel the actual
atom-atominteractionpotentials.This would,
unfortunately, necessitatea detailed knowl-
edgeof, for example,surfacereconstructions,
potential landscapesand temperaturedepen-
denciesof energy barriers. Though,it would
give rather preciseresultsof elastic effects,
this methodwould make any calculationvery
complicatedand, thus, render it uselessfor
long-time simulations,whereseveral million
stepsof singleadatommovementshave to be
considered.

Thereis, however, a tradeoff betweenpre-
ciseatomisticcalculationsandpurelyheuristic
models. By usingelasticitytheoryof macro-
scopicsolidsoneof courseneglectsthecom-
plexity of atomicinteractionsbut is still ableto
catchthe importantfeaturesof elasticity like
scalingwith size,sensitivity to shapeandpar-
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II.1. Physicsof growth on surfaces 25

ticularmaterialparametersandanisotropicef-
fects[Dow97, Pry98]. Though,for very small
islandselasticitytheorymightgive resultsdif-
ferent from atomisticcalculations,for larger
islandsboththeoriesshouldconverge[Ter95].
The fact that the elasticequationsare rather
simple to evaluate numerically and the su-
perpositionprinciple for contributions to the
strainfield makesthis methodof straincalcu-
lationagoodcandidatefor aMonteCarlosim-
ulation.

II.1.6.a Isotropicelasticstrain

To calculatea strain field for the isotropic
surfaceit is helpful to revisit the problemof
the origin of strain. As hasbeenmentioned
above, strain is causedby the interactionof
the surface atomsand the adsorbateatoms,
which grow commensurately, that is with a
non-equilibriumlattice constant. The result-
ing strainfield is generatedby forcesthat act
all alongtheinterfacebetweensurfaceandad-
sorbate.

By applyingelasticitytheoryof continuum
mechanicsthe problemcanbe definedsome-
what easier. To obtaina homogeneouscom-
pressionor dialation,it is sufficient to assume
forcesactingonly along the borderof an is-
land that hasformedcommensuratelyon the
surface or the wetting layer. The problem
then simplifies to calculatingthe strain field
for a line forceactingon a givenlengthof the
boundary, saythe linearextensionof a lattice
site, to obtainthewholestrainfield of the is-
landby linearsuperpositionof the line forces
for thewholeboundary(seeFig.II.9).

Now theproblemathandis to find thestrain
field of a force B acting on point C in par-
allel with the surface3 (seeFig.A.1 on page
99). Thisproblemis well known in elastome-
chanics[Saa74] and is calledCerruti’s prob-
lem. This problemcanbesolved by a proper
choiceof a scalarLamésstrainpotentialand

a Galerkinvectorpotentialto obtain the dis-
placementsD�E�F�G . Differentiationwith respect
to the coordinatesdelivers the tensorcompo-
nentsof thestrainfield H@E�F�G . For a morecom-
pletederivation seeAppendixA. As a result
onefinds:HJIKI L M B M�NOQP�R�S�T U,VXWS�Y E N Y V[Z E=\ Y^]`_�Y GaG ]b V O ZE S ]`_ G Y�c E b V W Z G S Y VV W S ]`_S ]`_ E=\ Y ] Z N Y G�dfeH�ghg L M B M�NOQP�R�S�T U V WS�Y E=\ Y V[Z E N Y ]`_ Y GaG ]] b V O ZE S ]`_ G Y�c E W V[Z G S Y VV W S ]`_S ]`_ E N Y ] Z \ Y G dfeH�i%ijL M B M�NOQP�R�S T U,V WS Y E _ Y V[Z E N Y ] \ Y GaG VV Z E b V O Z GE S ]`_ G Ykchl S Y VV W S ]`_S ]`_ E N Y^] \ Y G dmeH I g L M B M E b ] Z G NOQP�R�S T n V W NoYS Y ] Z E b V O Z GE S ]`_ G Yp V S Yf] N Y^] O�S N YS ]`_^qsrH I ijL W M B M E b ] Z G _ NoYOQP�R�S�tHJg�iuL W M B M E b ] Z G N \ _OQPvR�S t w (II.3)

Here, the Lamé coefficients x and
R

are
used. Also commonin literature is the usey�z

Strictly speaking,we wouldneedto considera line
forceactingon a short,straightline element.Sincewe
assumethat the line elementis very shortcomparedto
the islandextension,we canaswell assumean equiva-
lent point force. Undertheseconditionsthe strainfield
of apointandline forceareonlydifferentin theimmedi-
atevicinity of theorigin. Onelatticeconstantaway, the
differenceis alreadynegligible.
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26 II. Theory of Self-OrganizedGrowth

a) b)

Fig. II.9: Strainfieldsgeneratedby anisland(grey andgreencircles)by superposition.in a)asingleatom
(green)generatesa strainenergy field shown in the plot below the sketchof the island. In b) the same
situationis presented,if all theatomscontributeto thestrainfield.

of Poisson’s ratio { which is connectedto the
Lamécoefficientsvia{ | }~�� }����?� (II.4)

in additionto theshearmodulus��| � . Alter-
natively, onemayusethecompressionmodu-
lus� | }�� ~� � (II.5)

and � , or theelasticmodulus� | � � �� � ��� (II.6)

and { [Lan70].
Thereverserelationsare� | �~���� � { �� | �� �����[~ { �5� (II.7)

The � -dependencein eqns.II.3is only rele-
vant, if the sourceof the strain is buried be-
neaththesurface,as,for example,in quantum
dot stacks. If � is chosenequalto zero,one
findswith ��|�� �=�o� ��� � � :�J�K� | � ��� �� � �.��� � � � ��� ��¡ { �£¢ { � � �� � � ����� { � � { � �¥¤�J¦§¦ | � ��� { �� � � �¨� � � ��� � { � � � � �,©v� ¡ { �¥¤��ª%ª | � ��� { �~ � � � �«� ~�� � ����� { � �� � � �����¬��� { � ¢ { � � ¤� �K¦ | � ¦h� | � ��� �� � �.­�® { ��� � { �¥¯�J� ª | � ª � | ��¦ ª | � ª ¦ |±° � (II.8)
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II.1. Physicsof growth on surfaces 27

Now, of course,the strain field has to be
translatedinto anenergy correctiontermto be
usedin the Monte Carlo simulation. The en-
ergy termin questionis theHelmholtzfreeen-
ergy ² , thatis givenin termsof thestraincom-
ponentsas[Lan70]² ³ ²�´^µ·¶¸º¹�»�¼`½ ¼¾¼=¿ÁÀ µ�Â�»�¼ÄÃÅ½ À¼ÄÃ (II.9)³ ²�´^µ ¶ ¸ÇÆ�½�ÈaÈ�µ`½ ÀaÀ µ`½�ÉaÉ�Ê À µÂ^Æ ¸ ½ À È À µ ¸ ½ ÀÀ É µ ¸ ½ À È¥É µº½ À ÈaÈ µ`½ ÀÀaÀ µ`½ ÀÉaÉ Ê

This equation is valid for the isotropic
caseonly. Unfortunately, most crystalline
structureshave a more or less pronounced
anisotropiccharacterandtheelasticproperties
evenfor thesimplestanisotropiccase,thecu-
bic crystal,aregivenby threematerialparam-
etersË�ÈaÈ , Ë�È À and Ë§ÌaÌ insteadof thetwo Lamé
coefficients.

As ameasureof anisotropy thequantityÍ Î ³ ¸ Ë�ÌaÌË�ÈaÈfÏ£Ë�È À (II.10)

canbe used;for almostisotropic,cubic crys-
tals like tungstenits valueis closeto one. In
this casetheuseof isotropicequationsseems
to be justified andaverageLamé coefficients
canbedefinedvia [Hir82, Pim98]¶ ³ ÐÑ Æ ¸ Ë�ÈaÈQµºÒ.Ë�È À Ï#Ó�Ë�ÌaÌÔÊ (II.11)Â ³ ÐÐKÕ Æ×Ö.Ë�ÌaÌ�µ`Ë�ÈaÈ^ÏØË�È À Ê (II.12)

In the isotropiccasewith
Í ³ Ð or Ë�ÈaÈ�³Ë�È À µ ¸ Ë�ÌaÌ this reducestoË�ÈaÈ±³ ¶ µ ¸ ÂË�È À ³ ¶ (II.13)Ë�ÌaÌu³ ÂmÙ

It might be instructive to have a look at
the decaycharacteristicsof the strain energy
with increasingdistanceto thesourceof strain.

Lookingatasmallisland,onecanassumethat,
for a large distanceaway, the island should
appearas a point defect. Continuumtheory
of elasticmedianow claims[Pim98] that the
elasticinteractionenergy of apointdefectwith
anotheradatomvanisheslike Ú5Û É with increas-
ing Ú . For an infinitely long row of point de-
fectstheelasticinteractionenergy is obtained
by integrationover all point defectsalongthe
row and gives a dependencelike Ú@Û À on the
distanceÚ .

Ü Ý Þ ßà Þ
ÜÞ
à á â?ãhä

ã

å æçèêéë ìíî ïð ñò
óôõ

ö ÷ùø�ú�û ö ü§ý ýÿþ �����§üJúÄü����§ý��Jú
	��
Fig. II.10: Decayof strainenergy with increas-
ing distancefrom thesourceof strainin a double-
logarithmicplot for a) an infinite stepedgeandb)
a point source.Resultsfrom thenumericalroutine
areplottedasopencircles.A linar fit 
����������������
is shown asa redline. Parametersfor thefit area)������� ��! and �"�$#&%'� (�) andb) ���*�,+-� + and�.�/#&%'� 0�1 . ( 2�3547678:9 ;�<�=�>@? )

To checktheconsistency of the implemen-
tation of eqns.II.3into the Monte Carlo pro-
gram, the interactionenergies of a point de-
fect and a row of sourcesof strain with an
adatomhave beencomputed. The result is
shown in Fig.II.10. The expectedexponents
of Ï Ò and Ï ¸ for thesinglestrainsourceand
a row of defects,respectively, arewell recov-
eredby the numericalroutine. The linear fit
to the datapointsgivesa slopeof Ï ¸ Ù Õ Ö for

Dissertation final version Berlin, March5, 2002



28 II. Theory of Self-OrganizedGrowth

the row and ACB�DFE G for the point defect. The
deviationsfor large distancesarea numerical
artefact andcausedby the finite extensionof
thestrainfield.

II.1.6.b Anisotropicelasticstrain

If the elasticanisotropy of the adsorbedma-
terial is considerableas, for example,in lead
( HJILK�DFE ) or if minoranisotropiceffectsseem
important,onehasto useanapproachthatal-
lows for anisotropiccontributions, explicitly.
This canbe doneby a Green’s functionsap-
proachfor the cubic crystal[Por77, Shc95b].
A detailedderivation is given in AppendixB
and as a result one finds expressionsB.24,
B.19for

MONPN I QSR NQ�TMOUVU I QSR UQ�WMOX�X I QSR XQ.YM�NPU I ZB [ Q�R NQ�W]\ Q�R UQ�T_^M�N�X I M�U�X I `@D (II.14)

with
Rba

the spatially dependentdisplace-
ment field from the unstrainedcase. For
detailedinformation of how to calculatethe
anisotropicdisplacementfield in the context
of a Green’s formalism,thereaderis againre-
ferredto AppendixB.

The equivalenceof the isotropicequations
andthe anisotropicextensionis easyto show
andgivenin AppendixC.

The Helmholtz free energy for anisotropic
strainis givenbyc I ced \ ZBgfOhihkj a MOlama \ (II.15)\ f�h l j aonprq M ama M qsq \ B f�tit j aunprq M la q

which reducesto II.9 in the isotropic casef�hih I f�h l \ B f�tit ( vwI f�h l , xyI fztit ).
II.2 Monte Carlo simulations

In thissectionashortintroductionto thetopic
of MonteCarloalgorithmsisgiven[New99].

The whole conceptof the simulationof self-
organizedgrowth on surfaces, as it is pre-
sentedin this work, crucially dependson the
numericalMonteCarloalgorithm. Therefore,
it seemsagoodassistancetowardsunderstand-
ing thestructureof thesimulatorto haveawell
definedideaof what Monte Carlo techniques
canachieve (andwhatnot).

II.2.1 Equilibrium Monte Carlo

Statistical sampling methods have been
usedfor a longtimedatingbackto thebe-

ginningof the18thcentury. Thedetermination
of theconstant{ andlaterontheevaluationof
integrals was a commonapplicationin those
times.

The term ’Monte Carlo’ was coined by
NicolasMetropolisin 1949[Met49] andwith
the invention of the computerMonte Carlo
methodshave found a wide field of applica-
tionsmainlywithin statisticalphysics.

II.2.1.a GeneralMethods

Considera systemwith a discretesetof states
thatexhibitssomesortof dynamics.Forsucha
systembeingin statex onecandefine|~}�xy��b���-� to betheprobabilityto find thesystemin
state � after the time �'� . Here |~}�x�� ��� is
thetransitionratefrom x to � andassumedto
betime independent.

To characterizethe systemcompletelyone
hasto defineasetof weights����} ��� whichrep-
resentstheprobability that thesystemwill be
in state x at the time � . Thenone can write
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II.2. Monte Carlo simulations 29

a masterequationto describethedynamicsof
thesystem:�'����'� � ����� � �r� �i�s� ������� �e�

(II.16)�S��� � �i�s� ���y��� �u 
Following statisticalmechanics,theexpec-

tation valueof a quantity ¡ , which takes the
value ¡ �

in state
�

, is at thetime t:¢ ¡¤£ � � � ¡ �-��� � �i�
(II.17)

For equilibrium systemsthe valuesof the
weights

��� � �i�
are known as the equilibrium

occupationprobabilities ¥ � which follow a
Boltzmanndistribution:¥ � � ¦�§�¨©7ª¬« ��� � ���

� ­®°¯�±@² � �S³µ´��@� (II.18)

with
®

the partition function,
³

the inverse
product of temperatureand Boltzmanncon-
stant¶ , and

´S�
theenergy of state

�
.

Theexpectationvalueof ¡ is then¢ ¡¤£ � ­® � � ¡ � ¯�±@² � �S³µ´��@� (II.19)

The idealway of calculatingthevalue
¢ ¡·£

would now be to averageover all possible
states

�
weightedwith their own Boltzmann

probability. This of courseis only possible
for thevery smallestof systems.MonteCarlo
techniqueswork by choosingasubsetof states
at randomfrom someprobability distribution¥ � to be specified. If one chooseş states�º¹P»P¼P¼P¼O»i�µ½

the bestestimateof the quantity
Q is:

¡ ½ � ¾ ½¿�À ¹ ¡ ��Á ¥ ��ÁÃÂ ¹ ¯�±@² � �S³µ´���Ás�¾ ½Ä�À ¹ ¥ ��Å Â ¹ ¯�±@² � �S³e´S��ÅÆ� (II.20)

¡ ½
is called the estimatorof ¡ . Choos-

ing the M statesusedfor the calculationof

the estimator ¡ ½
at randomwould in gen-

eralbea ratherbadchoice.Most of thestates
would have tiny Boltzmannfactorsand the
sumsabovewouldbedominatedby only afew
statesmaking ¡ ½

avery inaccurateestimate.
If onehassomeinformationaboutthestates

which make relevantcontributionsto thesum
onecouldpick the ¸ samplestatesjust from
thosestatesandhave a very goodestimateof¡ from arelatively smallnumberof terms.

This is indeed a key idea behind Monte
Carlosimulationsandthetechniqueof choos-
ing theappropriatestatesis calledimportance
sampling.

The strategy with importancesamplingis
this: Insteadof pickingthe ¸ samplestatesin
sucha way that every systemstateis equally
probableto bechosenthestateswill bepicked
accordingto their Boltzmannprobability ¥ � .
Thentheestimator¡ ½

is

¡ ½ � ­¸
½�¿�À ¹ ¡ ��Á

(II.21)

Theonly remainingquestionis how exactly
to pick the statesin orderto ensurethat each
stateappearswith its correctBoltzmannprob-
ability. Thestandardsolutionin MonteCarlo
simulationsmakes use of a Markov process
(which is closely connectedto the choiceof
therandomnumbergenerator).

II.2.1.b Markov-Process

Insteadof choosingstatesat random(which
would be rejectedalmostall the time, since
their probability is exponentiallysmall) most
Monte Carlo routinesrely on a Markov pro-
cess.

From a given state
�

the Markov process
generatesa new state

�
at random.Theprob-

ability it generatesa certainstate
�

out of
�

is
calledthetransitionprobability Ç ���_��� �

and
is time independent.Notethat theprobability
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30 II. Theory of Self-OrganizedGrowth

for notchangingthesystem( È�É�Ê_ËÌÊeÍ ) need
notbezero.

However, acertainconstraintontheMarkov
processhas to be madeconsideringthat the
processmust generatesome state Î when
handedan initial state Ê . So the transition
probabilitieshave to satisfyÏ�Ð È�É�Ê�Ë�ÎbÍÒÑ Ó (II.22)

In the Monte Carlo routine the Markov
processis now repeatedlycalled to createa
(Markov-)chain of states. With the proper
choice of the Markov processthe statesin
the chain appearwith a probability given by
the Boltzmanndistribution, as is expectedin
equilibrium. To achieve this equilibration,
two moreconstraintshave to be madeon the
Markov process.

Ergodicity It is required that any possible
system state can be reached by the
Markov process.

Detailedbalance Thisconditionensures,that
we endup with the Boltzmanndistribu-
tion of statesratherthanany otherdistri-
bution. Herethecrucialconditionis, that
the rateof all transitionsinto andout of
any stateÊ mustbeequalÏ ÐÕÔbÖ È�É�Ê_Ë×ÎbÍØÑ Ï ÐÕÔ Ð È�É�Î�ËÙÊeÍÔ Ö Ñ Ï Ð Ô Ð È�É�Î�ËÙÊeÍzÚ

(II.23)

However, this balanceof transitionrates
doesnot guaranteethermodynamicequi-
librium, since a dynamic equilibrium,
characterizedby the emergenceof limit
cycles,mightbefound.To avoid this, the
conditionof detailedbalanceis imposedÔ Ö È�É�Ê_Ë×ÎbÍØÑ Ô Ð È�É�Î�ËÙÊeÍ (II.24)

Now it is ensuredthat we endup with a
distribution of statesÊ characterizedby
theprobabilities

Ô Ö
. ForaBoltzmanndis-

tribution a properchoicewould be one
thatsatisfiesÈwÉ�ÊyË�ÎbÍÈwÉ�Î�ËÌÊeÍ Ñ Ô ÐÔ Ö (II.25)Ñ Û�Ü@ÝeÉsÞSßàÉâá Ð Þãá Ö ÍiÍ
Therearemany waysin which to satisfy
theabove condition.Onepossiblechoice
is

ÈwÉ�ÊyË�ÎbÍÒä Û�Ü@ÝeÉ Óå ßàÉâá Ö Þ"á Ð ÍiÍ(II.26)

anotheroneis discussedin thenext chap-
teron theMetropolisalgorithm.

II.2.1.c Acceptanceratio

The constructionof a Monte Carlo algorithm
now looksverystraightforward. Givenasetof
transitionprobabilities È�É�ÊæË Î�Í a Markov
processis startedthatproducesstateswith just
their right Boltzmanndistribution. Unfortu-
nately in most casesit is far from obvious,
how theidealMarkov processhasto look like.
Thereare, of course,many waysof generat-
ing new statesÎ from anold onebut mostof
themwill not satifiy eq.II.22or have theright
transitionprobabilities.

Luckily it turnsout that it is not necessary
to have the Markov processgenerateexactly
the’right’ states.In fact it mayproducestates
with arbitraryprobability if oneintroducesan
acceptanceratio.

As was mentionedabove, it is allowed to
choosethe transitionprobability È�É�Ê]Ë ÊeÍ
non zero. As far as the sum rule eq.II.22 is
concerned,this allows for changesin È�É�Ê°ËÎbÍ simply by compensatingwith an opposite
adjustmentof ÈwÉ�Ê,Ë ÊeÍ . Detailedbalance
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II.2. Monte Carlo simulations 31

is preserved if ç�è�éëê ìeí is simultaneously
changed.

Thisleadsto thefollowing,moremathemat-
ical consideration.We breakdown the transi-
tion probabilityinto two partsç�è�ìyê�ébíÒî ï�è�ì_ê�é�íñð�òóè�ì�ê�ébí (II.27)

The quantity ï�è�ìÙê ébí is called the se-
lection probability for the transition from ì
to é and is definedby the Markov process.òóè�ìôêõébí is theacceptanceratio which tells
usthatafractionof time òöè�ì_ê�é�í weshould
indeedchangethe systemfrom ì to é . The
restof the time we shouldjust staywherewe
areandnotchangethesystematall.

Since the critical constrainteq.II.24 only
fixestheratioç�è�ìyê�ébíç�è�é�êÌìeí î ï�è�ì_ê�é�íeðOòóè�ìyê�ébíï�è�éwêÙìeíeðOòóè�éwêÙìeí(II.28)

andthe rate òóè�ì÷ê ébíiø�òöè�éôê ìeí cantake
any positive value,we arecompletelyfree to
chooseï�è�ìùêúébí and ï�è�éûêüìeí ; i.e. we can
chooseany Markov processwe like.

For a decentMonte Carlo routine it is of
coursedesirableto have theacceptanceratios
as close to unity as possible. This meansa
clever programmerwould like to put asmuch
informationabouttheequilibriumdistribution
of statesaspossibleinto thedesignof thestate
selectingMarkov processto keepthe accep-
tanceratioslarge.

For aperfectMarkov processwhichcreates
stateswith theirBoltzmannprobabilitytheac-
ceptanceratiosarealwaysone.

ContinuousTime MonteCarlo This algo-
rithm is alsocalled’eventbasedMonteCarlo’
or the ’BKL algorithm’ after Bortz, Kalos
andLebowitz (1975)who inventedit [Bor75].
This algorithmis extremly helpful in simulat-
ing low-temperaturesystems.

Sucha low-temperaturesystemin equilib-
rium will spenda lot of time in the ground

state.For eachtimestepacommonalgorithm,
asdiscussedabove,choosesanew statewhich
is then rejectedsincethe acceptanceratio is
very low. This consumesa lot of computer
timedoingnothing.

The basic idea behind continuous time
MonteCarlois now thefollowing: By looking
at theacceptanceratiosthesystemis likely to
spenda certain(andlong) time in the ground
state. Continuoustime Monte Carlo now as-
sumesthat this is indeedthe case,skips the
time interval wherenothingis happeningand
moveson directly to the time stepwherethe
systemmakesa transition.

To quantifythis ideaonehasto evaluatethe
time ýöþ in whichthesystemdoesnotleavethe
groundstate. The probability that the system
is still in thesamestateì after þ time stepsis
just:ÿ ç�è�ìyêÌìeí����×î �����eè�þ�	�

��èâçwè�ìyêÙìeíiíií(II.29)

Thetimescaleýöþ is thenýöþØî � �	�

�&ç�è�ì�êÌìeíî � �	�

� ÿ � ���������� ç�è�ìyê�ébí��� ��������� ç�è�ì�ê�ébí (II.30)

The actualalgorithmnow consistsof three
parts:

1. Calculatethe probabilities ç�è�ì ê ébí
for transitionsto all statesé that canbe
reachedfrom thecurrentstateì . Change
thesystemtoastateé wherethenew state
is chosenwith a probabilityproportional
to ç�è�ìyê�ébí .

2. By using the valuesfor ç�è�ì÷ê ébí cal-
culatethe time ýöþ . Note that in general
thetime ýöþ changesfrom onestepto the
next.

3. Incrementthetime þ by ýöþ to mimic the
effect of waiting ýöþ timesteps.
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32 II. Theory of Self-OrganizedGrowth

II.2.1.d MetropolisAlgorithm

The Metropolisalgorithmwas introducedby
Nicolas Metropolis and co-workers in 1953
[Met53].

Let us considera systemin state � . From
this stateour Markov processhasaccessto �
new states.TheMetropolisalgorithmnow as-
signsthe sameselectionprobability to all of
the � states.��� ���! #"%$ &� (II.31)

Theconditionof detailedbalancethenreads' � ���! #"' �  (�)�*" $ ��� ���+ #"���  ,�)�*".- / � �0�! #"/ �  (�1�*"$ / � �0�! #"/ �  (�1�*"$ 2�3�4 �65879�;:.<=5>:8? "@" (II.32)

Onepossiblechoicefor the acceptancera-
tioswouldbe/ � �0�! #"%$ /.A - 2�3�4 �65 &B 7C�;: < 5D: ? "@"

(II.33)

Theconstant
/ A

maytake any valueexcept
thosewhich make

/ � �E�  #" greaterthan
&
.

On theotherhandwe wish theacceptancera-
tios to be as large aspossible,so we choose/ A $F2�3�4 �6587G:IH9JLK " with :8H9JLK being the
largestenergy differencepossiblefor thatpar-
ticularsystem.Wethenhave/ � � �  #" (II.34)$ / A - 2�3�4 �65 &B 79�;:.<.5M:8?=NO:8H9JLK "@"

This acceptanceratio givesthe right Boltz-
manndistribution of statesbut theacceptance
ratios are pretty small for most values ofP : $ :.<I5D:I? (Fig.II.11).

Sinceeq.II.24only fixestheratioof
/ � �0� #" and

/ �  Q�+�*" we areallowedto make the

Fig. II.11: Plot of acceptanceratiosfor a simple
MonteCarloalgorithm(solid) andtheMetropolis
algorithm(dashed)vs.energy differenceRTS .

larger one equal to unity and have the other
onesatisfyeq.II.24.Thenweget/ � � �  #" (II.35)$ U 2�3V4 �65879�;:I<T5D:I? "@" W �;:I<YXZ:8? "& W\[
]_^`2ba_cId�e_2

This is the Metropolis algorithm and it
meansthatwe acceptevery systemchangeto-
wardslowerenergies.Changesto higherener-
giesarerejecteddependingon theenergy dif-
ference(Fig.II.11).

II.2.1.e Wolff Algorithm

Simple and hence most widely used algo-
rithms do not make complex changesto the
systemfrom oneMonteCarlostepto thenext.
Insteadthey alter the systemin the smallest
possiblesteps— for examplein thecaseof the
Ising model4 by changingthespinorientation
atonly onelatticesite.fhg

TheIsingmodelis asimplemodelof amagnetand
dealswith interactingmagneticdipolesthatarearranged
alongaregularlattice.At eachlatticesitethespinorien-
tationmaybe i9j or klj .
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Close to a critical temperature,however,
this so called ’single spin flip’ dynamicsbe-
comesvery cumbersome,since typical fluc-
tuationsof the magnetizationare no longer
causedby turnsof singlespinsbut ratherlarge
domainschangingtheirspinorientation.

The Wolff algorithm is similar to a
Metropolis algorithm and is tailored to deal
with systemswhereasinglespinflip dynamics
is notsuitable[Wol89].

The basicideaof the Wolff algorithmis to
connectequallyalignedspinsto clusterswith
a certainconnectionprobability (to preserve
detailedbalance)andtheninsteadof flipping
singlespinsto changethesystemby flipping a
wholecluster.

This type of algorithm is referredto as a
’clusterflipping’ or ’cluster’ algorithm.

II.2.1.f Swendsen-WangandNiedermayer’s
algorithm

Two moreclusterflipping algorithmsarecom-
monly used. The Swendsen-Wang algorithm
[Swe87]works very much like the Wolff al-
gorithm by dividing the lattice into clusters.
But insteadof flipping only one cluster all
the clustersare flipped with probability monqp .
Theproofthatdetailedbalanceis preservedis,
however, difficult. This algorithmworksbest
verycloseto thecritical temperature.

The Niedermayer’s algorithm [Nie88] is
a Wolff algorithm where not only equally
alignedspinscan form a clusterbut alsoan-
tiparallelspinsmaybeconnectedto formado-
main. Theconnectionprobability for parallel
andantiparallelspinsis assumedto bediffer-
ent. This approachis a very generaloneand
makesthisalgorithmapplicableto avastrange
of models.

II.2.2 Monte Carlo in SurfaceScience

The Ising modelhasanotherapplicationin
quiteadifferentfieldof physics;in surface

science.HeretheMonteCarloschemesimu-
latesthediffusionof adatomson a crystalline
surface.

II.2.2.a Dynamicsof asingleadatom

Thehoppingrate rtsvu from latticesite w to x is
relatedto theseparatingenergy barrier y.svu by
theArrheniuslawrtsvu{z |~}����*�6�8�*y.svuo� (II.36)| is theattemptfrequency andsetstheover-
all time scalefor adatommovement.Since |
doesnotentertheexponentialit isareasonable
assumptionto take | asa constant,i. e. inde-
pendentof temperature.Successive hopsare
assumedto beuncorrelated.

A simpleMonte Carlo routineto move the
atomaroundwouldbeto chooseonedirection
to move in and thenmake the move with an
acceptanceratio� z }����*�6�8�C�;y svu �DyT� s�� �@� (II.37)y � s�� is thelowestenergy barrierin thesys-
temandensuresthatthelargestacceptancera-
tio becomesequalto one.Every MonteCarlo
stepthencorrespondsto a realtime interval of��� z }��V�*���*y.� s�� �� | (II.38)

The
�

comesfrom thefour possibledirections
in which the atomcanmove on a squarelat-
tice.

For a continuoustime MonteCarloscheme
we have to sumthehoppingratesover all ac-
cessiblesitesx andfind��� z m� u r s�u (II.39)
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34 II. Theory of Self-OrganizedGrowth

II.2.2.b Many adatoms

If therearemany adatomson thesurfaceone
hasto excludehopsto latticesitesalreadyoc-
cupiedby otheratoms.Anotherdifferenceto
single adatommotion is the influenceof the
other adatomson the energy barriersby the
formationof bondsandstrainfields.

Most Monte Carlo simulationsfor adatom
diffusion fall into one of the following three
classes

Kawasaki-type energy barriers The en-
ergy barriers are called Kawasaki-typebe-
causewith their particularform they lead to
a codethat is structurallythe sameasfor the
Kawasakialgorithm[Kaw66]. This algorithm
is usedto simulate’conserved order param-
eter’ systems. If, for example, in the Ising
modelmagnetizationhasto be kept constant,
neithersingle spin flip dynamicsnor simple
clusteralgorithmscanbeusedsincethey alter
magnetization.

The Kawasakialgorithm solves this prob-
lem by choosingtwo spinsof oppositedirec-
tion and exchangestheir value. It doesthis
with Metropolis-like acceptanceratios.

Structurallytheconservation of magnetiza-
tion in theIsingmodelis thesameasthecon-
servationof adatomsonthesurface.If anatom
leavesalatticesiteto diffuse,it hasto show up
againsomewhere.

TheKawasaki-typebarrier �T�v� for hopping
from � to � is givenas(Fig.II.12):� �v� � � �T� �������9�8�D�8�{���;�C�¡ Z�I�£¢� � ��� �¥¤
¦_§`¨b©LªI«�¬@¨

(II.40)

where� � ��� is thelowestenergy barrierin the
system.For this typeof MonteCarloroutines
onestepcorrespondsto aninterval of realtime
of­�® � ¨�¯�°G�6�8±G� � ���²¢³
´Gµ (II.41)

Ei

Ej

Emin

Bij

Bji

Fig. II.12: Binding energies ¶C·�¸6¹º¸»· at theadsorp-
tion sites ¼ and ½ resp. Thelowestbindingenergy
is ¾À¿ ·ÂÁ .
with

´
being the numberof adatomson the

surface.

Bondcountingmethod Hereweaddto the
constantenergy �.� ��� thebindingenergy �IÃ to
the

´
neighborspresentat latticesite � . Then

wegetfor ahopfrom site � to � :�T�v� � � � ��� � ´ ��Ä �IÃ (II.42)

For this typeof routinesonemight include
nearestandnext nearestneighborsor nearest
neighborsonly.

Lookup Tables The energy barriers for
movesin differentdirectionsin generaldepend
verysensitively on thespatialconfigurationof
thesurface(neighboringatoms,surfacerecon-
struction,etc.). If we cancalculatetheenergy
barriersfor hopsin differentdirectionsfor all
therelevant configurations5 by certainatomicÅtÆ

For a full lookuptabletreatmenttherearetennear-
estandnext nearestneighborsiteson a squarelatticeto
be considered.This amountsto ÇbÈÊÉÌËÎÍÐÏ�ÇLÑ different
configurations!
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structuremethods,wecanstoretheseenergies
in a tableto beusedin a MonteCarlosimula-
tion. For everyMonteCarlostepthesurround-
ing of the initial and final site is determined
andanacceptanceratiois assignedto themove
in accordanceto theenergy valuestoredin the
lookuptable.

II.3 The Monte Carlo routine

By now, all theimportantphysicalconcepts
and numericaltechniqueshave beenin-

troducedand the programcodeusedfor the
simulationspresentedin this work canbedis-
cussed.First, thephysicsincludedin thepro-
gramwill be reviewed, the numericaldetails
makeup thesecondpart.

II.3.1 Physicalconcepts

Thecodeis capableof simulatingthedepo-
sition anddiffusion of adatomson a sur-

faceusingsingleadatomdiffusionprocesses6.
The desorptionof adatomsis not included

neitheris bulk diffusion. Consequently, asfar
asthekineticsis concerned,its routineis best
suitedto simulateMBE growth,wheredesorp-
tion is of little importanceandthestickingco-
efficient Ò is closeto unity, asin ÓÕÔ andsome
metals[Zan88].

As is obvious from eq.II.2 the hopping
probability Ö dependsexponentiallyontheen-
ergetic diffusion barriers ×8Ø . For this rea-
sonthe modellingof surfacekineticsreduces
to modellingsuitableenergy termsassociated
with thevarioussurfaceprocesses.

The most importantenergy contribution in
termsof the absolutevalueis the bindingen-
ergy to thesurface×.Ù . It is chosento be ÚqÛÝÜ eV,
which is closeto valuesusedin otherMonte
Carlo simulations[Cla91]. The surfacebind-
inghasto beconsideredin everydiffusionpro-
cessand is relatedto the overall time scale.
The coveredtime interval Þ�ß by a processof

probabilityÖ is relatedto theenergy barrier ×.Ù
asÞ�ß�à ÚÖ à á�â�ãåä ×.Ùæèç(é (II.43)

Since the surface binding energy ×TÙ is a
commonfactorto all diffusionprocesses,one
candefinea new time scale Þ�ß6ê by changing× Ù by Þë× Ù . Onefinds:Þ�ß ê à á�â�ãåä ×TÙ*ìOÞë×TÙæèç éà Þ�ßîíbá�â�ãåä Þë× Ùæèç é (II.44)

The next importantenergy contribution is
the binding energy to the nearestand next
nearestneighbors. The strengthof a single
nearestneighborbondis setto ï�ÛÝÜ eV, andre-
ducedby a factorof ðñðóòõô ö for next near-
estneighbors. To evaluatethe diffusion bar-
rier due to the nearestneighborinteractions,
the binding energy at the site ÓÕï , wherethe
diffusing atom is located,is calculatedto be×.÷�ø8òùð¡×Iú=ìMðñð�ûü×Iú in dependenceof the
numberof the ð nearestand û next nearest
neighbors.Thesameis donefor the locus Ó~Ú
wherethe adatomis going to diffuseto. It is× ÷�ý òÿþ���ðñêb× ú ì ðñð�ûQê × ú�� , whereþ is acon-
stantthatdescribesthecouplingbetweenadja-
centlatticesites.It is chosento beequalto ï�ÛÝö ,
which correspondsto a weakcoupling. The
overall binding energy ×�� causedby neigh-
bor interactionsfor a given diffusion process
from site ÓÕï to Ó~Ú is given by the difference
of thebindingenergy at thecorrespondinglat-
ticesites×�� ò ��ð��Dþ�ð ê � ×Iú�ì	��û
�Dþ�û ê � ðñð¡×Iú

(II.45)�
�
This correspondsto a single spin flip dynamics,

but strictly speakingwe use somesort of continuous
Kawasakialgorithm sinceevery diffusing atom disap-
pearsatonesiteandatthesametimeappearssomewhere
else,usuallycloseby
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36 II. Theory of Self-OrganizedGrowth

For diffusion processesaway from island
boundariesthe diffusion barrier is just ����� .
However, for diffusion along step edgesor
around corners the hopping probability is
slightly enhanced.In thesimulationthiseffect
results in smootherisland boundaries,since
vacanciesand gaps are efficiently filled by
atomsdiffusingalongtheperimeterof the is-
lands.

For diffusionprocessesacrossstepedgesa
Schẅobel energy barrierhasbeendefinedto
be ������������� eV. For atomsbeingdeposited,
theSchẅobelbarriercanbesurmountedby the
kick-out effect with a probabilityproportional
to thenumberof freenearestneighborsites.

Toaccountfor diffusionalanisotropy effects
causedby a certainsurfacereconstruction,an
extra energy term ����� can be assignedto
a particular direction. Since the underlying
lattice is of a squaresymmetry, diffusional
anisotropy canonlybeincludedfor energy dif-
ferencesin thetwo maindirectionsof thesur-
face.

The last important energy contribution is
madeup by theelasticstrainenergy. This en-
ergy ������� is calculatedvia theanisotropicap-
proach(eqns.II.14)for simulationson a plain
surface.In simulationsof thegrowth of quan-
tumdotstacks,whereburieddotstructuresin-
fluencethestrainat thesurfaceand,addition-
ally, the third dimensionhasto beconsidered
in calculatingstrainfields,theisotropicformu-
las(eqns.II.3)areused.

It hasto be mentionedthat a certaindiffi-
culty in the straincalculationmadeit neces-
saryto introducetwo differentmethodsof cal-
culatingtheline forces,thatcompressor dilate
theislands.Both methodshave their prosand
consand their applicability dependsstrongly
on thesimulationparameters.

To changethe lattice constantof a pair of
atoms,the necessaryforce � � is assumedto
be suchthat the binding energy betweenthe
two atomsis reducedby � � meV7. In a chain

of ! atomstheforce � necessaryto compress
or extend the chain by the sameamountfor
eachpairof atomsis givenbyHooke’s law and
consequentlyequalto� � !"�#�$� (II.46)

By applyingthis wisdomto thecalculation
of strainfor an island,oneis leadto solution
A in Fig.II.13. Here,dependingon theorien-
tation of the boundary, the numberof atoms
in a horizontalor verticaldirectionis counted
to yield the number ! . This methodhasthe
mainadvantageof beingcompletelyindepen-
dentof theislandmorphologyandworkswell
for compactislands(Fig.II.13a)aswell asfor
fractal-like structures. This local approach
has,however, an importantdrawbackthatbe-
comeseven moreapparentfor high tempera-
turesor long equilibrationtimes. The equi-
librium crystalshapeinducedby methodA is
indeednot compact,asonewould expect for
isotropicstrain.It ratherfavorstheemergence
of diagonalrows (FigII.13c), since here the
thicknessin the main directionsis small and,
consequently, thestrainalongtheboundaryas
well. As a result, the strain doesnot inhibit
the further growth of diagonalrows andthus
loosesits size limiting property. Of course,
this effect is unphysicalandcanbeovercome
by methodB.

This secondmethoddoesnot evaluatethe
extensionof an island by countingatomsin
a certaindirection but ratherby determining
the distanceof the boundaryfrom the center
of massof the island (Fig.II.13b). This dis-
tanceis multiplied by two to give the factor! in eq.II.46. For highly symmetric,compact
islands,methodA andB give just thesamere-
sults. But, as one can seein Fig.II.13d, the
generationof diagonalstructuresis now sup-
pressed,sincepartsof theislandboundaryfar%'&

It is very difficult to obtainabsolutevaluesfor act-
ing forcesor strain fields from experiments. Though,
somesparseresultscanbefound[Pen01]
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Fig. II.13: Two methodsto calculatethe line forcesalongislandboundariesfor strainfield calculations.
MethodA determinestheislandthicknessperpendicularto theboundary, methodB measuresthedistance
boundaryto centerof mass(CoM). a) andb) comparethetwo methodsfor compactislandsandc) andd)
for elongatedislands.

away from the centerof massexperiencea
strongerforcethanthosecloseto it. Now, the
equilibrium shapeusingmethodB is a com-
pactisland.

This would rendermethodB themethodof
choice,if therewerenot anunphysicaleffect,
thatappearsif two islandscoalesce.If two is-
landsareconnectedby only a single‘bridge’-
atom,thestrainfield of thenow joinedislands
would not bevery differentfrom thetwo sep-
arateislands. This is no longer true for cal-
culatingthe strainvia methodB. Indeed,the
centerof masschangespositionconsiderably
if theislandsmergeandsodoesthestrainfield.
Soonanew, compactislandhasformedaround
thenew centerof mass.This is aneffect simi-
lar to themergingof two waterdropletsto one
largedropletdueto surfacetension.

Sincetheeffectof coalescencebecomesim-
portantfor high islanddensities,methodB is
unsuitedfor thesimulationof cold systemsor
highcoverages.However, for thesake of con-

sistency, all simulationspresentedin thiswork
havebeenobtainedusingmethodB, unlessre-
markedotherwise.

Now, the physicsof surfacediffusion pro-
cessesof adatomscanbe summedup by the
probability ( for a hopfrom onelatticesiteto
anearestor next nearestneighborsiteas

( ) *,+.-0/�1 2436587�9;:<7�=>:<7@?.AB3C7�9�D�EGFHJI K
(II.47)

The attemptfrequency *,+ is assumedto be
temperatureindependentand equal to *,+L)M NPORQ

Hz. Similar to the surface binding en-
ergy

7�9
, *,+ influencesthe overall time scale.

Eq.II.47 now gives the basis for the Monte
Carlosimulationroutinedescribedin thenext
section.

II.3.2 Numerical concepts

Thesimulationroutineis basedonacontin-
uoustime Monte Carlo scheme.A BKL
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38 II. Theory of Self-OrganizedGrowth

algorithmis very efficient for the problemat
hand,sincethe independenceof a particular
time scaleis of great advantagein simulat-
ing surfacediffusion[Pre92]. A surfaceatom
without any neighborsmight diffuseby a fac-
tor of S T�U morerapidly thanatomsboundto a
stepedge.

Adatom diffusion processesare simulated
oneby one. The principal courseof a simu-
lateddiffusionprocessis alwaysthesameand
sketchedin the following. An atom is cho-
senby arandomprocessandmovedacrossthe
surfaceby hopsto nearestor next nearestlat-
tice sites.Thecorrespondingtime interval VXW
is calculatedandaddedto theelapsedsimula-
tion time. If atomsarestill deposited,accord-
ing to VYW andtheflux conditionsnew adatoms
areplacedat randompositionson thesurface.
The main difficulty lies in the assignmentof
aproperweightto eachpossiblediffusionpro-
cess,sothateveryadatomhopisexecutedwith
alikelihoodaccordingto its overallprobability
with respectto all otherprocesses.

This is done(seeFig.II.14a)by evaluating
theprobabilityZ from eq.II.47for everypossi-
ble diffusionalstepof a givenadatom.These
eight possibletransitionprobabilitiesto near-
est and next nearestneighbor positions are
storedandthenaddedup to give a total prob-
ability Z\[^]`_ba for the adatomto move in any
directionat all. This probability is translated
into aneffective energy barrier c [^]`_ba for dif-
fusion8. Since the energy barrierscan take
on continuousvaluesdueto the strainenergy
correction,it is necessaryto introduceenergy
intervals, so that all adatomswith an effec-
tive diffusion barrier cd[^]e_ba betweenc�f andc f\g VXc canbegroupedtogetherin aclassof
adatomswith thesamelikelinessto move.

The groupingandbuilding of classesis, of
course,not reallynecessary, sinceeverydiffu-
sionalprocesscouldbehandledon its own ac-
count, it just helpsenormouslyin bookkeep-
ing. In a given classall the probabilitiesare

againsummedup to yield the total probabil-
ity Z.h�ikjml`l , that an atom from this particular
classmakesa move. Thetotal probabilitythat
anything might happenat all is thengiven by
addingup the n termsZ�h�ikjmlel to give Zpo _m] jmi .

Now the choiceof a certaindiffusion pro-
cessworks like the assignmentof a diffusion
processto a certain class, just in the oppo-
site direction(Fig.II.14b). A classis chosen
at random,consideringthat different classes
contribute differently to the overall probabil-
ity Zpo _m] jmi . Eachclasscontainsa numberof
atomsof whichoneis chosenwith equalprob-
ability. Thenfrom theeightpossiblediffusion
processes,oneis selectedin accordanceto its
likelinessandexecuted. Thenthe simulation
time is propagatedby an amountof time VYW
givenby

VYWrq SZpo _m] jmi (II.48)

Usually the movementof an atomalsoal-
tersthe diffusion barriersfor the neighboring
atomsin the old neighborhoodas well as in
the new one. So the moving atom and all
atomsin its surroundinghave to be assigned
new classes.Strictly speaking,alsothestrain
energy field would have to berecalculatedaf-
ter every step. But, since the evaluationof
thestrainis a lengthyprocedureandthestrain
only changeslittle with themotionof a single
adatom,it hasturnedout thatit is sufficient to
recalculatethestraineverycoupleof S T�T�T dif-
fusionalsteps.Then,of course,all atomson
the surfacehave to be assignednew classes.
To speedupthecomputationsevenfurther, thes
t

It is notnecessaryto introducealinearenergy scale
andit would bepossibleto usejust the transitionprob-
abilities u�v
wyx{z . It is, however, easierto have a quan-
tity thatcanbebrokendown into intervalsequidistantly
like theenergy. To achieve thesamewith thetransition
probabilitiesonewould have to usea logarithmicinter-
val scaling. This would amountto just the sameasthe
linear energy scalebut look muchlessneatin the pro-
gramcode
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Fig. II.14: Sketchof algorithmsto assignadatoms
to MonteCarloclassesin dependenceof their en-
ergeticalsituationa) andtheselectionprocessfor
certaindiffusion processesby the simulationrou-
tineb).

strainfield doesnotextendoverthewholesys-
tembut only overacircularareaof agivenra-
dius | aroundthe sourceof the strain which
is in mostcaseschosento be of thirty lattice
constants.
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III.

Optimization of Growth Parameters

For most applicationsthat include active
quantumdot layers it is of key impor-

tanceto have asmany andasequallyshaped
dots as possibleto obtain a well definedre-
sponseto opticalor electronicalsignals,while
lossesaresmall. To achieve high densitiesof
dots, spatialorderingin the averagedistance
betweentwo neighboringdotsas well as or-
dering along distinct directionsis necessary
[Muk98, Muk99].

To obtain spatial and size ordering, self-
organizedquantumdot growth can be used
as will be shown in this chapter [Shc99a,
Dar97, Ipa98]. Unfortunately, theproblemof
generatingself-organizedpatternscannot be
solved in a straight forward manner. Even
though Stranski-Krastanov growth is known
to be suitablefor self-organizedquantumdot
growth, there are many external parameters
that influencethe growth resultconsiderably.
This is easyto see,if one considersthe im-
mensenumberand the complex interplay of
parametersthat control growth conditionsin
anactualgrowth reactor.

Growth control is still difficult to gain, if
one restricts the set of relevant parameters
to temperature} , flux ~ and coverage � by
choosingasimplenumericalmodel,asis done
in this work. If, for example, the growth
temperatureis chosentoo low, the deposited
atomswill just stick to the surface without
having enoughthermalenergy to diffuse. In

this case,of course,no self-organizationis to
be expected. If, on the otherhand,tempera-
tureis toohigh,interatomicbondsaretooeas-
ily overcomeand one observes an ensemble
of monomersandsmall polymersof adatoms
performingrandomwalksover thesurface.In
this scenariolarger islandsareinherentlyun-
stable.Only for a distinct interval of temper-
aturesself-organizationis effective andacces-
sible to productionprocesses.Similar effects
canalsobe seenwith parameterslike flux to
thesurfaceor thesurfacecoverage.

Another important factor to influencethe
growth result is the time betweenthe endof
depositionand the capping of the quantum
dot layer with anothermaterial,the so called
growth interruption. During this growth in-
terruption the adatomscan relax to energet-
ically favorablepositionsand approachther-
modynamicequilibrium.Sincethereis astrik-
ing differencebetweenkinetically controlled
growth and a thermodynamicallydominated
sizedistribution,aswill beshown in Chap.IV,
theeffect of a growth interruptioncanbedra-
matic.Furthermore,theinital stagesof growth
of quantumdotsaremostimportantfor order-
ing effects, sinceherethe monolayerislands
canrespondmoreeasilytoenergeticalchanges
in their vicinity. The morphologyand spa-
tial arrangementof these‘platelets’ will then
determinethearrangementof the fully grown
dots[Kun90, Pri95]. For this reason,a growth
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a) b)

Fig. III.1: a)Spatialdistributionof adatoms.Blueis thewettinglayersurfaceandredthefirst growth layer.
b) Plot of the strainenergy generatedby a). Redis high strainandblue the unstrainedcase.Simulation
parametersare ���C���
� K, �Y�<�
� � Ml/s and ���C�
�$� . Simulatedtime: ��������� sona �'�
���X�'��� grid.

interruption during the transition from two-
dimensionalto three-dimensionalgrowth can
improve the quality of the quantumdot layer
considerably.

Now, the aim of this chapterwill be to de-
fine optimal growth conditionswith respect
to size distributions and the spatialordering
of islands. Each of the above mentioned
external parameterswill be consideredsepa-
rately. Apart from assigninganoptimalwork-
ing rangeto eachparameter, the effects of a
poorchoiceof parameterswill beadressedas
well.

Firstly, however, a set of numericaltools
will be introducedthat areuseful to quantify
the quality of a given sizedistribution or the
spatialordering. With the help of thesetools
it will be possibleto spottiny changesin the
resultinggrowth patternscausedby parameter
variations,thatwould otherwisebe lost to the
unarmedeye.

It shouldbe notedthat for the experimen-
talist it is even moredifficult to obtain infor-

mation about island distributions. With the
invention of the electronmicroscopeand re-
lated techniques,however, the direct obser-
vation of nanoscalestructuresbecamepossi-
ble and is intensively usedfor characterizing
quantumdotsex situ.

The initial stagesof �d�����@���8���^�
� growth,
for example, are investigated in [Zha97]
by meansof scanningtunnelingmicroscopy
(STM).

A powerful tool is, for example,the trans-
missionelectronmicroscope(TEM). It is re-
portedin [Car98] that not only the shapeof
the quantumdots can be extractedbut also
the straindistributionsof ��������� �P�����¡�8���^�
�
quantumdots are accessibleby TEM. Using
the shapeof the dotsmeasuredby TEM and
appropriateelasticconstants,goodagreement
is foundwith finite elementcalculations.

Experimentaltomographicx-raydiffraction
is donein [Keg00] to investigatenanometer-
scale self-assembled�����£¢$���"�J�£¢ quantum
dots. Shape,lattice constantdistribution and
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compositioncanberesolvedby this advanced
technique.

To monitorthegrowth processin situacou-
ple of techniquesareavailablewhich allow to
estimatethe amountof depositedmaterialby
basicallymeasuringthesurfaceroughness.

A correlationbetweenisland-formationki-
netics,surfaceroughening,and RHEED (re-
flection high energy electrondiffraction) os-
cillation dampingduring GaAs homoepitaxy
givesdirectaccessto thedepositedlayerthick-
ness[Hey97].

A similar techniquecanbeusedfor in situ
monitoringof 2D islandgrowth by ion beam
scattering[DeL99] or by grazingicidencex-
rayscattering[Sch98c].

The Stranski-Krastanov formationof InAs
quantumdotscanbemonitoredduringgrowth
by reflectanceanisotropy spectroscopy and
spectroscopicellipsometrygiving information
aboutlayerthicknessandcomposition[Ste97].

III.1 Numerical tools

The basis for all evaluations is the spa-
tial distribution of adatomson the sur-

face(Fig.III.1a). During thesimulationof the
growth processthesedistributions are saved
andanalyzedafterafixednumberof timesteps
have passed.Togetherwith theadatomdistri-
bution thestrainenergy field generatedby the
islandsat the surface(Fig.III.1b) is kept, but
ratherfor thesakeof completenessincenofur-
therprocessingof thestrainfield is done.

The strain in all simulations is updated
every ¤�¥,¦�¦ Monte Carlo steps. Through-
out the simulationsthe isotropic,elasticcon-
stantsare §
¨©¦�ª«¥$¬®­°¯ ¦P±R² erg/cm³ and ´µ¨¦�ª«¶�¤Y­·¯ ¦ ±R² erg/cm³ , which canbe obtainedin
isotropicapproximationfrom thematerialpa-
rametersof ¸ ¹Pº£» via II.11 andII.12. Other
parametersare ¼�½	¨ ¯,ª«¶ eV, ¼d¾¿¨ ¦�ª«¶ eV
for surface and nearestneighborbonds, re-

spectively. Thebindingenergy to next nearest
neighborsis reducedby afactor À°ÀÁ¨�Â ¤ and
edgediffusion is modelledby a couplingfac-
tor of Ãd¨L¦�ª«¤ . TheSchẅobelbarrieris chosen
to be ¼�ÄJÅÆ¨L¦�ª�¯ eV.

All simulationsin this chapterhave been
performedon a ¤,¦�¦®ÇÈ¤,¦�¦ grid with periodic
boundaryconditions.This systemsizehason
onehandthe advantageof beingbig enough
not to prefer certainsymmetriesinducedby
self-interactionof islandsor to produceun-
desiredeffectslike noisecausedby the small
numberof depositedadatoms1. On the other
hand,computationaleffort is kepthandy. The
time for the pureMonte Carlo simulationin-
creasesabout quadraticallywith the system
extensiondueto theincreasingnumberof pos-
siblemoves.Thetimeconsumedby thestatis-
tical evaluationslike the determinationof is-
land sizesandpositionsincreaseseven faster
thanwith a squarelaw in the systemsizeso
that a run of the samesimulationin a system
with thedoublelateralextensiontakeslonger
by a factorof aboutsix.

III.1.1 Island sizedistribution

The first routine for dataanalysisand sta-
tistical evaluationof the growth resultsis

thedeterminationof thenumberof islandson
the surface. Any clusterof a minimum num-
berof four atomsis countedasanisland.The
temporalevolutionof thenumberof islandsin
thesimulationgivesa first importantinforma-
tion aboutthesystemitself (seeFig.III.2a). If,
for example,thenumberof islandsis growing
or decreasingafter theendof deposition,it is
sureto assume,thatthesystemis still evolving
towardsequilibrium.

More precisestatementscan be obtained
from thesecondstepof analysis.HerethesizeÉ�Ê

If growth conditionsinducean optimal islandsize
of Ë�Ì�Ì atomsin a systemwith Í�Ì�Ì depositedatoms,
equilibriumcannot befound
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Fig. III.2: Analysisof thesimulationpresentedin Fig.III.1. a) temporalevolutionof thenumberof islands
equalto or larger than four adatoms. b) The resultingsize distribution after ����� s and c) the temporal
evolutionof theaverageislandsizeduringthegrowth interruptionof 100s.d) showsthespatialdistribution
of nearestneighbordistances.Measuredis the distanceof the centersof mass. e) is the distribution of
absoluteinter-islanddistancesobtainedfrom d). In f) thetemporalevolutionof theaveragedistanceof the
centersof massis given.Parameter:��������� K, ������� � Ml/s and � �"!���# .

of each individual island is determinedand
storedin a histogram. The size is plottedas
thesquareroot of thenumberof islandatoms,
i.e. the meandiameterin atomiclatticeunits.
In this histogramthe total numberof islands
with the samediameter$ is storedin depen-
denceof $ , as in Fig.III.2b. Islandshave the
sameintegerdiameter$ , if they containmore
than $&% atomsbut lessthan '($*),+�-.% atoms.
This histogramis also referredto as the size
distribution of islands2 Fromthesizedistribu-
tion anaverageislandsizecanbecomputedas
well as the standarddeviation of the average
size. One speakes of a narrow or sharpsize
distribution if thestandarddeviationof theav-
erageisland size is small or, equivalently, if

thewidth of thesizedistribution is small.The
temporalevolution of the averageislandsize
is shown in Fig.III.2c.

III.1.2 Spatial arrangement

To determinethe quality of the spatialor-
deringof islands,first thecentersof mass

of all islandsare computed. Then, for ev-
ery islandthenearestneighborislandis found
by computingthedistancesbetweenthecorre-
spondingcentersof mass.Thenearestneigh-
borpositionsarestoredto giveanearestneigh-

/�0
Islandsof size 1 , wich are monomersto trimers,

alsoenterthe sizedistribution but areneglectedin fur-
therstatisticalconsiderations.
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bordistribution (Fig.III.2d). For anislanddis-
tribution of perfectly equidistantislands all
entries in the nearestneighbor distribution
shouldfall ontoacirclecenteredabouttheori-
gin. If certaindirectionsarepreferredin the
spatialordering,this, aswell, shouldshow in
the neighbordistribution by accumulationof
pointsin theequivalentdirections. If thedis-
tancebetweennearestneighborsis in acertain
directiongenerallydifferentfrom distancesin
other directions,i.e. the ring aroundthe ori-
gin is distorted,this is a sign of diffusional
anisotropy.

The way of evaluating the spatial order-
ing by meansof a nearestneighbordistribu-
tion worksvery muchlike a two-dimensional
Fourier transformationof the surfacebut has
theadvantageof beingdirectly ratherthanin-
verselycorrelatedto thesurfacemorphology.

Very muchlike in the caseof the sizedis-
tributions,a histogramof islanddistancescan
be computed(Fig.III.2e). Here, all islands
with anearestneighbordistancebetween2 and24365 fall into thesameclassof thehistogram.
Again,anaveragedistanceanda standardde-
viation can be assignedto the histogramof
nearestneighbordistances.Thetemporalevo-
lution of theaveragenearestneighbordistance
is shown in Fig.III.2f.

III.2 Temperature

Todetermineanoptimaltemperaturefor the
growth of quantumdots, the parameters

flux rateandcoveragewill bekeptfixedatval-
ues 798;:=<>5 Ml/s and ?@8;A�:CB , respectively.
Then, depositionstopsafter A s of simulated
time. For this particulartimeonecanevaluate
the averageislandsize in the systemfor var-
ious temperatures.The resultof this analysis
canbefoundin Fig.III.3a.

As is obviousfrom Fig.III.3a, thereexistsa
distinct critical temperatureDFE beyond which

the islandsizedecreasesrapidly. This effect
is causedby the high thermalenergy of the
atoms. The processof islandnucleationand
growth is only possible,if theadditionaldiffu-
sionbarrierscausedby nearestneighborbonds
arehigh enoughto keepthe atomsat the is-
landboundariesfrom dissociating.If thetem-
peratureis increasedbeyondthecritical point
of DGEIHKJ�A�: K, the atomsat the boundaryof
an islandcaneasilydetachandthe whole is-
land loosesits stability. Lateron, in Chap.IV
a thermodynamicaljustificationfor this effect
will begivenbut it canalsobe inducedby an
alloying effect betweenquantumdot andsub-
strate[Ter98].

Below the critical temperatureDGE the aver-
ageisland size increasesmonotonicallywithD . For very low temperatures,diffusion pro-
cesseshave a low probability L (given by
eq.II.47)andhenceadatomshave a smalldif-
fusionconstantM
M 8 NPOQ L (III.1)

with N the lattice constant. Furthermore,the
additionalenergy barriergeneratedby nearest
neighborbondsis very unlikely to becrossed.
Consequently, adatompolymersarestableand
will not dissociateagainfor a long time. As
a result each island will on averagecollect
adatomsfrom acircularareaof a radiusof the
meanfree pathof a singleadatom. This sit-
uation leadsto a rathernarrow size distribu-
tion anda regulararangementof islands.The
sameeffect hasbeenobserved for thegrowth
of RTS on RUSWVX5Y5Y5�Z at low temperaturesof D[8\ :]<^<^< QY\ : K [Rat97a]. This is a purelykinetic
effect andthedominantself-organizationpro-
cessfor temperaturesbelow a thresholdtem-
peratureD`_ba .

At somepoint themeanfree pathbecomes
long enough to create islands that are no
longerlimited in theirgrowth by thenumberof
adatomsdepositedin their vicinity but rather
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46 III. Optimization of Growth Parameters

Fig. III.3: a) Temperaturedependenceof theaverageislandsizecalculatedfrom thesizedistributions.b)
shows the standarddeviation of the sizedistribution obtainedfrom a Gaussianfit to the sizedistribution
function. ThresholdtemperaturecPdfe for beginning cooperative growth and the critical temperaturefor
islandingc�g areshown by verticallines.Parameters:h�i�j�kml Ml/s and noi�p�j�q , simulationtime: p s.

by theincreasingstrainthatdestabilizestheis-
landperimeter.

With increasing temperatureabove r`sbt ,
more and more atomswill detachfrom ex-
isting, larger islands, therebyincreasingthe
monomerdensityin the system,and thereby
support island nucleationand the growth of
smallerislands.Now islandsgrow in a coop-
erativegrowth modewheresmallislandsgrow
at the expenseof larger oneswith lessstable
boundaries.

The cooperative growth is solely caused
by strain. Without the strain energy correc-
tion uTv�wyx onewouldexpectOstwaldripening
[Zhd99] ashasbeenshown in [Bos00].

To furtherclassifythequalityof thesizedis-
tributions,onehasto considerthewidth of the
distribution thatcanbederived from thestan-
darddeviation of theaverageislandsize. The
resultis shown in Fig.III.3b.

In the purely kinetically controlledregime
the deviation from the averageisland size is

aboutconstant.If thetemperatureis increased
about rzs{t the deviation changesto consider-
ably largervaluesandassumesa maximumatr}|�~Y��� K. Here,thecooperativegrowth is the
reasonfor the inhomogeneousislandsizedis-
tribution. A few large islands,makingup the
upperpartof thesizedistribution, looseatoms
thatarecollectedby islandsthatarestill small
or have justnucleated.Thesesmallislandsare
growing rapidly but right after the endof de-
positionthey broadenthesizedistribution no-
ticeably.

If the temperatureis increasedfurther, the
size dispersionis againdecreasingsincethe
cooperative growth proceedsfastand the ex-
changeof materialbetweenislandsis moreef-
ficient. Smaller islandsare growing so fast,
that at the endof depositiononly few islands
have not yet reacheda sizewhereattachment
balancesdetachment.

For temperaturescloseto rF� thedeviationof
averagesizesisevensmallerthanin thekinetic
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Fig. III.4: Effect of growth interruptionon sizeordering.Shown is in redthesizedistriutionin a system
with ���;����� K,  ¡�;��¢m£ Ml/s and ¤¥�;¦���§ after the end of depositionand in greenafter a growth
interruptionof £���� s. CorrespondingGaussianfits asusedfor thedeterminationof thestandarddeviation
arealsoshown. To the left andto the right the correspondingislanddistributionsareplotted(first layer:
red,secondlayer:purple).

regime sincethe islandscomeever closerto
theirwell definedequilibriumsizes,definedin
Chap.IV.

It shouldbe notedthat for certainmaterial
systemsenergetically favourableislandsizes,
socalledmagicislandsizesexist, which have
aclearimpactongrowth kineticsandsizedis-
tribution [Sch95]. Size quantizationeffects
canalsobe observed in ¨C©«ªU¬ self-assembled
quantumdotson ­¯®PªU¬ [Sch97a].

III.3 Growth interruption

For the casediscussedso far, where the
morphologicalevolution of the quantum

dot layer is stoppedafter the deposition,the
main influenceof temperatureis to suggest
a preferredisland size by kinetic effects for
low temperatures.If the temperatureis high
enoughto allow closeto equilibriumdistribu-
tionsof sizes,it seemsopportuneto choosea
temperaturecloseto the critical point °G± , to
take full advantageof equilibratingprocesses
andtherebyreduceeffectsthatresultin a large
sizedispersion.

The wholeproblemlooks,however, differ-

ent, if the systemis allowed to equilibrateby
the introductionof a growth interruptionand
it is known that a growth interruptionhasa
smoothingeffectoncrystalsurfaces[Kam96].
As anexampleof how remarkablythesurface
morphologycanchangeduring equilibration,
in Fig.III.4 the islanddistributionsbeforeand
aftera growth interruptionof ²^³Y³ s areplotted
togetherwith thecorrespondinghistogramsof
thesizedistribution.

It hasbeenarguedabove,thatfor thepartic-
ularchoiceof parametersfor thissystem,right
after theendof depositionthesizedispersion
assumesa peakvalue. Suprisingly, after the
growth interruptionthesystemexhibits anal-
most perfectsize ordering. In the following
the effect of growth interruptionswill be dis-
cussedim moredetail.

After a growth interruptionof ²^³Y³ s the av-
eragesizeof islandsis plottedvs. temperature
in Fig.III.5a. In the low temperatureregime
the averagesizeof the islandshasshiftedto-
wards larger islands. The shift in compari-
son to the plot in Fig.III.3 is the more pro-
nouncedthe higher the temperatureis. At
the thresholdtemperature°z´{µ the increaseto-
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48 III. Optimization of Growth Parameters

Fig. III.5: Sameasin Fig.III.3 but afteragrowth interruptionof ¶¸· ¹«º¼»¾½�½ s.a)Temperaturedependenceof
averageislandsizeandb) standarddeviationof sizedistribution. Parameters:¿Àº�½CÁÂ» Ml/s and Ãoº�Ä�½�Å .

wardsequilibriumsizesis very fast.Oncethe
optimal size is assumed,it doesnot change
with temperatureuntil the critical point ÆFÇ is
reached3.Consequently, if a growth interrup-
tion is introduced,it is not necessaryto use
growth temperaturescloseto thecritical pointÆFÇ to obtain islandsof equilibrium size. It
is, on the contrary, a betterchoiceto choose
a lower temperature,asa look on the depen-
denceof thesizedispersionon temperaturein
Fig.III.5b reveales.

For the temperatureÆGÈWÉ¾ÊÌË ÍYÎ�Ï K the
size dispersionassumesa minimum while
for higher temperaturesthe size distribution
broadensagain. This effect is expectedfor
equilibrium sizedistributions that experience
an entropicbroadeningwith increasingtem-
perature.

To concludetheeffectof temperatureonthe
sizedistribution, thewholetemporalevolution
of theaveragesizefor four exemplaricsystems
is shown in Fig.III.6.

During thefirst threesecondsof deposition
the averagesizeof the islandsincreasesfast.

The islandsgrown during this time are the
largerthelargerthetemperatureis. Duringthe
following Ð^ÏYÏ s of growth interruptionthe is-
landsapproachtheir equilibriumsizes.While
the changein averagesizefor thecoldersys-
temswith Æ,ËÑÎYÎ�Ï K and Í�ÏYÏ K is negligible,
generallytheprocessof equilibrationis again
fasterin hottersystems.

An interestingeffect canbeseenin thesys-
temof ÆÒËÔÓ�ÏYÏ K (redcurve in Fig.III.6). Af-
ter depositiontheaverageislandsizeis larger
thantheequilibriumsizeandduringequilibra-
tion theislandsshrink.Presumably, thiseffect
is dueto oversaturation,wheretheexisting is-
landsdueto thestrainfield looseatoms,which
can not find an appropriate,lessstrainedis-
landto attachto. Consequently, thenumberof
islandswill remainconstantand the average
islandsizecanonly decreaseif a new island
nucleates.This situationwill be encountered

Õ�Ö
In fact the equilibriumsizeis shrinkingwith tem-

peraturebut in thesesimulationsthis effect is concealed
by noise. However, it canbe madevisible by noisere-
duction,asit is donein Chap.IV.
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Fig. III.6: Temporal evolution of the aver-
age island sizesfor temperaturesbetween ôöõ÷�÷�ø ùÜù�ù�ú^ø�ø

K. Parameters:ûüõ ø�ùmý
Ml/s and þÿõ��ø��

asin Fig.III.5 andFig.III.3.

againlater on in the caseof high coverages,
when the whole surface is covered densely
with islandsand no suitablenucleationsites
exist. Additionally, in high temperaturesys-
temsthenucleationof new islandsis hindered
by therelative instabilityof dimers,sincethen
only dimersor trimerscanactasislandnuclei.

This situationwill be revisited in Chap.IV
whenthe transitionfrom kineticsto the ther-
modynamicallycontrolled growth regime is
considered.

III.4 Flux rate

The flux is a measureof how fast mate-
rial is depositedon the surface. It does

not enterany equationconcerningprocesses
connectedto self-organization,like the defi-
nition of diffusion barriersor the strainfield.
Thus, the flux rate influencesthe kinetics of
growth only indirectlybydeterminingtheden-
sity of monomerson the surfaceandthereby
themeanfreepathof adatoms,thenucleation
rate of islandsand by determiningthe time
scaleof freediffusionbetweentwo deposition
events.
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Fig. III.8: Analysisof Fig.III.7. Averagesize is
shown in redin dependenceof flux rate.Thestan-
darddeviation is shown in blueandaserror bars.
Parameters:ô õ/. ÷�ø K and þÀõ ��ø��

. Note the
logarithmicscalefor theflux.

Sinceflux is only presentduringthetimeof
deposition,one might assumethat it is even
lessimportantdominantduring growth inter-
ruptions. At leastthis assumptionis, to some
extent, true sincethe sameislanddistribution
will evolve during equilibration in the same
way, giventhesamesetof parameters.In this
sense,the systemhasno memoryof the flux,
that led to a particularislanddistribution dur-
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Fig. III.7: Influenceof flux rateon thesizeordering.Thesizedistributionsfor thesamesystemof 02135476
K and 891;: 65<

areshown for differentfluxes.a) =>1@?BA 6 Ml/s, b) =C1 6 AD? Ml/s, c) =>1 6 A 6 ? Ml/s andd)=>1 6 A 6E6 ? Ml/s. Datareferto theendof depositionaftera)
6 A : s,b) : s,c) : 6

sandd) : 6E6
ssimulationtime.

ing deposition. However, different valuesof
flux can lead to significantdifferencesin the
surface morphologyafter the end of deposi-
tion. In the following a systemat tempera-
ture FHGJILK�M K anda coverageof NOGQP�M+R
is consideredfor differentfluxes. In Fig.III.7
thesizedistributionsright afterthedeposition

of a P�M+R coverageareshown4.
In Fig.III.7a many small islands have

formed. Despitethecomparatively high tem-

SET
Note that the time for reachingthe endof deposi-

tion is different in the four systems.We have U T V
s,

V
s,V U s and

V UWU s for theflux ratesof U T UXUBY Ml/s, U T UBY Ml/s,U T Y Ml/s and Y Ml/s, respectively.
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Fig. III.9: Similarsizedistributionsfor differentgrowth parameters.Thespatialdistributionof islandsand
thecorrespondingsizedistribution areshown for thesetsof parameters:a)Z\[^]B]7_ K, `a[2_cb _cd Ml/s ande [;fB_�g , b) Z;[ihB_E_ K, `C[j_+bkd Ml/s and e [;fE_5g andc) Zj[jh5]7_ K, `C[ldBb _ Ml/s and e [ifB_�g
peratureof mLn�o K the islands do not have
enoughtime to assumetheir equilibrium size
and consequentlythe size distribution looks
like a low temperaturedistribution encoun-
teredin theprevioussection,wherethegrowth
waspurelydeterminedby kinetics. If theflux
is decreasedby a factorof ten Fig.III.7b, the
sizedistributionhasclearlychanged.Now, the
systemis obviously approachingequilibrium
by cooperative growth of islands character-
izedby a broadsizedistribution. By decreas-
ing the flux rateeven further, the systemhas
enoughtime during the depositionprocessto
comecloseto anequilibriumsizedistribution
Fig.III.7c. The islandsshow a small sizedis-
persionaroundthe equilibrium size of about
twentyatomsin diameter. The sameresult is
obtainedfor a flux of oqproLots Ml/s in Fig.III.7d,

wherethe sizedispersionis againslightly re-
duced.

To sum up the resultsobtainedfor differ-
ent flux rates,the averageislandsizeandthe
dispersionof thesizedistributionsis shown in
Fig.III.8.

As can be seenfrom the resultspresented
above the decreasein flux is in somesense
comparableto an increasein temperature.
Fig.III.9 shows, thatquitesimilarsurfacecon-
figurationscan be obtainedif the effect of a
higher flux is compensatedby an equivalent
increasein temperature.This can be under-
stood,at leastqualitatively, by the following
reasoning.

If atomswith nearestneighborbondsare
assumedto be immobile, which is reason-
able at least for low temperatures,the sur-
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facemorphologyis basicallydeterminedvia
theinterplaybetweennucleationeventsandat-
tachmentof adatomsto existing islands.The
higherthemonomerdensityon thesurfaceis,
the more important becomenucleationpro-
cesses.If only few singleadatomsareon the
surface,nucleationof islandsby theaccidental
meetingof two monomersis muchlesslikely.
In this casemostadatomswill attachto exist-
ing islands.

Consider now a situation, where a cer-
tain temperatureuwv and a flux x�v generatea
monomerdensityy v atagiventimeduringthe
growth process.If theflux is increasedto x{z ,
themonomerdensitywill aswell increaseto,
say, ytz . If now thetemperatureis increasedto
a distinctvalue u|z theadatomsefficiently dif-
fusefaster. Now, in thesameamountof time
moreadatomswill makecontactwith anisland
on the surface,to which they canstick. Sub-
sequently, the monomerdensity is againde-
creasedto y+v .

In this simple picture, both pairs of pa-
rameters } uwv�~�x�vB� and } u�z7~�x{zX� result in the
samegrowth kineticsandconsequentlyin the
samesurface morphology. This is quanti-
fied by the scalinglaw which statesthat the
configurationscaleswith �a��x where � ���v��
�q�|}��%�>���{u�� with ����� eV.

III.5 Surfacecoverage

The coveragedescribes,how much mate-
rial is depositedon the surface. It cer-

tainly hasaneffect onsizedistributions,since
onecannot expectislandsof equilibriumsize
if not enoughmaterial is deposited. On the
otherhand,if morematerialis transportedto
the surfacethannecessaryfor optimal island
sizes,smallamountsmaybecompensatedby
a reduceddistanceof islands.At somepoint,
however, islandswill have to merge or make
a transitionfrom in-planegrowth to threedi-

mensionalgrowth. In thefollowing, this point
will be referredto asthecritical coveragede-
notedas �W� .

At least for coveragesbelow the critical
point �W� andfor low temperatures,wherethe
growth is mainlykineticallycontrolled,theef-
fect on thesizedistributionscausedby a vari-
ation of coverageshould not be influenced
by sucheffectsandoneshouldexpectan in-
creaseof the average island size with the
coverage. Since in this regime every island
collectsadatomsfrom its immediatevicinity
without any considerableexchangeof mate-
rial betweenislands,its sizeis directly deter-
minedby theamountof thedepositedmaterial
aroundtheisland.

��� �W� ��� �#� �X��

�

�

���

� �)��  ¡ �¢
£  � ¤
¥

¦B§c¨5©tª¬«{­{©�®'¯C°

�

�

±

�

σ

Fig. III.10: Dependenceof averageisland size
(red) on coverageafter the end of depositionin
a kinetically controlledsystem. The width of the
size distribution ² is shown as error barsand as
bluedots(right scale).Parameters:³;´¶µBµB· K and¸ ´;·c¹Dº Ml/s.

In Fig.III.10 the averagesize of islandsin
a systemat uQ�J»L»�¼ K grown with a flux ofx¶�½¼q¾¬� Ml/s is shown for differentcoverages
right after the stopof deposition. It is inter-
estingto notethat the increaseof averageis-
landsizeis linear, whichcanonly beexpected
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Fig. III.11: Correspondingsizedistributionsto Fig.III.12. Sizedistributionsfoundaftertheendof deposi-
tion areshown in red.Distributionsfor therelaxedsystemsaftera growth interruptionof ¿WÀBÀ sarein green
color. Parameters:Á;ÂÄÃ#ÀEÀ K and Å>Â\¿ Ml/s for all plotsanda) Æ�Â\¿XÀ�Ç , b) Æ9ÂiÈBÀ5Ç , c) ÆÉÂiÊBÀ�Ç andd)Æ9ÂÌËEÀ�Ç .

for low coverages.Nevertheless,thelinearin-
creasein theaveragesizecontinuesup to cov-
eragesbeyondthecritical point Í
Î , wherecoa-
lescenceof islandsshouldinfluencethe size
distribution. Only for a coverageof Ï�Ð+Ñ a
clearincreaseof theaveragesizeaswell asin

thesizedispersioncanbeseen.

If thetemperatureis increasedandthemean
free path becomeslonger than the average
island separation,the qualitative behaviour
changes.In Fig.III.11 thesizedistributionsfor
a systemof temperatureÒÔÓÖÕ5ÐLÐ K anda flux
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Fig. III.12: a) Dependenceof averageislandsizeoncoveragefor cooperativegrowth conditionsafterend
of deposition.Theaveragesizeis shown asredcircles.Thecorrespondingwidth - of thesizedistribution
is shown in blue andas error bars. b) The sameas in a) but after a growth interruptionof .�/�/ s. The
critical coverage021 for beginningof threedimensionalgrowth is denotedby a verticalline. Parametersare35476 /�/ K and 8 4 . Ml/s.

rateof 9;:=< Ml/s for differentcoveragesare
shown. Redandgreencolumsreferto sizedis-
tributionsbeforeandafter a growth interrup-
tion of <,>?> s, respectively. In Fig.III.12a and
b thecorrespondingaveragesizesanddisper-
sionin dependenceon coveragearepresented
for theunrelaxedandtherelaxedcase,respec-
tively. First, the unrelaxed casewill be dis-
cussed.

In Fig.III.11aandb broadsizedistributions
canbe foundafter the stopof deposition.Is-
landsthathave nuleatedvery earlyduringde-
positionhave moretime to collect atomsand
will consequentlyhave reacheda larger size
at theendof depositionthanislandsthathave
nucleatedlater. Hence,the size distribution
comparedto coldersystemsbroadensfor sub-
critical coverages.

A considerablenarrowing of the size dis-
persion is observed, if the coverageallows
for nearequilibriumsizeislands(Fig.III.11c).
Here,theinducedstraindestabilizestheisland
boundariesand thus limiting the island size.

Smallerislandsgrow cooperatively on theex-
penseof largerislands.

For highcoverageswith @BAC@ED coalescence
of islandsis observed(Fig.III.11d)andthesize
distribution broadensagain.In Fig.III.11d the
coalescenceof islandscreatesasecondpeakin
thesizedistributionat largeislandsizes.How-
ever, a clusterof two islandsthathave merged
will in generalnot bestableandlooseits sur-
plusmaterialto other, smallerislands.

If all theislandsin thesystemhave reached
their optimal size and the lateral growth is
hinderedby strain,the additionallydeposited
material will increasethe monomerdensity
around the islands. This effect is compa-
rable to an increasein the vapour pressure
arounda liquid droplet. Similar to this anal-
ogytheradiusof anislandincreasesto balance
the higher rate of attachmentof adatomsby
an increasedrate of ‘evaporation’processes.
Monomerscan only be deductedby the nu-
cleationof new islandsor by surmountinga
Schẅobel barrier and initiating threedimen-
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sionalgrowth in thenext growth layer.
For the casewhen the growth temperature

is above the thresholdfor cooperative growthFHGJI
, the significanceof a growth interruption

is considerable.For the greensize distribu-
tions in Fig.III.11 the samesystemsas dis-
cussedabove have beenallowedto equilibrate
for K,L?L s. Now, the plots for all the cover-
agesshow remarkablynarrow size distribu-
tions. For low coveragesthe averagesizein-
creases(Fig.III.12) with theamountof thede-
positedmaterialup to thecritical coverageMEN .
From hereon the averagesize remainscon-
stant.

In the systemsof low coveragethe islands
have not yet reachedtheir equilibrium size,
however, the cooperative growth hasinduced
a narrow sizedistribution. This effect cannot
befoundfor temperaturesbelow

FOGPI
.

It might besuprisingthat even thesystems
with anover-critical coverageshow asizedis-
tribution thatis centeredabouttheequilibrium
size.Onewould ratherexpectto seelarger is-
landssincemorematerialhasbeendeposited.
Though, in comparisonto a Q�L#R coverage,
whichis below MEN , thesystemwith a S$L#R cov-
eragehasa slightly reducedaveragedistance
betweenislands. This fact can,however, not
accountfor the whole additionallydeposited
material. The differencein the averagedis-
tanceis only of theorderof oneor two lattice
constants,giving roomfor maybetwo moreis-
lands. But an increasein coveragefrom Q�L#R
to S$L#R resultsin somesix additionalislands
of diameterT�L .

The solutionto the problemof themissing
adatomscanbefoundby looking at theisland
distributionsin Fig.III.13

For a S$L#R coveragemany atomshave sur-
mountedtheSchẅobelbarrierandenteredthe
secondgrowth layerontopof existingislands.
In somecasestheislandshaveanalmostcom-
pletesecondlayeror evenpartly filled higher
growth layers. Oncean islandhasnucleated

xx

y y

a) b)

Fig. III.13: Islanddistributionsdemonstratingthe
transitionfrom2Dgrowth to3Dgrowth. a)System
with a coverageof UWVYX and b) with ZWVYX . First
growth layer is red, secondpurple,third magenta
andthefourth layergreen.Parameters:[5\^],V�V K
and _`\ba Ml/s.

ontopof anotherislandit is growing fastsince
it is unlikely to looseatomswhichwouldhave
to crosstheSchẅobelbarrieragainto escape.

III.5.1 Spatial ordering

So far, the spatial ordering has not been
consideredat all, and as it turns out, an

appropriatecoverageis crucialto observe spa-
tial orderingeffects.However, spatialcorrela-
tion canalsobeobtainedby growing quantum
dots on patternedsurfaces[Lee98a, Kon98a,
Xie95b, CC95],which,of course,impliesdif-
ficult preprocessingof thegrowth substrate.

While themechanismof sizeorderingasfar
as the thermodynamicallycontrolled growth
regime between

FOGPI
and

F N is concerned,
is causedby the destabilizingof the island
boundariesby strainanda reducedprobabil-
ity of attachment,spatialorderingcanonly be
achieved, if wholesectionsof existing islands
arerearranged.

Not only that more material has to be
moved, the relevant island-islandinteraction
is muchweaker thantheislandself-interaction
responsiblefor sizeordering.In bothcasesthe
elasticstrainenergy mediatesthe interaction.
The absolutevalue of strain is largestat the
boundaryareaof an islandand the size lim-
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Fig. III.14: Effect of growth interruptionon orderingof distances.Thefirst row of picturescorresponds
to the endof deposition,the secondrow to the relaxed system. a) andd) show the islanddistributions,
b) ande) thespatialdistribution of thenearestneighbordistancesandc) andf) thedistancedistributions.
Parameters:Growth interruption c�d�d saftertheendof deposition,egf7h,d�d K, ijfgd#k dWd$c Ml/s and lmf5nWdYo .

iting effect is very efficient. With increasing
distancefrom the islandthe strainenergy de-
cayslike p�qWr?s (seeFig.II.10). Thus,theinter-
actionbetweentwo islandsthatinducesspatial
ordering,is at leastby anorderof magnitude
weaker thanfor thesizelimiting processes.

Therefore,self-organizationeffects in the
spatialorderingcan only be expected,if the
consideredsystemis able to respondto lit-
tle differencesin energy barriers in a com-
paratively shortamountof time. This is only
possiblefor adatomswith a high mobility or,
equivalently, in systemswith hightemperature
growth conditions. Additionally, the islands
haveto beasclosetogetheraspossibleto max-
imize the island-islandinteraction.This calls
for a systemwith a critical or even slightly

above critical coverage. The third ingredient
towardsachieving spatialorderingis theintro-
ductionof a growth interruptionsinceevenin
systemswith a temperaturecloseto tvu self-
organizedspatialorderingis aslow effect.

By assessingthe spatialordering,one has
to differentiatespatialorderingin thedistance
betweenislandsfrom aregulararrangementof
islandsin a periodicarray. In the latter case
in addition to similar distancesbetweenthe
islandsa preferreddirection,in which the is-
landsalign, is required.

Generally, theorderingwith respectto dis-
tancesis moreeasilyachievedandwill bedis-
cussedfirst. To demonstratetheimportanceof
a growth interruption,in Fig.III.14 thenearest
neighbordistributionsafter endof deposition
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andafter w,x?x sof relaxationareshown together
with thehistogramsof thedistances.

Despitethe fact that depositiontook place
with an extremely low flux rate of y zx|{}x?x~w Ml/s, at the end of depositionthe or-
dering in the distanceis poor. After the
growth interruption,however, the spatialor-
deringhasimproveddramaticallyandthedis-
tribution aroundan averagedistanceof some� w lattice constantsbetweenthe centersof
massof two neighboringislandsis quite nar-
row.

Fig.III.15 showsanoverview of theaverage
distancebetweenneighboringislandsandthe
relateddispersionin dependenceof coverage.
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Fig. III.15: Influenceof coverageon spatialor-
deringwith respectto distances.Theaveragedis-
tanceof centersof massis plottedvs. the cover-
ageasredcirclesfor systemswith ¦^§;¨ª©�© K and« §¬©#­ ©W©$® Ml/s. The standarddeviation ¯ of the
averagedistanceis plottedin blueandaserrorbars.

As canbeseen,theorderingin distancesis
bestfor a coverageof

�Y°�±
. For lower cov-

erages,the effect of spatial ordering is sup-
pressedby thelargeraveragedistancebetween
islands.This resultsin a weaker island-island
interaction. Additionally, for coveragesbe-
low

� x ± the averageisland size decreases,

sincethe optimal, equilibrium size is not yet
reached.Sincesmallerislandsresultin weaker
elasticstrainfields,again,theisland-islandin-
teractionis reduced.

For coverageslarger than
�Y°�±

the order-
ing in distancesis aswell lesspronouncedde-
spitethe further reductionof the averagedis-
tancebetweenthe islands,which would sug-
gesta strongerinteractionand a better spa-
tial ordering. Probablythe reasonfor the in-
creasinglybadspatialorderingfor coverages
above ²E³ is thebeginningof threedimensional
growth. Islandsthat have startedto develop
a secondgrowth layer cannot rearrangeas
easilyasa monolayerisland,sincetwice the
amountof materialhasto bemoved. This ef-
fectwouldaccountfor lessflexibility in there-
sponseto island-islandinteractionsandconse-
quentlyleadto apoorerdistanceordering.

III.6 Optimized setof parameters

With this information in mind, it should
now bepossibleto defineanoptimalset

of parametersfor thegrowth of self-organized
islandsthat show a good orderingin size as
well as in the spatialaspectsof distanceand
arrangement. Since the spatial ordering is
the most difficult featureto obtain, parame-
terswill basicallyhaveto provideoptimalcon-
ditions for spatial ordering. However, pro-
nouncedspatialorderingis alwaysaccompa-
niedby anarrow sizedistribution. This is eas-
ily understood,for thespatialequilibrationin-
ducedby island-islandinteractionconsumes
considerablymore time than equilibrationof
sizes. Thus, spatialorderingamongislands
alwaysimplies sizeorderingasan additional
feature.

At this point it shouldalso be mentioned
that regular arrangementof islandscan also
be seen in systemsthat are purely kineti-
cally driven. The exampleof ´¶µ on ´¶µ�·¸w?w?w�¹
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y

x

a)

Fig. III.16: Simulationresultfor a setof parametersoptimizedtowardsspatialordering.In a) thespatial
islanddistribution andin b) the correspondingsizedistribution is shown. Plot c) shows the distribution
of distancesof the centersof massandd) the resultingdistancedistribution. Parametersare º¼»¾½,¿W¿ K,À »5¿#Á ¿W¿$Â Ml/s, Ãm»5Ä�Å�Æ andagrowth interruptionof ÇÉÈ Êv»ÌËª¿�¿ saftertheendof deposition.

[Rat97a] hasalreadybeenmentionedto pro-
ducea kinetically controlledandrathersharp
size distribution. The samegeometricalrea-
soning of circular areasfrom which the is-
landscollectmaterial,canbeusedto explaina
certainspatialorderingobserved in suchsys-
tems, where the islandsare arrangedalong

hexagons,sincethis is the mosteffective ar-
rangementto cover an areawith circleswith
theleastoverlap.

In Fig.III.16 a simulation with optimal
growth parametersfor spatial ordering is
shown. Already from the spatialdistribution
of islands(Fig.III.16a)it is obvious that here
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not only orderingwith respectto distancesis
presentbut also regular arrangementof the
islands has been achieved. To this end it
wasnecessaryto equilibratethe systemby a
growth interruptionof Í�Î?Î s. As is expected,
thesizeorderingis very good(Fig.III.16b) as
well. This should,however, not bemuchof a
suprise,sincethe long growth interruptional-
lowed the systemto approachits equilibrium
statewith a well definedaveragesize of is-
landsanda preferredspatialarrangementthat
minimizestheisland-islandandisland-selfin-
teractionenergies[Shc00].

It shouldbenotedthatsuchathermodynam-
ical optimumis not approachedin thecaseof
orderingeffects in kinetically controlledsys-
tems,hencethesesystemsare far from their
equilibriumstate.Here,sizeorderingandspa-
tial arrangementare pure kinetic effects that
arenot persistentandwill decayif thesystem
is allowedto evolve.

Thoughit is true that for a given setof pa-
rametersa well definedequilibrium stateex-
ists, this energetically favouredstatewill, es-
peciallyfor lowertemperatures,hardlyeverbe
reached. The processof equilibrationmight
take a coupleof hoursto several daysand it
is very questionableif growth parametersand
the absenceof contaminatingsubstancesin-
sidethegrowth reactorcanbekeptupfor such
a long time.

From this point of view it appearsmore
promisingto usekineticallycontrolledgrowth
conditions,whicharedominantduringthede-
positionanyway, to createa properislanddis-
tribution. Subsequentlythis distribution can
approachthe desiredequilibriumstateduring
agrowth interruptionwith differentgrowth pa-
rametersmuchmoreefficiently.

III.7 Other Monte Carlo simulations

Already in 1983 a very ambitious pa-
per [Mad83] addressedthe Monte Carlo

methodasthepropertool to handlethesimu-
lation of surfacegrowth kineticsduringMBE
heteroepitaxyincluding deposition, desorp-
tion, diffusion and strain in the presenceof
crystaldefectsandimpurities.Theauthoralso
indicateda possiblestructureof MonteCarlo
programcodebut did not presentany simula-
tion results.

However, the basicideaof simulatingsur-
face growth by meansof the Monte Carlo
methodwasfastlyadoptedby thesurfacesci-
encecommunityandanimpressive numberof
Monte Carlo simulatorshave evolved during
the years. A considerableamountof insights
into growth processeshasbeencontributedby
theuseof MonteCarlo techniquesanda cou-
ple of interesting,numericalinvestigationsre-
latedto surfacegrowth will bepresentedin the
following.

It shouldbenotedthatin mostMonteCarlo
simulationstheelasticstrainfield is not taken
into account. Someexceptionsarepresented
in III.7.3.

III.7.1 Effects in surfacegrowth

Already simple Monte Carlo simulations,
which include only a repulsive, non-

extendedinteractionbetweendimers diffus-
ing along a crystal surface generateordered
patterns,as is reportedin [RP98]. By using
Coulomb interactionsbetweensurface parti-
cles,variousperiodicstructuresandsurfacere-
constructionscanbefoundin thehomoepitax-
ial system ÏÑÐ on ÏÑÐ�Ò¸Ó?Ó?Ó�Ô if the particlesare
allowedto diffuse[Wat97].

Furthermore,hightemperatureMonteCarlo
simulationsof Õ*Ö desorptionduringMBE de-
positionof ×BØÙÕÚÖ�×BÛ on Õ*Ö�×ÜÛ have beenper-
formedin [Mah97].
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Thesurfacereconstructionis foundto have
a clearimpacton growth kineticsby influenc-
ing the diffusion coefficient. Surface diffu-
sion,for example,becomeshighly anisotropic
for hydogenon the ÝÉÞàßâá�ã reconstructedsur-
faceof tungsten( äæå?çèÝêé?é~á ) [Nie98]. In this
papervarioussurfacereconstructionsof tung-
stenandtheir influenceon thediffusionof ä
have beenanalyzedby Monte Carlo simua-
tions. In [Gha88a] computersimulationsare
reported,which connectsurface reconstruc-
tion, stoichiometryand strain in molecular
beamepitaxialgrowth to defectformation in
thegrowing adsorbate.

Ehrlich-Schẅobel barriers have an influ-
enceon growth kinetics as well. Schẅobel
barriers,for instance,are investigatedin one
and two dimensionsanalytically in [Mus98]
to yield effective diffusioncoefficients.These
arevalidatedwith MonteCarlosimulationsof
diffusion in the presenceof Schẅobel barri-
ers. In a threedimensionalsystem[Köh00]
timeresolvedin-situSTM measurementshave
beenappliedto ë&ìWåYë&ì�Ý¸á?á,é#ã and ç^å?çèÝ¸á?á,é#ã
homoepitaxialislands. The resultswerethen
comparedto Monte Carlo simulations. It
turned out that Schẅobel barriers stabilize
certainfacetsin both homoepitaxialsystems.
Similar resultsarereportedin [Tür96]. Here,
threedimensionalMonteCarlosimulationsof
pyramidalquantumdot growth areperformed
including only diffusion. The presenceof a
Schẅobelbarrierstabilizesí�é~áªÞ�î facets.

III.7.2 Homoepitaxial systems

If noanisotropy in diffusioninducedby acer-
tainsurfacereconstructionispresentanddif-

fusion processesaretaking placeon a lattice
with high symmetry, patternformationasthe
nucleationstageof quantumdot growth can
neverthelessbefoundasin homoepitaxialsys-
tems[Sch98d].

By assuminganisotropicnearestneighbor

bondsanddiffusion, islandnucleationon ter-
racesis consideredin [Iri96].

A MonteCarlo simulationof growth of ïñð
on ïÑð�Ýêé?é~á�ã includingdepositionanddiffusion
only is reportedin [Lev98]. The simulations
in threedimensionsyield columnarstructures
and flakes. In a Monte Carlo simulationof
thegrowth of ïÑð crystalsfrom themelt stable
facetsareidentifiedin [Bea00].

By accountingfor both, diffusing kations
andanions,in [Ish98] atwo componentMonte
Carlo simulation of òÚó�ôBõ�å?òÚó�ôÜõ�Ýêé?é~á�ã ho-
moepitaxial growth is used to reproduce
RHEEDintensityvariationsduringgrowth on
vicinal surfaces. ôÜõ determinesthe transition
from 2D growth to step flow growth. Ad-
ditional analysison islandshapesis given in
[Ish99]. A very similar MonteCarlostudyofòÚó�ôÜõYå?ò*ó�ôÜõ�Ýêé?é~á�ã homoepitaxyfinds transi-
tion between2D growth andstep-flow growth
by, again, taking into account òÚó and ôBõ
as different species[Kaw99]. Here, island
growth is determinedby ôÜõ islanding. Fur-
thermoreôÜõ servesasaself-surfactantin step-
flow growth.

Anothertwo-componentMonte Carlo sim-
ulation of heterogrowth without the inclusion
of strainefectscanbefoundin [Gro00].

A transitionfrom dendritic to compactis-
landsis observed in MonteCarlosimulations
of strain free island growth in two dimen-
sions[Xia88]. First andsecondnearestneigh-
bor interactionsaswell asanisotropicsurface-
attachmentkineticsand surfacediffusion are
takeninto account.Variedparametersaretem-
perature,bond energies and supersaturation
determiningdeposition.

In [Bal94] kinetic MonteCarlosimulations
of nucleationandgrowth of two dimensional,
unstrainedislandsonasquarelatticearecom-
paredto mean-fieldrateequations.Again, a
transitionfrom ramifiedshapeat low tempera-
tureto compactislandsathightemperaturesis
found. Surfacebinding andnearestneighbor
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binding is included. Attachmentto islandsis
irreversiblebut diffusionalongislandedgesis
possible.

Anotherexampleof irreversiblegrowth and
nucleationof islandsduringsubmonolayerde-
positionon a perfectsubstratewith diffusive
processesonly is given in [Bar92, Bar95].
ThisMonteCarlosimulationassumesrandom
walk diffusionandimmobileislandsafternu-
cleationwith no spatialexpansion(point is-
lands). An additionalrate equationanalysis
with respectto sizeandseparationof islands
is done.Thedependenceonflux anddiffusion
constantö is examined.

In [Wan00] a kinetic Monte Carlo simula-
tion of facetgrowth is presented.Includedef-
fectsaremonomeranddimerdiffusionaswell
asdiffusionalongledges.Thegrowth ratesof
facetswith certainorientationis extracted.

2D island growth is studied in a Monte
Carlosimulationasafunctionof coverageand
ratio of diffusion constantto depositionrate
[Rat94c]. Detachmentfrom islandsis possi-
bleata ratedeterminedby apairbondenergy.
Diffusionis Arrheniuslike with a bindingen-
ergy to thesurface ÷�øúù eV andnearestneighbor
bonds û|ø�÷ to û|øúù eV taking placeon a square
lattice.

Monte Carlo simulationscan also be per-
formed on surfaceswith other than a square
symmetry. In [Mao99] theepitaxialgrowth on
the hexagonalsurfaceof üÚý�þ is considered
with diffusionprocessesonly.

The growth on a surface with highly
anisotropic surface reconstruction, theÿ���� ÷?÷?÷�� ���	�
� � or so called DAS structure,
is consideredin [Kat99]. The Monte Carlo
routine consideresdiffusion processesonly
but is able to reproduce growth patterns
observedexperimentally.

III.7.3 Heteroepitaxial systems

If heteroepitaxialsystemsareconsidered,an
important additional ingredient has to be

addedto thesimulationroutines.In [Gha88b]
theinfluenceof compressive andtensilestrain
onthegrowth modeduringepitaxialgrowth is
addressedin acomputersimulationstudy.

In [Tan97] MonteCarlosimulationsof epi-
taxial growth on triangular

� ÷?÷?÷�� layers are
presentedwhere the effect of a lattice mis-
match is includedby influencingatom-atom
andatom-substratebonds.

Deposition,diffusionandstrainis included
in a kinetic Monte Carlo simulationwhich is
done in 1+1 dimensions(growth occursor-
thogonalto particlediffusion) to simulatethe
transitionfrom2D to 3D growth [Kho00]. The
strainis calculatedvia aspringmodelaccount-
ing for nearestandnext nearestneighbors.

In [Liu01] a surfactant-mediatedMonte
Carlo simulation is presentedwhich reports
a straininducedtransitionfrom fractal island
growth to compact growth with increasing
strainfield.

Strainis not only inducedby heteroepitaxy.
A MonteCarlostudyof order-disordertransi-
tions inducedby defectson a perfect

ÿ���� û?û~÷��
surface mediatedby strain is consideredin
[Oka98].

A completely three dimensional Monte
Carlo simulation including elastic strain but
without diffusion dynamics is presentedin
[Rou98]. Elastic strain energy is included
within themodelof ValenceForceField(VFF)
approximation. Strain and chemicalbinding
energies betweennearestneighborslead to� ÷?÷?÷�� facetson quantumdots on zincblende
substrates.
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IV.

Kinetic vs. Equilibrium Size
Distributions

In this chapterthegrowth dynamicsof quan-
tum dot systemswith respectto their is-

land sizedistributionswill be scrutinized. In
fact,growth kineticsduringdepositionof ma-
terial is utterly differentfrom equilibriumdy-
namicsthat can be observed in systemsthat
have found their optimal, equilibrium state.
The most obvious featureof thesetwo dif-
ferent growth regimes is the emergenceof
two largely different size distribution func-
tions that show an oppositedependenceon
temperature.

Undercommongrowth conditionsit is usu-
ally not clear, which processdominatesand
thusthe relevanceof kinetic sizeorderingor
equilibriumdynamicsisamatterof intensede-
bate. In the following this very problemwill
be addressedby meansof the Monte Carlo
method. In particular, a focus will be put
on thecrossover from kinetic islandformation
to thermodynamicallycontrolledsizedistribu-
tions,sinceit turnsout thatherebothregimes
of growth dynamics are relevant. Conse-
quently, both forms of growth, kinetics and
thermodynamics,have to be consideredin
quantum dot growth at different stagesof
growth [Mei01c].

IV.1 Theory

Quantumdotshave attractedconsiderable
interestin recentyearssincethey repre-

sentartificial atomswith unique,controllable
optoelectronicproperties. They provide the
basisfor constructinga novel generationof
semiconductordevices [Bim99, Lor00]. To
obtainhighly efficient quantumdot layersfor
opticalor electronicalpurposesit isnotonlyof
importanceto grow dislocation-freequantum
dotswith a high spatialdensity, but it is also
desirableto obtaina narrow size distribution
that guaranteesa large numberof active dots
for aspecificvoltageor opticalwavelength.

A promisingway of fabricatingsuchstruc-
turesis theself-organizedformationof coher-
ent quantumdots in the Stranski-Krastanov
or Vollmer-Weber growth mode [Dar98,
Shc98a]. In suchheteroepitaxialsystemsthe
strainpreventsOstwald ripening,which is the
dominanteffect in homoepitaxy, and narrow
sizedistributionsof quantumdotsareformed
[Ng95, Bar97a, Wan99, Ram98, Sch98b].

IV.1.1 Thermodynamical regime

If the quantum dot array is allowed to
equilibrate, the average size of the dots

follows from thermodynamicconsiderations
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[Shc95b]. Since the entropic contribution
plays a vital role, the averagedot size de-
creaseswith increasingtemperaturedown to
singleadatomsatveryhigh temperatures.The
quantumdotsizedistribution is thermodynam-
ically controlled.

It shouldbe notedthat the statementsmet
by thermodynamicalequilibrium considera-
tions presentedin the following, as well as
the Monte Carlo simulationsapply only to
two dimensionalarraysof islandsthatemerge
in heteroepitaxyat sub-monolayercoverage
[Str98, Ale88]. It is assumedthat these2D-
islandsdo not changemuchin size,shapeor
position during the 2D/3D transitionand act
asthebasisfor quantumdots[Pri95]. Conse-
quently, morphologicalcontributions[Mol98]
to the consideredenergies can be neglected.
Furthermore,arraysof highly dilutearraysare
consideredto excludeelasticisland-islandin-
teractions. This assumptioncorrespondsto
low coverageswell below tenpercent.

Forsuchsystemstheequilibriumconcentra-
tion per unit atomicsite of islandsconsisting
of � atoms��
���� is givenby theBoltzmann
distribution��
������ ������
�����
��������! �"#� (IV.1)

where��
��$� is theislandenergy peratom��
��$��% �'&�(�) *,+- � �.*�/ 021 - �- � (IV.2)

Herethefirst term &3( denotesthebindingen-
ergy to the surface, which is chosento be46587

eV in the following simulations.The sec-
ond term is the binding energy of the island
boundaryandthethird termdescribestheelas-
tic relaxationenergy causedby the surface
stressdiscontinuityat the island boundaries.
Theconstants*,+ and *9/ canbecalculatedfrom
theelasticconstantsof theconsideredmaterial
system. *,+ is proportionalto the energy of a
pairbond &': . Theconstant*�/ canbeobtained

experimentallyby calculatingthe strain field
at theislandboundariesor from elasticitythe-
ory following [Lan70]1. Thefunction ��
���� is
plottedin Fig.IV.1.

For zero temperaturethe size distribution
is infinitely sharpwith a preferredislandsize�<;=%>�����?
A@B
 *,+ � *�/ )DC��E� suchthat the elas-
tic strainenergy is minimized.This islandsize
correspondsto theminimumof ��
���� givenby
eq.IV.2 (seeFig.IV.1).

For finite temperatures,onehasto consider
the Helmholtz free energy with an entropic
contribution and,following [Shc00], findsthat
theoptimumsizeof anislandis givenby�GFEH�IJ
K"#��% � ; � @ - �<;*9/  �" 021MLON!P  �"3�=QER /;*�/JS / T

(IV.3)

where S is thetotal coverage.With increasing
temperaturethemaximumof thesizedistribu-
tion givenby eq.(IV.3) movestowardssmaller
islands.As anadditionaleffectof theentropic
contribution we find that the sizedistribution
is broadenedanda secondmaximumemerges
at small islandsizesdueto the generationof
individualatoms.

IV.1.2 Kinetically controlled regime

On theotherhand,oftenacontradictoryef-
fect to thethermodynamicallycontrolled

temporal evolution of island size distribu-
tions can be found experimentally, particu-
larly if the systemis cooleddown or capped
immediately after the formation of the dot
layer. Here the averagedot size increases
with increasingtemperatureas hasbeenob-
served, for example, for U�V��WUOV�
XC 4W4 � [Mo91]Y9Z

Onefinds: [X\�]_^ Z`Y eV for bothnumericalandthe-
oreticalcalculations.Notethatfor very largeislandsthe
numericalvalueof [ \ deviatesfrom the theoreticalone
sincethe strainat an islandboundaryis limited by our
codeto onepairbond( ^ Z a eV)
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Fig. IV.1: a) Dependenceof energy per atomin an islandconsistingof b atomsgiven by eq.IV.2. b)
Optimalislandsizein dependenceof temperaturegivenby eq.IV.3 for thermodynamicallycontrolledisland
growth.

or c'dfehg#d�i�jWjWjBk�l [Wan91]. Due to the higher
mobility of adatomsat higher temperatures
the attachmentto existing islands is more
favourablethanthenucleationof new islands.
Thusfor low temperaturesmany smallislands
areformed,whereasfor hightemperaturesfew
large islandsareobserved. The sizedistribu-
tion is dominatedby kinetic effects. For the
samereasonin homoepitaxyOstwald ripen-
ing may be suppressed,and quantumdot ar-
rayswith a rathersharpsizedistribution may
begrown [Zha98, Mo92].

For thecaseof kineticallycontrolledgrowth
theinterplayof diffusionanddepositionis cru-
cial. Diffusion is characterizedby the diffu-
sionconstantm givenbym n mporq!sut?vXw�x (IV.4)

with mpo#nzy{}|�~of� a constantdependingon the
lattice constant| o of the crystal surfaceand� the attemptfrequency. The justificationof
eq.IV.4 and, especially, the independenceof
the factor mpo of temperatureis actually ex-

tremly difficult. Attemptsto give a basisto
eq.IV.4 have beendonein form of the transi-
tion statetheory[Gla41, Vin57].

For the caseof irreversible island nucle-
ation it is clear that the islanddensity � de-
creaseswith an increaseof the ratio of diffu-
sion to depositionrate. If m increases,de-
positedatomscan – on average– travel far-
ther betweendepositioneventsand aggrega-
tion to existing islandsbecomesmore likely
thannucleationprocesses,sincenucleationne-
cessitatestheaccidentalclusteringof two sin-
gle adatoms2 to build a stablenucleusfor is-
landgrowth. Hence,oneexpectsa scalingre-
lationof theform� � m_sB�B� (IV.5)

A mean-fieldapproachto describequantum
dot formationis presentedin [Dob97].�r�

Dependingonparametersliketemperature,strength
of nearestneighborbondsanddepositionratethenum-
berof atomsto form a critical nucleusmight be two or
larger.
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c)a) b)

Fig. IV.2: Schematicislandsizedistributionsin thekinetically controlledregimefor a) low andc) high
temperatures.Islandsaredrawn in blueandpoolsof attractionin pink. b) showsthecorrespondingtemper-
aturedependenceof theaverageislandsize � for thekinetic regime(eq.IV.6)

In [Bar92] an equationfor the dependence
of theislanddensityon temperatureis derived� � �p����������� � ��p�B�r� �X��� � ����� (IV.6)

with � therelative surfacecoverage.Thesame
exponent ��� ���,� has beenrecovered by
[Jen94] in a deposition-diffusion-aggregation
model. Growth exponentsfor a one dimen-
sionalsystemhave beenobtainedby meansof
rateequationsin [Lai91].

Furthermore,in the kinetically controlled
regime during depositiona characteristicdif-
fusion length � can be definedas the aver-
age distancebetweennucleationsites. It is
[Ven84, Sch95]� � � � � �¡  (IV.7)

with

�
the flux rateto the surface. The same

result hasbeenobtainedby meansof Monte
Carlosimulationsin [Gha92].

This leads to the following situation de-
pictedin Fig.IV.2. Fig.IV.2a)andc) show the
schematicislanddistributionsat low andhigh

temperatures,respectively. The characteris-
tic diffusion length � for low temperaturesis
short.Sois theaveragedistanceanadatomcan
travel beforemeetinganotheradatom.Conse-
quently, the radiusof the area,anexisting is-
land can draw adatomsfrom (pink circles in
Fig.IV.2a) and c)) is small and more islands
will nucleate. This resultsin a high island
density � of comparatively small islands.For
highertemperatures,few large islandsemerge
due to the large diffusion length � and a low
islanddensity� .

The averageisland size ¢¤£K¥#¦ is now in-
verselyproportionalto the squareroot of the
islanddensity� , andonefinds:¢¤£K¥#¦ � �O§ ���X¨� � ��p�©��� �X��� � § ���Xª (IV.8)

A schematicplot of ¢¤£K¥#¦ is shown in
Fig.IV.2b).

As aremarkableresultonefindsthatthede-
pendenceof averageisland size on tempera-
turefor thethermodynamicregime(Fig.IV.1b)
andthekineticregime(Fig.IV.2b)areof rather
opposedcharacter.
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IV.2 Evolution of averagesize

For theMonteCarlosimulationspresented
in this chapterthe isotropic strain field

as describedin Appendix A has beenused,
sincethe anisotropiccontributions to the sur-
face strain seemof little importancein the
context of size ordering. Indeed, on the
highly anisotropic surface of «�¬�­�®W®B¯�° very
similar resultsfor thesizeorderinghave been
obtainedas comparedto isotropic surfaces
[Mo91, Bar92].

Thestrainenergy is consequentlycalculated
from thestraintensorcomponentsby II.9±�²´³¶µ¸· ¹ º ­�»½¼E¼�¾¤»�¿E¿À¾	»�ÁEÁ,° ¿ ¾Â ­ º ­�» ¿ ¼´¿ ¾Ã» ¿¿EÁ ¾¤» ¿ ¼´Á °Ä¾¤» ¿ ¼E¼ ¾Ã» ¿¿E¿ ¾¤» ¿ÁEÁ °
with elasticconstantsÂ · ®6Å8ÆhÇ<È�¯J® ¼´¿ erg/cmÁ
and ¹ · ®6Å8É º È½¯J® ¼´¿ erg/cmÁ .

Since dilute arrays of islands are con-
sidered,island-islandinteractioncan be ne-
glected. Hence,it is assumedthat the strain
field extendsonly five lattice constantsaway
from the islandboundariesto speedup com-
putations.This impliesavaryinglowerenergy
cut-off for islandsof differentsize. However,
dueto thesteepfalloff of thestrainenergy with
increasingdistancefrom the islandboundary,
still about ÊWÆ percentof the total energy are
capturedevenfor thelargestislands.

All simulationshave beenperformedon a
250x250atomicsiteslattice.As aninitial step
a coverageof Ç�Ë wasdepositedrandomlyon
the surfaceat a flux of ¯ Ml/s. Every ®6Å`®B¯ s a
histogramof the island size distribution was
recorded.Especiallyfor higher temperatures
the fluctuationsin the size distributions are
considerable.To reducethe noise,ten simu-
lationswith differentinitial conditionsbut the
sameset of parameterswere usedto calcu-
late an average. The effect of averagingis
displayedin Fig.IV.3, wherethe typical his-
togramsof a single run and the averagedre-

sult over ten simulationsat a temperatureofÌ ·.Í º Æ K is shown.

Î,ÏrÐrÐrÐ Î,ÑrÏrÐrÐ ÒrÐrÐrÐrÐÓEÎ
ÓXÔ
ÓEÕ

Ö ×Ø ÙÚÛ
ÛÖ ÙÜÝÞ Ýß
àØ ÙÞÞÖ áÝ×
Ö Þ Ý×â

ã
Fig. IV.3: Comparisonbetweenthetemporalevo-
lution of theaverageislandsizein a singlesystem
at temperatureäæå¤ç�è�é K (green)andanaveraged
resultovertenrealisationsof thesamesystemwith
sameparametersin red.

To displaythetemporalevolutionof theav-
erageislandsize,theaveragediameterê�ë ì$í
of the islandswas calculatedfrom the his-
tograms.Islandswith a sizebelow four atoms
were not consideredin the averaging. In
Fig.IV.4 the simulation results for tempera-
turesof

Ì ·ïî½Í Æ!ðñÅJÅJÅ Í Æ!®Wð aredisplayed.

IV.2.1 Kinetic results

From Fig.IV.4 it is evident that in the ini-
tial stagesof island growth the size dis-

tribution is clearly kinetically controlled. At
lower temperaturesmany small islandshave
formedwhereasat highertemperaturesfewer
andlargerislandsemerge.

At lower temperaturethe nucleationof is-
landsis the dominantprocess.Sincethe mo-
bility of adatomsis low the density of sin-
gle adatomsincreasesfastduring the deposi-
tion andpairsof atomsareformedrandomly.
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Fig. IV.4: a) Temporalevolution of theaverageislandsizefor ��������� K (blue), �����! � K (green)and�"�#�%$��%& (red). Simulationshave beenperformedon a 250x250grid andaveragedover ten runswith
thesamesetof parameters.a) First fivesecondsof b) enlarged.Additionally, thetemporalevolutionof the
averageislandsizefor �'�(�%�� K (orange)is shown in a).

Thoseactasnuclei for islands.Consequently,
oneobservesmany small islandsfor low tem-
peratures.

With increasingtemperaturethe adatoms
becomemore and more mobile. A single
adatomin a hot systemcantravel a long dis-
tanceuntil it findsanexistingislandtowhichit
will attach.Theadatomdensitythereforede-
creasesandnucleationof new islandsis sup-
pressed.Thefinal spatialconfigurationin the
kinetically controlledregimeexhibits few and
largeislands.

IV.2.2 Crossover

Would therebenoelasticstrainin thesys-
tem the growth of islandswould con-

tinue evenbeyond deposition,thoughat a re-
ducedspeed.The largestislandswould cap-
ture mostof the diffusing adatomsandgrow
on the expenseof smallerislandsuntil, even-

tually, only onesingleislandis left in thesys-
tem. Onewould, in otherwords,observe Ost-
wald ripening.

In thepresenceof strainthesystembehaves
different from Ostwald ripening. On short
time scalesof a few secondsright afterdepo-
sition (Fig.IV.4b) the islandsdo not grow by
a considerableamountor evenappearto have
stoppedgrowing. The scalingof the island
sizewith temperatureseemsto be kinetically
controlled,still.

An impatientexperimentalistdealingwith
shorttime scalesonly might be led to the as-
sumptionthat the averageislandsizesdo not
changeperceptablyin time andcall thekinet-
ically controlledstatea stableconfiguration.
This conclusionsuggestsitself especiallyfor
low temperaturessinceherethetemporalevo-
lution towardsequilibrium becomesexpone-
tially slow.

Right after the endof deposition,however,
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the islands begin to equilibrate. The sys-
tem is now in an intermediatestatebetween
kinetic islandgrowth andthermodynamically
controlledgrowth conditions. Characteristic
for this regime is the slow increaseof island
sizesandacrossoverof theaverageislandsize
for systemsof differenttemperatures.

During this intermediatestate,elasticstrain
is of the essencesince it drives the system
towardsequilibrium, thoughit is a compara-
tively slow process.

Thestraindestabilizestheislandboundaries
proportionalto their size. Dependingon the
externalparameterstemperatureandcoverage,
thestrainsetsanexplicit upperlimit to thein-
creasein islandsizethroughOstwaldripening.

Oncean islandhasreachedits critical size
givenby eq.IV.3 it stopsgrowing. At this par-
ticular point the attachmentrate of adatoms
to the islanddriven by its size just equalizes
the detachmentrategeneratedby the bound-
ary destabilizationdueto elasticstrain. Since
the equilibrationprocesshasto be conveyed
by thekineticeffectof diffusivematerialtrans-
port, its effectivenessdependssensitively on
temperature.

For low temperaturesthegrowth processis
theslowestandthehigherthetemperaturebe-
comesthefastertheislandsapproachtheirav-
erageequilibriumsize.

Once the equilibrium size distribution is
reached,the averageislanddiameterremains
indeedconstantas can be seenin Fig.IV.4b.
In the courseof equilibration the islandsin
thelow temperaturesystemscontinueto grow
until they reachtheir equilibrium size at an
averagediameterabove that of the islandsof
the hottersystems,as is expectedfor islands
grown underequilibrium conditions. Thus it
comesto a crossover of sizedistributionsthat
canbecalledakey featureof theequilibration
process.

In [Sar92] the ideaof crossover effectsdue
to processeswith differenttime scalesis gen-

eralized.HereMBE-growth is describedasa
systemof self-organizedcriticality. Growth
processesaredominatedby crossover effects
accociatedwith differenttimescalesor kinetic
rateslike Arrheniushopping,depositionetc.
Theauthorsemphasizethattheproposedcon-
ceptof genericscaleinvarianceis valid only
asymptotically. Experimentson shortertime
scalesarevery likely dominatedby crossover
effectsasvariouskinetic ratesaretunedasex-
ternalparameterschange.

IV.2.3 Thermodynamic regime

Fig.IV.5 shows the histogramsof the size
distributionstakenatatime )+*-,/. swhich

is well beyond kinetics and inside the ther-
modynamicallycontrolledregime. The solid
curvesareGaussianfits to the data,omitting
thetail of smallislands.

Here,all the importantfeaturesof thermo-
dynamicallycontrolledisland growth can be
recovered.For low temperatures,thesizedis-
tribution has a well pronouncedmaximum.
Mostly largeislandsarepresentandonly very
few individualadatomsor smallgroupscanbe
found. With increasingtemperaturethe size
distributionbroadensandthenumberof single
adatomsincreasesdueto the entropiccontri-
butionto thefreeenergy. Themaximumof the
distributionshiftstowardssmallerislands.For
the highesttemperature01*324.45 K a distinct
maximumof thesizedistribution is hardlyvis-
ible and the tail of singleadatomsandpoly-
mersbecomesdominant.For evenhighertem-
peraturesthemaximumof largeislandsdisap-
pearsand only single atomsor small groups
canbefound.

For the highest temperature0 * 24.45 K,
equilibrationis very fastand the equilibrium
sizedistribution is reachedalmostdirectly af-
ter theendof deposition.Lookingonashorter
timescale(Fig.IV.4b),onenoticesthatfor this
particularly high temperaturethe averageis-
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Fig. IV.5: Equilibrium sizedistributionsfor temperaturesvxw#y4z%{ K (diamonds),vxwdz!|�| K (circles),v�w�z%}�{ K (squares)and v�w�z%{%| K (triangles)takenat ~�w���{�� . Thesolid linesarenumericalfits to the
data. The tail of singleatomsandsmall islandshasnot beenincludedinto thefit. Thesimulationshave
beenaveragedover tendifferentrealisationsto reducenoise.

land size is indeed larger in the kinetically
controlledregime and islandshave to shrink
to reach their equilibrium size distribution.
This effect might becausedby oversaturation
wherethe attachmentof adatomsto existing
islandsis strongly favoredasopposedto nu-
cleationof new islands.Only if enoughisland
nucleihavebeengeneratedtheexcessatomsof
large islandscanbedrawn off. Here,it seems
importantto notethatthesizelimiting effectof
elasticstrainthatshouldprevent islandsfrom
becomingtoo large, is a comparatively slow
processandcan to someextent be overcome
by fastaggregationof adatomsat highertem-

peratures.
As animportantconclusionfrom thisobser-

vation onecanexpect that thereexists a dis-
tinct temperatureatwhichtheequilibriumdis-
tribution is approachedimmediately.

IV.2.4 Various simulation models in the
kinetic regime

To elucidatethe influenceof varioussim-
ulation models on the evolution of the

average island sizes in the kinetically con-
trolledregime,MonteCarlosimulationsin the
time during depositionandshortly after have
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Fig. IV.6: The evolution of averageislandsizesandcorrespondingspatialislanddistributions(a) to d))
duringdepositionfor varioussimulationmodelsis shown in e). In a) (blueline) only depositionis consid-
ered.Diffusionandstraineffectsareneglected.b) showssimulationresultsfor amodelincludingdiffusion
(greenline). Atoms areassumedto be immobile after attachmentto an island. c) (cyan line) depictsa
modelwith completediffusion,but atomscannotdisconnectfrom islands.In d) (redline) full diffusonwith
attachmentanddetachmentprocessesis used.Theorangeline shows theequivalentislandsizeevolution
with anadditionalstrainfield aroundislands.(Coverage¦�§@¨ %,Flux ©ª§¬« Ml/s, Temperature­@§(®�¯%° K,
Simulationtime in a) to d): °²±³«!® s).

beenperformedusingdifferentlevelsof model
complexity.

Thesimplestmodelpossibleconsistsof ran-
domdepositionof adatomsonly. Diffusion is
excludedaswell aselasticstrain. Thespatial
distribution of adatomsdepictedin Fig.IV.6a)
shows a noise-like pattern. Islandscan only
form by accidentaldepositionof adatomsat
adjacentplaces. Sinceonly islandsconsist-
ing of at least four atomsare countedas is-
lands,for about ´¶µ·´¹¸ s no islandsaredetected
at all. Then the averageisland diameterin-
creasesveryslowly until theendof deposition
(blueline in Fig.IV.6e).Dueto theabsenceof
diffusiontheendof depositionalsomarksthe
endof thetemporalevolutionof islandsizes.

As a next steponemight now includesur-
facediffusion. The islandsin Fig.IV.6b) are

obtainedby allowing for diffusive stepsfor
single adatomswhich becomeimmobile as
soonas they attachto anotheradatom. This
simulation schemegeneratesfractal islands
which grow very fast due to their compar-
atively large perimeter(green line). Since
atomscannotmove after attachmentthe end
of depositionalsostopsislandgrowth.

In thesimulationmodelusedfor Fig.IV.6c)
diffusion along island edges is allowed.
Adatomscan, however, not detachfrom is-
lands. The islandsformed now are of com-
pactshapeandcomparedto thefractalislands
have a smallerperimeter. Consequentlymore
islandsnucleateandtheaveragediameteris re-
duced(cyanline).

If onenow additionallyallows atomsto de-
tach from islandsno prominentdifferencein
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spatialislanddistribution or averageislanddi-
ametercanbeobservedduringthetime of de-
position(Fig.IV.6d)andredline). But now the
endof depositionno longersetsanendto is-
land growth and the averageisland diameter
increasesstill at timesbeyonddepositionend.
ThisefectcanbeunderstoodasOstwaldripen-
ing.

Theorangeline in Fig.IV.6e)showsthetem-
poral evolution of the averageisland diame-
ter for the completegrowth model including
strain,asit hasbeenusedin theprevioussec-
tions. Again, during depositionthe evolution
of islandsizesdoesnot differ from the ones
generatedby modelsc) and d).Sincethe pa-
rametersfor the simulationare chosenas in
the Monte Carlo simulationsin the previous
sections,with theendof depositiontheislands
have reachedanaveragesizeabove their ther-
modynamicallyfavouredone.

Thoughthespatialdistribution of islandsis
indistinguishablefrom the simulationresults
in d), the straindrives the systemaway from
pureOstwald ripening.Insteadtheislandsare
reducedin sizeby thenucleationof new ones.
Thesefreshlynucleatedisalndsgrow coopera-
tively with thelarger islandsuntil equilibrium
is reached.Inthe above example this equili-
bration processis by an order of magnitude
slower comparedto thekineticeffect of depo-
sition and takes aboutonesecondof time to
reachequilibrium.

Notethatthiseffectwouldnotbevisiblefor
asignificantlyslowerdepositionratesincethe
destabilizingeffect of strainon islandbound-
ariesis alwayspresentandcanonly be over-
comeby the introductionby a much shorter
time scaleof kinetically driven islandgrowth
by usingahighflux of materialto thesurface.

IV.2.5 Comparison of simulation and
thermodynamic equilibrium the-
ory

By meansof eq.(IV.3) onecancalculatethe
temperaturedependenceof theaverageis-

landsizein equilibriumandcompareto there-
sultsof the kinetic MC simulation(Fig.IV.5).
With º�»�¼¾½¶¿ÁÀ eV and ºÃÂÄ¼¾½¶¿ÆÅ!½²Ç eV onefinds
an optimum islandsize for ÈÉ¼Ê½ K: ËªÌ(¼Í ½/½/½ . With increasingtemperaturethe opti-
mum island size shrinksalmost linearly and
suggestsa critical temperatureat ÈÏÎÐ¼ÑÇ/Ç4Ò K,
wherean optimum island size ceasesto ex-
ist. The averageisland sizesextractedfrom
the Gaussianfit to the kinetic MC resultsin
Fig.IV.5 are in good quantitative agreement
with this predictedthermodynamicbehavior.
Beyond Ç4Ò4½ K thedefinitionof a preferredis-
landsizeby meansof numericalanalysisis in-
deedalmosimpossible.

Furthermorewe can extract the dispersion
of the averageislandsizeasthe width of the
size distribution (Fig.IV.7). The thermody-
namictheorypredictsanalmostconstantdis-
persionthat increasessignificantlyonly close
to the critical temperatureÈ Î . In fact, in our
kineticMC simulations,whicharecloseto È Î ,
adistinctincreaseof thesizedispersioncanbe
observed,albeitwithin a largeerrorbar.

To investigatethe temperaturedependence
of the sizedispersionin a larger temperature
range, where the MC kinetics becomesex-
tremely slow, substantiallyhigher computa-
tionaleffortswouldbeneeded.

IV.3 Conclusion

In conclusion,it hasbeenshown by means
of a MonteCarlo simulationthat right after

thedepositiontheislandsizedistribution is ki-
neticallycontrolled.For low temperaturesone
observesmany smallislandswhile islandsbe-
come larger for higher temperaturesystems.
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Fig. IV.7: a) shows thedependenceof averageislandsizeon temperature.Thetheoreticalprediction(red
line) andthenumericalresults(circles)areplotted. Error barsaretaken from thegaussianfits to thesize
distributionsin Fig.IV.5 asFWHM/2, which is plottedin b).

During equilibrationa crossover takes place
where the islands in hot systemsapproach
theirequilibriumdistributionfasterthantheis-
landsin cold systems.Herethe islandscon-
tinueto grow until they reachtheirequilibrium
sizethatexceedsthesizeof thehot systemis-
lands. The sizedistribution now is in agree-
mentwith thermodynamicequilibrium.

For the equilibrium regime it has been
shown that the presentednumerical Monte
Carlo resultsare in goodagreementwith the
thermodynamicalfindingsasfarastheoptimal
sizedistribution atequilibriumis concerned.

Similar work has been done on the de-
pendenceof the size distribution on strain
[Rat94b], limited, however, to near equilib-
rium systemsand a spatially non extended
strainfield.
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V.

Elastic Anisotropy

As has been shown in Chap.III and
Chap.IV, strain gives rise to self-limited

growth of islandsizesandspatialorderingpro-
cesses.Thoughstrainis quiteeffective in lim-
iting thespatialextensionof islandsandgen-
eratesnarrow sizedistributions in reasonable
amountsof time,thespatialarrangementof is-
landsinducedby isotropicstrainis notaseas-
ily obtained.

It will be shown in this chapter how
anisotropiccontributions to the elasticstrain
fields generatedby epitaxially grown islands
canenhancethe formationof spatiallycorre-
latedislanddistribution.

Theresultsobtainednumericallyby Monte
Carlo simulationwill be comparedto experi-
mantalfindingsgainedby liquid phaseepitaxy
(LPE) experimentsof ÓÕÔ�Ö�×ÙØÛÚÝÜ%Ø on ÓÕÔ_Þ�ß/ßqà�á
done by M. Schmidbaueret.al. [Sch98b].
Good agreementbetweenexperimentaldata
andsimulationsis found[Mei01b].

V.1 Intr oduction

It has beenargued in the previous chapter
that,comparedto kinetic effects,the transi-

tion from agivenspatialdistributionof islands
towardsthe equilibrium stateis slow. This is
even moretrue if the focusis not on sizeor-
deringbut ratheronspatialarrangementof the
islands.Dependingon initial conditionsgen-
eratedby ’unordered’kinetic effects as ran-

domdepositionandsurfacediffusion,it might
necessitatea considerableamount of mate-
rial transportto reachthe energetically most
favourablesystemsstate.

In any caseself-organisationprocessesthat
leadto eithersizeorderingor spatialcorrela-
tion of islandsdorely onaninterplaybetween
kineticeffectswhich areintertwinedwith ma-
terial transport,and the strain field that ’de-
fines’ equilibrium by introducinglong range
interactions.

Thoughmostof the early theoreticalwork
onspatiallycorrelatedgrowth of quantumdots
is basedon energy considerations,the in-
fluenceof kinetic effects during growth has
turnedout to be crucial. Recentstudieshave
shown, for example,thata kinetic energy bar-
rier for growth onislandfacetscanleadto self-
limiting growth [Jes98, Käs99] wherequan-
tum dotswith a surfacefacettedin certaindi-
rectionsare particualrly stableand hencedo
not grow fast assuminga surfacewith a dif-
ferent orientation. Thosekinetic limitations
play a centralrole for a detailedunderstand-
ing of islandgrowth andthey stronglydepend
ongrowth conditions.

The aim of this chapteris to improve the
understandingof self-organizedquantumdot
growthbycompairingexperimentalresultsob-
tainedin LPE grown ÓÕÔSâäã åmæ%ÚÝÜ�âäã ç�æ�è/ÓÕÔ islands
with kinetic MonteCarlosimulations.In par-
ticular it will be shown that the interaction
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76 V. Elastic Anisotropy

of an anisotropicstrainfield with kinetic dif-
fusion processesmight promotethe effect of
spatialorderingby definingnotonly preferred
distances,as isotropic strain does, but ad-
ditionally introducingpreferreddirectionsso
thatspatialcorrelationof islandsis moreread-
ily obtained.

V.2 Theory

V.2.1 Closeto equilibrium Monte Carlo

To obtain Monte Carlo simulation results
that arecomparableto experimentalfind-

ings two pointsare of particularimportance.
First, the anisotropy of the éÕêmëÝì -compound
hasto beconsideredin thecalculationof strain
fieldsandsecondlysimulationshaveto beper-
formedascloseto equilibriumaspossible.

Generallythesecondpartcanbetackledby
choosinga low depositionrateof í¶î·íqï mono-
layerspersecondat reasonablyhigh tempera-
tures1. Thusit is ensuredthatsingleadatoms
have a long mean free path in comparison
to typical island sizes,and island nucleation
takes place at energetically favorable posi-
tionsratherthanbyaccidentaldimerformation
causedby a largenumerof diffusingadatoms.

A sufficiently longmeanfreepathof diffus-
ing atomsis mostimportantasfarasthecom-
patibility of experimentandsimulationis con-
cernedsincetheMonteCarlosimulationis not
designedto handledissolutionof atomsfrom
thesubstrateasanadditionalway of material
transport.In LPE,ontheotherhand,thetrans-
port throughthemelt is averyefficientwayof
movingatomsaroundascomparedtopuresur-
facediffusion.

Fortunately, theemergingstructuresin equi-
librium systemsdo not dependon theparticu-
lar transportmechanismwhich led thesystem
to equilibrium.

Ihe inclusionof anisotropicstraincaneas-
ily bedoneby usingtheGreen’s functionap-

ðOñäñ ðbò!ñ ðSó%ñ ðbôÃñ
ñ%õöð

ð ÷ùø

ú ø

û üþý ÿ������ ��� 	
	

�� �
 ���
�	� � ��

�

���������
�����

Fig. V.1: Contourplot of the anisotropicstrain
energy of a circular islandin the � �!�#"%$ -planefor
the system &('*),+ -/.�021 )3+ 45.768&(' with elastic moduli93:/:<; "!= >%?A@B"3� : 4 erg/cmC , 93: 4 ; ��= D!�E@B" � : 4 erg/cmC
and 9GF5FH; ��=JI!IK@�"3� : 4 erg/cmC . b) shows thestrain
profile for a cutalongtheredline in a).

proachto straincalculationdiscussedat length
in Appendix B. Here, the elastic displace-
mentsLEM arecalculatedby meansof theelastic
Green’s tensorof elasticitytheory ë MON#PRQ�SGQUTWVLXM PRQ�VZY [ \#]2^�_ Q T ë`MON PRQ�SGQ T V/a N PRQ T V (V.1)

The integration is carriedout along all is-
land boundarieswherethe line forces a N act
asthesourcesof thestrain.Thestrainfield b%MONc d

Of course,the effect of temperatureis closely re-
latedto thesurfacebindingenergy. For thesimulations
presentedin the following, surfaceand nearestneigh-
bor bondsare egfih c3d j

eV and elkmhon d j eV, respec-
tively. With thoseparametersreasonablyhigh tempera-
turesshouldnotbelower than p7q,n K.
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V.2.Theory 77

itself is thengivenby thepartialderivativesof
thedisplacements

r8sOt u vwyx{z}| szX~ t�� z}| tzX~ s!� (V.2)

Sincethe Green’s tensorcontainsthe elastic
constantsof theconsideredmaterialtheelastic
anisotropy is fully takeninto account.

Finally, to calculatethemodificationof the
diffusionbarrierscausedby thestrain,the lo-
calelasticstrainenergiesareevaluatedby������� u �!�G�w�� r!� �G� � r!��G��� �� � � � r �G� r �G� � w � �G� r � � � (V.3)

where�!�G� , �!� � and � �G� aretheelasticconstants
of a cubiccrystalin Voigt notation. In the in-
setof Fig.V.1 a strainenergy profile of a step
is shown. The quadraticdecayof the elastic
energy with increasingdistancefrom thestep
is in agreementwith theoreticalpredictions.

For the system����� � ���%���8� � � �%����� the elastic
constantsof the binary compoundhave been
calculatedin linear approximationfrom the
bulk valuesof ��� and �i� . Thenumericalval-
uesareshown in TableV.1.

The nearestneighborsfor group IV semi-
conductorsare in the � v�v�v � -direction. Con-
sequentlythis is the elasticallyharddirection
whereasthe � ��� v � -directionis elasticallysoft,
ascanbeseenin Fig.V.1.

V.2.2 Liquid phaseepitaxy

In contrastto isotropicstrain, wherespatial
orderinghasonly beobtainedfor averynar-

row parameterwindow after long equilibra-
tion times (seeChap.IV), in the systempre-
sentedbelow anisotropicstrainallows for spa-
tial orderingfor a comparatively hugeparam-
eter window making this method of grow-
ing orderedarraysof islandsless feeble to-
wardschangesof externalparametersduring
thegrowth process.

It shouldbe noted,however, that the spa-
tially orderedstateis still astatecloseto equi-
librium which is thusonly reachedundersuit-
ableconditionsandafter an appropriate(and
usuallylong)periodof time.

Hence,the experimentalresultshave been
obtainedby meansof LPE of ���/�i�������3 *��� v%¡ ,
where for sufficiently high coveragea high
degreeof positionalcorrelationhasbeenob-
served.

As comparedto well known growth tech-
niques such as molecular beam epitaxy or
metalorganicchemicalvapordeposition,LPE
is carriedout rathercloseto thermodynamic
equilibrium[Bau85]. A metal melt (e.g. ¢£�
or ¤�¥ ) containinge.g. ��� and/or ��� is put
onto a �¦� substrateand cooled down such
that epitaxial growth occurs via oversatura-
tion of the melt. A more detaileddescrip-
tion of the growth procedurecanbe found in
[Sch98b]. As a consequenceof conditions
closeto equilibrium,highly regular, facetted,
coherent�¦� �G§}¨ �i� ¨ truncatedpyramidswith a
narrow sizedistributionaregrown on ���3 *��� v%¡ .

For this materialsystemit hasbeenshown
that the island size is independentof the
growth rate and growth temperaturebut is
given by a simple scalingbehavior between
the island basewidth and the �i� concentra-
tion, which correspondsto the lattice mis-
match.By varyinglayercompositionandthus
the elasticstrain islandsizescanbe adjusted
from ¥ª© - to «ª© -range[Dor98b].

By adaptingthe Monte Carlo methodde-
scribedin thepreviouschaptersto theclose-to-
equilibrium growth conditionsof LPE an ex-
planationof the emergenceof orderedisland
chainscanbegivenin termsof aninterplayof
kineticeffectsandtheanisotropicstrainfields
generatedby the islandson the ���3 *��� v%¡ sur-
face.

At this point it has to be notedthat a di-
rectkinetic MonteCarlogrowth simulationis
not yet feasiblein caseof liquid phaseepi-
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78 V. Elastic Anisotropy¬!­G­ [ ®�¯ ­G­ erg/cm° ] ¬!­�± [ ®�¯ ­G­ erg/cm° ] ¬3²G² [ ®�¯ ­G­ erg/cm° ]³¦´
16.57 6.39 7.96µ�¶
12.89 4.83 6.71³¦´�· ¸ ¹�º%µi¶%· ¸ ± º 15.79 6.00 7.65

TableV.1: Elasticconstantsfor
³¦´

and
µ�¶

in Voigt notation[Hel82]. Theelasticconstantsfor the
compound

³�´ · ¸ ¹�º µi¶ · ¸ ± º areobtainedin linearapproximationfrom thebulk valuesof
³�´

and
µi¶

.

taxy. Even for thecomparatively simplecase
of molecualr beam epitaxy a Monte Carlo
simulationcannottreat the threedimensional
growth of arraysof fully developedislands.

However, with appropriatelychosengrowth
parametersand a self-consistentlyincluded
strainfield, a kinetic MonteCarloroutinecan
simulatethe initial stagesof epitaxialgrowth
processescloseto equilibrium conditionsun-
til plateletsof islandsarise[Sch98d, Bos99a,
Pri95].

In Chap.IVit hasbeenshown thatfor suffi-
ciently long simulationtimesfrom an initial,
kinetically controlled regime thermodynami-
cally limited close-to-equilibrium conditions
can be reached. Thereforeit is appropriate
to compareLPE experimentsto Monte Carlo
simulations performed with an anisotropic
strain field using the elasticconstantsof

³�´
and

µi¶
.

V.3 Experimental and numerical re-
sults

In LPE experiments[Sch98b] the formation
of islandpolymersthat is groupsof two or

more islandsequidistantlyarrangedalong a
line in the »�®�¯�¯�¼ direction, can be observed
for low coverages(Fig.V.2b), evolving into
extendedisland chainsfor increasingcover-
ages(Fig.V.3b). This obviously implies an
anisotropic(inhomogeneous)probabilityof is-
land formationaroundan alreadyexisting is-
land.

PerformingMonte Carlo simulationscon-

sideringanisotropicstrainandconsideringre-
strictionswith respectto thermodynamicequi-
librium, linearly orderedchainsof islandscan
be found in a temperatureregime of ½�¾U¯ K
to ¿�¯�¯ K. For low and high coveragesof 5%
(Fig.V.2a) and 20% (Fig.V.3a), respectively,
islanddistributions are found that agreewell
with LPE experiments. The presentedsimu-
lationshave beenperformedon a À#¯�¯ÂÁyÀ#¯�¯
grid.

For a temperaturewindow of ½�¾U¯ K to ¿�¯�¯ K
we find island chains oriented along ÃÄ®�¯�¯�Å
thatcomparewell to theexperimentalfindings
(Fig.V.2).

For low coveragemostchainsconsistof two
islandsbut islandpolymerscontainingthreeor
four islandscanbefoundaswell. Theorienta-
tion in the ÃÄ®�¯�¯�Å - or Ã ¯Æ®�¯�Å -directionis choosen
at random.

Over the whole temperatureregime,where
polymersare found, the islandstend to have
a preferreddistancefrom eachotherwhile the
distancebetweendifferentchainsis larger, ex-
actlyasobservedin theLPEexperiments.The
centersof massof two islandsin achainareon
averagefourteenlattice constantsapart. The
averageislandsizefor a temperatureof ½�ÇU¯ K
is eightlatticeconstantsin diameter. However,
theaverageislandsizeincreaseswith temper-
aturesothatfor temperaturesbeyond ¿�¯�¯ K is-
landsin thechainsbegin to cluster.

For very low temperaturesthe nucleation
processesare dominatedby random dimer
formation and the self-organisationof island
chainsis largely suppressed.Furthermore,for
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Fig. V.2: Resultsof thekinetic MonteCarlosimulation( ÈÊÉÌË!Í%Î K, growth rate Î#Ï Î#Ð Ml/s, coverageÑÒÉÎ#Ï Î!Í , after Ó%Î%Î sgrowth interruption.A high percentageof islandsis arrangedin dimersandtrimersalongÔ Ð Î%Î!Õ (e.g.markedby circles).b) Atomic forcemicrographspictureof LPE grown Ö(×*Ø,Ù Ú/Û�Ü2Ý Ø,Ù Þ/Û ß%Ö(×GàWÎ!Î#Ð á
islandsat low coverage( ÑâÉãÎ�Ï Î�Ó ) [Mei01b].
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b)

Fig. V.3: SameasFig.V.2 for a coverageof Ó%Î�ä . a) Resultsof the kinetic Monte Carlo simulationforÈoÉåË!Í8Î K, flux æçÉåÎ#Ï Î#Ð Ml/s after Ó8Î!Î s growth interruption. b) Linear islandchainsalong
Ô Ð3Î!Î!Õ at a

coverageof Ñ<ÉyÎ#ÏèÐ3Ë (Scanningelectronmicrograph).Islandsarearrangedin extendedchainsin apreferred
direction,asis markedwith lines[Mei01b].
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80 V. Elastic Anisotropy

low temperaturesthe averageisland size is
small resulting in comparatively weak strain
fields.Sincethespatialorderingis to thelarger
part conveyed by the strain,only little effects
canbeexpected.

V.4 Discussion

Theemergenceof orderedchainsof islands
in LPE at sufficiently high island densi-

tieshave beenattributedto anunderlyingrip-
ple patterndue to a kinetic surface instabil-
ity of the planelayer which is alignedalongé�ê�ë�ë�ì

[Dor98a]. This effect wasfirst observed
by [Ale88], who found that for surface re-
constructionswith broken symmetryand an
anisotropicstrain field, the surface is unsta-
ble towardstheformationof elasticstressdo-
mains. In the case of í�î3ï ë�ëÆê%ð stipes are
formedfromstepsof monoatomicheight.This
ripple pattern,at laterstagesof growth, trans-
forms into three dimensionalislands. The
correspondingdistancesbetweenislandsare,
therefore,determinedby thewavelengthof the
underlyingripple pattern. Sucha patternis
only observedfor low ñ�ò content( óãô ëöõ÷ê8ø

).
Positional correlation is observed, however,
alsoin thecaseof anabsentripple patternforóúù ëöõ÷ê8ø

.
Furthermore,theequidistantarrangementof

islandsas polymersor chainscannotbe at-
tributed to a ripple pattern alone. Instead,
thepositionalcorrelationis significantlyinflu-
encedby anisotropicstraineffects.

Diffusion processeson strained surfaces
leadin generalto anenhancedmobility of the
adatomscausedby thelowerbindingenergy in
thestrainedareasand,asaresult,anetcurrent
of atomsfrom the strainedregionsto the un-
strainedonescanbeobserved.Applying these
considerationsto the materialsystemat hand
one would expect a higher island nucleation
rate in the elasticallyharddirections(

é�ê�ê�ë�ì
)

as seenfrom the island sincein thosedirec-
tions the strain decaysmore rapidly than in
thesoft directions(

é�ê�ë�ë�ì
), wherethestrained

region extendsfurther away from the island
boundary. On the other hand in the experi-
mentaswell asin thecomputersimulationthe
islandchainsareorientedalongthesoft direc-
tion which seemsto disprove the above rea-
soning.

As can be seen in Fig.V.1 the elastic
anisotropy of the í�î/ñ�ò!û�í�î -systemgenerates
a monotonicallydecayingstrain field in the
soft

é�ê�ë�ë�ì
-direction. In the elasticallyharderé�ê�ê�ë�ì

-direction the straindoesat first indeed
decayfaster. Thereis, however, a local max-
imum of the strainsomedistanceaway from
the island boundarythat leadsto an average
flux of adatomsto the areasin the soft direc-
tion, whereislandnucleationis consequently
enhanced.

For islandsof a size of eight atomsin di-
ameterthe local strainmaximumin the hard
directionis tenlatticeconstantsawayfrom the
islandboundary. This valueagreeswell with
anaverageislandseparationof fourteenlattice
constants,ascanbeseenin Fig.V.4.

Onefurther point calls for clarification. In
theLPE experimentsthenominalcoverageof
the surfaceis considerablylower than in the
correspondingMonteCarlosimulations.Still,
the experimentand the simulationsseemto
have yieldedislandsof thesamesize.Though
thesimulationdoesnot treatdiffusingkations
and anions separatelyand is rather dealing
with thediffusionof effective atoms,thissim-
plification in thesimulationroutinecannotac-
countfor thesurplusof materialat thesurface
asit is observedin theexperimentalsamples.

The additionalmaterialis ratheraddedby
exchangeprocessesof the growing islands
with the wetting layer. Suchan active wet-
ting layerhasbeenobservedexperimentallyin
a transmissionelectronmicroscopy study by
[Lia99]. Here,ñ�ò dotson í¦î3ï ë�ëÆê%ð relaxstrain
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Fig. V.4: An islanddimer in an equilibrium dis-
tancedefinedby anisotropicstrain. All measures
aretakenin unitsof thelatticeconstant.Distances
aremeasuredfrom thecenterof mass(CoM) or the
boundaryof theisland.

by an alloying process.Trenchesareformed
aroundtheislandsandtheisland/substratein-
terfacemoves towardsthe substrate.By this
process,the islandmorphologychangescon-
siderablyand in the LPE grown samplesthe
islandsappearlarger than in the simulations,
whereanactive wettinglayeris not included.

V.5 Conclusion

It has beenshown that under the assump-
tion of ananisotropicstrainfield calculated

for the ü�ý�þiÿ���ü¦ý -systemthe experimentally
observed formationof islandpolymersalong
the elasticallysoft �������	� -directioncanbe ex-
plained. A local maximumof the strainfield
in theelasticallyharddirectionprovidesaflux
of adatomsto enhanceislandnucleationin the
elasticallysoftdirections.

Good agreementbetweenexperimentand
numericalsimulation has beenfound and a
satisfactoryunderstandingof theprocessesof
theself-organizedislandchainformationdur-
ing liquid phaseepitaxyhasbeenobtainedby
thekineticMonteCarlosimulationspresented
above.

Eventhoughthisschemewasoriginally de-

signedfor the simulationof MBE growth it
shouldbenotedthat undergrowth conditions
closeto thermodynamicequilibriumthe large
numberof individualhoppingeventssimulates
well the exchangeprocesseswith the liquid
phase.
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VI.

Stacks of Quantum Dots

VI.1 Intr oduction

For most electro-opticalapplicationsfor
quantumdot layersas active media it is

generallymostfavorableto have accessto as
many dots as possibleper unit area. All of
thesedotsshouldbeof aboutthesamesizeto
ensuresimilarelectro-opticalproperties.

As hasbeenshown in the previous chap-
ters, the self-organized growth of quantum
dotswith a narrow sizedistribution is readily
obtainedby choosingappropriategrowth con-
ditions. All dots with the samesize exhibit
the sameelectronicalstructureand can thus
be excited simultaneouslywith the samesig-
nal. To further improve response,onehasto
increasethe filling factorwhich is definedas
theareaoccupiedby dotsperunit areadivided
by the unit area. For purely two-dimensional
islandgrowth thefilling factoris equivalentto
thesurfacecoverage.By increasingthefilling
factorthedensityof dotsaddressedwith asig-
nal is increasedandthusdevice performance
is enhanced[Bim96, Hei97, Max98].

To increasethedensityof quantumdotsdis-
tributedrandomlyover the surface,they have
to be grown in orderedpatterns. Unfortu-
nately, the ordering in spatial dimensionsis
not aseasilyobtainedasa narrow sizedistri-
bution. In Chap.III it hasbeenshown thatspa-
tial orderingcanonly beobserved for a com-
paratively tiny parameterwindow after long

equilibration times. In contrastto size or-
dering, which can be readily obtained un-
der kinetically controlled growth conditions
(seeChap.IV),spatialorderingis inducedby
island-islandinteractionswhich areactingon
an altogetherdifferent time scale. Hence,
the approachof a spatially ordered,equilib-
rium stateis time consumingat best. In sys-
tems, which allow low growth temperatures
only, equilibrium might practically never be
reachedsince reasonableequilibration times
would have to be measuredin weeksor even
months.

In Chap.Vadiversionhasbeenpresentedby
theintroductionof anisotropicstrainto obtain
laterallycorrelatedarrangementsof islandsif
not muchfasterbut at leastfor a considerably
larger parameterwindow than for isotropic
strain.

Anisotropy in thesurfacestrainfield canbe
observed,moreor lesspronounced,in all crys-
tals. For appropriatesystemsit createsa di-
rectionalvariation in strain strongenoughto
enhancenucleationof islandsin certaindirec-
tions and to reducenucleationin others. By
this effect thepathtowardsequilibriumis cut
short.Nevertheless,equilibriumhasstill to be
approachedvia longequilibrationtimes.

Now thereis evidence[Spr00] thatordered
quantumdot layerscanbegrown without ne-
cessitatingtime consumingequilibrationpro-
cesses.A clever methodobtainsspatialorder-
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84 VI. Stacksof Quantum Dots

ing by depositinga largernumberof quantum
dot layersontopof eachotherwith thin buffer
layersof substratematerialin between.

For thosequantumdot stacksspatialorder-
ing is increasingin parallelwith the number
of depositedlayers. Here, the spatialcorre-
lation emerges in a systemwith no or only
shortperiodsof equilibration,thekinetic pro-
cessesof depositionand diffusion being the
only relevant transportmechanisms.Not only
the spatial arrangementis enhanced. It has
beenshown in [Ter96, Spr98, Liu99b, Pin99]
thatapartfromthespatialarrangementalsothe
uniformity of size, shapeand spacingof the
dotscanbeimprovedby growing quantumdot
superlattices.

The strain field at the surface generated
by the buried layersof quantumdots is held
responsiblefor the spatial ordering effect
[Xie94]. In the following, Monte Carlo sim-
ulations will be presentedwhich aim at the
growth of self-organizedquantumdot stacks.
Theimportantdifferenceto thepreviouschap-
ters is basically the extension of the self-
consistentlycalculatedstrain field into the
third dimension– which is the direction of
growth – so that the strain generatedby the
buried layers can induce spatial correlations
betweenislandsat thesurface.

VI.2 Theory

VI.2.1 Experimental footing

Theemergenceof orderingeffectsin quan-
tum dot stackshasbeenobserved experi-

mentallyby cross-sectionalscanningelectron
microscopy studies[Xie95c, Eis99] or pho-
toluminescencespectroscopy[Hei97, Hei98].
Novel electronicdevicescanbe producedby
usingvery thin spacerlayers[Mil99]. Verti-
cally correlatedquantumdot layer grown by
this methodexhibit a strongelectroniccou-
pling with unique properties[Fle99, Hei98]

and the resulting structureis referred to as
a quantumdot superlattice[Xie95c, Sol96,
Bar97b, Sch98a, Hei97].

Verticalalignmentof quantumdotshasbeen
observed experimentally in various material
systems. In [Xie95c, Sol96] evidence for
vertically aligned columnsof quantumdots
in 
���
���������
�� superlatticesis given and in
[Sch98a] the growth of ������������� superlat-
tices is reported. Vertical quantumdot su-
perlatticesof �! ��"� have alsobeengrown on�! $#&%('�)�*+'�,�� [Spr00]. Here,lateralandver-
tical correlationscanbe tunedby variationof
spacerlayer thickness.Furthermore,a differ-
ent evolution of dot sizesand shapesis ob-
served for different spacerlayer thicknesses
[Xie95a].

VI.2.1.a Correlation

Experimentalresultson theinfluenceof strain
on vertical correlations can be found in
[Xie95c]. For thin buffer layers correlated
growth canbeobserved. In Fig.VI.1athequal-
itative behavior of the pairing probability in
dependenceof the spacerlayer thicknessas
presentedin [Xie95c] is given. The pairing
probabilityis definedasthefractionof dotsin
thesurfacelayerwhichhavenucleateddirectly
above anotherdot in theburied layerbeneath.
For thin spacerlayersthe pairing probability
is high and the dotsarecorrelated. With in-
creasingbuffer layer thicknessthecorrelation
effect decaysandbeyond -�.�. monolayersun-
correlatedgrowth with apairingprobabilityof.0/21 is observed.

VI.2.1.b Anti-correlation

Theproblemof how straininfluencestheequi-
librium propertiesof stackedquantumdotshas
beentreatedtheoreticallyby [Shc98b].

This work also tries to explain the exper-
imentally observed effect of anticorrelation.
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Fig. VI.1: a) Schematicdependenceof thepairingprobability h(i on spacerthicknessin monolayersafter
[Xie95c] andb) transitionfrom correlationto anticorrelationof h(i after[Shc98b].

Herequantumdots in different layersdo not
grow on top of each other (correlated)but
ratheron positionsmostdistantfrom the dot
positionsin theburiedlayer(anticorrelated).

It should be noted that anti-correlated
growth can occur in more complex stacking
sequencesaswell. In [Spr98] a triagonaldot
latticeswith jeklk -stackingcanbe obtainedby
simulationsfor m�n - n!m superlattices.

Thequalitative pairingprobability function
after [Shc98b] in dependenceof buffer layer
thicknessis shown in Fig.VI.1b. For thin spac-
ers the dotsgrow in a correlatedway with a
pairingprobabilityof above o�p %. For increas-
ing buffer layerthicknessthepairingprobabil-
ity dropsbelow o�p % indicatinganticorrelated
growth.

VI.2.2 Numerical modelling

VI.2.2.a Simulatedquantumdotstacks

Thesimulationroutineis basedon theMonte
Carlocodepresentedin thepreviouschapters.
Toextendthecalculationof thestrainfield into
threedimensionsthe isotropicstrainansatzin

AppendixA is used.

The simulation schemegoeswell beyond
the simulationsof [Ter96], wherethe growth
of quantumdot superlatticeswas simulated
andverticalalignmentwasobserved that lead
to progressively increasingisland sizes and
spatialordering.In contrastto theroutineap-
pliedhere,theresultswereobtainedfrom sim-
ple strain calculationstreating the buried is-
landsaspoint like strainsourcesanda nucle-
ation model that placesislandsat strain en-
ergy minimabut did not includediffusionpro-
cesses.

Nevertheless,the limitation to buried point
sourcesof straingivesresults,which compare
well with experimentalfindings. In [Hol99]
variousalignmentpatternsfor superlatticesof
quantumdots can be explainedby assuming
anisotropicstrain to model the elasticislans-
islandinteractions.Differentmaterialsystems
have beenelucidatedin thispaper.

The schematicprocedurefor a numerical
growth simulationof aquantumdotstackused
in this work is depicted in Fig.VI.2. The
growth of the first layer starts with a per-
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Relaxation

Growth
Over-
growth

Fig. VI.2: Algorithm for simulatingthe growth of quantumdot stacks. Growth begins with deposition
(Growth) of materialon a plain surface(a). After deposition(b) thesystemrelaxes(Relaxation(c))andis
subsequentlyovergrownwith substratematerial(Overgrowth)andthecycle is closed.

fectsurfacewith a locally homogeneousstrain
field (a). Then material is depositedand in
the courseof growth islandsform in a self-
organizedway and inducestrain in the sub-
strate(b). After theendof depositiontheen-
sembleis allowedto equilibrate(c) beforethe
islandsare buried beneatha buffer layer of
variablethickness.

Theprocessof cappingtheislandswith sub-
stratematerialfreezesthe strainfield andall
diffusionprocessesarestopped.After thepro-
cessof cappingthe surfaceis againassumed
to beflat but now theburiedislandsgeneratea
non-homogeneousstrain field along the sub-
stratesurface. The actual strengthof strain
is calculatedself-consistentlyfrom elasticity
theorywith the buried islandsas the sources
of strain. It dependsin amplitudeandshape
on the thicknessof thespacerlayer(d). Then
anotherdepositionprocessis startedandanew

layer of islandsgrows, now subjectedto two
sourcesof strain,theburiedislandsandtheis-
landson thesurfacelayer.

Of course,thestrainatthesurfaceof astack
of quantumdotsis not only determinedby the
topmostburied layer but all the buried lay-
erscontribute to thesurfacestrain,albeitwith
decreasingrelevancewith increasingdistance
from thesurface.For all presentedsimulations
in thefollowing, thestraininducedby thetop
five layershasbeenconsideredfor thesurface
straincalculation.

However, for very thin spacerlayersof, say,
fivemonolayersthelowestconsideredlayeris
separatedby only q�r latticeconstantsfrom the
surface. The following few layersdown to a
distanceof about r�s latticeconstantsarestill
in a distancewhereinteractionwith thegrow-
ing surfacelayer could be expected,sincein
[Spr00] it hasbeenshown that variationsin
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strainenergy by the orderof t meV might be
sufficient to induceorderingeffects.

It is,however, assumedthattheupperburied
layershave a muchstrongerimpacton island
growth by exertingmuchhigherstrainsothat
minor contributions from lower layersto the
totalstraincanbeneglected.

This assumptionis supportedby [Dar99a],
where molecular dynamics simulations are
usedto derterminethestressdistribution in an
orderedquantumdot superlattice.It is found
thatembeddedislandsgenerateastressfield at
the surface,which is in goodagreementwith
analyticalexpressonsbasedonpoint like force
dipoles. Consequently, thestressfield decays
rapidlyandonly thetopmostburiedlayersare
of importance.

VI.2.2.b Simplifications of the growth
model

Some important differences between the
modelusedfor simulatingthegrowth of quan-
tumdotstacksandtheactualgrowth processes
have to bementioned.

In thesimulationthebuffer layersurfacede-
finesthesurfacefor growth of new islands.In
reality beforetheemergenceof quantumdots
a wetting layer would form coherentlyupon
the substrate.Thusthe buffer layer thickness
usedin the simulationis a relative valuede-
scribing the addedthicknessesof spacerand
wettinglayer.

Themissingwettinglayeralsogivesriseto
anotherimportantdifferencebetweenmodel
and experiment. For very thin buffer layers
thequantumdotsarenot fully coveredby sub-
stratematerialandin the further growth pro-
cessmaterialfromthehalf-burieddotsis trans-
ferred to the substratesurface to contribute
to the wetting layer. This form of interac-
tion betweenburied layer and surface is not
possiblein the simulationsincethreedimen-
sional growth of dots is not consideredand

only two dimensionalmonolayerislandsare
usedto mimic the buried quantumdots be-
neaththebuffer layer.

Additionally, in the growth simulation an
increasein nucleationrate at certain places
is conveyed by a locally modulateddiffusion
constantdue to surface strain alone. How-
ever, the interplay betweenburied dots and
the substrate-to-wetting-layer interface leads
in generalto dislocationsandsurfacedefects
above buried dots for sufficiently thin spacer
layers. Thesestraininducedsurfacedisconti-
nuitiesincreasethe probability for islandnu-
cleation at theseplaces, and hencean en-
hancedcorrelationin verticalalignmentcanbe
expectedin experiments.

Even for thick spacer layers the model
clearly deviatesfrom the naturalgrowth pro-
cess, since no simulation of three dimen-
sional island growth is performedand struc-
turalchangesin theshapeandsizeof quantum
dotsduring theprocessof overgrowth arenot
considered.Shapetransitionsbetweensurface
dotsanddotsembeddedin thebulk areacom-
monphenomenonandcausedbydifferencesin
the way of strainrelaxationwhich imply dif-
ferentgeometriesfor the lowest energy state
for freeandembeddeddots.

A changein the inducedsurface strain is
connected,of course,with a changein thedot
shape. This effect cannotbe taken into ac-
countby thesimulationmodel.It is, however,
assumedthatthemaincontribution to thesur-
facestrainfield doesnot originatefrom mor-
phologicaldetailsbut is rathergiven by the
positionandlateralsizeof the islands.These
quantitiescanbe handledwell by the numer-
ical algorithm and a sufficient generalityof
the simulationresultswith respectto experi-
mentallyobservedgrowth processescanbeex-
pected.
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0 0.5 1.0
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a) b) c)

Fig.VI.3: Nearestneighbordistributionfromsurfacelayerto thetopmostburiedlayerfor a)anticorrelated,
b) uncorrelatedandc) correlatedgrowth. Thecorrespondingvaluesof thepairingprobability u(v is indicated
with arrows.Redcirclesin distancedistributionsdenotetheaveragedistanceof islandsin thegrowing layer.
( wyx{z�|�| K, }~x�|	� |�� Ml/s, �Ox������ , spacerthicknessa) ��| Ml, b) ��� Ml andc) � Ml)

VI.2.2.c Pairingpropability

A good measurefor correlatedor anticorre-
latedgrowth in stacked quantumdot layersis
thepairingprobability, which indicatesthera-
tio of islandsthat have grown directly above
anotherisland.A pairingprobabilityof ’ � ’ de-
notesperfectcorrelationand the value ’ � ’ is
associatedwith fully anticorrelatedgrowth. If
thestackof quantumdotsis growing uncorre-
lated,thepairingprobabilityis equalto �0�2� .

To characterizethe growth mode,the sim-
ulation routine calculatesa quantity equiva-
lent to thepairingprobabilityeachtimebefore
overgrowing a completedlayerof islands.To
this endthecentersof massof thesurfaceis-
landsandof the islandsof thetopmostburied
layer aredetermined.Then,for eachsurface
islandthedistanceto thelateralpositionof the
nearestisland in the buried layer ������ is cal-
culated.Verticaldistancesareneglected.For
correlatedgrowth all islandsaresupposedto

grow on top of eachother resultingin com-
paratively small distances� ���� . From all the
distances������ an averagedistance� ���� is cal-
culatedandnormalizedby themaximumaver-
agedistancepossiblefor islandson a square
lattice: � ���0�	� � , where � ��� is the average
distancebetweenislandsin the surfacelayer.
Thusapairingprobabilityis definedvia:

��� ��� ��� � � � ����� ��� (VI.1)

Examplesof the pairing probability
���

for
thevariouscasesof correlatedgrowth, uncor-
relatedand anticorrelatedgrowth are shown
in Fig.VI.3a, b and c, respectively, together
with thecorrespondingdistancedistributions.
Theaveragedistanceof surfaceislands� ��� is
givenasthefull circlearoundtheorigin in the
distancedistribution plots. A variance � of
thepairingprobabilitycanbeintroducedasthe
variancein thedistancesto thenearestneigh-

bors �O� �+���"� �O�������� �U���  ¢¡ � ��£���¥¤ .
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VI.3 Simulation results

The key ingredientfor vertical correlation
of quantumdot layers is the strain field

at the surface of the stack producedby the
buried islands. The non-homogeneousstrain
increasesthe probability of islandnucleation
at certainpositions. To allow for nucleation
to take place at thesedistinguishedplaces,
the flux rate to the surface during deposi-
tion should not be chosentoo high so that
nucleationis driven ratherby aggregation of
adatomsat energetically favouredplacesthan
by accidentalnucleationprocessesdue to a
high overall monomerdensity. For all thefol-
lowing simulations,theflux to thesurfacehas
beenchosentobe ¦0§A¦�¨ monolayerspersecond.
Generally, a surfacecoverageof ©�ª�« is used.
After depositionthe islandconfigurationwas
given ¨�¦ secondsof time to equilibratebefore
overgrowing the island layer and thus freez-
ing the strain field which is calculatedself-
consistentlyfrom thethreedimensionalexten-
sionof isotropic,elasticstraineqns.A.11.

All simulationsareperformedon a ¨�ª�¦y¬¨�ª�¦ grid. Binding energies are chosenas in
Chap.Vto be ­�®°¯²±�§2© eV for surfacebonds
and ­´³K¯µ¦0§2© for the bondingbetweennear-
est neighbors. The elastic constantsfor the
isotropic strain calculationare ¶·¯ ¦0§2©�¨�¸±�¦�¹»º erg/cm¼ and ½¾¯¿¦0§2ª�ÀÁ¸l±�¦�¹»º erg/cm¼ , sim-
ilar to the choicesin Chap.IV. With Â�¦�¦ K as
thetemperatureusedin all simulationsanen-
hancedadatommobility is ensured.

VI.3.1 Correlated growth vs. deposited
layers

To show the increasein spatial ordering
with the increaseof depositedlayers, a

stackof islandsconsistingof 150 single lay-
erswassimulated.After eachdepositedlayer
of islandshaving a coverageof ©�ª % each,the
pairing probability Ã+Ä was calculated. The

Fig. VI.4: Evolutionof thepairingprobability Å(Æ
in dependenceof the numberof depositedlayers
consistingof islandlayer andcappinglayer. The

errorbarsdenotethe varianceÇyÈÊÉ ËÍÌ�Î�ÏlÐÑÒÑ�Ó of
thepairingprobability. ( ÔÕÈ{Ö�×$× K, ØÙÈy×	Ú ×�Û Ml/s,Ü ÈÞÝ�ß�à , buffer layer thicknessálß Ml, simulation
time Ý�Ö�Úâß s/layer)
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Fig. VI.5: Sizedistributionsfor buffer layer thicknessesof a) thirty, b) fifteen andc) five monolayers.
Thedifferentcolorsdenotethesizedistribution after5 (red),10 (orange),15 (green)and20 (blue)grown
island layers. The vertical line marksthe optimal islandsize for equilibrium conditions(after eq.IV.3).
( ãyä{å�æ�æ K, ç~ä�æ	è æ�é Ml/s, êOä�ë�ì�í , simulationtime ë�å�èâì s/layer)

spacerthicknesswaschosento be îÒï mono-
layers. The resulting dependenceof ð�ñ on
the numberof depositedlayers is shown in
Fig.VI.4.

For the first few layersthe pairing proba-
bility is close to ò0ó2ï indicating uncorrelated
growth. From the fifth layer on the pairing
probabilityclearlytendstowardslargervalues
witch is asignof correlatedislandgrowth. Af-
terthedepositionof ô�ò layersthepairingprob-
ability reachesa value of ò0ó2õ and increases
only veryslowly beyondthispoint.

For all furthersimulationsa stackheightof
twenty layershasbeenassumedto be suffi-
cientto characterizethegrowth mode.

VI.3.2 Sizeordering vs.depositedlayers

For theabovesimulationwith abuffer layer
thicknessof fifteenmonolayersaswell as

for two equivalent simulationswith five and
thirty monolayersspacerthickness, respec-
tively, thesizedistributionfunctionshavebeen
calculatedaftereveryfivedepositedislandlay-
ers.Theresultsareshown in Fig.VI.5.ato c.

It canbe seenthat with increasingnumber
of depositedlayersthe sizedistribution shifts
towardslargerislandsizes.Thiseffect is most

pronouncedfor thin buffer layers(Fig.VI.5.c).
The shift in the averageislandsizecanbe

understoodastheapproachof theequilibrium
state,asit hasbeendiscussedin Chap.V.The
additional strain from the buried layers en-
hancesthe mobility of the diffusing adatoms
which is comparableto anincreasein temper-
ature. A higher growth temperature,on the
otherhand,meansa fasterevolution towards
equilibrium.Additionally, theinhomogeneous
strain field createspreferrednucleationsites
for islandingat placesof reducedstrain. This
effectinducesaspatialcorrelationbetweenthe
growing layerandtheburiedlayersagainpro-
motingequilibrationof theislands.

In Fig.VI.5a to c the averageisland size
for equilibriumislandscalculatedaftereq.IV.3
hasbeenmarkedasa green,verticalline. The
effect of strainis reducedfor thick buffer lay-
ers,hencetheaccelerationin theequilibration
processis less pronouncedfor spacerthick-
nessesof fifteen and thirty in Fig.VI.5.a and
b, respectively.

VI.3.3 Correlatedgrowth vs.coverage

The dependenceof the pairing probability
onthetotalcoverageof theislandlayerhas
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Fig. VI.6: Dependenceof thepairingprobability
onthesurfacecoverage.Errorbarsdenotethevari-
ation ö in the pairing probability. ( ÷ùøûú�ü$ü K,ý øþü	ÿ ü�� Ml/s, spacerthickness�6ü Ml, relaxation
time �$ü s/layer)

beenstudiedby computingthepairingproba-
bility afterthegrowth of twentystackedisland
layerswith varying coverageand a constant
buffer layerthicknessof tenmonolayers.The
resultcanbeseenin Fig.VI.6.

For very low coveragesbelow ��� % the
pairing probability indicates anticorrelated
growth. As a result of the low coverage,
thedistancebetweenislandsis comparatively
largeandhencetheareasof straininducedby
theburied islandsdo not overlap(Fig.VI.7.a).
Thus,adatomsaredrivenawayfromareasatop
buried islandsand nucleationtakes placefa-
vorably in betweenburied islands,wherethe
strainfield is lowest. This consequentlyleads
to anticorrelatedgrowth.

For a coverageof about ��� % the growth
proceedsuncorrelated. For coverageswell
above ��� % the growth modechangesto cor-
relatedgrowth. Here, the strainbetweenthe
islandsis strongdueto adeceasingislandsep-
arationwith increasingcoverage.Now thenu-

cleationontopof buriedislandsbecomesmore
favorablesinceherethesurfaceis only weakly
strained.Thiscanbeunderstoodby lookingat
the straingeneratedat the islandboundaries.
The strain discontinuity along the boundary
of large islandsinducesa constantstrain at
theislandcenterwhich is usuallyweaker than
thestrainin betweenislandsif thecoverageis
highenough(Fig.VI.7.b).

Thepairingprobabilityfunctionin Fig.VI.6
hasa maximumat a coverageof ���
	�� %.
Furtherincreaseof thecoverageleadsto clus-
tering of islandsand the correlationeffect is
reducedagain.

For thefollowing simulationsthepeakcov-
erageof 	�� % hasbeenchosenin orderto ob-
tain themaximumcorrelationeffect.

It hasto be mentionedthat in experiments
theeffect of anticorrelationfor low coverages
hasnotbeenobserved. In thiscontext it seems
importantto recall that the simulationis lim-
ited to straineffectsthatarepurelyenergetical
in nature.Dislocations,latticedefectsor sur-
facereactionscausedby strain, which could
well serve asislandnuclei,arenot includedin
the numericalroutine. Thesephenomenado,
however, influencethe islandnucleationcon-
siderablyin growth experiments[Kun00].

VI.3.4 Correlation and Anticorr ealtion

In thelastpartof thischapterthedependence
of thepairingprobabilityon thebuffer layer

thicknessis scrutinized.Simulationswith pa-
rametersoptimizedfor correlatedgrowth have
been done with varying spacerthicknesses.
For a coverageof 	�� % the pairing probabil-
ity after the twentiethdepositedisland layer
hasbeencalulatedto giveadependenceof the
pairingprobabilityon spacerthicknessshown
in Fig.VI.8.

For aspacerthicknessof lessthan �
� mono-
layersthe growth is correlated. For increas-
ing buffer layerthicknessesthecorrelationde-
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a) b)

Fig. VI.7: Spatialdistributionof strainfieldsfor thecaseof a) low coveragewith ������� andfor b) high
coveragewith ��������� . Areasof low strainappearblue. Highly strainedregionsarecoloredred. Island
layersarecappedwith a spacerof two monolayersthickness.( ��������� K, �����! ��" Ml/s, spacerthickness" Ml, relaxationtime "�� s/layer)

Fig. VI.8: Simulationresultsfor the dependece
of thepairingprobabilityon the spacerthickness.
Error barsrepresentthe variation # of the pairing
probability. ( �$�%�
��� K, �&���' ��" Ml/s, ��������� ,
simulationtime ���� � s/layer, stackheight "�� island
layers)

caysandgivesuncorrelatedgrowth for abuffer
thicknessof about (�) monolayers. For even
thicker spacerlayersthegrowth becomesanti-
correlatedandassumesaminimumfor abuffer
thicknessof forty monolayers.Fromherewith
increasingbuffer thicknessany correlationef-
fect betweensheetsof islandsdecaysagain
anduncorrelatedgrowth is observed for spac-
ersthicker thansome)+* monolayers.

VI.3.4.a Correlatedregime

The correlatedgrowth regime can be found
for thin spacerthicknesses. Here, as has
beenarguedabove, the leaststrainedregions
areareasabove centersof buried islands(see
Fig.VI.7.b). The effect of lower strainabove
islandcentersis solely inducedby the island
morphology, especiallyits size,andvanishes
fastwith increasingspacerthicknesssincefor
theisotropicstrainmodel,thestrainprofile of
aburiedislandbecomesmoreandmorespher-
ical with increasingdistancefrom the island.
In the limit of large distances,the buried is-
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Fig.VI.9: Evolutionof pairingprobabilitydependingondepositedlayersfor thecaseof correlatedgrowth.
Thethreetopmostislanddistributionsareshown in b), c) andd). Coverage,.-�/�0 %, spacerthicknessis 0
monolayers,12-�3�4�4 K, Flux 56-�4!7 4!8 Ml/s, simulationtime /�3�7 0 s/layer, stackheightis 9�4 layers.

landcanbe treatedasa point sourceof strain
with asphericalstrainfield.

It is thus importantto note that the extent
of correlatedgrowth doesnot only dependon
the spacerthicknessbut rather on the com-
binedeffect of theaverageislandsizeandthe
buffer layer thickness.This observation is in
clearcontrastto anticorrelatedgrowth, aswill
beshown below.

As aconsequence,correlatedgrowth canbe
observed for thin buffer layersand large is-
lands. In Fig.VI.9.atheevolution of thepair-
ing probability in dependenceof the number
of grown layers is shown. The buffer layer
thicknessfor this simulation was chosenas
fivemonolayers.

For the first few layersthe growth occurs
uncorrelatedand then becomesincreasingly
correlatedup to the 16th layer, where the
pairing probability reachessaturationandre-
mainsalmostconstantat a valueof :<;�=?>A@CB .
In Fig.VI.9.b to d the island distributions of
the topmostthreeisland layersare shown to
demonstratethespatialcorrelationin thever-
tical direction.

The interplay of spacerthicknessand is-
land size might also explain why correlated
growth is not instantlyobserved. For thefirst
few island layersthe growth occursuncorre-

latedbut the sizedistribution shifts consider-
ably towardslarger islands(seeFig.VI.5) fi-
nally giving rise to correlatedgrowth asseen
in Fig.VI.9.a.

VI.3.4.b Anticorrelatedregime

As hasbeenseenin the previous section,for
large buffer layer thicknessesthe buried is-
landsappearaspoint sourcesof strainandthe
strainfieldatthesurfacehasacircularsymme-
try aroundthe islandwith a maximumvalue
vertically above the islandcenter. Nucleation
of islandsat the surface is consequentlyen-
hancedbetweentheislandsandanticorrelated
growth is observed.

Sincethisgrowth modedoesnot dependon
the lateral extensionof the buried islandsas
sensitively as the correlatedgrowth does,the
onsetof anticorrelatedgrowth is alreadyvis-
ible for the first few grown island layers in
Fig.VI.10. After ten depositedisland layers
the pairingprobability reachessaturationat a
valueof >A@CD�E . Fig.VI.10.b to d show the last
threeislandlayersof thestackconsistingof D+>
layersin total. Theislanddistributionsclearly
show verticallyanticorrelatedgrowth.

If the buffer layer becomesthicker than a
critical thicknessof some F+> monolayersthe
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Fig. VI.10: Evolution of pairingprobabilitydependingon depositedlayersfor thecaseof anticorrelated
growth. The threetopmostislanddistributionsareshown in b), c) andd). CoverageG&HJI�K %, spacer
thicknessis L�M monolayers,N�H$O�M�M K, Flux PQH�M!R M!S Ml/s, simulationtime I+O+RTK s/layer, stackheightis U�M
layers.

increasingdistanceto thestrainsourcesresults
in strainfields too weakto influencethe sur-
facekineticsof diffusingadatomssignificantly
andthegrowth occursuncorrelated.

VI.4 Conclusion

It hasbeenshown in this chapterthatsucces-
sive overgrowth of island layerswith sub-

strate material under the assumptionof an
extended,three-dimensionalstrainfield leads
to an improvementof the self-organizedsize
ordering and spatial arrangementof the is-
lands. Thermodynamicalequilibrium can be
approachedby kinetic depositionand diffu-
sionprocessesalonewithout equilibratingthe
systemfor longperiodsof time.

For thin buffer layers, correlatedgrowth
can be found. Apart from the spacerthick-
ness,correlatedgrowth dependson the aver-
agesize of the buried islandswhich also in-
creasesduringthestackingprocess.Thus,the
self-organizedincreasein averageislandsize
inducesanadditionalaidin growingcorrelated
islandstacks.

For large spacer layers anticorrelated
growth can be observed and for buffer
layer thicknessesbeyond growth proceeds

uncorrelated.
Theseobservationsarein qualitative agree-

mentwith variousexperimentalfindings.
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VII.

Conclusion

In all thepreviouschapterstheeffect of self-
organizationdid have a major impacton the

dynamicsof island growth. For the particu-
lar systemof heteroepitaxiallygrowing quan-
tum dots on a semiconductorsurface it has
beenshown thattheelasticstraingeneratedby
thelatticemismatchof substrateandadsorbate
is intimately connectedto the self-organizing
processesby providing a meansof long range
interactionbetweenthegrowing dots.

All simulationspresentedin thiswork were
limited to theinitial, two dimensionalphaseof
growth, wherethe first monolayeris formed.
These islands determineduring the further
stepsof threedimensionalgrowth thesizeand
locationof thefully grown quantumdots.The
Monte Carlo simulationroutine describedin
chapterII, which was usedfor all presented
simulationrunsincludedatominteractionsel-
ementaryfor surfacekineticsanduseda self-
consistentlycalculated,extendedstrain field
generatedby the growing islands. Detailson
interactionterms and the simulation routine
have beengivenin chapterII.V

Though short rangedinteractionslike the
nearestneighborbindingenergy mightbesuf-
ficient to induceorderingeffectswith respect
to shapeby preferringcompactislands,neither
sizenorspatialorderingcanbeobservedin the
absenceof elasticstrain. It hasbeenshown in
chapterIII thatfor islandswith increasingsize

alsothecontribution of strainalongtheisland
boundaryincreases.Consequentlythegrowth
of islandsis hinderedby a destabilizingeffect
of strainandsizeorderingis induced.Theav-
erageislandsize assumedin an ensembleof
islandsincreaseswith increasingtemperature
uptoacriticalpoint,wheretheislandsbegin to
dissociate.Is thesystemallowedto equilibrate
for a certaintime, a temperatureregime can
befound,wherethesizedistribution becomes
narrow, i.e. mostislandsareof thesamesize.
By increasingthe surfacecoveragethe aver-
ageislandsizeincreasesaswell upto thepoint
of about W�X!Y wherecoalescenceof islandsor
the transitionfrom two-dimensionalto three-
dimensionalislandgrowth becomesrelevant.
Note, however, that this result hasbeenob-
tainedfor systemswith no or only shortequi-
libration times. Hence the temperaturede-
pendenceof the averageislandsize given in
chapterIII is valid only for kinetically con-
trolled systems.In thosesystemsthe flux of
atomsto the surfaceduring depositionhasa
pronouncedeffect on theislanddensityon the
surface,which increaseswith increasingflux.

The strain field doesnot only inducesize
orderingeffectsbut is relatedto spatialorder-
ing as well. Sincethe elasticstrain extends
along the substrateover distancesof the or-
der of typical islandseparations,it generates
an island-islandinteraction. This interaction
definesanoptimalseparationof islandsor cre-
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atespreferrednucleationsites.As a result,is-
landsgrow in orderedpatterns.This interac-
tion, however, hasbeenfoundto beweakand
spatialorderinghasbeenobserved for a nar-
row parameterwindow of high temperatures
and long equilibrationtimesonly. Addition-
ally, apropercoverageof aboutZ�[!\ hasto be
chosento minimizeislandseparation.

An optimizedsetof parametersto achieve
good spatialorderingand a narrow size dis-
tribution hasbeenidentified as high temper-
ature ]_^a`�b�b�c , low depositionflux de^bAfgb�bih Ml/s, ahighcoverageof Z�jk\ anda long
equilibrationtimeof ]l^m[+b�b!n .o

As hasbeenseenin chapterIII the relax-
ation time clearly affects the averageisland
sizesaswell asthespreadin thesizedistribu-
tion. Actually, thereis a fundamentaldiffer-
encebetweenkinetically controlledsystems,
which have hadnoor only little time for equi-
libration, andsystems,which arecloseto the
thermodynamicequilibrium,aswasshown in
chapterIV.

In the kinetically controlledregime theav-
erageisland size increaseswith the systems
temperatureandsmallislandsareexpectedfor
low temperatures,large islandsfor high tem-
peratures.Thisbehaviour hasbeenverifiedex-
perimentallyaswell asin theory. Thermody-
namicequilibriumtheory, however, predictsa
differenttemperaturedependenceof theisland
sizes,wherethe averagesize decreaseswith
increasingtemperature.

Long timeMonteCarlosimulationsfor dif-
ferent temperaturespresentedin chapterIV
have shown, that the averageislandsizedur-
ing or shortlyafterdepositionindeedfollowsa
distribution asis expectedfor kinetically con-
trolled systems.In thecourseof equilibration
theaverageislandsizesslowly approachtheir
equilibrium valuesanda crossover from ki-
netically controlledsizedistributionstowards
equilibriumsizedistributionscanbeobserved

in theMonteCarlosimulations.
In the kinetically controlledregime the av-

erageislandsize is determinedby the island
density, whichvarieswith depositionrate,and
the strain, which limits the island size. For
the thermodynamicallycontrolledcasestrain
alone sets the limit to the island sizes and
the final self-organizedsystemsstateis com-
pletely independentof the depositionproce-
dure. o

By introducing anisotropicstrain into the
simulationroutineit hasbeenshown in chapter
V thatcertainorderingeffectsin heteroepitax-
ial materialsystemscan be explainedby the
elasticanisotropy of thegrowing compound.

It hasbeenshown by [Sch98b] that in the
materialsystemprqtsvu wyx�z|{
svu }~x
��prq spatialself-
organisationof islandsalong prq��yh�b�b'� direc-
tion canbe observed in LPE grown samples.
By includingtheanisotropicbulk elasticmod-
uli for p�q svu wyx z�{ svu }~x into the strain calcula-
tion, a local minimumof theelasticstrainen-
ergy hasbeenidentified. This minimum en-
hancesthenucleationprobability in the �yh�b�b'�
direction and thus generatesspatialordering
in a preferreddirection. Qualitatively a good
agreementbetweenthesimulationresultsand
theexperimenthasbeenfound.

For low coveragesof about jk\ mainly is-
land polymersconsistingof two or three is-
landsform. For increasingcoveragesof h�b'\
long islandchainscanbefound,resultingin a
ratherregularpatternat thesurface.

However, it has to be mentionedthat the
simulationroutineis notableto captureall rel-
evantprocessesfor LPEgrowth by designand
agreementbetweensimulationandexperiment
canonly beexpectedasymptotically, i.e. close
to thermodynamicequilibrium.

Thoughit would be a major task to adapt
the programcodeto simulatingLPE growth
it would certainlybe interestingto includean
active wetting layer as it is observed in ex-
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periment.An active wetting layerwould con-
tribute materialto the growing islandsin de-
pendenceon the local strainandsignificantly
differentgrowth dynamicscouldbeexpected.�

In chapter VI the self-organisation pro-
cessesin quantumdot superlatticeshave been
investigated. It hasbeenshown that the re-
peatedgrowth of quantumdot layersin a ver-
tical direction,separatedonly by a thin buffer
layer, is a potentway to introducespatialor-
dering. Again, the elastic strain is held re-
sponsiblefor theemergenceof self-organized
spatialcorrelation,sinceafter overgrowth the
strain of the buried islandscreatespreferred
nucleationsiteson thecrystalsurface.

After a certainnumberof depositedlayers,
dependingon thethicknessof thebuffer layer,
spatialcorrelationcanbefoundfor sufficiently
large islands.Additionally, theaverageisland
size increaseswith the numberof deposited
layers. Again, this effect is morepronounced
for thin buffer layers.

If theaverageislandsizebecomestoosmall
or the separatingbuffer layer too thick, anti-
correlatedgrowth canbeobserved. Here,the
islandsin the topmostlayer grow in between
buried islands. In the Monte Carlo simula-
tions the transitionfrom correlatedgrowth to
anti-correlatedgrowth with increasingspacer
thicknessor decreasingsurfacecoveragehas
beenfoundandis in goodagreementwith ex-
perimentalobservations.

Optimal parametersetshave been identi-
fied for correlatedandanti-correlatedgrowth
as � � ����� K, ��� �A�g�i� Ml/s, ��� ���!�
and a spacerthicknessof � and �+� mono-
layers, respectively. Theseparameterslead
to well pronouncedcorrelated/anti-correlated
growth conditions after the deposition of
twentymonolayers.

As a futuretaskonemight addthepossibil-
ity to computeathreedimensionalstrainfield,
which includescubic anisotropy. It is likely

thatcorrelationandanti-correlationeffectsare
relatedto elasticanisotropy. For certainpa-
rameterwindowstheselforganizationwith re-
spectto sizeorderingandspatialarrangement
of islandsmight be further improved by the
introductionof spacerlayerswith high elastic
anisotropy. �

The calculationof anisotropicstrain as it
waspresentedin this work is limited to cubic
crystals.Furtherinterestingresultson growth
dynamicsmight, however, be obtainedby in-
troducingaprogramcodewhichis ableto deal
with fully anisotropiccrystalsand is not re-
stricted to a certain symmetry. This exten-
sion would allow for a generalapproachto
materialspecificsimulations,whichhavebeen
performedfor the cubic �����������r� systemin
chapterVwith greatsuccess.Also additional
orderingeffectsmight be obtainedfor differ-
entsymmetriesin theelasticanisotropy.

Another valuableextensionof the simual-
tion routine would be the option to include
thetransitionfrom two dimensionalgrowth of
islandsto threedimensionalgrowth of quan-
tum dotsin a self consistentway. This,again,
would necessitateto expandthe straincalcu-
lation into the third dimensionto calculatea
strainfield in dependenceof the exact shape
of the dots. By this improvementstatements
aboutthe critical layer thicknessfor the tran-
sition from 2D to 3D growth couldbegained
or evenestimatesaboutkinetically controlled
quantumdotshapesextracted.

Also, the full three-dimensionalshapeof
the quantumdots may influencethe correla-
tion and anti-correlationeffects in quantum
dotstacks.
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A.

Appendix – Isotropic strain

For isotropicmediathedisplacementfield �����+� generatedby theforces� satisfiestheinhomo-
geneous,differentialequation[Lan70]� �  ¡ �y¢¤£$¥¦� §'¨ �©£ ¢¢«ª ¡ ¥­¬ � ¬¯® �r�±° (A.1)

This equationlooks like Poisson’s equationin electrostaticsand can be solved similarly. The
homogeneousform of eq.A.1is alsocalledNavier’s equation.

A solutionto this equationis to befoundfor thespecialcaseknown asCerruti’s problem(see
Fig.A.1)of a tangentialforceactingon theboundaryof asemi-infinitesolid. For thesolutiontwo
potentialshave to bedefined:theLamésstrainpotentialandtheGalerkinvectorpotential.Each
of thebothpotentialsis asolutionto eq.A.1.

According to Helmholtz’s theorem,any vector function � canbe written asa sumof terms

F x

y

z

Fig. A.1: Cerruti’sproblemof a tangentialforce ² actingon theboundaryof ansemi-infiniteplanealong
the ³ direction.
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resultingfrom ascalarandavectorpotential ´ and µ , respectively.¶ · ¸ ´�¹ ¸»º µ½¼ ¾�¿ÁÀÃÂ ¸¯Ä µ · ÅAÆ (A.2)

If onechoosesÇ&´ ·�ÈÊÉ!ËÍÌ À Æ and µ ·JÅ , thescalarfunction ´ is calledLamé strainpotential
andit is easyto show thatany harmonicfunction ´ canbeusedto satisfyNavierseq.A.1with¶ · ÎÏ�Ð ¸ ´Ñ¼ Ò Ð ·lÈÊÉ!ËÓÌ À ÆÕÔ�Æ (A.3)

FurthermoreonecandefineavectorpotentialÖ , thatis connectedto thedisplacementfield byÏ�Ð ¶ · Ï Ò Î�×�Ø Ô Ç6Ö × ¸ Ò ¸¯Ä Ö Ô�Æ (A.4)

This,again,is ageneralsolutionto thehomogeneousNavier’s eq.A.1,if theGalerkinvector Ö
is abiharmonicfunction,sincethesubstitutionof eq.A.4in eq.A.1gives ÇÙÒÚÇÛÖ ÔÜ·lÅ .

To solve Cerruti’s problem,aspecialchoicefor ´ and Ö is made

´ · ÝßÞà ¹�á ¼ Ö · âãä å àÅæ Þ½ç Ë Ò à ¹�á Ô
èêéë ¼ (A.5)

andeq.A.3andeq.A.4superponedasÏ�Ð ¶ · ¸ ´�¹ Ï Ò Î«×�Ø Ô ÇÛÖ × ¸ Ò ¸¯Ä Ö Ô�Æ (A.6)

to give thesolutionof thehomogeneouseq.A.1.
By usingthe generalizedHooke’s law, which relatesthe displacementfield ¶ definedby the

strain tensorcomponentsì
ígî to the stesstensorcomponentsïÍíTî the constantså ,
æ

and Ý can
bedeterminedby theconditionsof vanishingstressat thesurfacefor ïÍðêð and ïÓñ�ð , while on any
horizontalplaneatdepthá from thesurfacethesumof all forcesalongthe Þ -axismustbalanceò ,
i. e.:óôõ ó óôõ ó ïÍö
ð«÷!ø¤÷ Þ · ÅAÆ (A.7)

Onefindsfor theconstantså ,
æ

and Ý :

å · ù ò ùú!û Ò Î�×�Ø Ô ¼ æ · ù ò ù Ò Îü× Ï Ø Ôú!û Ò Î«×�Ø Ô ¼ Ý · ù ò ù Ò Î«× Ï Ø ÔÏ û Æ (A.8)

Now, thedisplacementscanbecalculated:ý ö · ù ò ùúÜû Ð à$þ Î ¹ Þ ÿà ÿ ¹ Ò Î«× Ï Ø Ô � àà ¹�á × Þ<ÿÒ à ¹�á Ô ÿ����ý ñ · ù ò ùúÜû Ð à�� Þ øà ÿ × Þ ø Ò Î«× Ï Ø ÔÒ à ¹�á Ô ÿ	� (A.9)ý ð · ù ò ùúÜû Ð à � Þ áà ÿ ¹ Þ Ò Î«× Ï Ø Ôà ¹�á � Æ
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Thecomponentsof thestraincanbecalculatedusingthestrain-displacementrelations
���
 � �������� ���� 
�� ��� 
��� ��� (A.10)

to yield
���� � �  !� ��#"%$%&('*),+.-&(/10 � / +�23054 / �76 /98:8 � � + � 20 & �;6 8 /=<�0 � + - 2 8 & / +>- & �76& �76 054 / � 2 � /�8@?BA
�CDC � �  !� ��#"%$%& '*),+ -& /1054 / +�230 � / �76 / 8:8 � � + � 20 & �;6 8 /=<�0 - +�2 8 & / + - & �76& �76 0 � / � 2�4 / 8@?EA
�FGFH� �  !� ��#"%$%&('*),+.-&(/10 6 / +�230 � / � 4 /98:8 + 230 � + � 2 80 & �76 8 /I<KJ & / +L- & �;6& �76 0 � / � 4 /�8@?EA (A.11)
 � C � 
9C � � �  !� 0 � � 2 8 ��#"M$%& ' NO+ -P� /& / � 230 � + � 2 80 & �76 8 /Q�R+ & / � � / � �S& � /& �76 ��T
 � FH� 
�F � � - �  �� 0 � � 2 8 6 � /�#"M$%&(U
�CVF � 
�F:CW� - �  �� 0 � � 2 8 � 4 6�#"%$%&(U X
Theseexpressionssimplify considerablyif the 6 -dependenceis neglectedby setting6 �ZY :
 ��� � �  �� �"%$%&(U\[ + � / 0 � � J]2^+�_(2 / 8 +`4 / 0 � +�2^+ - 2 / 8ba
�CDC � �  �� 2 �"%$%&(Uc[ � / 0 � � 2 8 +`4 / 0,dM+`J]2 8 a
 FGF � �  �� 2 ��#"%$%&(U\[ � � / 0 � +�2 8 +`4 / 0 � + �(� 2 � _(2 /�8 a (A.12)
 � C � 
9C � � �  !� �"M$%& '%ef230 � +g2 8bh
�� F � 
 CDF �i
 F �.�j
 F:C �jY X
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B.

Appendix – Anisotropic strain

For a completemodellingof theelasticstrainon crystalsurfacesit is indispensableto include
anisotropy effects.Thiscanbedoneby theuseof theGreen’s tensorformalismfrom elasticity

theory. Thecompletesetof equationsfor thestrainfield for thegeneralcasearequite involved,
insteadthestrainwill bederivedbelow for thespecialcaseof acubiccrystal.However, thecubic
symmetryis assumedby many relevantsemiconductormaterialslike k%lnmpo and q#rOkts .
B.1 Green’s tensor formalism

Ananisotropiccrystalthatissubjectedto externalforcesuwv]xzy({ actingonits surfacewill respond
with a deformationthat is representedby theelasticdisplacementfield |Sxzy({ . The displace-

mentsaredeterminedby theequilibriumequationsof elastictheoryin thebulk [Lan70], usingthe
summationconventionover equalindices,} vB~���� v���� xzy�{ } � |��^xzy�{b�Q� � (B.1)

wherevanishingbody forcesare assumed.The forcesacting along the boundary q enterthe
boundaryconditions� v xzy({w~���� vD��� xzy({ } � | � xzy({b�#� � � u v xzy�{ (B.2)

where� vKxzy({ is theexternalnormalto thecrystalsurface.
Formally, eq.B.1with theboundaryconditionsB.2canbesolvedby thesolutionof anequivalent

setof equations} vp� ��� v���� xzy�{ } � k �S� xzy]�Gy���{b�i� � � � ��xzyp��y���{ (B.3)

where k�xzy��Gy � { is the static Green’s tensorof elasticity theory. Its componentskM����xzy��Gy � { are
the elasticdeformations|n��xzy � { causedby a unit force actingat point y in direction � . These
componentssatisfythestressfreeboundaryconditionsof acrystalsurface� vKxzy({ � ��� vD��� xzy({ } � k%����xzy��Gy � {b�p� � � � (B.4)
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104 B. Appendix – Anisotropic strain

Theelasticdisplacements���G�z��� canbeobtainedfrom eq.B.3by multiplying bothsidesby �����z�(�
andintegratingover all space (¡�¢]£¥¤ ���:�z����¦¨§M©«ª �f§D¬�­ �z����¦ ¬P® ­�¯��z��°G��±²�b³µ´  (¡¶¢�£¥¤ ���:� ¤ ��·V�f¯K·n�z�M¸`�9±�� (B.5)

Integrationby partsgives¹(º»¢]¼¥¤ ���:�z���:ª ��§�¬�­ �z�(��¦ ¬½® ­�¯��z��°G�9±���¸  (¡�¢]£¥¤¿¾ ª ��§D¬�­ �z�(��¦t§����:�z���bÀ(¦ ¬�® ­S¯��z�]°G��±��Á´ ��¯��z��±�� (B.6)

Thesurfaceintegral vanishesby insertingtheboundaryconditionsB.4. Then,by applyingthe
symmetryrelation ª �f§n¬�­ ´Âª ¬�­^��§ andanotherintegrationby partsof thesecondintegral in eq.B.6
oneobtains¸ ¹KºÃ¢]¼¥¤ ® ­S¯��z�]°G��±��:ª ¬�­Ä��§ �z�(��¦t§����:�z���3Å  (¡¶¢]£¥¤ ® ­S¯��z�]°G��±���¦ ¬ ¾ ª ¬�­Æ��§ �z����¦¨§����G�z�(�bÀQ´ �n¯��z�9±��(B.7)

Thesecondsummandis equalto zeroascanbeseenby substitutingtheequilibriumeq.B.1.In-
sertingtheboundaryconditionsB.2,exchanging� with � ± andapplyingthetheoremof reciprocity
for theGreen’s tensorcomponents® �f§]�z�]°G� ± �B´ ® §��O�z��°G� ± � onefinds� � �z�(�j´ ¸ ¹ º ¢ ¼ ¤ ± ® ��§ �z��°G� ± �nÇ § �z� ± � (B.8)

B.2 Green’s tensorcomponents

Now, theGreen’s tensorcomponents® ��§K�z�]°G� ± � have to befoundfor thespecialcaseof asemi-
infinite crystalwith a planar, stressfree surfaceat È`´ÊÉ . Furthermore,the crystalwill be

assumedto behomogeneousthroughoutthe lower half plane( È`ËÌÉ ). Thenthecomponentsof
theGreen’s tensordependonly on thedistancesÍ^ÎÏ´LÎ ± ¸�Î and Í^Ð¿´LÐ ± ¸�Ð . If onerestricts
all considerationsto thesurfaceof thecrystal,thez-componentsof � and � ± areequalto zeroand
onefinds® �z�]°G� ± �Ñ´ ® �,Í¶ÎÒ°�Í^Ð�� (B.9)

For thefollowing derivationof theGreen’stensorcomponentsit will bemostconvenientto carry
outatransformationinto Fourierspace.To thisendforwardandbackwardFouriertransformations
of aquantity Ó!�z�(� aredefinedasÔÓ^�zÕÒ�j´  .¢ ¼ ¤BÖ(× �ÙØPÚ Ó!�z�(� (B.10)Ó!�z�(�j´ ÛÜ�Ý  Â¢ ¼ ¤#Ö �ÙØPÚ ÔÓ^�zÕÒ� (B.11)

Eq.B.8in FourierspacethenreadsÔ�����zÕÒ�j´ ¸ Ô® ��§K�zÕÒ� ÔÇw§n�zÕÒ� (B.12)

Now, the static Green’s tensorfor a cubic crystal in Þ -spacehasbeenderived by Portzand
Maradudin[Por77]. Unfortunately, thevectorialbasisfor theaboveconsiderationswill in general
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B.2.Green’s tensorcomponents 105

not be the sameasfor the tensorcomponentsß(à�á^âzãÒä usedin [Por77]. To find the componentsåæMç�è âzãÒä it is necessaryto introducea rotationof coordinatespaceby anangle é sothat
åæMç�è

canbe
expressedin termsof ß(à�á .

This rotationmaybeexpressedby thetransformationê ç à andits backtransformationêÆë1ìç à likeê ç àîí ïðñóò1ô õöò1÷ùøò ÷ ò ô øø ø ú
û�üýcþ ê ë1ìç à í ïðñ ò1ô ò1÷ øõ»ò ÷ ò ô øø ø ú

û�üýóÿ (B.13)

where ò1ô í������Ré and ò1÷ í�� ��� é arethecomponentsof the two dimensionalunit vector 	 in
directionof ã . Thenthecomponentsof theGreen’s tensorin Fourierspace

åæMç�è
aregivenasåæMç�è âzãÒäjí 
 à�á êÆë1ìç à ß�à�á!âzãÒä�ê á è (B.14)

or explicitlyåæ ô�ô âzãÒäjí ò �ô ß ô�ô âzãÒä õ`ò1ô�ò1÷ ß ô�÷ âzãÒä õ`ò1ô�ò1÷ ß ÷�ô âzãÒä
� ò �÷ ß ÷�÷ âzãÒäåæ ô�÷ âzãÒäjí ò ô ò ÷ ß ô�ô âzãÒä
� ò �ô ß ô�÷ âzãÒä õ`ò �÷ ß ÷�ô âzãÒä õ�ò ô ò ÷ ß ÷�÷ âzãÒä (B.15)åæ ÷�ô âzãÒäjí ò1ô�ò1÷ ß ô�ô âzãÒä õ`ò �÷ ß ô�÷ âzãÒä
� ò �ô ß ÷�ô âzãÒä õ�ò1ô�ò1÷ ß ÷�÷ âzãÒäåæ ÷D÷ âzãÒäjí ò �÷ ß ô�ô âzãÒä
� ò1ôPò1÷ ß ô�÷ âzãÒä
� ò1ô�ò1÷ ß ÷�ô âzãÒä�� ò �ô ß ÷�÷ âzãÒä
From[Por77] theform of theGreen’s tensorcomponentsof acubiccrystalat thecrystalsurface

is known to beß�à�á!âzãÒäÁí ú��������� à�á^â�	Sä (B.16)

with ����� í�� ÷��:÷�� theshearmodulusof a cubiccrystaland � à�á dimensionlesspolynomials,that
reflecttheangulardependenceof anisotropicstrain.Thepolynomials� à�á dependonly on ratios
of elasticmoduliandthedirectionof ã . By retainingonly thetwo lowestorderpolynomials,� à�á
canbeapproximatedto be� ô�ô â�	Säjí ��� ì:ì � �"! ì:ì$# ò �ô ò �÷ õ ú�&%('� ô�÷ â�	Säjí )*! ì � ò1ô#ò1÷ â ò �÷ õ`ò �ô ä � ú �+�*, ì � # ò �ô ò �÷ õ ú� %(' (B.17)� ÷�ô â�	Säjí )*! � ì ò1ô#ò1÷ â ò �÷ õ`ò �ô ä$� ú �+�*, � ì-# ò �ô ò �÷ õ ú�&%('� ÷D÷ â�	Säjí � � ��� � �"! ��� # ò �ô ò �÷ õ ú� %('
while the necessesarysymmetrypropertiesarestill obeyed. Theseinterpolatedformulasshow
goodagreementwith theexactsolutionsobtainednumericallyin [Por77] (seealsoFig.B.1). The
constants� ì:ì , � ��� , ! ì:ì , ! ì � , ! � ì , ! ��� , , ì � and , � ì containthematerialparameters,thatdeter-
minetheanisotropicparametersof thecrystal.Thecubicanisotropy canbeeliminatedby setting! ì:ì í�! ì � í.! � ì í/! ��� í ø . This is donein AppendixC to show theequivalenceof strain
fieldsfor theisotropicandtheanisotropicexpressions.
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106 B. Appendix – Anisotropic strain

To find the Green’s tensorcomponentsin real space,eqns.B.17have to be insertedinto
eqns.B.15andthe Fourier backtransformto be applied. As it turnsout after lengthyandcum-
bersomeevaluationsof Fourier integralsof up to sixth orderpolynomials[Shc99b], the Fourier
backtransformis rathersimple.It canbeobtainedsimplyby thefollowing substitutions01 2 03547698 :
;< 2 = ;> 8 : < : > 2 ?@= > = < 8 :
;> 2 = ;< (B.18)

where A is theunit vectorin realspacewith = <CBEDGF 6 and = >7BEHIF 6 ; Thebacktransformthen
yieldsfor theGreen’s tensorcomponentsJ <K<MLONQPRB 03547S�T�T 06VU = ;>"W <K<IL A PGX = < = > W <K>YL A PGX = < = > W >Z<IL A PGX = ;<(W >Z>ML A P\[J <K>]LONQPRB 03547S�T�T 06 U ?@= < = > W <K<IL A PGX = ;> W <K>YL A P ?^= ;< W >�<IL A PGX = < = > W >Z>ML A P\[ (B.19)J >�< LONQPRB 03547S�T�T 06 U ?@= < = > W <K< L A P ?^= ;< W <K> L A PGX = ;> W >�< L A PGX = < = > W >Z> L A P\[J >Z>YLONQPRB 03547S�T�T 06VU = ;< W <K<IL A P ?^= < = > W <K>ML A P ?_= < = > W >Z<`L A PGX = ;> W >Z>ML A P [
with theangulardependentfunctionsW <K<aL A PbB cedgf�f�Xih"jCf�f$k = ;< = ;> ? 0hml*nW <K>YL A PbB o*jCf ; = < = >YL = ;> ?^= ;< P c 0 Xih*p$f ; k = ;< = ;> ? 0h l*n (B.20)W >�<aL A PbB o*j ; f = < = >YL = ;> ?^= ;< P$c 0 Xih*p ; f$k = ;< = ;> ? 0hml*nW >Z>qL A PbB c d ;�; Xih"j ;�; k = ;< = ;> ? 0h l*n
B.3 Material Parameters

Now, thelasttaskis to determinethematerialparametersd-rts , j-rts and purts . Thevaluesfor dvf�f ,d ;�; , jCf�f and j ;�; canbeexpressedanalyticallyin termsof theelasticconstants
S f�f , S f ; andS�T�T

in Voigt notation[Shc99b, Shc95a].

dgf�fwB 03yxzz{ ? d S f�f�| ? 3Q}�~��������m�������� ��� X+o3 L S f�f"X S f ; P ? S f�f S T�T�� ? }���3 ���������� X 0K� X 3 | } �������m����������S f�f S�T�T�} X S f ; L S f�f ? S f ; P
�����

d ;�; B ? 03 U 0 Xy� d-[ (B.21)

jCf�fwB 03yxzz{ ? d S f�f | ? 3Q} ~��������m������������ X+o3 L S f�f"X S f ; P X S f�f S�T�T � ? } � 3 ���������� X 0 � X 3 | } �������m����������S f�f S�T�T�} X S f ; L S f�f ? S f ; P
�����

j ;�; B ? 03 U 0 ? � d [
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Fig. B.1: Relative deviation of the interpolatedformulas ¨C©«ªK¬ givenby eqns.B.17from thenumerically
exactsolutions̈ in dependenceof theazimuthalangle ­ where ­¯®�° correspondsto the ±�²�²�°´³ direction
and ­µ®.¶�·�¸ correspondsto the ±�²�°´°´³ direction. Plottedare ¨C©¹ªº¬»�»9¼ ¨ »�» in blue, ¨½©¹ªK¬¾Z¾(¼ ¨ ¾�¾ in red and¨C©«ªK¬»�¾ ¼ ¨ »�¾ in green.

wherethe the cubic anisotropy ¿ as definedin eq.II.10 hasbeenusedas well as the derived
quantity ÀÀ Á Â½Ã¿ÅÄÆÃ�ÇÉÈ (B.22)

It is possibleto give explicit expressionsfor theseparameters,sincethedependenceof ÊYË�Ë´ÌOÍ�Î
and Ê5Ï�Ï�ÌOÍ�Î on the elasticconstantsÐ´Ë�Ë , Ð´Ë\Ï and Ð�Ñ�Ñ is known from [Shc95a]. By a numerical
evaluationof the exact equationsfor ÒÓË\Ï and ÒÔÏ�Ë from [Por77], the parametersÕgË\Ï , ÕÖÏ�Ë , ×$Ë\Ï
and × Ï�Ë canbeobtainedfrom afit to thenumericallyexactsolutions.

Exemplarily, the parameters¿gË�ËºØ ÈKÈKÈ Ø�×ÙÏ�Ë are given for the material systems Ú7Ûq¿ÝÜ andÞ�ß\à�á â�ã Úgä à�á Ï ã in tableB.1. TheelasticconstantsÐ´Ë�Ë , Ð´Ë\Ï and Ð�Ñ�Ñ for varioussemiconductorswith
zinc-blendor diamondstructureareshown in tableB.2.

To show thegoodagreementof theinterpolatedformulaseqns.B.17with theexactsolutionsob-
tainedby numericalevaluationsof thecompleteequationsin [Por77], Fig.B.1shows theangular
dependenceof therelativedeviations ÒÔå�æ´ç�è´Ò for ÚvÛY¿ÖÜ parameters[Shc99b]. TheparametersforÒéå�æ�çêKê and ÒÔå«æ�çë�ë have beencalculateddirectly from theelasticconstantsof Ú7Ûq¿ÝÜ while theparam-
etersin Ò å«æ�çêKë have beenobtainedby a fit to numericallyobtainedexactsolutions.All deviations
arewell below two percent.
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108 B. Appendix – Anisotropic strain

Parameter ìvíYîÖï ð�ñ�ò�ó ô�õ�ìvöºò�ó ÷�õîvø�ø -0.9661 0.4193î-÷�÷ -1.1765 -1.1251ù ø�ø -0.0677 0.0697ù ø\÷@ú ù ÷�ø 0.0926 -0.0534ù ÷�÷ 0.1765 0.1251û ø\÷ ú û ÷�ø -0.0780 0.0962

TableB.1: Elasticparametersfor thecubicsemiconductorsð�ñ�ìvö and ìvíYîÖï . Theelasticconstants
for thecompoundð�ñ\ò�ó ô�õ�ìvö�ò�ó ÷�õ areobtainedin linearapproximationfrom thebulk valuesof ð"ñ
and ìvö .

ü ø�ø ü ø\÷ ü�ý�ý
[ þKÿ ø�ø erg/cm� ] [ þKÿ ø�ø erg/cm� ] [ þKÿ ø�ø erg/cm� ]û

10.76 1.25 5.77ð�ñ 16.58 6.39 7.96ìvö 12.85 4.83 6.68ð�ñ\ò�ó ô�õºìvö�ò�ó ÷�õ 15.79 6.00 7.65î ��� 13.20 6.30 6.15î � îÖï 12.50 5.34 5.42î � ð�� 8.77 4.34 4.08ì7í � 14.12 6.25 7.05ì7íqîÝï 11.81 5.32 5.94ì7íað�� 8.84 4.03 4.32��� �
10.22 5.76 4.60��� îÖï 8.33 4.53 3.96��� ð�� 6.58 3.57 2.98	
� ð 10.32 6.46 4.62	
� ð*ö 8.10 4.88 4.41	
��� ö 7.13 4.07 3.12û�
 � ö 5.35 3.68 1.99��� ð*ö 6.90 5.19 2.33����� ö 5.08 3.58 2.05

TableB.2: Elasticconstantsfor semiconductorswith zinc-blendor diamondstructure[Hel82].
The elasticconstantsfor the compoundð"ñ\ò�ó ô�õ�ìvö�ò�ó ÷�õ areobtainedin linear approximationfrom
thebulk valuesof ð�ñ and ìvö .
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B.4 Anisotropic strain field

OncethestaticGreen’s functionsareknown, it is possibleto derive thestrainfield ������� from
thederivativesof thedisplacementfield ������� givenby eq.B.8.Onehas�������� !�#" $% &(' � � �� !�'*) �,+ ' ������ -�'*) �/." $%10 ''2) �43-5
687:9!;=< �?> �� 8@A ; ��B > �� ; � + ''*) � 3-5
687:9!;=< �C>-�� 8@A ; ��B > �� ; �ED (B.23)

By approximatingthe boundaryof an islandby straightline segmentsof length F wherethe
line forcesB > �� ; � act,thesurfaceintegral canbebrokendown into asum.Thesummationwill be
carriedoutatall discreteplaces ; ; where ; ; "HGI ;KJ B > �� ; �ML"ON�P . Onefinds�������� !�#" FRQTSVU U ' < �?> �� W@A ; ; �'2) � B > � 9 ; ; � (B.24)

Thepartialderivativesof < �?> �� W@A ; � canbeeasilyobtainedbut thecalculationsarelengthyand
will notbepresentedhere.
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C.

Appendix – Equivalence of strain
models

In the isotropic limit the anisotropicformulasfor the elasticstrain asdefinedin AppendixB
reduceto the isotropicformulasfrom AppendixA, asis shown below. In bothcasestheequi-

librium equationsof elasticitytheoryhave beensolvedand,consequently, theGreen’s formalism
from AppendixB canbeunderstoodto bea mathematicalextensionof thepotentialansatzmade
in AppendixA.

C.1 Anisotropic formulas

Following the definitionsfrom theprevious sectionAppendixB, thedisplacementfield in an
anisotropiccrystalis givenbyX*YCZ�[!\#] ^`_acb8d [fehg�Y?i�Z�[8jA[fek\ml�iWZ�[Iek\ (C.1)

werethebodyforcesareassumedto bezeroandthecrystalto behomogeneous.

C.1.1 Fully anisotropic case

By examiningsurfaceforcesonly, thedependenceonthe n -directioncanbeneglectedandonly
thesurfacecomponentsof theGreen’s tensorg4o=opZ�[!\#] qr!sutwvCv qx-yRz|{ d=}�~C~��1� { }u~ d �1� { } d ~�����d=} dCdw�g�o=�WZ�[!\#] qr!sutwvCv qx-yRz ^ � { }u~C~�� { d }u~ d ^ � d } d ~��1� { } dCdw�g ��o Z�[!\#] qr!sutwvCv qx yRz ^ � { } ~C~ ^ � d } ~ d � { d } d ~ �1� { } dCd �
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with � �¢¡£� givenby eqns.B.20needto beconsidered.

C.1.2 Isotropic reduction

To comparetheanalyticalformulasfor theanisotropiccaseto the isotropiconewe set ¤ �C� �¤ � � � ¤ � � � ¤ �C� �¦¥
. TheGreen’s functionsthensimplify to��§=§����-�#� ��!�u�w�C� �� ����¨©�C� � � � ¨ �C� � �  �����W���-�#� ��!�u�w�C� ��-��� ¨ �C�A����� ¨ �C� ���   (C.3)� § �8���-�#� ��� § ���!� � ��!�u�w�C� �� ��ª|� ¨ �C�A�*�©� ¨ �C� ���8«

For a ¬ -like forceactingalongthe x-direction(tangentialto the surface) ­ � � �®� ­®¬ � � � , one
gets:¯ § ���-�#� �`°-±³² � �!´ � §=§ � �fµC�!´ � ­®¬ � � ´ � � � ­�!�u�w�C� �� ���|¨ �C�A� � � ¨ �C� � �  � � ¨ �C��¶�C� ­�!� �� �£·�� � � ¨ �C�¨ �C� � �¶¸ (C.4)¯ �W���-�#� �`° ± ²W� � ´ � § �W� �¹µC� ´ � ­®¬ � � ´ � � � ­�!�u� �C� �� � ª�� ¨ �C�C�*�©� ¨ �C� �*�W«� � ¨ �C��¶�C� ­�!� �� �£· �*�Rº ¨ �C� � ¨ �C�¨ �C� » ¸ (C.5)

C.2 Isotropic displacementsassolution of Cerruti’ s problem

On theotherhand,for a force ­ tangentialto thecrystalsurfaceactingat onepoint alongthe� -directionthesolutionin termsof displacementsis givenby [Saa74]¯ § ���-� � ­¼ � � ���½ � � � �� � � � � � �-¾ � ½ �� ��¿ � � �� � ��¿ � �WÀWÀÁ�Â�Ã� �� ­�!� �� ��� ����� � � � ¾ � ���   (C.6)¯ �W���-� � ­¼ � � �� · �*�� � � � � � �-¾ � �� � ��¿ � � ¸ Á�Â�Ã� �� ­�!� �� � ª ¾ �*�W« (C.7)

With thechoiceof constantsfor Poisson’s ratio
¾

andtheshearmodulus
�Ä�ÆÅ

, which canbe
gainedfrom eqns.B.21by assumingisotropicconditionswith Ç �O¥

and ¨ � � ,¾ � ¨ �C� � ¨ �C�¨ �C�Å£�È� � � �w�C�¨ �C� (C.8)

it is easyto show thattheeqations(C.4,C.5)and(C.6,C.7)areindeedequivalent.
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TechnischeUniversiẗat Berlin (2000).

[Car98] A. Carlsson,L. R.Wallenberg, C.Persson,andW. Seifert.Strain statein semiconductor
quantumdots on surfaces: a comparisonof electron microscopyand finite element
calculations. Surf.Sci.,406, 48 (1998).

[CC95] C. Carter-Coman,A. S. Brown, R. Bicknell-Tassius,N. M. Jokerst,F. Fournier, and
D. E. Dawson. Strain-modulatedepitaxy: Modification of growth kineticsvia pat-
terened,compliantsubstrates. J.Vac.Sci.Technol.B, 14, 2170(1995).

[Cla91] S. Clarke, M. R. Wilby, and D. D. Vvedensky. Theoryof homoepitaxyon Si(001).
Surf.Sci.,255, 91 (1991).

[Cop90] M. Copel,M. C. Reuter, M. H. vonHoegen,andR. M. Tromp. Influenceof surfactants
in à©á and â�ã epitaxyon â�ã¶Ú�ä-äpÛIÜ . Phys.Rev. B, 42, 11682(1990).

[Dar97] I. DarukaandA.-L. Barab́asi. Dislocation-Free Island Formationin Heteroepitaxial
Growth: A Studyat Equilibrium. Phys.Rev. Lett.,79, 3708(1997).

[Dar98] I. DarukaandA.-L. Barab́asi. Equilibrium phasediagramsfor dislocationfreeself-
assembledquantumdots. Appl. Phys.Lett.,72, 2102(1998).

[Dar99a] I. Daruka,A.-L. Barab́asi,S.J.Zhou,T. C. Germann,P. S.Lomdahl,andA. R. Bishop.
Molecular-dynamicsinvestigationof thesurfacestressdistribution in a à©áfå-â�ã quan-
tumdotsuperlattice. Phys.Rev. B, 60, R2150(1999).

[Dar99b] I. Daruka,J. Tersoff, and A.-L. Barab́asi. ShapeTransition in Growth of Strained
Islands. Phys.Rev. Lett.,82, 2753(1999).

[DeL99] P. M. DeLucaandS. A. Barnett. An ion beamtechniquefor real-timemeasurmentof
two-dimensionalislandsduringepitaxialgrowth. Surf.Sci.,426, L407 (1999).

Berlin, March5, 2002 Dissertation final version



Bibliography 115

[Dob97] H. T. Dobbs,D. D. Vvedensky, A. Zangwill, J.Johansson,N. Carlsson,andW. Seifert.
Mean-Field Theoryof QuantumDot Formation. Phys.Rev. Lett.,79, 897(1997).

[Dor98a] W. Dorsch,B. Steiner, M. Albrecht, H. P. Strunk, H. Wawra, and G. Wagner. The
transitionfromripplesto islandsin strainedheteroepitaxialgrowthunderlow driving
forces. J.of CrystalGrowth, 183, 305(1998).

[Dor98b] W. Dorsch,H. P. Strunk,H. Wawra, G. Wagner, J. Groenen,andR. Carles. Strain-
inducedisland scaling during æ�çéè!êuëwì©í�è heteroepitaxy. Appl. Phys.Lett., 72, 179
(1998).

[Dou98] I. Doudevski, W. A. Hayes,andD. K. Schwartz. SubmonolayerIslandNucleationand
Growth Kineticsduring Self-AssembledMonolayerFormation. Phys.Rev. Lett., 81,
4927(1998).

[Dow97] J. R. Downes,D. A. Faux,andE. P. O’Reilly. A simplemethodfor calculatingstrain
distributionsin quantumdotstructures. J.Appl. Phys.,81, 6700(1997).

[Eis99] H. Eisele, O. Flebbe,T. Kalka, C. Preinesberger, F. Heinrichsdorff, and A. Krost.
Cross-sectionalscanning-tunnelingmicroscopy of stacked InAs quantum dots.
Appl. Phys.Lett.,75, 106(1999).

[Evt99] V. P. Evtikhiev, V. E.Tokranov, A. K. Kryganovskii, A. M. Boiko,R.A. Suris,andA. N.
Titkov. Characteristicsof theInAsquantumdotsMBEgrownof thevincinalGaAs(001)
surfacemisorientedto the [010] direction. Journalof CrystalGrowth, 201/202, 1154
(1999).

[Fle99] O. Flebbe, H. Eisele, T. Kalka, F. Heinrichsdorff, A. Krost, D. Bimberg, , and
M. Dähne-Prietsch.Atomicstructure of stacked InAs quantumdotsgrown by metal-
organicchemical-vapordepostion. J.Vac.Sci.Technol.B, 17, 1639(1999).

[Fra49] F. C. FrankandJ. H. vanderMerwe. One-dimensionaldislocations.I. Statictheory.
Proc.R. Soc.London,Ser. A, 198, 205(1949).
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[Mei00a] M. Meixner, R. Kunert,S.Bose,E. Scḧoll, V. A. Shchukin,D. Bimberg, E. Penev, and
P. Kratzer. Monte-Carlo-SimulationdesWachstumsselbstorganisierterQuantenpunkte
mit anisotroperOberfl̈achendiffusion. DPG-Fr̈uhjahrstagungRegensburg (2000).
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[Mei01c] M. Meixner, E. Scḧoll, V. A. Shchukin, and D. Bimberg. Self-assembledquan-
tumdots: Crossover fromkineticallycontrolled to thermodynamicallylimited growth.
Phys.Rev. Lett.,87, 236101.Ibid 88, 059901(2002)(2001).

[Met49] N. MetropolisandS. Ulam. TheMonteCarlo method. J. Am. Stat.Assoc.,44, 335
(1949).

[Met53] N. Metropolis,A. W. Rosenbluth,M. N. Rosenbluth,A. H. Teller, andE. Teller. Equa-
tion of statecalculationsfor fastcomputingmachines. J.Chem.Phys.,21, 1087(1953).

[Mil99] M. Miller, J. Malm, A. Gustafsson,A. Petersson,S. Carlsson,andB. Gustafson.Tall
stacksof InAsquantumdotsin GaAscoupledandcontactedasdiodes. In: D. Gershoni
(ed.),Proceedingsof the24thInt. Conf. on thePhysicsof Semiconductors (World Sci-
entific,Singapore,1999).SectionX.B5 onCD-Rom.

[Mo91] Y.-W. Mo, J. Kleiner, M. B. Webb,andM. G. Lagally. Activationenergy for surface
diffusionof S�T on S�T	U�V�V�W�X : a scanning-tunnelling-microscopy study. Phys.Rev. Lett.,
66, 1998(1991).

[Mo92] Y.-W. Mo, J.Kleiner, M. B. Webb,andM. G. Lagally. Surfaceselfdiffusionof S�T on
S�T	U�V�V�W�X . Surf.Sci.,268, 275(1992).

[Mol96] N. Moll, A. Kley, E. Pehlke, andM. Scheffler. GaAsequilibriumcrystal shapefrom
first-principles. Phys.Rev. B, 54, 8844(1996).

Berlin, March5, 2002 Dissertation final version



Bibliography 121

[Mol98] N. Moll, M. Scheffler, andE. Pehlke. Influenceof surfacestresson the equilibrium
shapeof strainedquantumdots. Phys.Rev. B, 58, 4566(1998).

[Muk98] I. Mukhametzhanov, R. Heitz, J. Zeng, P. Chen, and A. Madhukar. Indepen-
dentmanipulationof densityand sizeof stress-drivenself-assembledquantumdots.
Appl. Phys.Lett.,73, 1841(1998).

[Muk99] I. Mukhametzhanov, Z. Wei,R.Heitz,andA. Madhukar. Punctuatedislandgrowth: An
approach to examinationandcontrol of quantumdotdensity, size, andshapeevolution.
Appl. Phys.Lett.,75, 85 (1999).

[Mus98] K. Mussawisade,T. Wichmann,andK. W. Kehr. Single-particlediffusioncoefficient
onsurfaceswith Ehrlich-Schwoebelbarriers. Surf.Sci.,412, 55 (1998).

[New99] M. E. J.NewmanandT. Barkema.MonteCarlo Methodsin StatisticalPhysics(Oxford
UniversityPress,Oxford,1999).

[Ng95] K.-O. Ng and D. Vanderbilt. Stability of periodic domain structures in a two-
dimensionaldipolar model. Phys.Rev. B, 52, 2177(1995).

[Nie88] F. Niedermayer. General cluster updating methodfor Monte Carlo simulations.
Phys.Rev. Lett.,61, 2026(1988).

[Nie98] F. Nieto, C. Uebing,andV. Pereyra. Theinfluenceof surfacereconstructionon the
collectivemotionof adsorbedatoms. Surf.Sci.,416, 152(1998).
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