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ABSTRACT 

This thesis deals with the evaluation of the electrical performance of 

the antenna system that consists of a single offset parabolic reflector 

fed by a corrugated elliptical horn radiator. Such an antenna system 

can be designed to have a radlation pattern characterized by a main 

lobe with an elliptical cross-section, by low sidelobes, and by a low 

level of cross-polarized radiation, in the case of circular polariza­

tion. Then the antenna system is suitable for application as the trans­

mitting antenna of a braadcasting satellite. 

The investigation of the antenna-system performance proceeds in two 

steps. The first contribution of this study concerns the àevelopment 

of a theory that explains the wave propagation and radiation charac­

teristics of a corrugated elliptical horn with arbitrary geometrical 

parameters. The problem of wave propagation is solved on the basis of 

the anisotropic surface-impedance model for the corrugated boundary of 

the horn. The analysis of the horn radiation is based on the Kirchhoff­

Huygens approximation in which it is assumed that the radiation field 

is completely determined by the field distribution at the hom aperture 

only. Two methods are employed for the calculation of the horn radia­

tion, namely, the aperture-field integration metbod and the wave­

expansion method. Numerical results obtained by both methods and expe­

rimental results are presented. 

The secend contribution of this thesis pertains to a computational 

procedure developed to numerically determine the radlation field of the 

antenna system. This (secondary) radiation field is considered as 

arising from the surface current that is induced in the parabolic re~ 

flector by the (primary) radiation field from the hom. The computa­

tional procedure contains the horn and reflector geometries as input 

parameters, and by varying these parameters one may search for an 

antenna system design that is optima! in some sense with respect to 

electrical performance. In this manner the computational procedure 

provides a design through computation versus the alternative of a 

design based on experimentation. Various numerical and expertmental 

results for the electrical performance of the antenna system are 

presented. 
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1 • GENERAL INTRODUcriON 

1.1. Introduetion 

Man-made satellites are nowadays used for many purposes, e.g., for 

radiocommunications, meteorological observations, navigation, resources 

exploration and space research. The first communication satellites were 

placed in low-altitude orbits. Such satellites are not permanently visible 

from a fixed point on the earth; their positions are not stationary, hence, 

earth-station antennas with complicated tracking facilities are needed. At 

present, however, most communication satellites are positioned in the geo­

stationary orbit, which is nominally the circle in the equatorial plane 

wi th radius 42164. 04 km, centred at the centre of gravi ty of the earth. 

As early as 1945, Arthur C. Clarke suggested the idea to use geostationary 

satellites for communication purposes [3]. Some 20 years later radiocom­

munication systems using geostationary satellites indeed became operational. 

Presently, another important step forward in the application of satellites 

is due to be made with the introduetion of geostationary satellites for the 

broadcasting-satellite service. 

Up till now, braadcast programmes have been transmitted by terrestrial 

systems. Under normal propagation conditions the reach of a tela-

vision signal is then confined to the relatively small area of optical 

coverage around the transmitter. To make possible nation-wide reception of 

braadcast programmes several terrestrial transmitters are required, thus 

leading to the use of a lot of frequency assignments. For coverage of 

sparsely populated, mountainous or remote areas, a terrestrial transmit 

system is not very attractive from an economie point of view. Also, inter­

ference-free reception of additional programmes may not be guaranteed be­

cause of the limited frequency spectrum available for terrestrial services. 

Economie coverage of large geographical areas, as well as relief from the 

frequency shortage, can be achieved by use of braadcasting sateilites in 

the geostationary orbit that operate in other (higher) frequency bands: 

According to the Radio Regulations [ 10], the broadcasting-satellite service 

is "a radiocommunication service in which signals trans!llitted or retrans­

mitted by space stations are intended for direct reception by the general 

public. In the broadcasting-satellite service, the term 'direct reception' 
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shall encompass both individual reception and community reception". 

The planning of the broadcasting-satellite service has been based on 

the following desiderata: 

- individual reception; 

- nation-wide coverage; 

- efficient use of the radio-frequency spectrum and of the geostati?nary 

orbit. 

At the World Administrative Radio Conference for the planning of the 

broadcasting-satellite service held in Geneva in January 1977, regulations 

have been drawn up for the efficient and orderly use of the frequency 

spectrum and the geostationary orbit by countries in Region (Europe, 

USSR, Africa), and in Region 3 (Asia, Australia) [6]. At the Regional 

Administrative Conference held in Geneva in June - July 1983, regula­

tions have been adopted for the broadcasting-satellite service for the 

countries in Region 2 (North and South America) [7]. At these conferences 

various provisions have been agreed on with regard to: 

- the reference patterns for the copolarized radiation and the cross-polarized 

radiation of bath the satellite transmitting antenna and the earth-station 

receiving antenna; 

- the power flux-density from the satellite antenna; 

- the required signal quality at reception; 

- the frequency channels for each country (in the frequency band 11.7- 12.2 

GHz for countries in Regions 2and 3; in the frequency band 11.7 - 12.5 GHz 

for countries in Region 1); 

- the use of circularly polarized radiation; 

- the satellite orbital positions; 

and other performance requirements. 

The regulations adopted give rise to particularly stringent requirements 

tobe imposed on the electrical performance of the satellite transmitting 

antenna, namely [6], [7] : 

- the radiation must be circularly polarized in the service area; 

- in Regions 1 and 3 the main lobe of the radiation pattern should have an 

elliptical cross-section, and in Region 2 the cross-sectien may be either 

elliptically or irregularly shaped; 

- the radiation patterns may not exceed certain reference patterns for co­

polarized and cross-polarized radiation. 
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If the agreed specifications are not met, a signal with unacceptable 

level may be received outside the intended coverage area, thus leading 

to potential interference with signals present in a neighbouring coverage 

area. In Figure 1.1 coverage areas forsome European countries, assuming 

radiation patterns with an elliptical cross-section, are shown. The 

various aspects of satellite-broadcasting are discussed in more detail 

in section 1.2, where we shall also explain the basic concepts and 

terminology employed. 

Fig. 1.1. Coverage areas forsome European countries, assuming radiation 

patterns with an elliptical cross-section. The country symbols 

are taken from Table 1 of the Preface to the International 

Frequency List [9]. 
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Antennas are key elements in radiocommunication systems. The antenna­

system performance depends critically on the feed or the primary 

radiator. Designs for a broadcasting-satellite transmitting antenna 

which roeets the requirements listed above, arediscussed in sectien 1.3. 

one of these designs concerns the transmitting antenna of TV-SAT, the 

braadcasting satellite of the Federal Republic of Germany. The antenna 

configuration consists of a corrugated elliptical horn radiator and an 

offset parabolic reflector (see Figure 1.2), and its radiation pattern 

has a main lobe with an elliptical cross-section. From experiments it 

was found [5] that the transmitting antenna of TV-SAT has most favourable 

properties with respect to electrical performance, weight and reflector 

dimensions. In particular, the electrical performance of the antenna is 

claimed tomeet the stringent requirements that apply in Region 1 [6]. 

PARABOLIC 
REFLECTOR 

PARABOLOIO 
A XIS 

,---_,..._- --- ----
' ' ' ' ' '-', 

' ' ' ' 
ELLIPTICAL 
HORN 

Fig. 1.2. Design for the transmitting antenna for satellite-broadcasting. 

In the present thesis we are concerned with a theoretica! study of the 

antenna configuration of Figure 1.2, consisting of an offset parabalie 

reflector fed by a corrugated elliptical horn radiator. The electrical 

performancè of the antenna configuration is investigated by analytica! 

and numerical methods, and the results obtained are compared with these 

of experiments. Our investigation proceeds in two steps. In chapters 3 

and 4 we present a detailed analysis of the wave propagation and the 

radiation associated with a corrugated elliptical horn. In chapter 5 a 

numerical procedure is developed for the calculation of the radiation 

field of the antenna system, due to the combined action of the corrugated 

elliptical horn (primary radiator) and the parabalie reflector (secondary 
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radiator). Fora more detailed survey of the contentsof this thesis 

we refer to sectien 1.4. 

In conclusion, we feel that the present study makes two contributions. 

The main contribution which is also of independent interest, concerns 

the development of a theory that explains the wave propagation and 

radiation characteristics of a corrugated elliptical horn with arbitrary 

geometrical parameters. Our secend contribution pertains to the computa­

tional procedure developed to numerically determine the radiation field 

of the antenna system, with the horn and reflector geometries as input 

parameters. This procedure can be used to predict the electrical perfor­

mance. of an antenna system with given horn and reflector parameters. 

Next,by varying these parameters one may search for an antenna design 

that is optima! in some sense with respect to electrical performance. In 

this mannar the computational procedure is a most useful tool in the 

actual designing of the antenna system. The procedure provides a design 

through computation versus the alternative of a design based on costly 

experimentation. 

1.2. Aspects of braadcasting by satellite 

The main feature of a geostationary satellite is its fixed position 

relativa to the earth (except for small but manageable perturbations). 

Such a satellite is permanently visible from a certain fixed part of the 

surface of the earth. Hence, the electromagnetic field transmitted by a 

directional satellite antenna can be received in a specific area on the 

earth. Another important consequence of the fixed satellite position is 

that a small earth-station antenna need not be equipped with costly 

tracking facilities, due to the wide main lobe of its radiation pattern. 

A disadvantage of eperating from the geostationary orbit is the large 

basic signa! attenuation associated with radio-wave propagation over 

long distances, i.e. the free-space attenuation. Modern satellites, 

however, can provide sufficient power flux-density for adequate signal 

reception by means of a small, inexpensive earth-station antenna, thus 

making possible direct reception by the general public. The required 

power flux-density at the surface of the earth should be the larger, 

the smaller the dimensions of the receiving antenna are. Furthermore, 

the total power transmitted by a satellite antenna is proportional to 

the size of the area to be covered. 
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From the Radio Regulations [10] we quote: 

"In the broadcasting-satellite service the term 'direct reception by 

the general public' shall encompass both 

individual reception (see [10, No. 123]}: the reception of emissions 

from a space station in the broadcasting-satellite service by simple 

dornestic installations and in particular those possessing small antennae; 

and 

community reception (see [10, No. 124]): the reception of emissions from a 

space station in the broadcasting-satellite service by receiving equipment, 

which in some cases may be complex and have antennae larger than those used 

for individual reception, and intended for use: 

- by a group of the general public at one location; or 

- through a distribution system covering a limited area". 

In general, an inexpensive receiving antenna of srnall diroenslons has a 

radlation pattern with rather high sidelobes and a wide main lobe. Con­

sequently, such an antenna has a poor ability to discriminate between 

different signal sourees that transmit electromagnetic fields with similar 

characteristics such as frequency and polarization. As a result, coordina­

tion of services is necessary to keep signa! interference at acceptable 

levels. 

Furthermore, the poor ability to discrirninate between signal sourees 

limits the spacing of geostationary satellites, and lirnits the nurnber of 

tirnes that a frequency can be re-assigned. Receiving earth-station 

antennas that have a radlation pattern with a nariower main lobe and lower 

sidelobes towards the geostationary orbit, would make possible a smaller 

spacing of geostationary satellites and, consequently, a more efficient 

use of the geostationary orbit, at the expense of earth-station cost. 

From the Radio Regulations [10] we now quote the definitions of "service 

area" 1 "coverage area", and "beam area'', and the accompanying notes; see 

Annex 8 to Appendix 30 of [10]. The additional remarks, nat between quota­

tion-marks, are ours. 

"The service area is the area on the surface of the Earth in which the 

administration responsible for the .service has the right to demand that 

the agreed proteetion conditlans be provided. 

Note: In the definition of service area, it is made clear that within the 

service area the agreed proteetion conditlans can be demanded. This is 

the area where there should be at least the wanted power flux-density and 

proteetion against interference based on the agreed proteetion ratio for 

the agreed percentage of time". 
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"The coverage area is the area on the surface of the Earth delineated 

by a contour of a constant given value of power flux-density which 

would permit the wanted quality of reception in the absence of inter­

ference. 

Note 1: In accordance with the provisions of No. 2674 of the Radio 

Regulations, the coverage area must be the smallestarea whichencompasses 

the service area. 

Note 2: The coverage area, which will normally encompass the entire service 

area, will result from the intersectien of the antenna beam (elliptical or 

circular) with the surface of the Earth, and will be defined by a given 

value of power flux-density. For example, in the case of a Region 1 ar 3 

country with a service planned for individual reception, it would be the 

area delineated by the contour corresponding to a level of -103 dB(W/m2
) 

for 99% of the worst month. There will usually be an area outside the 

service area but within the coverage area in which the power flux-density 

will be at least equivalent to the minimum specified value; however, 

proteetion against interference will not be provided in this area". 

Remark 1: In the case of a Region 2 country, the level should be -107 dB 

{W/m2 ) [7]. 

Remark 2: In Region 2, the main lobe of the radiation pattern of a satellite 

transmitting antenna may have eitber an elliptically ar an irregularly 

shaped cross-sectien [7]. The latter cross-sectien should match with a 

coverage area bounded by an irregular contour. 

"The beam area is the area delineated by the intersectien of the half-power 

beam of the satellite transmitting antenna with the surface of the Earth. 

Note: The beam area is simply that area on the Earth's surface correspon­

ding to the -3 dB points on the satellite antenna radiation pattern. In 

many cases the beam area would almest coincide with the coverage area, the 

discrepancy being accounted for by the permanent difference in path lengtbs 

from the satellite throughout the beam area, and also by the permanent 

variations, if any, in propagation factors across the area. However, for a 

service area where the maximum dimension as seen from the satellite 

position is less than 0.6° (the agreed minimum practicabie satellite half­

power beamwidth), there could be a significant difference between the beam 

area and the coverage area". 

Remark: The minimum value of 0.6° for the half-power beamwidth applies for 

countries in Regions 1 and 3 [6]. For Region 2 countries a minimum value 

of 0.8° has been adopted [7]. 
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For a Region 2 country the coverage area may be irregularly shaped. In 

that case the satellite transmittidg antenna is required to have a radi­

ation pattern withits main lobe having a cross-section'that matches the 

irregular shape. ~uch a radiation pattarn can be realized by means of 

multiple narrow beams transmitted by multiple primary radiators, which 

are suitably combined to ferm the required shape of the main lobe. A 

specially shaped beam has a number of advantages over a simple elliptical 

beam, viz. 

- the power flux-density tbraughout the coverage area can be made nearly 

uniform; 

-the transmitted power can be concentrated intheservice area; 

-the total power transmitted by the satellite antenna is therefore smaller; 

-the undesirable spillover of radlation into neighbouring areasis re-

duced, while coverage of the intended area is maintained. As a result, the 

number of times that a frequency can be re-assigned, is larger. 

However, also some disadvantages should be mentioned, viz. 

- an antenna with a radiation pattern of a specially shaped cross-sectien 

has larger reflector dimensions; 

- the feed system is complex, volumineus and heavy. 

Insection 1.1 we listed several requirements to be imposed on the electri­

cal performance of a satellite transmitting antenna. In these requirements 

the polarization of the radiation plays a prominent role. For convenianee 

of the reader we now explain in some detail the concepts of polarization, 

orthogonal polarization, copolarization and cross polarization. 

According to the usual convention the polarization of an electromagnetic 

field at an observation point P refers to the physical electric field 

vector S(r,t), where ris the position vector of Pandt stands for time. 

We assume that P is sufficiently far from the sourees of the field. Then 

the field vector at P lies in a plane v, normalto the direction of wave 

propagation at P. In the case of a harmonie time dependenee exp(jWt) with 

w denoting the angular frequency, the physical electric field vector 

Ë<r,t) is given by 

Ë<r,tl = Re{Ë<rlexp(jwtl} , ( 1. 1) 

where Re means taking the real part and E(r) is the complex electric field 

vector at P. The latter vector is expressed as 
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(1. 2) 

where Ë1 (r) is the real partand E
2

(rl is the imaginary part. of Ë(rl; 

see Figure 1.3. Then it fellows that 

Fig. 1.3. Electric field veetors at the observation pointPand 

polarization ellipse. 

(1. 3) 

It ~an easily be shown that the extremity of the vector Ë(r,t) at P 

traverses an ellipse in the plane V, with centre at P. This ellipse is 

called the polarization ellipse (see Figure 1.3), and the field at P 

is said to be elli~tically polarized. Furthermore, the polarization is 

called right-handed (left-handed) if the polarization ellipse is traversed 

in a clockwise (anti-clockwise) direction for an observer looking in the 

direction of wave propagation at P. 

Two special cases are of interest. The extremity of the vector Ë(r,t) at 

P describes a line segment if the veetors Ë
1 

(r) and Fi
2 

(r) are linearly 

dependent, or equivalently if 

(1.4) 

where the asterisk means domplex conjugation. In that -case the field at P 

is said to be linearly polarized, and the axial ratio of the polarization 

ellipse (minor axis divided by major axis) is equal to 0. The polarization 

ellipse degenerates into a circle if the veetors Ë1 <i:l and Ë2 (r) are per­

pendicular and have equal length, or equivalently if 

0 1 Ë<r> -1 o. (1. 5) 
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Then the field at P is said to be circularly polarized, and the axial 

ratio of the polarization ellipse is equal to 1. 

From (1.2) it is clear that an elliptically polarized field can be re­

presented by the sum of two linearly polarized fields with a phase dif­

ference n/2. Generally, any elliptically polarized field can be decom­

poeed into two linearly polarized fields with field veetors pointing in 

perpendicular directions, but not necessarily with a phase difference 

TI/2. The same result holds for a circularly polarized field but now the 

linearly polarized constituents do have a phase difference TI/2. Further­

more, any elliptically polarized field can also be decomposed into two 

circularly polarized fields, one with a right-handed polarization and 

the other with a left-handed polarization. To show this we introduce 

unit veetors 

e x e e 
p q r 

gation at P. 

':ï{Ë 

Since 

e and ê at P in the plane 
p q 

where ê is the unit vector 
r 

Next the electrio field E(r) 

+ jE (r) ê }(ê -jê } , 
q p q 

. e -
p 

(r> ë Hê +jê >. 
q p q 

V, such that ê .L p 
in the direction 

is expressed as 

0, the fields 

ê and 
q 

of wave propa-

(1.6) 

( 1. 7) 

( 1. 8) 

cularly polarized, and it can easily be verified that the polarization 

is right-handed for ËR(r) and left-handed for ËL(r). As a special case 

of the present result we have: any linearly polarized field can be re­

presented by the sum of a right-handed and a left-handed circularly 

polarized field with the same strength. 

We now come to the definition of the concept of orthogonal polarization. 

Two elliptically polarized fields are said to be orthogonally polarized 

if their polarization ellipses 

-have the same axial ratio; 

-have perpendicular major axes (not applicable for circular polarizationsl1 

- are traversed in opposite senses (not applicable for linear polarizations}. 

By means of this concept the previous decomposition results can be refor­

mulated as fellows. Any elliptically polarized field can be decomposed 

into an orthogonally polarized pair of linearly polarized fields, and 
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into an orthogonally polarized pair of circularly polarized fields. 

Finally, the polarization type of an antenna radiation field is con­

veniently described in terros of "copolarization" and "cross polarization". 

The copolarization is a reference polarization which is usually taken to 

be a linear polarization with a given direction or a circular polarization 

with a given sense of rotation. The term cross polarization refers to the 

polarization orthogonal to the copolarization. 

For convenience we also assign a polarization type to antennas, and we 

shortly speak of elliptically, linearly and circularly polarized antennas. 

For a transmitting antenna the polarization type is identical to that of 

the field radiated by the antenna. The polarization type of a receiving 

antenna is identical to the polarization type of the incident field that 

gives rise to maximum signal reception. For maximum signal transfer between 

a transmitting antenna and a receiving antenna, it is necessary that the 

polarization ellipses associated with the antennas 

- have the same axial ratio; 

-have parallel major axes (not applicable for circular polarizations); 

-are traversed in the sarnedirections (not applicable for linear polarizations); 

in that case the antennas are said to be copolarized [11]. A circularly 

polarized receiving antenna, located in the coverage area of a circularly 

polarized transrnitting antenna, should be sirnply pointed at the latter 

antenna, without further alignrnent being necessary for maximum signa! re­

ception. In this respect circularly polarized radiation is preferabie to 

radiation of another polarization type, and this explains the requirement 

that the radiation must be circularly polarized in the service area [6], 

[7]. The absence of the need to align the receiving antenna makes circu­

larly polarized radiation particularly attractive for satellite-broad­

casting in the 12 GHz frequency band, where a very large number of re­

ceiving antennas (whether for individual or community reception) is a 

condition for economie viability of the service. 

Signal transfer will be suppressed if the transmitting antenna and the 

receiving antenna are orthogonally polarized. Hence, by use of orthogo­

nally polarized fields, emissions in the same frequency band from neigh­

bouring satellites can be discriminated from each other. Frequency re-use 

by polarization discriminatien therefore contributes to the efficient use 
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of the frequency spectrum and of the geostationary orbit. In practice, 

the suppression of orthogonally polarized signals is not complete, due 

to imperfect polarization characteristics of both the satellite trans­

mitting antenna and the earth-station receiving antenna, i.e., the co­

polarized wave as well as the cross-polarized wave are radiated and 

received. In addition, a transmitted wave will be depolarized on its 

path through the atmosphere, due to various atmospheric effects, for 

instanee rain [8]. Depolarization means that an initially copolarized 

radiation is converted into radiation that also contains a cross-

polarized component, which may lead to interference. Because of the 

depolarization effects induced by the atmosphere it is necessary to 

further tignten the requirements on the antenna polarization characte­

ristics. 

We end this sectien by specifying the reference patterns for the co­

polarized radiation and the cross-polarized radiation of a broadcasting­

satellite transmitting antenna. The reference patterns in Figure 1.4 apply 

to the circularly polarized radiation of a transmitting antenna for 

countries in Regions 1 and 3 [6]. The abscissa in Figure 1.4 is the angle 

@ normalized to @
0

, that is the angle corresponding to the -3 dB beam­

width of the reference pattern for the copolarized radiation. In practice, 

it may be difficult to meet the specificatien for the copolarized radia­

tien at angles ~/~0 ~ 1.5 which requires the sidelobe radiation level to 

be below -30 dB, and the specificatien for the cross-polarized radiation 

which must not exceed a level of -33 dB. The reference patterns in Figure 

1.5 apply to the circularly polarized radiation of a transmitting antenna 

for countries in Region 2 [7]. Also some other reference patterns, showing 

a faster roll-off of the main lobe of the copolarized radiation beyond the 

angle ~/~0 = 0.5 (leading to reduced interference), have been adopted [7]. 

From Figure 1.5 we cbserve that the sidelobe radiation level of the co­

polarized radiation is required to be below -25 dB, whereas the cross­

polarized radiation must not exceed a level of -30 dB. These specifica­

tions are less severe than the specifications shown in Figure 1.4. 
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Fig. 1.4. Reference patterns for copolarized radiation (A) and cross­

polarized radiation (B) from a broadcasting-satellite trans­

mitting antenna for countries in Regions 1 and 3. Curve C re­

presents the minus on-axis gain. Curves A and B continue as 

curve c af ter their intersections with curve C [ 6]. 
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1.3. Designs for broadcasting-satellite transmitting antennas 

As pointed out in the previous sections,the electrical performance of a 

satellite transmitting antenna should meet stringent requirements, in 

particular with regard to the sidelobe radiation level of the copolarized 

radiation and to the level of the cross-polarized radiation. These require­

ments cannot possibly be met by a tran;smitting antenna system in which block­

age of radiation occurs, i.e. where the wave reflected by the main re­

flector is partly blocked and scattered by the feed system and its sup­

porting struts [4]. Therefore, an axisymmetric single reflector antenna 

such as the front-fed parabalie antenna, and axisymmetric dual reflector 

antennas such as the Cassegrain antenna and the Gregorian antenna (both 

with a parabalie main reflector), deserve no further consideration. Block­

age can be avoided by tilting the feed system so as to use another portion 

of the reflecting parabalie surface as the main reflector. The resulting 

designs are known as the single offset parabalie reflector antenna, the 

offset Cassegrain antenna and the offset Gregorian antenna, respectively. 

The latter two are known as double offset antennas. 

An additional advantage of an offset transmitting antenna is the absence 

of direct reflection of radiation power back into the feed system. This 

results in a low voltage standing-wave ratio and, in case of multiple feed 

elements, in a low electromagnetic coupling between the elements via the 

reflector. Offset Cassegrain and offset Gregorian antennas are not as 

compact as the single offset reflector antenna. Therefore, the use of a 

double offset antenna as a satellite antenna is restricted by the volu­

metrie constraints imposed by the dimensions of present-day launeb 

vehicles [5]. Also, in a double offset antenna the requirement on the side­

lobe radiation level may not easily be met owing to the spillover of primary 

radiation beyond the subreflector into directions close to the main beam 

direction, and owing to diffraction effects arising at the rim of the 

subreflector [5]. Obviously, these effects do not occur in a single offset 

reflector antenna. 

In view of the stringent requirements imposed on the dimensions and on 

the electrical performance of a broadcasting-satellite transmitting antenna, 

the single offset reflector antenna is the most likely candidate to 

be used in an antenna-system design. Therefore, the discussion is now 

further restricted to antenna systems witl;l a single offset parabalie re­

flector that is fed by a primary radiator. 
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According to the provisions agreed on in [6], [7] (see sectien 1.1), 

circularly polarized radiation is to be used for satellite braadcasting 

in the 12 GHz frequency band. Now a circularly polarized field when re­

flected by a parabalie reflector, remains circularly polarized but with 

opposite sense of rotatien [2]. Therefore, the requirement on the pola­

rization of the secondary radiation translates into the requirement that 

the primary radiation incident on the parabolic reflector must be circu­

larly polarized. A single offset parabolic reflector antenna transmitting 

circularly polarized radiation, is known to exhibit a slightly displaced 

(squinted) radiation pattern. The squint occurs in the plane perpendicular 

to the plane of offset, and its direction depends on whether the circu­

lar polarization is right-handed or left-handed [2]. The squint effect 

can be compensated for by antenna pointing. 

Turning to the requirement that the main lobe of the secondary radiation 

pattern should have either an elliptically or an irregularly shaped 

cross-section, we shall discuss two current types of antenna systems. 

The first type employs a single offset parabolic reflector with an 

elliptical aperture, and a feed system that consists of an array of pri­

mary radiators fed by a power distribution netwerk. The required secon­

dary radiation pattern is realized by a proper combination of the radia­

tien patterns caused by each of the primary radiators. For each array 

element one needs a polarizer, a transition from the feeding waveguide 

to the radiator, an attenuator and a phase shifter. Such an array-type 

feed tends to become complex, bulky and heavy. Apart from the power loss 

in the feeding netwerk, an array-type feed exhibits some further draw­

backs such as 

- degradation of the polarization purity of the radiation of the array, 

due to the electromagnetic coupling between the array elements; 

- high spillover loss of radiation beyend the main reflector, due to high 

sidelobes in the radiation pattern of the feed system. 

Two examples of such an antenna system with multiple feed elements are 

now briefly reviewed. The first example concerns the transmitting antenna 

of the braadcasting satellite of Japan [12]. In this case the array-type 

feed consists of three conical horns, the focal length of the reflector 

is 0.85 m, and the elliptical aperture of the reflector has a major and 

a minor axis of 1.59 m and 1.03 m, respectively. According to the regu­

lations in [ 6], the angles of -3 dB beamwidth in the principal plan es of 

the secondary radiation pattern are allowed to be 3.50° and 3.30°. The 
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radlation patterns due to the three primary radiators have been 

properly combined such that the restiltant secondary radiation pattern 

has a main lobe with an irregularly;shaped cross-sectien that effectively 

covers the service area of Japan. From measured results publisbed in [12] 

it is concluded that the levels of both the copolarized sidelobe radia­

tien and the cross-polarized radlation meet the requirements which are in 

force [6]. 

Our secend example of an antenna system with multiple feed elements con­

cerns the satellite transmitting antenna propoSed for the coverage of 

Great Britain [l.]. Here, the angles of -3 dB beamwidth in the principal 

planes of the secondary radiation pattern should be 1.84° and 0.72° [6]. 

The array-type feed consists of ten cylindrical waveguides, the focal length 

of the parabalie reflector is 1.64 m, and the elliptical aperture of the 

reflector has a major and a minor axis of 2.72 mand 1.05 m, respectively. 

The radiation patterns due to the primary radiators are combined to yield 

a resultant radiation pattern, the main lobe of which has the required 

elliptical cross-sectien at the -3 dB power level. From the measured 

results reported in [1], it is concluded that both the requirement on the 

elliptical cross-sectien of the main lobe and the requirement on the co­

polarized sidelobe radiation (level below -30 dB), can be met. However, 

the requirement on the cross-polarized radiation (level below -33 dB) 

will not be satisfied, due to the degraded polarization purity of the 

radiation of the array-type feed. 

We now come to our secend type of antenna system, which employs a single 

offset parabalie reflector and a feed system that consists of one single 

primary radiator, viz., either a corrugated rectangular hornor a corrugated 

elliptical horn. For both types of horns the copolarized radiation has a 

pattern with an elliptical cross-section. Therefore, such a primary radia­

tor can be used for the efficient illumination of a reflector with a 

(nearly) elliptical boundary. Whether a rectangular or an elliptical. horn 

is considered for application in a broadcasting-satellite transmitting 

ante~~a, depends on the polarization purity of the circularly polarized 

radiation obtainable with such a hoin. 

As an example of an antenna system with a single primary radiator, we refer 

to the transmitting antenna of the braadcasting satellite TV-SAT of the 

Federal Republic of Germany [5]. According to the provisions in [6], the 

angles of -3 dB beamwidth in the principal planes of the secondary radia­

tien pattern should be 1.62° and 0.72°. The primary radiator of the 
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antenna system is a corrugated elliptical horn. From theoretica! and 

experimental analyses it has been found that an elliptical horn is pre­

ferabie to a corrugated rectangular horn, because for an elliptical 

horn the required polarization purity of the radiation is obtainable 

over a braader frequency band [5]. Well-designed corrugated elliptical 

horns are indeed capable of generating circularly polarized radiation 

with a radiation pattern that has an elliptical cross-section, in a 

frequency band that is sufficiently large for the application under 

consideration [13]. It has also been found for the transmitting antenna 

of TV-SAT, that a feed system consisting of a corrugated elliptical horn 

is preferabie to an array-type feed [5]. Advantages reported concern the 

directive gain which is 0.3 dB higher, a lower level of the sidelobe 

radiation, and a lower weight. The focal length of the P.arabolic reflec­

tor of TV-SAT is 1.5 m. The offset reflector coincides with that part of 

the parabalie surface that matches the radiation pattem with elliptical 

cross-section, caused by the tilted horn [5]. As a result, a nearly 

elliptical reflector aperture is obtained, see Figure 1.6. The aperture 

dimensions in the offset plane and in the plane perpendicular to that, 

are 1.4 mand 2.7 m, respectively. From the measured results publisbed 

in [5], it is concluded that the electrical performance of the trans­

mitting antenna of TV-SAT meets both the requirements on the copolarized 

radiation (sidelobe radiation level below -30 dB, andelliptical cross­

sectien of the main lobe of the secondary radiation pattern), and the 

cross-polarized radiation (level below -33 dB). 

PARABOLIC 
REFLECTOR 

---------..... 
... "'" ... ... ... ... 

---------~ .... ~ 

ELLlPTICAL 
HORN 

Fig. 1.6. Offset parabalie refle~tor antenna and its projected aperture. 
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Finally we summarize the main results of this section: 

1. The stringent requirements on the dimensions and on the electrical 

performance of a broadcasting-satellite transmitting antenna can be 

met by an antenna system in which a single offset reflector antenna 

is used. 

2. The main lobe of the secondary radiation pattern of a multiple-feed 

antenna system can be composed to have an irregularly shaped cross­

sectien by use of a properly excited array-type feed. 

3. In order to realize that the main lobe has an elliptically shaped 

cross-section, either a multiple-element or a single-element feed 

system can be employed. Suitable feed systems with a single element 

are the corrugated rectangular and elliptical horns. 

4. Disadvantages of a multiple-element feed system versus a single-ele­

ment feed system, refer to a greater complexity, larger dimensions 

and weight, and potentially, a degraded electrical performance. 

Advantages include operational flexibility (use for different coun­

tries) and, potentially, more efficient coverage of the service area. 

L 4. Survey of the contents 

The ultimate goal of this thesis is to determine the radiation field of 

an antenna system that consists of an offset parabolic reflector fed by 

a corrugated elliptical hom radiator. The approach to achieve this goal 

is most conveniently described in backward order. The final radiation 

field of the antenna system is considered to be due to the surface current 

Js induced in the parabolic reflector surface. Then the radiation field 

can be determined from a well-known integral representation for the elec­

tromagnetic.field in terros of the current J. The surface current is in-s 
duced by the primary radiation of the corrugated elliptical horn, which 

acts as an incident wave on the reflector surface. The exact value of the 

·current cannot be determined analytically. Therefore we employ the 

standard physical-optics approximation in which the surface current is 

approximated by J = 2n x 
s 

• Here, Hi is the magnatie field of the inci-

dent primary radiation at the reflector surface, and n is the unit vector 

normal to the reflector surface at the point of incidence pointinq towards 

the illuminated side of the reflector. 

The next step deals with the evaluation of the magnetic field at the 

reflector surface. As a first option the field can be found from 
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measured data [5]. However, such a specificatien of the field at the 

reflector surface requires a large number of measurements to be per­

formed on an already manufactured horn. Secondly, the magnetic field 
-i 
H can be determined from an integral representation for the primary 

radiation field in terros of the field distribution in the aperture of 

the elliptical horn, based on the Kirchhoff-Huygens approximation. Of 

course, the latter analytical approach is feasible only if the aperture 

field is known. The secend approach has been followed by Vokurka [13] 

in the case of an elliptical horn with a small flare angle. Thereby the 

field in the aperture of the corrugated horn is taken to be equal to 

the modal field of an infinitely long corrugated elliptical waveguide. 

More accurate results are obtained if the modal field is multiplied by 

a proper phase distribution function that accounts for the spherical­

wave nature of the aperture field. Clearly, Vokurka's analysis [13] is 

only valid for elliptical horns with small flare angle. 

In the present thesis the magnetic field Hi at the reflector surface is 

analytically determined by means of the Kirchhoff-Huygens integral re­

presentation involving the field distribution in the aperture of the 

corrugated elliptical horn. _The aperture field is now taken to be equal 

to the modal field of an infinitely long corrugated elliptical cone. In 

order to determine this modal field we develop a new theory of electro­

magnetic wave propagation in a corrugated elliptical cone with an arbi­

trary flare angle. In this manner the previous restrietion to elliptical 

horns with small flare angle [13] is removed. The modal field components 

are found to be represented by series of Lamé functions. The latter spe­

cial functions come up in the solution of the Helmholtz equation by se­

paration of variables in sphero-conal coordinates. These coordinates are 

most convenient for the present purpose because they fit the geometry of 

the elliptical cone. 

In conclusion, to evaluate the secondary radiation pattern of a single 

offset parabalie reflector antenna fed by a corrugated elliptical horn, 

we need to know: 

1. the induced current distribution on the reflector surface; 

2. the electromagnetic field at the reflector, due to the primary radia­

tien of the horn; 

3. the field in the aperture of the corrugated elliptical horn; 

4. the modal field in the corrugated elliptical cone. 
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The topics in this list determine, in reversed order, the subject­

matter of the subsequent chapters of the present thesis. 

Chapter 2 deals with a number of mathematica! preliminaries. The geo­

metry of the elliptical-conical hom is described in terms of sphero­

conal coordinates. In these coordinates the.Helmholtz equation can be 

solved by separation of variables, and the mathematica! functions 

involved, viz. Lamé functions, are treated in detail. 

In chapter 3 the problem of wave propagation in a corrugated elliptical 

cone is solved on the basis of the anisatrapie surface-impedance model 

for the corrugated wall of the cone. As a result, the modal fields in a 

corrugated elliptical cone are determined. 

In chapter 4 the radiation properties of corrugated elliptical horns are 

investigated. Two analytica! methods are developed for the eva1uation of 

the radiation patterns, namely, the wave-expansion metbod and the aperture­

field integration method. General properties of radiation fields from cor­

rugated elliptical horns are derived, and numerical and experimental re­

sults are presented for the radiation fields of a number of horns. 

Chapter 5 deals with the radiation characteristics of the antenna system 

that consists of a single offset parabalie reflector illuminated by a 

corrugated elliptical horn. Numerical results for the final radiation 

field are compared with experimental results. 

In chapter 6 the main results of this thesis are summarized. 
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2. SPHERO-CONAL COORDINATES AND LAME FUNCTIONS 

2.1. Introduetion 

In this chapter we give, in sufficient detail, the tools needed in the 

investigation of wave propagation and radiation problems for elliptical 

conical horns, which will be dealt with in subsequent chapters. Our 

first ccncern is to introduce suitable coordinates to describe the 

geometry of the horn. Furthermore, the mathematica! functions which 

are the solutions of the separated Helmholtz equation will be discussed. 

A familiar method for solving the scalar Helmholtz equation is sapa­

ration of variables. For that purpose we need an orthogonal system of 

coordinates that fits the elliptical-conical geometry of the horn. 

In addition, separation into ordinary differential equations, having 

easy-to-find solutions, must be possible. The coordinate system that 

meets these requirements is the sphero-conal system in trigonometrie 

ferm [5], [7]. As we will see, its coordinate surfaces have a simple 

geometrical interpretation and their computation only involves sines 

and cosines. Furthermore, the transition to the well-known spherical 

coordinate system can be easily established. Thus the solutions to 

field problems for circular-conical devices are contained in the ellip­

tical-conical solutions. 

Separating the Belmholtz equation we arrive at three ordinary differ­

ential equations: 

(a) the differential equation of "spherical" Bessel functions; 

(b) the Lamé differential equation with nonperiodic boundary condition~ 

(c) the Lamé differential equation with periodic boundary conditions. 

The solutions of the first and third equations have been well docu­

mented for quite a long time. For "spherical" Bessel functions we can 

refer to [1, Chapter 10], and for the periodic Lamé functions to [3], 

[4]. It is, however, only recently that the solutions of the nonperiadie 

Lamé equation have been shown to be connected with those of the 

periodic Lamé equation. This contribution to the theory of Lamé 

functions is due to Jansen and can be found in his Ph.D. thesis [5] 

and in a slightly revised version [6]. This knowledge of the nonperiadie 

Lamé functions will facilitate the investigation of wave propagation and 

radiation problems for elliptical horns. 
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2.2. The trigonometrie representation of sphero-conal coordinates 

The sphero-conal coordinates, denoted by (r,e,~}, are related to Car­

tesian coordinates (x,y,z) by 

x = r sin e cos ~. (2.1) 

y (2.2) 

(2.3) 

where 

1, 0 ~ k ~ 1, 0 ::; k' ::; 1, (2.4} 

r ~ 0, o ~ e ~ '!T, 0 ~ <I>~ 2'!T. 

The representation by equations (2.1)-{2.3) is chosen to let the sphero­

conal system coincide with the spherical coordinate system, in its 

commonly used form, when k' = 0. 

The surfaces r ro, e eo and ~ = ~o' where ro, eo and ~0 are con­

stants, are called coordinate surfaces (see Figure 2.1a). Before 

x 

z 

Fig. 2.1a. The sphero-conal coordinate system. 
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investigating the geometry of the coordinate surfaces, we will briefly 

discuss coordinate curves, unit veetors and scale factors of the sphero­

conal coordinate system. 

Each pair of coordinate surfaces intersects in a coordinate curve, 

designated by the variable coordinate. A ~-curve, for instance, is 

given by r ~ r
0

, 6 ~ 6
0 

and 0 ~ ~ < 2~. The various coordinate curves 

on the surface r = r
0 

in Figures 2.1a and 2.1b are described in terms 

of the angular coordinates 0,~ as follows (at point F, 6 = 0 and 

~ = ~/2), 

DA: e e 0 
0 

s ~ s ~/2; 
ED: 0 s e s a ~ 0 

0 

EF: a 0 0 ~ ~ s ~/2 or ~ <: 4> <: ~/2; 

FA: 0 s a s e tP ~/2; 
0 

GJ: 0 s e s n/2, tP 4>0 i 

JK: e Tï/2, 4>0 ~ 4> s Ti/2. 

We note that GJ is part of a a-curve, along which only the coordinate 

a varies, while DA is part of a 4>-curve, along which only the coordi-

nate 4> varies. Furthermore, we abserve that each point of EF is des­

cribed by two coordinate triples, viz. (r0 , 0, 4>> and (r
0

, 0, n-4J). 

The coordinate system is called orthogonal if the coordinate surfaces 

interseet at right angles. For such a system, the set of unit veetors 

tangent to the coordinate curves, and in the direction of increasing 

coordinate values, is at each point identical with a set of unit 

veetors normal to the coordinate surfaces. Denote the unit veetors of 

the Cartesian coordinate system by êx' ê , and let r = x ê + y ê + y x y 
+ z êz bethe position vector of a point P. Then the veetors tangent to 

the r-, 6- and cp-curves at P are given by, respectively 

sina cosijl 

2 2 1:! cos a(t- k' sin ~) 

(2.5) 
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cose cos4J 

a -
ae (r) = r {2.6) 

-sine sin$ 

(2. 7) 

These veetors are not necessarily of unit length. Their lengths are 

called the scale factors of the coordinate system. Denoting these 

factors by hr, he and h$, we find from equations (2.5)-(2.7} that 

hiP 

1 

r(k
2 

sin
2
e + k'

2 cos2q,l~ 
1 - k2 cos2 e 

(2.8) 

{2.9) 

(2 .10) 

The unit veetors êr, ê8 , êq,, respectively in the direction of in­

creasing r, e and $, are given by 

ê -1 a 
r hr ar <r> (2.11) 

êe 
-1 a -

he 00 (rl (2.12) 

êq, 
-1 = hq, 

a -
a$ (r) {2,13) 

We note that the vector product êr x êe equals êq,. Bence r,S,$ form in 

this order a right-handed system of coordinates. In Figure 2.1b it is 
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x 

Fig. 2.1b. Unit veetors at various points. 

1: êr; 2: êe; 3: ê~. 

shown how the sphero-conal unit veetors change direction from point to 

point. Special attention must he paid to the unit veetors ê 9, ê~! 

tangent to the surface r = r
0

, at points in the yz-plane. Expressions 

for the latter unit veetors in terms of the Cartesian unit veetors êx, 

êy' êz follow from equations (2.11)-{2.13) and are given below. We 

will distinguish three cases: 

1. Curve EF: e = 0, 0 ~ <P ~ 1f/2. Th en we find 

êe = ê ê<P (1 k'2 . 2~)~ ê - k'sin~ ê x' - SJ.n . y z 

2. curve FE: e 0, if/2 '$ ~ '$ 'IT. In this case we get 

3. Curve FK: 0 ~ 6 ~ 1f/2, <P 'IT/2. Now we have 

-ê • 
x 

Note that, for points with r = r
0 

and e = O, we must specify the <!>­
interval in order to obtain an unambiguous relation between sphero­

conal and Cartesian unit vectors. 
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The arc-length element ds along a coordinate curve at P is 

ds dr (r-curve), (2 .14) 

ds (2.15) 

(2.16) 

Now we will discuss the geometry of the coordinate surfaces in more 

detail. The following equations for the coordinate surfaces can be 

obtained from (2.1)-(2.3) by eliminating the sphero-con~l coordinates 

which are variable for the surface under consideration: 

r = r 
0 

e e 
0 

2 
r 

0 
(2.17) 

(2.1!;!) 

(2.19) 

Equation (2.17) represents a sphere of radius r
0 

with centre at the 

origin (see Figure 2.1a}. Equation (2.18) describes an elliptical cone 

along the z-axis with vertex at the origin. The intersectien of this 

cone e = eo and the plane z 

described by 

z 1 = r
0 

k cos9
0 

(= OB) is an ellipse, 

(2.19a) 

seeFigure2.1a. Wenote that tan2 8 .s; k-2 sec2 8 1, hence the minor 
0 0 

axis lies in the xz-plane and the major axis in the yz-plane. The semi-

minor axis b8 is 

( 2. 20) 

and the semi-major axis ae is 



AB 
z

1
(1- k2 cos2 90)~ 

k cos e 
0 
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(2.21) 

where e~ is the angle between OA and the z-axis; see Figure 2.1a. From 

equation {2.20) it can be seen that the cone has a semi-opening angle 

6
0 

in the xz-plane, measured from the positive z-axis. The aspect ratio 

of the ellipse (minor axis divided by major axis) is 

{2.22) 

In Figures 2.2 and 2.3, 6~ is plotted against 6
0 

and are' respectively. 

Fig. 2.2. 8~ as a function of 8
0

; 

parameter are· 

90 

5 

0~--------------~ 
0 

Fig. 2.3. 8~ as a function of are; 

parameter eo. 

The semi-interfocal distance or linear eccentricity ee, defined by 
2 2 2 e 8 = a8 - b8 , is measured along AB and equals 

k' z
1 

k cos e 
0 

r k' 
0 

Inversely, when the aspect ratio arS of the elliptical cone 8 

given, we can determine the parameter k from 

(2.23) 

e is 
0 
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(2.24) 
1 -

and k' from equation (2.4). In Figure 2.4, k'L is plottedas a function 

of eo, with are as a parameter. 

The coordinate surface e = 9
0

, described by equation (2.18), can serve 

as the surface of a z-oriented horn with elliptical cross-section. 

N .... 

90 

Fig.2.4. 

fPo(degrl 0 

k' 2 as a function of e ; 
0 

parameter a e • 
2 r 

k as a function of ~0 ; 

parameter ar<P· 

x 

b* 
----~~~+---~~~._9 

Fig. 2.5. (1} Projection onto the 

xy-plane of the $~curve 

r = r 0, e e 0, 0 ~ <P < 21T; 

(2} Cross-sectien of the 

cone e a 0 and the plane 

Next we consider the $-curve, described by r = r
0

, a = 9
0

, 0 ~ $ < 21T. 

Its projection onto the xy-plane is an ellipse (see Figure 2.5) given 

by 

1 • (2.24a) 

This ellipse has a semi-minor axis bê and a semi-major axis aê given by 
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a* e r (1-k2 cos2 e )~-a 
o o - e (2.25) 

where b9, a9 are given by (2.20), (2.21); see Figure 2.5. The aspect 

ratio a;9 of the ellipse (2.24a) is 

a* 
re 

(2.26) 

The relationship between arS and a;6 is graphically shown in Figure 2.6. 

Because 0 ~ are ~ 1, we find that a;6 assumes values between sin6
0 

and 1. 

Equation (2.19) represents an elliptical cone along the y-axis with 

vertex at the origin. Although this cone will not be used in the 

present study, we will discuss some of its properties here for the sake 

of completeness. The coordinate surface ~ = ~0 is a cone in the 

half-space y ~ 0 if 0 ~ ~0 ~ ~, and in the half-space y ~ 0 if 

~ ~ ~0 ~ 2~. The intersectien of the cone (2.19) and theplane y 

y 1 = r0k'sin~0 (=OH) is an ellipse (see Figure 2.1a), given by 

1 (2.26a) 

2 -2 2 We note that cot ~0 ~ k' csc ~0 1, hence the minor axis lies in the 

xy-plane and the major axis in the yz-plane. The semi-minor axis b~ is 

b = IH 
~ 

{2.27) 

and the semi-major axis a~ is 

(2.28) 

where ~~is the angle betweenOG and the z-axis (see Figure 2.1a). From 

equation (2.27) it is seen that the cone ~ = $
0 

has a semi-opening 

angle ~/2 - ~0 in the xy-plane, measured from the positive y-axis. The 

aspect ratio of the ellipse is 
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a (k• 4> ) = tan!j>' /tan!j> 
rij> ' o o o 

(2.29) 

2 The semi-interfocal distance e!j>, defined by e~ 2 2 
a~ - b4>' is measured 

along GH and equals 

r k 
0 

Inversely, when the aspect ratio ar4> of the elliptical cone ~ 

given, we can determine the parameter k' from 

(2.30) 

~0 is 

(2.31} 

and k from equation (2.4). In Figure 2.4, k2 is plottedas a function 

of $
0

, with ar$ as a parameter. 

The projection of the 6-curve, described by r = r
0

, 0 ~ 9 ~ TI, Ij>= $
0 

or 4> = TI - $
0

, onto the xz-plane is an ellipse given by 

2 2 
~~x~~- + z 
r~ cos

2
4>

0 
r~ (1-k'

2 
sin

2$
0

) 

1 (2. 31a) 

This ellipse has a semi-minor axis b$ and a semi-major axis a; given 

by 

b 
b* = r cos$

0 
= _1 

4> 0 k' 
(2.32) 

where b4>, a$ are given by (2.27), (2.28). The aspect ratio a;$ of the 

ellipse is 

a* 
r$ 

ar<P _ 2 2· L 
( 1 ( 1 ) sin 4> ) '2 k' - - -ar~ o (2.33} 

Figure 2.6 depiets the relationship between a;!j> and ar~· We find that 

a;!j> assumes values between lcos$
0

1 and 1. 

Degenerate surfaces of the coordinate system are also of practical 

interest [8], [9]. These surfaces are angular sectors of the yz~plane. 
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curve e (degr) <Po (degr) 
0 

a 0 90 

b 20 70 

c 30 60 

d 40 50 

e 50 40 

f 60 30 

0 
0 a~e 

Fig. 2.6. Relationship between a"' and are; parameter e • 
re 0 

Relationship between a:<P and ar$; parameter <P • 
0 

If 6
0 

~ 0 (or 6
0 

~ n), equation (2.18) describes a sector symmetrie 

with respect to the z-axis and having a semi-angle equal to arctan(k'/k}. 

When crossing the sector eo ~ 0 (or eo = n), the unit 

veetors ë 6 , ê<P change direction (see Figure 2.1b). It is at these 

sectors that additional conditions must be imposed upon the Laméfunctions 

as we will see in sections 2.4 and 2.5. If <P = n/2 (or $ = 3~/2) 
0 0 

equation (2.19) describes a sector symmetrie with respect to the y-axis 

and having a semi-angle equal to arctan(k/k'). Together, these four 

sectors cover the complete yz-plane. 

Insome of the computations in the sections 4.4.1 and 4.4.2 we use a 

rectangular grid of points imposed upon an elliptical area like the 

projection in Figure 2.5. At the grid points we need to know r, 6 and $ 
as functions of x, y and z. The relationship between the two sets of 

coordinates is best obtained in two steps: first, determine the spheri­

cal coordinates r, 6' and <P' as functions of x, y and z; second, de­

termine the sphero-conal coordinates e and <P as functions of r, e• and 

<f>'. The results of the two steps are given below. The coordinate ris 
2 2 2 ~ . determined by r (x + y + z) • The spher~cal coordinates (r, e•, $') 

are related to Cartesian coordinates by 

x r sine• cosljl' (2.34) 

y r sine• sin<j>' (2. 35) 



z = r case• 

From these equations we find 

case• = z/r , sine• 

2 2 -1:! 
cos~' = x(r - z ) 

2 
(1 - !_)~ 

2 
r 

sin~' 
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2 2 -~ y(r - z ) 

The sphero-conal coordinates are then obtained from 

sine• cos$' = sin9 cos$ 

sine• sin$' 

From equations (2.39) and (2.40) we have 

cos$= sine• cos<jl'/sine 

• .+. • eI • .+.I ( 1 - k 2 00s
2e) -~ s~no/ = s~n s~no/ 

By adding the squares of the two equations (2.42) we are led to a 
2 quadratic equation in cos e, viz. 

The latter equation can easily be solved for cos2e and we find 

2 1 2 2 2 2 2 
cos e = --- [1 + k cos e• - k' sin e• sin ~· + 

2k
2 

2 2 2 2 . 2 2 2 2 ~ + {(l+k cos e• - k' sin e·s~n $') - 4k cos e•}] . 

(2.36) 

{2. 37) 

(2. 38) 

(2.39) 

(2.40) 

(2.41) 

(2.42) 

(2.43) 

(2.44) 

Since 6 = 9' if <jl' 0, it is readily seen that in equation (2.44) the 

minus sign must be used. From equation (2.44) we know cos9, except for 

the sign, hence we find e or n - e. Knowing cos2e we can determine 4> 

from the equations (2.42). The computations of e and 4> simplify for 

special values of$'. If $' = 0 we find <jl = 0 and 6 = 6'. If $' = ~/2, 
which corresponds to the half-plane 



x = 0, y ~ 0, -00 < Z < 00 I 

we get, using equation (2.39), ~ 

we derive from equation (2.41) 
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rr/2 or 8 

8 = arccos(k-
1 

cos8'), if lcos8' I ~ k 

If 8 0 we find from equation (2.40) 

0 or 8 Tf. If ~ 

~ = arcsin(k'- 1sin8') or ~ = rr-arcsin(k'-1sin8'), if cos8' ~k. 

If 8 = Tr we derive from equation (2.40) 

(2.45) 

Tr/2 

(2.46) 

(2.47) 

~ = arcsin(k'- 1sin8') or ~ = rr-arcsin(k'-1sin8'), if cos8' ~ -k. (2.48) 

2.3. Differential operators and integral theorems 

In this sectien we present expressions for the differential operators 

gradient, divergence, curl and Laplacian in the system of sphero-conal 

coordinates. These operators can be shortly written in terms of the 

vector differential operator V (del or nabla). The latter operator is 

split into a radial operator vr, and a transversal operator vt' i.e. 

transversal with respect to r. Let ~ define a differentiable scalar 

function and let F = Frêr + F8ë 8 + F~ê~ be a differentiable vector 

function of position. Then we have for the gradient, divergence, curl 

and Laplacian in sphero-conal coordinates: 

V~ grad ~ = Vr~ + ..!. V ~ 
r t 

~ê 
ar r 

h 
where hê h$ = ~, and h8 , h~ are given by (2.9), (2.10); 

V.'F div F V .F + ..!. V .'F 
r r t 

V 
1 a (r2F ) .F 2 ar r r r 

(2.49a) 

(2.49b) 

(2.49c) 

(2.50a) 

(2.50b) 



1/xF curl F 11 xF+.!.II xF 
r r t 

02,,, 1 a ( 2 ~) 
V r'l' = 2 ar r ar 1 

r 

a h!. a a 
(h*h*l -1 {"e (-Y ~> + "'"' e <P o h* ae o"' 

e 

-36-

h* 
(...J! alP)} 
h* <l!f> 

![! 

(2.50c} 

(2.51a} 

(2.51b} 

(2.51c) 

(2.52a) 

(2.52b) 

(2.52c) 

The following formulas from vector analysis are useful for further 

work and can easily be proved: 

(2.53) 

(2.54) 

(2 .55} 

(2.56) 

For later use we present some integral theorems which relate surface 

integrals over a spherical cap to line integrals along its boundary [2]. 

Let n be a spherical cap of the unit sphere, described by r = 1, 

0 ~ e .,; e , 0 ~ ![! < 2'IT. The boundary c of nis a $-curve, given by r= 1, 
0 

e 6
0

, 0 >; ![! < 2'IT. Let be the transverse component of the vector 

F. Then the surface divergence theorem reads 

(2.57) 
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where dQ • hêh$d9d$ is the surface area element and de = h$d~ is the 

arc-length element. If Q denotes the complete unit sphere, we have 

(2. 57al 

By substituting Ft 

(2. 58) 

which is Green's first identity for a surface. Interchanging the sub­

scripts 1 and 2 and subtracting the result from equation (2.58), we 

obtain Green's secend identity for a surface: 

(2. 59) 

Replacing Ft in equation (2.57) by êrx$F, we find 

J lf!F.ê$ de 
c 

(2.60) 

If lfi = constant, equation (2.60) becomes 

(2.61) 

which is Stokes' theorem. 

By substituting Ft= êrxlfi1Vtlfl2 into the divergence theerem (2.57) we 

obtain 

(2.62) 

In subsequent sections these integral theorems will be used, for 

instance, in proving orthogonality properties of the solutions for the 

scalar Helmholtz equation in a region bounded by an elliptical cone. 

2.4. The scalar Helmholtz equation 

In the next chapter we will study the electromagnetic fields inside a 

cone of elliptical cross-section. As a preliminary we now investigate 
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the solutions of the scalar Helmho~tz equation in sphero-conal coordi­

nates. We employ separation of variables to solve the homogeneous 

scalar Helmholtz equation 

0 1 (2.63) 

where k* = 2~/À0 is the free-space wave number and À
0 

the free-space 

wavelength. In addition the wave function ~ must satisfy some homo­

geneaus boundary condition and the resulting boundary value proplem 

will be shown to have a discrete set of eigensolutions or modes. The 

simplest boundary value problems that we will encounter involve the 

coordinate surface S, given by e = e
0

, on which the wave function 1/J 

satisfies either of the following boundary conditions 

0 I (2.64) 

~I = 0 ae e 
0 

(2.65) 

the Dirichlet and Neumann conditions, or short-circuit and open-circuit 

conditions, respectively. The Helmholtz equation {2.63) is to be solved 

in the region r > 0, 0 ~ e < eo, 0 ~ ~ < 2~, i.e. inside the elliptical 

cone s. We shall look for solutions of the ferm 

1/J = R(r) v(e,~> 1 (2.66) 

in which the radial and transverse dependenee of 1/J have been separated. 

By substitution of (2.66} into (2.63) the Helmholtz equation becomes 

2 1 2 2 
v(9,$}Vr R(r} + R(r) :2 Vt v(9,$) + k* R{r) v(9,$) 0 • (2 .67) 

r 

Then by the standard separation argument we arrive at the following 

equations for R(r) and v{e,$), 

0 , (2.68} 

Q 1 (2.69) 

where V{v+1} ~* is the separation constant. The boundary conditions 
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(2.64) and (2.65) reduce to 

(2.70) 

3v(6,Q>J I = 0 ae 6 · 
0 

(2. 71) 

The differential equation (2.69) together with the boundary condition 

(2.70) or (2.71) constitute an eigenvalue problem. For specific values 

of~*, called eigenvalues, the problem has a non-trivial solution v ~ 0, 

which is called the corresponding eigenfunction. Jansen [6, p. 24] has 

shown that there exists a denumerable set of eigenvalues and corres­

ponding eigenfunctions in both cases of the Dirichlet condition (2.70) 

and the Neumann condition (2.71). It is readily seen that all eigen­

values are non-negative. Indeed, let (~*,v) be a solution of the eigen­

value problem and let v* be the complex conjugate of v. Then by sub­

stituting.$1 = v*, $2 = v into Green's first identity (2.58) and using 

the boundary condition (2.70} or (2.71) we obtain 

IJ 1Vtvl2 <ill 
n 
~----~---- ~ 0 . 
fJ lvl 2 

<ill 
n 

Here n is the spherical cap, described by r 

(2.72) 

1, 0' 8' 80, 0'. < 2~ 

Consider next a pair of solutions (~Î• v 1J and <~2• v2J of the eigen­

value problem. Then by substituting $ 1 v 1, $2 = v2 into Green's 

identities (2.58), (2.59), we arrive at the following results: 

if lli -F 112· 

(2, 73) 

0 (2.74) 

v, 

(2. 75) 
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Hence, the two eigenfunctions v1 and v 2 as well as their gradients are 

orthogonal if ~Î # ~2· 

We now come to a more detailed study of the differential equations for 

the radial and transveraal parts of ~- Written out in full equation 

(2. 68) yields 

0 1 (2.76) 

which is the differential equation of the "spherical" Bessel functions 

[1, Chapter 10]. Solutions are the "spherical" Bessel functions of the 

first kind 

(2. 77) 

the "spherical" Bessel functions of the second kind 

(2.78) 

and the "spherical" Bessel functions of the third kind, the "spherical" 

Hankel functions, 

h (l) (k*r) 
V 

h (2) (k*r) 
V 

jv (k*r) + jyv (k*rl , 

jv (k*r) - jyv (k*r) • 

(2. 79) 

( 2. 80) 

Here, JV+~ and YV+~ are the Bessel functions of the first and second 

kind, respectively, and j is the imaginary unit. The kind of solution 

to be employed depends on the particular problem under consideration. 

In forthcoming chapters use will be made of the asymptotic expansions 

of the "spherical" Bessel functions for large argument k*r. For con­

venience they are listed below: 

-1 v+l 
jv(k*r) ~ (k*r) cos(k*r - ~) , (2.81) 

Yv(k*r) ~ (k*r)-l sin(k*r- v;l~) (2 .82) 



h (1) (k*r) ~ 
\) 
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(k*rl-1 exp{+j(k*r- V+l 1f)} 
2 

h~2l(k*r) ~ (k*r)-1 exp{-j(k*r- v;l 1f)}. 

A useful relation in power-flow calculations is 

Im[h (1) (k*r) ~rh (1) (k*r) }*) = - (k*r) -l , 
\) dr \) 

(2.83) 

(2.84) 

{2.85) 

where the asterisk, except for that in k*, means complex conjugation. 

In the derivation of equation (2.85) we have made use of the Wronskian 
(1) 

for the "spherical" Bessel functions [1, form. 10.1.6]. If h\1 is 

replaced by h~2 ), the right-hand side of (2.85) changes sign. 

The partial differential equation (2.69) for the transverse dependenee 

written out in full yields 

0 • (2.86) 

To avoid singularities we have to explicitly require that the wave 

function $ is a single-valued continuously differentiable function in 

the region inside the cone s. Thus, in addition to the boundary con­

ditions (2.70) and (2.71), the following conditions must be satisfied: 

v(S,O) 3v(8, 0) 
v(8,21f) , 3$ 

v(O,cj)) 

3v(8,21f) 
3$ 

av(0,1f-<Pl 
ae 

(2.87) 

(2.88} 

These conditions imply "periodicity" of 1jJ with respect to the coordi­

nate cp, and continuity of $ and its gradient across the sector e = 0. 

Separating v(8,$) as 

and introducing the separation constant À*, we find that equation 

(2.86) separates into the following two Lamé equations: 

(2. 89) 

0 , (2.90) 
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Let 

À (2. 92) 

then equations (2.90} and (2.91) become 

2 2 ~ d 2 2 ~ d8{6) 2 2 (1-k COS 6) ~(1-k COS 6} ~}+{~*(1-k COS 6)-À}0(6) = 0 1 (2.93) 

(1-k' 2sin2$)~ ~(1-k' 2sin2$)~ d:~Pl}+{~*(1-k' 2sin2$)-(~*-À)}~($) ~ 0. 

(2. 94) 

Solutions of the e Lamé equation are the odd and even nonperiadie Lamé 

functions. Solutions of the $ Lamé equation are the odd and even 

simple-periodic Lamé functions with period nor 2n. A function ~($) is' 

called even symmetrie if ~(TI-$)=~($), and odd symmetrie if ~(n-$)=-~($), 

corresponding to symmetries with respect to $ n/2 and cp = 3n/2. 

As a consequence of these symmetry relations we find from equation 

(2.88), 

d8(0) 
~ = 0, if ~ is even symmetrie , (2. 94a) 

and 

0(0) = 0, if ~ is odd symmetrie • (2. 94b) 

So far we have separated the scalar Helmholtz equation into three 

ordinary differential equations and we have indicated some properties 

of the solutions of these equations. In the next sectien we will deal 

in more detail with the nonperiadie and the simple-periodic Lamé 

functions. 

2.5. The Lamé functions 

2.5.1 Lamé functions regular inside the elliptical cone 

We first consider the simple-periodic Lamé functions which are 

solutions of the $ Lamé equation (2. 94). The symmetry (odd or even), 

and the periodicity (period n or 2n) of the s1mple-periodic Lamé 

functions are reflected in the Fourier-series representations of these 
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functions. Based on these symmetry and periodicity properties, we 

distinguish four classes of Lamé functions. The notation is taken from 

Jansen [6, p. 48]. We note again that the symmetry holds with respect 

to ~ = ~/2 and ~ = 3~/2. 

Class I. The functions are even symmetrie with period ~, and have the 

property ~(~) = ~(~+~) = ~(~-~). The functions are denoted by L~~n)(~) 
and their series representation is 

L(2n) (~) 
C\) 

co 

I 
r=O 

A( 2n) cos 2r~, 
2r 

n=0,1,2, •••• (2.95) 

Class II. The functions are odd symmetrie with period 2~, and have the 

property ~(~) = -~(~+~) = -~{n-~). The functions are denoted by 

L( 2n+l) (~) and their series representation is 
cv 

L{2n+l) ($) 
cv 

A( 2n+l) cos(2r+1)$, n = 0,1,2, •••• 
2r+1 (2.96) 

Class III. The functions are odd symmetrie with period ~. and have the 

property ~($) = ~(~+$) = -~(~-$). The functions are denoted by 

L( 2n) (~) and their series representation is 
sv 

L(2n) (~) 
sv I 

r=l 
B

(2n) . 
2r s~n 2r$ , n = 1,2,3, •••• 

Class IV. The functions are even symmetrie with period 2~, and 

(2. 97) 

have the property ~($) = -~(~+~) = ~(~-~). The functions are denoted 

by L~~n+l) ($) and their series representation is 

L{2n+1) {$) 
SV 

co 
" (2n+1) 
l a2r+l sin{2r+1)$, 

r=O 
n 0,1, 2, •••. (2.98) 

For each type of periodic solution the coefficients Ar or Br must 

satisfy a three-term recurrence relation, which is obtained by sub­

stitution of the series representation into the 4> Lamé equation (2.94}. 

The recurrence relations can be rewritten in matrix notation thus 

leading to an eigenvalue problem for infinite tridiagonal matrices. 
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Fora given v and k', the eigenvalues and the corresponding eigenveetors 

can be computèd. The eigenvalues determine the admissible values of' the 

parameter À in equation (2.94), whereas the eigenveetors are proportion­

al to the sequences of Ar or Br. According to [6, Lemma 2.6, p. 31] 

only the eigenvalues À satisfying 0 < À < ~* need to be considered. In 

the proof of this lemma use has been made of the conditions at 8 = 0 

and the boundary conditions at 8 = 8
0 

for the nonperiadie Lamé 

functions. Having determined the coefficients Ar and Brthe various 

Lamé functions can be numerically evaluated by means of their series 

representations. Details regarding the palaulation of the eigen-

values and eigenveetors of the infinite tridiagonal matrices are 

to be found in [6, Chapter 4]. According to [6, Theorem 3.1, p. 50) 

the Fourier series (2.95)-(2.98) and their derivatives converge uni­

formly in [0, 2~]. 

For later use in chapters 3 and 4 we establish some integral relations 

for periadie Lamé functions. Let (À*, L(m) ($)) and (À*, L(n) ($)) be 
m cv1 n c\12 

solutions of the $ Lamé equation (2.91) with p* = ~1 = v 1 <v1+1) and 

p* = ~2 = v 2 <v 2+1), respectively. In equation (2.91) we replace p*, 

À*,~($) by ~*1 , À*, L(m) ($), and the result is multiplied by L{n} ($). 
m C\)1 C\)2 

Then, by integrating over $ from 0 to 2~ and using the periodicity of 

~, we obtain 

2
1T 2 2 2 2 -~ ( ) ( ) 

p* J k' cos $(1-k' sin $) L m ($) L n ($) d$ + 
1 0 C\)1 C\)2 

(2.99) 

By interchanging the two solutions we are led to the relation (2.99) 

with pl and À; replaced by ~2 and À~, respectively. By subtracting the 

latter relation from equation (2.99) we find 
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(2.100) 

From equations (2.99) and (2.100) we furthermore derive 

(2.101) 

If ~i = ~2 ~* V(V+1) and À; I À~, we have from equations (2.99) and 

(2.100) 1 

(2.102) 

21T 
J (1-k' 2sin2~)~ ~ {L(mt~l} ~ {L(nt$l}d$ 
0 d~ cv d~ cv 

21T 
= ~* J k' 2cos2~(1-k' 2sin 2$J-~ L(m) ($) L(n)($)d$ 

0 cv cv 
(2.103) 

If Pi= Pz = ~* = v(v+l) and m = n, we have from equation (2.99), 

21T 
J (1-k' 2sin2~)~ {~ L(m) ($)} 2d$ 
0 d$ cv 

21T 21T 
~* J k' 2cos2$C1-k' 2sin2$J-~{L(m) ($)} 2d$+Ä* J (1-k' 2sin2~)-~{L(m) (~)} 2 d~. 

0 
cv m 0 cV 

(2.104) 

Similar integral relations can be derived for periadie Lamé functions 

of other classes. Equation (2.102) is a special case of the general 

orthogonality relation for two solutions (À;, ~m) and (À~, ~n) of.the 

~Lamé equation (2.91), 
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0 , 

valid if À*~ À*· campare with [6, p. 35]. m n' 

(2.105) 

Next we consider the 9 Lamé equation (2.93), in which ~* = V(V+1) and 

the parameter À has been determined as part of the salution of the $ 

Lamé equation (2.94). Corresponding to the four classes of simple­

periodic $Lamé functions, Jansen [6, sectien 3.2] introduced four 

classes of nonperiadie 8 Lamé functions. The latter functions·must 

satisfy the 9 Lamé equation (2.93) and the boundary condition 

d8(0) 
~ = 0, for classes I and IV, (2.106} 

8(0) = 0, for classes II and III; (2.107) 

see (2.94a) and (2.94b). If k' 0, one bas À= m2 , m = 0,1,2, •.. , in 

the Lamé differential equations (2.94) and (2.93). Then the 9 Lamé 

equation (2.93) reduces to the Legendre differential equation 

e a { . e a8<9>} { 28 2J0<8 sin d9 Sl.n ~ + V(V+l)sin - m · ) 0 , (2. 108) 

of which the fundamental solutions are the associated Legendre 
m m 

functions of the first and second kind, Pv(cos9) and ~(cos9). Guided 

by this result, Jansen [6, sectien 3.2] then constructed solutions of 

equation (2.93),. that are represented by series of Legendre functions 
m Pv(cos9). For the solutions.of classes I and II he started from the 

series representation 

8(9) 
00 

L cm P~(cos9) 
m=O 

whereas the solutions of classes III and IV are represented by 

0(9) 

(2.109) 

(2.110) 

By substitution of these series representations into the 9 Lamé 

equation (2.93) and by application of the known recurrence relations 
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for Legendre functions, one is led to three-term recurrence relations 

for the coefficients cm and dm. Jansen [6, p. 55-58] has shown that 

these recurrence relations can be transformed into the recurrence 

relations for the coefficients Am and Bm occurring in the Fourier­

series representations of the periodic Lamé functions. More specific, 

Jansen found that 

m T(m) B 
m 

where T(m) satisfies the recurrence relation 

T(m) -{V-m){V+m+l) T(m+2), m = 0,1,2, ••• 

and can be taken as, for instance, 

T(m) 

(2. 111) 

(2.112) 

{2.113) 

(2.114) 

We now introduce four classes of nonperiadie Lamé functions repre­
m 

sented by series of Legendre functions Pv(cos6). The notatien is taken 

from Jansen [6, p. 58]. 

Class I. The functions satisfy the boundary condition d0(0)/d6=0 and 

are denoted by L( 2n) (6); their series representation is 
cpv 

00 

I T(2m) A( 2n) P~m(cos6), n 
m=O 2m v 

0,1,2, ••.• 

Class II. The functions satisfy the boundary condition 0(0) 

are denoted by L{ 2n+l)(6); their series representation is 
cpv 

00 

(2.115) 

0 and 

L (2n+l) (S) 
cpv l T(2m+l) A{ 2n+l) P2m+l(cos6) 

2m+1 V 
, n 0,1,2, •••• (2.116) 

m=O 

Class III. The functions satisfy the boundary condition 0{0) 

are denoted by L( 2n) {6)· their series rèpresentation is 
spv ' 

0 and 



L (2n) (8) 
spv 

2 2 ~ (1-k cos 8) 
sin8 
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2m T( 2m. ) (2n) ,.,2m ( 8 ) 
. B2m ~V cos , n 1, 2, 3, •.• 

(2.117) 

Class IV. The functions satisfy the boundary condition d0(0)/d8=0 and 

are denoted by L(
2n+l) (8); their series representation is 

spv 

L {2n+1) (8) 
spv 

ro 
\ (2n+1) 2m+1 
L (2m+1)T(2m+1JB2m+ 1 Pv {cos8), 

m=O 

n 0,1,2, ••• (2.118) 

According to [6, Theerem 3.3, p. 59] these series converge uniformly 

on any closed subinterval of the interval 0 ~ 8 < 2 arctan{(1+k)/(1-k)}~. 
In [6, Chapter 7] other series representations have been derived which 

converge uniformly on any closed subinterval of [O,w). However, in the 

present study the series represented by (2.115)-(2.118), suffice. 

The recurrence relationsforthe functions Pm(cos8), m = 0,1,2, •.. , 
\) 

v > 0, also hold for the functions Qm(cos8). Consequent~, there are 
\) 

another four classes of nonperiadie Lamé functions. They are given by 

the series representations (2.115)-(2.118), with P~(cos8J replaced by 

Qmv(cos8); they are denoted by L{ 2n)(8), L( 2n+l) (8), L( 2n) (8) and 
cqV CqV sqV 

L( 2n+l) (8), [6, p. 59]. These solutions are not bounded at 8 = O. 
sqv 

Finally, from (2.89) the solutions for v(8,~) are found.to be pro­

ducts of a simple-periodic Lamé function of class I, II, III or IV, 

given by (2.95)-(2.98), and the corresponding nonperiadie Lamé function 

of the same class, given by (2.115) (2.118). The function v(8,$) is 

required to satisfy the Dirichlet condition (2.70) or the Neumann con­

dition (2.71) on the coordinate surface s, given by 8 = 80. On imposing 

these conditions we are led to the equation 

L (2n) (8 ) 
cpv o 

0, or d L(Zn)(8 )/d8 
cpv o 

0 (2.119) 

and similar equations for the other classes of Lamé functions. 

Equation (2.119), which is to be considered as a transeendental 

equation in the variable V, has a denumerable set of non-negative 

roots v. The corresponding values of~* = V(V+l) are the eigenvalues 

of the problem (2.69)-(2.71), and the functions v(8,$) determined 
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above are the corresponding eigenfunctions. Thus we have completely 

solved now the eigenvalue problem (2.69)-(2.71), in termsof Lamé 

functions. 

For later use in chapters 3 and 4 we establish some integral relations 

for nonperiadie Lamé functions. To keep the presentation genera~we 

shall nat require that the Dirichlet condition (2.70) or the Neumann 

condition (2.71) applies on the cocrdinate surface S, given by 6 

Let (Àm*• L(m) (6)) and (À*, L(nV) (6)) be solutions of the 6 Lamé 
CPV1 n cp 2 

equation (2.90) with ~* ~ ~Î = v1 cv1+1) and ~* = ~2 = v2 cv2+1), respec-

tively. In equation (2.90) we replace ~*, À*, 8(6) by ~*1 , À*, L(m) (6), 
( ) m CPV1 

and the result is multiplied by L n (6). Then by integrating over a 
cpv2 

from 0 to 6
0 

and using the boundary conditiOns (2.106), (2.107), we 

obtain 

{L (m) (6 ) } 
cpv

1 
a 

(2.120) 

By interchanging the two solutions we are led to the relation (2.120) 

with ~Î and À; replaced by ~2 and À~, respectively. By subtracting the 

latter relation from equation (2.120) we find 

(2.121) 
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From equations (2.120) and (2.121) we furthermore derive 

(2.122) 

If Vi V2 = v* = ~(~+1) and À~~ À~, we have from equations (2.121) 

and (2.120), 

(1-k2cos26 )l:;[L(n) (8 )~ {L(m) (8 )}-L(m) (8 )~L(n) (6 )}]/(À*-À*) 
o cp~ o d6 cp~ o cpv o d6 cp~ o m n ' 

(2.123) 

(2.124) 

If Vi = V2 V*= V(V+l) and m = n, we have from equation (2.120), 
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{2.125) 

Similar integral relations can be derived for the nonperiadie Lamê 

functions of other classes. 

If ~Î = P2 = p* = V(V+l) and À;~ À~• and if the Dirichlet or Neumann 

condition applies, we have from equation (2.123}, 

e 0 
2 2 -1:! f (1-k cos 8} 

0 ~ 

L (m) (6) L (n) (6) dB 
cpv cpv 

0 . (2.125a} 

Using equation {2.105) and equations of the type (2.125a), we can 

easily show that equations (2.73) and (2.74) also hold if Pi= P2 and 

À* f: À*. 
m n 

2.5.2. Lamé functions regular on the unit sphere 

So far we have investigated the solutions of the scalar Belmholtz 

equation 

which are regular in the region r > o, 0 ~ e < eo, 0 ~ ~ < 2~, i.e. 

inside the elliptical cone s, and which satisfy some homogeneaus 

boundary condition at the surface 6 = 6
0

. In this section we study the 

solutions which are regular in the region r > r
0

, 0 ~· e ~ TI, 0 ~ $ < 2~, 

outside a sphere of radius r
0

• Such solutions are needed in chapter 4, 

in the analysis of the radiation of an elliptical horn. As in 

(2.66) we look for solutions of the form 

~ = R(r) v(6,$) , 

in which the radial and transverse dependenee have been separated. By 

substitution of ~ into the Helmholtz equation and using the standard 

separation argument, we arrive at the following equations for R(r) and 
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o, 
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r > r 
0 

0 ~ e ~ u, 0 ~ <P < 2u, 

(2.126) 

(2.127) 

where v* is the separation constant. The solutions of equation (2.126) 

have been presented in (2.77)-(2.80). Equation (2.127) constitutes 

again an eigenvalue problem: for specific values of v*, called eigen­

values, equation (2.127) has a non-trivial salution v ~ 0, which is 

called the corresponding eigenfunction. Notice that in the present 

case there is no additional boundary condition, but instead the eigen­

tunetion V is required tO be regular for 0 ~ 8 ~ U 1 0 ~ <jl < 2U, i.e. 

on the unit sphere. Different from the previous treatment of the 

eigenvalue problem in a conical region, the eigenvalues v* can now be 
2 

determined a priori. To that end we express the operator Vt in (2.127) 

in termsof spherical coordinates 8',<P', as defined in (2.34)-(2.36). 

Then it is well known [2a] that the eigenvalues and eigenfunctions are 

given by 

v(v+1), v 0,1,2, ••. v Pm(cos8')c<_Js(m<j>'), m ~ 0,1,.,v.(2.128) 
V SJ.n 

To each eigenvalue v* ~ V(v+1) correspond 2v+1 linearly independent 

eigenfunctions which are spherical harmonies of order v. Furthermore, 

the eigenfunctions (2.128) farm a complete orthogonal system on the 

unit sphere. We now set v* v(v+1) in (2.127), where it is understood 

throughout that v standsfora non-negative integer, i.e. v ~ 0,1,2 1 ••• 

Then it remains to determine the eigenfunctions v(8 1 $} in terms of the 

sphero-conal coordinates B,<jl. It will be shown that v(O,<j>) can be 

represented by a product of e and <P Lamé functions which are regular 

for 0 ~ e ~u, 0 ~ <P < 2rrl i.e. on the entire unit sphere. 

Proceeding as in {2.89)-{2.94) 1 we substitute v(8 1 $} = 0(8)!JH$l 1 then 

equation (2.127} separates into the two Lamé equations 

0 t 

(2 .129) 
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0 ~ q, < 2'JT , (2.130) 

where À* is the separation constant. Next, by setting À =À*+ v(v+l)k' 2, 

the Lamé equations transform into 

(2.131) 

0, 

0 $ ~ < 2'JT (2.132) 

The solutions of the ~ Lamé equation (2.132) are again the odd and 

even simple-periodic Lamé functions with period 'lT or 2'1T. Four classes 

of $ Lamé functions are distinguished, which are represented by the 

Fourier series (2.95)-(2.98}. The 6 Lamé equation (2.131) is accompanied 

by the boundary conditions 

d8(0) d8('JT) 
~ = ~ 0, if ~is even symmetrie (classes I and IV), (2.133) 

8(0) = 8('JT) = 0, if ~is odd symmetrie (classes II and III);(2.134) 

compare (2.94a), (2.94b). These conditions reflect the requirement 

that 8(8) should be regular over the entire range 0 ~ 6 ~ 'lT, in 

particular at e 0 and 6 ='lT. Similar to [6, Lemma 2.6, p. 31], one 

can easily show now that for given k' and v, the separation constant 

À must satisfy 

0 ~ À ~ V(v+l} (2.135) 

The solutions of the 6 Lamé equation (2.131) are the nonperiadie Lamé 

functions. The four classes of 6 Lamé functions can be represented by 

series of Legendre functions P~(cos6} as in (2.115)-(2.118). These 

series involve the coefficient T(ml given by (2.114). Note that T(m) 

contains f-functions of arguments -v/2 and (m-v}/2. Since f(z) has 

simple poles at z 0,-1,-2, ••• [1, Chapter 6], the choice of T(m) is 

inadequate in the present case where V and m are integers. Therefore 
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we replace T (ml by an alternative solution T* <(m) of the recurrence 

relation (2.113), given by 

T*(m) (-1) [m/2]2-m r<\1-m + 1)/ r <"+m+1l 0 1 2 2 2 ' m = ' ' , ••• ' {2.136) 

in which [m/2) denotes the largest integer ~ m/2. Clearly, T*(m) is 

well defined if \1 < m+2, which is sufficient for our purposes. 

We now investigate the $ and e Lamé functions of class II in more 

detail. The $ Lamé functions are represented by 

()Q 

L(2n+1) {$) 
C\) 

\ (2n+1) 
L A2 1 cos(2r+ll$ , 

0 
r+ r= 

n = 0,1,2, ••• , 

and the corresponding 9 Lamé functions by 

L(2n+l) (a) 
cpv 

co 

l: 
m=O 

T*(2m+1) A( 2n+l) P2m+l (cos9), 
2m+1 \1 

n 

(2.137) 

0,1,2, •• , {2.138) 

where T(2m+1) has been replaced by T*(2m+1). By substitution of the 

formal series (2.137) into the $Lamé equation (2.132), it is found 
(2n+1) 

that the coefficients AZr+l must satisfy the recurrence relation 

given in [6, p. 49]. This recurrence relation can be rewritten in 

matrix notatien leading to an eigenvalue problem for an infinite tri­

diagqnal matrix of the form 

al cl 

bl 
0 

a3 c3 

' ' .... .... .... 
M= .... .... ' ' (2.139) 

' ' ', 
" ', 
' ' ' ' ", ' ' 

,, 
' ' ' ' 0 b2r-1 a2r+1 c2r+1 

' ' ' ' 
,, 

here the precise values of the elements ar, br' er can be gathered 

from [6, p. 51). For given k' and \1 (which is now an intéger), the 

eigenvalues and corresponding eigenveetors can be computed. As before, 

the eigenvalues determine the admissible values of the separation 

constant À in (2.132), whereas the eigenvector is propórtional to the 

sequence of coefficients A~!:;ll. We distinguish two cases, viz. 
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(i) V 2R-+1, .R. 0,1,2, ••• (2.140) 

(ii) V H+2, t 0,1,2, •••• (2.141) 

Case (i). For odd integer V= 2t+1, it is found that the element 

b2R,+l = 0 in (2.139). Hence, the matrix M can be partitioned as 

r 

M 

I 
I 
I 
I 
I 
I 

0 
:c2JI.+1 

----------~------------

0 
1 
I 
I 
I 
I 
I 
I 
I 

(2.142) 

where M
1 

is an (R,+l)x(R,+l) tridiagonal matrix and M2 is an infinite 

tridiagonal matrix. The matrix M1 has R-+1 eigenvalues denoted by 

A
2 

+l' n = 0,1, ••. ,t, with eorresponding eigenveetors (Ai 2n+l), 

(n (2n+1) T 
A32n+1), ••• , A2t+l ] • Each of these eigenveetors is supplemented 

by zero-elements A( 2n+ 1) = A( 2n+l) = ... = 0. 
2.R-+3 2t+S 

Then the resulting veetors are eigenveetors of the infinite matrix M, 

eorresponding to the eigenvalues A2n+1• In this manner we have found 

.R-+1 eigenvalues and eigenveetors of the matrix M. The simple-periodic 

Lamé funetions corresponding to these eigenvectors, are eonsequently 

represented by finite series (trigonometrie polynomials) 

L(2n+1)(<f>) 
cv 

t 
L 

r=O 
A( 2n+ll cos(2r+1l$, n 

2r+1 0,1, ••• ,-R,, V 29..+1. (2 .143) 

It ean be shown that only the .R.+l eigenvalues A2n+ 1 of M1 and M give 

rise to values of À that satisfy the criterion (2.135). Hence, the 

remaining eigenvalues and eigenveetors of M may be disearded. The e 
Lamé functions of class II are also represented by finite series, viz. 

L(2n+l) (El) 
cpv 

9.. 
\ *(2 1) A. (2n+l) P2m+l ( El) 0 1 2 ° L T m+ 2m+1 V cos , n = , , , ... ,~, 

m=O 

V= 2.R.+1 (2 .144) 

Here, the truneation is due to the faet that A~;~:ll = 0 if m > t, 

whereas T*(2m+1) P 2m+l(eos6) is finite if m > 9... For given k' and 
\) 
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V= 2t+1, we have found ~+1 ~Lamé functions and ~+1 corresponding 6 

Lamé functions of class II. The 6 Lamé functions (2.144) are in fact 

polynomials in cose and sine, hence they are regular for 0 ~ e ~ n. 

Case (ii). For even integer v = 2~+2, it is found that the element 

c2~+l = 0 in {2.139). The matrixMis therefore partitioned as 

M = 

I 
I 

Ml ! 0 
I 
I 
I 

----------~------------1 

bn+t I 
I 

0 ! M2 
I 
I 

(2.145) 

in which M
1 

is again an (~+1)x(~+1) tridiagonal matrix. The matrix M1 
has !+1 eigenvalues denoted by A2n+l' n = 0,1, ••• ,!, with corresponding 

(2n+1) (2n+1) (2n+1) T . 
eigenveetors [A

1 
, A3 , ••• , A2t+l J • Each of these e~gen-

vectors is supplemented by elements A~l~~l), A~~:;ll, ••• , that are 

determined by the remaining equations of the infinite eigenvalue 

problem, viz. 

b A(2n+l)+a A(2n+l)+c A(2n+1) 
2r-1 2r-1 2r+1 2r+1 2r+l 2r+3 

r = !+1, !+2, J1,+3, •••. (2.146) 

These elements are not all zero and the resulting extended veetors are 

eigenveetors of the infinite matrix M, corresponding to the eigenvalues 

A2n+t• Thus we have found ~+1 eigenvalues and eigenveetors of the matrix 

M. The remaining eigenvalues of M are identical to the eigenvalues of 

the infinite matrix M2 , and the eigenveetors of M are equal to those of 
(2n+1) {2n+1) {2n+1) 

M2 supplemented by the zero-elements A1 =A3 = ••• = A21+1 = 0. 

However, these eigenvalues and eigenveetors may be discarded because 

they give rise to values of À that vialate the criterion (2.135). The $ 

Lamé functions of class II, corresponding to the first J1,+1 eigenvectors, 

are now represented by infinite series 

L (2n+1) {~) 
cv 

"" \' {2n+1) 
L A2r+l cos(2r+1l$ 

r=O 
, n 0,1, •.• ,J!,, 21+2 • (2.147) 
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The corresponding 8 Lamé functions of class II, however, are given by 

finite series 

L (2n+1) (8} 
cpv 

9., 

L T* (2m+l)A~;~~l)P~m+ 1 
(cosG), n = 0,1, 2, ••• ,9.., 

m=O 
V 29..+2, (2.148) 

because P~m+1 {cos6) = 0 ahd T*{2m+1) is finite by (2.136), if m > 9... 

For given k' and V = 29..+2, we have found 9..+1 ~ Lamé functions and t+l 

corresponding 6 Lamé functions of class II. As for the Lamé functions 

L~n+1 ){~) the Fourier series (2.147) and its derivative converge 

·uniformly in [0, 2u] by [6, Theorem 3.i, p. 50]. Thee Lamé functions 

(2.148) are in fact polynomials in cos6 and sin6, hence they are 

regular for 0 ~ 8 ~ u. 

The previous analysis for functions of class II, immediately carries 

over to Lamé functions of classes I, III, IV. In the case of functions 

. of class IV, the underlying matrix M can be partitioned in exactly the 

same manner as in (2.142) and (2.145), for odd and even integer v, 
respectively. Both for V= 29..+1 and \l = 2t+2, 9., = 0,1,2, ••• , we find 

that only the first 9..+1 eigenvalues of M give rise to values of À that 

satisfy the criterion (2.135). The corresponding simple-periodic Lamé 

functions of class IV are represented by 

L (2n+1) (~) 
sv 

L(2n+1l(~l 
S\l 

~ (2n+1) . 
l B2r+l s~n(2r+1)~, n 

=0 

00 

B( 2n+l) sin(2r+1)$, n 
2r+1 

0,1,2, ••• ,9.,, if \) = 29..+1, 

0,1,2, ••• ,1, if \) 

(2.149) 

2!+2. 

(2.150) 

The corresponding 6 Lamé functions of class IV are represented by 

L (2n+1) (8 ) 
spv 

(1-k2cos26) ":! 
sin8 

l 

I 
m=O 

(2m+1)T*(2m+1) B( 2n+l) P2m+l(cos8), 
2m+1 V 

n = 0,1,2, ••• j!, (2.151) 

both for v = 2!+1 and v = 2!+2. For given k' and V 2!+1 or v = 29..+2, 

we find !+1 $ Lamé functions and !+l corresponding 8 Lamé functions of 
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class IV, which are regular for 0 ~ $ < 2~ and 0 ~ 9 ~ w, respectively. 

In the cases of Lamé functions of classes I and III the underlying 

matrices M can be partitioned as in (2.142) if V = 2~+2, and as in 

(2.145) if v = 21+1. Thus, compared to the previous analysis of 

classes II and IV, the roles of odd and even integers v have inter­

changed. As before we only take into account the eigenvalues of M 

which give rise to values of À that satisfy the criterion (2.135). 

Then the simple-periodic Lamé functions of class I are represented by 

L {2n) {$) 
cV 

L (2n) {$) 
cv 

~ (2n) 
L A2r cos2rcj>, n = 0,1,2, ••• ,t, if v = 2~+1, 

r=O 

hl 
1:' (2n) 
L A2r cos2r<jl, n 

r=O 
0,1,2, ••• ,J!.+-1, if \) 21+2. 

The corresponding 6 Lamé functions of class I are given by 

L (2n) {6) 
cpv 

[v/21 (2 l 2m 
1:' T*(2m) A n Pv {cos9), n = 0 1 2 [V/2] m':.o 2m ,,, ••• , , 

(2 .152) 

{2.153) 

{2.154) 

both for V = 2~+1 and V 

~ V/2. 

2~+2; here, [V/2] denotes the largest integer 

The simple-periodic Lamé functions of class III are represented by 

L{2n) (<jl) 
SV 

L (2nl (cj>) 
sv 

co 

I B~;nl sin2r<jl, n = 1,2,3, ••• ,~, if v = 2~+1, 
r=l 

i+l 
1:' (2n) . 
L B2r s~n2r$, n = 1,2,3, ••• ,1+1, if v ·= 2~+2. 

r=l 

The eerrasponding 9 Lamé functions of class III are 

L {2n) (6) 
spv 

2 2 1:! [v/2] 
(1-k ~os 9) \ 2m T*(2m) B{2n) 2m{ 9) 

s1n9 m~1 2m Pv cos , 

n = 1,2, ••• , [v/2], 

{2.155} 

(2.156) 

{2.157) 

both for v 2~+1 and v 21+2. For given k' and integer v, we have 
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thus found [V/2]+1 Lamé functions of class I and [v/2] Lamé functions 

of class III. The ~ and e Lamé functions of classes I and III are 

regular for 0 ~ ~ < 2~ and 0 ~ 6 ~ ~. respectively. For completeness' 

sake we also consider the case V = 0. Then it is found from the 

criterion (2.135) that À= 0. Correspondingly we have one ~Lamé 

function and one e Lamé function, both of class I and given by 

L(O)(~) = 1, L(0)(9} = 1, in accordance with (2.128). 
co cpo 

Summarizing, for given k' and integer v = 0,1,2, ••• , we have found 

[v/2}+1 Lamé functions of class I, [ (V+l)/2] Lamé functions of class II, 

[v/2] Lamé functions of class III, and [{v+l)/2] Lamé functions of class 

IV. Thus the total number of Lamé functions is 2v+1, which is equal to 

the number of eigenfunctions in (2.128) oorrasponding to the eigen­

value ~* = V(V+l}. The eigenfunctions v(9,~) can now be represented by 

products of 9 and $ Lamé functions according to the following list: 

I. v(2nl ce A.) 
cv t't' 

II. V ( 2n+ 1) ( 9 n,) 
CV r't' 

o, 1" .• , [v/2], 

(2.158a) 

L ( 2n+ 1) ( 6) L ( 2n+ 1} (Ijl) V = 1 '2' 3, .. • , 
cpv cv ' 

n = 0,1, ••• , [<v-1)/2], 

(2.158b) 

III. v( 2n) (9 A.) sv , 'I' L (2n) {9) L {2n) (~), v = 2,3, ... , n = 1,2, ... , [v/2] , 
spV sV 

(2.158c) 

IV. v(2n+1}( 9 A.)= L(2n+1) (9)L(2n+1) (A.) v = 1 2 3 
sv '"' spv sv "' ' ' ' ' • • • ' 

n = 0,1, ••• , [<v-1}/2]. 

(2.158d) 

The eigenfunctions are regular for 0 ~ 6 ~ TI, 0 ~ <{> < 2TI, i.e. on the 

unit sphere. 

For later use we present some integral theorems, similar to those 

given in (2.57)-(2.62). Let 0 be the unit sphere, described by r 1, 

0 ~ e ~ TI, 0 ~ <t> < 2TI, and let Ft be the transverse component of the 

vector F. Then the surface divergence theorem reads 
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0 ' 

where dQ = hêh;ded~ is the surface area element. By substituting 

Ft v 1Vtv2 into equation (2.159) we find 

ff {Vtv1.Vtv2 + v1V~v2)dn 
Q 

0 ' 

(2.159) 

{2.160) 

which is Green's first identity for the surface Q. Interchanging the 

subscripts 1 and 2 and subtracting the result from equation (2.160), 

we obtain Green's secend identity for the surface n: 

0 • (2.161) 

Replacing Ft in equation (2.159) by êr x vF, we find 

0 . (2.162) 

If v constant, equation (2.162) becomes 

which is Stokes' theorem. 

By substituting Ft = êr x v 1Vtv2 into the divergence theorem (2.159) we 

obtain 

0 . (2. 163) 

The integral theorems presented above are now used to establish integral 

relations and orthogonality properties for the 6 and ~ Lamé functions 

which are regular on the unit sphere. Let (~Î,v1 l and (~2,v2 J be 

solutions of the eigenvalue problem (2.127) with ~Î ~ v 1 Cv1+1), 

~2 ~ v2 (v2+1), where v
1

,v
2 

are non-negative integers. Then by substi­

tuting these solutions into Green's identities (2.160), (2.161), we 
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obtain the following results. 

If lli :} JJi, 

(2.164} 

(2.165) 

if JJi = Jli Jl* and v1 = v2 = v , 

(2.166) 

Thus the two eigenfunctions v
1 

and v
2 

as well as their transverse 

gradients are orthogonal if JlÎ F lli· 

It is easily verified that the integral relations (2.99)-(2.105} for 

periadie Lamé functions remain valid for the ~ Lamé functions corres­

ponding to integer values of v, as derived in this section. Next we 

establish integral relations for the 8 Lamé functions eerrasponding 

to integer values of V; compare (2.120)-(2.125a}. Let (À*, L(m} (9)) 
( } m cpv1 and (À*, L n (8)) be solutions of the 6 Lamé equation (2.129) with 

n cpv
2 

V= v
1 

and V= v
2

, respectively, where v
1

, v
2 

are non-'negative 

integers. In equation (2.129) we replace v, À*, 9(8) by v1 , À;, 

L(m) (6), and the result is multiplied by L(n) (8). Then by integrating 
cpv

1 
cpv 2 

over 6 from 0 to 'IT and using the boundary conditions (2.133) or (2.134), 

we obtain 

'ITJ 2 2 -~ 2 . 2 (m) (n) 
V

1 
(V

1
+1) (1-k cos 6) k sw 6 L (8) L (9)d6 

0 
cpv1 cpv2 

(2.167) 
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By interchanging the two solutions we find the relation (2.167) with 

v 1 and À; replaced by v2 and À~, respectively. By subtracting the 

latter result from equation (2.167), we obtain 

(2.168) 

From equations (2.168) and (2.167) we derive 

If v1 = v2 =V and À; f À~, we have from equations (2.168) and (2.167), 

(2.170) 

V(V+1) 

(2.171) 

If v1 = v
2 

= v and m = n, we find from equation (2.167), 

(2.172) 
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Similar integral relations can be easily derived for the 8 Lamé 

functions of other classes, corresponding to integer values of v. 

The eigenfunctions v(B,cjl), regular on the unit sphere, have been 

listed in {2.158), represented by productsof 9 and $Lamé functions. 

According to (2.164), any two eigenfunctions corresponding to different 

eigenvalues are orthogonal, hence, for example, 

L1 v(m) (9 cjl) v(n) (9 cjl) dO Ji cv , cv , 
Q 1 2 

(2.173) 

It fellows immediately from (2.102) and (2.170) that the relation 

(2.173) also holds if v1 = v2 , m # n, i.e. for two different eigen­

functions corresponding to the same eigenvalue. Thus we ~onclude that 
. {n) (n) 

the e~genfunctions vcv (9,cjl), v
5
v (8,cjl), given by (2.158), form an 

orthogonal system on the unit sphere Q, with the orthogonality 

relations 

0 if v 1 # v2 , and if v 1 v2 , m # n;(2.174a) 

0 (2.174b) 

v
2

, m # n.{2.174c) 

According to (2.165), the transverse gradients of any two eigenfunctions 

(2.158), corresponding to different eigenvalues are orthogonal, hence, 

for instance, 

# n V(m) (9 ~) n (n) e ~ ~A ~ v •'~' • vt v ( ,'+') u.• = 0 if v 1 r v2 • t cv
1 

cv
2 

Q 

(2.175) 

By using (2.49c), (2.102) and (2.170), we can easily show that (2.175) 

also holds if v
1 

v
2

, m # n, i.e. for the transverse gradients of two 

different eigenfunctions corresponding to the same eigenvalue. Hence, 

the transverse gradients of the eigenfunctions (2.158) form an ortho­

gonal system on the unit sphere n, with the orthogonality relations 
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# vt 
(m) v(n) (8 $)<ill 0 if v1 ~ v2, and if v

1 m "I n; V (8,$J.Vt v2, cv1 
cv , 

Q 2 
(2.176a) 

# "t 
v(m)(8 $).'\/ v(n) (8,$)dQ = 0 (2.176b) 

Q 
C\)l 

1 t sv2 

Lf \I v(m) (8 $).'\/ v(n) (8 ~JdQ = 0 if v
1 

~· v
2

, and if v
1 J1 t SV I t SV ~~ 

Q 1 2 
v

2
, m 'F n • 

(2.176c) 

Finally,. we summarize the main results of this section. 

1. For integer values of V the 8 Lamé functions can be represented by 
m 

finite series of Legendre functions Pv(cos8), and are regular for 

o "' 8 "'1r. 
2. For odd integer values of v the 4> Lamé functions of classes II and 

IV can be represented by finite Fourier series, and those of 

classes I and III by infinite Fourier series. 

For even integer values of v the <P Lamé functions of classes I and 

III can be represented by finite Fourier series, and those of 

classes II and IV by infinite Fourier series. 

3. The eigenfunctions v(n) (8,$), v(~) (8,$), represented in (2.158) by 
CV Sv 

products of 8 and 4> Lamé functions, form a complete orthogonal 

system on the unit sphere Q: 0 'S 8 '!> 1r, 0 'S $ < 21f. Let f(S,<f>l be 

an arbitrary scalar function defined on the unit sphere, which to­

gether with its first and second derivatives is continuous. Then 

f(6,$) can be represented by the series-expansion 

f(8,<f>J 
oo V 
t t v<n>(e ~~ + 
I.. I.. avn cv ·~ v=O n=O 

oo V 

I I 
V=l n=l 

b v(n) (8 <j>) 
vn sv ' 

(2.177) 

in which the expansion coefficients avn and bvn are determined by 

avn M f(8,<j>) v~~) (8,$)<ill I ff{v~~(8,<j>)}2dQ (2.178) 

Q Q 

b vn # f(8,$) v{n) (8 <j>)dQ I 
SV I # {v(n) (6,tj>)}2dQ. 

sv (2 .179) 

Q Q 
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3. WAVE PROPAGATION IN ELLIPTICAL CONES 

3.1. Introduetion 

We start this chapter with a survey of previous researches relevant to 

our present study. 

In 1971 Kong [8] reported about his investigation of wave propagation 

and radiation problems for elliptical-cylindrical waveguides and 

elliptical-conical horns with smooth walls of perfectly conducting 

material. The modes in the waveguide have been classified into four 

classes, reflecting that the fields of the modes are odd or even 

symmetrie, and transverse electric or transverse magnetic. The field 

components of the modes have been expressed in terms of Mathieu 

functions. The beamwidths of the radiation patterns of the guide, when 

excited by one of the lowest modes, the eTE11 or 
0

TE11 cylindrical 

mode, are controlled by varying the aspect ratio of the elliptical 

guide. The two modes mentioned give rise to radiation patterns that 

differ from each other. Consequently, the guide cannot radiate cir­

cularly polarized waves in all directions in space. Furthermore, it 

has been found that for both modes of operatien the beamwidths are 

frequency-dependent: they decrease monotonically with increasing 

frequency for all aspect ratios. 

Kong has also studied the propagation of waves in elliptical-conical 

horns of infinite length. As in the case of the elliptical guide the 

modes have been classified into four classes. The field components of 

the conical modes have been expressed in terms of spherical Bessel 

functions, simple-periodic Lamé functions and nonperiadie Lamé 

functions. The latter functions have been computed by numerical in­

tegration methods. The radiation patterns due to the two principal 

modes, the eTE11 and 
0

TE11 conical modes, have been determined by a 

Kirchhoff-Huygens integration of'the modal fields at the aperture of 

a truncated cone. The radiation patterns associated with these modes 

are not identical, which implies that the horn cannot radiate 

circularly polarized waves in all directions in space. The variation 

of beamwidth, with frequency has been studied. It has been found that 

radiation patterns with beamwidths that are frequency-independent, 

can be achieved. 
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In 1973 Jansen and Jeuken [6] publisbed the results of their research 

of wave propagation and radiation problems for elliptical-cylindrical 

waveguides with anisotropic impedance boundary. Their objective has 

been to study whether such devices can radiate circularly polarized 

waves in qll directions in space, whereas the radiation patterns have 

elliptical cross-sections. Some interesting properties have been de-

rived for electromagnetic 

free-space wave impedance 

fields for which Ë = + jZ B. 
- 0 

which equals {~ /€ )~, where 
0 0 

Here, Z
0 

is the 

~0 is the per-

meability and e
0 

the permittivity of free space. It has been shown that, 

if Ë = + jZ H on a closed surface S enclosing the field sources, then 
- 0 

the same relation holds for the electrio and magnetic fields at any 

observation point P outside S. If P is in the far-field region of the 

sources, then the fields at P are circularly polarized. 

It has been found in [6) that the impedance boundary conditions are only 

satisfied by hybrid modes which involve both transverse electrio and 

transverse magnetic fields. The modes have been classified 

into odd and even symmetrie modes, that have pairwise identical cut­

off frequencies, identical propagation constants and identical 

radiation patterns of elliptical cross-section. These modes, when 

added with a phase difference of 90°, give rise to fields for which 

Ë = + jZ H. Hence, the waveguide has, in theory, the required 
- 0 

radiation properties. Several corrugated antennas have been constructed 

and tested to check the validity of the theory. In the analysis of 

these antennas the influence of the corrugations h~s been accounted 

for by the anisotropic impedance boundary conditions. Reasonable 

agreement between theoretica! and measured results has been found 

provided the dimensions of the aperture of the antenna are not small 

in terms of wavelength. 

In 1976 Jansen [7] investigated the electromagnetic fields in elliptical 

cones with smooth walls of perfectly conducting material. He has ex­

pressed the fields in terms of spherical Bessel functions, simple­

periodic Lamé functions and nonperiodic Lamé functions, as it was done 

befere by Kong [8]. In Jansen's study emphasis has been on theoretica! 

and computational aspects of the Lamé functions. The main results from [7] 

have already been recalled in chapter 2 of the present thesis. 

In 1979 and 1980, Vokurka {9], {10] publisbed results of measurements 
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and computations for corrugated elliptical hom. radiators with small 

flare angles. Special attention has been paid to the mode excitation. 

The coupling section between the exciting waveguide and the horn is 

important for single-~ode excitation. Excellent polarization purity 

and equality of radiation patterns have been found for odd and even 

hybrid modes. The theoretica! results for the copolarized radiation 

are in good agreement with experimental results.The computed results 

have been obtained by approximating the aperture field of the elliptical 

horn by the waveguide modal field .mul tiplied by a quadratic phase dis­

tribution. Vokurka bas concluded that the corrugated elliptical hom 

radiators with small flare angles are eminently suitable for appli­

cations where radiation patterns with elliptical cross-sections and 

high polarization purity are required, such as for the broadcasting­

satellite service. 

In 1982 Fasold et al. [3] reported on the design of an antenna system 

intended for use on board of TV-SAT for the coverage of Western Germany 

by a circularly polarized elliptical beam, They have used an antenna 

system consisting of an offset parabalie reflector fed by a corrugated 

elliptical horn. The measured radiation patterns of an experimental 

model of the antenna system show that it is possible to meet the 

WARC-77 regulations [4). Measured radiation patterns of the horn 

radiator have been used in the computation of the secondary radiation 

patterns. 

The main point of this survey is that corrugated elliptical horn 

radiators have radiation patterns with elliptical cross-sections and 

high polarization purity. These properties can be utilized in, for 

instance, reflector antennas of braadcasting satellites. For the com­

putation of the radiation pattern of a reflector antenna we need to 

know the performance of its feeding element. In this and the following 

chapters we will develop methods for determining the wave propagation 

and radiation behaviour for anisotropic elliptical horns with 

aroitrary flare angles and aspect ratios. The investigation of wave 

propagation in elliptical cones starts with the introduetion of trans­

verse electric (TE) and transverse magnetic (TM) field solutions for 

Maxwell's equations in the sphero-conal coordinate system. These 

solutions constitute a complete set of waves (modes}, in termsof 
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which an arbitrary field can be expanded. In perfectly conducting 

cones TE and TM solutions can exist independently. In anisotropic 

cones, however, the field solutions are óf a hybrid nature. They are 

represented by TE- and TM-fields that are coupled. The analysis for 

the elliptical cone with a corrugated boundary will be based on the 

anisotropic surface-impedance model which does not take into account 

the actual electromagnetic fields inside the corrugations. 

3.2. The perfectly conducting elliptical cone 

This sectien deals with the salution of Maxwell's equations inside a 

perfectly conducting elliptical cone. The solutions are expressed in 

termsof the sphero-conal coordinates r,e,~, asintroducedin (2.1)-

(2.3). The semi-infinite elliptical coneis described bye 

Figure 2.1a), and its aspect ratio is are· The medium inside the cone is 

free space with permittivity E
0 

and permeability ~0 • Inside the cone, 

that is, for r > 0, 0 ~ e < eo, 0 ~ ~ < 2~, the solutions of Maxwell's 

equations separate into two sets as bas been proved by Jansen [7, 

Theerem 5.3, p. 86]. For one set the electrio field has a zero radial 

component: these solutions are of transverse electrio (TE) type. The 

TE-field components are derivable from a magnetic vector potential that 

has a single component in the radial direction. For tne secend set the 

magnetic field has a zero radial component: these solutions are of 

transverse magnetic (TM) type. The TM-field components are derivable 

from an electric vector potential that has a single component in the 

radial direction. 

Assuming a time dependenee exp(jwt), Maxwell's equations read 

'VxË = -jw]l H, 
0 

jWE E. 
0 

(3.1) 

(3.2) 

The decomposition of the electromagnetic field inside an elliptical 

cone into TE- and TM-fields follows from [7, Theorem 5.3, p. 86]. This 

theerem states that any electromagnetic field in a simply connected, 

souree-free space domain can be written as 
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(3. 3) 

( 3. 4) 

where the potentials ~h and ~e satisfy the Helmholtz equation 

0, (3. 4a} 

in which k* = W(E ~ )~ = 2~/À is the free-space wave number and À is 
0 0 . 0 0 

the free-space wavelength. From equations (3.3) and (3.4) we find that 

the TE-field is given by 

and the TM-field by 

E = 'ilxVx(r\j! ê ), 
e r 

(3.5) 

(3.6} 

(3. 7} 

(3.8) 

Hence, in terros of the sphero-conal coordinates r,e,q,, the components 

of the TE-field are 

a h$ al)Jh a hê al)Jh 
E = 0, H {äë"(h* "§9) + acp<h* ~1 }, r r 

e $ 

-jw~o al)Jh 
2 

Ee 
1 a (r\j!h) 

(3 ;g) 
h*aq, ae =--

arae 
$ rhê 

jw~o Cll)Jh a2<r$hl 
E$ =h* ä9 H<jl ara$ 

e 

and the components of the TM-field are 

- -1 a ~ alj!e a hê (ll)Je 
- rh*h* {M(h* "§9) + Cl$ (h* ~)} H 0 , r e q, e cp 



-72-

1 
d2(r$ } jwe:o <lljJe 

Ee 
e 

He ( 3.1 0} = -- ~!i:* (l<jl rhê arae 
<P 

1 
32

(r1/l} -jwe:o awe 
Ecp 

e 
H<jl = rh* artlep =li* ae-

<P e 

The expresslons for the non-vanishing radial components are equal to 

-V~1Ph,e/r by equation (2.52c}, hence, by using (2.66) and (2.69) we 

derive that these components equal V(V+1)1jlh /r. We now use these 
,e 

results to determine the TE- and TM-fields inside the perfectly con-

ducting cone described by 6 = 6
0

• At the cone surface the tangenttal 

electric field components must vanish, hence, from (3.9) and (3.10) we 

have the boundary conditions 

w I = o, 
e e 

0 

o, (3.11) 

(3.12) 

for the TE- and TM-fields, respectively. Thus the potentials 1jlh and ljJe 

must satisfy the Helmholtz equati~n (3.4a) and the homogeneous boundary 

condition (3.11) or (3.12). The latter problem has been extensively 

discussed in sections 2.4 and 2.5. Sy use of the metbod of se­

paration of variables it has been found there that the problem has a 

denumerable set of eigensolutions or modes. The modes obtained are 

represented by products of spherical Bessel functions, nonperiodic e 

Lamé functions and simple-periodic <P Lamé functions. We now choose the 

spherical Bessel function to be h(2 ) (k*r), see (2.80), which means 
V 

that the mode is propagating in the outward radial direction. Then the 

corresponding outward propagating TE- and TM-modes are derived from the 

potentials 1/lh and 1/le' given by 

h (2 ) (k*r) L (m) (6} L (m) (cp) 
v cpv cv ' (3.13) 

or 

h( 2) (k*r) L(m} (6) L(m) (<jl) 
v spv sv ' (3.14) 
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in which the mode-number v is determined by either of the boundary 

conditions (3.11} or (3.12}. 

We list in full detail the expressions for the field components of the 

TE- and TM-modes inside the cone under consideration. 

TE mode: 
cmn 

jû.llJ 
E,~, == --0 h (2) (k*r) ~ {L (m) (6)} L (m) (4l) 
~ hê vn de cpvn cvn ' 

H = .!_ V (V +1} h (2 ) (k*r) L (m) (6) L (m) (4l} 
r r n n vn cpvn cvn ' 

(3.15) 

H = - 1- ~ {rh (2) (k*r)} ~ {L (m) (6)} L (m) (4l) 
6 rhe* dr V d6 cpV CV ' n n n 

where m = 0,1,2, ••• , n = 1,2 1 3, •.. , and vn is the n-th positive root of 

~{L (m) (6)}1 = 0 de cpv e (3.16) 

0 

TE mode: 
smn 

-jw}l 
Ee = --0 h (2) (k*r) L (m) (6) ~ {L (m} ($)} 1 

h; vn spvn d$ svn 

jw}l 
E = --0 h (2) (k*r) ~ {L (m} (6)} L (m) (Ijl) 

$ h* v d6 spv sv 1 

e n n n 
(3 .17) 
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H =.!_V (V +1) h (2 } (k*r) L (m} (9) L (m) (Ijl) 
r r n n vn spvn svn ' 

H". - 1- L {rh (2} (k*r)} L (m) (9) L {L (m) ($)} 
~ rh$ dr vn spvn d$ svn ' 

where m = 1,2,31···• n 112131•••• and vn is the n-th positive root of 

L{L (m) (EJ)}I = 0. (3.18) 
d9 spv 9 

0 

TM mode: 
cmn 

E .!_V (V +1) h (2 ) (k*r) L (m) (9} L (m) (<j>} 
r r n n vn cpvn cvn ' 

{rh ( 2 ) {k*r)} L {L (m) (9)} L {m) ($) 
v d9 cpv cv 1 

n n n 

E., - 1- L {rh 12 ) (k*r)} L (m) (9) L {L (m) ($)} 
o/ rh$ dr vn cpvn d$ cvn ' 

H = 0, 
r 

h {2 ) (k*r) L (m) (9) L {L (m} (<jJ}} 
vn cpvn d<j> cvn 

1 

H". = -jwh:o h (2 ) (k*r) L {L (m) (8)} L (m) (Ijl) 
o/ e \)fi d8 Cp\ln C\)n I 

(3. 19) 

where m = 0 1 1 12 1 ••• 1 n = 1,2 1 3 1 ••• , and vn is the n-th positive root of 

L(m)(8)1 0. 
cpv e (3.20) 

0 
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TM mode: smn 

E = - 1- ~ {rh (2) (k*r)} L (m) (6) ~L (m) (cj>)} 
cp rh; dr vn spvn dcj> svn ' 

(3.21) 

jOOE 
Hn = h* 0 h,~2 ) (k*r) L (m) (6) ~ {L (m) (cj>)} 

u cp vn spvn dcj> svn ' 

-'jWE 
H = --0 h (2 ) (k*r) ~ {L (m) (6)} L (m) (cj>) 

ct> hè vn d6 spvn svn ' 

where m = 1,2,3, .•.• , n = 1,2,3, ••• , and vn is the n-th positive root of 

L(m)(9)1 0. 
sp') e (3.22) 

0 

By use of the large-argument approximation (2.84) of h~2 l(k*r), it is 

found that for large k*r the transverse field components of the modes 

decay according to r-1, whereas the radial field components decay 
-2 according to r Furthermore, the characteristic wave impedance in the 

radial direction, given by Ee/Hcp or equiva~ently by -Ecp/a6 , tends to 

the free-s~ce wave impedance z
0 

= (p /e: ) for large values of k*r. 
0 0 

We now investigate the symmetry properties of the fields and classify 

the modes accordingly into odd and even symmetrie modes. A mode is 

called odd symmetrie if the magnetic field is symmetrie with respect 

to cp 0, that is with respect to the xz-plane in Figure 2.1a (the minor 

axis of the elliptical coneis in this plane). A mode is called even 

symmetrie if the electric field is symmetrie with respect to cp = 0. 

Using the symmetry properties of the periodic Lamé functions, given by 

(2.95)-(2.98), wethen derive that the TEcmn and ™smn modes are odd 
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symmetrie because 

(3.23) 

these modes will be denoted by 
0

TEmn and o™mn• respectively. Likewise, 

we derive that the TEsmn and ™cmn modes are even symmetrie because 

{3.24) 

these modes will be denoted by eTEmn and e™mn• respectively. we point 

out that this classification differs from those in [7] and [8], which 

are based on the symmetry properties of the potantials $h and We· 

As an example we present in Table 3.1 the numerical values of the mode­

nurobers v as a function of e
0

, for the odd and even TE11 and TM11 modes 

in perfectly conducting elliptical cones with are = ~. In Table 3.2 we 

present the corresponding numerical results for a circular cone in 

which case are = 1. Then the difference between odd and even symmetry 

disappears. The mode-nurobers in Table 3.2 have also been calcuiated 

from equations (3.16), (3.18), (3.20) and (3.22). The results given in 

Tables 3.1 and 3.2 agree with those of [8] and [5], respectively. 

In the Figures 3.1a and 3.1b we have plotted examples of the normalized 

transverse electric field of the 
0

TE
11 

and 
0

TM11 modes. The examples 

pertain to an elliptical cone with the parameters eo = 20° and are ~­
The mode-nurobers vare obtained from the Table 3.1. Note that the 

transverse fields in the yz-plane do not vanish at the boundary. 

A camment on the converganee interval of the series repreaenting the 

nonperiadie Lamé functions is now in order. According to [7, Theorem 

3.3, p. 59] the series given by (2.115)-{2.118) converge uniformly on 

any closed subinterval of the interval 0 ~ e < 2 arctan{(1+k)/(1-k)}~ = 
6c. Because 0 ~ k ~ 1 it is found that ec >. ~/2. Cones described by 

e = eo < n/2 will bedealt with, so ec > eó andthe series represented 

by (2.115)-(2.118) suffice in the present study. 

For an outward propagating TE mode the time-average power-flow in the 

radial direction through a spherical cap s, described by r ra, 

0 ~ e ~ eo, 0 ~ ~ < 2n, is given by [2] 
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19.7930 10.3396 38.7951 28.321D 

16.4242 8.5711 32.2595 23.5592 

14.0198 7.3135 27.5932 20.1642 

12.2183 6.3752 24.0953 17.6233 

10.8186 5.6497 21.3761 15.6516 

9.7002 5.0729 19.2022 14.0784 

8.7863 4.6043 17.4247 12.7948 

8.0258 4.2167 15.9444 11.7283 

7.3832 3.8913 14.6929 10.8287 

6.8332 3.6148 13.6210 10.0602 

6.3574 3.3772 12.6927 9.3964 

5.9417 3.1712 11.8812 8.8177 

5.5756 2.9911 11.1658 8.3089 

5.2507 2.8325 10.5304 7.8583 

4.9605 2.6921 9.9624 7.4566 

4.6999 2.5669 9.4516 7.0965 

4.4645 2.5549 8.9900 6.7719 

4.2508 2.3540 8.5707 6.4780 

4.0562 2.2629 8.1882 6.2106 

3.8781 2.1802 7.8378 5.9665 

3.7146 2.1050 7.5158 5.7427 

Table 3.1. Numerical values of the mode-numbers v as a function of 

p 
r 

6
0

, for the odd and even TE11 and TM
11 

modes in a perfectly 

conducting elliptical cone e eo, with are ~-

~Re JJ E 
s 

x H*.ê dS 
r 

(3.25) 

where dS = r! hê h; dBd$. Pr can be expressed as an integral of the 

square of vh(B,$), which represents the transverse dependenee of the 

potentlal ~h of the TE mode, as will be shown now. 

From equation (3.9) we find that the transverse fields, expressed in 

terms of the potentlal $h' are given by 

(3.26) 
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6 (degr. l TEll ™11 6 
0 

(degr.) TE11 ™u 0 

5 20.6155 43.4110 16 6.1481 13.2304 

6 17.1026 36.0935 17 5.7637 12.4239 

7 14.5943 30.8669 18 5.4224 11.7070 

8 12.7139 26.9471 19 5.1174 11.0657 

9 11.2522 23.8985 20 4.8432 10.4885 

10 10.0835 21.4598 21 4.5955 9.9664 

11 9.1279 19.4645 22 4.3706 9.4918 

12 8.3322 17.8019 23 4.1656 9.0585 

13 7.6594 16.3952 24 3.9779 8.6613 

14 7.0832 15.1895 25 3.8056 8.2960 

15 6.5843 14.1446 

Table 3.2. Numerical values of the mode-nurobers v as a function of eo, 

for the TE11 and TM
11 

modes in a perfectly conducting 

circular cone 6 "' 6 . 
0 

(3.27) 

Here $h is given by either (3.13} or (3.14), which are shortly written 

as 

(3. 28) 

where vh(tl,~l represents the transverse dependence. Then equations 

(3.26) and (3.27) reduce to 

(3.29) 

H = .!..L {r h( 2 ) (k*r)} vt Vh(6,~). 
t r ar V 

(3.30) 

Inserting (3.29) and (3.30) into {3.25) and using {2.75) and (2.85), we 

arrive at 

(3.31) 
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40 

Fig. 3.1a. Normalized transverse electric field, in the xz-plane (---} 

and the yz-plane (---),of the 
0

TE11 mode in a perfectly 

conducting elliptical cone; eo 20°, are = ~. e~ = 36.05°. 

-1 

Fig. 3.1b. Normalized transverse electric field, in the xz-plane (---) 

and the yz-plane {---),of the 
0

TM11 mode in a perfectly 

conducting elliptical cone; eo = 20°, are = ~. e~ = 36.05°. 
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In the same manoer we evaluate the radial power-flow of an outward 

propagating TM mode. The relationships between tbe transverse fields 

and the potential $e are found from equation (3.10) to be 

(3.32) 

(3.33) 

Here We is given by either (3.13) or (3.14), which are shortly written 

as 

(3.34) 

where ve(8,$) represents the transverse dependence. Substituting this 

expression into (3.32) and (3.33) we find 

Ë = .!.. ~ {rh (v
21 

(k*r)} 'i/ v (8,A>), 
t r ar t e o/ 

Inserting (3.35) and (3.36) into (3.25) and using again equations 

(2.75) and (2.85), we find 

PTM = .!_ V(v+l) 
r 2 

e 21r 

z:1 t J v:(8,$) hêh~ d8d$. 
0 0 

(3.35) 

(3.36) 

(3.37) 

Note that PTE and p™ are independent of r. Hence, the mode power is 
r r 

preserved as it should. 

Some brief remarks about the orthogonality (in integral sense) of the 

field components are in order. For any two different modes the radial 

field components are orthogonal by equation (2.73). The transverse 

electric fields of two different TE or TM modes are orthogonal by 

equation (2.74). The transverse electric fieldsof a TE and a TM mode 

are orthogonal, which can be proved by using equations (2.62) and (3.12). 

These statements also hold for the transverse magnetic fields. 

Finally, we point out that the transverse fields inside a perfectly 
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conducting cone do not satisfy the relation Ët = ~ j z
0 

Ht. Hence, the 

fields at the aperture of a truncated cone do not satisfy this relation 

either, and as a consequence the radiated field in the far zone is not 

circularly polarized. To show this, we start from the expressions (3.15), 

(3.17), (3.19) and (3.21) for the fieldcomponentsof the TE and TM 

modes. For TE modes the transverse field components are related by 

(3.38) 

whereas for TM modes one has 

(3.39) 

Clearly, neither of these relations is compatible ·with Ët = ~ jZ
0
Ht. 

Next we observe that for a combination of TE and TM modes the trans­

verse field components are related by Ët = ~ j Z
0 

Ht, if and only if 

~e = ~ j Z
0 

~h. However, the cone under consideration imposes different 

boundary conditlans on ~e and ~h; see (3.11) and (3.12). Therefore, the 

relation Ët = + j Z H is not satisfied by the transverse fields in-
- 0 t 

side a perfectly conducting cone. 

In the next section we consider the elliptical cone with an anisotropic 

boundary that imposes identical boundary conditions on Ët and Ht. In­

side such a cone there do exist electromagnetic field solutions which 

satisfy the relation Ët = ~ j Z
0 

Ht. 

3.3. The elliptical cone with anisotropic boundary 

Fields for which Et = ~ j Z
0 

Ht can be supported by devices with trans­

versely corrugated boundaries as it is known, for instance, from the 

theory of circular conical horns [5] and of elliptical-cylindrical 

waveguldes [6]. In the analysis of the latter devices the influence of 

thecorrugationshas been accounted for by impedance boundary conditions 

that involve constant radial (longitudinal in the wavegulde case) and 

circumferential impedances. This model of the corrugated boundary 

is called the anisotropic surface-impedance model. For a circular 

conical horn with corrugations of proper depth and width, the boundary 

conditions are 
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{3.40) 

(3.41) 

where r and ~· are spherical coordinates. For an elliptical waveguide 

with proper corrugations, the boundary conditions read 

E z 
(3.42) 

{3.43) 

where z and n are elliptical-cylindrical coordinates. The number of 

corrugations per wavelength must be sufficiently large. The corrugation 

depth must be approximately a quarter of a wavelength and the width of 

the dams must be small compared with the width of the corrugations. 

For a corrugated elliptical cone e = 6
0 

we employ the same anisotropic 

surface-impedance model. Thus our starting point is that the influence 

of transverse corrugations of proper width and depth can be approxi­

mately described by the boundary conditions 

E = Z B , 
r r ~ 

(3.44) 

{3.45) 

at e = 6
0

; here, r,e,~ are sphero-conal coordinates. We restriet our­

selves to the idealized case of impedances Z~ = 0 and Zr = oo. As a 

result we then arrive at the boundary conditions 

0, (3.46) 

(3.47) 

We now prove that these boundary conditions are only satisfied by 

specific hybrid fields, having both electric and magnetic field 

components in the radial direction. The proof is analogous to that 

given in the investigation of the anisotropic elliptical waveguide [6]. 

First we prove that neither a pure TE-field nor a pure TM-field 

satisfies the boundary conditions (3.46). From (3.15), together with 

(3.46), we find for a TE
0
m-field 



~ {L(m) (6)}1 =0, 
d6 cp\l 6 

0 

L(m) (6 ) 
cp\l o 
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0. (3.48) 

These two conditions are not satisfied simultaneously. Likewise it can 

be shown that a TEsm-' ™cm- or ™sm-field does not satisfy (3.46). 

Next we consider a TEe-field derived from the potential 

ljJ = h (2) (k*r) 
h \) 

00 

I 
m=O 

(3.48a) 

Then the boundary conditions (3.46) give rise to the set of equations 

00 

L c dd.6 {L (m) (6 l} L (ml <<Pl 
m=O m cp\l o c\l 

0, (3.49) 

00 

I (3.50) 
m=O 

By use of the orthogonality relation (2.102) we derive from (3.49) the 

conditions 

c .'!__ {L (m) (6)} I 
m d6 cp\l 6 

0 

0, m = 0,1,2, ••. , (3.51) 

which obviously are not satisfied. Similarly it can be shown that a 

TEs-' TMc-' or ™s-fièld does not satisfy (3.46). Even the sum of a 

TEe- and a TEs-field, derived from the potential 

00 00 

ljih =h~2) (k*r) { L 
m=O 

I 
m=1 

does not satisfy (3.46). Now the boundary conditions (3.46) give rise 

to 

00 

I 0, (3.53) 
m=O 

and 
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(3. 54) 

From (3.53), together with (2.105), we find 

c ddEl {L(m)(6)}1 0, m= 0;1,2, ••• , 
m epi) e 

0 

(3.55) 

s dde {L (m) ( e) } I 0, m 
m spv e 

0 

1,2,3, ... , (3.56) 

which clearly are not satisfied. Analogously it can he proved that the 

sum of a TM
0

- and a TM
5
-field will not satisfy (3.46). 

From the analysis above we conclude that neither a TE-field nor a TM­

field satisfies the boundary conditions (3.46). 

We now consider the superposition of a TE-field and a TM-field. We 

start from a TE
0 
-field plus a TM

0 
-field, derived from the potantials 

(3.57) 

co 

1/! = h (2) (k*r) \ c L (m) (6) L (m) (Ijl) 
e v ~0 2m cpv cv ' (3.58) 

respectively. In this case the boundary conditions (3.46) give rise to 

00 

.!..... "' c ~L<m>ce l}L<ml<"'l- h
1* ' h* l. lm dEl cpv o cv "' l. e m=O Ijl m=O 

and 

00 

I c L(ml (El l ~L(ml (ljll} + ~* I c ~L(mlce )}L<ml(ljl) = o. 
h; m=O lm cpv 0 d$ C\) e m=O 2m dB cpv 0 cv 

(3.60) 

Here we have made use of 

!~ {rh(2) (k*r)} ~ -jk*h~2 ) (k*r}, 
r dr v v 

(3.61) 

which is valid for k*r >> 1, hence for points not too close to the apex 
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of the elliptical cone. From (3.59) and (3.60}, together with (2.102) and 

0, (3.62) 

we find c 1m = c 2m = 0 for every m. Hence, the superposition of a TE
0

-

field and a TMc-field does not satisfy the boundary conditlens (3.46). 

Similarly it can be shown that the sumofaTEs-field and a TMs-field 

wil!: not satisfy (3.46). 

Next we deal with the two remaining possibilities, vi~. the super­

position of a TE
0

- and a TM
9
-field, and the superposition of a TE

8
-

and a TM -field. We will show that in these two cases non-trivia!: c 
solutions exist for the wave propagation problem in anisotropic 

cones. We start from a TE - plus a TM -field. The field components due 
c s 

to the TEe-part are derived from the potentlal 

00 

~I= z-1 h( 2 ) (k*r) L a L(m) (8) L(m) (~) 
h o v · m=O m cpv cv ' 

and thosè due to the TM
8
-part are derived from the potentlal 

~I= h(2 ) (k*r} 
e v 

00 

I 
m=1 

{3.63) 

(3.64) 

The following expresslons for the field components apply, taken from 

( 3. 15) and ( 3. 21} : 

00 

b L (m) (8} L (m) {<jl) 
m spv sv ' 

EI = !v(V+l) h (2 ) (k*r) 
r r V I 

m=l 

00 

I a L (m) (6} ~L (m) (<jl)} + = -jk* h( 2) (k*r) 
h* \) 
~ m=O 

m cpv d<f> cv 

+ 

{3 .65) 

(3.66) 
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00 

+ _1_ ~ { h {2) (k* >} r 
rh; dr r V r m=1 

{3.67) 

00 

-r1 V(V+l} hv(2){k*r) I a L(m)(9) L(m) (~) 
m=O m cpv cv ' 

(3.68) 

Z H
1 = - 1- ~ {rh {2 ) (k*r)} 

0 e rhê dr \) 

+ jk* h(2) {k* ) 
h* v r 
~ 

00 

b L (m) (6) ~ {L (m) (Ijl)} 
m spv d4> sv ' 

(3 .69) I 
m=l 

- jk* h (2) (k* ) 
h* v r e 

00 

b ~L{m) (6)} L(m) (~) 
m d9 spv sv o/ ' 

(3.70) I 
m=1 

where it has been used that ~0 k*Z 0 and oos
0

Z
0 

= k*. A field solution 

of the form {3.65)-(3.70) which satisfies the boundary eonditions (3.46), 

is called a I-mode. Because of its eomposing parts, TEe- and TM
9
-fields, 

it is evident that it is an odd symmetrie hybrid mode. We now remove the 

Hankel function derivatives by use of (3.61), whieh is valid for k*r >>1. 

Then, by imposing the conditions (3.46) on the field eomponents (3,67) and 

(3.70), we find 

h* 00 00 

.Jt I a ~ {L {m) ((:) ) } L (m) {~) - L b L {m) (9 ) ~ {L (m) ($)} = 0, 
hê m=O m d6 cpv o ev m=l m spv o d$ sv 

{3.71) 

and 

00 h* 00 

L (m) (9 ) ~ {L (m) (~)} + .::.:! I b ~ {L (m) (9 ) } L {m) (~) = 0. 
epv o d$ cv hê m= 1 m d9 spv o sv 

(3. 72) 

I 
m=O 

The derivatives of the periodic Lamé functions are expanded as 
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00 

r (1-k' 2sin2$l-~ L(n) (~) !!_{L (m) ( ~ )} = I d~ S\) n=O 
mn cv ' (3.73) 

00 

q (1-k' 2sin2·l-~ L(n}(~), !!_{L (m) ($)} = I d. C\) n=1 mn sv 
(3.74) 

where, by use of the orthogonality properties (2.105), 

We note that rmn '# rnm and ~ # ~m· From (3. 71) and (3. 72), to­

gether with (3.75), (3.76), and the orthogonality properties (2.105), 

we find 

00 

a.(1-k2cos
2

e )~:; dde{L(ivl<8 J}= l: b Llml(8 l r!lll.., i 0,1,2, •• ,(3.77) 
1 o cp o m=l m spv o 

00 

b (1-k2cos2e >!..a !!...{L(i)(8 )}=-i: a L<m>ce) a., i 
i o de spv o m=O m cpv o 1n1 

1,2, ••• (3.78) 

The unknowns in these equations are the coefficients ai, bi and the 

mode-number V. We now introduce the veetors a= [a
0

, a
1

, a 2 , ••• ]T, 

b = [b
1

, b
2

, b
3

, ••• ]~ and the diagonal matrices c, c•, s, S' with 

diagonal elements 

c .. L (i} (8 l C!. (1-k2cos2e l~ ~L(i) (8>}\ 
11 cpv o ' 11 o dO cpv 8 ' 

0 (3. 79) 

sii = L (i) (8 ) S!. -(1-k2cos2e )~ ~L(i) {8)}1 
spv o ' 11 0 d8 spv a 

0 

and the non-symmetrie matrices R and Q defined by 

(3.80) 

Then equations (3.77) and (3.78) can be shortly written as 



C' a = RT S b, 

T -Q C a, 

-88-

(3.81} 

(3.82) 

where T means transposed. Equations (3.81) and (3.82} clearly show 

that the TE- and TM-parts of the hybrid mode are coupled. With the 
-1 T -1 T abbreviations (C 1

} R S = A and (S 1
} Q c = B we find 

BAb = b, (3.83} 

Ah .. ä, (3.84) 

or equivalently 

ABa = a, (3.85) 

sä = E. (3.86) 

Consequently, the problem of wave propagation in an elliptical cone 

with anisotropic boundary has been reduced to the problem of finding 

the numbers v for which an infinite non-symmetrie matrix, namely, the 

matrix BA, has an eigenvalue equal to 1. The corresponding eigen­

vector then represents the vector b, whereupon the vector ä is de­

termined from (3.84). Some aspectsof the numerical calculation of v, 
ä and b, will be discuseed at the end of this section. 

So· far we have proved the existence of the odd symmetrie hybrid mode, 

denoted by I-mode. We now show that a secend type of solution, the so­

called hybrid II-mode, is possible. The !I-modes are obtained from the 

superposition of a TEs- and a ™c-field. These fields are even 

symmetrie. Hence, a II-mode is even symmetrie. The field components 

due to the TE
5
-part are derived from the potential 

! 
m=l 

b L (m) (6) L (m) (cj)) 
m spv sV ' 

and those due to the ™c-part are derived from the potential 

1/JII 
e 

-h (2 ) (k*r) 
V 

00 

! 
m=O 

a L (m) (8) L (m} (cj)). 
m cpv cv 

(3.87) 

(3.88) 
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We note that 

z ,,,rr = ,,,r 
o '~'h '~'e 1 (3.89) 

(3.90) 

The following expressions for the field components of a !I-mode are 

obtained from (3.17) and (3.19): 

00 

\ a L (m) (8) L (m) ($) 
l m cpv cv 1 -! V(V+1) h( 2) (k*r) 

r V m=O 

00 

- jk* h (2 ) (k*rl 
h* V 

L b L (m) (8) _c!_ {L (m) ($)} -
m spv d<f> sv 

4> 

- - 1- _c!_ {rh (2 ) (k*r)} 
rhê dr v 

EII = jk* h (2 ) (k*rl 

m=l 

00 

L a _c!_ {L (m) (8)} L (m) ($) 1 

m d8 cpv cv 
m=O 

00 

L b _c!_ {L (m) (8)} L (m) <<Pl -
<f> hè V m=1 

m d8 spv sv 

00 

- _l _ _c!_ {rh( 2 ) (k*rl} L a L(m) (8) _c!_ {L(m) (<f>)} 
rh$ dr v m=O m cpv d<f> cv 

1 

Z HII =! V(V+1) h( 2 )(k*r) 
o r r V 

00 

\ b _c!_ {L (m) (8)} L (m) ($) -
l m d8 spv sv 

Z HII = - 1- _c!_ {rh (2 ) (k*r)} 
o 8 rhê dr V m=1 

00 

- jk* h (2 ) (k*r) 
h* V 

\ a L (m) (8) _c!_ {L (m) (<f>l} 1 

l m cpv d<f> cv 
4> m=O 

00 

Z HII = -1-~ {rh( 2) (k*rl} L b L(m) (8) ~ {L(m) (<f>l} + 
o 4> rh$ dr v m=l m spv d<f> sv 

00" 

+ hj~* h (2) (k*r) L a ~ {L (m) (8)} L (m) ($). 

8 V m=O m d8 cpv cv 

(3.91) 

(3.92) 

(3.93) 

(3.94) 

(3.95) 

(3.96) 
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Note that the field components of I- and II-modes are related by 

-I -z H 
0 

The boundary conditions (3.46} yield for the II-mode 

0 , o, at e e , 
0 

(3.97) 

(3.98} 

(3.99) 

from which the unknowns v, ä and b must be determined. Using (3.97} 

and (3.98}, the conditions {3.99) are found to be equivalent to the 

boundary conditions for the I-mode, viz. 

0, at e "' e . 
0 

{3.100) 

Consequently, it has been found that the wave propagation problem in 

an. anisotropic elliptical cone admits two types of solutions, viz. odd 

and even symmetrie hybrid modes, that have pairwise identical mede­

nurnhers v, identieal veetors ä and identical veetors b. At this point 

it is stressed that the hybrid modes have been found subject to (3.61), 

whieh is valid for k*r >> 1. 

Some remarks are now in order; throughout it is understood that k*r>> 1, 

sueh that the approximations (3.61} and (2.84) apply. 

1. The transverse electrie and magnetic fields are perpendicular, 

E
-II I -II 

t _._ Ht (3.101) 

2. The transverse eleetric and magnetic field components are related 

by 

é I I I (3.102} e Z0 H<f>, E<f> -zo He, 

EII 
e Z HII 

0 <I> , 
EII 

<P 
= -z HII 

o e (3 .103} 

or equivalently, 
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(3.104) 

3. From (3.102} and (3.103), tagether with the anisatrapie boundary 

conditions (3.46), wededuce that all transverse field components 

vanish at e = e . 
0 

4. The time-average power-flow in the radial direction, through a 

spherical capS in the cone 9 = 9
0

, is derived from (3.25). The 

derivation in the case of a hybrid mode runs along the same lines 
TE TM . as that of P and P 1n (3.31) and {3.37}, respectively. As an 
r r I 

example we now determine the power-flow Pr of a I-mode. Let 

(3.105) 

I I in which wh and we are given by (3.63l and <3.64!, respectively. 

From (3.29), (3.30), (3.35) and (3.36), together with (2.84), we 
I then find that the transverse fields expressed in terms of vh and 

I ve, are given by 

(3.106) 

(3.107) 

By substitution of (3.106) and (3.107) into (3.25) and by use of 

(2.62}, one is led to 

h*h*d6d\fl + .!. z-1 
e q, 2 o h*h*dSd$ + e <P 

(3.108) 

From (3.25), tagether with (3.97) and (3.98), we find that the 
II I power-flow Pr of a II-mode is equal to the power-flow Pr of a 

I-mode. 
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5. If a I- and a II-mode, differing in phase by 90°, arecombinedas 
-I . -II -II - -, H ) :!: J (E , H ) = (E , H) , we find that the total field satisfies 

E -jz H. This is exactly the kind of fieldweneed for circular 
+ 0 

polarization applications. 

6. Thus far we have dealt with outward propagating I- and !I-modes. The 

analysis for inward propagating modes runs along the same lines. Ex­

pressions for the inward propagating modes are obtained when replacing 

h~2 ) (k*r) by h~l) (k*rl in (3.65)-{3.70) and (3.91)-(3.96). Provided 

k*r >> 1, the boundary conditions (3.46) then lead to the set of 

equations 

BAh' b', (3.109) 

(3.110) 

or equivalently 

(3.111} 

(3.112) 

The primes on the veetors ~: b: have been introduced to dis­

tinguish them from the veetors ä, b, pertaining to outward propa-

gating modes. We note that (3.109)-(3.112) involve the samematrices 

A and Bas (3.83}-(3.86). Hence, an inward propagating mode and its 

outward propagating counterpart have identical mode-nurobers V. From 

(3.83)-(3.84) and (3.109)-(3.110) we find that either the vector a 

or the vector b changes sign if the propagation direction of a mode 

is reversed. The transverse field components of the inward propagating 

modes are related by 

Z H 
0 t 

(3.113) 

We now investigate (3.83} and {3.84) in more detail. On closer examin­

atien of the expansion coefficients rmn' ~n' given by (3.75), (3.76), 

we find that 
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mn 

0, if m+n is odd, 
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(3.114) 

which is due to the symmetry properties of the simple-periodic Lam€ 

functions; see Appendix 3.4. Consequently, the matrices R and Q, as 

well as the matrices A, B, AB and BA, are so-called chessboard matrices. 

This implies that {3.83} can be split into two sets of equations, ene 

for the eigenvector [b
2

, b
4

, b
6

, .•• ]T and one for the eigenvector 
T 

[b1, b3 , b5, ••. ] • Bence, the problem of determining the hybrid I- and Ir-

modes separates into independent problems for the modes of period ~ in $ 

and for the modes of period 2n in $. This can be seen as fellows. The 

number m+n is even if both m and n are even or if both m and n are odd. 

In the first case the modal solution involves the simple-periodic Lamé 

functions of the classes I and III having period n. In the secend case 

the modal solution involves the simple-periodic Lamé functions of the 

classes II and IV having period 2rr. 

It can be shown that the modal fieldsof period rr, when used as the 

fields at the aperture of a truncated cone, ,give rise to radiation 

patterns with a dip in the forward direction. Applications that utilize 

this property will not be dealt with in the present study. Benceforth, 

we restriet the investigation to the modes of period 2rr in ~· In 

accordance with [1) the I- and !I-modes of period ~ in ~ are labeled 

EB and 
0 

labeled 

EB 
e 

HE 
0 

refer to odd 

and {3.24). 

modes, respectively, and those of period 2~ in $ are 

and modes, respectively; here the subscripts o and e 

and even symmetrie, respectively, as defined in (3.23) 

For the HE modes we have numerically solved (3.83) and {3.84). The 

matrix BA and the veetors ä and b are truncated to a finite size N, 

where the choice of N depends on the mode and on the aspect ratio are 

of the cone under consideration. The lower the aspect ratio thè higher 

the size N must be. In the most important range of the aspect ratio, 
1 1 4 to 2' we have used a size N ranging between 6 and 9. 

The elements of the matrices contain nonperiodic Lamé functions, their 

derivatives, and integrals of the simple-periodic Lamé functions. Nume­

rical procedures developed by Jansen [7] have been used for the com­

putation of the Lamé functions and their derivatives. The series, re­

presenting the Lamé functions, have been truncated. Approximately 25 

terms suffice for the computatioris.if the aspect ratio is in the range 

mentioned above. standard numerical procedures have been used for 

determining the eigenvalues of the matrix BA as a function of the para­

meter v. In this manner we have ascertained intervals for v, in which BA 
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has an eigenvalue À equal to 1. Then, using a rootfinding procedure we 

have determined, with a high degree of accuracy, the value of V such 

that À-1 0. Furthermore, the corresponding eigenvector has been com-

puted. Having obtained v and 4 we can determine ä and all the field 

components of the mode under consideration. 

As an example we present in Table 3.3 the numerical values of v as a 

function of 6
0 

and are• for the odd or even symmetrie HE11 mode in 

anisotropic elliptical cones. The results for the circular cone 

(are 1), computed by means of the theory for the elliptical cone in 

the manner mentioned above, agree with those in (5], [1], which have 

been obtained from a simpler theory. In the Figures 3.2a-b we have 

plotted the normalized transverse electric field of the 
0

HE 11 mode 

for some anisotropic elliptical cones, whereas in the Figure 3.2c 

the same has been done for the 
0

HE
31 

mode. The corresponding numerical 

values of the elements of the truncated veetors ä and b have been 

listed below these figures. 

In conclusion we summarize the main results of this section. The problem 

of wave propagation in a corrugated elliptical cone has been solved by 

use of the idealized anisotropic surface-impedance model. It has been 

proved that only specific fields satisfy the anisotropic boundary con­

ditions. These field solutions are valid at points not too close to the 

apex of the cone. They have both electric and magnetic field components 

in the radial direction, and they are called hybrid modes. Odd and even 

symmetrie hybrid modes have been found and it has been shown that these 

modes can be combined to yield an electromagnetic field (Ë, H) that 

satisfies the relation Ë = + jZ H. 
- 0 

The problem of determining the hybrid modes has been formulated in 

matrix notation. The unknowns of the latter problem are the mode-number 

v, and the veetors ä and b. It has been found that the odd and even 

symmetrie hybrid modes have pairwise identical mode-nurobers v, identical 

veetors ä and identical veetors b. The unknowns v, ä and b have been 

numerically determined and the results have been presented in tables and 

figures. For given v, ä and b, the electromagnetic fields inside a cone 

can be .determined. In the calculation of the radiation of a truncated 

cone we will assume that the electromagnetic fields at the apert~re of the 

cone are the same as would exist there if the cone extended to infinity. 

Radiation computations will be dealt with in the next chapter. 
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e~ are 1/2 1/3 1/4 0.1 0.05 

5 27.0739 21.2033 19.7893 19.1911 18.3070 18.1079 

6 22.4844 17.6086 16.4392 15.9479 15.2397 15.0901 

7 19.2071 15.0443 14.0507 13.6367 13.0544 12.9381 

8 16.7499 13.1240 12.2632 11.9076 11.4195 11.3265 

9 14.8395 11.6331 10.8763 10.5664 10.1508 10.0749 

10 13.3119 10.4426 9.7691 9.4966 9.1383 9.0750 

11 12.0626 9.4706 8.8665 8.6238 8.3117 8.2582 

12 11.0221 8.6623 8.1162 7.8988 7.6243 7.5785 

13 10.1422 7.9523 7.4832 7.2872 7.0440 7.0042 

14 9.3885 7.3968 6.9423 6·. 7646 6.5476 6.5128 

15 8.7357 6.8926 6.4750 6.3132 6.1183 6.0875 

16 8.1649 6.4527 6.0675 5 .• 9195 5.7435 5.7161 

17 7. 6617 6.0657 5.7092 5.5733 5.4135 5.3889 

18 7.2148 5. 7227 5.3917 5.2665 5.1208 5.0986 

19 6.8152 5.4167 5.1087 4.9929 4.8595 4.8394 

20 6.4560 5.1422 4.8548 4.7475 4.6248 4.6065 

21 6.1313 4.8947 4.6259 4.5262 4.4130 4.3962 

22 5.8364 4.6704 4.4186 4.3256 4.2209 4.2054 

23 5.5674 4.4663 4.2299 4.1431 4.0458 4.0315 

24 5.3212 4.2799 4.0576 3.9764 3.8858 3.8725 

25 5.0949 4.1099 3.8997 3.8235 3.7389 3.7266 

Table 3.3. Numerical values of the mode-numbers v as a function of 

e (degr. l and árS' for the HE11 mode in anisotropic 
0 

elliptical cones. 
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Fig. 3.2a. Normalized transverse electric field, in the xz-plane (---) 

and the yz-plane (---}, of the
0
HE11 mode in an anisotropic 

elliptical cone; are 1/3, eo = 3.37°, e~ = 10°, 

\) = 29.5328. 

The numerical values of the elements of the truncated 

vectorscä and bare 

+1 
bl 

-1 
al -6.6380.10 I 9.9283.10 

-1 
a3 3.2634 . 

I b3 = -1.1947.10 
-2 -3 

as -5.2264.10 bs 2.4594.10 
-4 -6 

a7 3.0084.10 b7 -4.1047.10 
-6 -7 

a9 -8.1008.10 b9 -2.1196.10 
-6 -8 

all 3.4782.10 bll 5.4525.10 
-6 -8 

a13 -1.1035.10 b13 -1.4557.10 
-7 -9 

alS 3.2784.10 3.7113.10 
-8 -10 

a17 -7.8957.10 b17 -7.8371.10 • 
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9'(degrl 

Fig. 3.2b. Normalized transverse electrio field, in the xz-plane (---) 

and the yz-plane {---), of the HE11 mode in an anisotropic 
0 0 

elliptical COfle; are = 1/2, 6
0 

"' 20 1 e~ = 36.05°, 

\) = 5.1422. 

The numerical val u es of the elements of the truncated 

veetors ä and b are 

7.2311 bi 
-1 

al -9.9900.10 
-1 -2 

a3 2.4916.10 b3 4.4756.10 
-3 -5 

as -1.4311.10 bs 6.9231.10 
-5 -7 

a7 = -2.2483.10 b7 9.7053.10 
-7 -8 

a9 -1.2682.10 b9 1.8333.10 
-8 -6.7075.10-10 

all -1.7738.10 b11 
-9 7.7768.10-11 

a13 1. 7721.10 b13 = 
alS -2.0433.10- 10 

b15 -7.5356.10 -l2 

a17 2.0559.10-1! b17 6.6897 .lo-13 
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Fig. 3.2c. Normalized transverse electric field, in the xz-plane (---) 

and the yz-plane (---), of the
0
HE 31 mode in an anisotropic 

elliptical cone; are = 1/2, eo 20°, e~ = 36.05°, 

V = 9.3115. 

The numerical values of the elements of the truncated 

veetors ä and b are 

-1 -1 
al -7.4668.10 b1 -5.3613.10 

-1 
a3 3.4378 b3 -8.4394.10 

-1 -2 -1.3546.10 bs 1.8273.10 
-4 -6 

a7 -4.7788.10 b7 8.4286.10 
-5 -7 

a9 -1.1697.10 b9 3.8788.10 
-7 -9 

all -1.6194.10 bu 5.9187.10 
-9 

9.1656.10-12 
a13 -3.6537.10 b13 

-10 5.8942.10-12 
alS 1. 0602.10 , b15 

-11 
-4.2397.10-13 

a17 -1.3422.10 1 b17 
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3.4. Appendix 

Through integration by parts and by use of the periodicity properties 

of the periodic Lamé functions, it is easily seen that the numerator 

of (3.75),and that of (3.76) with mand n interchanged, are opposite.Hence, 

to prove (3.114) it is sufficient to verify that rmn 0 if m +nis 

odd. The numerator of expression (3.75) for rmn can be written as 

27T 
J L (n) (<j>) ~ {L (m) (</>) }d<j> 
0 cv d<j> S\) 

7T 
J L (n) (<j>) ~ {L (m) (<j>) }d<j> + 
O C\) d<j> S\) 

7T 
+ f L(n) (<j>+7T) d { (m) • } • 

0 C\) d<j> LS\) (~+7T) d~. 

For even superscripts we have (see equations (2.95)-(2.98)), 

L(n) (<j>) 
C\) 

L(m) (<j>) 
S\) 

L (n) (•+7T) 
C\) ~ ' 

L(m) (•+7T) 
S\) ~ ' 

and for odd superscripts one has 

L(n) (<j>) 
C\) 

L(m) (<j>) 
SV 

-L(n) (•+7T) 
C\) ~ ' 

-L (m) (<j>+7T) • 
S\) 

(3.115) 

(3.116) 

(3.117) 

(3 .118) 

(3.119) 

Consequently, the two integrals in the right-hand side of (3.115) 

cancel if m+n is odd, which proves (3.114). 
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4. RADIATION CHARACTERISTICS OF ELLIPTICAL HORNS WITH ANISOTROPIC 

BOUNDARY 

4.1. 

The radiation behaviour of truncated elliptical cones will be discussed 

in this chapter. A theory is developed starting from the Kirchhoff-Huygens 

approximation to the radiation problem and computed results will be com­

pared with experimental results. 

In general, knowledge of the tangential fields on a closed surface sur­

rounding the sourees of radiation is necessary and sufficient to determine 

the radiation field outside the surface. In the Kirchhoff-Huygens approxi­

mation it is assumed that the radiation field is completely determined by 

the field distribution at the antenna aperture surface only. The aperture 

fieláis thereby taken to beidenticalto some given modal field of the 

infinite cone. This simplification of the radiation problem is permissible 

provided the following assumptions are valid [2]: 

1. the outside surface of the horn does not contribute to the radiation; 

2. unwanted modes, possibly generated at the throat and at the mouth of 

the horn, can be neglected. 

To meet these assumptions it is required that 

a. the horn antenna has been constructed from electrically good conducting 

material; 

b. the horn flare angle is not too large, say less than 45 degrees; 

c. the horn length is large in terros of wavelength. 

Regarding the application of such horns in communication links it is 

required that two orthogonal modes of one type of polarization (linear or 

circular), give rise to identical radiation patterns. It will be found that 

the elliptical horns with anisotropic boundary meet this requirement. 

On the basis of the Kirchhoff-Huygens approximation the radiation field 

of the horn is given by an integral representation in terros of the 

aperture field. From this integral representation general radiation 

properties of horn aperture fields are derived, dependent on the properties 

of the exciting modal field. 

Two methods are employed for the computation of the radiation pattern of 

the horn. One method, the aperture-field integration method, is suitable 
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to evaluate the radiating near-field and far-field patterns. In this 

methad the Kirchhoff-Huygens integral representation for the radiation 

field is converted into a sampling-like representation by a series of 

products of Presnel integrals and Fourier coefficients of the aperture 

field. 

In the second method, the wave-expansion method, the fields outside the 

horn are expanded in terms of sphero-conal TE and TM modes. If the 

aperture fields are known, the expansion coefficients can be determined 

by matching the fields at the aperture and by using the orthogonality 

properties of the TE and TM modes of free space. In principle this methad 

can be used to evaluate the radiation field at any observation point 

outside the horn. On the ether hand, from the computational point of view 

the expansion methad is more involved than the integration method, in 

particular for long horns. 

The well-known wave-expansion methad for the analysis of circular horns 

[5] is a special case of the expansion methad mentioned above. In the 

.far-field region of circular horns the aperture-field integration 

methad and the wave-expansion methad are mathematically equivalent [9]. 

In section 4.5 numerical results obtained by the integration and 

expansion methods will be compared with each other and with experimental 

results. 

4.2. General properties of radiation fields from elliptical horns with 

anisatrapie boundary 

This section deals with general radiation properties of horn aperture 

fields caused by the hybrid modes discussed in sectien 3.3. These 

properties are best derived from the integral representations for the 

fields outside the hom and the properties of the modes mentioned. 

Consider an elliptical horn with an aperture Sa (see Figure 4.1). The 

aperture fields denoted by E(r) and B{r ), are the only sourees of the 
a a 

electromagnetic fields outside the horn. Then the fields outside the 

hom are given by [11, p. 19] 

V x //fnxË(r )} G{r ,r )dS + {jwe
0
)-l V xV x Jj{nxH(r )}G(r ,r )dS, 

Ps a pa PPs a pa 
a a 

(4.1) 



and 

ii<r > 'ij 
p p 

-(jwpo) 
-1 

with 

G<r ,r. > p a 

-103-

x fJ {ft x ä<r >J G(r ,r )dS -
s a P a 

a 

JfHi. x Ë<r n G(r ,r >ds, 'ij x 'ij x a P a p p s a 

eXP(-jk*lr -r I> 
P a 

4'1flr -r. 1 p a 

in which (see Figure 4.1): 

r is the position vector of the aperture point Q, 
a 

r is the position vector of the ob servation point P, 
p 

fi is the unit vector normal to s a at Q, 

'ij x ts the curl operator with respect to the coordinates of P. p 

x 

Fig. 4.1. Horn aperture Sa and the observation point P. 

(4.2) 

If the hom aperture fields are related by Ë(r) = + jZ Ïi(r ), then it 
a - o a 

is found from (4.1) and (4.2) that the fields at an arbitrary cbser-

vation point P satisfy the relation Ë(r) = + jZ H(r ). 
p - 0 p 

Equations (4.1) and (4.2) eXPress that the fields at Pare obtainable 

from the tangential fields on Sa. As the fields in the immediate 

vicinity of the aperture Sa are not of interest in the present study, 

it is assumed that k*lr -r I >> 1, where k* = 2'1f/À and À is the free-
P a o o 

space wavelenqth. This assumption restricts the investigation to the 

radiating near-field and far-field regions of the horn antenna. The 
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first region extends from a few wavelengtbs away from the antenna to 

2D
2

/À , where Dis the diameter of the antenna aperture. The second 
0 

region is commonly taken to exist beyend a distance 2D
2/À from the 

0 

antenna [8]. 

Carrying out the vector Operatiens V x in (4.1) and (4.2), and assuming 
p 

that k*lr -r I >> 1, it is found that these representations simplify to 
p a 

[11, p. 20] 

-
4
jk* JJ[t

1
x{îixË(r )}-z :r

1
x{r

1
x{îixH(r )}}] Lexp(-jk*r

1
)ds, 

~ S a o a r 1 a (4.3) 

and 

z H(r) = -4jk* ff[z flx{îixH(r )}+flx{flx{îixË(r )}}] exp(-jk*rl)dS, 
o p ~ S o a a r 1 a (4.4) 

in which r
1 

In the radiating near-field and far-field regions further approximatiens 

can be made [11, p. 20-25]. The unit vector r
1 

is replaced by the unit 

vector r along r , and r
1 

in the denominator is replaced by r • In the p p p 
exponential function a more accurate approximation of the distance r

1
, 

denoted by r
1

, must be used (7], (11, p. 22-23]. Explicit expressions for 

r
1 

are given in subsequent sections. Inserting the approximations into 

(4.3) and (4.4) one finds 

E(r) = -jk* f xfl [îixË(r )-Z f x{îixH(r )}]exp(-jk*rl)dS, 
p 4~r p 

8 
a o p a 

P a 

(4.5) 

and 

z H(r ) = 4-jk* f xff [Z fixH(r )+f x{îixË(r ) } ]exp(-jk*r1)d.S. 
e p ~r p 

8 
o a p a 

p a 

(4.6) 

From these equations it is readily seen that 

:r xË<r >. p p (4.7) 

It is recalled that .if the aperture fields are related by E(r ) = 
a 

+jZ0H(r ), then the fields at a point P satisfy E(r) +jZ H(r ). 
- a p - o p 

Frem the latter relatien and (4.7) it fellows that Ë(r )·Ë(r) = 0, 
p p 
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hence, subject to the approximations mentioned above, the field at p is 

circularly polarized. If in the double-signed expresslons the upper(lower) 

sign applies, then the circular polarization is counter-clockwise(clockwise) 

with respect to the direction of propagation. Thus, aperture fields 

that satisfy E = + jZ H(r ) generate purely circularly polariged 
- o a 

fields. Such aperture fields are obtained by a suitable combination of I­

and II-modes, as has been shown in section 3.3; in fact, this is a con­

sequence of (3.97) and (3.98). If these modes are utilized separately, 
-I - -II -then the electrio fields denoted byE (r) and E (r ), respectively, are 

p p 
geometrically orthogonal. The orthogonality is proved as follows. From 

· -I - -II - - -I -
(3.97), (3.98), it is found that E (ra)"' Z

0
H ·(ra) and (ral =-Z

0
H (ra). 

From these relations and (4.5)-(4.7) wethen derive 

-II -f xE (r ), 
p p 

(4.8) 

which implies the orthogonality 

-I - -II -
E (r l .E (r ) 

p p 
o. (4.9) 

The properties of some power radlation patterns are now investigated by 

considering Poynting's vector 

P<r > 
1 - - - -= 2Re{E(r lxH*(r )} p p p 

(4.10) 

Fr om (4.10) and (4.7) one has 

P(r > 
1 liii<r >1 2 

f . =--
p 2Z p p 

0 

(4.11) 

- - -I - -II - - - -I - -II -
Let Ea(ra) = E (ra)-jE (ral and Ha(ra) = B {ra}-jB (ral be the 

aperture fieldsof an a-mode. By use of the relations (3.97), (3.98), 

it is found that these fields satisfy Ë (r J = jZ ä (r ). The fields 
a a o a a 

E (r) and ij (r }, determined from (4.5) and (4.6), then give rise to 
a p a p 

the Poynting vector 

1 ~-I - 12 ~-II - 12 = 
2
z { E (r ) + E (r ) }f 

0 p p p 

1 I ËI <r > 12 t , 
zo p p 

(4.12) 
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where use has been made of (4.8). Note that the a-mode generatee radi­

ation fields that are counter-clockwise circularly polariz.ed. 

- - -I - -II - - - -I - -II -
Let E

13
(ra) = E (ra)+jE (ra) and a

13
(ra) B (ra)+jB (ra) be the aper-

ture fields of a 13-mode. Using (3.97) and (3.98), it is found that these 

fields satisfy Ë~(r) = -jz H0 (r ). The equality of the Poynting veetors 
.., a o P a 

for the a- and the 13-modes can be easily shown. Hence, these two modes 

give rise to the same power radiation patterns, while from the analysis 

of the polarization properties it is known that the associated radiation 

fields are oppositely circularly polárized. 

From (4.11) and (4.8) it readily fellows that the power radiation patterne 

of a I- and a II-mode are equal. The associated radiation fields, however, 

are perpendicular to each ether. 

The analysis given ábove has revealed a number of interesting proper­

ties of the radiation fields of the elliptical hom with anisotropic 

boundary. These properties are of qreat importance in telecommunications 

applications. 

4.3. Sphero-conal wave-expansion metbod for radiation computation 

In recent years, corrugated elliptical horns have received a lot of 

attention in view of their application as a primary radiator in satellite 

antennas for the direct TV braadcasting service [16], [17]. The use of 

such a horn for the illumination of a single offset parabolic reflector 

has been described in [6]. The major axis of the horn aperture is 6À 
0 

at the frequency 12 GHz, whereas the focal lenqth of the reflector is 

1.5 m. The reflector is in the radiating near-field region of the horn. 

This region extends to approximately 1.8 m from the horn aperture. 

One approach to the calculation of the radiation fields from elliptical 

horns employs a wave-expansion method. Consider an elliptical horn with. / 

a radial lenqth ra, an opening angle a
0

, and an aspect ratio are; see 

Fiqure 4.2. The observation point and the aperture point are described 

by sphero-conal coord.inates (r , e , 4> ) and (r , e, 4>) , respectively. 
P. P P a 
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x 

z 

y 

Fig. 4.2. Coordinates for the wave-expansion computations. 

In the free-space region outside the sphere of radius ra' any 

electromagnetic field can be decomposed into TE and TM modes. 

Since the region is simply connected, such a decomposition exists 

by [10, Theorem 5.3, p. 86]. 

The expansion coefficients are determined by matching to the given 

tangentlal fields on the sphere of radius r = ra, and by invoking the 

orthogonality properties of the TE and TM modes of free space. Knowing 

the coefficients, the electromagnetic fields outside the sphere of 

radius ra can be calculated. It is thereby assumed that on the sphere 

r = ra' the fieldS are non-zerO Only at the Cap 0 ~ e ~ 6
0 

1 in 

accordance with the adopted Kirchoff-Huygens approximation; see sectien 

4.1. 

The equations needed for handling the computation problem stated above, 

are now given. The assumed time dependenee exp(jwt} will be suppressed 

throughout. With reference to (3.3} and {3.4}, the decomposition for odd 

symmetrie fields, valid for r ~ 
p 

Ë <r > 
0 p 

reads 

(4.13} 
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(4 .14) 

where a(n} and b(n) are the coefficients of the odd symmetrie TEe and 
C\) S\) 

™s free-space modes, respectively. These modes are derived from the 

potentials ~(vn) and ~(n), which are'solutions of the scalar Helmholtz 
C SV 

equation {3.4a) that are regular in the region rp ~ ra, 0 ~ ep ~ n, 

0 ~ ~ ~ 2n. Such solutions have been determined in sectien 2.5.2, viz. p 

h( 2 ) (k*r )v{n) (6 ,q, ) 
\) P Ç\) P P I 

h {2 ) (k*r )v (n) (6 ,cp ) , 
V p sV p p 

{4.15) 

where 
. (n) (n) 
vcv, v

8
v ,are given by (2.158a-d). 

Likewise, the deeomposition for even symmetrie fields reads 

Ë er.: > 
e P 

r r [-a(n)llx{r 1/l<n>(:r.: )r }+b(n) ~kl* xllx{r w<n>c:r.: >r }), 
v=l n=O S\1 p S\1 p p C\1 p C\1 p p 

(4.16) 

jz ä er.: > oe p 

\1 r r la <n> ~k1 * xvx{r w <n> c:r.: >r } - b <n>vx{r w <n> <r >r }J, 
v=l n=O sv p sv p p cv p cv p p 

(4.17) 

where a(n) and b(n) are the coefficients of theeven symmetrie TE and 
sv cv s 

™c free-space modes, respectively. The definitions of odd and even sym-

metrie fields are in aecordance with (3.23) and (3.24), respectively. 

Introduce the veetors 

- (n) - 1 (n) - ~ 
N (r) = k* llx'Jx{r 1/1 (r lr }, C\1 p p e\1 p p 

-Vx {r 1jJ <n> er lr }, 
p S\1 p p 

(4.18) 

- (n) - 1 (n) - ~ 
N (r ) = .::..".r;Jk* x'ilx{r 1/1 (r lr }, 

S\1 p p SV p p 

(4.19) 

then the expansions (4.13) and (4.14) ean be shortly written as 



E <r > 
0 p 

jz s <r > 
0 0 p 

"" V 

I ~ 
v=1 n=O 

oo V 

I l: 
v=1 n=O 

whereas (4.16) and (4.17) become 

Ë <r > 
e P 

jz s cr: > oe p 
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It can easily be shown that M and N are related by 

VxM(n} 
cv 

VxN(n) 
cv 

-k*M(n), 
cv 

v.xM(n) 
sv 

VxN{n) 
sv 

(4.20) 

(4.21) 

(4 .22) 

(4.23) 

(4.24) 

(4.25} 

Using these equations it is readily verif!ed that the fields represented 

by (4.20), (4.21), satisfy 

vx:E <r > 
0 p 

-jooJJ ii tr J, 
0 0 p 

vxii <r > 
0 p 

jûle Ë er>, 
0 0 p 

and those represented by (4.22), (4.23), satisfy 

vxË <r > -jooJ,J 8 <r >, e p oe p 
vxii <r > = jooe Ë <r >, e p o e p 

which are Maxwell's equations. 

(4.26) 

{4.27) 

By use of (4.15) the veetorsMand N can be expressed in termsof the 

spherical Hankel function h( 2
) (k*r ) and the functions v(n), v(n), viz. 

V p CV sv 

M(n)(r) = h( 2 )(k*r )~ xV v(n)(e ,cp ), 
cv p v pp tcv pp 

(4.28) 

(k*r >- 1[v<v+1)h<2> (k*r )v(n) (El .~ )r + 
p \1 p C\1 p p p 

+ {r h( 2) (k*r )} V v<n>(a cp l] 
p \1 p t cv p' p , 

(4.29) 
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M(n) (r > = h <z> (k*r )r x vtv<nl (6 ,q. >, 
SV p V p p SV p p 

(4.30) 

(k*r >-1 [v(v+llh(2) (k*r )v(n) (6 ,, }r + 
p V p SV p p P 

+ drd {r h(Z)(k*r )} V v(n}(6 ,q. )], 
p p V p t S\l p p 

(4.31) 

in which the vector operatien Vpx has been partly carried out. According 

to (2.158a-d) the functions v<nJ, v<nl areproductsof Lamé functions, 
cv sV 

L (n) (6 ) L (n) ($ ) • (4.32) 
spv p sv p 

The vector operatien Vt in (4.28) and (4.29) can be carried out by means 

of (2.49c), thus leading to the following expressions for the veetors M(n) 
- (n) cv 

and N : cv 

-(n)·-
M (r ) 

C\) p 
J.... h (2) (k*r )L (n) Hl ) ~{ L (n) ($ l }ê + 
h$ \) p cp\J p d\jlp C\J p 6 

+ h(.2) (k*r ) 5!..__{ L(n) (6 )}L(n) <lP )ê , 
v p dS cp\J p cv P lP 

p 

(4.33) 

v(v+l) h(2) (k*r )L(n) (a )L(n) (<!> )~ 
k*r v p cpv p cv p 

p 
+ 

+ 

+ k*r\* :: {r h(Z)(k*r )}L(n)(e) d~ {L(n)(<j) )}ê..,. ;4.34) 
p <j1 p p V p cpv p o/p C\l p ~ 
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~ 

Here, rp' e 6 , e~ are the sphero-conal unit veetors at the observation 

point P; furthermore, he = h6/r, h$ = h~/r, where the scale factors 

he, h~, are given by (2.9), (2.10), with 6 = e, ~ = ~. Expresslons 
-(n) _(n) p P 

for the veetors M and N are found from (4.33) and (4.34) when sv sv 
replacing the subscript c by s. 

To determine the expansion coefficients we make use of the veetors M 

and Nbeing orthogonal in integral sense. To show this, let v 1 , v 2 , be 
. {n) (n) 

any pair of funct1ons from the complete set vcv, vsv, V= 0,1,2, ..• , 

n = 0,1, ... ,V, as qiven by {4.32). Furthermore, let Q denote the unit 

sphere described by r = 1, 0 $ 6 $TI, 0 $ ~ $ 2TI. Then, in view of 
p p p 

(2.163), (2.174a-c) and (2.176a-c), we have the orthogonality relations 

# (rpX\\ Vl). (rpx\\v2 )dQ = # 'ift Vl. \'tv2dfl 

n n 

JfrpxVtv1.Vtv2dl"l 

n 
Jf Vtv1xVtv2 .rPdl"l 

Q 

0 if v 1 * v 2 • 

0 if v 1 * v 2 , (4.35) 

0, (4. 36) 

(4.37) 

Together with (4.28) - {4.31) these relations imply that the vector 
-(n) -(n) -(n) -(n) 

functions Mcv , M
5

V , Ncv , Nsv form an orthogonal system on the unit 

sphere. It is easily verified that also the veetors M and Nt are 

orthogonal in integral sense; here Nt denotes the transverse part of N. 

As an example we now deal in detail with the expansion of the odd 

symmetrie fields of the elliptical hom with anisotropic boundary, in 

the region r ~ r , 0 B s TI, 0 s ~ < 2TI. The electric field Ë (r ) p a p p a a 
tangential to the sphere r ra is taken to be zero outside the 

aperture of the horn. At the aperture, Ë (r ) is taken to be equal to 
a a 

the tangential field of the odd symmetrie I-mode of the infinite cone. 

This tangential field has components given by (3.66) and (3.67}, in 

which the notatien V for the mode-number is changed into v•, to avoid 

confusion. The modal field is assumed to have period 2TI in~ (
0

HE mode), 

hence the coefficients a 2m and b2m (with even subscripts) in (3.66) and 

(3.67) vanish. rt is understood that the mode-number v• and the sequences 

{a2m+l}, {b2m+l}, have been determined in the manner described below (3.86). 
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The expansion of Ë (r ) according to {4.20) now reads 
a a 

(l() [ (\!-1)/2] I {a (2n+1li!i<2n+ll (r l + b (2n+l)N{2n+ll (r l} , 4 • 38 > 
n=O cv cv a sv tsv a ' 

Ë ,;:: > 
a a L 

\!=1 

. -(2n+1) f -(2n+1) 
in wh1ch Ntsv denotes the transverse part o Nsv ; see (4.31). 

To determine a specific expansion coefficient, multiply {4.38) by the 

appropriate M or Nt and integrate the result over the sphere r = ra. 

By use of the orthogonality properties of M and N, it is then found 

that 

(2n+1) 
a cv 

and 

b{2n+1) 
sv 

(4.39) 

{4.40) 

The integral in the denominator of ·(4.39) can be reduced to an 
(2n+1) 

integral of the square of vcv • Indeed, by use of (4.28) and (2.166) 

we derive 

in which 

I (2n+1) 
C\) 

{h(2)(k*r )}2 I(2n+1)
1 v a cv 

(4.41) 

(4.42) 

The integral in the denominator of (4.40) is likewise reducible to an 
(2n+l) 

integral of the square of vsv • By use of the transverse part of 

(4.31), tagether with (2.166), we now find 
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(k*r ) - 2 
a 

[~rh (2) (k*r}} ] 2 1 
dr \1 

1f 21r 
I(2n+l) = v(v+1lf f ~(2n+l) (6 ~)} 2 h*h*d6d~. 

S\1 O O S\1 
1 

6 ~ 

r 
a 

I (2n+l) 
S\1 t 

(4.43) 

(4.44) 

To evaluate the numerators of (4.39) and (4.40), we insert the 

expansions (3.66) and (3.67) for the components of the aperture field 

(r ). The resulting double integrals can be further reduced by means a 
of the integral relations for simple-periodic and nonperiadie Lamé 

functions. Explicit expressions for these numerators are given in 

Appendix 4.6.1. Note that if are = 1, corresponding to the case of a 

circular cone, all integrals can be evaluated, thus leading to closed­

form expressions for the expansion coefficients [12]. 

. (2n+l) b(2n+1) 
After havLng evaluated acv , sv , the fields at an arbitrary 

observation point P outside the sphere r are determined from 

(4.20), (4.21). In numerical computations the summations over V are 

truncated at some integer vmax' which is related to the electrical 

length k*ra of the horn. An acceptable truncation value is 

V = [k*r ), in which [k*ra] denotes the largest integer~ k*ra. 
max a 

Free-space modes with v > vmax do not contribute significantly, as is 

confirmed by the comparison of the modal power-flow Pa through the 

aperture, and the running total of the radiation power of the expansion 

modes as a function of v. The total radiation power Ptot of the 

expansion modes equals Pa. The power flow Pa is determined from 

(3.108). The power flow P through the sphere of radius r is found 
tot p 

by integration of the radial component of the time-average Poynting 

vector P(r ) given by 
p 

i?tr > = -2
1 

Reti <r >xii*tr >}. p 0 p 0 p 
(4.45) 
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By substitution of (4.20) and (4.21) into (4.45},and by integration 

over the sphere of~radius rp' using the orthogonality properties of 

Mand N, and the property {2.85) of the spherical Bessel functions, 

it is found that P tot, due to the odd symmetrie HE mode, equals 

"" 
(2Z k* 2 ) -i ~ Ptot = l. 0 V=l 

Features characterizing the radiation behaviour of a hom are the power 

radiation pattern, the gain function, the phase pattern and the phase 

centre. 

The power radiation pattern F(r ) and the gain function g(r ) of the 
p p 

horn are defined by 

F(r > = P <r >lP <r ,o,o>, 
p r p r p 

and 

41fP (r )/P , r p a 

(4.47) 

(4.48) 

in which p (r ), the power radiated per unitsolid angle, is defined by 
r P 

(4.49) 

The phase pattern is equal to the difference between the phases of the 

electric field at the observation point and at a reference point. From 

the phase pattern one may determine the surfaces of constant phase or 

equiphase surfaces. Consider next the equiphase lines which arise as 

the intersectien of the equiphase surfaces with a plane V through the 

axis of the_horn (z-axis). Inthefar-field region these equiphase lines 

are approximately circles and their. centre of curvature is called the 

phase centre in the plane V. To determine the location of the phase 

centre, we refer to the planar cross-section through the z-axis shown 

in Figure 4.3. Here, the point 0 is the apex of the horn; Pc is the 

phase centre; P is the observation point; P
0 

is the reference point; 

P and P are described by sphero-conal coordinates (r ,e .~ } and 
0 . p p p 

(r ,Q,O), respectively. It is assumed that the equiphase line through 
p 

P is a circle with centre 
0 

differ in phase by ó. Then 

P • Let the electric fields at P and at P c 0 

the displacement /:,.of Pc relative to the 
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apex 0 is given by 

2 . 2 1/2 o/[k*{l-(1-k' s~n ~) cose }], 
p p 

(8 ,q, } * (0,0}. 
p p 

{4. 50) 

This result can be derived in the same manner as in [11, p. 63], [15]. 

It should be noted that (4.50) is valid only in the far-field region. 

Moreover, it has been assumed that the equiphase lines are circles, at 

least to a good approximation, with their centre on the z-axis. If these 

conditions are not met, general formulae for the centra of curvature of 

an equiphase line must be used [13], [14]. 

In general ~ * 0, hence the origin of the sphero-conal coordinate 

system used in the wave-expansion method does not coincide with the 

phase centre; the latter point is commonly taken as the point relative 

to which measurements are carried out. Furthermore, measured results 

are recorded ·as a function of spherical coordinates, whereas computed 

results are determined as a function of sphero-conal coordinates. The 

spherical coordinates of an observation point on a sphere centred at Pc 

can always be transformed into the sphero-conal coordinates of that 

point, now on a sphere centred at the apex of the horn. So extra trans­

formatlans and computations will be needed in order to compare the com­

puted and measured results. The details of these calculations, however, 

will be omitted. 

z 

Fig. 4.3. Geometry for the phase centra computation. 
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Some ramarks about tbe wave-expansion metbod are now in order. For 

each occurring pair of integers v, n, tbe coefficients a {2n+l), 

b {2n+1) ff. civ (2n+1) 
sv , of tbe free-space modes, and tbe Fourier coe l.C ents A2r+1 , 

B~;~r1>, of tbe Lamé functions have to be computed. For each abser­

vation point arrays of sines, cosinas and associated Legendra functions 

must be calculated to determine tbe Lamé functions and tbeir deriva­

tives. Next, tbe summations accord:Lng to (4.20) and (4.21) must be 

carried out. Therefore, botb core memory usage and computer processing 

time rapidly become excessive if vmax is large. Consequently, from tbe 

numerical point of view tbe proposed wave-expansion metbod is not very 

suitable for tbe calculation of tbe radiation properties of elliptical 

horns tbat are long in terms of wavelengtb. The next section deals witb 

a metbod which for long horns is more favourable from tbe computational 

point of view. 

Numerical results based on the wave-expansion metbod and experimental 

results for elliptical horns witb anisotropic boundary are given in 

section 4.5. 

4.4. Aperture-field integration methad for radiation computation 

An alternative approach to tbe calculation of tbe radiat!on f!elds 

of horn antennas employs an aperture-field integration metbod. The 

basic equations have already been presentea in section 4.2 where the 

fields Ë(r ), H(r ), at an observation point P have been expressed in 
p p 

termsof integrals of the aperture-field veetors E(ra), H(ra)' over 

the aperture surface sa. For convenianee equat!ons (4.3) and (4.4) are 

recalled: 

- - -jk* ff - - - - 1 E(r ) = 
4 

[f
1
x{fixE{r ) }-Z r 1x{t1x{fixB(r ) }} ] - exp(-jk*r1).dS, 

p • S a o . a r 1 a (4.51) 

z H(r > = -
4
jk* /J[z t

1
x{fixB<r >l+t

1
x{t

1
x{nxË<r >ll] l_ exp(-jk*r1>dS, 

o p w S o a a r 1 a (4.52) 

These expresslons will now be simplif!ed to a farm convenient for the 

numerical evaluation of tbe radiating near-field and the far field of 

horn antennas. In sections 4.4.1 and 4.4.2 the analysis is carried out 

for the aperture surface coinciding with a spherical cap and for a 

planar aperture, respectively. In both cases sampling-like representations 

for the fields at P will result; campare with [4]. 
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4.4.1. 

Consider an elliptical horn of length ra' with an opening angle 8
0 
~d 

an aspect ratio are; see Figure 4.4. The geometry of such ahorn has 

been described in sectien 2.2. The apex of the horn is at the crigin 

of the coordinate system. The aperture surface sa is a spherical cap 

of radius ra. The aperture point Q is described by the position vector 

ra= (x,y,z), where (x,y,z) are Cartesian coordinates. The z-coordinate 

of the point Q is related to ra,x,y, by 

The surface area element dS of the spherical cap is given by 

x 

y 

(r /z)dxdy. 
a 

p 

(4.52a) 

(4.52b) 

Fig. 4.4. coordinates for the radiation computation; Sa is a spherical 

cap aperture. 

The observation point P has spherical coordinates (r ,6',~') and . p p p 

Cartesian coordinates (x ,y ,z ). The unit vector r1 is given by 
p p p 



-118-

r1/r1 = <r -r >!Ir -r 1 = p a p a 

={(x -x)ê +(y -ylê +(z -z)ê }/r. 
p x p y p z 1 (4.53) 

The unit vector n at Q, normal to the aperture, equals the unit vector 

ra' viz. 

n = r 
a 

(xê +yê +zê )/r . 
x y z a (4.54) 

In the integrands of (4.51) and (4.52) the distance r occurs in the 
1 

denominator of an amplitude-type expression and in the exponential 

expression exp(-jk*r1). In the denominator,r
1 

is approximated by 

2 2 ~ 
r

10 
= (r +r -2r z ) , 

p a a p 
(4.55) 

that is the distance from P to the centre of the aperture on the z-axis. 

In the exponential expression an approximation of r 1 is used that is correct 

up to quadratic terms in x and y. Such an approximation is obtained by 

retaining the relevant terms in the expansion of the distance r 1 = QP in 

powers of x,y. This distance is 

Ir -r 1 p a 
- - - - I:! (r -r ,r -r ) 

p a p a 
2 2 - - I:! {r +r - 2(r ,r )} • 
p a a p 

On the spherical cap one has, up to quadratic termsin x,y, 

z ., r 
a 

2 2 
- .!!....:!:L. 

2r 
a 

if 2 2 
x +y 

2 
<< r . 

a 

(4.56) 

(4.57) 

By substitution of (4.57) into (4.56) and by use of (4.55) it is found 

that 

(4. 58) 

The latter expression is expanded in powers of x,y, up to second order. 

Thus we find for r 1 the approximation 

2 
xyx y z x 
.....::....E:.. + ( ....12. - ...E_) 

3 r 2 
r10 a rlO 

2 
x --+ 

2r10 

z 
(....E. 
r 

a 
(4.59) 
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In Table 4.1 somevalues of the phase error, due tothereplacement of 

r 1 by r 1 in the exponential expression exp(-jk*r
1
), are given, 

(a) (b) 

e· cj>' 90° <P' = 270° <P' = 90° cp• = 270° 
p p p p p 

10° 0.54° -0.55° -0.96° -2.05° 

20° 0.73° -0.68° -3.92° -5.33° 

30° 0.59° -0.52° -6.74° -7.85° 

Table 4.1. Phase errors (degr.) due tothereplacement of r
1 

in 

exp(-jk*r
1

J by 

(a) rl, given by (4.59); 

(b) the Fresnel small-angle approximation of r 1, which is 

obtained by discarding terms with x y , x 2 and y
2 in 

p p p p 

r p 

(4. 59); 

0.9m, r 
a 

0.44m, x Om, y 0.03m, frequency 12 GHz. 

Because of the approximation (4.57), the present analysis is restricted 

to long horn antennas with small flare angle. The aperture fields of 

such horns satisfy the relation z H(r) = r xË(r ); see (3.104). Hence, 
o a a a 

the electric field E(r ) is found by the integration of, for instance, p 
H(r) over the aperture of the horn according to (4.51). The expressions a 
for the Cartesian components of Ene electric field at P are derived 

from (4.51) by carrying out the vector products and by inserting the 

approximate expresslons for r
1

• Thus we find 

E <r > x p 

2 2 2 
+yp(I11-I17+2I13-2121)+zp(2I22-2124-I10+I14)+(ra+yp+zp) (I2-I9) ], 

(4.60) 



E c:r > 
y p 
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(4.61) 

jk*Z 
Ez(rp) = 4vr3o[r10ra(I6-xpi4+ypi3-I8)+xpzp{I9-I2)+ypzp(I1-I7)+zp(I18-I20)+ 

10 

{4.62) 

Here, 

ff 
s xy 

i 1,2, ••• ,24, 

in which the integration domain S is described by 
xy 

2 2 
~--x~-- + ~----~--=---
r2sin2e r 2 (1-k2cos2e ) 

<; 1, 

a o a o 

as follows from (2.24a) with r
0 

replaced by ra. The parameter k is 

found from (2.24). The semi-axes of the elliptical domain S are 
2 2 ~ · xy 

bë=rasin60 and ae=ra(l-k cos 60) 

( 4. 63) 

(4.64) 

The expressions for hi (x,y) in terms of the coordinates x,y,z, and the 

Cartesian components of H(r ) are listed in Appendix 4.6.2. Note that z a 
is determined by (4.52a). 

The evaluation of the integrals (4.63) is now discussed. The integration 

variables ~ = x/bê and n = y/a6 are introduced. Furthermore, it is 

assumed that the Fresnel small-angle (FSA) approximation can be applied 

[7]. This means that in (4.59) terms with x y , x2 and y 2 are neglected. 
p p p p 2 . 

Common tothese termsis that they are proportional to sin 6'. 
p 

In Table 4.1 somevalues of the phase error, due to the replacement of 

r 1 in exp(-jk*r1) by the FSA approximation of r
1

, are given. 
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Now Ii can be reeast in the form 

1,2, •• 24, 

(4.65) 

where 

(4.66) 

(4.67) 

(4.68) 

if ç;2+n2 
:>. 1 then hi (bêç;,a

6
n): O, else as defined in Appendix 4.6.2. 

(4.69} 

Introduce the inner product 

<f,q> 
1 1 
I I f*q d!;;dn, 
-1 -1 

(4.70) 

where the asterisk means complex conjuqation, then (4.65) can be expressedas 

(4.71) 

Furthermore, ,the basis functions 

(4.72) 

are introduced, which are orthonormal on the square -1 ~ ç; ~ 1, 

-1 ~ n ~ 1. By expansion of h1 in termsof fmn it is found that 1
1 

can 

be written as 

00 

I.= c
0 

L I a1 (mn,nTI)~mn<a1 ,B1 ,a2 ,B2 l, 
l. m=-00 n=-"' 

i"' 1,2, ••• ,24, (4. 73) 

in which 



and 

with 
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1 1 
f f h1 <bê~,a6nlexp{j(mw~+nwn)}d~dn, 

-1 -1 

1 2 
~(a., Sl f exp{ j <~-S 1;

2 
l }di;. 

-1 

(4.74) 

(4.75) 

(4.76) 

(4. 77) 

The coefficients H.(mrr,n~) are the two-dimensional Fourier coefficients 
~ 

of the functions hi (bêi;,a6n>. These coefficients are calculated from 

samples of h. by use of the Fast Fourier Transform (FFT) technique [3a]. 
l. 

The coefficients H1 (m~,n~) only depend on the aperture field and the 

geometry of the elliptical horn; they are independent of the coordinates 

of the observation point P. The functions Wmn' however, are independent 

of the aperture field; they only depend on the coordinates of P and the 

geometry of the horn antenna. 

Some properties of ~(a.,Sl and its representation in terros of Fresnel 

integrals are given in Appendix 4.6.3. The numerical computation of the 

Fresnel integrals has beenbasedon the algorithm given in [3]. 

The foregoing analysis leads to the following procedure for the deter­

mination of the radiation field of a long horn antenna with small 

flare angle: 

1. Specify the horn parameters ra' 6
0

, arS' and compute k, bê, a6; 

see (2.24), (2.25). 
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2. Specify the hybrid mode. The corresponding modal.field can he computed 

by means of the metbod described in sectien 3.3. 

3. Choose discrete sample points (Ç,n} and determine the Cartesian, 

spherical and sphero-conal coordinates of these points; see the end 

of section 2.2. Next determine the samples of hi from the modal field. 

4. Compute the Fourier coefficients Hi (mn,nn} of hi by use of FFT. 

5. Specify the observation point P, and calculate ~mn and Ii. 

6. Determine the electric field components at P. 

7. Repeat steps 5 and 6 for other observation points and determine the 

radiation properties of the horn antenna. 

In order to campare the computed and the measured resui.ts, extra trans­

formations of the computed electric field components are necessary if the 

coordinate systems for the computations and for the measurements do not 

coincide. The observation angles and distances,especially in the radiating 

near-field region of the horn,are sensitive to a displacement of the origin, 

as can be seen in Figure 4.4a. These transformations are however simple and 

will not be presented in detail. 

origin in 
computations 

origin in 
measurements 

Fig. 4. 4a. Displacement of the origin for the coordinate systems 

used in the computations and in the measurements. 

The computation of a large number of integrals is necessary if the method 

described above is employed. Each of these integrals, however, can easily 

be evaluated. Fewer integrals have to be c.alculated if the aperturê' of 

the horn is a planar surface, as will be shown in the next section. 
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4.4.2. The planar aperture 

Consider again the elliptical horn with an opening angle 8
0 

and an aspect 

ratio are· The aperture surface Sa of the horn is now a planar surface 

perpendicular to the z-axis at z za: see Figure 4.5. 

To simplify (4.51) and (4.52) to a form convenient for numerical evaluation, 

we proceed along the same lines as in the previous section. 

The aperture point Q is given by the position vector r = (x,y,z ). The 
a a 

vector n,normal to Sa' equals the unit vector in the z-direction. The 

surface area element of Sa is given by dS = dxdy. The observation point P 

has spherical coordinates (r , eI ·<fi I) and Cartesian coordinates p p' p 
(x , y , z ) • 

p p p 

y 

l?p 
\ 

\ 

x 

p 

Fig. 4.5. Coordinates for the radiation computation; Sa is a planar aperture. 

The unit vector r
1 

is given by 

= {(x -x)ê +(y -y)ê +(z -z )ê }/r
1

• p xp ypaz 
(4. 78) 

In the denominator of amplitude-type expressions, as occurring in the 

integrands of (4.51) and (4,52), r
1 

is approximated by 

r - (r2 +z2 -2z z )~, 
10 - p a p a (4.79) 
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that is the distance from P to the centre of the aperture on the z-axis. 

In the exponential expression exp{-jk*r
1

) an approximation of r
1 

is used 

that is correct up to quadratic terms in x and y. This approximation is 

obtained by retaining the relevant terms in the expansion of r
1 

in powers 

of x,y. By use of {4.79} it is found that 

Ir -r 1 p a 
- - i::! (r -r r -r } 

p a' p a 

2 2 2 2 ~ {r +z -2z z -2(xx +yy )+x +y } 
pa pa p p 

(4.80) 

By expansion of (4.80) in powers of x,y, up to second order, we find for 

r
1 

the approximation 

XX +yy 
p p 

r10 

xyxy 
~+(1 

3 
r10 

+ (1 - (4.81) 

2 2 2 Note that r 1 has been derived withoutthe assumption x +y <<ra as in (4.57). 

Hence, the present analysis is not restricted to long horn antennas with 

small flare angle, in contrast with the analysis in sectien 4.4.1. 

In Table 4.2 some values of the phase error, due to the replacement of r 1 
by rl in the exponential expression exp(-jk*r1)' are given. 

(a) (b) 

e· <P' = 90° cp• = 270° cp• 90° cp• = 270° 
p p p p p 

10° 0.25° -0.26° -1. -1.76° 

20° 0.29° -0.28° -4.36° -4.93° 

30° 0.18° -0.17° -7.14° -7.50° 

Table 4.2. Phase errors(degr.) due to the replacement of r 1 in exp(-jk*r
1

J by 

(a) ~ 1 , given by (4.81); 

(b) the Presnel small-angle approximation of rl' which is obtained 
2 2 by discarding terrus with x y , x and yp in (4.81); p p p 

r 
p 

= 0.9m, 0.44m, x =Om, y = 0.03m, frequency 12 GHZ. 
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The Cartesian components of Ë(r ) are again derived from ·(4.51) by 
p 

carrying out the vector products and by inserting the approximate 

expressions for r 1 . We now arrive at 

E <r > x p 

E <r > z p 

where 

Jf 
s xy 

i 1 ,2, ... , 14. 

(4.82) 

(4.83) 

(4.85) 

The expressions for gi (x,y) in terms of the coordinates x,y, and the 

Cartesian components of the aperture fields, are listed in Appendix 

4.6.4. 

The integration domain S is described by 
xy 

2 2 
-::-_x:;:_.,....-- + --:::---'!---:::--- ~ 1 , 
z

2
tan26 z2 (k-2sec26 -1) 

a o a o 

(4.86) 

found from (2.19a) with z
1 

replaced by z • The semi-axes of this ellipti-
a 2 2 ~ 

cal domain are be lzataneol and ae lza(l-k cos 90) /(kcos90>1. 

The evaluation of Ki is analogous to that of Ii' discussed i~ the previous 

section. The integration variables ~ = x/be and n = y/a
6 

are introduced. 

For convenience it is again assumed that the Fresnel small-angle (FSA) approxi­

mation can be applied. This means that in (4.81) terms with x v , x
2 

and p-p p 



-127-

2 
y are neglected. In Table 4.2 some values of the phase error, due to 

p 
the replacement of r 1 in exp{-jk*r1) by the FSA approximation of r

1
, are 

qiven. 

The integral Ki can be converted into the series representation 

00 00 

where 

{mn, nn) 

i 

1 1 
f f gi <b6!;,a6n>exp{j (mn!;+nnnl }d!;dn, 
-1-1 

1,2, .•. ,14, {4. 87) 

(4.88) 

{4.89) 

(4. 90) 

(4.91) 

if t;2tn2 > 1 then g. (b
6
t;,a

6
n> :0, else as defined in Appendix 4.6.4. 

~ (4.92) 

The coefficients G. tmn,nn) are the two-dimensional Fourier coefficients 
:t 

of the functions gi (b6!;,a6nl. These coefficients are calculated from samples 

of gi by use of the FFT technique. 

It pointed out that the coefficients Gi (mn,nn) are only dependent on 

the aperture fields and the geometry of the hom antenna, whereas the 

functions $mn are only dependent on the coordinates of the observation 

point and on the hom geometry. 

The stepwise procedure presented in the previous sectien for finding the 

radiation field of an elliptical horn antenna bere also applies. 

Extra transformations and computations may again be necessary in order 

to compare the computed and the measured results, as has been outlined 

at the end of sectien 4.4.1. 
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Cernparing the methods developed in sections 4.4.1 and 4.4.2, we conclude 

that in the case of the planar aperture less integrals have to be computed 

and that the phase errors introduced are about the same. 

4.5. Numerical and experimental results 

The numerical evaluation of the radiation fields of some elliptical 

horn antennas has been carried out by means of a digital computer. 

Results basedon the sphero-conal wave-expansion method of section 4.3 

and the aperture-field integration method of section 4.4.2 will be 

discussed. 

Three different horn antennas are dealt with. For future reference they 

are labeled A,B,C. The main parameters of these antennas are summarized 

in Table 4.3. 

Antenna Length (m) e (degr.) are 0 

A 0.05 30° 1/3 

B 0.33 3.37° 1/3 

c 0.44 3.37° 1/3 

Table 4.3. Main parameters of the elliptical horn antennas A,B,C. 

Antenna A is considered first. It is assumed that the odd symmetrie HE
11 

mode,denoted by 
0

HE 11,is incident. The mode-number V' is determined by 

use of the method described in sectien 3.3. It is found that V' = 3.2743. 

The radiation properties are determined by use of the wave-expausion method 

described in sectien 4.3. The frequency is taken to be 12 GHz. The expansion 
. . (2n+1) (2n+1) 

coeffJ.cJ.ents acv and bsv , where v = 1,2, •.• , 13 = vmax 

n = 0,1,2, ... , [(V-1)/2], are calculated by means of (4.39) and (4.40), 

respectively. Next the radiation properties are determined from the electric 

field as given by (4.20). The computed results are shown in the Figures 

4.6.1-4.6.7. The values of r (the distance from the observation point to 
p 

the apex of the horn) are 0.15m, 0.3m, 0.6m, 1.2m, and the associated 

curves are labeled a,b,c,d, respectively. The spherical angle with the 

positive z-axis (the forward direction of the antenna) is displayed along 

the horizontal axis of the plots. 
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The radiation patterns in the xz-plane (Figure 4.6.1) broaden gradually 

for increasing r • The phase diagrams in the xz-plane (Figure 4.6.3) 
p 

show that the phase decreases for increasing angle with the horn axis, in-

dicating that the phase eentres in the xz-plane (Figure 4.6.5) are not 

located at the apex of the hom. 

The radiation patterns in the yz-plane (Figure 4.6.2) are nearly indepen­

dent of r over a large angular range. The phase diagrams in the yz-plane 
p 

(Figure 4.6.4) show that the phase is almest constant over a large angular 

range which means that the phase eentres in the yz-plane (Figure 4.6.6) 

are located in the immediate vicinity of the apex of the horn. Note that 

the phase eentres in the xz- and the yz-planes do not coincide. The ratio 

of the -3 dB beamwidths in the xz- and the yz-planes increases for increas­

ing r • Numerical values are 1:1.59, 1:1.35, 1:1.24, 1:1.19, for the cases 
p 

a,b,c,d, respectively. The beamwidths of the patterns in the xz-plane (the 

minor axis of the horn is in this plane) are smaller than those in the yz­

plane. 

The relative power contributions (percentage of the power Pa) of the free­

space modes to the total radiated power are plottedas a function of the mode-number 

vin Figure 4.6.7. For given integer V the contributions of the free-space 

modes with n = 0,1,2, ••• , [(V-1)/2], to the total radiated power are taken 

together. From this plot it is readily seen that the free-space modes with 

V ~ vmax = 13 hardly contribute. 

The computed values of the on-axis gain are 14.67 dB, 14.19 dB, 13.92 dB, 

13.79 dB, for the cases a,b,c,d, respectively. 

Some computed results for antenna B are now discussed. As in the case of 

antenna A the 
0

HE
11 

mode is assumed to be incident and the frequency is 

taken te:;> be 12 GHz. The mode-number is v' = 29.5328. The numerical results 

obtained by the sphero-conal wave-expansion methad are shown in Figures 

4.7.1- 4.7.3. The values of r are 0.625m, 0.74m, 1.25m, 2.5m, and the 
p 

associated curves are labeled a,b,c,d, respectively. 

The radiation patterns in the xz-plane (Figure 4.7.1) and in the yz-plane 

(Figure 4.7.2) broaden for increasing r. The ratiosof the -3 dB beam-
P 

widths in the xz- and the yz-planes are 1.98:1, 2.06:1, 2.15:1, 2.21:1, 

for the cases a,b,c,d, respectively. The ratio of the beamwidths increases 

for increasing r • Note that now the braadest patterns are found in the 
p 

plane of the minor axis of the horn antenna (xz-plane). 
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From the far-field phase pattem at r 
p 

2.5m (which has net been plotted), 

it is found that the corresponding phase centre in the xz-plane is located 

inside the horn slightly bebind the aperture of the antenna. The phase 

centre in the yz-plane is located inside the horn, approximately 0.8 À0 

bebind the aperture. 

The relative powercontributionsof the free-space modes to the total 

radiated power of antenna Bareplottedas a function of V in Figure 4.7.3. 

For given integer v the contributions of the free-space modes with 

n = 0,1,2, ..• , [(V-1)/2] are again taken together. In this example 

Vmax = 84, and from Figure 4.7.3 it is concluded that the summatien over 

V can indeed be truncated at this value of v 
m~ 

The computed values of the on-~is gain are 22.53 dB, 21.34 dB, 19.09 dB, 

17.75 dB, for the case a,b,c,d, respectively. 

Finally, numerical and experimental results for antenna C are presented. 

For the computations it is assumed that the 
0

HE 11 mode is incident. The 

mode-number v• is again determined by use of the metbod of sectien 3.3 

which utilizes the anisotropic surface-impedance model for the corrugated 

boundary. As in the case of the 
0

HE
11 

mode in antenna B the mode-number is 

V' = 29.5328. 

The aperture surface of antenna C is a planar surface. The computed 

radiation fields of antenna C are obtained by use of the aperture-

field integration method of sectien 4.4.2 and by use of the wave-expansion 

method of sectien 4.3. The wave-expansion method is used despite the fact 

that the hom has a planar aperture. Because of the large hom length and 

the small flare angle the deviation of the spherical cap aperture from 

the planar aperture is small. The measured radiation patterns of the 

antenna excited by the odd symmetrie 
0

HE11 and the even symmetrie eBEll 

modes have been recorded in an indoor test facility. In far-field measure­

ments a standard gain horn is used as the transmitting antenna, whereas 

the horrt under test is used as the receiving antenna. In near-field 

measurements a dielectric loaded P-band receiving probe is applied and 

the horn is used as the transmitting antenna. By rotating the horn, 

radlation patterns are recorded as a function of the spherical angle with 

the horn axis. The centre of rotatien coincides with either the apex of 

the hom or the phase centre in the plane of measurement. Some results 

are shown in Figures 4.8.1- 4.8.6. Experimental results for antenna C 

have been publisbed before by Vokurka [17]. 
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In Figures 4.8.1 - 4.8.3 experimental and computed results for the radia­

ting near-field region are plotted. The distance between the observation 

points and the apex of the horn is constant, viz. r = 0.94m. The computed 
p 

value of the on-axis gainat 12 GHz is 23.7 dB. 

In Figures 4.8.4 - 4.8.6 the results of far-field measurements and compu­

tations are shown. Now the distance between the observation points and 

the ·appropriate phase eentres on the z-axis is constant, namely 2.5m. The 

computed value of the on-axis gain at 12 GHz is now 20.4 dB. 

The locations of the phase eentres differ for the radiating near-field 

and far-field situations. In the former case the positions are 0.19m and 

0.01m from the aperture centre (inside the horn), in the yz-plane 

and the xz-plane, respectively; for the odd (even)symmetric mode the 

yz-plane coincides with the E0 (He)plane, and the xz-plane coincides 

with the H0 (Ee)plane. In the far-field situation the respective 

positions of the phase eentres are 0.056m and 0.012m from the aperture 

centre (inside the horn) • The positions mentioned follow from experiments 

at 12 GHz. 

From Figures 4.8.1 - 4.8.6 the following conclusions are drawn. 

1. The computed results, obtained from the wave-expansion metbod and the 

aperture-field integration method, and the measured results agree to 

a large extent in the radiating near-field region as well as in the 

far-field region. Hence, both numerical methods are suitable for the 

calculation of the near-field and far-field radiation patterns of 

the antenna under consideration. 

2. The measured radiation pa~terns of the odd and even hybrid modes are 

almost equal in a large angular region at all freguencies considered. 

These results, valid in both the near-field and the far-field regions, 

are in agreement with the theoretical results of sectien 4.2, which 

have been derived by use of the properties of the hybrid modes given 

in se ct ion 3. 3. 

3. The concept of phase centre is feasible only for small angular regions 

around the beam axis as can be seen from the phase diagrams. However, 

the locations of the phase eentres differ if the planes of measurement 

are different. Consequently, phase errors will be inevitable if this 

type of horn is used for the illumination of a parabolic reflector 

antenna. 
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At the end of section 4.3 it has been indicated that for long horns the 

wave-expansionmethodis not very suitable from the computational point 

of view. Comparison of core memory ;usage and computer processing times 

for tbe two numerical methods employed, shows indeed that the wave­

expansion methad is at a disadvantage by approximately a factor 5. 

Finally, our overall conclusion is that the results obtained so far, 

inspire confidence in the metbod for the investigation of the wave 

propagation in corrugated elliptical cones (section 3.3), in the 

methods for the computation of the radiation fields of corrugated 

elliptical horns (chapter 4), and in the assumptions which underlie 

these methods. 
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a: -40 
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ANGLE (DEGR) 

Fig. 4.6.1. Computed radiation pattema in the xz-plane for antenna A 

excited by the 
0

HE11 mode; frequency 12 GHz; (a) rp = 0.15 m; 

(b) r 0.3 m; (c) r = 0.6 m; (d) r = 1.2 m; 
p p p 

(wave-expansion method). 
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Fig. 4.6.2. Computed radiation patterns in the yz-plane for antenna A 

excited by the 
0

HE 11 mode; frequency 12 GBz; (a) r 
p 

(b) r = 0.3 m; (c) r = 0.6 m; (d) r 1.2 m; 
p p p 

(wave-expansion method). 

=0.15m; 
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-?SOOL-------~30~--------60~------~90 

ANGLE ( DEGR) 

Fig. 4.6.3. Computed phase patterns in the xz-plane for antenna A 

excited by the 
0

BE
11 

mode; frequency 12 GBz; {a) rp = 0.15 m; 

(b) r = 0.3 m; (c) r = 0.6 m; (d) r 1.2 m; 
p p p 

(wave-expansion method). 
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Fig. 4.6.4. Computed phase patterns in the yz-plane for antenna A 

excited by the 
0

HE
11 

mode; frequency 12 GBz; (a) rp = 0.15 m; 

(b) r = 0.3 m; (c) r = 0.6 m; (d) r 1.2 m; p p p 
(wave-expansion method). 
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0 30 60 90 

ANGLE(DEGR) 

Fig. 4.6.5. Distance to the apex, of the phase centre in the xz-plane for Antenna A 

excited by the 
0

HE11 mode; frequency 12 GHz; (a) r = 0.15 mi 
p 

(b) r = 0.3 m; (cl r 0.6 m; (d) r = 1.2 m; 
p p p 

(~ve-expansion method) • 
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Fig. 4.6.6. Distance to the apex, of the phase centrein the yz-plane for Antenna A 

excited by the 
0

HE
11 

mode; frequency 12 GHz; (a) rp = 0.15 m; 

(b) r = 0.3 m; (c) r = 0.6 m; (d) r = 1.2 mi 
p p p 

(wave-expansion method). 
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Fig. 4.6.7. Relative power contribution of the expansion modes to the 

total radiated power of antenna A excited by the 

mode; frequency 12 GHz; 1 ~ \! ~ \lmax = 13. For given \1 

the contributions of the expansion modes with 

n = 0,1,2, ... ,[(\1-1)/2], are taken together. 
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Fig. 4.7.1. Computed radiation patterns in the xz-plane for antenna B 

excited by the 
0

HE
11 

mode; frequency 12 GHz; (a) rp = 0.625 m; 

(b) r = 0.74 m; (c) r = 1.25 m; (d) r = 2.5 m; 
p p p 

(wave-expansion method). 
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Fig. 4.7.2. Computed radiation patterns in the yz-plane for antenna B 

excited by the 0 HE 11 mode; frequency 12 GHz; (a) rp = 0.625 m; 

(b) rp ~ 0.74 m; (c} rp = 1.25 m; (d} rp = 2.5 m; 

(wave-expansion method). 
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. . .. .. .. .... ..................... 
0o~----------------~5~o~--~~~--------~10o 

V 

Fig. 4.7.3. Relative power contribution of the expansion modes to the 

total radiated power of antenna B excited by the 0 HE
11 

mode; 

frequency 12 GHz; 1 $ V $ vmax = 84. For given v the contri­

butions of the expansion modes with n = 0,1,2, ••• ,[(V-1}/2], 

are taken together. 
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Fig. 4.8.1. Radiating near-field patterns for antenna c; 
frequency 10.25 GHZ; r = 0.94 m; 

p 

computed, 0 HE 11 mode, aperture-field integration method; 

measured, 
0

HE
11 

mode; 

---- measured, eHE 11 mode. 
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- -10 
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Fig. 4.8.2. Radiating near-field patterns for antenna C; 

frequency 11.75 GHz; r = 0.94 m; 
p 

computed, 
0

HE
11 

mode, aperture-field integration method; 

measured, 0 HE 11 mode; 

---- measured, eHE 11 mode. 
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ANGLE (OEGR) 

Fig. 4.8.3. Radiating near-field patterns for anten~a C; 

frequency 12 GBz; r = 0.94 m; 
p 

computed, 
0

HE
11 

mode, aperture-field integration method; 

**** computed, 0 HE11 mode, wave-expansion method; 

measured, 0 HE11 mode; 

----measured, eHE11 mode. 
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Fig. 4.8.4. Far-field patterns for antenna C; frequency 10.25 GHz; 

computed, 
0

HE11 mode, aperture-field integration method; 

measured, 
0

HE11 mode; 

---- measured, eHEll mode; 

the distance between ,the observation point and the phase 

centre is 2.5 m. 
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Fig. 4.8.5. Far-field patterns for antenna c, frequency 11.75 GHz; 

computed, 
0

HE
11 

mode, aperture-field integration method; 

measured, 
0

BE
11 

mode; 

---- measured, 
9

HE 11 mode, 

the distance between the observation point and the phase 

centre is 2.5 m. 
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Fig. 4.8.6. Far-field patterns for antepna C; frequency 12 GHz; 

computed, 
0

BE
11 

mode, aperture-field integration method; 

**** computed, 08E11 mode, wave-expansion method; 

measured, OHE11 mode; 

-- measured, eBE11 mode; 

the distance between the observation point and the phase 

centre is 2.5 m. 
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4.6. Appendices 

4.6.1. Evaluation of the numerators of (4.39) and (4.40) 

The aperture field Ë (~ ) is equal to the tangential field of the odd a a 
symmetrie HE mode of the infinite cone. This tangential field has com-

ponents given by (3.66) and (3.67), in which a 2m = b 2m 0 andvshould 

be replaeed by V'. Insert the expansions (3.66) and (3.67) into the 

numerator of (4.39). Then the resulting double integrals can be reduced 

by use of the integral relations (2.101) and (2.122) for simple-periodic 

and nonperiadie Lamé functions. As a result it is found that the numera­

tor of (4.39) ean be expressedas 

(1-k2eos2e )l::!oo 
jk*h (2} {k*r )h (2) (k*r ----:--:---:-..;0:..._ \' a ( * 'L ( 2m+1) (9 )~L ( 2n+l) (9 ) }-

\11 a v a l-1* 1 -].l* m,;O 2m+1 ll cpv 1 ode cpv o 

21T 
-].l*L (2n+1) (6 )~L (2m+1) (6 l} ]J (1-k ,2 sin2 Ijl) -l::!L {2m+1) (Ijl) L {2n+1) (Ijl) dojl+ 

epv o d6 epv 1 o 
0 

ev 1 ev 

+...!... ~rh (2 ) (k*r)} I 
r dr \1 1 

a r 
a 

h (2 ) (k*r ) • 
v a 

00 21T ·t b L(2n+1) (13 )L(2m-t1) (6) j L(2n+1) (<jl) dA. { L(2m+l) ($)}d<jl, (4.93) 
m=O 2m+ 1 cpv o spv • o 

0 
cv d'l' sv 1 

where Jl*' V' (V'+l), ].l* \!(V+l). 

By use of the Fourier-series representations (2.96) and (2.98) for 

simple-periodic Lamé functions, the final integral in (4.93) can be 

evaluated as 

2'lf J L(2n+1) (<jl} 
0 CV 

{L (2m+1) ($) }d$ 
s\! 1 

00 

\' (2t l) (2n+1) (2m+1) 
'lf~=O + A2t+1 8 2t+l . (4.93a) 

· h ld b k · · d h h ff · · t <2n+l) (2m+l) Here 1t s ou e ept 1n m1n t at t e coe 1c1en s A2t+l , B2t+l , 

also depend on v, V', respectively; this dependenee has been suppressed 

in the notation. 
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In the same manner it is found that the numerator of (4.40) can be 

expressed as 

- 1- ~rh (~) (k*rl }~rh (2) (k*r)} I 
k*r2 dr v dr v r 

a a 

00 

2 2 l:i o-k cos e J 
0 

).1*'-p* 

.~ b [ *'L (2m+l) (e ).::!_{L (2n+l} (e l 
m=O 2m+1 U spV' o de spv o 

(2n+ll (El l d 
0 

(2m+l) (El l}]• 
' 0 

oo 2rr ·L a L(2m+l) 18 )L(2n+l} (e) jL(2m+l) (<j>).::!_ {L(2n+l) (<j))}dlj> 
m=o 2m+l cpv' o spv o 

0 
cv' dij> sv • (4. 94) 

The final integral in (4.94) can be evaluated as 

271 00 

J L (2m+l J <<Pl.::!_ { L (2n+l) (ij))} dij) 71~ (2t+l)A(2m+1)B(2n+1). (4.94a) 
0 

cv' d<jl sv 2t+l 2t+1 
t=O 

4.6.2. Expressions for hi(x,y,), i 1,2, •.. ,24 

The expressions for hi = hi (x,y) are given by 

xH /z 
2 

hl H h7 h13 y H /z h19 xH 
x z z z 

h2 H h8 yH /z h14 xyH /z h20 yH 
y x x x 

h3 H /z h9 yH /z h15 xyH /z h21 yH 
x z y y 

H/z 
2 

xyH,/z h = hlO x H /z h16 h22 yH 4 y z 

H
2
/z , 

2 
h5 h 11 =x H/z h17 xH h23 zH 

x x 

xH /z, 2 
h6 h12 y B/z h18 xH h24 zB y y y 
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4.6.3. Properties of ~(a,8) 

The function ~(a,SJ is defined by 

1 2 
~{a,Bl = f exp{j{a~-a ~l}d~, 

-1 

where a,a, are assumed to be real; furthermore, a ~ 0. 

The following properties of ~{a,Sl can easily be proved: 

~(0,0) = 2, w(a,O) = 2sin(a)/a; 

2 
<i>\xp(j~a){c( a+\l-jS( a.+Sl:!)-c( a-\)+jS( a-B~l}= 

(1ffH ('1113) (1rSl ('1113) 

2 2 2 
(11')1:1 (.a. ) [{c ( (a.+Bl )-jS ( (a+S) ) } sgn (a+")-i exp Jïi 2 213 2 26 · " 

2 2 2 
<i>\xp(j%s-}{F((a;:> ) sgn (a+S)-F{<a;~> ) sgn (a.-13)}, 

if 13 > 0. 

The Fresnel-type integrals occurring in {4.98) are defined by 

x 2 
C(x) = J cos(~ )dt, S(x) 

0 

x 2 J sin(~ )dt, [1, p. 300 ], 
0 

(4. 95) 

(4.96) 

(4.97) 

(4.98) 

(4.99) 

~x ~ 
(21T)- f t- cost dt, s

2 
{x) 

0 

(2'11)-1:1 J t-~ sint dt, x~ 0, 

0 

[1, p. 300 ], {4.100} 

(4.101) 

[3]. (4.102) 
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4.6.4. Expressions for gi(x,y), i 112, ••• ,14 

The expressions for gi gi (x,y) are given by 

gl :E X I gs Z H g9 XZH g13 xyZH 0 x 0 y 0 x 

g2 =E g6 Z B g10 yZ H 914 xyZH y 0 y 0 y oy 

g3"' xEX 1 xz H I 
2 

g7 0 x gll x Z0HX, 

yE I yZOHXI 
2 

g4 g8 9 12 y z H I y 0 y 
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5. ELECTRICAL PERFORMANCE OF AN OFFSET REFLECTOR ANTENMA SYSTEM FED BY A 

CORRUGATED ELLIPTICAL HORN RADIATOR 

5.1. Introduetion 

In sectien 1.3 we have briefly reviewed some designs for high­

performance broadcasting-satellite transmitting antennas. Particular 

attention was paid to the antenna system that consists of a single 

offset parabalie reflector and a corrugated elliptical horn as the 

primary radiator. This antenna system has favaurable properties·with 

respect to its electrical performance: from experiments it was found 

that the secondary radiation pattem is characterized by a main lobe 

with an elliptical cross-section, by low copolarized sidelobe radiation 

(level below -30 dB), and by low cross-polarized radiation of circular 

polarization (level below -33 dB). In the present chapter the radiation 

fiald of the antenna system is evaluated by analytica! and numerical 

methods. We will calculate the main lobe of the secandary radiation 

pattern, the copolarized sidelabe radiation, and the crass-polarized 

radiatian in the angular region around baresight. The numerical results 

obtained are compared with the results of measurements on the antenna 

system. 

The radiation field of the antenna system· is determined from the well­

known integral representation for the electromagnetic field in terms of 

the surface current Js induced in the parabalie reflector surface. The 

surface current is induced by the primary radiation from the corrugated 

elliptical horn, which acts as an incident electromagnetic wave on the 

reflector surface. The exact value of the current J cannot be deter-
s 

mined analytically. Therefore, the standard physical-optics approxima-

tion is employed, whereby the surface current is approximated by 

J 
s 

-i -i 2n x H • Here, H is the magnetic field of the incident primary 

radiation at the reflector surface, and n is the unit vector normal to 

the reflector surface at the point of incidence pointing towards the 

illuminated side of the parabalie reflector. The magnetic field is 

determined from an integral representation for the primary radiation 

field in terms of the field distribution in the horn aperture, based 

on the Kirchhoff-Huygens approximatian; see chapter 4. Thereby the 

field in the aperture of the corrugated elliptical horn is taken to be 

equal to the rnadal field of an infinitely long corrugated elliptical 

cone. In this manner the radiation field is completely determined ana­

lytically. Starting from this analytica! formulation we next develop a 

numerical procedure for the computation of the secondary radiation 



-150-

pattem of tne antenna system. 

The results of measurements on the antenna system under consideration 

were placed at our disposal by Messerschmitt-Bölkow-Blohm GmbH, Munich, 

Germany. Since these measurements refer to linearly polarized radiation 

from the antenna system, our·numerical results are restricted to this 

case only. In the case of circularly polarized radiation from the 

antenna system, the radiation field may be calculated in the same man­

ner; however, we have not carried out the actual calculation. 

5.2. Evaluation of the radlation field of the antenna system 

This sectien deals with the analytica! and numerical evaluation of the 

secondary radiation field of a single offset parabolic reflector illu­

minated by a corrugated elliptical hom radiator. First we introduce 

suitable coordinates to describe the geometry of the antenna system. 

We shall employ Cartesian coordinates x,y,z and spherical coordinates 

r,6,$,which are related as in (2.34) - (2.36). Notice the slight dif­

ference in notation: the present spherical coordinates should not be 

confused with the sphero-conal coordinates of chapter 2. The unit vee­

tors of the coordinate systems are denoted by x,y,z, and r,ê,$, res­

pectively. 

The reflector surface S, of which the cross-sectien with the yz-plane 

is shown in Figure 5.1a, is part of a paraboloid of revolution. The 

parabcleid has a focal length f, its focal point F is at the origin 

of the coordinate systems, and its axis of revolution coincides with 

the z-axis. 

y 

x 

Fig. 5.1. Geometry of the offset parabolic reflector. 
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The equation of the paraboloid is 

2 2 
z = - f + x +y 

4f"" (5.1) 

(5.2) 

in Cartesian and spherical coordinates, respectively. The surface area 

element dS of the paraboloid is 

()z 2 ()z 2 ~ 
ds = { 1 + <ax> + <ayl } dxdy 

X2+ 2 ~ 
(1 +~) dxdy. 

4f 
(5. 3) 

Let Q be an arbitrary point on S, with position vector r and spherical 
- q 

coordinates (r ,e ,$ ). Then the unit vectornat Q, normaltoS and 
q q q 

with a positive z-component, is given by 

n - cos 

or 

n = - sin 

cos$ ~ - cos 
q 

~-2 r- cos e. 

e 
sin~ y + sin ~ z q 2 I 

(5.4) 

(5.5) 

The offset reflector is cut out from the paraboloid surface by an 

elliptical cylinder given by the equation 

2 y-d 2 
(..!....) + (--1) = 1. 
al bl 

(5.6) 

Obviously, the projection of the rim of the offset reflector onto a 

plane z constant is an ellipse with semi-major axis a
1 

along the x­

axis and semi-minor axis b
1 

along the y-axis. In particular, the 

ellipse in the plane z zu through the point u encloses the projected 

aperture of the reflector; see Figure 5.1b. We note that this aperture 

and the one shown in Figure 1.6 have slightly different ~hapes. 

In Figure 5.1a the angle between the lines FL and FU is denoted by 29 1• 

This angle is bisected by the line FC. The angle between the line FC 

and the negative z-axis is denoted by eoff' the so-called offset angle 

of the reflector. The offset plane, that is the symmetry plane of the 

reflector, coincides with the yz-plane. The y-coordinate of the point 

Cis denoted by c
1

• The following relations for the geometrical param­

eters of the reflector can easily be derived, viz. 
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2fsin8off 

1+cos8
0
ff ' 

2fsin8off 
(5.7) 

cos8
0
ff+cos8 1 

Note that d
1 

> 

tical cylinder. 

, hence, the point C is not on the axis of the ellip-

Next we describe the geometry of the feed system that consists of a cor-

rugated elliptical horn with an opening angle 8
0 

and an aspect ratio 

are· The apex of the horn is at the point 0, and the hom axis lies in 

the yz-plane and passes through the focal point F; see Figure 5.2. The 

horn has a planar elliptical aperture at the distance from the apex. 

The major axis of the elliptical aperture is in the yz-plane, and the 

minor axis is in the plane through OFperpendicular to the yz-plane. The 

angle subtended by the minor axis at the apex 0 is equal to 28 • 
0 

y 

Fig. 5.2. Geometry of the elliptical horn radiator. 

Ta fix the position of the horn it remains to specify the distance OF 

between the apex o of the horn and the focal point F of the reflector, 

and the angle 8 off+ ó between the horn axis and the negative z-axis; 

see Figure 5.2. The distance OF also determines the distances between 

the focus of the reflector and the phase eentres of the radiation field 

of the horn. The angle ó measures the deflection of the horn axis from 

the bisector FC; for most practical offset reflectors one has 0 < ó 5 4°, 

[4], [5]. The geometrical parameters OF and ó serve as input parameters 

in the computational procedure for the determination of the radiation 

field of the antenna system. By varying these input parameters one may 

search for the best horn position so as to realize an optimal illumina­

tion of the offset parabalie reflector. In this manner the distance OF 
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and the angle ö are ascertained on the basis of computations. 

We now turn to the evaluation of the radlation field ,of the antenna 

system. The secondary radlation field is viewed as arising from the 

surface current J (r ) inducéd in the parabalie reflector surface; 
s q 

here r is the position vector of the point Q on the reflector (see 
q 

Figure 5.1a). Let P be an observation point, with position vector r 
and spherical coordinates (r,S,~),in the far-zone region of the re­

flector. Then the radlation field Ë(r), H(r) at pis given by the 

following integral representation in terros of the surface current 

5 <r > = s q 

where 

c 

c ff [5 er , 
s s q 

jW]lo * 
4
ïfr exp(-jk r), 

r sin6cos~x + sin6sin~y + cos6z; 

(5.8) 

(5. 9) 

(5.10) 

(5.11) 

see [3, Sections 2.5 and 3.6]. The surface current is induced by the 

primary radiation from the corrugated elliptical horn, which acts as 

an incident wave on the reflector surface. The exact value of the 

current J cannot be determined analytically. Therefore we employ the 
s 

standard physical-optics approximation in which the surface current is 

approximated by 

J s 
- -i 

2 n x H ; (5.12) 

see [3, Section 3.6.]. Here, ä1 
is the magnetic field of the incident 

primary radlation at the reflector surface, and ii is the unit normal 

vector introduced in (5.4) and (5.5). The vector Js is expressedas 

J s 
J x + J y + J z 

x y z 

From (5.8), (5.11) and (5.13) the Cartesian components 

the electric field at P are found to be given by 

(5.13) 

E , of 
y 
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E = I (1-sin28cos2~) - I sin28cos~sin~ - Izcos8sin8cos~, x x y 

E =-I sin28cos~sin~ + I (1-sin
2
8sin

2
$l - I cos8sin8sin$, y x y z 

E z 

where 

Ii = c ff J.exp(jk*r .rJds, s l. q 
i x,y,z. 

(5.14) 

(5.15) 

(5.16) 

(5 .17) 

The spherical components E8 , E$ of the electric field at P are given by 

{5.18) 

- I sincj> + I cos<fl , 
x y 

(5.19) 

while the radial component Er vanishes. The electric field at P depends 

on the surface current component Jz through the integral Iz. From (5.18) 

and (5.19) it is seen that J makes no contribution to the field com-
z 

ponent E<P, whereas its contribution to the component ES is small for 

angles e close to zero. Hence, in the angular region around the posi­

tive z-axis (8 = 0) the contribution of the surface current J to the z 
radiation field is a second-erder effect [7, Sectien 12.4]. 

To enable a comparison with measured data, the radiation field of the 

antenna system is decomposed into copolarized and cross-polarized radi­

ation fields. The directions of these fields are described by the 

orthogonal unit veetors ê and ê , respect!vely. These veetors are co er 
now speeified in concurrence with standard measurement praetiee [6]. 

Consider first the case of a radiation field that is due to excitation 

of the horn by an odd symmetrie mode. Then at e = 0 the radiation field 

is polarized in the y-direction. In this case the unit veetors e and 
co 

eer are specified by [6, eq. (8a,b)] 

-e co sin$ê + coscj>~ 

2 --(1-cosS)coscj>sincj>x + {1-(1-cosS)sin ~}y 

eer cos~S- sin~cj> 

2 -{1-(1-cosS)cos <fl}x (1-cos8)cos$sin<fly 

sinSsin~z, (5.20) 

sinScos<fl~. (5.21) 
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Likewise, in the case of excitation by an even symmetrie mode, the 

radiation field at 8=0 is polarized in the i-direction. Then the vee-

tors e and co are given by (5.20) and (5.21) with ~ replaced by 

~ + TI/2, corresponding to an interchange of roles of the veètors. The 

eopolarized radiation field Ë (r) and the eross-polarized radiation 
co 

field (r) at P are now determined from 

{Ë<r>.~ }ê • 
er er 

(5.22) 

The copolarized radiation pattern F (r) and the cross-polarized co 
radiation pattern F (r) are defined by 

er 

in which 

- -1 21- - 2 P (r) = (2Z ) r E (r) I , 
co 0 co 

-1 21- - 12 (2Z ) r E (r) • 
o er 

(5.23) 

(5.24) 

To numerically evaluate the copolarized and cross-polarized radiation 

patterns, it is neeessary to compute the two-dimensional integrals 

(5.17). By use of (5.1), (5.3) and (5.11), we rewrite (5.17) as 

2 2 
C JJ J.exp[jk*{sinS(xeos~+ysin~) + cosS(x 

4
+J -f)}](l+ 

s ~ 
xy 

i = x,y,z, 

where the elliptieal integration domain S is described by 
xy 

2 2 ~ 
x+~) dxdy, 
4f 

(5.25) 

(5.26) 

The normalized integration variables Ç = x/a1 and n (y-d
1
l/b

1 
are 

introdueed. Then Ii ean be reeast in the form 

1 1 2 
I.= c J [k.(Ç,nlexp{j<a1 Ç+a2n-131 - 132 1 l}di';dn, (5.27) 
~ a -1 -1 ~ 

where 

(5. 28) 
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1 
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(5.29) 

(5.30) 

(5.31) 

(5. 32) 

The integral (5.27) is evaluated by the same numerical procedure as 

has been used in the calculation of the hom radiation, based on the 

aperture-field integration method; see sections 4.4.1 and 4.4.2. Thus 

by expansion of ki (~,nl in termsof the basis functions fmn(~,nl in-

troduced in (4.72), the integral is reduced to the sampling-like 

representation 

00 00 

in which 

and 

1 1 
f f k. u;, n l exp{ j (mn~ + n'fTn l }d~dn 
-1 -1 l 

(5. 33) 

(5.34) 

(5.35) 

with ~ given by (4.77). The coefficients Ki(m'!T,n'!T) are the two-dimen­

sional Fourier coefficients of the functions k
1 
(~,nl. These coeffi­

cients are calculated from samples of k
1 

by use of the Fast Fourier 

Transferm (FFT) technique [2]. The coefficients K
1 

(mn,nn) depend only 

on the geometry of the reflector and on the induced current in the 

reflector surface; they are independent of the coordinates of the 

observation point P. The functions Wmn' however, are independent of 

the induced current; they only depend on the coordinates of P and on 

the geometry of the reflector. 
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The mathematica! procedure developed here, leads to the following 

scheme to numerically evaluate the radiation patterns of the antenna 

system: 

1. Specify the horn and reflector parameters, the position of the horn 

relative to the focal point F, and the direction of the horn axis. 

2. Choose discrete sample points (~,n}, andcalculate the coordinates 

of the associated points on the reflector. 

3. Compute the samples ki(~,n). The components Ji of the surface 

current are found from = 2n x • The incident magnatie field Hi 

at the reflector surface due to the primary radiation from the horn, 

is calculated by means of the aperture-field integration method of 

sectien 4.4.2. 

4. Compute the Fourier coefficients Ki(mTI,nTI) of ki by use of FFT. 

5. Specify the coordinates of the observation point P, and calculate 

1j!mn and Ii. 

6. Compute the copolarized radiation field 

radiation field Ë at P. 
er 

and the cross-polarized 

7. Repeat steps 5 and 6 for ether observation points and determine the 

radiation patterns of the antenna system. 

In this sectien we present numerical and experimental results for the 

radiation field of the antenna system that consists of a single offset 

parabolic reflector and a corrugated elliptical horn as the primary 

radiator. The geometry of the antenna system has been described in the 

previous section. The geometrical parameters of the horn and of the 

reflector will be specified below. The measured results have been re-

corded for the antenna system in the two cases of 1-mode excita-

tion and eHE11-mode excitation of the horn. A theoretica! analysis of 

the radlation fields in these two cases is presented in Appendix 5.4. 

There it is shown that the radlation fields due to excitations by odd 

and even modes are orthogonal, and the corresponding copolarized radi­

ation patterns are equal, both up to a good approximation. The errors 

involved in these approximate results are small if the angle e is 

close to zero, i.e. in the angular region around the positive z-axis. 

Because of the (approximate) equality of radiation patterns, the 

numerical computation of the radiation field of the antenna system is 
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restricted to the case of 
0

HE
11

-mode excitation of the horn. Through­

out the frequency is set at 12 GHz. 

The geometrical parameters of the offset parabolic reflector considered 

are given by (cf. Figure 5.1) 

f = 1.50 m ; eoff = 34.8° 

0.80 m 0.94 m 

The semi-opening angle in the plane perpendicular to the offset plane, 

subtended at the focus, is 42.5°. 

The primary radiator considered is the corrugated elliptical horn with 

the parameters (cf. Figure 5.2} 

z = 0.324 m ; e 
a o are = 0.5. 

The position of the horn is specified by (cf. Figure 5.2} 

OF = 0.31 m; 

The computed phase eentres in the H0 and E0 planes (principal planes 

of the horn} are located at the centre of the horn aperture, and inside 

the horn on the horn axis at 0.034 m from the aperture, respectively. 

Hence, the focal point of the reflector lies between the two phase 

centres, at 0.014 m from the phase centre in the H0 plane and at 

0.02 m from the phase centrein the E0 plane. In Figures 5.3 and 5.4 

computed and measured results for the radiation patterns of thè antenna 

system are plotted as a function of the spherical angle 6. The computer 

processing time for the field evaluation following the stepwise proce­

dure given in section 5.2, is approximately 4 seconds per observation 

point. 
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angle(degr) 
3 0 1 2 3 

Fig. 5.3. Far-field patterns in the H0
, Ee plane (xz-plane) for the 

single offset parabalie reflector fed by a corrugated 

elliptical horn; frequency 12 GHz; 

computed copolarized radiation, 
0

HE11-mode excitation; 

++++ computed cross-polarized radiation, 
0

HE11-mode excitatio.ri; 

--- measured copolarized radiation, 
0

HE11-mode excitation; 

----measured copolarized radiation, 

(measurements, courtesy of MBB, Munich). 
1-mode excitation; 
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Fig. 5.4. Far-field patterns in the E
0

, He plane (yz-plane) for the 

single offset parabalie reflector fed by a corrugated ellip­

tical horn; frequency 12 GHz; 

computed copolarized radiation, 
0

HE
11

-mode excitation; 

measured copolarized radiation, 
0

HE
11

-mode excitation; 

--. - measured copolarized radiation, eHE 11 -mode excitation; 

(measurements, courtesy of MBB, Munich). 
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From the computed and measured results for the radiation in the xz-plane 

(H0
, Ee plane of the antenna system), as shown in Figure 5.3, the follow­

ing conclusions are drawn: 

1. Excellent agreement between the computed and measured results in the 

region of the main lobe is observed. 

2. The radiation patterns of the antenna system in the two cases .of 

0
HE

11
- and eHE

11
-mode excitation of the horn are virtually identical. 

3. The patterns are symmetrie with respect to the direction e 0. 

4. The measured sidelobe levels are below -31 dB, whereas the computed 

sidelobe levels are below -40 dB. 

5. The computed maximum level of the cross-polarized radiation (in the 

case of linear polarization) is -24.3 dB. 

6. The angle of -3 dB beamwidth is 0.77°. 

From the computed and measured results for the radiation in the yz-plane 

(E0
, He plane of the antenna system), as shown in Figure 5.4, the follow­

ing conclusions are drawn: 

1. Very good agreement between the computed and measured results is 

established. 

2. The radiation pattern of the antenna system in the case of 

0
HE

11
-mode excitation of the horn is somewhat narrower than the one 

eerrasponding to eHE11-mode excitation of the horn. This is attributed 

to a slightly broader primary radiation pattem in the yz-plane in 

the case of 
0

HE11-mode excitation. 

3. The computed and measured radiation patterns show a small asymmetry 

with respect to the direction 8 = 0. In genera!, the radiation level 

at the angle 8 is higher in the half-plane ~ = TI/2 (left part of 

Figure 5.4) than it is in the half-plane ~ 31f/2 (right part of 

Figure 5.4). Computed results show that the asymmetry increases for 

decreasing o. The asymmetry of the patterns is attributed to the 

asymmetrie reflector geometry, which results in the upper part of the 

reflector being under-illuminated relativa to the lower part of the 

reflector. 

4. The computed sidelobes are well defined. The level of sidelobe radi­

ation is below -30 dB. 

5. Cross-polarized radiation in the yz-plane (the offset plane of the 

reflector) is absent. 

6. The angle of -3 dB beamwidth is 1.41°. 
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Computed results for the copolarized radiation in the E0 plane of the 

antenna system in the case of 
0

HE
11

-mode excitation, show a very small 

pattem shift away from thé direction e = 0. The maximum of the co­

polarized radiation occurs in the direction 6 = 0.02° in the half-plane 

~ = 3TI/2 (cf. Figure 5.4). This shift of the radiation pattern in the 

offset plane of the antenna system is known as the beam squint for 

linearly polarized radiation [1]. From the computed results it is 

furthermore observed that the copolarized radiation in the xz-plane is 

below the reference curve A, given in Figure 1.4. The main lobe of the 

copolarized radiation in the yz-plane, however, is not everywhere below 

the reference curve A. 

Our final conclusions are the following: 

1. The single offset parabalie reflector fed by a corrugated elliptical 

horn, can indeed provide a secondary radiation pattern that has a 

rapidly decaying main lobe with an elliptical cross-section, and 

that has low sidelobes. Furthermore, the secondary radiation patterns 

of the antenna system in the cases of 
0

HE
11

- and eHE
11

-mode excitation 

of the horn are virtually the same. 

2. The hom and reflector geometries are input parameters of the compu­

tational procedure to numerically determine the radiation field of 

the antenna system. By varying these input parameters one may search 

for an antenna design that is optimal with regard to electrical per­

formance. In this manner the computational procedure provides a 

design through computation versus the alternative of a design based 

on experimentation. 

3. The analytica! and numerical approach to the evaluation of the elec­

trical performance of the antenna system, as developed in this section, 

is rapid (with respect to computer processing time), successful and 

reliable. 
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5.4. Appendix 

As a supplement to sectien 5.2, this appendix deals with the radiation 

fields of the antenna system in the two cases of excitation of the horn 

by an odd symmetrie mode {I-mode) and by the associated even symmetrie 

mode (!I-mode). The resulting e'lectromagnetic fields are distinguished 

by the sPperscripts I and II, respectively. It has been shown in sectien 

4.2 that in the radiating near-field and far-field regions of the hom 
-I -I -II -II 

the primary radiation fields (E , H ) and (E , H l are related by (see 

(4. 7) and (4.8)) 

r x r x -II r x E , (5. 36) 

where the unit vector r at the observation point points in the outward 

radial direction. These primary radiation fields act as incident fields 

on the parabolic reflector of the antenna system. Then we have from 

(5.36) that the spherical components of the incident fields at the re­

flector surface satisfy 

I Z HI II II 
Ee 

0 <I> -E<f> zoHe , 

I 
E<jJ -z HI 

o e 
EII 

e 
BII 

zo <P 

The surface -I currents J , 
s 

from the physical-optics 

(5.37) 

(5.38) 

JII induced in the reflector are determined 
s 

approximation (5.12), which is now further 

evaluated by use of (5.5). At the point (r ,e ,<f>) of the reflector 
q q q 

surface the Cartesian components Jx' Jy' Jz of the surface current are 

found to be given by 

J 2(H6sin<f>q-H<f>cos<f>q)sin (5.39) x 

J -2(H9cos<f>q+B<I>sin<f>qlsin (5.40) 
y 

e 
J z 

q 
-2H<Pcos T , (5 .• 41) 

where the superscripts I and II have been suppressed for simplicity. 

By means of (5.37) and (5.38) it easily follows that the current com­

ponents are related by 

(5.42) 
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Consequently, the radiation integrals Ii introduced in (5.17) are 

related by 

(5.43) 

-I -I -II -II 
The secondary radiation fields (E , H ) and (E , H ) of the antenna 

-I -II 
system are considered to be due to the surface currents Js and Js , 

respectively. The spherical components of the electric fields ËI and 
-II 
E at the observation point (r,8,<j>) are given by (5.18.) - (5.19), 

expressed in terms of the corresponding integrals I , I and I • We x y z 
now assume that the spherical angle 8 is close to zero such that 

cos8 ~ 1 and the term Izsin8 may be neglected in (5.18). Then the 

spherical components of the electric fields are approximately given by 

(5.44) 

(5.45) 

I II I II 
By use of (5.43) we immediately find that E

8 
E<P , E<P -E

8 
which 

means that the electric fields ËI and ËII are orthogonal and have equal 

strength. 

The copolarized radiation fields of the antertna system due to excitation 
-I -II 

by the I- and II- modes are denoted by Eco and Eco' respectively. The 

directions of these fields are described by the unit veetors êi and 
~II co 
eco' given by (cf. (5. 20)) 

êi = sin<Pê + cos<j>~, 
co 

From (5.22) and (5.44) 

~II 
e 

co 
cos<j>8 - sin<j><j>. 

(5.45) it is easily found that 

(5.46) 

(5.47) 

-I -II 
Hence, because of (5.43), the field veetors Eco and Eco have equal 

strength and the corresponding radiation patterns are identical. 

Summarizing, we have shown that the secondary radiation fields due to 

excitations by odd and even symmetrie modes are orthogonal, and the 

corresponding copolarized radiation patterns are equal. From the deriva­

tion it is clear that these results are valid up to a good approximation 

if the angle 8 is close to zero, i.e. in the angular region around the 

positive z-axis. 
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6. SUMMARY 1~0 CONCLUSIONS 

In chapter 1 the design requirements for the transmitting antenna of a 

braadcasting satellite have been reviewed. Such an antenna should 

radiate a circularly polarized field and the radiation pattem must 

have a main lobe with a prescribed cross-section, low sidelobes and a 

low level of cross polarization. As a most likely candidate to fulfil 

these requirements we have considered the antenna system that consists 

of a single offset parabalie reflector fed by a corrugated el1iptical 

horn radiator. The approach to evaluate the electrical performance of 

this antenna system bas been outlined. 

Chapter 2 deals with a number of mathematica! preliminaries. The geo­

metry of the elliptical conical hom has been described in terms of 

sphero-conal coordinates. In this orthogonal coordinate system the 

scalar Helmholtz equation can be solved by separation of variables. The 

special mathematica! functions involved, viz. the simple-periodic and 

nonperiadie Lamé functions, have been treated in detail. 

In chapter 3 the wave propagation in elliptical cones has been studied. 

Our investigation started with the introduetion of transverse electric 

(TE) and transverse magnetic (TM) field solutions to Maxwell's equations 

in the sphero-eonal coordinate system. These solutions constitute a com­

plete set of modes, in terms of which an arbitrary field can be expanded. 

The problem of wavè propagation in a corrugated elliptical cone has been 

solved on the basis of the idealized anisatrapie surface-impedance model 

for the corrugated boundary of the cone. It has been shown that only 

speeific fields satisfy the assoeiated anisatrapie boundary conditions. 

These field solutions which are valid at points not too close to the 

apex of the cone, comprisè both electriè and magnetic field components 

in the radial direction, and they are called hybrid modes. Odd and even 

symmetrie hybrid modes have been found and it has been shown that these 

modes can be combined to yield an electromagnetie field (Ë,H) that 

satisfies the relation E = ~jZ0H. The field components of the hybrid 

modes are represented by series of products of simple-periodic and non­

periadie Lamé functions, multiplied by a spherical Hankel function of 

order V + ~. The series-representations involve two sets of expansion 

coefficients which have been shortly denoted by the (infinite-dimensio­

nal) coefficient veetors ä and b. Then the problem of determining the 
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hybrid modes has been reduced to a problem in linear algebra, in which 

the unknowns are the mode-number v, and the veetors ä and b. It has 

been found that the odd and even symmetrie hybrid modes have pairwise 

identical mode-numbers v, and are pairwise described by the same coef­

ficient veetors ä and b. For a number of corrugated elliptical cones 

the quantities v, ä and b have been numerically determined, whereupon 

the modal fields inside the cone can be evaluated. The results have 

been presented in tables and figures. 

Chapter 4 deals with the radiation characteristics of elliptical homs 

with an anisotropic boundary. Our analysis of the radiation problem is 

based on the Kirchhoff-Huygens approximation, in which it is assumed 

that the radiation field is completely determined by the field distri­

bution at the horn aperture only. The latter aperture field is then 

taken to be identical to some given modal field of the infinite corru­

gated cone, as determined in sectien 3.3. In this manner the radiation 

field of the hom is found to be given by an integral representation in 

terms of the aperture field. From this integral representation general 

radiation properties of hom aperture fields have been derived, depen­

dent on the properties of the exciting modal field. Thus it has been 

shown that the radiation fields due to an odd symmetrie hybrid mode and 

to the associated even symmetrie hybrid mode, are orthogonal, while the 

corresponding power radiation patterns are identical. Furthermore, it 

has been shown that if the horn aperture fields are related by 

E = ± jZ
0

H, then the same relation holds for the electromagnetic field 

(Ë,H) at an arbitrary obse.rvation point in the radiating near-field or 

far-field regions, thus leading to a circularly polarized radiation 

field in these regions. 

Two methods have been employed for the calculation of the radiation 

pattern of the horn. one method, the aperture-field integration method, 

is suitable to determine the radiating near-field and far-field patterns. 

In this metbod the Kirchhoff-Huygens integral representation for the 

radiation field is converted into a sampling-like representation by a 

series of products of Fresnel integrals and Fourier coefficients of the 

aperture field. These Fourier coefficients have been numerically 

evaluated by means of the Fast Fourier Transform technique. 

In the second method, called the wave-expansion method, the electro­

magnetic field outside the horn is eXPanded in terms of sphero-conal TE 
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and TM modes. For a given horn aperture field the expansion coefficients 

can be determined by matching the fields at the aperture and by using 

the orthogonality properties of the TE and Tti modes of free space. Then 

the radiation field can be numerically evaluated at any observation 

point outside the horn. It has been pointed out that the wave-expansion 

methad is not very suitable in the case of a long horn, because of the 

slow converganee of the modal expansion for the radiation field. 

Numerical results obtained by both methods and experimental results 

have been presented. The computed results and the measured results 

agree to a large extent both in the radiating near-field region and 

in the far-field region. Radiation patterns with an elliptical cross­

sectien have been found. The measured radiation patterns due to an 

odd symmetrie hybrid mode and to the associated even symmetrie hybrid 

mode, are almost equal in a large angular region at all frequencies 

considered. This equality of measured radiation patterns is in agree­

ment with the theoretica! result. As a consequence, if a corrugated 

elliptical horn is excited by the combination of an odd symmetrie 

hybrid mode and the associated even symmetrie hybrid mode with a phase 

difference TI/2, the resulting radiation field will indeed be circularly 

polarized and the radiation pattern has an elliptical cross-section. 

Furthermore, it has been found that the concept of phase centre of the 

radiated far field is feasible only in a small angular range around the 

beam axis. However, the location of the phase centre differs if the 

planes of maasurement (or of computation) are different. Consequently, 

phase errors will be inevitable if this type of horn is used for the 

illumination of a parabalie reflector antenna. Also, the positioning 

of the horn relative to the focal point of the reflector requires care­

ful consideration. 

In chapter 5 we have investigated the radiation characteristics of the 

single offset parabalie reflector fed by a corrugated elliptical horn 

radiator. The secondary radiation field, that is the field radiated by 

the reflector, has been determined from the well-known integral repre­

sentation for the field in terms of the induced surface current Js in 

the reflector. In the physical-optics approximation the current Js is 

simply related to the tangential components of the incident magnetic 

field Hi at the reflector surface. This incident field which is due 

to the primary radiation by the corrugated elliptical horn, can be 



-170-

determined by the methods of chapter 4. Here it is understood that the 

primary radiation is excited by some given rnadal field of the infinite 

corrugated cone. Ta numerically evaluate the secondary radiation field, 

the integral representation for the field has again been converted into 

a sampling-like representation by a series of products of Fresnel inte­

grals and Fourier coefficients of the reflector current. These Fourier 

coeffic~ents have been determined by means of the Fast Fourier Trans­

farm technique. 

From a theoretica! analysis it has been found that the radiation fields 

of the antenna system due to excitations of the horn by odd and even 

symmetrie modes are orthogonal, and the corresponding copolarized radi­

ation patterns are equal, bath up to a good approximation. These results 

are confirmed by experiments: the measured radiation patterns of the 

antenna system in the two cases of 
0

HE 11 - and eHE
11

-mode excitation of 

the horn are virtually identical. Very good agreement has been 

established between the computed results and measured data for the 

secondary radiation of the antenna system. The single offset parabalie 

reflector fed by a corrugated elliptical horn radiator does provide a 

secondary radiation pattern that has a rapidly decaying main lobe with 

an elliptical cross-section, and that has low sidelobes. 

The geometrical parameters of the hom and of the parabalie reflector 

are input parameters of the computational procedure to numerically 

determine the radiation field of the antenna system. By varying these 

input parameters one may search for an antenna design that is optima! 

with respect to electrical performance. In this manner the computational 

procedure provides a design through computation versus the alternative 

of a design based on experimentation. The analytical and numerical 

approach to the evaluation of the electrical performance of the antenna 

system is rapid (with respect to computer processing time), successful 

and reliable. 
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SAMENVATTING 

Dit proefschrift gaat over de bepaling van het stralingsdiagram van 

het antennesysteem dat bestaat uit een parabolische reflektor gevoed 

door een gegroefde elliptische hoornstraler. Een dergelijk antenne­

systeem kan zodanig ontworpen worden dat het stralingsdiagram geken­

merkt wordt door een hoofdlus met een elliptische doorsnede, door lage 

zijlussen, en door een laag niveau van kruispolarisatie in het geval 

van circulair gepolariseerde straling. Vanwege deze eigenschappen kan 

het antennesysteem gebruikt worden als zendantenne van een omroep­

satelliet. 

In het onderzoek van de stralingseigenschappen van het antennesysteem 

kunnen twee deelbijdragen worden onderscheiden. De eerste bijdrage die 

in dit proefschrift wordt beschreven, betreft de ontwikkeling van een 

theorie voor de verklaring van golfvoortplanting in en straling van 

een gegroefde elliptische hoorn met willekeurige geometrische para­

meters. Het deelprobleem van de golfvoortplanting wordt opgelost op 

basis van het anisotrope oppervlakte-impedantiemodel voor de gegroefde 

wand van de hoorn. De straling van de hoorn wordt geanalyseerd uitgaande 

van de Kirchhoff-Huygens benadering van het stralingsprobleem. In deze 

benadering wordt aangenomen dat het stralingsveld volledig bepaald wordt 

door de veldverdeling in de apertuur van de hoorn. Twee methoden worden 

toegepast voor de berekening van de straling van de hoorn, namelijk de 

methode waarbij het stralingsveld voorgesteld wordt door integralen in 

termen van het apertuurveld, en de methode waarbij het stralingsveld 

ontwikkeld wordt naar modi. Numerieke resultaten bepaald met beide 

methoden, en experimentele resultaten worden gegeven. 

De tweede bijdrage van het onderzoek bestaat uit de ontwikkeling van een 

rekenprocedure voor de numerieke bepaling van de straling van het anten­

nesysteem. Het·(secundaire) stralingsveld wordt veroorzaakt door de 

elektrische stromen die in de parabolische reflektor worden geïnduceerd 

door het (primaire) stralingsveld van de hoorn. De rekenprocedure heeft 

als invoergegevens de geometrische parameters van de hoorn en de reflek­

tor. Door stralingsberekeningen uit te voeren voor verschillende waarden 

van de invoergegevens kan men vaststellen bij welke parameterwaarden het 

stralingsveld van het antennesysteem aan de vereiste specificaties vol­

doet. Op deze wijze is het mogelijk om een antennesysteem te ontwerpen 

op basis van berekeningen in plaats van op basis van experimenten. 

Numerieke en experimentele resultaten voor de straling van het antenne­

systeem worden gegeven. 
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1. De sterkte vAn een ontvangen stoorsignaal is lager naarmate de 

ontvangantenne een lagere gevoeligheid heeft in de richting van 

het stoorsignaal. De door Ishimaru en Held ontwikkelde methode 

voor de synthese van een stralingsdiagram met een aantal zijlus­

sen van hetzelfde niveau, is in aangepaste vorm bruikbaar voor 

de synthese van een stralingsdiagram met een zijlus van een ver­

laagd niveau in de richting van het stoorsignaal. 

Ishimaru, A., and G.Held, Analysis and synthesis of 

radiation pattema from eiraular apertures. 

Can. J. Phya. 38 (1960), 78-99. 

Worm, S.C.J., Radiation pattema of eircular apertures 

with prescribed sidelobe levels. TH-Report 79-E-97, 

Eindhoven University of Teehnology, Eindhoven, 1979. 

2. Laat het elektromagnetisch veld in een circulaire apertuur 0 ~ r ~ 1, 

0 ~ $ < 2n, beschreven worden door een rotatiesymmetrische apertuur­

verdeling f(r) met randwaarde f(1) = 0; hierbij zijn r,~ pool­

coördinaten. Dan is de verhouding van het apertuurrendement en de 

ruimtelijke spreiding van het uitgestraalde vermogen maximaal 

indien f(r) 1- r 2• 

Worm, S.C.J., Optimization of some aperture antenna 

performanee indices with and without pattem aonstrainta. 

TH-Report 80-E-112, Eindhoven University of Teahnology, 

Eindhoven, 1980. 

3. De lengte van een 'dual-hybrid-mode' belichter voor efficiente 

belichting van een radiotelescoop zoals die gegeven wordt door vu, 

kan aanzienlijk gereduceerd worden. 

Vu, T.B., Low-noiae dual-hybrid-mode hom - an experimental 

model. Int. J. Electron. 34 (1973), 391-400. 

Worm, S.C.J., Compact duaZ-hybrid-mode feeda with Zow 

crosspolar radiation. Eleutronics Letters 15 (1979), 
740-741. 



4. Het verdient de voorkeur om voor TE- en TM-modi in elliptische 

cylinders en in elliptische kegels, de classificatie naar modi met 

even en oneven symmetrie te baseren op de symmetrie-eigenschappen van 

de elektrische veldlijnen. 

5. De door Thurlings gebruikte methode ter bepaling van de groefdiepte 

nodig voor de realisatie van een anisotrope impedantiewand met impe­

danties zn 0 en zz = 00 in een gegroefde elliptische golfpijp, is 

onjuist. 

Thurlings, L.F.G., Some properties of the corrugated 

eZZipticaZ waveguide. Report ET-5-1975, Eindhoven 

University of TechnoZogy, Eindhoven, 1975. 

6. Chaviello beweert dat voor signaalontvangst van geostationaire 

satellieten met geringe tussenruimte, gebruik moet worden gemaakt 

van een ontvangantenne met elliptische apertuur waarvan de lange as 

loodrecht op het vlak van de geostationaire baan staat. Deze bewering 

is onjuist. 

ChavieZZo, A., 2° SateZZite spacing: an FCC chaZZenge 

to microwave engineers. Microwave Joumal 26 (1983), 

No. 9, 36-44. 

7. Volgens Dragone worden in de apertuur van een gegroefde rechthoekige 

hoorn, bij excitatie door een oneven symmetrische hybride mode en bij 

excitatie door de overeenkomstige even symmetrische hybride mode, 

identieke amplitude-verdelingen gerealiseerd. Deze bewering wordt niet 

gestaafd door experimentele resultaten. 

Dragone, C., A rectanguZar horn of four oorrugated pZates. 

IEEE Trans. Antennas and Propagat. AP-33 (1985), 160-164. 



8. Het stralingsdiagram van een gegroefde elliptische hoornantenne is 

rotatiesymmetrisch bij een bepaalde keuze van de hoornafmetingen. 

9. De depotvondst van IJzertijdkeramiek op de Werft te Bladel doet ver­

moeden dat archeologisch onderzoek aldaar, naar een nederzetting uit 

de IJzertijd, met succes kan worden uitgevoerd. 

Brabantse Oudheden, Bijdragen tot de studie van het 

Brabants Heem, Deel XVI, Eindhoven,_ 19?7. 


