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CHAPTER 1 

Introduetion 

1.1. Preliminary remarks 

In recent years investigators whocarry out experimental work became increasingly convineed 

that applying statistica! principles to the design and analysis of their experiments su bstan­

tiaJly improves the quality and efficiency of their efforts . 

Many different designs are now available in the statistica! literature from which they can 

choose . Steinberg and Hunter ( 1984) provide an excellent list of references . 

One of the important principles of experimenta! design is the need to examine factors simul­

taneously in one experiment, in order to obtain a sound knowledge of physical and chemica! 

mechanisms concerned. 

Because the size of an experiment increases rapidly with increasing number of levels and 

factors, there is a need to reduce the number of treatments in order to save time and reduce 

the cost of experimentation. 

A large number of design s have therefore been constructed in which only a subset of all pos­

sibie treatments has to be used. An additional advantage of these designs is that they can 

be used to predict the response of a treatment which has not been used in the experiment. 

A number of ex.isting designs will be discussed in the sections 1.2, 1.3, 1.4 and 1.5. Section 1.6 

reports new results on fractional replication for quantitative factors, which originated from 

t his research. 

1.2. Main-effect designs 

An important group of designs with a limited number of treatments is the class of rnain-effect 

designs. These designs make it possible to estimate a relatively large number of main effects 

using a smal! number of experimental units. lnteractions are ignored. These designs are very 

suitable as screening designs which are used toselect a limited number of factors from a large 

number of candidates. 

Addelman (1962a) gives many of these plans in which factors may have from two up to nine 



levels. 

To construct these plans use was made of Galois fields, the techniques of replacement and 

collapsing. The latter two techniques are explained in Chapter 2. 

Plackett and Burman (1946) developed a set of rnain-effect designs for factors having two 

levels. These are saturated designs because the number of parameters to be estimated equals 

the number of experimental units. 

The number of experimental units N must be a multiple of 4. These designs can be utilized to 

examine up to (N- 1) factors. The X matrices conesponding tothese designs are Hadamard 

matrices. A Hadamard matrix H of order h is a matrix consisting of -1 's and + 1 's, such 

.that H'H = h Ih, I being the identity matrix. 

Raktoe and Federer (1973) develop a class of balanced saturated rnain-effect plans for the 

2n factoriaL They use the following notations and definitions: 

(i) In a 2n factorial experiment with n factors at two levels each, a treatment combination 

is an n-tuple (x I> x2, ... , Xn), with x; E {0, 1}. 

(ii) A set of ( n + 1) treatment combinations arranged in arbitrary order in an ( n + 1) x n 

matrix D (a row being a treatment combination) with the aim of estimating {3, the 

vector of regression coefficients, consisting of the mean and the main effects ( when 

the assumption that all other effects are negligible is justified) is called a saturated 

rnain-effect plan. 

(iii) A balanced saturated rnain-effect plan of the 2n factorial is a design D such that 

(a) Each unknown parameter /3 is estimated with the same variance, 

(b) the covariance between the estimates of the mean fJ. and a main effect is a constant, 

and 

( c) the covariance between estimates of two main effects is another constant. 

The plans developed are characterized by properties of the D'D matrix. lt is regrettable that 

no exarnples of plans aregiven and that the construction of these plans, sorne of which are 

D-optirna.l Hadarnard designs, is left to the reader. 

2 



Taguchi ( 1987) strongly recommends the u se of rnain-effect plans. He calls them orthog­

onal arrays and he uses a very extensive collection of these arrays, some of which are also 

suitable to estimate selected interactions. 

Taguchi gives many interesting examples but unfortunately the numerical calculations are 

often difficult to understand since they do not refer to a specified model. 

A very important class of rnain-effect designs are the Latin-, Graeco-Latin- and hyper-Graeco­

Latin squares. These are designs containing k2 experimental units suitable to examine up 

to (k + 1) factors with k levels. Kempthorne (1979) showshow Galois fieldscan be used to 

construct these squares. Box, Hunter and Hunter (1978), Cochran and Cox (1957), Johnson 

and Leone ( 1964 ), Montgomery (1976), Upperman (1974), Upperman and Dévény ( 1974) give 

many examples of these designs. Upperman and Dévény (1974) treat an interesting applica­

tion of a rnain-effect design consisting of 5 orthogonal Latin squares. These squares are used 

to solve a quality problem in a complicated production process. 

However, rnain-effect designs are not always suitable since interactions may he important 

elements of the models under consideration. We therefore discuss some designs in the next 

section which allow estimation of both main effects and interactions. 

1.3. Designs permitting estimation of all main effects and two-factor interactions 

1. 3.1. Fractions of 2n designs 

Kempthorne (1979), Box and Hunter (1961a, 1961b) and Montgomery (1976) give a sound 

basis of the theory to construct fractions of 2n designs. Kempthorne (1979) and Montgomery 

( 1976) u se linear functions for this purpose. 

The hooks of Cochran and Cox ( 1957), Mclean and Anderson ( 1984 ), the Statistica/ Engineer­

ing Laboratory ( 1957) and Upperman ( 1974) contain many fractions of 2n designs, permitting 

the estimation of all main effects and two-factor interactions. 

The hooks of Cochran and Cox ( 1957), Uppe1man ( 1974) and Box, Hunter and Hunter (1978) 

contain many agricultural and industrial examples. Addelman (1961) also provides fractions 

of zn designs. Although these designs introduce some correlations between some of the es­

timates, they permit the estimation of main effects and two-factor interactions with fewer 

trials than is required with an orthogonal plan. 

3 



lt is for instanee known that a ~ replicate of the 27 design allows uncorrelated estimates of 

all main effects and two-factor interactions. This plan therefore requires 64 trials or experi­

mental units. The plan of Addelman only requires 48 trials. 

Rechtschaffner (1967) gives an algorithm to construct saturated designs for factors having 

two levels. 

For instanee the 27 design contains 7 main effects and 21 two-factor interactions and therefore 

28 effects have to be estimated apart from the mean. Rechtschaffner (1967) estimates these 

effects using only 29 trials. 

Many orthogonal fractional 2n designs can be analyzed by using graphical methods as de­

scribed by Daniel (1959) and Zahn (1975). 

1.3.2. Fractions of 3m designs 

Cochran and Cox (1957), Mclean and Anderson (1984) and Montgomery (1976) give a num­

ber of useful plans . Worked examples are not provided but Montgomery (1976) gives some 

exercises with fractions of 3m designs . 

1.3.3. Fractions of 2n3m designs 

Connor ( 1960) explains the theoretica! foundation of the methods to construct fractions of . 

2n3m designs. These methods were used to develop the designs given in Connor and Young 

(1961). Mclean and Anderson (1984) include all the designs of Conner and Young (1961) 

and those given in the Statistica[ Engineering Laboratory (1957). Margolin (1969b) gives a 

number of plans which require far less experimental units than the corresponding designs 

in Connor and Young (1961). Webb (1971) provides a list of small plans but interactions 

cannot a]ways be estimated . Upperman (1991) gives an application of a 2n3m design toa 

spot-welding experiment and other examples of the application of experimental designs to 

industrial problems. 

1.3.4. Otl1er fractional designs 

lt is surprising that little attention has been paid to Morrison (1956). A method is described 

in this artiele which yields a ~ replicate for factorials when some factors have more than 

4 



3 levels. All two-factot interactions can be estimated. A number of numerical examples is 

provided. One of these consists of a & replicate of a 23 x 3 x 5 design. 

1.4. Designs for quantitative factors 

Many designs have been developed for quantitative factors. They are very economical as 

regards the number of design points needed, especially since many of these designs, such as 

some response surface plans, use 5 levels for each factor. 

Articles dealing with response surfaces were written by Box and Draper (1959, 1963), Box 

and Hunter (1957), Lucas (1974), Welch (1984) and Myers, Khuri and Carter (1988). 

Box and Behnken (1960), Hoke (1974), Mitchell and Bayne (1978) and Rechtschaffner (1967) 

deal with designs for quantitative factors with three levels. The designs for 3, 4, 5, 6, 7, 9, 

10, 11, 12 ar 16 factors, of Box and Behnken, are frequently used in practical work. 

Box and Draper (1974) discuss designs in which each factor has four unequally spaeed lev­

els,which may be a disadvantage in a practical situation. 

There are several hooks dealing with response surface methodology such as Box, Hunter and 

Hunter (1978), Box and Draper (1987), Cochran and Cox (1957), Montgomery (1976) and 

Upperman (1974). It is mostly assumed that the response surface model can be presented by 

a second degree polynomial. 

Box and Draper ( 1987) is especially useful si nee it incorporates many results given in ar ticles 

which were previously published. 

1.5. D-Optimal designs 

Many articles and hooks have appeared during the last twenty years about designs for which, 

given the number of design points, the hyper volume of the joint condifence region of the f3's, 

the parameters of the regression equation, is minimized. These designs are called D-optimal. 

Fedorov (1972) gives an excellent treatment of the subject, St. John and Draper (1975) and 

Oorschot (1974) give a good review and mention further useful literature. Mitchell (1974a, 

1974b) uses a computer algorithm to construct designs which are more ar less "D-optimal". 

Although the D-criterium is a very useful tooi to construct designs, there are a number of 

authors whohave madesome critica! remarksas to the use of D-optimal design theory. 
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We/eh (1984) reports that constructing D-optimal designs may be inappropriate when the 

number of observations is not large relative to the number of parameters. 

Box, Hunter and Hunter (1978) state that in recent years the study of optima! designs has 

become separated from real experimentation with the predictabie consequence that its limi­

tations havenotbeen stressed, or, ofteneven realized (p. 472). 

D-optimal designs do for instanee very often not contain a center point, whereas such a point 

is very desirabie from the experimenter's point of view. 

In Chapter 5, Section 5.7, we shall see that some nearly D-optimal designs have a relatively 

large varianee for the parameter estimates corresponding to the quadratic termsof the regres­

sion model. Box and Draper (1987) also voice some criticism as to the use of D-optimality 

(pp. 499, 500). Firstly because the hyper volume of the confidence region for the (J's very 

much depends on the range of the factor-levels chosen and secondly because D-optimality 

does not take into account the possible bias due to a wrong model. There are many char­

acteristics with which a design can be judged. Two of these, D- and G-efficiency, will be 

discussed in Chapter 2. Some new D-optimal designs wil! be developed in Chapter 3. 

These designs had to be constructed to be able to calculate D-efficiencies of some new designs 

developed in Chapters 4, 5 and 6. 

1.6. The need for new designs with quantitative factors 

Although an experimenter can choose from many designs for quantitative factors, our expe­

rience in statistica! consultation has shown that available designs are not always satisfactory. 

There are three reasons: 

(i) they require that all factors have the same number of levels, mostly 3 or 5, 

(ii) the number of experimental units is rather large, 

(iii) there are only a few designs available with a small number of experimental units. 

Many experimenters only want to carry out small experiments because of time and costs 

involved. 

There is therefore a real need for a great variety of designs with quantitative factors having 

a smal! number of experimental units. 
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The experimenter moreover wants some freedom as to the choice of the number of levels 

per factor. 

Especially in the preliminary stages of experimental work, for instanee research concern­

ing integrated circuits, it is desirabie to carry out smal! experiments in which a number of 

quantitative factors is varied simultaneously and knowledge as regards their main effects and 

two-factor interactions is required. 

This thesis describes some methods which enable us to construct a particular class of rela­

tively small designs using zn and 3m designs as building blocks, while maintaining as much 

orthogonality of the design as possible. 

Three methods are discussed to construct designs for quantitative factors : 

(i) The first method constructs plans from the zn design using the new concept of "design 

generator" . See Chapters 4 and 5. 

(ii) The second method also makes use of the zn design, but uses moreover properties of 

the D-optimal designs developed in Chapter 3. See Chapter 5. 

(iii) The third method, described in Chapter 6, uses orthogonal columns ofsome rnain-effect 

designs. 

In the Appendix more than 40 plans are given, 39 of which are new, usually with the appropri­

ate varianee- covariance matrix of the parameter estimates and some additional information. 

Extensive use was made of the Personal Computer Package "Math Cad" to construct and 

evaluate these designs. 

The designs developed in this thesis have been constructed using the following restrictions: 

(i) Factors have two, three or four levels. 

(ii) The two-level factors may be qualitative or quantitative. 

(iii) The three- and four-level factors are quantitative and the levels are equally spaced. 

(iv) All interactions except of the type "linear x linear" are ignored. 

(v) The mathematica) model of the observations is a second degree polynomial. 

7 



No special effort was made to construct D-optimal designs as described by Mitchell (1974a) . 

We rather used the other approach namely of constructing a number of designs, then judging 

and comparing the designs as is done in Chapter 7, using a number of criteria. 

These designs have three ad.vantages over many other designs with quantitative factors. 

(i) The number of levels for each factor varies between 2 and 4 whereas many existing 

designs, such as the central composite designs of Cochmn and Cox (1957) and the Box 

and Behnken (1960) designs, require each factor to have the same number of levels. 

(ii) Many designs contain a two-level factor which rnay of course be either qualitative or 

quantitative. 

(iii) There is a great variety of small designs to choose from . 

8 



CHAPTER 21 

Some general aspects of linear regression theory and experimental design 

2.1. Introduetion 

Since we have to use the linear regression model and some other aspects of regression theory 

and experimental design, such as D-efficiency, G-efficiency, the techniques of replacement 

and collapsing, frequently in Chapters 3, ... , 7, we shall briefly review these in the following 

sections. 

2.2. The linear regression model 

The major purpose of experimental work is to find mechanisms, such as biologica!, physical 

and chemica! mechanisms of products or processes. 

More precisely, the effect of a number of quantitative factors or independent variables 

x1 , x 2 , . .. , x k on a dependent variabie y has to he found. 

Especially when these mechanisms are unknown, it is usually assumed that the relation be­

tween y on the one and x1 , x2, ... , Xk on the other hand can he described by a linear model, 

which is written in matrix notation as 

y = f'(x) 13 + t: . (2.1) 

The veetors f'(x) and /3 are explained below. 

The linear model which we shall use will he a second degree polynomial in the variables 

To es ti mate the vector of parameters 13 we carry out observations y1, y2, .. . , YN and the 

sampling model is written as 

Y = X/3 + e. (2.2) 

We use the following notation: 

1 Many points discussed in Sections 2.3 and 2.4 were obtained from Oorschot (1974) . 
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N The number of observations y in an experiment. 

P The number of parameters (3 in the linear or regression model. 

Y An N X 1 vector of observations or responses y. 

x; x; = (x;~, x;2, ... , X;k)' is the k X 1 vector of predietor or independent variables, 

where x; is the ith design point in the k-dimensional region Rand x;1 , x;2, ... , x;k 

are the levels of the variables or factors x 1, x2, ... , Xk in the ith experiment 

(i= 1,2, ... ,N). 

X An N X P matrix (of rank P) of constants, with row i containing f'(x;), where 

f'(x;) = (!I (x;), h(x;), ... , fp(x;)), in which the functions /I, h, ... , fp 

are known. 

Therefore we have 

fi(xi) h(x!) fp(xi) 

X= 
!I (x2) h(x2) fp(x2) 

fi(xN) h(xN) fp(xN) 

X' The transpose of X. 

{3 The P x 1 vector of parameters to be estimated. 

(The model (2.1) is called linear because it is linear in the parameters (3.) 

e An N x 1 vector of independently and identically distributed random variables each 

having mean 0 and unknown varianee a 2 • 

The elements of the vector e are the experimental errors. 

k The number of independent variables or quantitative factors x. 

R A k-dimensional experimental region in which it is feasible to perform experiments. 

Cpq The elements of (X'X)- 1 
, p, q = 1, 2, ... , P . 

The least squares estimate of {3 is 

(2.3) 

The covariance of {3 is 
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{2.4) 

At any point x E R, the predieled ( or estimated) value of the "true" response is 

y(x) = f'(x)/3 (2o5) 

with varianee 

var(y(x)) = o- 2 f'(x) (X'Xt1 f(x) o (206) 

The residual sum of squares is given by 

e'e = Y'Y- j3'X'Y o (207) 

Equation (204) is important in the search for new designs for we want an (X'X)- 1 matrix 

with the following characteristics: 

- Small diagonal elements Cpq because they correspond with small variances of the ~'so 

- Off-diagonal elements which are preferably zero because they correspond to estimates which 

are mutually orthogonal o In case an off-diagonal element Cpq is not zero we shall calculate 

the conesponding correlation coefficient Pvq = J( er• o We shaU try to construct designs 
(cpp c99 ) 

for which the Pvq are small, preferably IPpql ::; Oo5o 

The term j3'X'Y in Equation (2o7) can very often he divided into orthogonal segments cor­

responding to ~'s or to groups of ~'s which are mutually orthogonal. 

2o3o D-optimality and D-efficiency 

To design an experiment it is necessary to find for each of the design points x; = ( x; 1 , x;2 , 0 0 0 , x;k)' 

the val u es of the vector elements Xit, x;2, 0 0 0, Xiko 

The choice of these values has to bemadein such a way that the estimators ~have favoura.ble 

propertieso 

There are many criteria for such propertieso One of these is D-optimality, which is achieved 
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when det (!J(/3)) is minimized. 

This minimization is desired because (det(!J(/3)))112 is proportional to the hyper volume of 

the joint confidence region ( an ellipsoid) of the {J's . 

From (2.4) it follows that 

det (!J(/3)) = u2P det ((X'x)- 1 ) 

OT 

det (!J(/3)) = u 2P / det (X'X) . (2.8) 

The minimization of det (!J(/3)) therefore corresponds with the maximization of 

det (X'X) . 

In the Appendix the expression IXTXI is used for det(X'X). 

DEFINITION 2.3.1 

A DN·Optimum design is a group of design points (x1, x2, . . . ,XN )from R, such that det(X'X) 

is a maximum. 

We reeall that 

/,(x i) h(x,) fp(xi) 

X = 
!I(x2) h(xz) fp(x2) 

!I (xN) h(xN) fp(XN) 

and rank X is equal to P. 

The matrix X'X can now he written as 

N 

X'X = L f(x;) f'(x;) , (2.9) 
i= l 

where f'(x;) = (/i(x;), h(x;), ... , fp(x;)) is the ith row vector of X. 

In many cases we may have more than one observation in a certain design point x; . Then we 

have some identical rows in X, and we can write the matrix X'X as 
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X'X = L n; f(x;) f'(x;) , (2.10) 
i=l 

where n; is the number of times that design point x; is used in the design and r is equal to 
T 

the number of different design points (i= 1,2, ... ,r; n; 2: 0; L n; = N). 
i=I 

We now define 

Pi= n; / N. 

Given the definition of n; and N it follows that p; is equal to the fraction of design points 

with vector 

We may now write (2.10) as 

T 

X'X = N L p; f(x;) f'(x;). (2.11) 
i=l 

A fraction p; of all experiments is performed in design point x; (i = 1, 2, .. . , r ). It stands to 

reason that only an integer number of experiments can be carried out in design point x;. 

When Nis given we have the requirement that p; is a multiple of(1/N), (i= 1,2, ... ,r). 

We shall however drop this requirement. This simplification provides the possibility to make 

statements which are independent of N and to compare experiments with different values of 

N. 

For instanee the statement: "Perform ( 1 /3) of the experiment in each of the design points 

x 1, x 2 and x3 ", only has a meaning, strictly speaking, if N is the multiple of 3. 

However, such a statement gives for an arbitrary N 2: Pan indication about the number of 

experiments in each of the 3 design points. Moreover if we drop the above requirement we 

very often shall simplify the computational elfort considerably. 
T 

We only require that p; 2: 0 and L p; = 1. We can now define an experimental design as 
i=l 

(2.12) 

The design is now viewed as a probability measure on R. The fact that (2.12) does not 

contain N implies that the matrix X'X no Jonger has its central position but a matrix M 

has, which is defined as 
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r 

M(Ç) = L Pi f(xi) f'(xi) , (2.13) 
i=l 

where the symhol ~ indicates the dependenee of M on the choice of r different design points 

Xi and corresponding fractions Pi· lt should he noted that (2.13) does not contain N. 

No te that if X'X can he written as in (2.11 ), then we have M(Ç) = X'X/ N. 

We can now define a D-optimal design as follows: 

DEFINITION 2.3.2 

A n experimental design ~0 = (x?, xg, ... , x~; P?, pg, ... , p~) is D -optima/ iJ and only iJ 

det (M(~0 )) = max det(M(Ç)) . 
ç 

DEFINITION 2 .3.3 

The D-efficiency of an experimental design~ is given by the Jormula 

D-efficiency= 100(det(M(O)/ det(M(~o)))(l/P), 

where P is equal to the number of parameters (J in the 1·egression model. 

2.4. G-optimality and G-efficiency 

(2.14) 

(2.15) 

According to equation (2.6) in Section 2.2 we found that the varianee of the true response 

var (Y{x)) equals 

var (y(x)) = a 2 f'(x) (X'X)- 1 f(x) . (2.16) 

We now formulate a theorem for an experimental design 
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with design points XJ , x2, . .. , Xr in R, where nl, n2, ... , n, are the numbers of observations. 
r 

(I: n; = N, n; 2 0). 
i=l 

TH EO REM 2.4.1 

For the linear model Y = X{J + e and the design ~N we have 

a) I: n; var (y(xi)) = P u 2 
. (2.17) 

1=1 

(In words: The weighted sum of the variances of the estimated predicted response equals P u 2 ; 

the summation takes place over the points of the experimental design.) 

b) max var(y(x)) 2 Pu 2fN. 
x ER 

(2.18) 

The largest varianee of the estimated predicted response is at least equal to P u 2 / N. lt is to 

be noted that all the points of R are · considered. 

A suitable criterion for a wel] designed experiment could be: Choose an experimental de­

sign which minimizes the largest varianee of the estimated response. 

This leads to the following 

DEFINITION 2.4.1 

A G N -optima[ design is a group of design points x 1 , x2 , .•. , XN from R, chosen in such a way 

that 

max f'(x) (X'X)- 1 f(x) is a minimum . 
xER 

Since M(O = X'X/ N we have 

Using (2.16) we may write 

N var(y(x)) = N u 2 f'(x) (X'X)- 1 f(x) 
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or 

N var (y(x)) = u 2 f'(x) M-1(0 f(x) . 

Wedefine 

d(x~O = f'(x) M- 1(0 f(x). 

Using (2.20) and (2.21) we find 

From (2.17) and (2 .22) we obtain 

r r 

L n;u2d(x;~O/N = q2 L p;d(x;~O = pq2 
i=l i=1 

or 

r 

L p;d(x;~O = p. 
i=l 

From (2.18) and (2.22) we derive 

or 

max d(x10 2: P . 
XER 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

(2.24) 

In Section 2.3 we defined D-optimality independent of N . We can now likewise define G­

optimality independent of N . We then have 

DEFINITION 2.4.2 

A design e = (x~ I x21 ... I x~; p'•l P21 ... I p~) is G-optimal iJ and only iJ 

max d(x1(} =min maxd(x1 ~) . 
XER { XER 
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DEFINITION 2.4.3 

The G-efficiency of a design € is defined as 

G-efficiency= lOO(Pfmax d(x,Ç)) . 
x eR 

We shall flow calculate the G-efficiency for a design with a particular N. 

According to (2.22) we may write 

d(x, Ç) = N var (y(x))fa2 

and therefore we have 

or 

G-efficiency = 100{Pa2 /N max var(y{x))) 
x eR 

G-efficiency = lOOP/(Nmax (f'(x) (X'X)- 1 f{x))). 
xeR 

From (2.25) it foUows that a design has aG-efficiency of 100% if max d{x, Ç) = P. 
XER 

2.5. The general equivalence theorem 

(2.25) 

(2.26) 

{2.27) 

lf we assume that Pi (i = 1, 2, ... , r; l:i= 1 Pi = I) can have any value between 0 and I, the 

general equivalence theorem applies, which states that the design 

which is D-optimal (see {2.14)), coincides with the design 

{' = (x;, x~, .. . , x~; p;, p~, .. . , p~) , 

which is G-optimal. 

This theorem, due to Kiefer and Wo/fowitz {1960), can be summarized as fo\lows 
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THEOREM 2.5.1 

(The general equivalence theorem) 

The following assertions are equivalent. 

det (M(e)) = max det (M(O) . 
{ 

max d(x, n = min max d(x, 0 . 
xeR { xeR 

max d(x,e) = P . 
x eR 

It means that design €' is D-optimal and G-optimal. 

(2.28) 

(2.29) 

(2.30) 

lt is to be noted that such a design eis, generally speaking, notexact but approximate, since 

it can only be realized in practice, if each p; is a multiple of 1/ N. 

CoROLLARY 2.5.1 

We can use (2.30} to verify whether a particu/ar design is D-optimal. I/ (2.30} is satisfied, 

then the design is D-optimal. 

Note that D-optimality is essentially a parameter estimation criterion whereas G-optimality 

is a response estimation criterion. The equivalence theorem states that these two design 

criteria are identical when the design is expressed as a probability measure on R. 

lt is generally speaking, difficult to find a D-optimal design . In practice a certain design, 

which is likely to be D-optimal, is constructed. Afterwards the value max d(x, {)is calculated. 
x eR 

If this value equals P, we have found a D-optimal design. 

If this value is not equal toP, we add points to the design where d(x, 0 obtains its maximum. 

The design will then have a better V-efficiency. 

As an example we shall construct a D-optimal design in the next section. 

2.6. The construction of a D-optimal design with three factors 

lt is required to construct a D-optimal design for the linear model 

(2.31) 
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Therefore 3 factors have linear terms, all first order interactions are present and one of the 3 

factors has a quadratic term. 

The ranges of the x 's are scaled toa common interval -I ~ x; ~ +I and the three-dimensional 

region R is therefore a cube. 

In Section 2.2 we defined 

f'(x;) = (!1(x;), h(x;), ... , /p(x;)), 

the ith row of the matrix X. According to (2.31) we have 

(2.32) 

In our effort to find a D-optimal design we use an intuitive approach. 

Wedefine an experimental design by choosing levels, -1,0 and +I for x 1 , levels -1 and +1 

for x2 and X3 and choose as design points the 3 X 2 x 2 factor-level combinations. 

We assume that a fraction a of the observations takes place in each of the 23 design points 

where the factors have the levels - 1 or +I. A fraction f3 of the observations is carried out in 

each of the four design points where x1 has the level 0 and the two other factors have levels 

-1 or +I. 

The design matrix DM can now be written as 
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X i X2 X3 fraction 

- 1 -1 -1 a 

-1 -1 a 

- 1 -1 a 

-1 a 

-1 -1 a 

DM= -1 a (2.33) 

-1 a 

a 

0 -1 -1 {J 

0 -1 {J 

0 -1 {J 

0 {J 

The matrix X can now be written as 

Xoi x[i X i! Xi2 Xi3 Xi!Xi2 Xi!Xi3 Xi2Xi3 fraction Pi 

-1 -1 -1 1 a 
-1 -1 - 1 - 1 a 
-1 -1 1 -1 -1 a 

-1 -1 -1 a 

-1 -1 -1 - 1 a 

X= -1 1 - 1 -1 a 
(2.34) 

-1 -1 -1 a 

1 1 1 a 

0 0 - 1 - 1 0 0 {J 

0 0 -1 0 0 -1 {J 

0 0 -1 0 0 -1 {J 

0 0 0 0 {J 

Using (2.13) we have 

r 

M(O = I: Pi f(xi) f'(xi) . 

i=l 

We find 
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Sa+ 4{3 Sa 0 0 0 0 0 0 

Sa Sa 0 0 0 0 0 0 

0 0 Sa 0 0 0 0 0 

M(~) = 
0 0 0 Sa+ 4{3 0 0 0 0 

0 0 0 0 Sa+ 4{3 0 0 0 

0 0 0 0 0 Sa 0 0 

0 0 0 0 0 0 Sa 0 

0 0 0 0 0 0 0 Sa+ 4{3 

Since Sa + 4{3 = 1 we can easily find that 

det (M(O) = (Sa)4 (1- Sa). 

This value reaches a maximumfora = 0.1 and since Sa+ 4{3 = 1 we have {3 = 0.05. 

Substituting a = 0.1 in {2.36) we find 

max det (M(O) = O.OS192. 

We now have to prove that (2.33) is a D-optimal design . 

We shall use the equivalence theorem and therefore calculate, see also (2.21) 

d(x ,O = r'(x) M-1(0 f(x). 

We have 

(2 .35) 

(2.36) 

(2.37) 

(2.3S) 

To find M- 1(0 we first calculate M(O by substituting a = 0.1 and {3 = 0.05 in (2.35). 

Omitting ~'we obtain 
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0.8 0 0 0 0 0 0 

0.8 0.8 0 0 0 0 0 0 

0 0 0.8 0 0 0 0 0 

0 0 0 0 0 0 0 
M= (2.39) 

0 0 0 0 0 0 0 

0 0 0 0 0 0.8 0 0 

0 0 0 0 0 0 0.8 0 

0 0 0 0 0 0 0 

5 -5 0 0 0 0 0 0 

-5 6.25 0 0 0 0 0 0 

0 0 1.25 0 0 0 0 0 

M-1 = 
0 0 0 0 0 0 0 

(2.40) 
0 0 0 0 0 0 0 

0 0 0 0 0 1.25 0 0 

0 0 0 0 0 0 1.25 0 

0 0 0 0 0 0 0 

5 - 5xi 

-5 + 6.25xi 

1.25x1 

M-1 f(x) = 
X2 

X3 

1.25X1X2 

1.25X1X3 

X2X3 

f'(x) M-1 f(x) = 5- 5xi- 5xi + 6.25x1 + 1.25xi +x~+ x5 + l.25xix~ + l.25xix5 + x~x5 

or 

f'(x) M-1 f(x) = 5 - 8. 75xi + 6.25x1 +x~+ x5 + l.25xix~ + 1.25xix5 + x~x5 . (2.41) 
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The fourth degree polyriomial (2.41) reaches a maximum for 

XI == x2 = X3 == ±1 but also for x1 == 0, x2 == X3 == ±1 . 

Substituting each set of val u es into (2.41) we obtain 

max d(x, 0 == max f'(x) M- 1 (0 f(x) == 8 == P . 
XER XER 

(2.42) 

According to the equivalence theorem we now have proved that design (2.33) is D-optimal. 

Since a == 0.1 and (3 == 0.05 we can realize this design in practice when we take N == 20, be­

cause for N = 20 we have that a and (3 are a multiple of ( 1/ N) since a == 2/ N and (3 == 1 f N. 

The D-optimum design therefore has 2 observations in each of the 8 design points where the 

factors have the levels -1 or + 1 and one observation in each of the 4 design points where x1 

has the level 0 and the two other factors have levels - 1 or + 1. 

A graphical presentation of the design points in R, a 3-dimensional region, is given in Fig­

ure 2.1. 

+1-: 
! 

-1i 2 l 2 

-:r-··············a······ ······-~·1 

X1 

Figure 2.1. A D-optimal design with three factors. 

It is interesting to know the value of the D-efficiency of the 3 x 2 x 2 factorial design if one 

observation is taken in each of the 12 factor-level combinations. 

Wethen have p; == 1/12 (i= 1, 2, . .. , 12) or a = (3 = 1/12. 

Substituting this value in (2.36) we find 
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det(M) = (8/12)4 (I- 8/12) = 0.0658436214. 

We found max det (M(O) = 0.08192. 

Therefore, using (2.15) 

D-efficiency = 100(0.0658436214/0.08192)(1/S) = 97.31%. 

To calculate the G-efficiency of the same design we first of all compute 

max d(x,O = max f'(x)M-1 (~) f(x). 
XER XER 

See a.lso (2.21) and (2.25). 

To calculate M-1 (~) we substitute er= {3 = 1/12 in (2.35) and we find 

3 -3 0 0 0 0 0 0 

-3 4.5 0 0 0 0 0 0 

0 0 1.5 0 0 0 0 0 

M - ·w = 
0 0 0 0 0 0 0 

0 0 0 0 0 0 0 

0 0 0 0 0 1.5 0 0 

0 0 0 0 0 0 1.5 0 

0 0 0 0 0 0 0 

We already know, see (2.38), 

f'(x) = (I,xLxJ,X2,X3,XtX2,XlX3,X2X3). 

After some ca.lculations we find 

d(x,O = f'(x)M - 1(0 f(x) 

= 3- 4 .5x~ + 4.5xt +x~+ x5 + 1.5(xrx~ + xixD + x~x5 . 

It can ea.sily be seen that d(x, 0 reaches a maximum for x1 = x2 = X3 = ± 1. 

Substituting these va.lues into (2.43) we find 
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max d(x,O = 9. 
x ER 

Using (2.25) we obtain 

G-efficiency = 100 x 8/9 = 88.9% . 

The 3 x 2 x 2 factorial design is therefore very satisfactory, if it is used to estimate a ünear 

regression model, because it has a high D- and G-efficiency. 

2.7. The value of d(x,O for D-optimal designs 

In the previous section we found that the value of d(x, 0 was equal to P for all design points. 

This is nota coincidence but sterns from the following Theorem 2.7.1. 

THEOREM 2.7.1 

The condition max d( x, 0 = P is satisfied by all the design points of a D :optima/ design. 
x eR 

Pro of 

According to (2.23) we have 

L Pid(xi,O = p. 
1=1 

SinceL Pi= 1, we may write 
i=l 

r r r 

L p;d(x;,O = P L Pi= L p;P 
i=l i=I i=l 

or 

r 

L Pi(d(xi,O- P) = 0. 
i=l 

(2.44) 

Because ~e3fî d(x,O = P, since we have a D-optimal design, it follows that each d(xi,O::; P 

and each value d(xi,O- Pis either negative or zero. 

However, it is obvious that (2.44) can only be satisfied if for all i = 1, 2, ... , r, we have 
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d(x;,()- P = 0 

OT 

d(x;,() = P q.e.d. 

2.8. The 22 design 

Because we wiU use the 2n designs for constructing other designs we first give the usual 22 

design in Table 2.1. This particular design shall also be used to introduce the techniques of 

replacement and collapsing. 

The levels of the factors A and B have been given in three different ways as indicated in 

Table 2.1. 

A (1) a 

A -1 +1 

B XA 

B 0 1 

XB 

(1) -1 0 YI Y2 

b +1 1 YJ Y4 

Table 2.1. The 22 design. 

For the time being we assign the variables A and B to the factors A and B. These variables 

take on the value -1 or + 1. 

We then have the following well known mathematical model for the observations y; which are 

normally distributed mutually independent variables with common varianee u 2 and 

or in matrix notation 
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E(Y) = X{3, 

where 

Xo; A; B; A;B; 

Y1 +1 -1 -1 +1 f3o 
Y= Y2 ' 

X= +1 +1 -1 -1 ' f3= {31 

Y3 +1 -1 +1 -1 {32 

Y4 +1 +1 +1 +1 {312 

Using Equation (2.3) we may write 

{3 = (X'X)-1 X'Y . 

In the case of a 22 design we therefore find the following estimator for {3 . 

~0 (YI + Y2 + Y3 + Y4)/4 

/3= ~I ( -yl + Y2 - Y3 + Y4)/4 
= 

~2 (-yi- Y2 + Y3 + Y4)/4 

~12 (YI - Y2- Y3 + Y4)/4 

and Var (/3) = 0"2 (X'X)-1 with 

4 0 0 0 1/4 0 0 0 

0 4 0 0 
and (X'Xt1 = 

0 1/4 0 0 
(X'X) = 

0 0 4 0 0 0 1/4 0 

0 0 0 4 0 0 0 1/4 

Therefore 

(1~ 
f3o 

(12 /4 

(1~ (12 /4 
{3, = 

(1~ 
{3, 

(12/4 

(1~ 
13!2 

(12/4 

The 22 design has some nice properties. 
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- The design is D- and G-optimal. 

- lt is efficient because all the observations are being used to estimate each parameter. 

- The matrix (X'X)- 1 is diagonal and that means that all the estimates /3 are uncorrelated 

and have, given the numbers of observations, minimum variance. 

We shall therefore always try to construct designs with a diagonal (X'X)- 1 matrix or if that 

is not possible to obtain an (X'X)- 1 matrix with many off-diagonal elements equal to zero. 

2.9. The technique of reptacement 

If we employ a 22 design, we have four treatments as shown in the preceding section. If we 

use a four-level factor we also have four treatments. 

We can therefore associate the treatments of the 22 design with the treatments of the four­

level factor and establish a one-to-one correspondence between them. 

This correspondence is given in Table 2.2, where the four equally spaeed levels of P are 

indicated with xp = 0, 1, 2 and 3. 

A (1) a 

A -1 +1 

XA 0 1 

B (1) b (1) b 

B -1 +1 -1 +1 

XB 0 1 0 1 

obs. Y1 Y3 Y2 Y4 

value 

of xp 0 1 2 3 

Table 2.2. The 22 design with four-level factor P. 

The relation given in Table 2.2 has a great practical value, because it is now possible to take 

two factors out of a 2n design or a fraction thereof and replace these two factors by an equally 

spaeed four-level factor P. 
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Th is technique is called replacement. See Addelman ( 1962a, 1963). 

We are now able to use a 2n design as a building block for designs with a number of quan­

titative factors having four levels. We shaU develop these designs in Chapter 4 and 5. In 

Section 1.6 we stipuialed that the mathematica! model of the observations can be described 

by a second degree polynomial. We can therefore represent the effect of P with a second 

degree polynomial in xp . 

However, to ensure orthogonality as much as possible, which means many ze ros in the X'X 

matrix, we shall employ orthogonal polynomials to represent the ?-effect. 

The first and second degree orthogonal polynomials of an equally spaeed four-level factor are 

P (linear) =PI= -3 + 2xp 

P ( quadratic) = Pq = 1 - 3xp + x~ . 

The values of these polynomials can be calculated from 

P (linear) =PI;= -3 + 2xp; (2.45) 

P ( quadratic) = Pq; = 1- 3xp; +x~; , {2.46) 

where xp can take on the values xp; = 0, 1, 2 or 3. 

Since the polynomials are orthogonal we have 

4 

:L PI; Pq; = 0 . 
i=I 

The method to calculate these orthogonal polynomials is described in Addelman (1962a) and 

Appendix 6A. This method is also applicable when the levels of P are not equally spaeed or 

do not occur with equal frequency. 

Substituting the values xp; = 0, 1, 2 and 3 in {2.45) and (2.46) we obtain orthogonal 

polynomial values for a four-level factor: See Table 2.3. 
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xp, PI; Pq; 

0 -3 +1 

-1 -1 

2 +1 -1 

3 +3 +1 

Table 2.3. Orthogonal polynomial values fora four-level factor. 

Replacing the two-level factors A and B by one four-level factor is equivalent to replacing the 

column veetors A, B and AB in the X matrix by the column veetors PI and Pq of Tab ie 2.3. 

To facilitate the construction of new designs later on it is necessary to find the relation 

between the elements of thesetof column veetors (A, B, AB) and (PI, Pq). 

These sets are, together with xp;, again given in Table 2.4. Note that the xp; values are not 

in their natura! order. 

0 -1 -1 + 1 -3 + 1 

2 +1 -1 -1 +1 -1 

3 

-1 +1 

+1 +1 

-1 

+1 

-1 -1 

+3 +1 

Table 2.4. Values of xp; and column veetors A, B, AB, PI and Pq. 

Some elementary algebra gives the foiJowing relations: 

PI, = 2A, + B, } . 

Pq, = A,B, 

The formulae (2.45), (2.46) and (2.47) are such that 

4 4 4 

L PI;= L Pq; = L PI;Pq; = 0 . 
i = 1 i : l 1= 1 
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When we define: 

where À1 and À2 are constants, we still have that (2.48) is true and the set ( Pl,Pq) still 

consists of two orthogonal polynomials. 

In order to compare designs later on we shall, for a number of designs, standardize the X 

matrix in such a way, that the sum of squares of the elements of the columns in the X matrix 

equals N, the number of experimental units in the experiment. 

The diagonal elementsof X' X wil! then be equal to N. Th is procedure also has the advantage 

that the variances of the ~'s are equal for an orthogonal design and nearly equal if the design 

is nearly orthogonal. 

Hence for the X matrix corresponding to Table 2.2 we have 

4 4 

L PI[ = L -X?(2A; + 8;)2 = 4 = 22 

i=l i=I 

OT 

hence 

Likewise we find from 

4 

L Pq[ = 4 
i=1 

that .X2 = 1. We now summarize the results in Table 2.5. 
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xp; A; B; A;B; PI;= (2A; + B;)/-./5 Pq; = A;B; 

0 -I -1 +I -3/-./5 +I 

-1 +I -I -1/-./5 -1 

2 +I -1 -I +1/-./5 -I 

3 +1 +I +I +3/-./5 +1 

Table 2.5. Values of xp; and column veetors A, B, AB, PI and Pq. 

The following relations now hold. 

Pl; = (2A;+ 8;)/-./5 = ( -3 + 2xp;)f-/5 or xp; = (3 +PI; -./5)/2 } 

Pq; = A;B; = I- 3xp; +X~; 

We shall frequently use these formulae when constructing new designs. 

2.10. The technique of collapsing 

(2.49) 

In the preceding section it was shown that the 2n design can be used to construct designs of 

which some quantitative factors have four equally spaeed levels. The factors in the 2n design 

which have not been used for replacement will still have two levels. 

This repfacement technique therefore generates designs with some or all quantitative factors 

having four equally spaeed levels and the remaining factors having two levels. 

A number of these designs will be discussed in Chapter 4 and 5. It was however pointed out 

in Section 1.6 that experimenters want some freedom as to the choice of the number of levels. 

It is therefore logica! that they may wish to have designs, in which some quantitative factors 

have three levels. 

This can be achieved by making use of the technique of collapsing. See Addelman (1962a, 

1962b), Margolin (!969b). 

This technique establishes for our purpose a correspondence between the levels of the four­

level factor and the levels of a three-level factor. 

The following correspondence schemes give two methods to achieve collapsing: 
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Four-level 

factor 

0 -----> 

-----> 

2 -----> 

3 -----> 

Three-level 

factor 

0 

2 

Four-level 

factor 

0 

2 

3 

Three-level 

factor 

0 

2 

2 

These two schemes are further developed in Table 2.6 and 2.7 where the values of the first 

and second degree orthogonal polynomials, Pi; (linear) and Pq; ( quadratic) respectively, are 

given, tagether with the relations of these values with the column elements of the 22 design 

and the levels xp = 0, 1, 2 of the three-level factor P. 

In Section 5.3 we shall use a third collapsing method using the following correspondence 

scheme: 

Four-level 

factor 

0 

2 -----> 

3 

Th ree-level 

factor 

0 

2 

The advantage of this procedure is that zero elements of the X'X matrix remain, for most 

designs, zero after collapsing. For further details we refer to Section 5.3. 
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Four-level Th ree-level 

factor factor 

Xp; Xp j A; B; A;B; PI; Pq; 

0 0 -1 -1 +1 -v"i +1 

2 ---. 2 +1 -1 -1 +v"i +1 

---. -1 +1 -1 0 -1 

3 ---. +1 +1 +1 0 -1 

Table 2.6. CoUapsing a four-level factor to a three-level factor with relevant column 

vectors. 

The quantities in Table 2.6 are related as foUows 

PI;= (A; - A;B;)/../2 (2.50) 

Pq; = -B; (2.51) 

PI; = (- 1 + x Pi) .J2 ---. x Pi = 1 + Pl;f .J2 (2.52) 

Pq; = 1- 4xp; + 2x"j,; . (2.53) 

PI; and Pq; are the values of the first and second degree orthogonal polynomials such that 

4 4 

L Pi[ = L Pq[ = 4 . 
i=l i=l 
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Four-level Three-level 

factor factor 

Xp; Xp; A; B; A;B; PI; Pq; 

0 ----> 0 -1 -1 +1 -5/../IT +2)(2/11) 

2 ----> 2 +1 -1 -1 +3/../IT +1)(2/11) 

----> -1 +1 -1 -1/../IT -4)(2/11) 

3 ----> 2 +1 +1 +1 +3/../IT +1)(2/11) 

Table 2. 7. Collapsing a four-level factor to a three-level factor with relevant column 

vectors . 

The quantities in Table 2.7 are related as follows 

PI;= (3A; + B;- A;B;)/../IT (2 .54) 

Pq; =(A;- 3(B;- A;B;)/2) J(2/ll) (2 .55) 

PI;= ( -5 + 4xp;)/../IT----> xp; =(PI; /TI+ 5)/4 (2 .56) 

Pq; = (+2- (23/2)xp;+ (11/2)x~;) J(2/11) . (2.57) 

Equations (2 .52), (2.53), (2.56) and (2.57) have been computed using again the method 

described in Addelman (1962a) and Appendix 6A. 

Again we have: 

4 4 

L pq = L Pq[ = 4 . 
i=l i=l 

Equations (2.48), (2 .49) , (2.52) and (2.53) shall be used in Chapter 4 and 5 because they will 

turn out to be useful in the search for new designs. 
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CHAPTER 3 

The construction of D-optimal designs for an incomplete quadratic model.1 

3.1. Introduetion 

It was stated in Chapter 1 and 2 that our regression model will be a second degree polynomial. 

Since however many of the designs to be constructed have one or more factors with only two 

levels, see for example Section 2.6, an incomplete quadratic model has to be considered in 

the sense that d variables have linear and quadratic terms, but the other (k- d) variables 

ha•• oaly n"., t"m'. All ( : ) lia.M x lia= iat"~tion. "' how.•" iacladOO ia th• 

model. So we have the model 

where y is the response and 1 ~ d ~ k . 

For the vector of predietor variables 

x = (x 1 , x2, ... , x k )', we have, -1 ~ Xm ~ 1 , m = 1, 2, ... , k . 

(3.1) 

Hence the experimental region Ris a k-dimensional cube. The experiment consistsof N runs 

with the values of the predietor variables given by the veetors 

Xi = (x; 1 ,Xi2•· · · •Xik)', i= 1,2, ... ,N . 

The ith row of the matrix XNxP equals 

The number of elementsin this row equals P, the number of fJ's in (3.1) and 

1This cha.pter wa.s written in coopera.tion with E.E. M. va.n Berkum, Teehoical University Eindhoven. See 

a.lso Van Berkum and Upperman (1991) . 
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In our elfort to find a D~optimal design corresponding to model (3.1) we shall use an intuitive 

strategy as in Section 2.6. This strategy and the relevant calculations will be explained in 

the next sections . 

3.2. The construction of the designs 

DEFINITION 3.2.1 

We de fine a design ~(a, (3, 1) consisting of three subsets from R as follows. 

i) The 2k vertices of the k-dimensional cube with weights Cl . This means we choose 2" 

design points where the factors have the level + 1 or - 1. 

ii) The d2k-I design points where one of the d quadratic variables has the value zero and 

all other variables have the value -1 or + 1. These points are given weights (3; the 

points are in the middle of some edges, but not all edges. 

iii) The ( : ) ,,_, d"ign point• whe~ t~ of the d qoodrotic oorio"" haw the ooi"' 

zero and all other variables have the value - 1 or + 1; these points are given weights 1 

and are at the center of some two dimensional /aces. 1/ d = 1 this set is empty. 

From i), ii) and iii) above it follows that 

2k-3(8Cl + 4d(3 + d(d- 1)1) = I . (3 .2) 

Wedefine 

(3 .3) 

(3.4) 

Since iii) is empty for d = I, we have for d = I 

(3.5) 

(3.6) 
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or 

(3.7) 

Combining (3.5) and (3.7) we find 

/3 = (1- u)/2k-1 . (3 .8) 

First we consider ford> 1 the matrix M(O, see equation (2.13) of Chapter 2, equal to 

A 

uld 

M(Ç) = 
·k-d 

(3.9) 
vltd(d-1) 

uld(k-d) 

•t(k-d)(k-d-1) 

where 

u ... u 

u 
A= 

u 

I, is the identity matrix of size s X s, J, is a matrix of size s x s with Jij = 1 for all i and j. 

The determinant of M(Ç) is equal to 

Det(M(Ç)) = D = ud(k-d+J) v<~l(u- v)d-I (u+ (d- 1)v- du2 ) . (3.10) 

The maximum value of (3 .10) is determined by differentiating with respect to u and v and 

putting the result equal to zero. We find 

f)D 

OU (k- d + 2) u2 + (d- 2)(k- d + 2) uv- (d(k- d) + 2d + 1) u 3 

-( d- 1)(k- d + 1) v2 + ( d(k- d + 1) + 2) u2v = 0 

38 

(3.11) 



fJD 8v = u2 + (d- 2) uv- du3
- (d + 1) v2 + (d + 2) u2v = 0. 

Eliminating v2 from (3.11) and (3.12) yields an expression for v as a function of u. 

This value of vis substituted into (3.12). Aftersome algebraic calculations we find 

(2k- d + 3) [2k(d + 1) + d + 7 + (d- 1) v'4k2 +12k+ 17] 
uo = 4(k + 2) (2dk- d2 + 3d + 2) 

(3.12) 

(3.13) 

_ (2k-d+3)[(4k 2 +8k+9)d+2k-5+(2dk+d+3)v'4k2+12k+l7J ( ) 
vo- 8(k+2)2 (2dk-d2 +3d+2) · 3·

14 

Solving (3.2), (3.3) and (3.4) fora, (3 and 1 yields 

1 
ao = 

2
k+ 1 [(d- 2) (d- 1)- 2d(d- 2)uo + d(d- 1) v0 ] 

1 
f3o= 

2
k-I [(2d-3)uo-(d-l)vo-(d-2)] 

1 
/o = 

2
k_ 2 [1 + vo - 2uo] . 

So far we have dealt with the case for d > 1. For d = 1 we have 

and 

or 

1 u 

u u 

u 
M(~) = 

l(k-I) 

uik-1 

D = det(M(O) = uk+ 1(1- u). 

dD . - = (k + 1)(1- u) uk- uk+1 = 0 
dk 

I~(k-I)(k-2) 
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(3.16) 
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uo = (k+ 1)/(k+2) . (3.18) 

Using (3. 7) a.nd (3.8) we have for d = 1 

(3 .19) 

f3o = (1- uo) / 2k-I . (3.20) 

3.3. D-optimality of the designs 

Although we have found the va.lues of u a.nd v for which det(M(Ç)) rea.ches a. maximum, we 

have not proved tha.t the design Ç( o:, {3, 7) considered in Section 3.2 is D-optima.l, beca.use it 

might be possible to use other points of the experimenta.l region R, such tha.t det(M(Ç)) will 

be larger than the value we found . 

We shalJ however prove the D-optimality of the design Ç(o: , f3,7) through the use of the 

general equivalence theorem given in Section 2.5 . 

We therefore shall, as in Section 2.6 ca.lculate 

d(x,Ç) = f'(x) M-1 (Ç) f(x), 

where 

We have to prove tha.t 

or 

d(x,E) < p 
x E !{ -

max d(x,Ç) = P, 
XER 
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whm P " I + d + k + ( : ) . 

Using (3.9) we find 

A-1 

.!.. Id 
uo 

h-d 

.!.. I, l v0 2d(d-1 

(3.23) 

-;];; Id(k-d) 

I}(k-d)(k-d-1) 

with 

uo+(d-1)vo -uo - uo 

A-1- 1 
- uo + ( d - 1) vo - duö 

-uo 

uo + ( d - 1) vo - duö vo - uö J 
__ :....__:...__:___"""' Id - --- d 

. (3 .24) 

uo- vo uo- vo 

-uo 

For d(x,O = f'(x) M- 1W f(x) we obtain 

d( ) 
uo + ( d - 1 ) vo uo + ( d - 1) vo - duö - vo + uö ~ 4 

x~ + ~x;+ 
' =uo+(d-1)vo-duö (uo-vo)(uo+(d-1)vo-duö) i=! 

+ -2uo t x2- 2 vo- uö L L x~x]+ 
uo+(d-1)v0 -duö i=l 

1 
(uo-vo)(uo+(d-1)vo-duö) l$i<i$d 

I 

d k d k i 1 2 1 2 2 1 +- L:: x?+ L:: X·+- L::L:: X·X·+- L:: L:: x?x] + L:: L:: x?x] . (3.25) 
uo 1 vo 1 J uo 

i=l j=d+l 1$i<j$d i=l j=d+l d+1$i<j$k 

Si nee -1 :::; Xm :::; + 1 for m = 1, 2, ... , k we have that the xf and x] are at most equal to 1. 

k 

The maximum valuc of L x] therefore equals (k- d). 
i=d+l 

d k 

The maximum value of ~ L L 
i=l j=d+l 

d 

x;x] therefore equals k;;"d L x~. 
i=l 
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(
k-d) (k-d) The maximum value of L L x~x] equals since this sum contains 

d+l$i<i9 2 2 
terms which are all at most equal to 1. 

We therefore have 

d(x,€)< uo+(d-1)vo + uo+(d-1)vo-du6-vo+u6 txt 
- uo + ( d- 1) vo - duö ( uo- vo) ( uo + ( d- 1) vo - du6) i=I 

2u0 d 2 
------,--:------:----:---o L x2 - 2 vo - uo L L x2x~ 
uo+(d-1)vo-du6 i=l 

1 
(uo-vo)(uo+(d-1)vo-duij) I$i<i$d 

11 

+- L x~+ (k- d) +- L L X;Xj + -- L x7 + 1 d 1 22 k-d d (k-2d) 
uo i=l VO I $i<j$d uo i=l 

The coefficient of L L x7x] in (3.26) equals 
1$i <i$d 

-2v6 + 2vouÖ + u6 + duovo- uovo - du~- uovo - dv6 + vö + du6vo 
vo(uo- vo) (uo + (d- 1) vo- duö) 

uö + uovo(d- 2)- du~- vÖ(d + 1) + u6vo(d + 2) 
= 2 = 0' vo( uo - vo) ( uo + ( d- 1) vo - du0 ) 

because the nominator of this expression equals (3.12). 
d 

The coefficient of L x~ in (3.26) equals 
i=l 

(3.26) 

-2uo 1 k-d -2u6+(k-d+1)(uo+(d-1)vo-duÖ) 
CJ = uo + ( d - 1) vo - duÖ + uo + ---;;-- = uo( uo + ( d - 1) vo - du6) 

d 

The coefficient of L x1 in (3.26) equals 
1'=1 

uo + ( d - 1) vo - duö - vo + uö 
c2 = (u0 - vo) (uo + (d- 1)vo- duÖ) · 

After some calculations we find 

u6(k- d + 2) + (d- 2)(k- d + 2) uovo- (d(k- d) + 2d + 1) uó 
c1 +c2= ~~----~-2~~~--=---~~~_2~~~------~ 

uo(uo- vo)(uo + (d- 1)vo- du6) 

-(d- 1) (k- d + I) v6 + (d(k- d + 1) + 2) u6vo 

+ uo(uo- vo) (uo + (d- 1) vo- du6) 
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Using (3 .11) it follows that c1 + c2 = 0 or -c1 = c2. Hence 

d(x,Ç)~ uo+(d-1)vo 2+(k-d)+(k-dl 
ua + ( d - 1) va - du0 2 

d 

+c1 L(x~-x1) . 
i=I 

(3 .27) 

Since 0 ~x~ ~ 1, and 

-2u5+(k-d+1)(uo+(d-1)va-du5) 
0 Cl= 2 < ' uo(ua + (d- 1) va- du0 ) 

verified after some computer calculations, for all the sets (k, d, u0 , v0 ) of Table 3.1a, it follows 
d 

that the maximum value of c1 L (x~- xt} equals zero. Hence 
i=l 

d(x,Ç) ~ uo + (d- 1) v0 
2 

+ (k _ d) + ( k- d ]· 
u0 + ( d - 1 ) va - du0 2 

(3.28) 

Finally substituting the expressions (3.13) and (3.14) for u0 and v0 in (3 .28) we obtain after 

some calculations 

d(x,(),; I+ d+ k+ ( : l ~ P , (3 .29) 

and we have shown that (3.22) is true for d > 1. We now have to prove th a t d(x, 0 ~ P for 

d = 1. For d = 1 we find 

1 2 2 4 2 k 
XI XI XI XI ~ 2 d(x,Ç) = -------- + +- + L..- x ·+ 

1-uo 1-uo 1-uo uo(1-uo) uo i= 2 ' 

1 k 

+ uo x~ L x~ + L L x~x] . 
i=2 2~i<j~k 

k (k-21)· An upper bound for L x~ equals (k- 1), an upper bound for L L x~x] is 
i=2 2 ~ i<j ~k 

The coefficient of x~ is equal to 

cl= [~ + ~] = -2ua + k- kuo = -uo(k + 2) + k 
1-uo uo ua(1-ua ) ua(1-uo) ' 

but u0 = (k + 1)/(k + 2) according to (3.18). Hence 
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-(k+1)+k -1 
CJ = = 

uo(1- uo) uo(1- uo) 

Then we have 

1 1 2 4 (k-1) d(x,Ç)::; -
1 
-- (

1 
) (x 1 - x 1 ) + (k- 1) + 

-uo uo -uo 2 

Since - ( 
1 

) (xi- x1) is at most equal to zero, we have 
uo 1- uo 

1 (k-1) d(x,Ç)::; -- + (k- 1) + = k + 2 + k -1 + ~(k- l)(k- 2) 
1- uo 2 

using -
1
- = k + 2. 

1 - uo 
Finally d(x,Ç)::; ~k2 + ~k + 2. 

For d = 1 we have 

P=l+I+k+ (:) =2+k+\k(k-l) 

or 

and d(x,Ç)::; P for d = 1 q.e.d. 

We can now formulate 

THEOREM 3.3.1 

IJ o 0 , {30 and /o as given in (3.15}, (3.16}, (3.17} or in (3. 19}, (3.20} are positive then the 

design Ç(oo,f3o,/o) of Definition 3.1 is D-optimal for model (3. 1). 

Ford= 1 we have the design Ç(oo,f30 ). We shall prove that Ç(o0 ,{30 ) is always D-optimal. 

The formulae (3.18), (3.19) and (3.20) are applicable if d = 1. 

lt is easily seen from (3.18) that 0 < uo < 1 for d = 1. 

lt is then obvious from (3 .19) and (3.20) that a > 0 and {3 > 0. 
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If follows that the design ~( ao, .Bo) is always D-optimal for d = 1 q.e.d. 

The weights a0 , ,80 and /O of (3.15), (3.16) and (3.17) are positive when 1 ::; d ::; k ::; 5, 

k = 6, 7 and d ::; k- 1, 8 ::; k ::; 10 and d ::; k- 2. See also Van Berkurn and Upperman 

(1991). 

No weights were computed for k > 10. 

In Table 3.1a and 3.1b some design characteristics for 1::; d::; k::; 5 are given . 

k d uo vo ao .Bo /o 

1 1 0.66667 - 1/3 1/3 -

2 1 0.75000 - 0.187500 0.125000 -

2 0.74349 0.58316 0.145791 0.080161 0.096193 

3 1 0.80000 - 0.100000 0.050000 -

2 0.79699 0.65489 0.081861 0.035526 0.030451 

3 0.79302 0.65162 0.071976 0.018953 0.032792 

4 1 0.83333 - 0.052083 0.020833 -

2 0.83171 0.70549 0.049093 0.015777 0.010518 

3 0.82969 0.70378 0.038892 0.010189 0.011100 

4 0.82710 0.70158 0.037042 0.003845 0.011844 

5 1 0.85714 - 0.026786 0.008929 -

2 0.85617 0.74316 0.023224 0.007063 0.003853 

3 0.85500 0.74215 0.020670 0.005045 0.004018 

4 0.85358 0.74091 0.019276 0.002823 0.004219 

5 0.85181 0.73938 0.019268 0.000324 0.004469 

Table 3.1a. Design characteristics of D-optimal designs. 
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Fraction of Fraction of Fraction of 

points with points with points with Max( det(M( 0)) 

weigth ao weight f3o weight ÎO 

k d 2kao d2k- 1/3o d( d - 1 )2k- JÎO 

1 1 2/3 1/3 - 4/27 

2 1 0.75000 0.2500 - 0.105469 

2 0.58316 0.32064 0.09619 0.0114270 

3 1 0.80000 0.20000 - 0.0819200 

2 0.65489 0.28421 0.06090 0.00681453 

3 0.57581 0.22743 0.19675 0.000578313 

4 1 0.83333 0.16667 - 0.0669796 

2 0.70549 0.25244 0.04207 0.00453077 

3 0.62227 0.24453 0.13320 0.000310235 

4 0.59268 0.12305 0.28427 2.157234 E-005 

5 1 0.85714 0.14286 - 0.0566528 

2 0.74316 0.22602 0.03082 0.00323170 

3 0.66143 0.24215 0.09642 0.000185864 

4 0.61682 0.18068 0.20249 1.079587 E- 005 

5 0.61658 0.02590 0.35752 6.34783 E- 007 

Table 3.lb. Design characteristics of D-optimal designs. 

The case when d = I and k = 3 has already been dealt with in Section 2.6 and we saw that 

this design with a = 0.1 and /3 = 0.05 can be realized in practice if N = 20 or a multiple of 

20. For k = d = I we also have simpte values fora and /3. 

Since a = /3 = 1/3 and we can construct a 100% D-efficient design if N is a multiple of 3. 

The model for k = d = I is a parabola and is written as 

(3.30) 
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According to Definiton 3.2.1 in Section 3.2 wethen have three different design points namely 

x1 = -I, x 1 = 0 and x1 = +I and because a = {3 = I /3 the number of observations in each 

point has to be equal to N /3. 

In Section 2.3 we defined the D-efficiency of an arbitrary design 6 as 

D-efficiency = IOO(det(M(~ 1 ))/max(det(M(~)))) 11P. ( 3.31) 

See (2.14) and (2.15). 

The denominator of (3.31) has been given in Table 3.1 b for I ::; k ::; d::; 5. 

Many of these values shall be used in the next chapters to calculate the D-efficiencies of the 

designs to be developed. 
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CHAPTER 4 

The 23 design as a building block for other designs 

4.1. Main-effect designs 

The 23 design has a well-known structure as given in Table 4.1 . 

~A (I) a 

-I +I 

~ 
(I) b (I) b 

-I +1 -1 +1 

c 
(I) -I Y1 Y3 Y2 Y4 

c +I Ys Y1 Y6 Ya 

Table 4.1. 23 design. 

The X matrix of column veetors corresponding to the 23 design is given in Table 4.2. 

Experimental 

unit x . 
OI Ai Bi e i Ai Bi AiCi B1C1 AiBiCi 

-I -I - I +I +I +I -I 

2 +I -I -I -1 -I +I +1 

3 -I +I -I -1 +1 -I +1 

4 +I +I -I +I -I -1 -I 

5 -I -I +I +I -I -1 +I 

6 +I -I +I -I +I -I -I 

7 -I +I +I -I -I +1 -I 

8 +I +I +I +I +I +I +I 

Table 4.2. The X matri x of column veetors for the 23 design . 
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The X matrix of Table 4.2 has excellent properties because X'X is orthogonal which means 

that the inner product of two different column veetors always equals zero. Each column 

vector with the ex ception of column X 0 has four val u es -1 and four val u es + l. This means 

that this X matrix can be used as a design matrix for experimental designs with 3, 4, ... , 7 

two-level factors. In this way a number of small (8 experimental units) rnain-effect designs 

for two-level factors can and have been constructed . See Addelman (1962b, 1963). In the 

next section we shall investigate whether it is possible to construct a 4 X 2 X 2 design with 

eight experimental units from the X matrix of Table 4.2, using the restrictions mentioned in 

Section 1.6. 

Such a design shall be indicated as a 4 x 2 x 2/8 design. 

4.2. The 4 x 2 x 2 design in eight experimental units 

The factors to be used are the following. 

P: A quantitative factor with four equally spaeed levels 0, 1, 2 and 3. 

Q: A two-level factor with levels Q, = -1 and Q2 = +1 or XQ! = 0 and XQ2 = l. 
R: A two-level factor with levels R1 = -1 and R2 = +1 or XR! = 0 and XR2 = l. 

Using the orthogonal polynomials PI and Pq as defined in Section 2.9, see (2.49), we have 

the following mathematica! model 

(i=1,2, ... ,8) . 

Since (4.1) contains 8 parameters /3 it must be possible to employ an experiment with 8 

experimental units to estimate these parameters. 

To find the column vector elements PI;, R;, ... , PI;Q; we use the X matrix of Table 4.2. 

We u se the technique of replacement as in Section 2.9 and replace the column vector elements 

A;, B; and A;B; by PI; and Pq; using formula (2.49) namely 
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As to the choice of Q; and R; from Tahle 4.2 we can choose two elements from the set 

C;, A;C;, B;C;, A;B;C;. 

w, thmfo" ow oomt'"ot ( :) = 6 pm•ibl• d~igM 

These are presented in Tahle 4.3. 

Nr. of design Column vector elements 

Q; R; ---> Q;R; 

C; A;C; ---> A-I since c; = 1 

2 C; B;C; ---> B; since c; = 1 

3 C· I A;B;C; ---> A;B; since c; = 1 

4 A;C; B;C; ---> A;B; since c; = 1 

5 A;C; A;B;C; ---> B I since A[C[ = 1 

6 B;C; A;B;C; ---> A; since B[C[ = 1 

Table 4.3. Six possihle 4 x 2 x 2/8 designs. 

Designs 3 and 4 cannot he used si nee Q; R; = A; B; = Pq;. Th is means that ~23 wiJl he 

confounded with ~11· 

For design 1 we have 

Xoi = 1 

PI; = (2A; + B;)J../5 

Q;R; =A; 

Pq; = A;B; 

Q; =C; 

Pl;R; = (2A; + B;) (A;C;)/../5 = (2C; + A;B;C;)J../5 

50 



R;= A;C; 

PI;Q; = (2A; + B;) (C;)/VS = (2A;C; + B;C;)/VS. 

The design matrix and the X matrix of column veetors can now be derived from Table 4.2 

and are presented in Table 4.4a and 4.4b. 

Exp. unit Xp XQ XR Xoi PI; Q;R; Pq; Q; PI;R; R; PI;Q; 

0 0 - 3/v's -1 -1 -3/v's 3/v's 
2 2 0 0 1/v's -1 -1 - 1/v's -1 - 1/v's 
3 0 -1/v's -1 -1 -1 -1/v's 1/v's 
4 3 0 0 3/v's -1 -3/v's -1 -3/v's 
5 0 0 -3/v's -1 3/../5 -1 -3/v'S 
6 2 1/v's -1 1/../5 1/../5 
7 0 -1/v'S - 1 -1 1/v'S -1 - 1/../5 
8 3 3/v'S 3/v'S 3/v'S 

Table 4.4a. Design Table 4.4b. X matrix of design 1. 

matrix nr. 

We can of course calculate X'X easily from the X matrix of Table 4.4b. It is, however, 

more elegant and we obtain more insight into the structure of X'X when the expressions for 

PI;, Q;R;, etc. are used. 

We shall also make use of the following properties of 2n designs 

A~ = B[ = A~ B[ = ... = A~ B[C[ = 1. 

11 The inner product of any two different veetors in a 2n design equals zero, i.e. 

8 8 8 

L A;B; =(A, B) = L A;C; = (A, C) = . . . = L(B;C;) (A;B;C;) = 
i= l i=l i= l 

= (BC, ABC) = 0 . 

111 The inner product of a column vector in X with the samevector equals 2n in a 2n design. 

For a 23 design we therefore have: 
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8 8 8 

I: (A;)2 =(A, A)= I: (B;)2 = (B,B) = . .. =I: (A;B;C;)2 =(ABC, ABC)= 8. 
i=l i=l i=l 

The inner product of x~ with any other column vector of X equals zero. 

We may now write, using the elements of the X'X matrix and known properties of vectors: 

(PI, PI) = ((2A + B)/VS, (2A + B)/VS) = (1/5) {4(A, A)+ 4(A, B) + (B, B)} = 

=(4x8+0+8)/5=8 

(PI, QR) = ((2A + B)/VS, A)= (1/VS) {2(A, A)+ (A, B)} = (2 x 8 + 0)/VS = 16/VS 

(PI, Pq) = ((2A + B)/VS, AB)= (1/VS) {2(A, AB) + (B, AB)}= 0 + 0 = 0 

(PI, Q) = ((2A + B)/VS, C) = (1/VS) {2(A, C) + (B, C)} = 0 + 0 = 0 

(Pl,PIR) = ((2A + B)/VS, (2C + ABC)/VS) = (1/5) (0 + 0 + 0 + 0) = 0 

(PI, R) = ((2A + B)/VS, AC)= (1VS) {2(A, AC)+ (B, AC)= 0 + 0 = 0 

(PI,PIQ) = ((2A + B)/VS, (2AC + BC)/VS) = (1/5) (0 + 0 + 0 + 0) = 0 

(QR, QR) = (A, A) = 8 

(QR, Pq) =(A, AB) = 0 

(QR,Q) = (A,C) = 0 

(QR, PIR) = (A, (2C +ABC)/ VS) = 0 + 0 = 0 

(QR,R) = (A, AC)= 0 

(QR, PIQ) = (A, (2AC + BC)/ VS) = 0 + 0 = 0 

(Pq, Pq) = (AB , AB) = 8 

(Pq, Q) = (AB, C) = 0 
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(Pq, PIR) = (AB, (2C +ABC)/ -/5) = 0 + 0 = 0 

(Pq, R) =(AB, AC)= 0 

(Pq, PlQ) = (AB, (2AC + BC)/-/5) = 0 + 0 = 0 

(Q,Q) = (C,C) = 8 

(Q,PIR) = (C, (2C + ABC)/-/5) = (1/-/5) {2(C, C) + (C,ABC)} = (2 x 8 + 0)/-/5 = 

= 16/-/5 

(Q,R) = (C,AC) = 0 

(Q,PIQ) = (C, (2AC + BC)/-/5) = 0 + 0 = 0 

(PlR, PIR) = ((2C + ABC)/-/5, (2C + ABC)/-/5) = { 4{CC) + 4(C, ABC)+ 

+(ABC,ABC)}/5 = (4 x 8 + 0 + 8)/5 = 8 

(PIR, R) = ((2C + ABC)/-/5, AC)= (1/-/5) (0 + 0) = 0 

(PlR, PIQ) = (2C +ABC, 2AC + BC)/5 = (0 + 0 + 0 + 0)/5 = 0 

(R,R) =(AC, AC)= 8 

(R,PIQ) =(AC, (2AC + BC)/-/5) = {2(AC,AC)}/-/5 = (2 x 8 + 0)/-/5 = 

= 16/-/5 

(PlQ, PIQ) = {2AC + BC, 2AC + BC)/5 = ( 4(AC, AC)+ 4(AC, BC) + (BC, BC))/5 = 

= ( 4 x 8 + 0 + 8)/5 = 8 . 

These calculations may seem cumbersome, but once some experience has been obtained all 

necessary inner products can quickly be computed. 
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We now have all the elements of X'X and we find 

Xoi PI; Q;R; Pq; Q; Pl;R; R; Pl;Q; 

8 0 0 0 0 0 0 0 

0 8 16/ ..;g 0 0 0 0 0 

0 16/.../5 8 0 0 0 0 0 

X'X= 0 0 0 8 0 0 0 0 

0 0 0 0 8 16/ ..;g 0 0 

0 0 0 0 16/.../5 8 0 0 

0 0 0 0 0 0 8 16/.../5 

0 0 0 0 0 0 16/.../5 8 

and 

0 0 0 0 0 0 0 

0 5 -2.../5 0 0 0 0 0 

0 -2.../5 5 0 0 0 0 0 

(x'x)- 1 = (1/8) 
0 0 0 0 0 0 0 

0 0 0 0 5 -2.../5 0 0 

0 0 0 0 -2.../5 5 0 0 

0 0 0 0 0 0 5 -2.../5 

0 0 0 0 0 0 -2.../5 5 

Although a large measure of orthogonality is maintained, because (X'X)-1 contains many off­

diagonal elements equal to zero, we shall not use design nr. 1 since the non-zero off-diagonal 

elements of (X'Xt 1 are all equal to ( -2.../5)/8 and this covariance value corresponds to a 

correlation coefficient between two ~·s of 

-2.../5 
J(5 x 5) = -0.89 . 

This value is very high and it means that the pairs (~1!~23 ), (~2 ,~13) and (~3 ,~12 ) are highly 

correlated, which is unde~irable. 
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lt appears that design nr. 6 leads to the same (X'Xt 1 matrix and it wil! therefore not 

be used. 

We shall now explore design nr. 2 where we had the following choice 

Q; = C; R; = B;C; ----+ Q;R; = B; . 

Using the same method as already descri bed, we can find the design matrix and the X matrix 

of column vectors. See Table 4.5a and 4.5b. 

Exp. unit Xp XQ XR Xoi PI; Q;R; Pq; Q; PI;R; R; PI;Q; 

0 0 -3/../5 -1 -1 -3/../5 3/../5 
2 2 0 1/../5 -1 -1 -1 1/../5 -1/../5 
3 0 0 -1/../5 -1 -1 1/../5 -1 1/../5 
4 3 0 0 3/../5 -1 -3/../5 -1 -3/../5 
5 0 0 -3/../5 -1 3/../5 -1 -3/../5 
6 2 0 1/../5 -1 -1 -1/../5 -1 1/../5 
7 -1/../5 -1 -1/../5 -1/../5 
8 3 3/../5 3/../5 3/../5 

Table 4.5a. Design Table 4.5b. X matrix of design 2. 

matrix nr. 2. 

Using 

Xoi = 1 PI; = (2A; + B;)/../5 

Q;R; = B; Pq; = A;B; 

Q;=C; PI;R; = (2A;B;C; + C;)/../5 

R;= B;C; PI;Q; = (2A;C; + B;C;)f../5, 

we find 
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Xoi PI; Q;R; Pq; Q; Pl;R; R; Pl;Q; 

8 0 0 0 0 0 0 0 

0 8 8/.../5 0 0 0 0 0 

0 8/.../5 8 0 0 0 0 0 

X'X= 0 0 0 8 0 0 0 0 

0 0 0 0 8 8/.../5 0 0 

0 0 0 0 8/.../5 8 0 0 

0 0 0 0 0 0 8 8/.../5 

0 0 0 0 0 0 8/.../5 8 

and 

0 0 0 0 0 0 0 

0 5/4 -(1/4).../5 0 0 0 0 0 

0 -(1/4).../5 5/4 0 0 0 0 0 

(X'x)- 1 = (1/8) 
0 0 0 0 0 0 0 

0 0 0 0 5/4 -(1/4).../5 0 0 

0 0 0 0 -(1/4).../5 5/4 0 0 

0 0 0 0 0 0 5/4 -(1/4).../5 

0 0 0 0 0 0 -(1/4).../5 5/4 

The matrix (X'X)- 1 again contains many zero's, in fact the same elements are zero as 

for design nr. 1, but the correlation coefficients between two ~'s within the pairs (~1,~23), 

(~2,~13) and (~3,~12) is now equal to 

-(1/4) (1/8).../5 - __ 1 = -0 45 
-..;.,..,..[ ( 1:-:/-::78 )....;,( 5::-0/-:74 )....;,( 1,..-;/ 8=)-;-:( 5:-:/ 4-:-:-;-) J - .../5 · · 

This is only half the value found previously for design 1. Design nr. 2 therefore appears to 

be better than design nr. 1. 

When we examine (X'X)- 1 in more detail it appears that the estimated values ~ can be 

divided into 5 groups, namely 
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It is striking that alllinear effects belong to different groups; /J's belonging to different groups 

are orthogonal estimates and therefore uncorrelated. Some authors cal! this clumpwise or­

thogonality (see Margolin, 1969b). 

A large measure of orthogonality is therefore maintained. 

Another important advantage of design 2 is the fact that the variances of /J1, Î323, /J2, /J13, Î33 

and /312 are only (1/4)th of the conesponding variances in design nr. 1. 

To examine this difference in varianee and also the already mentioned decrease of the corre­

lation coefficient in absolute value from 0.89 to 0.45, we compare the X'X matrices of both 

designs. 

These matrices differ only in the values of three off-diagonal elements which have the value 

16/VS for design 1 and the value 8/VS for design 2. 

There are in fact 6 such values but since X'X is symmetrie we only have to consider three of 

them. 

These values are three inner products of vectors. For design 1 we have: 

(PI, QR) = ((2A + B)/VS, A)= 16/VS = 2(A, A)/VS 

(PIR, Q) = ((2C + ABC)/VS, C) = 16/VS = 2(C, C)/VS 

(PIQ,R) = ((2AC + BC)/VS,AC) = 16/.,;5 = 2(AC,AC)/.J5. 

For design 2 we have 

(PI, QR) = ((2A + B)/.,;5, B) = 8/.,;5 = (B, B)/.J5 

(PlR, Q) = ((2ABC + C)J.J5, C) = 8/VS = (C, C)/VS 

(PIQ,R) = ((2AC + BC,BC) = 8/VS = (BC,BC)/VS. 

From these expressions we can see how the value of 16/VS arose. It originated from the term 

2A in PI= (2A + B)/VS. We also had Pq =AB. We can now formulate an important rule 

Having once chosen PI = (2A + B)/VS and Pq = AB it is necessary not to equate the A 

and AB columns of the 23 design to any of the columns for Q, R and QR. 

Using an A column produces a high covariance of 16/VS, while using the AB column causes 
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confaunding between ÎJ's. 

Applying this rule indicates that, apart from design 2, only design 5, see Table 4.3, is a 

suitable design . lt turns out that it has the same X'X matrix as design 2. 

Camparing the (X'X)-1 matrices of design 1 and 2 shows that the decrease of the three off­

diagonal elements from 16/../5 to 8/.../5 had a large effect since the three covariances decreased 

by a factor 8 and the variances of Î3~, ÎJ23, ÎJ2, ÎJ13, Î33 and ÎJ12 decreased by a factor 4. 

The variances of Î3o and Î311 remained unchanged. 

Using the designs 2 and 5 we obtain the designs given in Table 4.6a and Table 4.6b. Table 4.6a 

has also been presentedindesign 8.1 ofthe Appendix. Design 8.1 also contains X'X, (X'X)- 1 

and some other partkulars to he explained in the next section, Chapter 5 and Chapter 7. 

Exp. unit Xp XQ XR 

0 0 ~ XQ 0 1 

2 2 0 

3 0 0 ~ 
0 1 0 1 

Xp 

4 3 0 0 0 1 5 

5 0 0 1 3 7 

6 2 0 2 2 6 

7 3 4 8 

8 3 

Design matrix Experimental design 

Table 4.6a. A4 x 2 x 2/8 design (Design nr. 2). 
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Exp. unit Xp XQ XR 

0 0 ~ XQ 0 1 

2 2 0 

3 ~ 
0 1 0 1 

Xp 

4 3 0 0 0 5 1 

5 0 0 1 7 3 

6 2 0 2 2 6 

7 0 0 3 4 8 

8 3 

Design matrix Experimental design 

Table 4.6b. A4 x 2 x 2/8 design (Design nr. 5). 

Camparing the experimental designs in Table 4.6a and Table 4.6b shows that they are iden­

tical. lt therefore appears that there is only one suitable 4 X 2 X 2 design in 8 runs. 

4.3. A measure of nonorthogonality 

lt is useful and interesting to consider the matrices X'X of design 1 and 2 in more detail. If 

we ignore the zero's in X'X we see that it consistsof 5 submatrices, two of which consist of 

the scalar 8, whereas the remaining three have the following structure 

8 8 

E x;p E X;pXiq 

[: : l = w 
i=l i= I 

8 8 

E X;pXiq E x;q 
i=l i=l 

X;p and X;q are elements of the p1h and q1h column of the X matrix. 

For design 1 we have: a= c = 8, b = 16/VS. 

For design 2 we have: a= c = 8, b = 8/VS. 

To invert X'X we simply can take the inverse of 8 twice and invert W three times. 

We have 
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The correlation coefficient between XP and Xq equals 

8 

L (Xip- X.p) (Xiq- X.q) 
i=l rpq = -8=--__:_:::..:.._ ____ ,----,8=--------, ' 

[L(X;p-X.p)2j2 [L(X;q-X.q)2j2 
i=l i=l 

8 8 

where X .p = (1/8) L X;p and X.q = (1/8) L Xiq· 
i=l i=I 

In the matrices of the designs 1 and 2 we however have, ignoring column xo, since Tpq is not 

defined for X;p = x0;, that X.p = X.q = 0, hence 

Strictly speaking we should say that Tpq is not a correlation coefficient, since XP and Xq are 

not random. Therefore Tpq is a measure of the linear dependenee between XP and Xq. 

When we have a completely orthogonal design the X'X matrix is diagonal and the varianee 

of the estimated regression coefficient ~P corresponding to column XP in the X matrix equals 

The mat-rices of design 1 and 2 were however not orthogonal and the varianee of ~P equals 

the diagonal element in (X'X)- 1 conesponding to column XP of the X matrix. 

In reality we therefore have 

The varianee of ~P has therefore been increased by a factor of 

a2 cf(ac-b2 ) ac 
a2 /a (ac- b2 ) = 1- b2 /ac = 1- r~q · 
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MarquareLt ( 1970) called 1/ ( 1 - r~9 ) the varianee inftation factor (VIF) because it is the factor 

by which the varianee of an estimated regression coefficient is increased due to nonorthogo­

nality. 

Hence 

VIF = 1/(1- r~9 ). 

When we write the correlation matrix r of XP and X 9 we have 

and 

Tpq l = [ 1 bj...jäë l 
1 b/..fäë 1 

VIF 

-rp9/(1- r~9 ) 

(4.2) 

We see that the VIF of ~P therefore equals the corresponding diagonal element of the inverse 

of the 2 x 2 correlation matrix r. 

Brownlee (1965) bas shown that 

(4.3) 

where rp is the multiple correlation coefficient of Xp with all other X 's and r;P1 is the ith 

diagonal element of the inverse of the correlation matrix r. 

The expression ( 4.2) is therefore a special case of ( 4.3). From ( 4.3) we see that the VIF 

approaches infinity when rp increases to 1 and equals 1 if rp is zero. 

Expression ( 4.3) clearly shows why the VIF is a measure for orthogonality because it is di­

rectly linked to rp, the multiple correlation coefficient. For this reason its value is independent 

of the sealing of the XP. 

Because the VIF equals the factor by which the varianee of an estimated regression coefficient 

increases due to nonorthogonality, it is a useful tooi to judge and to compare experimental 

designs. We shall therefore calculate the VIF's for all designs to be presented later on. 

Of course it is desirabie that the VIF is as close as possible to its minimum value of VIF = 1. 
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Some authors prefer VIF's smaller than 5, other allow values up to 10. lt is clear that a {J is 

poorly estimated when the VIF is large since the varianee of~ will then be large. 

In Appendix 7 A we shall give a method to examine large VIF's in more detail. 

The inverse of the complete correlation matrix of design 2 has been given as r-1 with de­

sign 8.1 of the Appendix. For design 1 we have, the groups (p, q) being (2,3), (5,6) and 

(7,8), 

T2 = 162/5 = 0.80 
pq 8 x 8 

and VIF = 1/(1- 0.80) = 5. 

For design 2 we find 

Tpq = 0.89 

Tpq = 0.45 

and VIF = 1/(1- 0.20) = 1.25 (see also design 8.1). 

Design 2 therefore has 6 VIF's which are 4 times smaller than the conesponding VIF's of 

design 1 and we now also understand why the corresponding variances differed by a factor 4 

as stated in the previous section. 

lt is because the correlation coefficient between XP , for p = 2, 3, 5, 6, 7 and 8, with aU other 

X's is large for design 1 (rpq = 0.89) and small (rpq = 0.45) for design 2. 

4.4. The alias structure of the 4 X 2 X 2/8 design 

The model used in Section 4.2 for design 2 can be written in matrix notation as 

E[Y] = Xf3, 

where X is the matrix of column veetors and 

lt might be the case that the model considered is not correct since we did not use terms such 

as Pc; (factor P cubic), Pc;Q;, Pc;R; etc. 

Suppose that the true model can he written as, see Seber ( 1977; Chapter 6) and Draper and 

Smith (1981; Chapter 2), 

62 



E[Y] = X,B + Z-y , 

where 

in which the indices 1, 2 and 3 in -y' refer to the factors P, Q and R while Z is the matrix of 

column veetors conesponding to 

1'111,1'11123, ... ,')'1123. 

Since i:J = (X'X)-1 X'Y we have 

E(i:J) = E[(X'X)- 1 X'Y] = (X'X)-1 X'E(Y) = 

= (X'X)-1 X'(X,B + Z-y) = 

= (X'X)-1 (X'X),B + (X'X)-1 X'Z-y 

= ,B + (X'X)-1 X'Z-y . 

The expression (X'X)-1 X'Z-y is called the alias matrix of /3. 

We shall therefore calculate (X'X)-1 X'Z. 

We first determine Z. The elements of the column veetors of Z are 

10ne, two or three identical indices refer toa linear, quadratic or cubic effect, respectively. 
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Pc;= (-A;+ 2B;)j../5 

Pc;Q;R; = (-A;+ 2B;) (B;)f../5 = ( -A;B; + 2)/../5 

Pc;Q; = (-A;+ 2B;) (Ci)/../5 = ( -A;C; + 2B;C;)/../5 

Pc;R;: (-A;+ 2B;) (B;C;)/../5: ( -A;B;C; + 2C;)/../5 

Pq;R; = A;B;B;C; = A;C; 

Pl;Q;R; = (2A; + B;) (B;)/../5 = (2A;B; + 1)/../5 

Pq;Q;R; = A;B;B; = A; . 

We can now, using Table 4.2, construct the Z matrix of column veetors which is given in 

Table 4.7. 

Pc; Pc;Q;R; Pc;Q; Pc;R; Pq;Q; Pq;R; Pl;Q;R; Pq;Q;R; 

- 1/../5 1/../5 1/../5 -1/../5 - 1 3/../5 -1 

-3/../5 3/.../5 3/.../5 -3/../5 -1 -1/../5 

3/.../5 3/../5 -3/../5 -3/../5 -1/../5 -1 

1/../5 1/../5 -1/../5 -1/../5 -1 -1 3/../5 

-1/../5 1/../5 -1/../5 1/.../5 -1 3/../5 -1 

- 3/../5 3/../5 -3/../5 3/.../5 -1 -1/../5 

3/../5 3/../5 3/../5 3/../5 -1 -1 -1/../5 -1 

1/../5 1/../5 1/.../5 1/../5 3/.../5 

Table 4. 7. Z matrix of column vee tors. 

Using the expressions of design 2 we obtain 
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xo; = 1 PI; = (2A; + B;)/VS 

Q;R; = B; Pq; = A;B; 

Q; =C; PI;R; = (2A;B;C; + C;)/VS 

R; = B;C; PI;Q; = (2A;C; + B;C;)/VS. 

We find 

0 16/VS 0 0 0 0 8/VS 0 

0 0 0 0 0 0 0 16/VS 

16/VS 0 0 0 0 0 0 0 

X'Z= 
0 -8/,;5 0 0 0 0 16/VS 0 

0 0 0 16/VS 0 0 0 0 

0 0 0 0 16/VS 0 0 0 

0 0 16/VS 0 0 0 0 0 

0 0 0 0 0 16/ ,;5 0 0 

and 

0 2/VS 0 0 0 0 1/VS 0 

-0.5 0 0 0 0 0 0 0.5,;5 

0.5,;5 0 0 0 0 0 0 -0.5 

(X'X)-1 X'Z = 
0 -1/VS 0 0 0 0 2/VS 0 

0 0 0 0.5,;5 -0.5 0 0 0 

0 0 0 -0.5 0.5,;5 0 0 0 

0 0 0.5,;5 0 0 -0.5 0 0 

0 0 -0.5 0 0 0.5,;5 0 0 

We can write the complete model 

E(Y) = X/3 + Z'"Y 

also as 
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zo; f3o Pc; /111 

PI; fJI Pc;Q;R; /11123 

Q;R; f323 P c;Q; 11112 

E(Y) = 
Pq; f3u Pc;R; /1113 

+ 
Q; {32 Pq;Q; /112 

Pl;R; {313 Pq;R; /113 

R; f33 Pl;Q;R; /123 

Pl;Q; fJ12 Pq;Q;R; /1123 

Using E(i3) = f3 + (X'X)-1 X'Z-y we may write the alias matrix as 

E(~o) = f3o + (2/v'5)/JI123+ (1/v'5)1I23 

E(~I) = fJ1 + ( -0.5)1111 + (0.5v'5)11123 

E(~l2) = fJ12 + ( -0.5)11112 + (0.5v'5)1m . 

lt is striking that each {3 is confounded with two 1's and that each 1 occurs twice in each of 

the expressions above. These expressions can he useful to explain certain ambiguities in the 

estimates of the {J's. 

4.5. The D- and G-efficiency of the 4 x 2 x 2/8 design 

4. 5. 1. The calculation of the D-efficiency 

Using formulae (2.14) and (2.15) of Section 2.3 we may write 
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D-efficiency = 100(det(M(m/max det(M(m)(!/P) . 

Model (3.1) mayalso be used for the 4 x 2 x 2/8 design. Wethen have d = 1 and k = 3 and 

from Table 3.1 we find that 

max det(M(m = 0.0819200. ( 4.4) 

We should remember that (4.4) was obtained using model (3.1) and -1 ::; x; ::; +1 for 

i=1,2,3. 

We therefore have to calculate det(M(Ç)) using the sealing -1 ::; x;::; +1 for the independent 

variables x; and model (3.1). 

The X'X matrix we used for the 4 x 2 x 2/8 design was, see Section 4.2, 

Xoi PI; Q;R; Pq; Q; Pl;R; R; Pl;Q; 

8 0 0 0 0 0 0 0 

0 8 8/../5 0 0 0 0 0 

0 8/../5 8 0 0 0 0 0 

x;x1 = 0 0 0 8 0 0 0 0 

0 0 0 0 8 8/../5 0 0 

0 0 0 0 8/../5 8 0 0 

0 0 0 0 0 0 8 8/../5 

0 0 0 0 0 0 8/../5 8 

and 

det(X'X) = det(x;x1) = 88 (4/5)3 . (4.6) 

From Table 4.5b we obtain 
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Xoi PI; Q;R; Pq; Q; PI;R; R; PI;Q; 

1 -3/.../5 -1 1 -1 -3/.../5 3/.../5 

1/.../5 -1 -1 -1 1/.../5 -1/.../5 

1 -1/.../5 1 -1 -1 1/.../5 -1 1/.../5 

X,= 3/.../5 1 -1 -3/.../5 -1 -3/.../5 (4.7) 

1 -3/.../5 -1 3/.../5 -1 -3/.../5 

1/.../5 -1 -1 1 -1/.../5 -1 1/.../5 

1 -1/.../5 1 -1/.../5 1 -1/.../5 

3/.../5 3/.../5 3/../5 

lf we had used the sealing -1 ::; x; ::; + 1 for i = 1, 2, 3 and the model (3.1 ), the X matrix 

would have been 

Xoi x,; X2iX3i xt X2i XiiX3i X3i XiiX2i 

-1 -1 1 -1 -1 

1/3 -1 1/9 -1 1/3 -1/3 

1 -1/3 1 1/9 -1 1/3 -1 1/3 

X2= 1 -1 - 1 -1 -1 (4 .8) 

-1 -1 I -1 -1 

1/3 -1 1/9 1 -1/3 -1 1/3 

-1/3 1 1/9 -1/3 1 -1/3 

From ( 4.7) and ( 4.8) it follows that 

x,; = (PI; .../5)/3 , X2;x3; = Q; R;, x~; = ( 4/9) Pq; + (5/9) ( 4.9a) 

X2i = Q; ' XiiX3i = (PI;R;.../5)/3 (4 .9b) 

X3i = R; , X!iX2i = (PI;Q;.../5)/3. (4.9c) 

and X 2 = X 1 L, where 
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0 0 5/9 0 0 0 0 

0 VS/3 0 0 0 0 0 0 

0 0 0 0 0 0 0 

0 0 0 4/9 0 0 0 0 
L= (4.9d) 

0 0 0 0 0 0 0 

0 0 0 0 0 VS/3 0 0 

0 0 0 0 0 0 0 

0 0 0 0 0 0 0 VS/3 

Therefore 

det(X~X2) = det(X~X2 ) = det((X1L)'X1L) 

OT 

det(X2X2) = det(L'x;x1L) = det(L') det(x;xJ) det(L) = (det(L))2 det(x;x!) (4 .10) 

since L and x; XI are square matrices. 

lt is easily seen that 

(4.11) 

F'rom (4 .6), (4.10) and (4 .11) it follows that 

Since det(M(Ç)) = det((X2X2)/N) = det(X2X2)/NP we have, for N = P = 8 

and 

D-efficiency = 100(( 45 /310)/0.08192)(1/B) = 82.4% . 

69 



Formula ( 4.10) is very usefuly since it can be used to calcuJate the determinant of X~X2 from 

x~ XI if the elements of x2 can be written as linear functions of the elements of XJ. 

Since the V-efficiency found equals 82.4% we can ask ourselves whether an 4 x 2 x 2/8 design 

can be found with a higher V-efficiency. 

We can write the design matrix of the 4 x 2 x 2/8 design , using the variables -1 :::; x; :::; 1, 

i == 1, 2, 3, instead of xp, XQ and XR. We derive this new design matrix from Table 4.5a and 

find values given in Table 4.8. 

Exp. X! X2 X3 

unit 

-1 -1 

2 1/3 -1 

3 -1/3 -1 -1 

4 -1 -1 

5 -1 -1 

6 1/3 -1 

7 -1/3 

8 

Table 4.8. The 4 x 2 x 2/8 design. 

The appropriate model for this design is (3.1) for d == 1 and k == 3. 

According to Table 3.1, the V-optimal design for this model contains design points such that 

80% of them are of the type ± 1, ± 1, ± 1 and 20% of the type 0, ± 1, ± 1. Table 4.8 does 

not contain values x 1 = 0 but only values x 1 == -1/3 and x 1 = +1/3. We therefore have to 

campromise in our elfort to find a better 4 x 2 x 2/8 design. 

We therefore wiU construct a design with 

0.80 x 8 ~ 6 points öf the type ±1, ±1 , ±1 and 

0.20 x 8 ~ 2 points of the type ±1/3, ±1, ±1. 

We find the design given in Table 4.9. 
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Exp. X1 X2 X3 

unit 

-1 -1 

2 -1 

3 -1 -1 

4 -1/3 -1 -1 

5 1/3 

6 -1 

7 -1 -1 

8 -1 

Table 4.9. A 4 x 2 x 2/8 design. 

When we calculate det(X'X) for the above design it appears that this value equals 0 and 

(X'X) is singular. 

Further efforts were made to find a better 4 x 2 x 2/8 design but none were successful. 

..f.5.2. The calculation of the G-ejjiciency 

The G-efficiency is defined as 

G-efficiency = 100P/(N max(f'(x) (X'X)-1 f(x))) , ( 4.12) 

see (2.27). 

For the 4 x 2 x 2/8 design we had 

f'(x) = (xo, PI, QR, Pq, Q, PIR, R, PIQ) ( 4.13) 
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0 0 0 0 0 0 0 

0 5/4 -(1/4)J5 0 0 0 0 0 

0 -(1/4)J5 5/4 0 0 0 0 0 

(X'x)-1 = (I/8) 
0 0 0 0 0 0 0 

0 0 0 0 5/4 - (I/4)J5 0 0 

0 0 0 0 -(I/4)J5 5/4 0 0 

0 0 0 0 0 0 5/4 -(I /4)J5 

0 0 0 0 0 0 -( I/4)J5 5/4 

(4.I4) 

Using (2.49) we can find that 

Pqi = (5/4) (P/l- I) . ( 4.I5) 

Frorn (4.13), (4.I4) and (4.15) we find 

f'(x) (X'X)- 1 f(x) = (1/8) (1 + (5/4)2 (Pl2
- 1)2 + 

Si nee 

-3/VS ~ Pli ~ 3/VS, -I ~ Q < +I and - I ~ R ~ +1 , 

we can easily see that rnax f'(x) (X'X)- 1 f(x) is reached when using one ofthe four following 

design points. 

Design point PI i Qi Ri 

3/VS -I +I 

2 3/VS + I - 1 

3 -3/JS - I - 1 

4 -3/ JS +1 +1 

Substituting any of these sets (PI i, Qi , Ri) into ( 4.I6) gives 
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max (f'(x) (X'X)- 1 f(x)) = 17/8 . 

Using (4.12) we obtain 

G-efficiency == 100 x 8/(8 x 17/8) = 47.1% . 

4.6. An application of the 4 x 2 x 2/8 design 

To study the light output of a particular type of lamp, it was decided to examine the effect 

of three factors P, Q and R. These factors and their levels are presented in Table 4.10. The 

model used is given in (4.1). 

Factor Levels 

P The amount of amalgam 3, 5, 7, 9, 

Q Type of gas in the lamp Gl, G2 

R Type of glas used I, 11 

Ta bie 4.10. Factors and levels of lamp experiment. 

Only a small experiment could be carried out because the lamps were expensive and the 

available time in which to carry out the experiment was limited. 

lt was therefore decided to carry out a half replicate of a 4 x 2 x 2 design. The results, the 

light output of one lamp in each "cell", are given in Table 4.11. This design has a structure 

as given in Table 4.6a and 4.6b. 
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~ 
Q: Type of gas GI G2 

XQ 0 I 

p~ 
I 11 I 11 

Amount XR 0 I 0 I 

of amalgam 

Xp 

3 0 32.9 13.9 

5 1 21.7 5.0 

7 2 24.2 14 .6 

9 3 24.5 I5.9 

Table 4.11. Data of the lamp experiment . 

We can now, using Table 4.5b, write the X and Y matrix and find 

xo; PI; Q;R.; Pq; Q; Pl;R; R; PI;Q; Y; 

I -3/VS -I I -I -3/VS 3/VS 32.9 

I/VS -I -I -I I/VS I -I/VS 24.2 

I -I/VS -I -1 I/VS -I 1/VS 21.7 

3/VS I -I -3/VS -I -3/VS 24.5 

I -3/VS -I 3/VS -I -3/VS 13.9 

I/VS -I -I I -I/VS -1 I/VS I4.6 

I -I/VS - I I -1/VS 1 -1/VS 5.0 

3/VS 3/VS 3/VS I5.9 

Hence 
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X'Y= 

152.7 

-7.1/../5 

-18.5 

21.7 

-53.9 

-56.5/../5 

3.3 

38.3/../5 

Using (X'X)-1 as calculated in Section 4.2 we find 

/3 = (X'X)-1 X'Y = 

Using equation (2.6) we have 

e'e = Y'Y- /3'X'Y . 

19.08750 /Jo 
0.35625../5 /31 

-2.66875 /323 

2.71250 

-6.65625 

-0.08125../5 

-0.68125 

1.09375../5 

Because the number of observations equals the number of {J's we have e'e = 0 and 

Y'Y = /3'X'Y . 

( 4.17) 

( 4.18) 

Equation (4.18) provides a check because we can calculate Y'Y and /3'X'Y separately. 

We have 

8 

Y'Y = L Yl = 32.92 + 24.22 + ... + 15.92 = 3423.37 
i=l 
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/J'X'Y = 19.08750 x 152.7 + 0.35625J5 x ( -7.1/v'S) + ... + 1.09375.J5 x 38.3/v'S 

= 3423.37. 

From the results of previous experiments we have an estimate of a2 , namely a2 = 16.28 with 

20 degrees of freedom. 

We can now obtain the analysis of varianee as given in Table 4.12. 

Model Sum of Degrees of Mean Calculated 

component squares freedom square F-value 

f3o 2914.66 2914.66 179.03 

({31 ,/323) 46.84 2 23.42 1.44 

!311 58.86 58.86 3.61 

({32, !313) 363.36 2 181.68 11.16 

({33, {312) 39.64 2 19.82 1.22 

Tot al 3423.36 

Table 4.12. Analysis of varianee for the lamp experiment. 

The F-value was calculated using a2 = 16.28 in the denominator. Using a significanee level 

of 10% for F we have 

Fdo,o.90 = 2.97 Fio.o.90 = 2.59 . 

We con cl u de that {30, {311 and the group ({32, {313) are significant. In order to examine the 

estimates of {3 in more detail we again give these estimates together with their standard 

deviations and the appropriate t-test. 

The estimated standard deviation of~ is obtained by multiplying the conesponding diagonal 

element of (X'X)- 1 by fJ 2 and taking the square root. We find 
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a-fo t = (~)/8-fo 

~0 = 19.0875 1.4267 13.38 

~~ = 0.3562VS 1.5951 0.50 

~23 = -2.6688 1.5951 -1.67 

~11 = 2.7125 1.4267 1.90 

~2 = -6.6562 1.5951 4.17 

~13 = -0.0812v'5 1.5951 0.11 

~3 = 0.6812 1.5951 0.42 

~12 = L0938v'5 1.5951 1.53 

The 10%-point for the two sicled t-value with 20 degrees of freedom equals 1. 725 and we now 

find that fJo, fJu and fJ2 are significant. Although the group ((32,(313) was significant it is 

clear from the small t-value for ~13 that fJ13 is not relevant. However a significant value of 

(311 implies an effect offactor P. We therefore decide to use the estimate ~1 as well in order 

to obtain a correct measure of the P-effect. 

Our estimated model therefore is 

(4.19) 

The estimates for (30 and (311 do not change because they were not correlated with other ~'s. 

We found 

~0 = 19.0875 

~11 = 2.7125 . 

The X'X matrix corresponding to (4.19) is diagonal with elements to he obtained from the 

original X'X matrix. 

Using the appropriate diagonal element of X'X and the conesponding element of X'Y we 

find new estimates of (31 and (32 , namely 

~; = -7.1/(8v'5) = -0.3969 

~~ = -53.9/8 = -6.7375. 

77 



The estimated model therefore is 

E(y;) = 19.09- 0.40Pl; + 2.71Pq;- 6.74Q; . ( 4.20) 

If we denote the levels of Pand Q by xp = 0, 1, 2, 3 and XQ = 0, 1, respectively, we have the 

following relations between xp;, Pl;, Pq; and between XQ; and Q;. 

Pl; = ( -3 + 2xp;)f.../5 ( 4.21) 

Pq; = 1 - 3xp; +x~; ( 4.22) 

and 

Q; = - 1 +2XQi. ( 4.23) 

See also formula (2 .49). 

Substituting (4.21), (4.22) and (4 .23) in (4.20) we find 

E(y;) = 29.08 - 8.49xp; + 2.714; - 13.48xQ; . (4 .24) 

For the two types of gas Gl(XQi = 0) and G2(XQ; = 1) we substitute XQi = 0 and XQ; = 1, 

respectively, in (4.24) and find 

G1(xQ; = 0) E(y;) = 29.08- 8.49xp; + 2.714; (4.25) 

G2(xQ; = 1) : E(y;) = 15.60 - 8.49xp; + 2.71x~;. ( 4.26) 

These formulae have, together with the original observations, been plotted in Figure 4.1. 
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Fig. 4.1. Relation between the amount of amalgam and light output for two types of gas. 

Figure 4.1 is very interesting because it shows the large and constant difference between the 

two types of gas and a minimum value of light output for xp = 1.57, equivalent to an amount 

of amil.lgam of 6.14. 

The value of xp = 1.57 was obtained by differentiating (4.25) or (4.26) and equating the 

resulting formula to zero. 

The highest light output is obtained for xp = 0 and gas type Gl. The conesponding light 

output is obtained by substituting xp = 0 in (4.25). We find 

Ê(i;) = 29.08. 

4.7. The 3 X 2 x 2 design in 8 experimental units 

In order to construct a 3 x 2 x 2 design in 8 experimental units, we again employ the X 

matrix of column veetorsfora 23 design as presented in Table 4.13 . 
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Experimental 

unit XQi A; B; C; A;B; A;C; B;C; A;B;C; 

-1 -1 -1 +1 +1 +1 -1 

2 +1 -1 -1 - 1 -1 +1 +1 

3 -1 +1 -1 -1 +1 -1 +1 

4 +1 +1 -1 +1 -1 -1 -1 

5 -1 -1 +1 +1 -1 -1 +1 

6 +1 - 1 +1 - 1 +1 -1 -1 

7 -1 +1 +1 -1 -1 +1 -1 

8 +1 +1 +1 +1 +1 +1 +1 

Table 4.13. The X matrix of column veetors for the 23 design. 

The factors to be used are as follows: 

P: A quantitative three-level factor with equally spaeed levels 0, 1 and 2. 

Q: A two-level factor with levels Q1 = -1 and Q2 = +1, or XQJ = 0 and XQ2 = 1. 

R: A two-level factor with levels R1 = -1 and R2 = +1, or XRJ = 0 and xR2 = 1. 

Using again orthogonal polynomials PI and Pq as defined in Section 2.9, we have the following 

mathematica! model 

This model is the same as ( 4.1) and si nee it contains 8 parameters {3, a design of 8 experimental 

units should again be sufficient. To find the column vector elements PI;, R;, . . . , Pl;Q; we use 

the X matrix of Table 4.13. 

We shall employ the technique of replacement and collapsing as summarized in Table 2.6 of 

Section 2.10. 

We use the relations .according to (2.50) and (2.51), i.e. 

PI; = (A;- A;B;)/.../2 

Pq; = -B;. 

These equations represent the reptacement of the two factors A and B with two levels each 
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by a three-level factor. 

The column veetors Q and R can be obtained by cboosing two veetors from the set C, AC, BC, ABC, 

in the matrix of Table 4.13. We can therefore, as in Section 4.2 construct 6 possible designs 

as presented in Table 4.14. 

Nr. of design Column vector elements 

Q; R; - Q;R; 

C; A;C; A-I 

2 C; B;C; B· I 

3 C; A;B;C; A;B; 

4 A;C; B;C; A;B; 

5 A;C; A;B;C; B; 

6 B;C; A;B;C; A; 

Table 4.14. Six possible 3 x 2 x 2/8 designs . 

Designs 2 and 5 cannot be used since Q;R; 

confounded with /311 . 

B I -Pq;, which means that /323 will be 

When we examine the other designs by writing the relevant design matrices as in Section 4.2 

and Table 4.4a we find that there are only two different designs as given in Table 4.15a and 

4.15b. 

~ XQ 0 1 

Xp 

""' 
XR 0 1 0 1 

0 1 5 

1 4 3 7 8 

2 2 6 

Design 1, Q; = C;, R.; = A;C; 

Design 6, Q; = B;C;, R; = A;B;C; 

Table 4.15a. 

I~ XQ 0 1 

Xp 

""' 
XR 0 1 0 1 

0 1 5 

1 4 3 7 8 

2 2 6 

Design 3, Q; = C;, R; = A;B;C; 

Design 4, Q; = A;C;, R; = A;B;C; 

Table 4.15b. 

When we compare Table 4.15a with Table 4.15b we can easily see that they represent the 

same design since the only difference between these tables is the interchange of levels 0 and 
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2 of factor P. We can see this if we assign level 0 to level 2 and level 2 to level 0 of factor P 

in Table 4.l5b. We then obta.in the design of Table 4.l5a. 

We now proceed to examine design l in more detail. 

Using the same method as in Section 4.2 we may write the elements of the column veetors 

of the X matrix for design l. We find, see Table 4.16 

xo; = l 

Q;R; =A; 

Q;=C; 

R;=A;C; 

Pl; =(A;- A;B;)/.../2 

Pq; = -B; 

Pl;R; = (C;- B;C;)/.../2 

Pl;Q; = (A;C;- A;B;C;)/.../2 

Table 4.16. Column vector elements for a 3 x 2 x 2/8 design. 

As in Section 4.2 we can use these formulae to calculate X'X directly, the result being 

X oi Pl; Q;R; Pq; Q; Pl;R; R; Pl;Q; 

8 0 0 0 0 0 0 0 

0 8 4/.../2 0 0 0 0 0 

0 4/..fi 8 0 0 0 0 0 

X'X= 0 0 0 8 0 0 0 0 ( 4.28) 

0 0 0 0 8 4/.../2 0 0 

0 0 0 0 4/..fi 8 0 0 

0 0 0 0 0 0 8 4/.../2 

0 0 0 0 0 0 4/.../2 8 

and 
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1/2 0 0 0 0 0 0 0 

0 -1/./2 0 0 0 0 0 

0 -1/./2 0 0 0 0 0 

(X'Xt1 = ~ 
0 0 0 1/2 0 0 0 0 

-1/./2 
. (4.29) 

0 0 0 0 0 0 

0 0 0 0 -1/v'2 0 0 

0 0 0 0 0 0 -1'!./2 

0 0 0 0 0 0 -1/./2 

The (X'x)-1 matrix shows that there are three pairs of /J's correlated namely (/31, /123), 

(/32, /113) and (/33,/312)· 

The relevant correlation coefficient equals 

cov (/3p,/3q) -(1/2) (1/4) v0. 
Ppq = V( var (/Jp) var (/Jq) 

= ../((1/4) (1/4)) = -0.
71

. 

This correlation coefficient is fairly high and we can ask ourselves whether a better design 

can be found. Design 8.2 of the Appendix gives more detail about design 1 of Table 4.15a 

such as r-1 . The main diagonal of this matrix contains 6 two's meaning that 6 VIF's equal 

two which is not excessively large. 

We already saw that the designs 2, 3, 4, 5 and 6 listed in Table 4.14 do not give a better 

design. 

The only other possibility is to find out whether a different collapsing procedure produces a 

better design. To this end we consider the collapsing given in Table 2.7 which is reproduced 

in Table 4.17. 

Four level Three level 

factor factor 

Xp; Xp; A; B; A;B; Pl; Pq; 

0 ---+ 0 -1 -1 +1 -5/VTI +2.fi27IT) 

2 ---+ 2 +1 -1 -1 +3/v'IT +1v'{27Tï) 

---+ -1 +1 -1 -1/v'IT -4.fi27IT) 

3 ---+ 2 +1 +1 +1 +3/v'IT +1.fi27IT) 

Table 4.17. Collapsing a four-level factortoa three-level factor with relevant column vectors. 
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The quantities in Table 4.17 are related as follows 

PI;= (3A; + B;- A;B;)/v'IT 

Pq; ={A;- 3(B;- A;B;)/2} V(2/11) 

PI;= ( -5 + 4xp;)/v'IT---+ xp; =(PI; v'IT + 5)/4 

Pq; = {+2- (23/2)xp; + (11/2)x~; } V(2/11). 

Again we can make 6 possible choices for the pair Q; and R;, but a thorough investigation 

revealed that again two of these produced designs with complete confaunding between some 

(3's while the remaining 4 designs were in fact identical. 

We therefore examine only one of these corresponding with 

PI; = (3A; + B;- A;B;)/ffi 

Pq; = (A;- 3(B;- A;B;)/2) ..j2JIT 
( 4.30) 

Q; = C; 

R;= B;C;. 

We can now calculate X'X ; (X'X)- 1 and r- 1 and obtain the following results 

8 0 0 0 0 0 0 0 

0 8 2.412 0 0 0 0 0 

0 2.412 8 -5.117 0 0 0 0 

X'X= 
0 0 - 5.117 8 0 0 0 0 

0 0 0 0 8 2.412 0 0 

0 0 0 0 2.412 8 0 -4.364 

0 0 0 0 0 0 8 2.412 

0 0 0 0 0 -4.364 2.412 8 
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0.125 0 0 0 0 0 0 0 

0 0.148 -0.075 -0.048 0 0 0 0 

0 -0.075 0.25 0.16 0 0 0 0 

(X'x)-1 = 0 -0.048 0.16 0.227 0 0 Q 0 

0 0 0 0 0.145 -0.065 0.012 -0.039 

0 0 0 0 -0.065 0.215 -0.039 0.129 

0 0 0 0 0.012 -0.039 0.145 -0.065 

0 0 0 0 -0.039 0.129 -0.065 0.215 

1.182 -0.603 -0.386 0 0 0 0 

-0.603 2 1.279 0 0 0 0 

-0.386 1.279 1.818 0 0 0 0 

r-1 = 0 0 0 1.156 -0.518 0.094 -0.311 

0 0 0 -0.518 1.719 -0.311 1.031 

0 0 0 0.094 -0.311 1.156 -0.518 

0 0 0 -0.311 1.031 -0.518 1.719 

The correlation matrix conesponding to (X'X)- 1 equals 

0 0 . 0 0 0 0 0 

-0.39 -0.26 0 0 0 0 

0.67 0 0 0 0 

0 0 0 0 
Ppq = 

-0.37 0.08 -0.22 

Omitted because 1 -0.22 0.60 

of symmetry -0.37 

The Ppq matrix shows that we now have 9 non-zero correlation coefficients instead of three. 

Moreover two of these are fairly high namely 0.67 and 0.60, which is very close to the value 

of 0.71 found earlier. 

On the other hand, the matrix r- 1 shows that only one VIF equals 2 whereas the six others 

are less than 2. See also design 8.3 of the Appendix for other particu!ars. 
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The advantages of the design corresponding with (4 .30) are however not obvious and we 

decide to continue with design 1 of Table 4.15a. 

4.8. The alias structure of the 3 x 2 x 2/8 design. 

lt might be the case that the model ( 4.27) is not complete because 4 components should be 

added, i.e. 

!mPq;Q; + 1113Pq;R; + /123Pl;Q;R; + /!123Pq;Q;R;. ( 4.31) 

Using Table 4.16 we can easily calculate 

Pq;Q; = -B;C; Pq;R; = -A;B;C; 

Pl;Q;R; =(I- B;)/../2 Pq;Q;R; = -A;B; . 

Using the samemetbod as in Section 4.4 gives the following results 

E(~o) = f3o + 0.5/mv'2 

E(~3) = {33 - /113 

E(~12) = fJ12 + 0.5/m../2. 

4.9. An application of the 3 x 2 x 2/8 design 

A certain type of wireis produced with an oxyde layer. The layer thickness is an important 

quality characteristic and it is determined by means of weighing. The development depart­

ment wanted to examine the effect of three factors on oxyde layer thickness in a small scale 

experiment. The factors with their levels are given in Table 4.18. 
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Factor Level 

P The arnount of gas 1, 3, 5 liters/minute 

Q The amount of air 3.0, 4.5 liters/minute 

R Wire I, 11 

Table 4.18. Factors and levels of wire experiment. 

Design 1 ofTable 4.15a was used and this design tagether with the data are given in Table 4.19. 

Q: amount 3.0 4.5 

~ 
of air 

XQ 0 1 

p,~· I 11 I II 

amount XR 0 1 0 1 

of gas xp 

1 0 7.61 7.23 

3 1 5.02 4.72 6.06 5.76 

5 2 3.04 5.40 

Table 4.19. Experirnental design and data of wire experiment. 

Frorn previous experiments we have an estirnate of u 2 , û 2 = 0.1180 with 17 degrees offreedorn. 

Frorn Table 4.13 and Table 4.16 we obtain Table 4.20 containing the X matrix of column 

veetors and the vector of observations Y. 
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Exp. unit x0; PI; Q;R; Pq; Q; Pl;R; R; Pl;Q; Y; 

-..;2 -1 -1 -..;2 .j2 7.61 

2 .j2 -1 -..;2 -1 -..;2 3.04 

3 0 -1 -1 -1 0 0 4.72 

4 0 -1 -1 0 -1 0 5.02 

5 -..;2 -1 .j2 -1 -..;2 7.23 

6 .j2 .j2 .j2 5.40 

7 0 -1 -1 0 -1 0 6.06 

8 0 -1 0 0 5.76 

Table 4.20. X matrix and Y vector for the wire experiment. 

He nee 

X'Y = 

44.84 

-6.40..;2 

-6.40 

1.72 

4.06 

1.98..;2 

2.14 

2.74..;2 

Using (4.29) we obtain 

/3 = (X'X)- 1 X'Y = 

5.605 ~0 

-0.800..;2 ~1 

0.000 ~23 

0.215 

0.520 

-0.0125..;2 

~11 

~2 

~13 

-0.150 ~3 

0.4175..;2 ~12 
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Carrying out similar ca.lculations as in Section 4.6 we find 

8 

Y'Y = 2: Yf = 7.612 + 3.042 + ... + 5.762 = 265.9666 
i=J 

/3X'Y = 5.605 x 44.84 + 2 x ( -0.800) * ( -6.40) + ... + (0.4175y'2) x (2.74v'2) 

~X'Y = 265.9666 . 

Model Sum of Degrees of Mean Ca.lculated 

component squares freedom square F-value 

fJo 251.3282 251.3282 2129.90 

fJJ, (323 10.2400 2 5.12 43.39 

f3n 0.3698 0.3698 3.13 

(32, fJJJ 2.0617 2 1.0308 8.74 

(33, (312 1.9669 2 0.9834 8.33 

Table 4.21. Ana.lysis of varianee for wire experiment. 

For a significanee level of 0.05 we have the critica! F-values 

Fl7 ,0 .95 = 4.45 and F1\ 0 .95 = 3.59 . 

We conclude that fJo and the sets (fJJ, fJ23), ((32, (313), ((33, fJ12) are significant. 

To ex amine the estimates of the (J's in more detail we, as in Section 4.6, ca.lculate û {J and the 

appropriate t-test. We obtain 

89 



?!{3 t = ÎJ/?!{3 

Î3o = 5.605 0.1215 46.13 

Î3i = -0.800J2 0.1718 -6.59 

Î323 = 0.000 0.1718 0.00 

Î311 = 0.215 0.1215 1.77 

Î32 = 0.520 0.1718 3.03 

Î3i3 = -0.0125v'2 0.1718 -0.10 

Î33 = -0.150 0.1718 - 0.87 

Î312 = 0.4175v'2 0.1718 3.44. 

The 5%-point for the two sicled t-value with 17 degrees of freedom equals 2.11. 

We conclude that f3o, /31 , fJ2 and fJ12 are significant, which means that we have no effect of 

the factor R(wire). 

However, a significant /31 means that the factor P has an effect. In order to have a better 

estimate of the P-effect we shall also use Î311 = 0.215, the more so since the conesponding 

t-value is fairly large. 

Since however the sets of estimates (Î31 ,Î323), (Î32,Î313) and (Î33,Î312 ) are correlated, we have 

to find new estimates for /31 , /32 and /312 corresponding to the model 

( 4.32) 

The X'X matrix conesponding to ( 4.32) is diagonal with elements to he obtained from Ta­

bie 4.20 and which are all equal to 8. 

Since X'X/:3 = X'Y we have new estimates for /31 , {32 and {312 , namely 

iJ;= ( -6.40v'2)/8 = -1.1314 

iJ; = 4.06/8 = 0.508 

iJ;2 = (2.74v'2)/8 = 0.4844 . 

The estimate iJ; has the same value as ÎJ1 and the values of iJ; and Î3;2 are only süghtly 

different from ÎJ2 and ÎJ12 respectively. We now have 
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E(y;) = 5.605- 1.1314Pl; + 0.215Pq; + 0.508Q; + 0.4844Pl;Q;. ( 4.33) 

Si nee 

PI;= ( -1 +x pi) J2 

Pq; = I- 4xp; + 2x~; 

Q; = -1 +2XQi, 

see also formulae (2.50), (2.51) and ( 4.23), 

we obtain, after substituting these expressionsin (4.33), 

E(y;) = 7.597- 3 . 145xp; + 0.430x};- 0.354XQi + 1.370xp;XQi . ( 4.34) 

Equa.tion (4 .34) has been presented graphically in Figure 4.2, together with the original 

observa.tions. 

La.ycr 
thickness 

I 

lO 

5 

3 5 
(} •--~~--P_:_A_n_w_u_n_t._o_f_g_a.s __ ~_ 

xp 0 2 

Ll: Amount of air ( 4.5 1/m) 

0: Amount of air (3.0 1/m) 

Fig. 4.2. Rela.tion between amount of gas and layer thickness. 

4.10. Summary of designs with 8 experimental units 

The designs with 8 experimental units which have been discussed so far, have been numbered 

a.nd listcd in Ta.ble 4.22. 
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Design Group Design Fr action Largest Remarks 

number number IPI 
8.1 I 4 x 2 x 2/8 1/2 0.45 Clumpwise orthogonality 

(See Table 4.6a) 

8.2 I 3 x 2 x 2/8 2/3 0.71 Clumpwise orthogonality 

(See Table 4.15a) 

8.3 I 3 x 2 x 2/8 2/3 0.67 Clumpwise orthogonality 

(See Table 4.17) 

8.4 I 3 x 2 x 2/8 2/3 0.71 Clumpwise orthogonality 

(Identical with design 8.2) 

Table 4.22. A number of fractional factorial experimental designs for quantitative factors 

with 8 experimental units. 

The designs listed in Table 4.22 form a group since their souree is the first design 8.1. The 

other designs are derived from 8.1 through collapsing. 

Design 8.4 was derived from design 8.1 using a collapsing procedure to be given inSection 5.3. 

Design 8.2 was also derived from design 8.1 using the collapsing procedure of Table 2.6. These 

two different collapsing techniques resulted in two sets of design generators, a definition of 

which will be given in Section 5.2, but the resulting designs turned out to he identical. 

The D- and G·efficiencies of designs 8.2 and 8.3 were also calculated using the same method 

as in Section 4.5. We found 

Design D-efficiency G-efficiency 

8.2 68.4 25.0 

8.3 81.3 25.0 

Designs 8.1 up to and including 8.4 have been fully presented in the Appendix and will he 

discussed in more detail in Chapter 7. 
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CHAPTER 5 

Designs using 16 and 32 experimental units 

5.1. The 24 design 

The 24 design shall now be used to construct a variety of designs with three or four factors, 

each of which has two, three or four levels. 

As before we stipulate that the three- and four-level factors are quantitative and have equally 

spaeed levels. 

We shall, as already announced in Chapter 1, use two construction methods. 

The first one uses methods simHar to those used in Chapter 4 and will be dealt with in the 

Sections 5.2, 5.3 and 5.4. 

The second method uses the properties of the D-optimal designs as discussed in Chapter 3. 

Designs derived from D-optimal designs will be treated in Section 5.7. 

In Chapter 4 we found that only 3 designs with factors having more than two levels could be 

derived from the 23 design. 

We shall see that the number of designs which can be derived from the 24 design is far greater. 

Because we shall frequently make use of the X matrix of column veetors of the 24 design we 

give this matrix in Table 5.1. 

N" exp. zo A B c D AB AC AD BC BD CD ABC ABD ACD BCD ABCD 

-1 -1 -1 -1 -1 -1 -1 -1 

-1 -1 -1 -1 -1 -1 -1 -1 

-1 -1 -1 -1 -1 -1 -1 -1 

-1 -1 -1 -1 -1 -1 -1 -1 

-1 -1 -1 -1 -1 -1 -I -I 

-I -I -1 -1 -1 -1 -I -I 

-1 -1 -I -I -1 -1 -I -1 

-I -1 -I -1 -I -I -I -I 
-1 -1 -1 -I -I -1 -1 -1 

10 -I -I -1 -I -1 -1 -I -1 

ll -I -I -I -I -1 -I -I -I 

12 -1 -I -I -1 -I -I -1 -1 

13 -I -I -I -1 -I -I -1 -1 

11 -1 -1 -1 -1 -1 -1 -1 -1 

15 -1 -1 -I -1 -I -1 -I -1 

10 

Table 5.1. The X matrix of column veetors for the 24 design. 
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The X matrix of Table 5.1 has similar properties as the X matrix of the 23 design as discussed 

in Section 4.1 and 4.2. 

lt is wel! known from the literature that the 24 design can be used to estimate effects of 

4, 5, ... , 15 two-level factors. For 4 and 5 factors it is possible to estimate all main effects 

and two-factor interactions. 

If more than 5 factors are used, only the main effects and under certain conditions some 

two-factor interactions can be estimated. 

In the next sections we shall construct designs, using the 24 design, with factors having 

more than two levels. We shall however ignore the 4 x 2 x 2/16 design since it contains 16 

experimental units. lts construction and analysis is therefore straightforward. 

We shall instead try to construct a half replicate of the 4 x 4 x 2 design from the X matrix 

of Table 5.1. 

5.2. The 4 x 4 x 2 orthogonal design with 16 experimental units 

The factors to be used are the following: 

P, Q : Two quantitative factors with 4 equally spaeed levels x p = 0, 1, 2, 3 and XQ = 0, 1, 2, 3 

R : A two-level factor with levels R1 = -1 and R2 = +1 or XR1 = 0 and XR2 = 1. 

Using the restrictions as given in Section 1.6 we have the mathematica) model of the obser­

vations Yi as given in (5.1). 

+fJ13PliRi+f323QliRi+é:i, i= 1,2, . .. , 16, (5.1) 

where E(e) = 0 and E(e'e) = o-2 1; I is the identity matrix. 

Since (5.1) contains 9 parameters {3, the number of 16 experimental units is suflicient and 

allows an estimate of o-2 with 16- 9 = 7 degree of freedom. 

To construct the matrix of column veetors for (5.1) we employ a procedure similar to the one 

used in Section 4.2. 
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We find, using the column veetors A, B, ... , ABCDof Table 5.1, the expressions given in 

Table 5.2. 

xo; = 1 

PI; = (2A; + B;)/VS 

Pq; = A;B; 

Ql; = (2C; + D;)/VS 

Qq; = C;D; 

R; = A;B;C;D; 

PI;Ql; = (4A;C; + 2A;D; + 2B;C; + B;D;)/5 

PI;R; = (2B;C;D; + A;C;D;)/../5 

Ql;R; = (2A;B;D; + A;B;C;)J../5 . 

Table 5.2. Column vector elements for the 4 x 4 x 2/16 design. 

The manner in which the expressions of Table 5.2 were found will now be explained. 

The expressions for PI;, Pq;, Ql; and Qq; imply that we have used the technique of replace­

ment twice, since we assigned the column veetors A , B and AB to PI and Pq while those 

for C, D and CD were assigned to Ql and Qq. 

We therefore replaced the factors A and B by the four-level factor P and the factors C and 

D by the four-level factor Q. See also Section 2.9. 

We therefore used 6 columns of Table 5.1 to calculate the 4 column veetors for the factors P 

and Q. 

We havetoselect one more column vector in Table 5.1 for the remaining two-level factor R. 

We have in principle the choice from nine vectors, but it will appear that only one of these 

is suitable. 

First of all it is evident that from the choice 
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PI;= (2A; + B;)/../5 and Ql; = (2C; + D;)/../5, it follows that 

PI;QI; = (4A;C; + 2A;D; + 2B;C; + B;D;)/5. (5.2) 

Formula (5.2) shows that the column vector for PlQl is calculated from 4 "interaction 

columns" of Table 5.1. 

If we use one of these columns for the factor R, we immediately introduce a non zero off­

diagonal element in X'X and hence correlation between ~'s. 

To avoid this we have to choose from the remaining column veetors ABC, ABD, ACD, BCD 

and ABCD. 

Suppose we choose R; = A;B;C;. Wethen have PI;R; = (2B;C;+A;C;)/../5 which are terms 

already in (5.2) and we again introduce non zero off-diagonal elements in X'X. 

lt appears that the only way to avoid this phenomenon is to choose R; = A; B;C; D; as was 

done in Table 5.2. 

When we examine the expressions in Table 5.2 more closely we see that all column veetors 

of Table 5.1 appear only once. 

It follows that all inner products of the veetors in Table 5.2 such as (x0 , PI), (PI, Pq), 

(PI, Ql), .. . , (PIR, QIR) are equal to zero and that means that X'X corresponding to model 

(5.1) is diagonal and we therefore have an orthogonal design. 

The vector elements PI;QI;, PI;R; and QI;R; in Table 5.2 are calculated from other vector 

elements belonging toa group, which we shall call the design generators. 

These are for our particular example given in Table 5.3. 

PI; = (2A; + B;)/../5 Pq; = A;B; 

Ql; = (2C; + D;)/../5 Qq; = C;D; R; = A;B;C;D; 

Table 5.3. Design generators for the 4 x 4 x 2/16 design. 

lt is extremely important to choose these generators very carefully since they determine the 

structure of the X'X and therefore of the (X'X)- 1 matrix. 

lt is also stressed that the design generators not only yield some of the expressions in Table 5.2 

but also enable us to calculate X'X analytically using Table 5.2. 
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We find 

xo Pl Pq Ql Qq R PlQl PlR QlR 

16 

16 all off-diagonal 

16 elements zero. 

X'X= 
16 

(5.3) 
16 

16 

16 

16 

16 

and 

1/16 

1/16 all off-diagonal 

1/16 elements zero. 

1/16 

(x'x)- 1 = 1/16 (5.4) 

1/16 

1/16 

1/16 

1/16 

It appears that X'X and (X'X)-1 are not only diagonal, but also have as diagonal elements 

the numbers 16 and (1/16), respectively. 

This was achieved by choosing the orthogonal polynomial values as given in Table 2.5. The 

matrices X'X and (X'X)-1 are therefore equal to the X'X and (X'X)-1 of the 24 design. 

Having the number 16 as diagonal elementsin X'X is especially important since it facilitates 

the comparison with other designs. To find the design matrix we use the equations (4.21) 

and ( 4.23) and we write 

Pl; = (-3+2xp;)/v's (5.5) 
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Ql; = ( -3 + 2xQ;)/VS (5.6) 

(5.7) 

Equations (5.5) and (5.6) are relations for four-level factors, equation (5.7) is valid for a 

two-level factor. 

Using Table 5.2, (5.5), (5.6) and (5.7) we find 

Xp; = (3 +PI; VS)/2 = (3 + 2A; + B;)/2 (5.8a) 

XQi = (3 + Ql; VS)/2 = (3 + 2C; + D;)/2 (5.8b) 

XRi = (1 + R;)/2 = (1 + A;B;C;D;)/2 . (5.8c) 

Substituting the values of PI;, Ql; and R; of Table 5.2 or A;, B;, C;, D; and A;B;C;D; of 

Table 5.1 into the equations (5.8) results in the design matrix for the 4 x 4 x 2/16 design, 

which is given in Table 5.4. 

Xp XQ XR 

0 0 1 
2 0 0 
1 0 0 

3 0 1 
0 2 0 

2 2 1 

1 2 1 
3 2 0 

0 0 
2 1 

1 1 1 
3 1 0 

0 3 1 

2 3 0 
1 3 0 

3 3 

Table 5.4. Design matrix for the orthogonal 4 x 4 x 2/16 design. 

The whole procedure described in this section is summarized in Design 8.5 of the Appendix. 
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5.3. The 4 x 3 x 2 design with 16 experimental units 

In order to construct the 4 x 3 x 2 design, we shall collapse the four-level factor Q used in 

the previous section toa three-level factor Q. 

We shall however use a modified collapsing procedure, which will shortly be explained. 

The collapsing procedure used so far, is reproduced in Table 5.5 which is identical to Table 2.6 

of Section 2.10. 

Four level Three level 

factor factor 

Xpj Xpj k 
' 

B; A;B; PI; Pq; 

0 --+ 0 -1 -1 +1 -./2 +1 

2 --+ 2 +1 -1 -1 +v'2 +1 

--+ -1 +1 -1 0 -1 

3 --+ +1 +1 +1 0 -1 

Table 5.5. Collapsing a four-level factor to a three-level factor with relevant column 

vee tors. 

The quantities in Table 5.5 are related as follows 

PI;= (A;- A;B;)/./2 

Pq; = -B; 

PI; = ( - 1 + xp;) .j2 --+ xp; = 1 + Pl;f./2 

Pq; = 1- 4xp; + 2x},; . 

When we consider the column veetors A, B and AB we can easily see that they are equiva­

lent in a 2n design, si nee each of them contains an equal number of -1 's and + 1 's and their 

inner products are all zero. 

We now ask ourselves whether we can make use of this property since the collapsing proce­

dure of Table 5.5 has the unsatisfactory aspect that the orthogonal polynomial values PI; 
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and Pq; were derived from columns which are different from those used in the case when we 

had a four-level factor. We then had 

Pl; = (2A; + B;)/.../5 (5.9) 

Pq; = A;B; . (5.10) 

After collapsing we have, see Table 5.5, 

Pl; =(A;- A;B;)/.../2 ( 5.11) 

Pq; = -B;. (5.12) 

Note that expressions (5.10) and (5.12) can he obtained by multiplying the letter groups of 

(5.9) and (5.11), respectively. Reeall that A[= 1. 

The comparison of equation (5.9) with equation (5.11) shows that Pl is a function of A and 

B in (5.9) and a function of A and AB in (5.11) , the consequence being that collapsing a 

four-level factor to a three-level factor will completely change the X'X matrix. 

If we could find a collapsing procedure where Pl remains a linear function of A and B and 

Pq remains a linear function AB, we will have a desirabie situation si nee zero elements of 

X'X will remain zero. 

This property is very desirable, because once we have a satisfactory design with a four-level 

factor we can quickly change toa design with that particular factor collapsed toa three-level 

factor since zero elements in X'X will remain zero. 

An orthogonal design with a four-level factor can therefore quickly he changed into an or­

thogonal design with a three-level factor. 

It appears that a number of possibilities exist to reach this goal. One of these is given in 

Table 5.6, where Pl; =(A;+ B;)f.../2. 

A second possibility would have been Pl; =(A; - B;)f.../2. 
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Four-Jevel Three-level 

factor factor 

Xp; Xp; A; B • A;B; Pl; Pq; 

0 --+ 0 -1 -1 +1 -../2 +1 

2 --+ +1 -1 -1 0 -1 

--+ -1 +1 -1 0 -1 

3 --+ 2 +1 +1 +1 +v"i +1 

Table 5.6. Collapsing a four-level factor to a three-level factor with relevant column 

vectors. 

The quantities in Table 5.6 are related as follows 

Pl; =(A;+ B;)/../2 = ( -1 + Xp;) ..;'2 -+ Xpj = 1 + Pl;f../2 

Pq; = A;B; = 1 - 4xp; + 2x~; . 

The formulae for the orthogonal polynomial values now are 

Pl; = (A;+ B;)f../2 (5.13) 

Pq; = A;B; (5.14) 

and 

4 4 

E Pl[ = E Pq[ = 4 . 
i=l i=l 

Formulae (5.13) and (5.14) now have the same structure as (5.9) and (5.10), since Pl is aga.in 

a function of A and B, whereas Pq has noteven changedat all. 

It is interesting to note the difference in collapsing procedure. 

In Table 5.5 we only collapsed level 3 of x], toa level 1 of xp. In Table 5.6 we collapsed two 

levels namely levels 2 and 3 of x], to the levels 1 and 2 of xp, respectively. 

It has now become very easy to change the 4 x 4 x 2 design into a 4 x 3 x 2 design. 

We use the design generators of Table 5.3 and only change the expression for Ql; into 
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Ql; = (C; + D;)f../2 . 

The column vector elements for the 4 x 3 x 2 design are now given in Table 5. 7. 

xo; = 1 

PI; = (2A; + B;)f../5 

Pq; = A;B; 

Ql; = (C; + D;)/../2 

Qq; = C;D; 

R; = A;B;C;D; 

Pl;Ql; = (2A;C; + 2A;D; + B;C; + B;D;)/.Jfö 

Pl;R; = (2B;C;D; + A;C;D;)/../5 

Ql;R; = (A;B;D; + A;B;C;)/../2 

Table 5.7. Column vector elements for the 4 x 3 X 2/16 design. 

For further information as regards this design we refer to the Appendix where the details of 

the 4 x 3 x 2/16 design are given in Design 8.6. 

The collapsing technique given in Table 5.6 was also applied to the 4 x 2 x 2/8 design of 

Table 4.6a. The results are presented as Design 8.4 in the Appendix. It however appears 

that the design matrices of design 8.4 and 8.2 are identical although their design generators 

are different. 

5.4. Other designs with 16 experimental units 

Using methods described in the preceding section we derived a total of 7 designs with 16 

experimental units namely designs 8.5, 8.6, 8.11 , 8.12, 8.13a, 8.14a and 8.15a. 

Initially we constructed a total of 20 designs with 16 experimental units, but 13ofthese had 

102 



undesirable properties, such as low D- and G-efficiencies and we modified these designs using 

properties of the D-optimal designs given in Chapter 3. 

These modified designs are discussed in Section 5.7. 

The designs 8.11, a 4 x 2 x 2 x 2/16 design, and 8.12, a 3 X 2 x 2 x 2/16 design also turned 

out to he orthogonal. The designs 8.13a, 8 .14a and 8.15a are clumpwise orthogonal. 

To examine each design we had to do some time consuming calculations such as the com­

putation of X'X and (X'X)-1 • We therefore made use of an extremely versatile personal 

computer program called "MATH CAD" 1 • It is a program for working with formulas, num­

bers, text and graphs. It can he used to solve many mathematica! problems symbolically 

or numerically. We used it for the construction of the designs and for the calculation of the 

design characteristics. These designs are presented in the Appendix and listed in Table 4.22 

and Table 5.12. 

5 .5. The input and output of Math Cad for designs 8.1-8.6 and 8 .11-8.15a 

The input of Math Cad consists of the X matrix of column veetors for the 23 or 24 design. 

See Table 4.2 and Table 5.1. The input for designs other than those given above is the design 

matrix. See for instanee design 8.7. 

The output of Math Cad contains information as described under the headings a) to h) below. 

This in formation is given with each of the designs above and is presented in the Appendix. 

a) The design generators. See for instanee Table 5.3. 

b) The design matrix elements D M;,j . 

c) The design matrix given by DMT. 

In this matrix t he first row refers to the first factor P. 

The second row refers to the second factor Q, etc. 

The factors corresponding to the rows of the design matrix have 4, 3 or 2 levels, indicated by 

the sets (0, 1, 2, 3), (0, 1, 2) and (0, 1 ), respectively. 

1 Math Cad can be obtained from "Math Soft lnc." . 201 Broadway, Cambridge, Massachusetts, 02139 USA. 
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The elements of the design matrix D M;,j were derived using the following formulae: 

For a Jour-level factor P with levels xp; = 0, l , 2, 3 we have vector elements x p; and 

Xpj = (3 +PI; ../5)/2. 

See also (2.49). 

For a three-level factor Q obtained through collapsing a four-level factor, with the levels of 

Q being XQi = 0, l, 2, we have vector elements XQ; and XQi = l + Ql;j.../2. See also (2.52). 

For a two-level factor R with levels XRi = 0, I, we have XRi = 0, l and vector elements 

XRi = (1 + R;)/2. 

Of course the factors P, Q and R may also have a number of levels other than given above, 

as long as we use the formula corresponding to the correct number of levels. 

d) The algebraic expressions for the X matrix of column veetors are given. The numerical 

values of the elements of these veetors are omitted for reasoos of space, but cao be 

generated by Math Cad if so desired. 

e) X'X and det(X'X) are given and written as XTX and IXTXI respectively. 

XTX is presented because it is important to have X'X matrices with as many zero's as 

possible, in order to have orthogonal or nearly orthogonal designs. 

Det(X'X) is a measure of the hyper volume of the joint confidence region for the f3's. 

The larger det(X'X) the smaller this region and the smaller the variances of the f3's. The 

value of det(X'X) is also used to calculate the D-efficiency of a design . We shall return to 

this measure in Chapter 7, where we compare the various designs. 

f) (X'X)- 1 is presented as XTXI. 

(X'X)- 1 is an important matrix since the diagonal elements are equal to <J~J<J2 and 

thus are a measure of the varianee of the ~'s. 

The sum of the diagonal elements of a matrix is known as the trace of a matrix. The trace 

of (X'X)- 1 is given as tr(XTXI). 

Wh en we di vide this value by the number of terms in the model, we then obtain the average 

value of <1~/ <12
• 

Further discussion of tr(XTXI) will be done in Chapter 7. 
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g) Thematrices rand r-1 , see Section 4.3, together with det(r) which .is written as irl and 

trace r- 1 , given as tr[r- 1]. 

The designs 8.1, 8.2, 8.3, 8.4, 8.5, 8.6, 8.11 , 8.12, 8.13a, 8.14a, 8.15a have the property that 

0 0 .. . 0 

0 

X'X=N 0 matrix r 

0 

and 

0 0 . . . 0 

0 

(X'X)- 1 = _!__ 0 matrix r-1 

N 

0 

due to the choice of sealing the columns of the X matrix. 

Frorn (5.15) it follows that 

det(X'X)/NP = det(r). 

( 5.15) 

(5.16) 

( 5.17) 

We shall use (5.17) to calculate the D-efficiency of some designs. Complete orthogonality 

of designs occurs if all correlation coefficients in r equal zero. In that case r is the identity 

matrix I, det(r) = lrl = 1 and trace (r- 1
) = tr[r-1

] equals the number of parameters in the 

assumed model, excluding the intercept f3o. Fora non orthogonal design det(r) = lrl is less 

than one and trace (r-1 ) exceeds the number of parameters in the assumed model. 

Thus det(r) and trace (r- 1
) are the second and third measure of non-orthogonality, the 

diagonal e]ements of r-1
, the varianee inflation factors, being the first. 

h) If we assign the symbol Cpq to the elements of (X'X)-1 , we can define 
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p being the matrix of correlation coefficients between the estirnates of the {J 's, the pa­

rameters in the regressionmodel such as given in for instanee equation (5.1) . 

The elernents p119 are also given by Math Cad. 

The D- and G-efficiency of each design was also cornputed but these design charac­

teristics will he discussed in Chapter 7. 

5.6. The improvement of D- and G-efliciency by using additional design 

points 

lt appeared to he possible to construct a 4 x 4 x 4/16 design using the design generators 

PI;= (2A; + B;)J../5 Pq; = A;B; 

Ql; = (2C; + D;)/../5 Qq; = C;D; 

RI;= (2A;B;D; + A;C;D;)J../5 Rq; = B;C; . 

The resulting design however turned out to have a low D- and G-efficiency narnely 

D-efficiency = 69.7% , G-efficiency = 35.6% . 

The G-efficiency has not been calculated according to the metbod used in Section 4.5.2, 

because the calculation of f'(x) (X'X)-1 f(x) yielded a cornplicated fourth degree poly­

nornial in the variables PI, Ql and RI, the maximurn of which was not easily found . 

We calculated instead the value of f'(x) (X'X )-1 f(x) for each of the 4 x 4 x 4 = 64 

candidate points. 

A maximurn value of f'(x) (X'x)-1 f(x) = 1. 757 was found for each of the following six 

points 
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Xp XQ XR 

0 0 3 

0 3 0 

3 0 0 

0 3 3 

3 0 3 

3 3 0 

and the G-efficiency wa.s calculated a.ssuming that 1. 757 wa.s in deed the maximum of 

f'(x) (X'X)-1 f(x) for the whole experimental region, a cube with vertices having a.s 

coordinates the 8 combinations from the set ( ± 1, ± 1, ± 1 ). 

Because the maximum may he slightly higher than 1. 75 7 it is possible that the G­

efficiency is slightly overestimated. 

None of the 6 points above were design points but if we add these to the 16 design points 

we increa.se the V-efficiency to 87.8% and the G-efficiency to 60.2%. 

It is, generally speaking, an effective method to increa.se D- and G-efficiency by adding 

design points where f'(x) (X'X)-1 f(x) is high; see Evans (1979). A disadvantage of 

this approach is the increa.se in the number of design points. 

5.7. The construction of designs with 16 experimental units using D-optimal 

designs 

The strategy outlined in the previous section is not satisfactory, because we had to 

increase the size of the experimental design . We shall therefore try to find a better 

4 x 4 x 4/16 design using a different approach. The appropriate model to he used for 

the 4 x 4 x 4/16 design is (3.I) for k = d = 3. 

Using Table 3.1 we find that for k = d = 3 the D-optimal design consists of design 

points as given in Table 5.8. 

57.6% of the points are of the type ±I, ±1, ±I 

22.7% of the points are of the type 0, ± 1, ±I 

I9. 7% of the points are of t he type 0, 0, ±I 

Table 5.8. Design points of the D-optimal 3 x 3 x 3 design. 
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Since we only use 16 design points we can never real.ize the percentages of Table 5.8 in 

practice and we therefore have to use approximate values. 

Moreover, since we employ 4 levels, we do not have the level 0, but have to use ±(1/3) 

instead, re membering that levels ± (1 /3) will become a level 0 after collapsing. 

We then set up the design of Table 5.9. 

Exp. unit Xti 

-1 -1 -1 

2 -1 -1 

3 -1 -1 

4 -1 

5 -1 -1 

6 -1 

7 -1 

8 

9 -1/3 -1/3 -1/3 

10 -1 -1/3 

11 -1/3 -1 

12 1/3 -1 

13 -1 -1/3 

14 1/3 -1 

15 -1 1/3 

16 1/3 1/3 1/3 

Table 5.9. A 4 X 4 X 4/16 design . 

Examining Table 5.9 we see that 

8 points= 50% are of the type ±1 ± 1 ± 1, 

these points form a 23 design, 

6 points = 37.5% are of the type ±1/3 ± 1 ± 1 

2 points = 12.5% are of the type ±1/3 ± 1/3 ± 1/3 . 
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When we campare these percentages with those in Table 5.8 we see some discrepancies 

as regards the groups (±1, ±1, ±1) and (0,±1, ±1). 

Moreover, we used two points of the type ±1/3 ± 1/3 ± 1/3 which do not occur at all 

in Table 5.8, but we used these, to have two "center points" when the three four-level 

factors are collapsed to three-level factors. 

These center points are however not desirabie from the D-efficiency point of view because 

they do not occur at all in the D-optimal design of Table 5.8. lt is, on the other hand, 

very often desirabie to include these points in an experiment, because they represent 

"normal" or "standard" operating conditions. 

We nevertheless calculated the D- and G-efficiency of the design in Table 5.9. 

The G-efficiency was calculated using the maximum value of f'(x) (X'X)- 1 f(x) in 

4 x 4 X 4 = 64 candidate points. We found a value of 1.084 and the G-efficiency is, using 

(2.26) 

G-efficiency = 100 x 10/(16 x 1.084) = 57.7%. 

From design 8.7 in the Appendix we obtain 

(
X'X) det ""16 = 1.566 x 10-4 • 

From Table 3.1 we obtain, for k = d = 3 

rnax det(M(Ç)) = 0.000578313 . 

Using (2.15) we find 

D-efficiency = 100(1.566 x 10-4 /0.000578313)(11 10) = 87.8% . 

Since both D- and G-efficiency have satisfactory values we accept the design ofTable 5.9. 

The levels of the tb ree factors P, Q and R are given as 0, 1, 2 and 3. 

The relation between these levels and the val u es of x 1 , x2 and x3 are given with the 

design matrix of design (8. 7). 

Other features of this design, computed by Math Cad, arealso given in the Appendix 

such as 

X'X, (X'X)-1, r-1, det(r), trace ((X'X)- 1), trace (r- 1) and p. 
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Many of these values seem satisfactory, such as large det(r) and smal! VIF's. They will 

be discussed in more detail in Chapter 7. 

The matrix ris omitted with design (8.7) for reasons of space. 

Three other designs were derived from design (8. 7) by collapsing 1, 2 and 3 four-leve\ 

factors into three-level factors. 

The collapsing is achieved as indicated in Table 5.1 0. 

Four-level factor Three-level factor 

x], or xQ or xR x' 1 or x~ or x~ Xp OT XQ OT XR X 1 OT X 2 OT x3 

0 -1 0 -1 

-1/3 0 

2 1/3 0 

3 2 

Table 5.10. Collapsing a four-level factor into a three-level factor. 

The collapsing procedure of Table 5.10 is identical to the method used in Table 5.6. 

The designs obtained through collapsing are given as design (8.8), (8.9) and (8.10) in 

the Appendix. 

Three other groups of designs were constructed namely 

- Group Vb. A 4 x 4 x 2 x 2/16 design and two additional designs derived through 

collapsing one and two four- level factors. 

- Group VI. A 4 x 4 x 4 x 2/16 design and three other designs obtained by collapsing. 

- Group VII. A 4 x 4 x 4 x 4/16 design and four other designs also constructed by 

collapsing one, two, three and four factors. 

The model appropriate to the 4 x 4 x 2 x 2/16 design is (3.1) ford= 2 and k = 4. 

The D-optimal design for this model is obtained from Table 3.1 and is given in Table 5.11. 

70.5% design points of the type ± 1 ± 1 ± 1 ± 1 

25.2% design points of the type 0 ± 1 ± 1 ± 1 

4.2% design points of the type 0 0 ± 1 ± 1 . 

Table 5.11. Design points of the D -optimal 3 x 3 x 2 x 2 design. 
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The 4 x 4 x 2 x 2/16 design we eventually found is presentedas design (8.13b) in the 

Appendix. The 8 design points of the type ±1 , ±1, ±1, ±1 comprise 50% of the total 

and form a half replicate of a 24 design with defining contrast ABC D, which means 

that the half replicate contains only those treatment combinations which have the + 
sign in the calculation of the four-factor interaction ABC D. The remaining points are 

of the type ±1/3, ±1, ±1, ±1. Although wetried several designs with a better fit to 

the D-optimal design, we were not successful and design (8.13b) was the best we could 

find with D-efficiency = 84.6% and G-efficiency = 57.6%. 

Design (8.13b) and the two designs (8.14b) and (8.15b) derived from it through collaps­

ing, are ofthe same group as the set (8 .13a), (8.14a) and (8.15a), which were constructed 

using design generators. 

These two groups will be compared in more detail in Chapter 7. 

When we tried to find suitable 4 x 4 x 4 x 2/16 a.nd 4 x 4 x 4 x 4/16 designs using 

a. simila.r approach as in the case of the 4 x 4 X 2 x 2/16 design we found designs which 

were not sa.tisfactory. Although they had a. fairly high D-efficiency they ha.d a. sma.ll 

G-efficiency. 

We for instanee found a. 4 x 4 x 4 x 2/16 a.nd a. 4 x 4-x 4 x 4/16 design with D­

a.nd G-efficiencies of 83.0%, 30.3% for the 4 x 4 x 4 x 2/16 a.nd 89.9%, 28.8% for the 

4 x 4 x 4 x 4/16 design, respectively. These designs were also unsa.tisfa.ctory beca.use 

some /J's conesponding to quadratic terms ha.d high va.ria.nces. 

Wethen used a. routine from the computer package SAS which uses the Mitchell (1974a.) 

algorithm. This algorithm selects a. subset of 16 points with the maximum value of 

det(X'X) from the 4 x 4 x 4 x 4 = 256 ca.ndidate points. We found a. 4 x 4 x 4 x 4/16 

design (8.20) with a. slightly better D-efficiency of 84.9%, a. much better G-efficiency of 

38.3% a.nd smaller va.ria.nces for the /J's of the quadratic terms. 

When we consider the design matrix of design (8.20) in the Appendix, we see tha.t the 

levels of the fourth factor S occur 

7 times for the level 0 or -1 

3 times for the level 1 or -1/3 

0 times for the level 2 or 1/3 

6 times for the level 3 or 1. 
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We can therefore easily change this factor into a two-level factor with 8 times the level 

-1 and 8 times the level + 1 and thus obtain a 4 x 4 x 4 x 2/16 design. 

Since we already have the level -1 seven times, we have to change one of the 3 levels 

with value -1/3 into a level -1 and the remaining levels -1/3 into +1. We therefore 

have 3 possibilities to achieve this. We tried all three and chose the one which produced 

the highest D-efficiency which had a value of 87.5%. The G-efficiency is 47.0%. This 

design is presented as design (8.16) of the Appendix. 

In this chapter we also find the designs (8.17), (8.18) and (8.19) derived from design 

( 8-16) using collapsing. 

The designs (8.21), (8.22), (8.23) and (8.24) were likewise derived from design (8.20). 

5.8. General remarks about designs with 16 experimental units 

Since "good" designs have smal! or even zero values for ppq, we indicated the largest IPpql 

for each design in Table 5.12. When choosing the largest IPpql we ignored correlation 

coefficients of /Jo with the other /J's because such a coefficient can easily he made zero 

if we subtract the average value of the elements of a column in X from each element 

in that column. The diagonal elements of (X'X }- 1 are also interesting since they are 

proportional to u~. They, and other design characteristics, wil! he discussed further in 

Chapter 7 where several designs wil! he compared. 

The designs of Table 5.12 have been divided into six groups. The first group is the 

simplest one since it has only three factors, two of these factors having only two levels. 

Proceeding from group 11 to group VII shows designs of increasing complexity, since the 

number of factors and the number of levels increases to the extent that a 4 x 4 x 4 x 4/16 

design was constructed, being a (1/16)th replicate of a 44 design. 

From the first design in each group we derived a set of designs by collapsing one, two, 

three or four four-level factors to three-level factors. 

We can see that by looking at the largest p for each design that collapsing sametimes 

increases this value, which is of course undesirable. Collapsing has hardly an effect 

within groups III, VI and VII. We can ask ourselves whether it is necessary to collapse 

at all since both the four- and the three-level factors are quantitative. Why choose three 

quantitative levels and not four because the number of experimental units remains 16 

anyway? 
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Design Group DESIGN Fraction Largest Remarks 
number number IPI 
8.5 11 4 x 4 x 2/16 1/2 0 Orthogonal design 
8.6 4x3x2/16 2/3 0 Orthogonal design 

8.7 111 4x4x4/16 1/4 0.339 Linear effects 
orthogonal 

8.8 4 x 4 x 3/16 1/3 0.394 Linear effects 
orthogonal 

8.9 4x3x3/16 4/9 0.404 Linear effects 
orthogonal 

8.10 3x3x3/16 16/27 0.362 Linear effects 
orthogonal 

8.11 IV 4 x 2 x 2 x 2/16 1/2 0 Orthogonal design 
8.12 3 x 2 x 2 x 2/16 2/3 0 Orthogonal design 

8.13a Va 4 x 4 x 2 x 2/16 1/4 0.436 Clumpwise 
orthogonality 

8.14a 4 x 3 x 2 x 2/16 1/3 0.667 Clumpwise 
orthogonality 

8.15a 3 x 3 x 2 x 2/16 4/9 0.577 Clumpwise 
orthogonality 

8.13b Vb 4 x 4 x 2 x 2/16 1/4 0.500 Clumpwise 
orthogonality 

8.14b 4 x 3 x 2 x 2/16 1/3 0.621 Clumpwise 
orthogonality 

8.15b 3 x 3 x 3 x 2/16 8/27 0.707 Clumpwise 
orthogonality 

8.16 VI 4 x 4 x 4 x 2/16 1/8 0.445 
8.17 4 x 4 x 3 x 2/16 1/6 0.412 
8.18 4 x 3 x 3 x 2/16 2/9 0.405 
8.19 3 x 3 x 3 x 2/16 8/27 0.402 

8.20 Vil 4 x 4 x 4 x 4/16 1/16 0.385 
8.21 4 x 4 x 4 x 3/16 1/12 0.395 
8.22 4 x 4 x 3 x 3/16 1/9 0.302 
8.23 4 x 3 x 3 x 3/16 4/27 0.309 
8.24 3 x 3 x 3 x 3/16 16/81 0.372 

Table 5.12. A number of 23 different fractional factorial experimental designs for 

quantitative factors with 16 experimental units. 

There are of course quantitative factors which can be set at any desired number oflevels 

such a.s temperature, pressure, etc., but there are situations that only three quantita­

tive levels can be obtained, for instanee when only three equally spaeed levels of wire 

diameter are available. 

In such a situation one may wish to employ a design with one or more factors at three 

levels, obtained through collapsing four-level factors. 
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However, we shall encounter designs in Chapter 6 with three-level factors which were 

not obtained through collapsing. 

In Chapter 7 we shall compare some designs of Chapter 5 with those in Chapter 6 and 

shall formulate recommendations as to their use. 

lt was stated before that if the method of design generators is used, their choice deter­

mines an experimental design. Unfortunately, efforts to find straightforward rules as to 

the choice of a suitable set of design generators, have so far not been successful. 

A strategy consisting of trial and error in combination with Math Cad has been used. 

lt took for instanee 5 trials to find a suitable 4 x 4 X 2 x 2/16 design. The first four 

invariably resulted in a singular X'X matrix. 

A number of 10 designs in Table 5.12 have clumpwise orthogonality and 4 designs are 

orthogonal. 

We do not pretend that the designs listed in Table 5.12 are the best, but they will 

certainly he of practical value for all those who want to derive much information from 

a limited number of 16 experimental units. 

5.9. Designs with 32 experimental units 

The methods developed in the preceding sections have made clear how designs for quan­

titative factors with 2, 3 and 4 levels can he constructed from 23 and 24 designs. 

lt is therefore logica! to try and construct designs derived from the 25 factorial. 

However, since we already constructed 23 different designs using 16 experimental units, 

it is obvious that the number of designs which can be made from the 25 design wilJ he 

much larger than 23. 

We shall therefore restriet the number of designs to be made. We first of all will try 

to construct a 4 x 4 x 4 X 4 x 4 design using 25 experimental units. If we succeed we 

shall derive 5 others by successively collapsing one, two, three, four and five factors into 

factors with three levels. 

We shall use the 32 column veetors of the 25 design. These veetors are not reproduced 

here, but they are a logica! extension of those in Table 5.1. 

The 5 four-level factors to be used are labelled P, Q, R, S and T and we try a balanced 

set of design generators as given in Table 5.13. 
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PI; = (2A; + A;B;C;D;)/VS Pq; = B;C;D; 

Ql; = (2B; + B;C;D;E;)/VS Qq; = C;D;E; 

RI;= (2C; + A;C;D;E;)/VS Rq; = A;D;E; 

SI;= (2D; + A;B;D;E;)/VS Sq; = A;B;E; 

Tl;= (2E; + A;B;C;E;)J.../5 Tq; = A;B;C; 

Table 5.13. Design generators for the 4 x 4 x 4 x 4 x 4/32 design. 

The generators of Table 5.13 were further "processed" as described in Section 5.5, using 

Math Cad. 

The resulting design had clumpwise orthogonality meaning that each linear effect was 

not correlated with other !J's. 

However the design is not used since the D-efficiency had a low value of 61.0%. 

We therefore used the approach described in Section 5. 7. 

The model to be used for the 4 x 4 x 4 x 4 x 4/32 design is (3.1) for k = d = 5. 

From Table 3.1 we derive that the D-optimal design for k = d = 5 has design points as 

given in Table 5.14. 

61.6% of the points are of the type ±1, ±1, ±1, ±1, ±1 

2.6% of the points are of the type 0, ±1, ±1, ±1, ±1 

35.8% of the points are of the type 0, 0, ±1, ±1, ±1 

Table 5.14. Design points of the D-optimal 3 x 3 x 3 x 3 x 3 design. 

The design we realized had 

16 or 50% of the points of the type ±1, ±1, ±1, ±1, ±1 . 

These 16 points were a half replicate of the 25 design with defining contrast ABC DE. 

We further had 
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5 or 15.6% of the points of the type ±1/3, ±1, ±1 , ±1 , ±1 , 

10 or 31.3% of the points of the type ±1/3, ±1/3, ±1, ±1 , ±1 

and 

one or 3.1% of the points of the type ±1/3, ±1/3, ±1/3, ±1/3, ±1/3. 

The choice of these points does not fit too closely with the design of Table 5.14 but 

the point of the type ±1/3, ±1/3, ±1/3, ±1/3, ±1/3 was deliberately chosen because 

it rep'resents standard operating conditions when all factors have been collapsed to a 

three-level factor. 
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-1 -1 -1 -1 -1 

- 1 -1 -1 

-1 -1 -1 

-1 -1 -1 

- 1 -1 - 1 

-1 -1 -1 

-1 -1 -1 

- 1 

-1 -1 -1 

-1 -1 -1 

-1 -1 -1 

- 1 

-1 -1 -1 

-1 

-1 

-1 
%} := %2 := %3 := %4 := X.s := 

-1 -1 - .3333 - 1 .3333 

-.3333 -1 -1 -.3333 

- .3333 -1 - .3333 -1 

.3333 -1 -1 

- .3333 - .3333 -1 -1 

.3333 - .3333 .3333 -.3333 .3333 

-1 -.3333 

.3333 .3333 -1 -1 

-1 -1 -1 .3333 - .3333 

-1 -.3333 

- 1 .3333 - 1 .3333 

.3333 -.3333 -1 

-.3333 - 1 

- 1 .3333 .3333 -1 

-1 -.3333 

.3333 .3333 

Table 5 .15. A 4 x 4 x 4 x 4 x 4/32 design. 

The design is given in Table 5.15 and as design (8.25) in the Appendix. 

The design of Table 5.15 is closely associated with the 25 design , because the first 16 

points of Table 5.15 farm a half replicate of a 25 design and the distribution of minus 

and plus signs in Table 5.15 is identical with the 25 design. 
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The D- and G-efficiency of this design have values of 87.8% and 55.7%, respectively, 

which is quite satisfactory. Five other designs were derived from design (8.25) by col­

lapsing. They are given as (8.26), (8.27), (8.28), (8.29) and (8.30) in the Appendix. 

To save space we only gave the design matrix and the column veetors of the X matrix in 

the Appendix. More details of these designs will he given in Chapter 7. Some particulars 

of these designs are given in Table 5.16. 

Design Group Design Fraction Largest 

number number IPI 
8.25 VIII 4 x 4 x 4 x 4 x 4/32 1/32 0.351 

8.26 4 x 4 x 4 x 4 x 3/32 1/24 0.353 

8.27 4 x 4 x 4 x 3 x 3/32 1/18 0.346 

8.28 4 x 4 x 3 x 3 x 3/32 2/27 0.326 

8.29 4 x 3 x 3 x 3 x 3/32 8/81 0.319 

8.30 3 x 3 x 3 x 3 x 3/32 32/243 0.316 

Table 5.16. A number of 6 fractional factorial designs for quantitative factors with 32 

experimental units. 

5.10. An application of the 3 x 3 x 3 x 3 x 3/32 design 

5.1 0.1. Introduetion and problem definition 

A machine is being used to produce a material of which a certain quality charaderistic 

y has to meet a target value of 500 units. 

lt was thought that the value of this characteristic could he changed by adjusting the 

settings on 5 machine dials. 

We indicate the settings on these dials by the variables x 1 , xz, x3, X4 and Xs . 

Because the effect of the changes in the values of the x; on y was not exactly known 

and since it was thought that interactions between the 5 variables might he possible, 

management decided to carry out an experiment in order to examine the effect of the 

x; on y in more detail. 

A working group was then formed and after a thorough discussion the participants of 
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this group decided to design an experiment in such a way that 

- each variable could be examined at three levels in order to be able to estimate linear 

and quadratic effects, 

- linear by linear interactions could be estimated, 

- a measure of experimental error could be obtained from the experimental data. 

Design (8.30), a 3 x 3 x 3 x 3 x 3/32 design roeets the requirements mentioned above 

and the working group decided to use this plan. 

5.10.2. Analysis of the experimental data 

The three levels of each of the 5 variables are cocled and are indicated by -1 , 0 and + 1. 

The 32 treatment combinations are given in Table 5.17 in a random order together with 

the observations y;, the predicted values y; and the residuals r; = y; - y;. The values y; 

and Ti will be discussed later. 

The data were analyzed using the software package "STAT A". The results are given 

in Table 5.18, which contains the analysis of varianee and the 21 estimated regression 

coefficients of the second degree polynomial model, together with the relevant t-test for 

each regression coefficient. 

We define: 

RSSp: the residual sum of squares. 

N 

CTS S = l,)Yi - y)2 = Y'Y- nf/: The corrected tot al sum of squares. 
i=l 

2 _ RSSp. 
R - 1 - CTS S. The square of the multiple correlation coefficient or the proportion 

of total variation explained by regression. 

2 _ RSSpf(N- P). . 2 
Ra- 1- CTSS/(N _ 1). AdJusted R . 

Both R2 and R; are discussed in Chapter 2 of Droper and Smith (1981). 

From the analysis of varianee we obtain: 
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Exp. unit "'' Z2 ZJ "'' "'' y; y, ri = Yi- Y• 

-1 -1 -1 395.69 398.40 -2.71 

2 -1 0 441.48 436.72 4.76 

3 -1 0 -1 0 450.09 440.72 9.37 

4 -1 -1 0 -1 0 451.19 464.09 -12.90 

5 -1 -1 -1 612.29 607.76 4 .53 

6 -1 -1 -1 540.28 540.51 -.23 

7 -1 -1 -1 -1 -1 448.89 442.43 6.46 

8 0 0 587.70 575.02 12.68 

9 0 0 0 0 0 502.19 506.41 -4.22 

10 0 -1 -1 434.68 440.72 -6.04 

11 0 0 -1 -1 550.50 558.71 -8.21 

12 -1 -1 -1 532.05 540.51 -8.46 

13 -1 -1 -1 408.94 398.40 10.54 

14 0 -1 -1 0 464.54 462.73 1.81 

15 0 0 -1 - 1 576.65 582.83 -6.18 

16 -1 465.32 465.65 - .33 

17 -1 -1 -1 494.17 509.67 -15.50 

18 -1 -1 -1 453.36 442.43 10.93 

19 -1 0 521.69 542.27 -20.58 

20 -1 482.85 475.03 7.82 

21 - 1 -1 -1 466.10 475.02 -8.92 

22 -1 610.07 607.76 2.31 

23 0 -1 469.86 475.02 -5.16 

24 -1 545.16 542.28 2.88 

25 -1 -1 -1 505.67 509.67 -4.00 

26 -1 -1 - 1 458.01 465.65 -7.64 

27 -1 -1 -1 0 0 416.06 420.41 -4.35 

28 -1 555.48 542.28 13.20 

29 -1 0 587.69 575.02 12.67 

30 0 -1 0 -1 517.68 509.67 8.01 

31 -1 0 0 -1 493.72 491.47 2.25 

32 0 0 - 1 539.06 533.79 5.27 

Table 5.17. Experimental design, observations y;, predicted valnes y; and residuals r;. 
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regress y x1-x5 x1x2-x5x5 
(obs=32) 

Souree ss df MS Nl.ll'ber of obs = 32 
-- - ----- -+--- ------------------ .... ------- F( 20, 11) 55.21 

Model I 10TT75.277 20 5388.76384 Prob > F 0.0000 
Residual I 1073.75021 11 97.6136557 R·square 0.9901 
---- .. -.... -+--- .. -------------------------- Adj R-square 0.9722 

Total 108849.027 31 3511.25893 Root MSE 9.88 

Variabie Coefficient Std. Error Prob > lt I Mean 

.. ------- -+---------- .. ----------------- ---------------------- .. -----------
y I 499.3472 

-------- -+---------------------------- ------------------------ .. --- .. -----
x1 2.245109 2.158131 1.040 0.321 0 
x2 32.89701 2.087531 15.759 0.000 0 
x3 42.53926 2.16485 19.650 0.000 0 
x4 3.053995 2.035407 1.500 0.162 0 

x5 -28.00202 2.062251 -13.578 0.000 0 

x1x2 -3.550977 2.246666 -1.581 0.142 ·.0625 

x1x3 1.530184 2.234878 0.685 0.508 -.0625 
x1x4 1.142438 2.298276 0.497 0.629 0 
x1x5 1.451156 2.254356 0.644 0.533 -.0625 

x2x3 4.016595 2.2827 1.760 0.106 .0625 
x2x4 2.302004 2.298583 1.001 0.338 0 
x2x5 .0851292 2.295846 0.037 0.971 -.0625 

x3x4 • 7039211 2.275196 0.309 0.763 .125 

x3x5 -5.091533 2.282576 -2.231 0.047 0 
x4x5 . 5098388 2.273378 0.224 0.827 .0625 

x1x1 -2.022752 5.639479 -0.359 0.727 .8125 
x2x2 - 10.87922 5.347241 -2.035 0.067 . 8125 
x3x3 4.81365 5.333714 0.902 0.386 .8125 
x4x4 1. 94592 5.335147 0.365 0.722 .8125 

x5x5 .0070587 5.55815 0.001 0.999 .8125 

cons 503.931 6.650707 75.771 0.000 -
----- .. -- -+-- ---- .. -------------- .. ----- .... -- .. -- .. ------------------------- --

Table 5.18. Regression analysis and analysis of varianee using the complete model. 
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• regress y x2 x3 x5 x2x2 x3x5 

(obs=32) 

Souree ss 

Model I 106505.268 

Residual I 2343.75863 

df HS 

5 21301.0537 

26 90. 1445628 

--- .. ---- -·- --------------- .. --- ...... -------
Total 108849.027 31 3511.25893 

Variabie Coefficient Std. Error 

Nl.mber of obs = 32 

F( 5. 26) = 236.30 

Prob > F 0.0000 

R·square 0.9785 

Adj R ·square 0.9743 

Root HSE 9.4944 

Prob > I tI Hean 

-.... -- ..... --+------ .. -.... ----- .. -- .. ---- .. --- .... -.... -- .. -.... -.. --... ---.---- -.. --- .... -.. -
Y I 499.3472 

-- ........ - .. --+---- -- ...... -- .. ----------- .. -------- .. --- -- - .. ---------- .. --- --- .. ----
x2 33 . 62368 1.874913 17.933 0.000 0 

x3 43.67861 1.898855 23.003 0.000 0 

x5 -27.37664 1.867592 ·14.659 0.000 0 

x2x2 -8.694429 4. 553478 -1.909 0.067 .8125 

x3x5 -5.366259 2.117945 -2 . 534 0 . 018 0 

cons 506.4114 4 . 062611 124.652 0.000 -
.. ------ .. -+- ---- -- ------- .. - .. - .. ----- .. ------- .. ------- .. -- .. ------ ...... ---- .... ---

Table 5.19. Regression analysis and analysis of varianee using 6 termsin the model. 

R2 = 1- (1073.75021) I (108849.027) = 0.9901 

R~ = 1 _ 1073.75021 / (32 - 21) = 0_9722 . 
108849.027 /(32-1) 

The values of R2 and R~ are also given in Table 5.18. Since both R2 and R~ are close 

to unity, we find a st rong relationship between y and the variables x 1 , x2 , • •• , x 5 • 

The estimate of the standard deviation of the experimental error is given as 

Root MSE = 9.88. 

When we examine the t-tests of the regression coefficients in Table 5.18 we see that only 

6 of these are significant at the 5% level namely 

(the t-test for {322 nearly reaches the 5% level) . 

A second regression analysis was therefore carried out using only the 6 parameters, 

mentioned above, in the model. 

The results are given in Table 5.19. 
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When we compare the results in Table 5.18 with those in Table 5.19, it is striking that 

the estimates of the /3's have hardly changed. The reason for it is that design 8.30 has 

excellent characteristics such as a large measure of orthogonality and small coefficients 

of correlation between the estimates of the /3's. 

See Table 7.3g in Chapter 7. 

We moreover find small changes in R2, R~ and Root MSE. 

The final regression equation is obtained from Table 5.19; we find 

fl = 506.41 + 33.62x2 + 43.68x3- 27.38xs- 8 . 19x~- 5.37x3xs . ( 5.17) 

It appears from (5.17) that no effects of x 1 and x4 were found . 

There are many possibilities to obtain a value of fl which is close to 500. One of these 

is to choose x2 = +1, X3 = 0, xs = +1. 

Substituting these values in (5.17) yields: f1 = 503.96. Formula (5.17) is used to calculate 

fl for all the 32 design points. We then calculated the residuals ri = Yi - Yi· 

See Table 5.17. These residuals were plotted against Yi in Figure 5.1. Since no particular 

patterns occur in the ri, we may conclude that the estimated model is quite adequate. 
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CHAPTER 6 

Designs with two and three levels 

6.1. The 2 x 37 rnain-effect design 

During the past 30 years many so: called rnain-effect plans were published. See Addelman 

(1962a,1962b) and Taguchi (1987). 

We shall show that some of these plans can also he used to estimate linear by linear interac-

tions as well, whlle maintaining a large measure of orthogonality. 

To illustrate our point we shall make use of the 2 x 37 orthogonal rnain-effect plan, of which 

the design matrix is given in Table 6.1. 

XWi X pi :CQi XRi x si X Ti X Ui XV i 

0 0 0 0 0 0 0 0 
0 0 I I 1 
0 0 2 2 2 2 2 2 

0 0 0 2 2 
0 I I 2 2 0 0 
0 2 2 0 0 I 

0 2 0 I 0 2 I 2 
0 2 I 2 I 0 2 0 
0 2 2 0 2 I 0 I 

0 0 2 2 I 0 
0 0 0 2 2 I 
0 2 I 0 0 2 

0 I 2 0 2 
I 2 0 0 2 
2 0 2 0 

2 0 2 2 0 I 
2 0 2 0 2 
2 2 0 I 2 0 

Table 6.1. An orthogonal 2 x 37 rnain-effect design. 

The name "main-effect plan" is given because the matrix X'X corresponding to the main 

effects is diagonal , which rneans orthogonal estimates of the main effects. 
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In the next Section we shall make use ofTable 6.1 to construct a 3 x 3 x 3 x 2 design using 18 

experimental units, which means that we shall construct a 1/3 replicate of a 33 x 2 design. 

6.2. The 3 X 3 x 3 x 2 design in 18 experimental units 

We assign the letters P, Q and U to the three quantitative factors with equally spaeed levels 

xp=0,1,2, XQ=0,1,2 and xu=0,1,2 . 

The letter W is used for the two-level factor with levels xw = 0, 1 or with levels W1 = -1 

and w2 = +1. 

Using the restrictions as mentioned in Section 1.6 we have the following mathematica! model 

of the observations Yi 

( 6.1) 

with var(y;) = a 2 • 

Formula (6.1) can be written as 

E(y) = X{3. 

The elements of the column veetors of X are generated as follows, using the notation of 

"Math CAD", "X;,p", insteadof "X;p"· The first column is given by 

X;,1 = xo; = 1 . 

We now proceed to derive the other columns of X . 

To ensure orthogonality of the estimates of the {J's as much as possible, we again use orthog­

onal polynomials to represent the effect of W, P, Q and U. The first degree polynomial of a 

two-level factor W is 
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W = 2xw- I. 

lts' val u es are tabulated in Table 6.2. 

xw; W; 

0 -I 

+I 

Table 6.2. Values of xw; and W;. 

18 

Again we have L W/ = I8 = N = the number of experimental units of the design. 
i=l 

(6.2) 

The first and second degree orthogonal polynomial values of an equally spaeed three-level 

factorPare 

Pl; = (I/2) (xp;- I) J6 (6.3) 

and 

Pq; = ((3/2) (xp;- I)2 -I)J2 = (P/f -I)J2, (6.4 ) 

respectively. 

It follows from (6.3) that xp; =I+ (1/3) Pl;\1'6. 

Substituting the values xp; = 0, I and 2 in (6.3) and (6.4) we obtain orthogonal polynomial 

values for a three-level factor. See Table 6.3 . 

Xp; PI; Pq; 

0 -(I/2) J6 (1/2) v'2 

0 -v'2 

2 +(I/2)\1'6 (I/2)v'2 

Table 6.3. Orthogonal polynomial values for a three-level factor. 

18 18 

We can easily verify that L PI[ = L Pq[ = N = I8. 
i=1 i=! 

Val u es of Ql;, Qq;, U l; and U q; can similarly be obtained. Using Table 6. I and the expressions 
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(6.2), (6.3) and (6.4) we can compute the column vector elements of the X matrix as given 

below in Table 6.4. 

X;,1 = xo; = 1 X;,2 = W; = 2xw; - 1 

X;,J =PI; = (xp;- 1),;6/2 X;,4 = Pq; = (X[,3- 1) "f2 

X;,s = Ql; = (xq;- 1) Y6/2 X;,6 = Qq; = (Xf.s - 1) "f2 

X; ,1 =UI; = (xu;- 1) Y6/2 X;,a = Uq; = (X~7 -1)"f2 

X;,9 = W;PI; = X;,2Xi,3 X i,lO = W;QI; = X;,2X;,s 

X;,u = W;UI; = X;,2Xi,1 X;,12 = PI;QI; = X;,3X;,s 

X;,13 = PI;UI; = X;,3X;,1 Xi ,l4 =· QI;UI; = X;,sXi,7 

Table 6.4. Column vector elements of the 3 x 3 x 3 x 2/18 design. 

The D- and G-efficiency of the 3 x 3 x 3 x 2/18 design are 80.1% and 26.9%, respectively. 

Further details are given in design 8.31 of the Appendix, such as 

- The design matrix obtained from the columns xw, xp,xq and xu of Table 6.1. 

- The X;,3values as given in Table 6.4, i= 1, 2, . . . , 18, j = 1, 2, ... , 14 . 

- The X'X- and the (X'X)- 1-matrix. 

Thematrices rand r-1. 

- The matrix p, the elements of which are the correlations between the ,6-estimates. 

X'X, (X'X)- 1, r, r-1 and p were calculated with the aid of Math Cad. This program was 

also used to evaluate the use of the column veetors XR, xs, XT and x v of Table 6.1, instead 

of xu. 

However, using xu proved to be the best choice since it produced a p-matrix with many 

zero's and relatively smal! non zero Ppq·values. 

6.3. The 3 x 3 x 2 x 2 design in 18 experimental units 

The design to be constructed will be derived by collapsing the third three-level factor in the 

3 x 3 x 3 x 2/18 design toa two-level factor. The factors are labelled P, Q, U and W. 

128 



We label the factor to he collapsed with U and we can now present the collapsing procedure 

as in Table 6.5. 

Levels of the 

three-level factor 

x' u 
0 

2 

Levels of the 

two-level factor 

x u 

0 

0 

Table 6.5. Collapsing a three-level factor into a two-level factor. 

Since U now only has two levels we only have to find the first degree polynomial U as a 

function of xu. 

Using the method given in Addelman (1962a) and Appendix 6A, we have 

18 

U= (3xu- 1)/-/2 and L Ul = N = 18. (6.5) 
i=l 

Substituting xu = 0 and xu = 1 into (6.5) gives the orthogonal polynomial values U; for the 

two-level collapsed factor . 

These val u es have, together with the orthogonal polynomial val u es U li and U qi for a three-

level factor, see also Table 6.3, been presented in Table 6.6. 

X u; uz: Uqi x u; U; 

0 -(1/2)v'6 (1/2) -12 0 - (1/2) -12 
0 --12 -12 

2 (1/2) J6 (1/2) -12 0 -(1/2) -12 

Table 6.6. Orthogonal polynomial values for a three-level factor and a two-level collapsed 

factor. 

It is interesting to note that U;= -Uqi. 

A simpte calculation gives the relation between xu; and xu; · We find 
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xu; = 2x(;;- (xuY . (6.6) 

Equation (6 .6) enables us to generate the design matrix for the 3 x 3 x 2 x 2/18 design from 

the 3 x 3 x 3 x 2/18 design, using Math Cad. 

The collapsing procedure procedure also requires a new matrix X of column vectors. This 

entails a small modification of Table 6.4 through the use of (6.5) and (6.6). 

The column vector elemerrts for the 3 x 3 x 2 x 2/18 design can now be calculated and are 

given in Table 6.7. 

X;,!= Xo; 

X;,3 =PI; 

X;,s = Ql; 

X;,1 =U; 

= 1 X;,2 = W; 

= ((xp;- 1) ,ft)/2 X;,4 = Pq; 

= ((xQ;- 1) '1'6)/2 X;,6 = Qq; 

= (3xu; -1)/./2 

= 2xw;- 1 

= (X;~3 - 1) ./2 

= (X1s- 1) .;2 

X;,8 = W;Pl; = X;,2X;,3 

X;,1o = W;U; = X;,2X;,1 

X;,12 = Pl;U; = X;,3X;,1 

X;,9 = W;Ql; = X;,2X;,s 

X;,11 = Pl;Ql; = X;,3X;,s 

Xi,l3 = Q/;U; = X;,sX;,7 

Table 6.7. Column vectorelementsof the 3 x 3 x 2 x 2/18 design. 

Math Cadwas used to generate the other details of the 3 X 3 X 2 X 2/18 design and the results 

are given in design 8.32 of the Appendix. 

This design has the desirabie property that the (X'X)- 1 matrix contains many zero's and 

that the few non zero p-values are, on the whole, rather small. 

6.4. Other designs with 18 and 27 experimental units 

Collapsing the second factor of the 3 x 3 x 2 x 2/18 design using the method described in 

Section 6.3 gives the 3 X 2 x 2 x 2/18 design as given in the Appendix under nmnber 8.33. 

Three designs with 27 experimental units are constructed. They are numbered 8.34, 8.35 and 

8.36. 

The 3 x 3 x 3 x 3/27 design was generateel nsing 4 of the 13 orthogonal columns of the 313 

rnain-effect design with 27 experimental units. 
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Design Group Design Fraction Largest Rernarks 

nurnber nurnber IPI 
8.31 IX 3 x 3 x 3 x 2/18 1/3 0.655 Clurnpwise 

orthogonality 

8.32 IX 3 x 3 x 2 x 2/18 1/2 0.655 Clurnpwise 

orthogonality 

8.33 IX 3 x 2 x 2 x 2/18 3/4 0.655 Clurnpwise 

orthogonality 

8.34 x 3 x 3 x 3 x 3/27 1/3 0.250 Clurnpwise 

orthogonality 

8.35 x 3 x 3 x 3 x 2/27 1/2 0.433 Clurnpwise 

orthogonality 

8.36 x 3 x 3 x 2 x 2/27 3/4 0.250 Clurnpwise 

orthogonali ty 

Table 6.8. Six fractional factorial designs for quantitative factors with 18 and 27 

experirnental units. 

This design was constructed using Galois fields. See Kempthorne (1979) and Addelman 

( 1962a). 

The designs 8.35 and 8.36 were aga.in obta.ined through collapsing. T he 3 designs with 27 

experirnental units are of an excellent quality since their (X'X)- 1 rnatrices contain very few 

non zero off-diagonal elernents. These designs are therefore nearly orthogonal. A few details 

of the designs just discussed are given in Table 6.8. Efforts were made using Math Cad, to 

obtain a suitable 3 x 3 x 3 x 3 x 3/27 design frorn 5 orthogonal columns of the 313 rnain-effect 

design, but these have notbeen successful since all the rnatrices X'X were singular. However, 

we found a 3 X 3 X 3 X 3 X 3/27 design in Mitchell and Bayne (1978) withaD-efficiency of 

95.2% and aG-efficiency of 65.9%. See design 8.42 in the Appendix. 

6.5. Miscellaneous designs 

In order to judge and compare the designs thus far developed, wetook a few designs from the 

literature and calculated the usual details of each with Math Cad. These designs are listed 
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in Table 6.9. 

Design Group DESIGN Fr action Largest Remarks 

number number IPI 
8.37 XI 3 x 3 x 3/15 5/9 0.077 A Box Behnken 

design, clumpwise 

orthogonality 

8.38 XI 3 x 3 x 3 x 3/27 1/3 0.333 A Box Behnken 

design, clumpwise 

orthogonality 

8.39 XI 3 x 3 x 3 x 3/15 5/27 0.350 A Rechtschaffner 

design, a saturated 

fraction 

8.40 XI 3 x 3 x 3 x 3 x 3/21 7/81 0.225 A Rechtschaffner 

design, a saturated 

fraction with clumpwise 

orthogonality 

8.41 XI 3 x 3 x 3 x 2/18 1/3 0.334 A Webb design 

8.42 XI 3 x 3 x 3 x 3 x 3/27 1/9 0.281 A Mitchell 

and Bayne design 

Table 6.9. Six miscellaneous designs for quantitative factors with 15, 18, 21 and 27 

experimental units. 

The designs 8.37-8.40 all have factors with three equally spaeed levels. 

However, since these levels occur with unequal frequency we had to calculate special orthog­

onal polynomials for each of them in such a way that the relations 

~Pil = ~ Pq[ = ~ Qil = ... = N , 

were satisfied as well, N being the number of experimental units of a design. 

All these orthogonal polynomial values are given in Section 6.6 and an example of the calcu­

lation of a set of orthogonal polynomials is given in Appendix 6A. 

Designs 8.37 and 8.38 are taken from Box and Behnken ( 1960), the designs 8.39 and 8.40 
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were constructed with the generators described in Rechtschaffner (1967) . 

Design 8.41 is given in Webb (1971). 

Design 8.42 is obtained from Mitchell and Bayne ( 1978). 

None of the designs 8.37 to 8.42 inclusive are orthogonal but all have small p-values. 

For further details of the designs we refer to Chapter 7, where the designs are compared and 

to the Appendix, where the details of each design are given. 

6.6. Orthogonal polynomial values for designs 8.37-8.40 

In each of the Tables 6.10-6.13 we present the relevant orthogonal polynomial values and 

also the frequency with which each of the levels 0, 1 and 2 occurs. These frequencies were 

obtained from the designs 8.37-8.40 of the Appendix. 

Xpj frequency PI; Pq; 

0 4 -(1/2) ../fJJ 0.9354 

7 0 -1.0690 

2 4 +(1/2) ../fJJ 0.9354 

Relations: PI;= 0.5(xp;- I) ../fJJ 
Pq; = (7- 30xp; + 15x};)/v'56 
15 15 

2:: PI;= 2:: Pq'f = 15 = N. 
i-1 i-

Table 6.10. Orthogonal polynomial va]ues for the 3 x 3 x 3/15 Box Behnken design. 

Xp; frequency PI; Pq; 

0 6 -1.5 1.1180 

15 0 -0.8944 

2 6 +1.5 1.1180 

Relations: PI;= I.5(xp;- 1) 

Pq; = (5- 18xp; + 9x};)/v'W 
27 27 

2:: PI? = 2:: Pq'f = 27 = N. 
i-1 i-1 

Table 6.11. Orthogonal polynomial values for the 3 x 3 x 3 x 3/27 Box Behnken design. 
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Xp; ·frequency 

0 5 

3 

2 7 

Relations: 

PI; 

-1.2814 

-0.1508 

Pq; 

0.5983 

-1.9943 

0.9799 0.4274 

PI;= {-17+ 15xp;)/v'f76 

Pq; = {21- 179xp; + 88x~;)/v'f232 
15 15 

_L Pi[ = _L Pq[ = 15 = N . 
i-! j-,1 

Table 6.12. Orthogonal polynomial values for the 3 x 3 x 3 x 3/15 Rechtschaffner design. 

Xp; frequency 

0 8 

4 

2 9 

Relations: 

PI; 

-1.1660 

-0.0530 

Pq; 

0.5152 

-2.0609 

1.0600 0.4580 

PI;= ( -22 + 21xp;)/J356 

Pq; = {18- 179xp; + 89x~;) J(7/8544) 
21 2! 

_L PIJ = _L Pq[ = 21 = N . 
1=1 i=l 

Table 6.13. Orthogonal polynomial values for the 3 x 3 x 3 x 3 x 3/21 Rechtschaffner 

design . 
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Appendix 6A. The calculation of orthogonal polynomials 

The general formulae for the first and second degree orthogonal polynomials are 

(6.7) 

and 

(6.8) 

respectively. 

The following conditions have to be met 

N N N 

L Pi; = L Pq; = L Pi;Pq; = 0 ' (6.9) 
i=l i=l i= I 

and 

N N 

L Pil = L Pq[ = N ' (6.10) 
i=l i=l 

where N is the number of experimental units of the design. 

Condition (6.10) has to be met in order to have as many N's as possible in the diagonal of 

the X'X matrix. This condition enables us to compare designs with an equal or nearly equal 

number of experimental units, but with a varying number of factors and levels per factor, 

more easily. We shall discuss this point in more detail in Chapter 7. 

We now proceed to calculate the parameters a,/3,/,Ó,é,À1 and >.2. Conditions (6.9) can be 

written as 

N 

L (a+f3xp;) = 0 ( 6.11) 
i=l 

N 

L ('Y + 6xp; + éX~;) = 0 (6.12) 
i=l 

N 

L (a+ f3xp;) ('Y + 6xp; + éX~;) = 0. (6.13) 
i= l 

Condition (6.10) can be written as 

N 

>.i· L (a+ f3xp;) 2 = N , (6.14) 
i=l 
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and 

N 

À~ · L (-y + hxp; + t:x};)2 = N , (6 .15) 
i=l 

respectively. 

As an example we shall calculate the orthogonal polynomial values of Table 6.12 . We then 

haveN= 15. 

Hence 

xp; frequency a+ {3xp; 

0 5 a 

3 a+f3 

2 7 a+ 2{3 . 

We first trytomeet condition (6 .11); therefore, 

15 

L (a+ {3xp;) = 5a + 3(a + {3) + 7(a + 2{3) = 15a + 17{3 = 0. 
1=1 

There are an infinite number of sets (a,{)) which satisfy 15a + 17{3 = 0, but for simplicity's 

sake we pref er the smallest integer set (a, {3). 

We therefore have a = -17, {3 = + 15. 

We can now present the numerical values of a+ {3xp; and (a+ {3xp;) 2 in Table 6.14 . 

xp; frequency a+ {3xp; (a+ {3xp;) 2 

0 5 -17 289 

2 

3 

7 

-2 

13 

4 

169 

Table 6.14. Values of a+ {3xp; and (a+ {3xp;? . 

According to (6 .14) we have 

15 

Ài L (a+ {)x~;) = 15 . 
i=1 
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Hence 

ÀÎ(5 x 289 + 3 x 4+ 7 x 169) = 15 , 

thus 

Formula (6.7) can now be written as 

PI= (-17 + 15xp)fy'U6. (6.16) 

Equation (6.16) has also been given in Table 6.12. 

Substituting xp = 0, 1 and 2 in (6.16) we find the three values of PI; given in Table 6.12. 

We now proceed to calculate I,Ó,é and À2. Using (6.12) we find, 

xp; frequency 1 + Óxp; + éx}; 

2 7 I+ 2ó + 4é . 

According to ( 6.12) we have 

15 

L (t + Óxp; + éx};) = 51 + 3(1 + ó + é) + 7(1 + 26 + 4é) = 0 , 
i=1 

or 

151 + 178 + 31é = 0. ( 6.17) 

According to (6.13) we have 

15 

L (a+ f3xp;) (I+ Óxp; + éx};) = 0. 
i=l 

Using the values a+ f3xp; and their frequencies from Table 6.14, we may write 
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5 x (-17)1+ 3 x (-2) (I+ 6+t:) + 7 x (13) (I+ 26 +4t:) = 0 

or 

1766 + 358€ = 0 . (6.18) 

Expressions (6.17) and (6.18) form a set of two equations in three unknowns 1, 6 and € and 

we therefore have an infinite number of solutions. 

However, the set with the smallest integer values, which satisfies these equations, is 

1 = 21 , 6 = -179 and € = 88 . 

The numerical values of 1 + 6xp; +Ex}; and (I+ 6xp; + Ex};)2 can now be calculated and 

are given in Table 6.15. 

xp; frequency 1 + 6xp; +Ex}; (I+ 6xp; + EX~;)2 

0 5 21 441 

2 

3 

7 

- 70 

15 

4900 

225 

Table 6.15. Values of 1 + 6xp; +EX}; and (I+ 6xp; + t:x~Y. 

According to (6.15) we have, 

15 

À~ L (I+ 6xp; + EX~;)2 = 15, 
i=l 

hence 

À~(5 x 441 + 3 x 4900 + 7 x 225) = 15 ' 

thus À2 = 1/v1232. 

Equation (6.8) can now be written as 

Pq = (21- 179xp + 88x~)/v1232 , 
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and this formula is given in Table 6.12. 

Substituting xp = 0, 1 and 2 in (6.19) gives the three values for Pq as presented in Table 6.12. 

It is pointed out that the orthogonal polynomials (6.16) and (6.19) basically contain 5 and 

not 7 parameters. These 5 parameters have to satisfy the 5 equations ( 6.11 ), ... , ( 6.15). 

We can write ( 6. 7) and ( 6.8) namely as follows 

PI = a'+ {3'xp , (6.20) 

Pq = 1' + 8'xp + ê1X~ , (6.21) 

in which 

The parameters )q and .X2 were only introduced for ease of calculation and presentation, since 

we could now calculate a, {3, 1, 8 and ê first and .À1 and .À2 later on. 

The introduetion of .X1 and .X2 also enabled us to write the polynomial coefficients with integer 

numbers. 

Although the choice of a, {3, 1, 8 and ê was rather arbitrary, the absolute val u es of a', {3', 1', 8' 

and ê' are unique. 

It is namely easily seen that the sets 

(-a'' -/3', 1 1
' 8', ê

1
) ' (-a'' -/3'' -1

1
' -8'' -ê') 

and 

(a'' /3'' - I'' -8'' -ê') 

also satisfy (6.7) and (6.8). 
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CHAPTER 7 

Evaluation and comparison of the designs 

7.1. Introduetion 

To evaluate and eompare the designs, we made use of the articles written by Hahn, Meeker 

and Feder (1976), Lucas (1976), Marquarot (1970) and Snee (1973a,1985). 

We also refer toSeetion 5.5 where the output of Math Cadwas explained. lt is given for each 

design in the Appendix. lt has been summarized for eaeh design in Tables 7.3a, 7.3b, ... , 7.3j. 

The varianee of an es timated regression eoefficien t is aeeording to Snee ( 1973a) 

where rp is the multiple eorrelation eoefficient of Xp with all other X's. 

Equation (7 .1) may aeeording to (4.3) he written as 

N 
2 2 ~ - 2 (J {3 = (J (VIF) I L...., (X;p- X .p) , 

p 1=1 

where 

N 

X.p = (1IN) L X;p. 
i=1 

(7.1) 

However, in the designs 8.1, ... , 8.6, 8.11, 8.12, 8.13a, 8.14a, 8.15a, 8.31, ... , 8.36 we have 

X.p = 0, henee for those designs 

N 

(Jfi = (J
2 (VIF) 1 L: x;p . 

P i=I 

(7.2) 

Beeause the VIF is a funetion of the multiple eorrelation eoefficient of Xp with all other 

veetors X, it is independent of the sealing of Xp. 
N 

However, (J.J depends on. L X[P, the diagonal elements of X'X and therefore depends on 
p i=1 

the sealing of X;p· 
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This fact makes it difficult to compare u.J>s of designs with a varying number of factors and 

levels per factor, even if the number of ex perimental units is fixed. 

We have avoided this difficulty by choosing the orthogonal polynomials for each of the designs 

8.1, ... , 8.6, 8.11, 8.12, 8.13a, 8.14a, 8.15a, 8.31, ... , 8.36 in such a way that 

N N 
L PI[ = L Ql[ = 0 0 0 = N ' (7.3) 
i=l i=l 

N N 

L Pq[ = L Qq[ = 0 0 0 = N (7.4) 
i=l i=l 

lt then however appeared that all diagonal elementsof X'X were equal toN for each of these 

designs. We shall therefore call such designs N-designs from now on. This fact will make the 

comparison of ufi's of these designs easier, because changes in ufi within groups I, 11, IV, Va, 

IX and X as given in Tables 4.22, 5.12 and 6.8, will only be caused by changes in the VIF. 
N 

The reason that L X lP = N for the N -designs is caused by the fact that all these designs 
i=l 

have been constructed from orthogonal rnain-effect designs, (7.3) and (7.4) apply and 

N 

L x;p = N ' for all 2n designs. 
i=l 

The fact that we interfere with the sealing of the X;p is less arbitrary than it appears at first 

sight. 

When for instanee the factor temperature is set at the levels 230, 250 and 270 degrees centi­

grade, it is customary to "code~ these levels by using -1,0 and +I. 

It is obvious that we could have used the cocled levels - 5, 0 and +5 as well, since they are 

also equally spaced. 

We used the cocled levels 

-(1/2) v'6 0 +(1/2) v'6 fora three-level factor 

and 

--./2 0 +-./2 for a collapsed three-level factor derived from a four-level 
factor. 

Since these are also equally spaeed there is no objection as to their use. 
N 

We shall prove that L x;p = N fortwoN-designs in the next section. 
i = l 
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N 

7.2. The value of L x;p for the N-designs 
i=l 

TH EO REM 7 .2.1. 

The designs 8.1, . . . , 8.6, 8.11, 8.12, 8.13a, 8.14a, 8.15a, 8.31, . .. , 8.36 areN-designs. 

Proof. We shall prove the theorem for two designs . 

We first consider design 8.14a (4 x 3 x 2 x 2116) from the Appendix. 

The column veetors elementsof X are obta.ined from design 8.14a and are given below: 

X;,1 = xo; = 1 X;,2 = Pq; 

X;,3 = Qq; X;,4 = R; 

X;,s = PI; X;,s = Pl;R; 

X ;,r = Ql;S; X;,s = Ql; 

X;,9 = Ql;R; Xi,IO = Pl;S; 

X i, ll = Pl;Ql; X;,12 = S; Xi,13 = R;S; . 

We use the notation of Math Cad, "X;,p" instead of "X;p". 

N 

There are N = 16 values xo; = 1 and therefore L x6; = N = 16. 
i=1 

N 

For X;,2, X;,3, X;,4, X;,s, X;,s and Xi,12 we have L x~p = N since the orthogonal polyno­
i=l 

mials were so scaled and because (7 .3) and (7.4) apply. 

We now consider the next diagonal element of X'X , 

N 

L(X;,6 )
2 = (PlR, PlR) . (7.5) 

i= I 

From design (8.14a) we obta.in 

Pl;R; = (2A; + B;) (A;B;C;D;) I J5 = (2B;C;D; + A;C;D;) I v's . 

Substituting PIR in (7.5) and using the vector notation of Section 4.2, we find 
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N 

L (Xi,6)2 = (2BCD + ACD, 2BCD + ACD) I 5 
i=l 

= (4(BCD, BCD) + (ACD, ACD)) I 5, 

since all inner products such as (BCD, ACD) vanish because the 2n design is orthogonal. 

Hence 

N 

L (X;,d = ( 4N + N) I 5 = N . 
i=l 

To calculate the next diagonal element of X'X we consider 

QI;S; = (C; +Di) (B;C;) I V2 = (B; + B;C;D;) I V2 

and 

N 

L (Xi,7 )2 = (QIS, QIS) = (B + BCD, B + BCD) I 2 
i= I 

= ((B,B) + (BCD, BCD))I2 = (N + N) 12 = N. 

We can similarly prove that 

N N N N 

L (X;,9)2 = L (X;,w)2 = L (X;,u)2 = L (Xi,l3)2 = N. 
i=l i=l i=l i=l 

We have now proved Theorem 7.2.1 for design 8.14a. 

Secondly we consider design 8.32 (3 x 3 x 2 x 2118) from the Appendix. 

The column vectorelementsof X are, see also Table 6.7, 

X;,1 = 1 X;,2 = 2xw; - 1 

X;,3 = (112) (xp;- 1) y'6 X;,4 = (X[,3 - 1) J2 

X;,s = (112) (XQi- 1)y'6 X;,6 = (Xf.s- 1) J2 

X;,7 = (3xu; - 1) I v'2 

X;,12 = X;,3Xi,7 X;,t3 = X;,sXi,7 . 
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N N 
Again we have L X;\ = N = 18 and L X1v = N for p = 2, 3, o o o, 7, because the 

i=l Î=l 
orthogonal polynomials were scaled accordinglyo 
N N N 

L x?,s = L X1,2 X13 = L X13 = N since x;,2 = 1. 
i=l i=l i=l 

N N 
Similarly we have L x;,9 = L x;,IO = N ° 

i=1 i=I 

N N 

L X1tt = L X13Xl,s o (7o6) 
i=l i=1 

Because the original 2 x 37 rnain-effect design as given in Table 601 is orthogonal we have 

or 

or 

OT 

or 

N 

L X;,4Xi,6 = 0' 
i=l 

N 

L (X1,3- 1) V2 (Xl,5 - 1) V2 = 0, 
i= I 

i=l 

N 

L (X1,3Xl,5 )- N - N + N = 0 , 
i=l 

N 

L (X1,3 X1,5 ) = N 
i=l 

and therefore using (7o6) 

N 

L X1.tt=N 0 

i=l 

We coûld have proved (7 0 7) in a different wayo 

(707) 

Because design 8032 is derived from Ta bie 601, an orthogonal design, the level combinations 
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of each group of two faCtors occur with equal frequency. 

Since the factors P and Q have three levels each, there are 9 combinations of levels. Since 

there are N = 18 experiment al units, there are N /9 = 18/9 = 2 experimental units for each 

level combination. Table 7.1 gives the 9 level combinations and the conesponding values of 

X~3X[,5 • Table 7.1 was constructed using Table 6.1 and equation (6.3) . 

X;,3 = 
(!) (xp;- 1)v'6 -( ~ )v'6 0 +(! )v'6 

X;,s = Xp 0 1 2 

(~) (XQ;- 1)v'6 

XQ 

-(!)v'6 0 (N/9) (36/16) (N/9)x0 (N/9) (36/16) 

0 1 (N/9)x0 (N/9)x0 (N/9) x 0 

+(! )v'6 2 (N/9) (36/16) (N/9)x0 (N/9) (36/16) 

Table 7.1. Values of X~3X~5 for the 3 x 3 x 2 x 2/18 design. 

Using Table 7.1 we calculate 

N N 

L x~ll = L x~3X~s = 4 x (N /9) (36/16) = N , q.e.d. 
i=l i=I 

N N 

To calculate the value of L x~l2 = L x~3x~7 we use the method of Table 7.1 and 
i=I i=l 

construct Table 7.2, maklng use of Tables 6.1, 6.3 and 6.6. We use Table 6.6 since X;,7 refers 

toa factor with two levels derived by collapsinga three-level factor. 
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X;,3 = 
(~) (xp;- 1)v'6 -(~)v'6 0 +( ~)v'6 

X;,1 = Xp 0 1 2 

(3xu;- 1)../2 

x u 

-(~)../2 0 (N/9) (12/16) (N/9)x0 (N /9) (12/16) 

v'2 1 (N/9)x3 (N /9) x 0 (N/9) x 3 

-(~)../2 0 (N /9) (12/16) (N/9)x0 (N /9) (12/16) 

Table 7.2. Values of X~3X~7 for the 3 x 3 x 2 x 2/18 design. 

From Table 7.2 we obtain 

N N 
I: X1,12 =I: X~3X~7 = 4 x (N /9) (12/16) + 2 x (N /9) x 3 = N . 
1=1 1=1 

In a similar way we can prove that 

N 

I: x?,l3 = N. 
i=l 

Theorem 7.2.1 therefore applies to design 8.32. 

Theorem 7.2.1 can likewise he proved for the other N -designs. 

7.3. Design characteristics 

It was already stated in Section 7.1 that the designs 8.1, 8.2, ... , 8.42 are summarized in 

Tables 7.3a, 7.3b, ... , 7.3j, in which a number of design characteristics have been given. 

We again refer to Section 5.5 where many of these characteristics were explained. 

The first characteristic of each design in Table 7.3 is the D-efficiency, which was fulJy ex­

plained in Chapter 2. 

The second symbol in Table 7.3 is P, the number of parameters fJ in the regression model. 

Important charcteristics of a design are the afi 's, the variances of the {J-estimates. 

These variances are however dependent on the scale used for the independent variables, which 

makes it difficult to cotnpare the afi's of the various designs. We solved this problem partly 

by arranging the sealing for the N -designs in such a way that 
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N 

I: XlP = N . (7;8) 
i=l 

Wethen have that if val u es u~ change within a group of N -designs, for instanee within group 

I consisting of design 8.1, 8.2, 8.3 and 8.4, such a change must be due toa change in the VIF 

due to collapsing. 

The condition given in (7.8) has the additional advantage that the variances of the /l's are 

equal withln an orthogonal design and nearly equal within a design if it is nearly orthogonal. 

To compare the urs in a different way we calculated these values for all the 45 designs of the 

Appendix using the same sealing for x as in Chapter 3 for the D-optimal designs that is 

-1 :$ Xm :$ + 1 , m = 1, 2, ... , k . 

These <1~-values have, without loss of generality for u2 = 1, been given in Tables 7.4a, 

7.4b, ... , 7.4k. However, in the Tables 7.3a, 7.3b, ... , 7.3j we gave for reasons of space only 

the maximum values of 

For the N -designs and the designs 8.37, 8.38, . . . , 8.41 we gave two maximum val u es in the 

Tables 7.3a ... j for each of the three variances mentioned above. 

The first value refers to the maximum value of (u~/ u2 ) based on the scale -1 :$ Xm :$ + 1, 

form = 1,2, .. . ,k. 

The second value refers to the maximum value of (u~/ u2) for the N -designs for which 
N 

I: x;p = N . 
i= I 
The designs 8.37, 8.38, 8.39, 8.40 and 8.41 also have a second maximum value for (u~ju2 ) . 

For these designs we have 

N N 

I: Pi[ = I: Ql[ = ... = N 
i=1 i=1 

N N 

I: Pq[ = I: Qq[ = ... = N . 
i = l i=1 

For the designs 8.7, 8.8, 8.9, 8.10, 8.13b, 8.14b, 8.15b, 8.16, 8.17, ... , 8.30 and 8.42 we did not 

use orthogonal polynomials and the max(u~Ju2)'s given arebasedon the scale 
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-I:$xm:$+I, m=l,2, ... ,k. 

In each of the designs 8.1, 8.2, ... , 8.42 it is obvious whether orthogonal polynomial variables 

or the variables Xm are used. 

The design characteristics given together with each design of the Appendix are calculated 

from the type of variabie used for that particular design and the values given in Table 7.3 

are obtained from the design details in the Appendix unless otherwise stated. 

For reasons of space .we only gave the design matrix and the column veetors of the X matrix 

for designs 8.25, ... , 8.30 and 8.42. For the same reason we omitted the matrix r in the 

Appendix for a number of designs. Many details of these designs can however be found in 

l'able 7.3g and Table 7.3j. 

The value of (Trace (X'X)-1 )/Pis equal to the average value of (u'j/ u2 ) . For each design in 

Table 7.3, in which we gave two values of max(u'jfu2), we also gave two corresponding values 

of (trace (X'X)-1 )/ P. 

The determinant Ir I and trace (r-1 ) have already been explained in Section 5.5. 

All VIF's can he found as diagonal elements of r- 1
• We only listed the largest in Ta­

bles 7.3a, ... , 7.3j. Some designs have replicate observations. 

Whenever this is the case we gave the number of degrees of freedom V associated with these 

replicates, which provides an estimate of u 2 and enables us to test for Jack of fit in a few 

cases. The expression f'(x) (X'X)- 1 f(x) has been explained in Section 2.4. 

The value d which is given for each design is the maximum value of f'(x) (X'X)- 1 f(x) in 

the candidate points of the complete factorial design. See also Sections 5.6 and 5.7. 

The largest coefficient of correlation in absolute value between pairs of /J's is given as IPI-

The next line in Table 7.3 gives the number of experimental units of the design. It is foliowed 

by the value of the G-efficiency of the design. We shall comeback to this measure in the next 

section. 

The last line in the Tables 7.3a, 7.3b, ... , 7.3j is reserved for remarks. We shall discuss these 

when we deal with each group of designs. 

Table 7.5 gives a complete list of the D- and G-efficiencies of the 45 designs considered. The 

designs for which the G-efficiency is exact are marked by an asterisk. An exact G-efficiency is 

found if the exact maximum value of f'(x) (X'X)-1 f(x) in the k-dimensional experimental 

region R is used to compute the G-efficiency. See also Section 4.5.2. 
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Design number 8.1 8.2 8.3 8.4 
Group I I I I 
Design 4 x 2 x 2/8 3 x 2 x 2/8 3 x 2 x 2/8 3 x 2 x 2/8 
D-efficiency 82.4 68.4 81.3 
P : number of parameters 8 8 8 identical with 
in model design (8.2) 

max(O'~ /0' 2
) 

0.281 
< 

0.500 0.500 
fJ, 0.156 0.250 0.148 

max(O'J /0'2
) 

0.281 0.500 0.500 .. 0.156 0.250 0.250 

max(O'~ /0'2
) 

0.633 0.500 1.250 
{J._ 0.125 0.125 0.227 

(trace (X'x)- 1 )/ P 
0.283 0.375 0.438 
0.149 0.219 0.184 

Ir I 0.512 0.125 0.264 
trace(r- 1) 8.5 13.0 10.75 
largest VIF 1.25 2.0 2.0 
V: degrees of freedom - - -
for replication 
d = max(f'(x) (X'X)- 1 f(x)) 2.12 4.00 4.00 
largest (p) 0.447 0.707 0.671 
N : number of 8 8 8 
experimental units 
G-efficiency = 100 P/Nd 47.2 25.0 25.0 
remarks clumpwise clumpwise clumpwise 

orth. orth. orth. 

Table 7.3a. Design characteristics. 

Design number 8.5 8.6 8.7 8.8 8 .9 8.10 
Group 11 11 111 111 III III 
Design 4 x 4 x 2/16 4x3x2/16 4 x 4 x 4/16 4 x 4 x 3/16 4 x 3 x 3/16 3 x 3 x 3/16 
V-efficiency 82.0 81.3 87.8 89.2 90.9 92.6 
P: nun1ber of parameters 9 9 10 10 10 10 
in model 

max(O'~ /0'2 ) { 0 .113 { 0.125 0.084 0.089 0 .091 0.089 
13, 0.063 0.063 

max(0'2 / 0' 2 ) { 0 .203 { 0 .225 0 .118 0 .123 0.123 0 .1 20 

f3,. 0.063 0 .063 

max(0'2 / 0'2 ) { 0 .316 { 0 .316 0.647 0.678 0.629 0.484 

f3,. 0.063 0 .063 

(trace (X'X)-1 )/P { 0.178 { 0.172 0.308 0.288 0.268 0.249 
0.063 0.063 

Ir i 1.000 1.000 0.387 0 .400 0.413 0.427 
trace (r- 1 ) 8.00 8 .00 11.40 11.27 11 .16 11.06 
largest VIF 1.00 1.00 1.53 1.61 1.53 1.45 
V : degrees of freedom - 4 - - - I 
for replicatjon 
d = max(f'(X) (X'X)- 1 f(x)) 0 .902 0.953 1 .084 1.131 1.091 1.021 
largest (P) 0 0 0.339 0.394 0.404 0 .362 
N: number of 16 16 16 16 16 16 
experimental units 
G-efficiency = 100 P/Nd 62.3 59.0 57.7 55.3 57.3 61.2 
remarks orth. orth. clump w. clumpw. clumpw. clumpw. 

design design orth. orth. ort h. orth. 

Table 7.3b. Design characteristics. 
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Design number 8.11 8.12 
Group IV IV 
Design 4 x 2 x 2 x 2116 3 x 2 x 2 x 2116 
D-efficiency 90.1 88.6 
P: number of parameters 12 12 
in model 

max(uJ.Ju2
) 

0.113 0.125 
0.063 0 063 

max(uJ lu2) 
0.113 0.125 .. 0.063 0.063 

max(uJ lu2) 0.316 0.250 .. 0.063 0.063 

(trace (X'X)- 1)1? 0.108 0.104 
0.063 0.063 

Ir I 1.000 1.000 
trace (r- 1) 11.00 11.00 
largest VIF 1.00 1.00 
V: degrees of freedom - 4 
for replication 
d = max(f'(x) (X'X)- 1 f(x)) 0.950 1.000 
largest (p) 0 0 
N: number of 16 16 
experimental units 
G-efficiency = 100 PIN d 78.9 75.0 
remarks orth. design orth. design 

Table 7 .3c. Design characteristics. 

Design number · 8.13a 8.14a 8.15a 
Group V V V 
Design 4 x 4 x 2 x 2116 4 x 3 x 2 x 2116 3 x 3 x 2 x 2116 
D-efficiency 75.2 69.0 68.1 
P: number of parameters 13 13 13 
in model 

max( u~/ u 2
) 

0.139 0.150 0.188 
0.077 0.075 0.094 

max(uj lu2) 
0.298 0.450 0.500 .. 0.092 0.125 0.125 

max(u~ I u2
) 

0.316 0.316 0.250 .. 0.063 0.063 0.063 

(trace (X'x)- 1)1? 
0.176 

~ 
0.206 0.207 

0.076 0.091 0.091 
Ir I 0.314 0.125 0.125 
trace (r- 1 ) 14.82 18.00 18 
largest VIF 1.47 2.00 2.00 
V: degrees of freedom - - 2 
for replication 
d = max(f'(x) (X'X)- 1 f(x)) 2.527 3.674 3.998 
largest (p) 0436 0.667 0.577 
N : number of 16 16 16 
experimental units 
G-efficiency = 100 PIN d 32.2 22.1 20.3 
remarks clumpw. clumpw. clumpw. 

orth. orth. orth. 

Table 7 .3d. (part I) Design characteristics. 
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Design number 8.13b 8.14b 8J5b 
Group V V V 
Design 4 x 4 x 2 x 2116 4x3x2x2l16 3 x 3 x 2 x 2116 
D-efficiency 84.6 81.1 76.4 
P: number of parameters 13 13 13 
in model 

max( u~ I u 2 ) 
0.125 0.125 0.125 

P, 

max( uJ I u2) 
0.141 0.180 0.250 .. 

max(uJ · lu2 ) 
0.633 0.633 0.500 .. 

(trace (X'X)- 1 )I P 
0.238 0.234 0.239 

Ir I 0.192 0.101 0.044 
trace (r- 1 ) 15.95 17.88 21 
largest VIF 2.00 2.00 2.25 
V: degrees of freedom - - -

for replication 
d = max(f'(x) (X'X)- 1 f(x)) 1.411 1.953 2.357 
largest (p) 0.500 0.621 0.707 
N: number of 16 16 16 
experimental units 
G-efficiency = 100 PIN d 57.6 41.6 34.5 
remarks clumpw. clumpw. clumpw. 

orth. orth. orth. 

Table 7.3d. (part 2) Design characteristics. 

Design number 8.16 8.17 8.18 8.19 
Group VI VI VI VI 
Design 4 x 4 x 4 x 2116 4 x 4 x 3 x 2116 4 x 3 x 3 x 2116 3 x 3 x 3 x 2116 
D-efficiency 87.5 87.2 86.8 87.2 
P: number of parameters 14 14 14 14 
in model 
max(u~ lu 2

) 0.110 0.109 0.109 0.108 
/lp 

max(uJ lu2
) 0.124 0.132 0.146 0.149 

max(u~ .. lu2 ) 0.738 0.746 0.554 0.525 
P •• 

(trace (X'X)- 1)1? 0.266 0.254 0.240 0.228 
Ir I 0.301 0.272 0.230 0.219 
trace (r- 1 ) 15.77 16.07 16.56 16.75 
largest VJF 1.42 1.44 1.45 1.43 
V: degrees of freedom - - - -

for replication 
d = max(f'(x) (X'x) - 1 f(x)) 1.862 1.948 2.272 2.228 
largest (p) 0.445 0.412 0.405 0.402 
N: number of 16 16 16 16 
experimenta1 units 
G-efficiency = I 00 PIN d 47.0 44.9 38.5 39.3 
remarks 

Table 7.3e. Design characteristics. 
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Design number 8.20 8.21 8.22 8.23 8.24 
Group VII VII VII VII VII 
Design 4 x 4 x 4 x 4/16 4 x 4 x 3 x 3/16 4 x 4 x 3 x 3/16 4 x 3 x 3 x 3/16 3 x 3 x 3 x 3/16 
V-efficiency 84 .9 86.2 86.0 85 .0 85 .8 
P: nwnber of parameters 15 15 15 15 15 
in model 
max(<7t/<72) 0.144 0.136 0.136 0.142 0.140 

max(e12 /<72) 0.127 0.132 0.138 0 .143 0.160 
fl .. 

max(<7~ /e12) 0 .836 0.714 0.714 0.634 0.661 

(trace ÓC'X)-')/P 0.355 0.334 0 .320 0 .308 0.304 
Ir I 0 .193 0 .208 0.191 0 .161 0 .145 
trace (r-1) 18.13 17.81 18.Dl 18.57 18.85 
largest VIF 1.76 1.66 1.66 1 .73 1.64 
V : degrees of freedom - - - - -
for replication 
d = max(f'(x) (X'X)-1 f(x)) 2.451 2.193 2.046 2.047 2.229 
ilu·gest (p) 0.385 0.395 0 .362 0.369 0.372 
N : numberof 16 16 16 16 16 
experimenta.l units 
G-efficiency = 100 P/Nd 38.3 42 .7 45.8 45.8 42.1 
remarks 

Table 7.3f. Design characteristics. 

Design number 8.25 8.26 8.27 
Group VIII VIII VIII 
Design 4 x 4 x 4 x 4 x 4/32 4 x 4 x 4 x 4 x 3/32 4 x 4 x 4 x 3 x 3/32 
D-efficiency 87 .8 88.1 88 .8 
P : number of parameters 21 21 21 
in model 
max(u~ /o- 2

) 0.047 0.047 0.047 
/!, 

max( u~ / u 2
) 0.054 0.054 0.054 

max(u~" /o- 2 ) 0.430 0.428 0.419 
{J_. 

(trace (X'X)- 1)/P 0.158 0.153 0.147 

Ir I 0.119 0.113 0.117 
trace (r- 1 ) 25.15 25.20 25.06 
largest V1F 1.66 1.65 1.64 
V: degrees of freedom - - -

for replication 
d = max(f'(x) (X'X)- 1 f(x)) 1.178 1.197 1.175 
largest (p) 0.351 0.353 0.346 
N : number of 32 32 32 
experimental units 
G-efficiency = 100 PfNd 55.7 54.8 55.8 
remarks 

Tab Ie 7 .3g. (part 1) Design characteristics. 
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Design number 8.28 8.29 8.30 
Group VIII VIII VIII 
Design 4 x 4 x 3 x 3 x 3132 4 x 3 x 3 x 3 x 3132 3 x 3 x 3 x 3 x 3132 
D-efficiency 89.4 90.1 90.4 
P: number of parameters 21 21 21 
in model 
max(aJ.Ja2

) 0.048 0 048 0.048 

max( aJ I a2
) 0.054 0.054 0.054 

max(aJ'• la2) 0.409 0.416 0.326 
pp 

(trace (X'X)- 1)1P 0.141 0.135 0.130 
Ir I 0.120 0.124 0.119 
trace (r- 1) 24.96 24.82 24.88 
largest VIF 1.58 1.60 1.59 
V : degrees of freedom - - -
for replication 
d = max(f'(x) (X'X)- 1 f(x)) 1.183 1.164 1.116 
largest (p) 0.326 0.319 0.316 
N: number of 32 32 32 
experimental units 
G-efficiency = 100 PIN d 55.5 56.4 58.8 
remarks 

Table 7 .3g. (part 2) Design characteristics. 

Design number 8.31 8.32 8.33 
Group IX IX IX 
Design 3 x 3 x 3 x 2118 3 x 3 x 2 x 2118 3 x 2 x 2 x 2118 
D-efficiency 80.1 82.1 76.8 
P: number of parameters 14 13 12 
in model 

max(a~ la2
) 

0.083 0.104 0.107 
P. 0.056 0.056 0.056 

max( aJ I a2
) 

0.250 0.189 0.179 .. 0.111 0.111 0.111 

max(aj la2
) 

0.313 0.437 0.313 
PP 0.069 0.097 0.069 

(trace (X'X)- 1)1P 
0.192 0.168 0.144 
0.076 O.û70 0.080 

Ir I 0.164 0.289 0.164 
trace (r- 1) 18.24 15.40 16.24 
largest VIF 2.00 2.00 2.00 
V: degrees of freedom - - I 
for replication 
d = max(f'(x) (X'X)- 1 f(x)) 2.892 2.571 2.310 
largest (p) 0.655 0.655 0 655 
N: number of 18 18 18 
experimental units 
G-efficiency = 100 PINd 26.9 28.1 28.9 
remarks Jin. effects lin . effects Jin . effects 

orthogonal orthogonal orthogonal 

Table 7.3h. Design characteristics . 
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Design number 8.34 8.35 8.36 
Group x x x 
Design 3 x 3 x 3 x 3127 3 x 3 x 3 x 2127 3 x 3 x 2 x 2127 
V-efficiency 87 .8 84.3 85.8 
P: number of parameters 15 14 13 
in model 

max(17J/172) 
0.056 0.064 

< 
0.070 

0.037 ~ 0.037 0.037 

max( 17~ I 172
) 

0.089 0.103 0.089 
13., 0.040 0.046 0.040 

max(17J I 172) 0.167 0.167 0.167 .. 0.037 0.037 0.037 

(trace (X'X)- 1)IP 0.117 0.110 0.090 
0.038 0.041 0.038 

Ir I 0.824 0.536 0.824 
trace (r- 1 ) 14.40 14.38 12.40 
largest VIF 1.07 1.23 1.07 
V: degrees of freedom - - 3 
for repHeation 
d = max(f'(x) (X'X)- 1 f(x)) 1.000 1.322 1.075 
largest (p) 0.250 0.433 0.250 
N : number of 27 27 27 
experimental units 
G-efficiency = 100 PINd 55 .6 39.2 44.8 
remarks lin . and quadr . lin . and quadr . !in. and quadr . 

effects orthogonal effects orthogonal effects orthogonal 

Table 7-3L Design characteristics. 
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Design number 8.37 8.38 8.39 
Group XI XI XI 
Design 3 x 3 x 3/15 3 x 3 x 3 x 3/27 3x3x3x3/15 

Box Behnken Box Behnken Rechtschaffner 
D-efficiency 68.1 51.6 80.2 
P: number of parameters 10 17 15 
in model 

max(u~.fu2 ) 
0.125 0.083 0.139 
0.067 0.037 0.104 

max(uJ /u2) 
0.250 0.250 0.139 .. O.Q71 0.049 0.085 

max(uJ / u2) 
0.271 0.187 0.886 .. 0.067 0.046 0.141 

(trace (X'X)- 1)/P 
0.227 0.189 0.364 
0.068 0.044 0.104 

Ir I 0.984 0.691 0.025 
trace (r- 1 ) 9.03 17.00 23.63 
Jargest VIF 1.01 1.25 2.11 
V: degrees of freedom 2 - -
for repJication 
d = max(f'(x) (X'X)- 1 f(x)) 1.394 2.410 2.552 
Jargest (p) 0.077 0.333 0.350 
N: number of 15 27 15 
experimentaJ units 
G-efficiency = 100 P/Nd 47.8 26.1 39.2 
remarks Jin. and int. Jin . and int. -

terms orthogonaJ terms orthogonal 

Table 7 .3j. (part 1) Design characteristics. 
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Design number 8.40 8.41 8.42 
Group XI XI XI 
Design 3 x 3 x 3 x 3 x 3/21 3 x 3 x 3 x 2/18 3 x 3 x 3 x 3 x 3/27 

Rechtschaffner A Webb design Mitchell and Bayne 
D-efficiency 88.6 86.0 95.2 
P: number of parameters 21 14 21 
in model 

max(o-J.Jo- 2
) 

0.063 0.094 0.051 
0.050 0.063 

max(u~ fo- 2 ) 
0.063 0.167 0.061 

P,. 0.041 0.074 

max(o-J fo- 2
) 

0.867 0.260 0.348 .. 0.134 0.058 

(trace (X'X)- 1)/P 0.267 0.164 0.153 
0.065 0.063 

Ir I 0.025 0.444 0.358 
trace (r- 1) 29.34 14.90 22.22 
largest VIF 2.81 1.34 1.25 
V: degrees of freedom - - -
for replication 
d = max(f'(x) (X'X)- 1 f(x)) 1.906 1.964 1.18 
largest (p) 0.225 0.334 0.281 
N: number of 21 18 27 
experimental units 
G-efficiency = 100 P/Nd 52.5 39.6 65.9 
remarks clumpwise clumpwise 

orthogonal orthogonal 

Table 7 .3j. (part 2) Design characteristics. 

Design number 8.1 8.2 8.3 
Group I I I 
Design 4 x 2 x 2/8 3 x 2 x 2/8 3 x 2 x 2/8 
0"~ 0.320 0.250 0.750 

Po 
0"~ 0.281 0.500 0.250 

{3, 
0"~ 0.156 0.250 0.188 
~' 0.156 0.250 0.188 0"-p, 

0"~ 0.281 0.500 0.313 
p" 

0"~ 0.281 0.500 0.313 
p" 

0"~ 0.156 0.250 0.250 
{J" 

0"~ 0.633 0.500 1.250 
/Ju 

(tr(X'X)- 1 )/ P 0.283 0.375 0.438 

Table 7 .4a. Val u es of aJ for a2 = 1. 
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Design number 8.5 8.6 
Group 11 11 
Design 4 x 4 x 2/16 4x3x2/16 
".~ 0.258 0.223 go 

O.ll3 0.113 IT · 

~· 0.113 0.125 "._ 
g> 

0.063 0.063 ". _ 
g. 

0.203 0.225 IT p,, 
".~ O.ll3 0.113 

/Ju 
".~ 0.113 0.125 p,. 
".2 0.316 · o.316 Pu 
".~ 0.316 0.250 

"" (tr-(X'X)- 1)/P 0.178 0.172 

Table 7.4b. Values of a~ for a 2 = 1. 

Design number 8.7 8.8 8.9 8.10 
Group III lil lli lil 
Design 4 x 4 x 4/16 4x4x3/16 4x3x3/16 3 x 3 x 3/16 
(7~ 0.526 0.500 0.461 0.413 go 

0.084 0.084 0.086 0.089 (7. 

"' (7~ 0.084 0.087 0.091 0.089 ," (7~ 0.084 0.089 0.088 0.089 g. 
0.118 0.118 0.115 0.120 ".p,, 

".2 0.118 0.123 0.123 0.120 
~ .. 

0.118 0.116 0.120 0.120 ". _ g» 
0.647 0.607 0.629 0.484 (7. 

~11 
0.647 0.678 0.511 0.484 (TiJ" 

(7~ 0.647 0.481 0.461 0.484 

"" (tr(X'x)- 1 )/ P 0.308 0.288 0.268 0.249 

Table 7.4c. Values of a~ for a 2 = 1. 
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Design number 8.11 8.12 
Group IV IV 
Design 4 x 2 x 2 x 2/16 3 x 2 x 2 x 2/16 
(!'~ 0.160 0.125 

Po 
(!'~ 0.113 0.125 p, 
0'~ 0.063 0.063 p, 
0'~ 0.063 0.063 p. 
0'~ 0.063 0.063 p, 
(!'~ 0.113 0.125 

p" 
0'~ 0.113 0.125 p,. 
0'~ 0.113 0.125 

/Ju . 
0'~ 0.063 0.063 p,. 
(!'~ 0.063 0.063 p,. 
0'~ 0.063 0.063 p .. 
0'~ 0.316 0.250 

p" 
(tr(X'X)- 1)/P 0.108 0.104 

Table 7 .4d. Val u es of afi for a2 = 1. 

Desjgn nwnber 8.13a 8.14a 8.15a 8.13b 8.14b 8.15b 
Group V V V V V V 
Design 4 x 4 x 2 x 2/16 4 x 3 x 2 x 2/16 3 x 3 )( 2 )( 2/16 4 )( 4 )( 2 x 2/16 4 )( 3 x 2 )( 2/16 3 )( 3 x 2 )( 2/16 

"~· 0.258 0 .223 0.188 0 .828 0 .727 0.625 

"· 0.139 0 .135 0.188 0.089 0 .088 0.104 

~· 0.139 0 .150 0.188 0.089 0.108 0.104 
"~ 
"· 0.083 0 .083 0.063 0 .083 0.064 0.063 

"~ 0.077 0.075 0.094 0.125 0 .125 0.125 

~· 0.298 0.450 0 .500 0.141 0.180 0.250 
(1 ~11 
"· 0.139 0 .203 0.188 0.100 0.132 0.167 
~ .. 

0 .165 0.225 0 .250 0.109 0.124 0.188 a~~ .. 
"· 0 .139 0 .225 0 .188 0.100 0 .119 0.167 

~· 0.165 0.250 0 .250 0.109 0.153 0.188 "· ~" 0.077 0.113 0.094 0 .078 0 .094 0 .125 
(1 ~34 
" · 0.316 0 .316 0 .250 0.633 0 .633 0.500 
~11 0.316 0.250 0.250 0.633 0.500 0.500 

(t~X'X)-')/P 0 .176 0 .206 0.207 0 .238 0.234 0.239 

Table 7.4e. Values of afi for a2 = 1. 
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Design number 8.16 8.17 8.18 8.19 
Group VI VI VI VI 
Design 4x4x4x2/16 4x4x3x2/16 4 x 3 x 3 x 2/16 3 x 3 x 3 x 2/16 
(1~ 0.986 0.881 0.790 0.724 

l!o 
(1~ 0.110 0.109 0.109 0.108 

{!, 
(1~ 0.081 0.083 0.092 0.092 

{!, 
(1~ 0.089 0.102 0.106 0.110 
~· 0.076 0.080 0.083 0.086 (1 (J, 

(1~ 0.110 0.108 0.109 0.108 
{!" 

(1~ 0.124 0.131 0.132 0.149 
p" 

(1~ 0.097 0.101 0.102 0.113 
I! u 

(1~ 0.120 0.132 0.146 0.144 
p" 

(1~ 0.094 0.097 0.112 0.110 p,. 
(1~ 0.103 0.106 0.114 0.120 

fJ .. 
(1~ 0.493 0.514 0.523 0.410 

I! u 
(1~ 0.738 0.746 0.554 0.525 

IJ" 
(1~ 0.500 0.368 0.386 0.397 IJ,, 
(tr(X'x)- 1)/P 0.266 0.254 0.240 0.228 

Table 7 .4f. Val u es of ufi for u2 = 1. 

Design number 8.20 8.21 8.22 8.23 8.24 
Group VII VII VII VII VII 
Design 4 x 4 x 4 x 4/16 4 x 4 x 4 x 3/16 4 x 4 x 3 x 3/16 4 x 3 x 3 x 3/16 3 x 3 x 3 x 3/16 

"~ 1.586 1.465 1.338 1.249 1.257 

"q. 0.144 0.136 0.136 0.142 0.140 

"~, 0.087 0.085 0.088 0.097 0.094 

"q. 0.095 0.092 0.101 0.103 0.109 

"q. 0.092 0.091 0.095 0.100 0.105 

"q" 0.113 0.110 0.109 0.112 0.110 

<T · 0.127 0.127 0.133 0.133 0.160 
q" 0.120 0.116 0.118 0.123 0.133 uqu 
"~· 

0.112 0.113 0.122 0.132 0.131 

q~'H 0.108 0.106 0.109 0.124 0.118 

"q .. 0.126 0.132 0.138 0.143 0.158 

(1~11 0.545 0.548 0.575 0.588 0.461 

"q» 0.708 0.714 0.714 0.532 0.507 

"q •• 0.526 0.522 0.395 0.413 0.422 

a~ ... 0.836 0.652 0.634 0.634 0.661 

(tr(X'x)-')/P 0.355 0.334 0.320 0.308 0.304 

Table 7 .4g. Val u es of ufi for u2 = 1. 
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Design number 8.25 8.26 8.27 
Group VIII VIII VIII 
Design 4 x 4 x 4 x 4 x 4/32 4 x 4 x 4 x 4 x 3/32 4 x 4 x 4 x 3 x 3/32 
0"~ 0.579 0.564 0.541 

fio 
0"~ 0.046 0.046 0.046 
~· 0.042 0.042 0.042 0"· 

~· 0.047 0.047 0.047 0" fj, 
0"~ 0.040 0.040 0.042 fi. 
0"~ 0.040 0.043 0.043 fi. 
0"~ 0.049 0.049 0.049 {i., 
0"~ 0.050 0.051 0.051 fiu 
0"2 0.051 0.051 0.051 Pu 
0"2 0.048 0.050 0.050 fj,. 
0"~ 0.054 0.054 0.054 {i,. 
0"~ 0.054 0.054 0.054 

fi•• 
0"~ 0.052 0.053 0.053 

fi•• 
0"~ 0.051 0.051 0.053 {i,. 
0"~ 0.050 0.050 0.051 

fi·· 
0"~ 0.052 0.053 0.053 
fiu 

0"~ 0.428 0.428 0.419 
~ll 

0.372 0.377 0.373 0"· {i,, 
0"~ 0.386 0.377 0.372 
fiu 

0"~ 0.389 0.388 0.297 
{i .. 

0"~ 0.430 0.337 0.336 
fi·· 

(tr(X'X)- 1 )/ P 0.158 0.153 0.147 

Table 7 .4h. (part 1) Va.lues of u~ for u 2 = 1. 
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Design number 8.28 8.29 8.30 
Group VIII VIII VIII 
Design 4 x 4 x 3 x 3 x 3/32 4 x 3 x 3 x 3 x 3/32 3 x 3 x 3 x 3 x 3/32 
u~ 0.511 0.484 0.453 

fJo 
u~ 0.046 0.046 0.048 
~~ 

0.042 0.044 0.045 U· 
~, 

0.048 0.048 0.048 up, 
u~ 0.043 0.042 0.042 

{3, 

u~ 0.043 0.043 0.044 

~· 0.049 0.051 0.052 u fjl> 
u~ 0.050 0.051 0.051 

f3u 
u~ 0.051 0.051 0.054 

flu 
u~ 0.050 0.051 0.052 

{Ju 
u~ 0.054 0.050 0.053 
p" 

u~ 0.054 0.053 0.054 
{J,. 

u~ 0.053 0.054 0.054 {3,. 
u~ 0.053 0.054 0.053 p,. 
u~ 0.053 0.053 0.053 

{J,. 
u~ 0.053 0.053 0.053 

{J., 
u~ 0.419 0.416 0.326 
~~~ 

0.374 0.291 0.293 u. 
~" 0.291 0.293 0.291 U-
~33 

0.304 0.297 0.292 U· 
{3 .. 

u~ 0.324 0.310 0.316 
fJ •• 

(tr(X'x)- 1)/P 0.141 0.135 0.130 

Ta bie 7 .4h. (part 2) Val u es of u~ for u 2 = 1. 
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Design number 8.31 8.32 8.33 
Group IX IX IX 
Design 3 x 3 x 3 x 2/18 3x3x2x2/I8 3 x 2 x 2 x 2/18 
0"~ 0.417 0.368 0.224 

f3o 
0"~ 0.083 0.099 0.107 
~· 0.083 0.104 0.078 0"· 

~· 0.083 0.063 0.078 0"· p, 
0"~ 0.056 0.064 0.075 !3. 
0"~ 0.238 0.189 0.179 {3., 
0"~ 0.238 0.142 0.179 {3., 
0"~ 

f3u 
O.I46 0.104 0.146 

0"~ 
{3,. 0.250 0.188 0.141 

0"~ 
p,. 0.143 0.099 0.107 

0"~ 
{3,. O.I43 0.074 0.107 

0"~ 
f3u 

0.313 0.437 0.313 
0"~ 0.250 0.250 

{3" 
0"~ 0.250 {3., 
(tr(X'x)- 1)/P 0.192 0.168 0.144 

Table 7.4i. Values of afi for a2 = 1. 

Design number 8.34 8.35 8.36 
Group x x x 
Design 3 x 3 x 3 x 3/27 3 x 3 x 3 x 2/27 3 x 3 x 2 x 2/27 
(i'f 

f3o 
0.333 0.264 0.195 

0"~ 0.056 0.064 O.ü70 p, 
0"~ 0.056 0.064 O.ü70 p, 
0"~ 0.056 0.064 0.047 
~· 0.056 0.042 0.047 0"· 
!3· 

0"~ 0.089 0.103 0.089 
fh> 

0"~ 0.089 0.103 0.067 {3., 
0"~ 0.089 0.077 0.067 

{3 .. 
0"~ 0.089 0.103 0.067 p,. 
0"~ 0.089 0.077 0.067 p,. 
0"~ 0.089 0.077 0.050 {3,. 
0"~ 0.167 0.167 0.167 

f3u 
0"~ 

{3" 
0.167 0.167 0.167 

0"~ 0.167 0.167 {3., 
0"~ 0.167 

!3 •• 
(tr(X'x)- 1 )/ P 0.117 0.110 0.090 

Table 7.4j. Values of afi for a2 = 1. 
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Design nuinber 8.37 8.38 8.39 
Group XI XI XI 
Design 3x3x3/15 3 x 3 x 3 x 3/27 3 x 3 x 3 x 3/I5 

Box Behnken Box Behnken Rechtschaffner 
0'~ 0.333 0.407 0.529 

fJo 
0'~ 0.125 0.083 0.139 
~· 0.125 0.083 0.139 0' fj, 

0'~ 0.125 0.083 0.139 {J, 
0'~ 0.083 0.139 p, 
0'~ 

fJ• 
0'~ 0.250 0.250 0.139 

{J" 
0'~ 0.250 0.250 0.139 

fJu 
0'~ 0.250 0.139 

fJu 
0'~ 

fJu 
0'~ 0.250 0.250 0.139 p,. 
0'~ 0.250 0.139 

{J,. 
0'~ 

p,. 
0'~ 0.250 0.139 
~ .. 

0'· 
{3 .. 

0'~ 
fJ .. 

0'~ 0.271 0.187 0.886 
P" 

0'~ o.;m 0.187 0.886 
p" 

0'~ 0.271 0.188 0.886 
p" 

0'~ 0.187 0.886 p .. 
0'~ 

p •• 
(tr(X'x)- 1 )/ P 0.227 0.189 0.364 

Table 7 .4k. (part 1) Val u es of aJ for a2 = I . 
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Design number 8.40 8.41 8.42 
Group XI XI XI 
Design 3 x 3 x 3 x 3 x 3/21 3 x 3 x 3 x 2/18 3 x 3 x 3 x 3 x 3/27 

Rechtsehalfoer A Webb design Mitchell and Bayne 
0'~ 0.336 0.399 0.788 

/Jo 
0'~ 0.063 0.094 0.048 

IJ. 
0'~ 

{J, 0.062 0.094 0 .049 
0'~ 0.063 0.094 0 .048 {J, 
0'~ 0.062 0.056 0.050 IJ, 
0'~ 

IJ. 
0.063 0.051 

0'~ 
{J., 0.063 0.167 0 .055 

0'~ 
IJ" 

0.063 0.167 0.054 
0'~ 

IJ .. 
0.063 0.094 0.058 

0'~ 0.063 0.058 
IJ .. 

0'~ 0.063 0.167 0.055 
{J" 

0'~ 
{J,. 0.063 0.094 0.055 

0'~ 0.063 0.055 {J,. 
0'~ 0.063 0.094 0.061 {J,. 
0'~ 0.063 0.055 p,. 
0'~ 0.063 0.055 

{3 .. 
0'~ 0.867 0.260 0 .348 

/Ju 
0'~ 0.867 0.260 0.307 

{J" 
0'~ 0.867 0.260 0.339 

{J" 
0'~ 

IJ .. 
0.867 0.282 

0'2 
iJ •• 0.867 0.340 

(tr(X'x)- 1 )/ P 0.267 0.164 0.153 

Ta bie 7 .4k. (part 2) Val u es of a.J for a 2 = 1. 
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Design 

nr. Design G-eff. D-eff. Remarks 

8.1 4 x 2 x 2/8 47.1" 82.4 clumpw. orth. 

8.2 3 x 2 x 2/8 25.o· 68.4 clumpw. orth. 

8.3 3 x 2 x 2/8 25.0" 81.3 clumpw. orth. 

8.4 3 x 2 x 2/8 identical with 8.2 

8.5 4 x 4 x 2/16 62.3" 82.0 orth. design 

8.6 4 x 3 x 2/16 59.o· 81.3 orth. design 

8.7 4 x 4 x 4/16 57.7 87.8 clumpw. orth. 

8.8 4 x 4 x 3/16 55.3 89.2 clumpw. orth. 

8.9 4 x 3 x 3/16 57.3 90.9 clumpw. orth. 

8.10 3 x 3 x 3/16 61.2 92.6 clumpw. orth. 

8.11 4 x 2 x 2 x 2/16 78.9. 90.1 orth. design 

8.12 3 x 2 x 2 x 2/16 75.o· 88.6 orth. design 

8.13a 4 x 4 x 2 x 2/16 32.2 75.2 clumpw. orth. 

8.14a 4 x 3 x 2 x 2/16 22.1 69.0 clumpw. orth. 

8.15a 3 x 3 x 2 x 2/16 20.3 68.1 clumpw. orth. 

8.13b 4 x 4 x 2 x 2/16 57.6 84.6 clumpw. orth. 

8.14b 4 x 3 x 2 x 2/16 41.6 81.1 clumpw. orth. 

8.15b 3 x 3 x 2 x 2/16 34.5 76.4 clumpw. orth. 

8.16 4 x 4 x 4 x 2/16 47.0 87.5 

8.17 4 x 4 x 3 x 2/16 44.9 87.2 

8.18 4 x 3 x 3 x 2/16 38.5 86.8 

8.19 3 x 3 x 3 x 2/16 39.3 87.2 

8.20 4 x 4 x 4 x 4/16 38.3 84.9 

8.21 4 x 4 x 4 x 3/16 42.7 86.2 

8.22 4 x 4 x 3 x 3/16 45.8 86.0 

8.23 4 x 3 x 3 x 3/16 45.8 85.8 

8.24 3 x 3 x 3 x 3/16 42.1 85.8 

8.25 4 x 4 x 4 x 4 x 4/32 55.7 87.8 

Table 7 .5. (part 1) D- and G-efficiencies of 45 designs. 

•) Exact value of the G-efficiency. 
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Design 

nr. Design G-eff. D-eff. Remarks 

8.26 4 x 4 x 4 x 4 x 3/32 54.8 88.1 

8.27 4 x 4 x 4 x 3 x 3/32 55.8 88.8 

8.28 4 x 4 x 3 x 3 x 3/32 55.5 89.4 

8.29 4 x 3 x 3 x 3 x 3/32 56.4 90.1 

8.30 3 x 3 x 3 x 3 x 3/32 58.8 90.4 

8.31 3 x 3 x 3 x 2/18 26.9 80.1 !in. eff. orth. 

8.32 3 x 3 x 2 x 2/18 28.1 82.1 !in. eff. orth. 

8.33 3 x 2 x 2 x 2/18 28.9 76.8 !in. eff. orth. 

8.34 3 x 3 x 3 x 3/27 55.6* 87.8 !in. + quadr. 

eff. orth. 

8.35 3 x 3 x 3 x 2/27 39.2* 84.3 !in. + quadr. 

eff. orth. 

8.36 3 x 3 x 2 x 2/27 44.8* 85.8 !in . + quadr. 

eff. orth . 

8.37 3 x 3 x 3/15 47.8* 68.1 !in. + interact. 

Box Behnken terros orth. 

8.38 3 x 3 x 3 x 3/27 26.1* 51.6 !in. + interact. 

Box Behnken terros orth. 

8.39 3 x 3 x 3 x 3/15 39.2 80.2 

saturated design 

8.40 3 x 3 x 3 x 3 x 3/21 52.5 88.6 clumpwise 

saturated design orthogonal 

8.41 3 x 3 x 3 x 2/18 39.6 86.0 cluropwise 

Webb design orthogonal 

8.42 3 x 3 x 3 x 3 x 3/27 65.9 95.2 

Mitchell and Bayne 

Table 7 .5. (part 2) D- and G-efficiencies of 45 designs . 

*) Exact value of the G-efficiency. 
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7.4. Judging the designs 

1.4.1. Grou.p I. Designs 8.1, 8.2, 8.3 and 8.4 of Tab/~ 7.3a 

Design 8.1 has, given the limited number of points, excellent qualities. The value of lrl is 

rather large, the VIF's are small. 

We also refer to Section 4.2, where design 8.1 has been discussed in detail. 

The nature of the clumpwise orthogonality can be evaluated with the matrix XTXI of design 

8.1 of the Appendix. 

Design 8.2 and 8.3 have both been derived from 8.1 through collapsing. 

We see that collapsing produces an increase in aj, average aj, trace(r- 1 
), largest VIF and 

the largest IPI· See also Table 7.4a. A decreaseis found in Ir!. 

All these characteristics indicate that collapsing reduces the design quality, although designs 

8.2 and 8.3 are still acceptable since their characteristics have reasonable values. 

Although we used design 8.2 in Section 4. 7 we see that design 8.3 has some advantages over 

design 8.2 because trace(r-1 ) and largestIPI are smaller, whereas lrl and the D-efficiency is 

larger than the same values of design 8.2, although max (af3~ la2 ) of design 8.3 is the largest. 
pp . 

We tried to find a 3 x 2 x 218 design with a higher D-efficiency using the method given in 

Section 5. 7 but we were not successful; we either found smaller D-efficiencies or we had a 

singular X'X matrix. For further details of the designs we refer to the Appendix. 

lt is again pointed out that r, r-1 , VIF's and d are independent of the sealing of the Xp. 

1.4.2. Grou.p 11 and grou.p IV. Designs 8.5, 8.6, 8.11 and 8.12 

The design characteristics of the designs mentioned above can be found in Tables 7.3b and 

7.3c. 

We treat these four designs as one group since they are all orthogonal. Details of each design 

can be found in the Appendix. 

We have det(X'X) = NP because of orthogonality. 
N 

All variances of ~ are equal to a 2 IN = a 2 I 16 = 0.063a2, if the sealing L X ~i = N is used. 
i=1 

Because we choose the collapsing procedure as in Table 5.5, the designs 8.6 and 8.12 are 

orthogonal. The variances of~ in Tables 7.4b and 7.4d show that collapsing has hardly an 

effect on these values. For the designs considered we have 
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lrl = 1, trace(r- 1
) = P- 1, VIF = 1, largestIPI = 0. 

These are the best possible values thanks to the orthogonality of the designs. 

The 4 designs considered have reasanabie D- and G- efficiencies. 

7.{3. Group 111. Designs 8. 7, 8.8, 8.9 and 8.10 of Table 7.3b 

The four designs have an excellent quality with high D-efficiencies and satisfactory G­

efficiencies. The excellent quality is also evident since, trace(r-1 ), largest VIF, d and largest 

IPI have small values, whereas lrl is fairly large. lt is also striking that collapsing has 

a favourable effect since the values mentioned above show an increase in D-efficiency, G­

efficiency, lrl and a decreasein trace(r- 1 ), largest VIF and d, when camparing design 8.7 

with design 8.10. 

The explanation is that (8.10) is 'closer' to the D-optimal 3 x 3 x 3 design, since (8.10) has 

only factors with 3 levels, whereas (8.7), (8.8) and (8.9) have at least one factor with four 

levels. 

It is also interesting to have a look at Table 7.4c. We see that collapsing hardly affects a~. 

and a2. but decreases af32. and af32. . 
/3pq 0 pp 

The nature of the clumpwise orthogonality is evident from the relevant (X'X)- 1 matrices in 

the Appendix. We see that the linear effects are orthogonal to all others. 

1.4.4- Group V. Designs 8.13a, 8.14a, 8.15a, 8.13b, 8.14b, 8.15b of Table 7.3d 

This group of designs contains two subgroups. The a-group was obtained using the design 

generators and collapsing. 

The b-group was obtained using properties of the D-optimal 3 x 3 x 2 x 2 design. See also 

Section 5.7. 

It is hardly possible to establish which group of designs is the best. 

Although the b-group has a better D- and G-efficiency than the a-group, we see that the a­

group has bettervalues as regards lrl, trace(r- 1 ), largest VIF, largest IPI, and (trace(X'X)-1 )/ P. 

Table 7.4e reveals why th~ latter value is smallest for the a-group. lt is because a~0 and 

a2. are for the a-group considerably smaller than for the b-group. 
{Jpp 
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The comparison of the a-group and b-group clearly reveals that it is not sufficient to compare 

designs using only the D- and G-efficiency. 

Other design characteristics especially those giving measures of non orthogonality such as lrl, 
trace(r- 1) and the largest VIF must also betaken into account. 

Both groups of designs have clumpwise orthogonality. The nature of it can be judged by 

consiclering the (X'X)-1 matrices of the relevant designs in the Appendix. 

7.4.5. Group VI. Designs 8.16, 8.17, 8.18 and 8.19 of Table 7.3e 

Inspeetion of Table 7.3e shows that this group of designs has acceptable characteristics such 

as a high D-efficiency, small VIF's and small values for the largest IPI· 
Collapsing has in this case a negligabie effect on the design quality, although design 8.16 

appears to have slightly better charaderistics than the three others especially since it has a 

better G-efficiency. 

Table 7.4f shows that collapsing decreases (trace(X'X)-1 )/ P. This decreaseis caused by the 

decrease in afJ! and afJ~ through collapsing. The decrease in afJ~ is understandable since 
0 pp pp 

a parameter /3pp is more accurately estimated, if three instead of four levels are used in the 

range -1 to +1. 

7.4.6. Group VII. Designs 8.20, .. . , 8.24 of Table 7.3f 

We again see the same pattern as in group VI, namely a high D-efficiency, small VIF's and 

small values for the largest IPI· 
We also see, as in group VI a decreasein (trace(X'X)- 1 

)/ P through collapsing. 

Table 7.4g clearly shows that this decrease is caused by a decrease of a~ and afJ~ 
p O pp 

1.4. 7. Group VIII. Designs 8.25, .. . , 8.30 of Table 7.3g 

This group of designs has excellent properties with good values for D- and G-efficiency, small 

VIF's and small values for the largest IPI · 
We again see a slight decrease in (trace(X'X)- 1 )/ P, aiso caused by a decrease in a~0 and 

&2 through collapsing, as Table 7.4h clea rly shows. 
{Jpp 
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7 .. {8. Group IX. Designs 8.31, 8.32 and 8.33 of Table 7.3h 

It is striking that the effects of collapsing are negligable. Camparing the three designs we see 

that 8.32 appears to be better than 8.31 since (trace(X'X)- 1 
)/ P has decreased and so has 

trace( r- 1
) even allowing for the fact that P for 8.32 is one less than for 8.31. The largest IPI 

value has nat changed and lrl of 8.32 is larger than lrl of 8.31. 

Design 8.32 also has the best D-efficiency. The only negative point of design 8.32 is that 

max( u{J~ / u2) has increased. 
pp 

Camparing 8.31 with 8.33 we see that these designs are of equal quality since most of the 

characteristics have the same value. Even the trace(r-1 ) values are equivalent because their 

difference equals the difference in P of the designs 8.31 and 8.33. 

The fact that collapsing had hardly an effect can be explained. Collapsing was namely carried 

out on the factors Q and U of design 8.31. 

When we examine the (X'X)- 1 matrix of design 8.31 in the Appendix, we see that the linear 

and quadratic effects of Q and U are orthogonally estimated and that the (X'X)-1 matrix 

contains many zero's. 

In Table 6.6 we see that the linear effect of a collapsed two-level factor equals minus the 

quadratic effect of the original three-level factor. 

The linear effect of the collapsed two-level factor will therefore remain orthogonal to all other 

effects. Only parts of the (X'X)-1 matrix conesponding to cross-product terms, especially 

cross-product terms containing the collapsed factor, will change. Summarizing we may state 

that the designs 8.31, 8.32 and 8 .33 have a good structure since many of their characteristics 

have acceptable values. 

For instanee the u.J values are small and lrl is rather large for the three designs, because all 

linear effects are orthogonally estimated. It is also interesting to have a look at Table 7.4i. 

It is difficult to find a pattern. Same variances increase, others decrease through collapsing. 

7.4.9. Group X. Designs 8.34, 8.35 and 8.36 of Table 7.3i 

Again we find that collapsing has a very small effect. 

Design 8.35 has slightly less quality than design 8.34. This is obvious when we campare the 

various characteristic values. Camparing 8.34 with 8.36, we see that they are of the same 

quality since nearly all their characteristics have the same value. Collapsing has again a small 
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effect because alJ the linear and quadratic effects of design 8.34 are orthogonalJy estimated. 

This property is not affected by collapsing. See also Section 7.4.8. The designs have an 

excellent quality si nee uJ, VIF's and IPI have a smalJ, whereas lrl has a large value. 

The D- and G-efficiency have acceptable values. Inspeetion of Table 7.4j reveals that nearly 

all u13• values decrease when we compare design (8.36) with (8.34 ). 
pq 

7.,{10. Group XI. Miscellaneous designs 8.37, . . . , 8.42 of Table 7.3j 

Although the orthogonal polynomials were, except for design 8.42, constructed in such a way 
N N N 

that L Pl? = L Pq? = N, we do not, for alJ p, have L x;p = N for designs 8.37-8.40 
i=l i=l i=l 

since these designs were not derived from orthogonal rnain-effect designs. 

Designs 8.37 and 8.38 have a good quality because their design characteristics have excellent 

values i.e. a high value of jrj, the trace(r-1 ) is very close to its minimum value P- 1, smaJJ 

VIF's and smalJ values of jpj. However the D-efficiency is small since designs 8.37 and 8.38 

were designed for spherical experimental regions while the D-efficiency was calculated for a 

hypercube. The linear and interaction effects are orthogonalJy estimated. 

Design 8.38 contains a fifth factor, namely blocks. lt is indicated by the variabie xt; in de­

sign 8.38. Tltis variabie has the value 0 for experimental units 1, 2, ... , 9, a value 1 for units 

10, 11, ... , 18 and a value 2 for units 19, 20, .. . , 27. lt is surprising that no orthogonal poly­

nomials were used in Box and Behnken (1960). As aresult the estimate of /30 was correlated 

with the estimates /3pp· 
We have avoided this correlation since the /3PP are only mutually correlated and not correlated 

with /30 , /3P and /3pq• as the matrices XTXI of design 8.37 and 8.38 clearly show. 

Designs 8.39 and 8.40 appear to have acceptable properties because their VIF's and largest 

IPI are rather smalJ. The qualities of design 8.39 are less evident when we compare it with 

design 8.24, a 3 x 3 x 3 x 3/16 design. 

Design 8.40 is of a lesser quality than design 8.30, a 3 x 3 x 3 x 3 x 3/32 design, especialJy 

since lrl and trace(r- 1) of 8.30 have much better values. Further discussion of designs 8.39 

and 8.40 will be clone in the next section. 

Design 8.41 has good properties, such as small VIF's, trace(r-1 ) and jpj. The only objection 

to this design is the fact that a partienlar /3 is correlated with alJ other /J's with the exception 

of /Jo and /34. 
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Design 8.41 will he compared to design 8.31, also a 3 x 3 x 3 x 2/18 design, in the next section. 

Design 8.42, constructed by Mitchell and Bayne ( 1978), has excellent properties. It will he 

compared with design 8.30 and 8.40 in the next section. 

7.5. Comparison between groups of designs 

The designs of group I are a class by themselves because they are small designs, since they 

only consist of 8 exp-erimental units. 

Since all other designs considered have at least 15 experimental units, it serves no purpose 

to compare the designs of group I with the designs of other groups. 

The groups 11, III, ... , VII all consist of designs with 16 experimental units. 

We shall campare these groups by consiclering the "leading" design in each group. The word 

"leading" is used because it refers to the first design in each group, from which all the other 

designs in a group have been derived through collapsing. 

The design chlracteristics of these leading designs have been given in Tables 7.5a and 7.5b. 

All variances in these tables are based on the scale -1 S: Xm S: + 1, for m = 1, 2, ... , k. 

When we examine these tables we see that the 6 groups consist of two categories, namely 

Category 1 with three factors: Group 11, III 

and 

Category 2 with four factors: Group IV, V, VI, VII. 

The first design in each category is orthogonal and the design characteristics therefore have 

excellent values. 

Looking at the designs of Table 7.5 we see that the design quality decreases somewhat when 

we go from group 11 to group 111, although the D-efficiency design of 8.7 is higher than the 

D-efficiency of design 8.5. 

172 



Design number 8.5 8.7 8.11 

Group 11 lil IV 

Design 4 x 4 x 2116 4 x 4 x 4116 4 x 2 x 2 x 2116 

D-efficiency 82.0 87.8 90.1 

P: number of parameters 9 10 12 

in model 

max( uJ/ u2
) 0.113 0.084 0.113 

max( u~ I u2
) 

(Jpq 
0.203 0.118 0.113 

max( uJ I u2
) 0.316 0.647 0.316 

pp 

(trace(X'X)-1 )I P 0.178 0.308 0.108 

Ir I 1.000 0.387 1.000 

trace(r- 1 ) 8.00 11.40 11.00 

largest VIF 1.00 1.53 1.00 

v: degrees of freedom - - -

for repikation 

d = max(f'(x) (X'X)- 1 f(x) 0.902 1.084 0.950 

largest IPI 0 0.339 0 

N: number of experimental units 16 16 16 

G-efficiency = 100 PIN d 62.3 57.7 78.9 

remarks orth. clumpw. orth. 

design orth . design 

Table 7 .Sa. Design characteristics of "leading" designs with 16 experimental units. 
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Design number 8.13a 8.13b 8.16 8.20 

Group V V VI VII 

Design 4 x 4 x 2 x 2116 4 x 4 x 2 x 2116 4 x 4 x 4 x 2116 4 x 4 x 4 x 4116 

D-efficiency 75.2 84.6 87.5 84.9 

P: number of parameters 13 13 14 15 

in model 

max(a~ la 2
) 

IJ, 
0.139 0.125 0.110 0.144 

max(aJ .. I a2) 0.298 0.141 0.124 0.127 

max(a~ la2
) 

{J., 
0.316 0.633 0.738 0.836 

(trace(X'X) - 1 )I P 0.176 0.238 0.266 0.355 

Ir I 0.314 0.192 0.301 0.193 

trace(r- 1 ) 14.82 15.95 15.77 18.13 

largest VIF 1.47 2.00 1.42 1.76 

v: degrees of freedom - - - -

for replicatien 

d = max(f'(x) (X'X)- 1 f(x) 2.527 1.411 1.862 2.451 

largest IPI 0.436 0.500 0.445 0.385 

N: number of experimental units 16 16 16 16 

G-efficiency = 100 PIN d 32.2 57.6 47.0 38.3 

remarks clumpw. clumpw. 

orth. orth. 

Table 7.5b. Design characteristics of "leading" designs with 16 experimental units. 

1t is striking that in each category we see a more or ]ess stabie value of max(ufi.fu2 ), a 

decreasein max(ufJ~ /u 2 ) and an increase in max(ufJ~ fu 2
). The value of (trace(X'X)- 1 

)/ P 
~ ~ 

increases within each category. 

We see that lrl decreases within category 1 and fluctuates in category 2. 

In each category we find increases of trace(r- 1 ). If we ignore design 8.13a, we see that the 

G-efficiency decreases within each category. Summarizing we may conclude tha t the design 

quality within a category decreases slightly with increasing values of P. Nevertheless the 

designs of Table 7.5 are very useful for practical work because uj, trace(r- 1
) and VIF's are 

rather small. 

Considering all the designs 8.5- 8.24 we have found that their quality varies a great deal . 
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However, there is one cither important aspect as regards designs 8.5-8.24. 

We have experienced again and again that experimenters are reluctant to carry out many 

experiments. These 23 designs are therefore very useful for practical purposes since the num­

ber of experimental units is only 16, whereas the experimenter can examine up to 4 factors 

while each of these has 2, 3 or 4 levels. 

Attention is again drawn to the fact the two-level factors may be quantitative or qualitative, 

the factors with 3 or 4 levels are quantitative. 

lt is also interesting to compare the designs of group IX, 8.31, 8.32 and 8.33 with designs 

having 16 experimental units and whlch have the same number of factors and levels. 

We first compare design 8.12 with design 8.33. Although design 8.33 has 18 and design 8.12 

has 16 experimental units, we prefer design 8.12 since its design characteristics have more 

favourable val u es and because we can use it to calculate an es ti mate of u 2 • We now compare· 

design 8.15a and 8.15b with design 8.32. Design 8.32 appears to be slightly better because 

most design characteristics have better values. 

If an experimenter very much wants a design to be as smallas possible design 8.15a or 8.15b 

should be recommended . 

When we compare design 8.19 to design 8.31 it is obvious by studying the design charac­

teristics that design 8.19 is to be preferred if only to avoid the fairly large IPI of 0.655 for 

design 8.31. 

Design 8.19 also has a better D- and G-efficiency than design 8.31. 

We now compare design 8.34 with design 8.38. The Jatter design has 17 parameters in 

the model, two more than design 8.34, because the effect of three blocks has been taken into 

account. Although both designs are of an excellent quality, we prefer design 8.34 because 4 

scale independent design characteristics, namely lrJ, trace(r- 1 ), largest VIF and largest IPI 
have better values. Moreover the variances of Î3 of design 8.34 are much smaller than those 

of design 8.38. 

lt was already pointed outinSection 7.4.10 that design 8.38 was constructed fora spherical 

region. The small D-efficiency of 51.6% indicates that this design performs poorly fora cu­

bical experimental region. 

Design 8.34 is also to be preferred from the experimenter's point of view since it contains 5 
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points in the extreme vertices of the experimental region, namely (0 0 0 0), (2 0 0 2), (0 2 0 2) , 

(0 0 2 2) and (2 2 2 0). These can be very interesting for the subject which is being studied . 

The next comparison to be made refers to the designs 8.10, a 3 x 3 x 3/16 design and 

8.37, a 3 x 3 x 3/15 Box Behnken design . 

lt is obvious that design 8.10 is to be preferred to 8.37 since many of its characteristics such 

as D-efficiency, G-efficiency, af3- and af3· have bettervalues than those of design 8.37. 
p pq 

The small D-efficiency of design 8.37 shows that this design, constructed for a spherical re-

gion, perfarms poorly, just as design 8.38, fora cubical region. 

When we compare design 8.39 with design 8.24, we see that the latter bas on the whole the 

best design characteristics and it is therefore to be preferred. 

Although design 8.40 has the advantage that is has a smaller number of experimental units 

than design 8.30, it is clear that design 8.30 has the best design characteristics. Design 8.42 

has on the whole better values for the design characteristics than design 8.30. Design 8.30 

however, does have a center point which is an advantage from a practical point of view. 

Design 8.41 has on the whole better characteristics than design 8.31. 

A disadvantage of design 8.41, as already mentioned in Section 7.4.10, is that nearly all ~'s 

are mul.ually correlated, whereas the linear effects of 8.31 are orthogonal. However both 

designs are useful for practical purposes. 

lt is also interesting to compare design 8.41 with design 8.19. Design 8.41 has slightly better 

characteristics than design 8.19, but since their D- and G-efficiencies are nearly the same, it 

is difficult to decide which of them is the best design . 

Table 7.6 gives a summary of some recommended designs, if a choice from similar designs bas 

to be made. 
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Designs Designs 

compared recommended 

8.10. 3 x 3 x 3/16 8.10 

8.37 3 x 3 x 3/15 

8.12 3 x 2 x 2 x 2/16 8.12 

8.33 3 x 2 x 2 x 2/18 

8.15a 3 x 3 x 2 x 2/16 

8.15b 3 x 3 x 2 x 2/16 

8.32 3 x 3 x 2 x 2/18 8.32 

8.19 3 x 3 x 3 x 2/16 8.19or8.41 

8.31 3 x 3 x 3 x 2/18 

8.41 3 x 3 x 3 x 2/18 

8.24 3 x 3 x 3 x 3/16 8.24 

8.39 3 x 3 x 3 x 3/15 

8.30 3 x 3 x 3 x 3 x 3/32 8.30 or 8.42 

8.40 3 x 3 x 3 x 3 x 3/21 

8.42 3 x 3 x 3 x 3 x 3/27 

8.34 3 x 3 x 3 x 3/27 8.34 

8.38 3 x 3 x 3 x 3/27 

Table 7.6. Some recommended designs. 
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Appendix 7A 

The use of eigenvalues and eigenveetors of r. 

The matrix r is a real symmetrie matrix. 

A theorem from the matrix algebra states that 

V'rV= D, 

where V is an orthonormal matrix the columns of which are the eigenveetors of r. 

D is a diagonal matrix with diagonal elements equal to the eigenvalues Àp of r. 

(7.9) 

Because V is an orthonormal matrix we have V'V = VV' = I, where I is the identity matrix. 

Multiplying (7.9) on the left by V and on the right by V' we obtain 

r = VDV', or 

and it follows that 

-1 V.2 \-1 V.2 ,-1 + V.2 \-1 
TPP = p1-"1 + p2-"2 + · · · p,P-1-"P-1 · (7.10) 

The Vpq are the elements of V with p, q = 1, 2, ... , (P- 1 ). 

Expression (7.10) shows that r;P1, the pth diagonal element of the matrix r-1 and equal to 

the VIF, can he written as a function of the elements of the eigenveetors and eigenvalues of 

r . We shall now illustrate (7 .10) with a numerical example. 
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For this numerical example we make use of a 4 x 3 x 3 x 3/16 design in Table 7.7. It was 

constructed using design generators but later discarded because of its low D-efficiency. To 

save space we only present the design generators, the column veetors of the X matrix and 

the matrix r- 1 in Table 7.7. We take this design because it contains a large VIF namely a 

VIF equal to 13.253, the eighth d.iagonal element of r- 1
• A routine from the software package 

"Turbo-Pascal" was used to calculate the eigenveetors and eigenvalues of r. See Table 7.9. 

The variables of the regression equation of the 4 x 3 x 3 x 3/16 design and the conesponding 

VIF's are given in Table 7.8. 

Variabie VIF 

X;,2 = Qq; 2.467 

X;,3 = Pq; 3.839 

X;,4 = Rq; 3.715 

X;,s = Sq; 1.357 

X;,s = Ql; 5.429 

X;,1 =RL; 6.994 

X;,8 = Pl;Sl; 2.091 

X;,9 = Ql;Rl; 13.253 

Xi,IO = Pl; 2.504 

Xi,ll = Sl; 4.626 

X;,12 = Pl;Ql; 2.517 

X;,l3 = Pl;Rl; 3.568 

X;,l4 = Ql;Sl; 3.098 

X;,1s = Rl;Sl; 5.867 

Table 7.8. Variables and VIF's of the 4 x 3 x 3 x 3/16 design of Table 7.7. 
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Eigenval u es À!= À2 = À3 = À4 = Às = Às::: À7 = 
Àp 1.54211 2.57438 2.01729 1.04954 0.06205 0.29149 1.40980 

Variabie 

Qqi -0.3498 0.0568 0.2598 -0.2265 -0.2849 0.2767 -0.1953 

Pqi 0.0195 0.2974 -0.2234 -0.2169 -0.0985 0.1269 -0.3757 

Rq; 0.5469 0.0487 0.3184 -0.0328 0.3903 0.2228 -0.1193 

Sq; 0.1559 0.0399 0.0136 0.7147 -0.0347 -0.0769 -0.1228 

Ql; 0.4193 0.1085 0.4580 -0.0023 -0.5178 -0.2233 -0.0691 

RI; -0.0722 0.4211 -0.1341 0.2354 -0.1497 -0.2260 0.3535 

PI; SI; -0.1131 0.3268 0.2411 0.1388 0.0923 0.6228 0.5037 

QI;RI; 0.0113 0.5253 -0.2363 -0.1211 0.0956 -0.1551 0.0807 

PI i -0.3088 0.1092 0.1844 0.2473 -0.2761 0.2553 -0.3868 

SI; 0.2213 0.2025 -0.0022 -0.4460 -0.0236 0.0612 0.0172 

PI;QI; - 0.0161 0.1981 0.2759 -0.1312 -0.2578 -0.2932 0.2221 

PI; RI; 0.2674 0.1984 0.0439 0.1120 0.1028 0.1722 -0.1592 

QI;SI; 0.0099 0.4112 -0.2184 0.0996 0.0891 -0.0247 -0.3887 

RI; SI; -0.3793 0.1788 0.5287 -0.0224 0.5345 - 0.3921 -0.1601 

Table 7.9. Eigenveetors and eigenvalues of the r matrix of the 4 x 3 x 3 x 3/16 design of 

Table 7.7. 

(Part one) 

181 



Eigenval u es Às = À9 = Àw = Àu = Ài2 = Ài3 = À14 = 
Àp 0.03738 1.02428 0.93970 1.72300 0.18243 0.72178 0.42476 

Variabie 

Qq; 0.0550 0.6805 -0.0477 0.0036 0.0619 0.2415 0.1704 

Pq; -0.2856 0.0073 0.5320 -0.1372 -0.3707 -0.3529 0.0415 

Rq; -0.0701 0.0124 -0.0711 -0.2990 -0.0131 0.1284 0.5135 

Sq; -0.0740 0.3904 0.0704 0.2499 0.1906 -0.3998 0.1392 

Ql; 0.0953 0.0004 0.0061 -0.3058 0.0152 -0.0505 -0.4177 

RI; -0.4450 0.1085 -0.2866 -0.2013 -0.3513 0.2686 0.1328 

PI; SI; -0.0215 -0.0913 0.2141 -0.0512 0.1463 -0.1306 - 0.2390 

QI;RI; 0.6888 0.1227 -0.1578 -0.1485 0.0212 -0.2426 0.1342 

PI; 0.0815 -0.5180 -0.3899 -0.0123 -0.1046 -0.1368 0.2232 

SI; -0.3658 0.0359 -0.4763 0.4096 0.2198 -0.3511 -0.0714 

PI;QI; 0.0351 -0.2502 0.4049 0.4167 0.1486 0.1169 0.4778 

PI; RI; 0.2253 0.0300 -0.0134 0.5713 -0.4929 0.3518 -0.2532 

QI;SI; -0.1389 -0.1224 0.0936 -0.0500 0.5850 0.4390 -0.1820 

RI; SI; -0.1059 0.0331 0.0057 0.0052 -0.1013 -0.1344 -0.1961 

Table 7.9. Eigenveetors and eigenva.lues of the r matrix of the 4 x 3 x 3 x 3/16 design of 

Table 7.7 . 

(Part two) 

The smallest eigenvalue is Às = 0.03738. See Table 7.9, part two. The largest three elements 

in absolute value of the associated eigenvector are: 0.6880, -0.4450, -0.3658 corresponding 

with QI;RI;, RI; and SI;, which means that the majority of non orthogonality is being pro­

duced by these three variables. 

lt is interesting to calculate the large VIF = 13.253, corresponding to QI;RI;, from the 

eigenvector elements and eigenvalues of the matrix r. 

We find, according to expression (7.10), 
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rfi8
1 = (0.0113)2 

· {1.54211)-1 + (0.5253)2 
· (2.57438)-1 + ... + (0.6888)2 

· (0.03738)- 1+ 

+ ... + (0.1342)2 . (0.42476)- 1 

= 13.256. 

We can see that rfii = 13.256 is built up as a sum of 14 elements. The eighth and largest of 

these equals (0.6888)2 (0.03738)-1 = 12.692, which shows that the eigenvector Às = 0.03738 

has a very large effect on the VIF of ~23, the parameter associated with Ql;Rl;. The other 

VIF's can likewise be examined. 

In Table 7.10 we present the largest 5 VIF's of the design in Table 7.7 together with the 

largest element from equation (7.10). 

Table 7.10 showshow the largest VIF's are built up. lt appears that both Às and .X5 , the 

latter being the second smallest eigenvector, have a large effect on the largest 5 VIF's. 

Table 7.10 also shows that the variables involved with the largest VIF's are related with 

factors which were collapsed. These factors therefore contribute most to non orthogonality. 

The only non-collapsed factor, namely P, does not occur in Table 7.10. 

Variabie VIF Largest element from equation (5.14) 

X;,9 = Ql;Rl; 13.253 VJ1R 1,8 -X81 = (0.6888)2 (0.03738)-1 = 12.692 

X;,1 =RI; 6.994 VJt 8 -Xfi1 = (0.4450)2 (0.03738)-1 = 5.297 

X;,1s = Rl;Sl; 5.867 V~1s1 ,5Às 1 = (0.5345)2 (0.06205)-1 = 4.604 

X;,s = Ql; 5.429 VJ1•5 -X5 1 = (0.5178? (0.06205)- 1 = 4.321 

X;,11 =SI; 4.626 V§18-Xfi1 = (0.3658)2 (0.03738)-1 = 3.580 

Table 7.10. Largest five VIF's with largest elements from (7.10). 
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SUMMARY 

In this thesis nearly 40 small designs for quantitative factors are developed. 

A literature review about fractional replication is presented in Chapter 1 and some arguments 

are given as to why this research was undertaken, such as 

i) Experimenters want to carry out small experiments. 

ii) Scientists require freedom of choice as regards the number of levels for each factor. 

iii) The existing designs for quantitative factors usually have only 3 or 5 levels for each 

factor. 

General aspects of linear regression theory and experimental design such as the linear regres­

sion model, D- and G-efficiency, the techniques of replacement and collapsing are dealt with 

in Chapter 2. 

Chapter 3 presents methods to find D-optimal experimental designs for the incomplete 

quadratic model in which d variables have linear and quadratic terms, but the other (k- d) 

variables have only linear terms. All (~) linear x linear interactions are however included in 

the model. 

These D-optimal designs were constructed to he able to calculate the D-efficiencies of a large 

number of designs developed in Chapters 4, 5 and 6. 

The 23 design is used in Chapter 4 to construct a design with one four-level factor and two 

two-level factors using 8 ex perimental units. Such a design is indicated as a 4 x 2 x 2/8 design. 

Moreover, two 3 x 2 x 2/8 designs were constructed in Chapter 4. 

A measure of orthogonality, the varianee intlation factor, is introduced. 

Two applications of the designs developed, are given. 

Chapter 5 deals with two methods to construct designs with 16 experimental units. 

The first method uses the new concept of 'design generator'. The second method applies 

properties of D-optimal designs as developed in Chapter 3. The latter method is also used 

to construct designs with 32 experimental units. 

The P.C. package "MATH CAD" is introduced to calculate the various characteristics of the 

new designs. An application of a 3 x 3 x 3 x 3 x 3/32 design is presented . 
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In Chapter 6 some new designs with two- and three-level factors are developed using orthog­

onal columns of some rnain-effect designs. The new 39 and 6 existing designs are discussed 

and compared in Chapter 7, using various design characteristics such as D- and G-efficiency, 

variances of parameter estimators, varianee intlation factors, trace (X'X)-1, etc. lt appears 

that many new designs have excellent design characteristics. 

The details of all the new designs are presented in the appendix. These details facilitate a 

choice if a design is to he used in a practical application. 
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SAMENVATTING 

In dit proefschrift worden bijna 40 kleine proefschema's voor kwantitatieve factoren ontwik­

keld . 

Een literatuuroverzicht over gedeeltelijke herhalingen wordt gegeven in Hoofdstuk 1 en enkele 

redenen worden genoemd waarom dit onderzoek werd opgezet zoals 

i) Onderzoekers wensen kleine proefschema's uit te voeren. 

ii) Personen werkzaam in research en ontwikkeling, wensen keuzevrijheid aangaande het 

aantal te kiezen niveaus per factor. 

iii) De bestaande proefschema's voor kwantitatieve factoren hebben meestal slechts 3 of 5 

niveaus per factor. 

Algemene aspecten van lineaire regressie theorie en proefopzetten, zoals het lineaire regres­

siemodel, D- en G-efficiëncy, de techniek van vervanging en inklappen, komen ter sprake in 

Hoofstuk 2. 

Hoofdstuk 3 behandelt methoden om D-optimale proefopzetten te vinden voor het onvolle­

dige kwadratische model waarin d variabelen lineaire en kwadratische termen hebben, maar 

waarbij de andere (k- d) variabelen slechts lineaire termen hebben . Alle (;) lineaire x line­

aire interacties zijn echter in het model opgenomen. 

Deze D-optimale schema's werden geconstrueerd om de D-efficiencies van een groot aantal 

nieuwe schema's, die in de Hoofdstukken 4, 5 en 6 werden ontwikkeld, te kunnen berekenen. 

Het 23 proefschema wordt in Hoofdstuk 4 gebruikt om een proefschema van 8 experimentele 

eenheden met één factor op vier niveaus en twee factoren elk op twee niveaus, te construeren. 

Zo'n schema wordt aangegeven als een 4 x 2 x 2/8 proefopzet. 

In Hoofdstuk 4 worden bovendien twee 3 x 2 x 2/8 proefschema's geconstrueerd. 

Een orthogonaliteitsmaat, de variantie vergrotende factor, wordt geïntroduceerd. Er worden 

twee toepassingen van de ontwikkelde schema's gegeven. 

Hoofdstuk 5 bevat een tweetal methoden om schema's met 16 experimentele eenheden te 

construeren. 

De eerste methode gebruikt het nieuwe begrip 'design generator'. De tweede past eigen­

schappen van de D-optimale proefopzetten toe, zoals die werden ontwikkeld in Hoofdstuk 3. 
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De laatstgenoemde methode wordt ook gebruikt om enkele schema's met 32 experimentele 

eenheden te maken. 

Het P.C. software pakket "MATH CAD" wordt geïntroduceerd om waarden van kenmerken 

der nieuwe schema's te berekenen. 

Er wordt een toepassing van een 3 x 3 x 3 x 3 x 3/32 schema gegeven. Enkele nieuwe schema's 

met factoren op 2 en 3 niveaus worden ontwikkeld in Hoofdstuk 6, waarbij orthogonale ko­

lommen van een aantal hoofd-effect schema's worden gebruikt. 

De 39 nieuwe en 6 bestaande schema's worden besproken en vergeleken in Hoofdstuk 7, waar­

bij men diverse kenmerken van proefschema's gebruikt, zoals D- en G-efficiëncy, varianties 

van parameter schatters, variantie vergrotende factoren, het spoor van (X'X)- 1 , enz. Het 

blijkt dat veel nieuwe schema's uitstekende kenmerken bezitten. 

De bijzonderheden van alle nieuwe schema's zijn gegeven in de appendix. Deze details ver­

gemakkelijken een keuze, indien een ;>roefschema in een practische toepassing moet worden 

gebruikt. 
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APPENDIX 

Designs for experiments with factors having two, three or four levels 

This Appendix contains all the designs which have been mentioned in the previous chapters. 
All the designs have been discussed in Chapter 7. Some of the designs have been treated in 
more detail in Chapters 4, 5 and 6. TableI can be used to locate a particular design. 

Design Design Page Design Design Page 
number number 

8.1 4 x 2 x 2/8 Al 8.21 4 x 4 x 4 x 3/16 A29,30 
8.2 3 x 2 x 2/8 A2 8.22 4 x 4 x 3 x 3/16 A31,32 
8.3 3 x 2 x 2/8 A3 8.23 4 x 3 x 3 x 3/16 A33,34 
8.4 3 x 2 x 2/8 A4 8.24 3 x 3 x 3 x 3/16 A35,36 
8.5 4 x 4 x 2/16 A5 8.25 4 x 4 x 4 x 4 x 4/32 A37 
8.6 4 x 3 x 2/16 A6 8.26 4 x 4 x 4 x 4 x 3/32 A38 
8.7 4 x 4 x 4/16 A7 8.27 4 x 4 x 4 x 3 x 3/32 A39 
8.8 4 x 4 x 3/16 A8 8.28 4 x 4 x 3 x 3 x 3/32 A40 
8.9 4 x 3 x 3/16 A9 8.29 4 x 3 x 3 x 3 x 3/32 A41 
8.10 3 x 3 x 3/16 AlO 8.30 3 x 3 x 3 x 3 x 3/32 A42 
8.11 4 x 2 x 2 x 2/16 All 8.31 3 x 3 x 3 x 2/18 A43 
8.12 3 x 2 x 2 x 2/16 Al2 8.32 3x3x2x2/18 A44 
8.13a 4 x 4 x 2 x 2/16 Al3 8.33 3 x 2 x 2 x 2/18 A45 
8.13b 4 x 4 x 2 x 2/16 Al4 
8.14a 4 x 3 x 2 x 2/16 AlS 8.34 3 x 3 x 3 x 3/27 A46 
8.14b 4 x 3 x 2 x 2/16 Al6 
8.15a 3 x 3 x 2 x 2/16 Al7 8.35 3 x 3 x 3 x 2/27 A47 
8.15b 3 x 3 x 2 x 2/16 Al8 
8.16 4x4x4x2/16 Al9,20 8.36 3 x 3 x 2 x 2/27 A48 
8.17 4 x 4 x 3 x 2/16 A21,22 8.37 3x3x3/15 A49 

(Box Behnken) 
8.18 4x3x3x2/16 A23,24 8.38 3 x 3 x 3 x 3/27 ASO 

(Box Behnken) 
8.19 3 x 3 x 3 x 2/16 A25,26 8.39 3 x 3 x 3 x 3/15 A51,52 

( Rechtschaffner) 
8.20 4 x 4 x 4 x 4/16 A27,28 8.40 3 x 3 x 3 x 3 x 3/21 A53,54,55 

( Rechtschaffner) 
8.41 3 x 3 x 3 x 2/18 A56 

(Webb) 
8.42 3 x 3 x 3 x 3 x 3/27 A57 

{Mitchell and Bayne) 

Table I. Index to the designs. 



------- (8 .1 ) A 4x2x2/8 design -------
ELEHENTS OF DESIGN MATR I X 

DESIGN GENERATORS 
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0 . 4 47 1 0 0 0 0 0 

0 0 1 0 0 0 0 
0 0 0 1 0 44 ) 0 0 
0 0 0 0 . 4l.7 1 0 0 
0 0 0 0 0 1 ·'· '· 7 
0 0 0 0 0 0 . l. l. 7 

1·· 1 - 0 . 5 12 

1 .25 - 0. 5 59 0 0 0 
- 0 55 9 l. 2 5 0 0 0 (l 

· 1 0 0 1 0 0 0 0 
0 0 0 l. 25 -0 559 0 
0 0 0 -0 559 1 25 0 
0 0 0 0 0 l 25 -0 . 5)9 
0 0 0 0 0 - 0 559 l 2 5 

"[. I] ·- 8 .5 

0 0 
· 0 . 4 Ld 0 0 0 

- 0 t. t.] 1 0 0 " u 0 0 0 0 
p - 0 0 0 . 0 . 44 7 0 0 

() u 0 u . u 4 l . } l 
0 0 0 0 0 ó . 0 ·'· '· 7 

0 0 0 0 0 - 0 4 47 1 

Al 



p 1 

Pq 

OH 

0~1 

---- -- - (B . 2) A 3x2x2/8 nesign -- - ----

DESIGN GENERATORS 

.[2 
· B 

ELEMENT$ OF DES IGN MATRIX 

PI 

i.l 

i. 2 

. - 1 + 

.[2 
1 + Q 

Q~S I CN M TRlX 

1 1 0 
0 0 1 
1 0 0 

8 
0 
0 5 
0 

XTX .. 0 
0 
0 
0 

6 57 
0 
0 
0 
0 
0 

0 1 25 

Q : - c 

- A 

I 

DM 
i .) 

t] 
0 0 

657 0 
8 
0 
0 
0 5 
0 
0 

0 0 
0 0. 2 5 . 0 1 77 
0 . 0 1 77 0. 2 5 
0 0 0 

XT Xl - 0 
0 
0 
0 

t r (XIX I) - I 75 

I 0 707 
0. 707 I 

0 
0 
0 0. 
0 

I• I " 0. 125 

-l.i. 14 
- 1 1.11. 2 

· I 0 0 
0 0 
0 0 
0 0 
0 0 

"[,- 1] - IJ 

0 0 
1 -0 707 0 

-0 707 l 0 
0 0 l 

p - 0 0 0 
0 0 0 
0 0 0 
0 0 0 

c 
I 

I + R 

0 
0 0 
0 0 
0 0 
8 5.657 

65 7 8 
0 0 
0 0 . 657 

0 0 
0 0 
0 0 

0. 1 25 0 
0 0 2 5 
0 -0 1 77 
0 0 
0 

0 0 0 
0 0 0 
0 0 0 
1 0 707 0 

707 1 0 
0 0 I 
0 0 0 707 

- I 1.11. 
-1 "I" 2 

0 0 
0 0 

0 0 
0 0 
0 0 
0 0 
l -0 . 707 

-0. 107 l 
0 0 
0 0 

A2 

COLUMN VECTOR$ OF X-MATR IX 

x : - xO 
1. 1 t 

Q 
i,) 

: - Q 

i' 5 

R 
î' 7 

6 
IXTXI - 2.097 10 

0 
0 
0 
0 
0 
0 

5. 65 7 
8 

0 0 
0 0 
0 0 
0 0 

. 0 177 0 0 
0 25 0 0 

0 0. 2 5 -0. 177 
0 -0. 1 77 0 . 25 

0 
0 
0 
0 
0 

0. 707 

-I 1.11. 
-I <.!I. 2 

0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
1 -0.707 

-0 . 707 1 

PI 
i. 2 

Pq 
i ,4 

p I 
î.6 

x p 1 
i . 8 

· R 

· Q 



------- ( B.)) A 3x2x2/8 desih" -------

DESIGN GENERATORS 

) · A +B ·A · B Q : - c 

PI 

~ 

Pq - [,1 -) -BI ·_\_"IJ G 
R : - B · C 

l l I 

tL.EtH~~TS OF D~S ~~~ MATRIX 

5 + PI - ~ 
i 

DM DH 
i. l i' l 

I + Q 
i 

DH 
i,2 

DES lCN MATRIX 

DHT - [D~ 

a D D D 
0 a . "12 0 0 
0 .012 a -5, 117 0 
0 0 - 5. 117 a 0 

XTX . 0 0 0 0 a 
0 0 0 0 . ol2 
0 0 0 0 0 
0 0 0 0 0 

0 . 125 0 0 0 
0 0. toa - 0 . 075 - 0 . 008 
0 - 0. 075 0 . 25 0' 16 
0 -0 . o•a 0. 16 0. 227 

I + R 
i 

D 
D 
0 
0 

. •12 
a 
0 

-4 . 36o 

0 
0 
0 
0 

COLUMN VECTORS 

xD 
i,l 

x : - Q R 
l,l l I 

: - Q 
i,5 

R 
i,7 I 

6 
IXTX I - o o)7 I D 

0 0 
0 0 
0 0 
0 0 
0 0 
0 -· . l6o 
a 2 . "12 

012 a 

0 0 0 
0 0 0 
0 0 0 
0 0 0 

XTXI - 0 0 D 0 D. lo5 . 0 . 06 5 0 . 012 - 0 . Ol? 
0 0 0 0 -0 . 065 0. 215 -0 . 039 0 12') 
0 0 0 0 0 . 0 12 -0 . 039 0 . lo 5 . 0 . 065 
0 0 0 0 . D . 039 0 . 129 -0 . 065 0 . 21 5 

tr(XTXI) - 1 . o69 

I 0 . 302 0 0 0 0 0 
0 . )02 I . 0. 6o 0 0 0 0 

0 - 0 . 6o I 0 0 0 0 
0 0 0 I )02 0 0 
0 0 0 . 302 I 0 - D 5o 5 
0 0 0 0 0 I 0 . 302 
0 0 0 0 - o . 5o 5 0. )02 I 

I r I - 0 . 26o 

I . I 82 - 0 . 60) • D 386 0 0 0 0 
- 0. 603 2 l. 279 0 0 0 0 

· I - 0 . 386 I . 279 I . a 1 a 0 0 0 0 
0 0 0 I . 156 - 0 . 518 0 . 09/1 - 0 . li l 
0 0 0 . 0. 5 18 I . 719 -0 3 11 I 031 
0 0 0 0 09o - 0 . 311 I . 15 6 . 0 5 18 
0 0 0 . 0 311 I .Oll - 0. 518 I 719 

t r [ ,-
1

] - 10 . 75 

I 0 0 0 0 0 0 0 
0 I - 0.392 - 0 . 263 0 0 0 0 
0 - 0 392 I 0 671 0 0 0 0 
0 . 0 . 263 0 . 6 7 I I 0 0 0 0 

p . 0 0 0 0 I · 0 . 368 0. 081 - 0 221 
0 0 0 0 - 0 368 I - 0. 221 0 6 
0 0 0 0 0 OB I -0. 221 I -0 . )68 
0 0 0 0 · 0 . 22 1 0 . 6 -0 . 368 I 

A3 

OE X-MATRIX 

x p 1 
i,2 

: - Pq 
i,4 

x PI · R 
I' 6 I I 

x PI ·Q 
1.8 I 



------- (0 .4 ) A 3x2x2/8 design -------

DES IGN GENERATORS 

A + 8 

i 
Q : . c 

P I : - ---

Pq : .. A · 8 

: - 6 . c 
l 

l 

ELEHENTS Of OF.STGN KATRI X 

P I 

OH 
i , l 

OM 
i, 2 

XTX .. 

: - 1 + 

i • Q 
i 

DES l CN KATRIX 

6 0 
0 8 
0 . 6S 7 
0 0 
0 0 
0 0 
0 0 

0 
I 
0 

0 
s 6 s 7 

6 
0 
0 
0 
0 

0 
0 
0 
a 
0 
0 
0 

DM 
i ,) 

0 
0 
0 
0 

s . 
s. 65 7 

0 

6 S7 
a 
0 

I + R 

0 
0 
0 
0 
0 
0 
a 

0 0 0 0 0 0 5. 65 7 

0 . 12 S 0 0 0 
0 0 2S -0 . I 77 0 0 
0 - 0 . 1 77 0 . 2 S 0 0 
0 0 0 0 . i 2 5 0 

XT X l . 0 0 0 0 0 . lS 
0 0 0 0 - 0 1 77 
0 0 0 0 0 
0 0 0 0 0 

I r (X T X I ) I . 75 

r· 

i 0 . 707 0 0 
707 i 0 0 

0 0 0 0 
0 0 i 0 707 
0 0 707 
0 0 0 
0 0 0 70 7 

1,· 1 0 . 12) 

-I . 4 lt. 
· I . 4 ] Ij 2 

· I 0 0 I 
0 0 0 . l. ld4 
0 0 · I 4 } 1, 2 
0 0 0 0 

COLUMN 

: - x O 
i , l l 

: - Q 
i,J 1 

: - Q 
i , 5 

R 
i ,7 i 

" IXTXI " 2 . 097 - 10 

0 
0 
0 
0 
0 
0 

5 . 657 
a 

0 0 0 
0 0 0 
0 0 0 
0 0 0 

. 0 . 1 77 0 0 
0. 2 S 0 0 

0 1 5 - 0. 1 77 
. 0 1 77 0 . l) 

0 
0 
0 
0 
0 

0. 707 
i 

0 

-i j 
0 0 0 0 · i . t. 14 

"] 
2 

.. L. i] 
I ) 

I! 

0 0 0 0 0 
. 0 . 10 7 0 0 0 0 0 . 70 7 I 0 0 0 0 0 0 I 0 0 0 p - 0 0 0 I - 0 70 7 0 0 0 0 - 0 .7 0 7 I 0 

0 i · ll ,' !) / 

0 ·0 . 10 7 I 

A4 

VECI ORS OF X - MATRI X 

x : - PI 
! ,2 

i,6 
Pq 

:- Pi · R 
i . 6 i 

: - PI ·Q 
i ' 8 



------- (8 . 5) A 4x4x2/l6 design 

DESIGN GENERATORS 

2 · A + S 

PI Q1 
I 

.Is I 

Pq : - A Qq 
I 

: - A c 
I 

ELEt1E~IS QE DESl!:,;~ t:lfaTRI~ 

) + P1 .Is + 
I 

DK DK 
1,1 1,3 

3 + Q1 .Is 
1 

DK 
i,2 

DES IGN tj,BTRI/:i 

16 0 0 0 0 0 0 0 0 
0 16 0 0 0 0 0 0 0 
0 0 16 0 0 0 0 0 0 
0 0 0 16 0 0 0 0 0 

XIX - 0 0 0 0 16 0 0 0 0 
0 0 0 0 0 16 0 0 0 
0 0 0 0 0 0 16 0 0 
0 0 0 0 0 0 0 16 0 
0 0 0 0 0 0 0 0 16 

. 063 0 0 0 0 0 
0 0 063 0 0 0 0 
0 0 0 063 0 0 0 
0 0 0 . 063 0 0 

XTX I - 0 0 0 0 . 063 0 
0 0 0 0 0 . 063 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 

t T (XI X I ) - 0 563 

0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
1 0 0 0 0 
0 I 0 0 0 
0 0 1 0 0 
0 0 0 1 0 
0 0 0 0 1 

1•1 ' I 

I 0 0 0 0 
0 0 0 0 0 
0 I 0 0 0 

· I 0 0 I 0 0 0 I 
0 0 0 1 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 I 0 0 
0 0 0 0 0 I i' " 0 

0 0 

" 0 

tr [t.· I] 0 
-

AS 

,_ 
i.l 

x 
I') 

x 
I. 5 

1,7 

R 
I x '-

I, 9 

1] 
10 

IXTx l - 6.872 10 

0 0 
0 0 
0 0 
0 0 
0 0 
0 0 

. 063 0 0 

0 . 063 0 
0 0 () . 0(,1 

0 0 
0 0 
0 0 
0 0 
0 0 
I 0 
0 0 
0 1 

0 0 0 

COLUMN VECTORS Of X-MATR I X 

xO x ,_ P1 
I 1,2 I 

Ql R 
I i,l. 

Pq x Qq 
I, 6 

PI · QI P1 . R 
I I i. 8 I I 

Ql . R 
I 



------- (8.6) A 4x)x2/l6 desi~ -- -----

Pl 
l 

Pq : .. A B 

pES IGN GENERATORS 

! ! 

R A B · C 0 
! ! l l 

Ql 

Qq : - c 
! 

ELEMF.~IS: Q[ DESig;N MATRI X 

3 + PI fs 
DH 0" 

i I i , J 

Ql 
! 

OH : - I + 
!, 2 [2 

QES:IG~ 1:16TRlX 

[~ 
2 0 

0/'lT - 0 I 
0 0 

16 0 0 0 0 0 
0 ! 6 0 0 0 0 
0 0 I 6 0 0 0 

0 0 ! 6 0 0 0 
XTX 0 0 0 ! • 0 0 0 

" 0 0 0 0 16 0 0 
0 0 0 0 0 0 16 0 
0 0 0 0 0 0 16 

0 0 0 0 0 0 

o. oo J 0 
0 063 0 0 
0 0 0' 0 6) 0 
0 0 0 . 06 J 

:\T :\ 1 0 0 0 0 
0 0 0 0 
0 0 0 
0 0 

0 

I t· ( XT X I ) 0 . 563 

I 0 0 
0 0 0 
0 0 I 0 0 
0 0 0 ! 0 0 
0 0 0 0 ! 0 0 
0 u 0 0 0 I 0 
0 0 0 0 0 0 0 
0 0 0 0 0 

I r I 

! 0 0 0 
0 0 0 0 0 
0 ! 0 0 0 0 0 

·I 0 0 I 0 0 0 0 
0 0 0 0 I 0 0 0 
0 0 0 0 0 1 0 0 
0 0 0 0 0 0 1 0 
0 0 0 0 0 1 

tr [, . IJ - 8 

+ 0 
l 

l + R 

0 
0 
0 
0 
0 
0 
0 
0 

16 

0 
0 
0 
0 

. 0 6 J 
0 
0 
0 
0 

0. 

A6 

0 
0 
0 
0 
0 

063 
0 

p .. 

ÇOLUHN VECTORS 

xO 
i.l 1 

x Ql 
l, l l 

x Pq 
1,5 1 

PI Ql 
i,7 

Ql . R 

i. ' 9 l l 

! 0 
IXTxl - 6.872 10 

0 0 
0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 

o. oo 3 0 0 
0 0. 06 3 0 
0 0 0 . ooJ 

I 0 0 0 0 0 0 
0 I 0 0 0 0 0 
0 0 I 0 0 0 0 
0 0 0 I 0 0 0 
0 0 0 0 ! 0 0 
0 0 0 0 0 I 0 
0 0 0 0 0 0 ! 
0 0 0 0 0 0 0 

0 0 0 0 0 0 

l 

0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
1 0 
0 1 

0[ X-KATR lX 

x - p l 
l . 2 

R 
i ' 4 l 

: - Qq 
i . 6 

: - p l 
i . 8 l 



. 7 19 ., 
"' . 118 

0 

0 S 26 

-0. 1 91 

XTXI • 

p • 

'" 

0 Ol Z 

0 O l l 

- 0 ~ 6 1 

' 

"' 

'· ' 

'·' 

'·' 

". 

-------- (8 . 7 J h 4x4x4/l6 uesign 

DESIG:: CJAT!l!X 

Q 3 0 3 

xq'1'=( 0 0 3 3 0 0 3 3 

xrï=(O 0 0 0 3 3 3 3 

3 0 0 2) 

0 2 0 3 2) 

l 0 0 3 3 2 2) 

GOLUi<N VECl'ORS OF X-hjATRIX 

' 
' ·' '·' 

,, 
' · ' ' · ' 

'· ' '· .. 
" . ., "' '" 

,, 

, 049 ... . " ., 
"' ·l "' ·0 " 1 

" 0" ... ... . .. 
. J8l . ~' 9 , .. 

-0_1,7 

. 0 9 ~ 

0 

. " ., 

0 JJ9 

I" 
"J 

- 0 . 

- t. l 8 3 

,. ' 

-o 191 

- 0 • 

- 0 .4 (o7 

., 
· 0 -· -o 

" · 0 ' " ·0 . 

>9 I 

"' "I 

-0.001 

0 

1 . 91) lil 

I ~ 0 1 1 o 

A7 

xl1=(2xpi-3)/3 

x21=( 2xqi-3)/3 

x31=( 2xr1-3J/3 

.,, 

~ r 1 X T X I l • 3 . 0 1 ) 

0 1 1 8 0 

0 0 . 0 • ~ 

0 . 014 
o .. 

0 . 0 8 ~ 

I · I · o J e1 

I 0 ) 0 I 1 ~ 

0. 1 1} 

0 l(ol 



---------(8.8) A 4x4x3/l6 desiv,n 

UASlG i~ t.IAr.>a i X 

xp1':(0 j 0 j 0 3 0 , 3 l 3 0 2 0 2) 

xqT:(O 0 3 3 0 0 3 3 0 3 2 0 3 2) 

xr '1'=( 0 0 0 0 2 2 2 2 l 0 0 2 l l) 

Ç\ILU1.1N VEC1'0llS Oi' X-i: AT RL\ 

1 . 1 
I.Z 

'·' '·' 

'·' 1,10 

" " . " . " " !0 

" !0 "' ·1 "8 ., 
"' ., 

'" -I "' _, . , ... _, 
0 "' 0 

, .. " 0 , 01'1 

0 . 001 0 . 0 11 

-o '" 
0 02> 

XTXI • 
-o 

0 "l 
·0 00) 

I· I- • 

0 31b · 0 .3 89 

- 0 . ~ ) 1 0 

I ~ ~ 2 0 . I 3 9 0 . 2 I ~ 

. 0 . 0 79 

I . 2 ~ · 0 . 0 ~ 1 

o 7 9 • 0 . 0 ~ 1 1. I J 

0 

~ , [. . I ] - I l 2 ) 

p -
I '71 10 

I 911 \ 0 

0 

0 J24 

. 0 J ~ ' 

- 0 OJ) 

- o 061 

A8 

xli:(2xpi · 3)/3 

x21=(2xq1- 3)/3 

x31=(xri ·l ) 

,, 

1::'1" l "' !0 

" '" " 
)) ' ., 

t.r ( XlXI) 2 . 882 

0 , 031 

· O 08' 
0 . 001 

·O 0 08 

·0 0" 

I 082 0 256 



p 

----~---(8.9) A 4x3x3/16 design 

i)ES!G1S t.jATdlX 

0 3 0 0 0 2) 

xqT:(O 0 2 2 0 0 2 2 1 0 2 0 2 1) 

xr'•'~<o o o 0 2 2 2 2 l l o o 2 l l) 

COW•"N VEÇTORS Of X-!óATRIX 

: • I 

' · ' ... 
' ·' ' ·' 

'·' '·' 

" " 
" "' " . .lll. 

" '22 " " " ... · 2 . . .. , 
- l , lll . 926 0 . 667 "' ., 

'" 
., ., 

·0 . " · 0 ". · 0 . ~ ~ ~ · 0 "' 0 0>2 

·0 '" · O . llt - 0 . z ~. 0 . 1 11 

0 . 0•2 ·0 

0 '" I >I · 0.0 ' 
O , l ll ·0 "' . " 061 

0 

A9 

xl1=( 2xpi-3)/3 

X2j:(Xqj -1 ) 

x3i=(xq-l) 

0 

·0 

·0 OOI 
· 0 

0 . 2' 1 0 1 )1 

0 . 1)1 0 ,,, 



' · ' 

·' 

I· I· o 

------- (8 .10) A 3x3x3/l6 desi gn 

Dj;;SlP ei.Al'illX 

1' xp =(0 2 0 0 2 0 2 2 2 0 0 

xq'''=(O 0 2 2 0 0 0 2 0 2 

xrT=(O 0 0 0 2 2 0 0 

COLU!·i~ VI>CTOR:> OI' X-'.:h TRI X 

., 

" 
" " " " · 2 0 

0 .-2 

·2 ·2 

'·' 

'· ' 
., 
· 2 

· 2 

" 

·o 
· O 

0 _, 

· 0 I ~ 1 0 . ~ 8 ~ 

· 0 I } 2 I ~ I 

0 022 0,038 

0 022 0 0 38 

0 022 ·0 0 81 

0 20' 

· 0 

·O 42• 

0 . 
·O 41 

o z o• 
0 

1.<IXTXI) 

0 

0 

· 0 

·O 

' ·' 

' ·' 

1.10 

·2 

·2 

" 

022 

0)' 

0" 
0. 12 

00> 

00' 

0 206 

o zo • 
· 0 O D 

- 0 0)3 

t. r [r -1

] • I l. 0 ' ~ 

l ) xl;=(xp;-l) 

l) x 2 ; =(xq1-l ) 

l ) x3;=( xr; - l) 

1
" , I -, 
~ • 2 . 687 1 0 

0 022 

0. 036 

·O . 087 

0 . 038 

·0. 

0 " . 00 } 

0 . 

· 0 . )4 

· 0 292 
o . o•e 
0 I ~ 8 

- 0 29 2 

29 2_ 

p - 0 098 0 1 ) 8 

0 0 "~ - 0 3' 2 

0 I ~ 8 

·0 362 

AIO 

0.214 

I 071 

0 

0 ' 



------- ( 0 . 11) A 4x2x2x2/l6 design - - -----

DESIGN GENERATORS 

2 A + S Pq : . A 
[ [ [ COLUMN VECTORS OF X·MATRIX 

p 1 
Q : - c : . xO p 1 

i i.l [ i,2 

R - D : - Q x R 
L t.3 L L , 4 L 

s - Pq 
: - A ·C D i' 5 i,6 [ 

i [ ELEMENTS OF DESIGN MATRIX 
x : - P1 Q x P1 R 
i.7 [ L [,8 [ i 

3 + P1 .f; 1 + R 
x : - P1 s x Q 
i. 9 i i L , i O 

i i 
OH DH 

i.1 1 . 3 

x Q · S x : - R s 
i .LL i i i. i 2 

l + Q 1 + s 

DH OH 
i . 2 i .4 

Qf;~a~N !:IBTR!~ 

[~ 
0 
1 

OHT - 0 
0 tl lxTxl - 2 . 8 1S · 10 ' '· 

16 0 0 0 0 0 0 0 0 0 0 0 
0 16 0 0 0 0 0 0 0 0 0 0 
0 0 16 0 0 0 0 0 0 0 0 0 
0 0 0 16 0 0 0 ·o 0 0 0 0 
0 0 0 0 16 0 0 Q 0 0 0 0 

XIX ~ 0 0 0 0 0 16 0 0 0 0 0 0 
0 0 0 0 0 0 16 0 0 0 0 0 
0 0 0 0 0 0 0 16 0 0 0 0 
0 0 0 0 0 0 0 0 16 0 0 0 
0 0 0 0 0 0 0 0 0 16 0 0 
0 0 0 0 0 0 0 0 0 0 16 0 
0 0 0 0 0 0 0 0 0 0 0 16 

. 063 0 0 0 0 0 0 0 
0 0 . 06 3 0 0 0 0 0 0 0 
0 0 0 . 063 0 0 0 0 0 0 
0 0 0 0 063 0 0 0 0 " 0 
0 0 0 0 . 06) 0 0 0 0 

X:TXI - 0 0 0 0 0 063 0 0 " 0 
0 0 0 0 0 0 0. 061 0 " 0 
0 0 0 0 0 0 0 0 . 063 0 
0 0 0 0 0 0 0 0 U U(, J 0 
0 0 0 0 0 0 0 0 () 11,11(,: u 0 
0 0 0 0 0 0 0 0 () 06) 0 
0 0 0 0 0 0 0 0 0 0()3 

tr (XTX I) - 0 . 7S 

1 0 0 0 0 0 0 0 0 0 
0 0 0 0 1 0 0 0 0 0 0 0 0 
0 0 0 0 0 1 0 0 0 0 0 0 0 
0 0 0 0 0 0 1 0 0 0 0 0 0 
0 0 0 0 0 0 0 1 0 0 0 0 0 
0 0 0 p - 0 0 0 0 0 l 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 
l 0 0 0 0 0 0 0 0 l 0 0 0 0 
0 1 0 0 0 0 0 0 0 0 1 0 0 0 
0 0 l 0 0 0 0 0 0 0 0 l 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 1 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 1 

l rl - i 

1 0 0 0 0 0 0 
0 1 0 0 0 0 0 
0 0 1 0 0 0 0 
0 0 0 l 0 0 0 

· i 0 0 0 0 1 0 0 . 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 1 0 
0 0 0 0 0 0 i 
0 0 0 0 0 0 0 

,,[;1] - 11 

All 



------- (8.12) h 3x2x2x2/l6 design -------

PI 
I 

A + B 
1 1 

DES I CN GENERATORS 

ELEMENT$ QF PtSIGN MATRIX 

PI 
1 

DH 
1,1 

: - l + 

DH 
1,2 

DHT - [~ 

XTX -

I + Q 
1 

I 
0 
0 
0 

16 0 
0 16 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 

0 06) 
0 
0 
0 
0 

DESIGN MA,IRIX 

2 
I 
0 
0 

0 0 0 
0 0 0 

16 0 0 
0 16 0 
0 0 16 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 

0 0 
0. 063 0 

0 0 . 063 
0 0 
0 0 

0 
0 
I 
0 

0 
0 
0 
0 
0 

16 
0 
0 
0 
0 
0 
0 

I + R 
1 

DH :- ---
1,3 

I + s 
1 

DM : - ---
1 '4 

I 2 
0 0 
1 I 
I 0 

0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 

16 0 0 0 
0 16 0 0 
0 0 16 0 
0 0 0 16 
0 0 0 0 
0 0 0 0 

0 0 
0 0 
0 0 

0. 06) 0 
0 . 063 

Pq :- A 
1 

Q c 
I I 

R D 
1 I 

s :- A 
1 I 

î] IXTX I 

0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 

16 0 
0 16 

0 0 
0 0 
0 0 
0 0 
0 0 

XT X I - 0 0 0 0 0 063 0 
0 0 0 0 0 0 0 063 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 

t r ( XTX I) - 0 75 

0 0 0 0 I 
0 0 0 0 0 1 
1 0 0 0 0 0 
0 1 0 0 0 0 
0 0 0 0 0 0 
0 0 1 0 p -· 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 

0 
lel - 1 

0 0 0 
1 0 0 
0 0 0 
0 0 0 

·1 0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 
0 0 
0 1 

cr[;l) - 11 

A12 

· B 
1 I 

·B · C · D 
I I I 

14 
- 2. 815 · 10 

0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 

0 063 0 
0 0. 063 
0 0 
0 0 
0 0 

0 0 0 0 
0 0 0 0 
1 0 0 0 
0 1 0 0 
0 0 1 0 
0 0 0 1 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 

'QLJU:n~ !l&,IQRS QE ~·&IBJK 
x : - xO x P1 

1,1 I I, 2 

x Q • 1,3 I 1 ,1. I 

x s x :- Pq 
1,5 I I, 6 1 

x P1 ·Q x P1 • 1,7 I I 1.8 I I 

x : - PI ·S x : - Q 
1,9 I I I, 10 I 

x : - Q · S x R ·S 
1,11 1 l 1,12 1 I 

0 0 
0 0 

n 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 

. 06) 0 0 
0 c. 06 3 0 
0 0 0 . 063 

0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
1 0 0 0 0 0 
0 1 0 0 0 0 
0 0 1 0 0 0 
0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 



XI X -

XTX I -

PI 
i 

Qq 
l 

16 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

0 
16 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

063 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

2 ·A + B 
l 

c . 0 
l 

0 
0 

16 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

0 
0 
0 

16 
0 
0 
0 
0 
0 
0 
0 
0 
0 

0 
0. 063 

------- (B.l3a ) A 4x4x2x2/l6 design 
DESIGN GENERATORS 

Ql 
l 

2 c ... 0 
i i 

o- A · B C 0 
i i l l 

QESICN MATRIX 

0 
0 
0 
0 

16 
0 

6. 4 
0 
0 
0 
0 
0 
0 

0 
0 

2 
2 
I 
0 

0 
0 
0 
0 
0 

16 
6 . 4 

0 
0 
0 
0 
0 
0 

3 0 
2 I 
0 0 
l l 

6.4 
6. 4 

16 
0 
0 

0 
0 
0 
0 
0 
0 
0 

16 
0 

0 6. 4 
0 0 
0 0 
0 0 

0 
0 

0 
0 
0 
0 
0 
0 
0 
0 

16 
6 . 4 

0 
0 
0 

0 
0 

0 2 
J J 
I 0 
0 0 

Pq - A B 
l i 

: - B · C 

~] 
!5 

[XTX[ • 1 . 416 · ! 0 

0 0 0 
0 0 0 
0 0 0 OH 
0 0 0 i .l 
0 0 0 
0 0 0 
0 0 0 

6. 4 0 0 
6. 4 0 0 DH 

16 0 0 ! . 2 
0 16 6. 4 . 4 
0 6 . 4 16 0 
0 6. 4 0 16 

0 0 0 
0 0 0 

0 0 . 063 0 0 0 0 0 
0 0 063 0 0 0 0 
0 0 0 0. 077 0 . 015 . 0 . 037 0 
0 0 0 0 015 0 . 077 . 0 . 037 0 
0 0 0 . 0 037 . 0 . 03 7 0 092 0 
0 0 .o 0 0 0 u. on u . U I :, 
0 0 0 0 0 0 u . 0 15 u on 
0 0 0 0 0 0 · 0 . 03 7 -0 0) 7 
0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 u 

cr(XTXI)- 0. 989 

0 0 
0 0 
0 0 

0. 4 0 0 
0 . 4 0 0 

0. I 0 0 
0 0 . 0 
0 0 . 0 
0 0 . 4 0 . 0 
0 0 0. 4 . 4 
0 0 0 . 4 I 0 
0 0 0 . 4 0 I 

Ir[ - 0. 3!4 

0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 

l 235 0 . 2 35 - 0 . 588 0 0 u 
· I 0 . 135 l. 2 )5 . 0. 58 8 0 0 0 

-0 588 - 0 . 588 I ,i. 71 0 0 0 
0 0 0 I 235 0 . 2 35 . 0 58R 
0 0 0 0 235 I 23 5 . 0 5 88 
0 0 0 . 0 588 . 0 588 ! 4 71 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 

r r [ ; 
1

] - 14 824 

0 0 0 
0 0 0 
0 0 0 
0 0 0 
I 0. 19 . 0 4 36 0 

p • 0 . 1 9 I - 0. 4)6 0 0 
. 0 . 4 36 . 0 . 4 36 I 0 0 

0 0 0 0 19 . 0 41& 
0 0 0 0 . ' . 1 . 0. '·16 
0 0 0 ·0 . 4 )6 -0.4 )6 ' 0 0 0 0 0 0 
0 0 0 0 0 0 . 0 
0 0 0 0 0 . û 

A1 3 

COLUMN V EG TORS Of X-MATR IX 

x : - xO x : - Pq 
i, ! 1 , 2 i 

: - Qq x :- R 
i. ] i i. 4 i 

: - PI :- PI · R 
i,5 i' 6 i l 

: - Ql · s x : - Ql 
i,7 l i ! , 8 l 

x : - Ql x : - PI ·S 
l. 9 l i. 10 

PI Ql : - s 
i,ll l i i. 12 

x : - R · S 
i. ll l ! 

ELEMENT$ OF DESIGN MATRI X 

3 + PI fs I + R 
i l 

OH 
1,3 

3 + Ql fs l + s 
l 

OH 
i ,la 

0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 

. u . 01 7 0 0 0 
- 0 .03/ 0 u 0 
O.U92 0 0 0 

0 0 092 . 0 037 . 0 . U) 7 
u ·0. 037 0 077 0 . 0 15 
0 . 0 . 03 7 0 0 ! 5 0 . 077 

0 
0 
0 
0 
0 
0 

0 0 

0 0 
0 0 

I ,, ,, - 0 588 - 0 58 8 
·0 . ~88 ' 2 )5 0 . 2 )5 
-0 58R 0 715 I . 135 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

. 0 .f.)6 . 0. 4 36 
'·16 I 0 . 19 
,,.!(, CJ , \9 I 



-------(B.l3b) A 4x4x2x2/16 

~Ml~l~ ··o.Aiali! 
T 

=(0 3 0 3 0 3 0 0 2 0 3) xp 

xqT=(O 0 3 3 0 0 3 3 0 2 3 1 0 3 2) 

xr'r=(O 0 0 0 1 1 0 0 0 0 1) 

, ;r=(O 1 1 0 0 0 0 0 1 0 0) 

CO LU jol~ H CTORS Of' X-MATil!X 

' · ' ' ·' 

" ' ·' 

- o )6J 

p • 

Al4 

desiGn ------

- o )6) 

' " 0 

xli=(2xpi - 3)/3 

x2i=(2xqi - 3)/3 

x3i =( 2"i - 1) 

x4i=(2xsi-1 ) 

'· ' 
,, .,, 

0 

o leQ 

"' 
0 

c. ; lt. 



P1 

Qq 

DESIGN GENERATORS (8 . 14a ) A 4x3x2x2/l 6 design -------
2 

DE S IGN MATRIX 

0 
2A +8 + D 

1 1 
0 
I Pq : - A · 8 

I 

:- ---- Ql : - ---

COLUMN VECI OR S OF X-MATRIX 

c D A 8 
x : - x O x c s : - 8 ·C 

1 1 
1, 1 1 1,2 

1 1 1 
: - Qq x 

ELEH~~IS QE DE~~~~ tf.6IRTX 
I, 3 1 1,1. 

,[5 1 + R 
x : - P 1 

3 + PI !,5 
I 

I I. 6 

DM DM x : - Q1 
i,1 1 . 3 1,7 I i ' 8 

Q1 + s : - Q1 · R x 
1 

i' 9 1 , 10 

DM 1 + DM 

1,2 fz 
!,I. 

P1 Q1 x 
1,11 1 1,12 

16 0 0 0 0 0 0 0 0 0 0 
0 16 0 0 0 0 0 0 0 0 0 x : - R 

0 0 1 6 0 0 0 0 0 0 0 0 i. 1) 

0 0 0 16 0 0 0 0 0 0 0 
0 0 0 0 16 0 5 . 06 0 0 0 u u 0 

XTX - 0 0 0 0 0 16 10 . 11 9 0 0 0 0 u 0 

0 0 0 0 06 10 . 11 9 16 0 0 0 0 0 0 
0 0 0 0 0 0 0 16 0 5. 06 0 0 0 

0 0 0 0 0 0 0 0 16 10 11 9 0 0 
0 0 0 0 0 0 0 . 06 10 . 11 9 16 0 0 

0 0 0 0 0 0 0 0 0 0 16 5 _ (I(, 10 11 9 

0 0 0 0 0 0 0 0 0 0 5. 0( .. I '• 0 IXTx l - 5. 629 10 

0 0 0 0 0 0 0 0 0 0 10. 11 9 {) 16 

0. 063 0 0 0 0 0 0 0 0 0 

0 0. 063 0 0 0 0 0 0 0 0 0 

0 0 063 0 0 0 0 0 0 0 0 0 

0 0 0 0 063 0 0 0 0 0 0 0 

0 0 0 0 0. 075 0 0 25 -0. Ql. 0 0 

XTX I - 0 0 0 0 0 025 0. 1 13 ·0 079 () 0 0 

0 0 0 0 -0 04 ·0 079 0. 1 25 0 0 0 

0 0 0 0 0 0 0 . 075 0 . 025 -11 . 11 1, 0 

0 0 0 0 0 0 0 . 025 0 I I 3 -I> . U / 11 0 0 

0 0 0 0 0 . 0. OI· . n. 07'J 11 . I :I ~~ 0 0 

0 0 0 0 0 0 0 12 5 -0 . OL. -0 079 

0 0 0 0 0 -0. 0'· 0. 075 0 025 

0 0 0 0 -u. 079 0 025 0. lil 

tr(XTX 1 ) - l. 188 

0 0 0 
0 0 0 
0 0 0 
1 0 0. 316 0 
0 I 0. 632 0 0 

0. 316 0 632 1 0 0 
0 0 1 0. 31 6 
0 0 1 0 . 6 3 2 
0 0 316 0. 632 1 0 " 0 0 0 I 0 3 10 " f' ~ -~ 

0 0 316 I 
0. 632 0 

Ir I - 0. 125 

1 0 0 
0 0 0 0 
0 0 0 0 0 
0 I 2 0 4 . 0 632 0 0 

· 1 0 0. 4 1 8 - 1 . 26 5 0 0 
0 . 0 632 . l. 26 5 2 0 
0 0 I 0 4 ·0 632 "L. IJ 0 0 0 4 I 8 ·1 265 - 18 
0 0 -0 632 ·1 265 2 0 u 
0 0 0 ? ·" 6 } ) · I 265 
0 . 0 6 3 2 I i 0,11 

·I 2 65 0 .·. I . 8 

0 0 0 0 0 
0 0 0 0 0 0 
0 1 0 0 0 0 0 0 
0 0 1 0 0 0 0 0 
0 1 0 2 72 . 0 408 0 0 

p - 0 0 272 1 . 0 667 0 0 
0 . 0. 408 -0 66 7 1 0 0 
0 0 0 0 1 0 272 . 0 t, QR 0 
0 0 0 0 0. 272 1 . 0 66 7 0 
0 0 0 0 . 0 4 08 . 0 66 7 0 
0 0 0 0 0 0 ,{) . ,()~ . 0 66 7 
0 0 0 0 0 0 .,, t,OA I 0 . 272 
0 0 0 0 0 0 " (,(\'; " ·' '? 1 

AIS 

11 

Pq 
I 

R 

: - PI 
I 

: - Q1 
1 

P1 s 
I 1 

: - s 

I'• 



· ' 

lrl • 0 10 1 

0 """ 

p • 

OlZ 

-------(8.14b) A 4x3x2x2/16 design -------

D;;S l G{\ ,,:J\TRIX 

xpT=(O 3 0 3 0 3 0 3 0 2 0 2 1 3) 

xq%=(0 0 2 2 0 0 2 2 0 1 2 1 0 2 1J 

xrT=(O 0 0 0 

XS T=(O l l 0 

l l 

0 0 

0 0 0 0 1 1 1 l) 

l 0 0 1 0 l 0) 

COLU •. :N VECTQRS OF X-ji.öTRlX 

' ·' 
,, ... 

L rt)(T)! I ) 

xli=( 2xp1-3)/3 

x21=(xq1-l ) 

x31=( 2x r 1 -l J 

x4 1=(2xsi-l ) 

· i . J l3 
· l )) l 0 

•] ))I> 0 

· I )33 

" 

0 11 9 

0 028 
•0 , 006 

0 

' " 

·O 621 

. 0 ~ -,. I 

0 212 

A16 

-o oo• 

· O )11 

·0 . 081 

0 

0 

o . oea 

0 212 

0 1 0 11 

0 



(8 . 15a) A 3x3x2x2/16 design . • c . D 
i i 

P1 ·Q1 Pq : - A • CQJJ.1~ v E~IQRS Qf X· 1:1.618 I i!!i 

Jï Jï i i 

; - xD x : - Pq 
Dt;S{GN Gt;Nt:MTOBS i,l i i,2 i 

Qq c D A • c · D s • c x Qq ; - R 
i i i i i i i i i i. 3 l i. 4 

EL&HE~I~ Qf DE~lQt! tf.&T!.UX x : - P1 x PI 
P I i ,5 i i. 6 i 

I . R 
OM ; - 1 . i Ql s Ql 

i,l 

Jï DM i, 7 l l i. 8 i 
i,3 

; - Ql R x : - PI s 
i.9 i. 10 l 

Ql I . s 
I 

DM I . DM x p l ·QI x : - s 
l .2 

Jï 
i.l.o 1,11 l i,l2 i 

DESIGt! He!!EIX 

[! 
2 I I 2 D I 2 0 

!] 
: . R · S 

0 I I l I I I 2 i,l:. i 
OMT - I I I 0 0 l 0 l 

0 0 I l l l 0 0 

16 0 0 0 0 0 0 0 0 0 0 0 0 
0 16 0 0 0 0 0 0 0 0 0 0 0 
0 0 16 0 0 0 0 0 0 0 0 0 0 
0 0 0 16 0 0 0 0 0 0 0 0 0 
0 0 0 0 16 0 8 0 0 0 0 0 0 

XTX - 0 0 0 0 0 16 8 0 0 0 0 0 0 
0 0 0 0 8 8 16 0 0 0 0 0 0 
0 0 0 0 0 0 0 16 0 8 0 0 0 
0 0 0 0 0 0 0 0 16 8 0 0 0 
0 0 0 0 0 0 0 8 8 16 0 0 0 
0 0 0 0 0 0 0 0 0 0 16 8 8 14 
0 0 0 0 0 0 0 0 0 0 8 I 6 0 I XTX I - 5 629 . 10 
0 0 0 0 0 0 0 0 . 0 0 8 0 16 

0. 06 3 0 0 0 0 0 0 ll 0 0 0 0 
0 0 . 063 0 0 0 0 0 0 0 0 0 0 0 
0 0 . 063 0 0 0 0 0 ll 0 0 0 0 
0 0 0 . 063 0 0 0 0 u 0 0 0 0 
0 0 0 0 0 094 0 03 1 -0 . 062 0 0 D 0 0 0 

XTX I - 0 0 0 0 0 . 0 31 0 094 - 0 . 062 0 0 0 0 0 0 
0 0 0 0 -0. 062 -0 . 062 0 . 125 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 094 0 03 1 . 0 . !H,;.! 0 0 0 
0 0 0 0 0 0 0 0 . 031 0 0 9!, . 0 .062 0 0 0 
0 0 0 0 0 0 0 - 0 062 ·0 or,z 0 . 17'> 0 0 0 
0 0 0 0 0 0 0 0 0 . 125 - 0 063 . 0 . 063 
0 0 0 0 0 0 0 0 . u '063 . OIJ 4 0 031 
0 0 0 0 0 0 0 0 -0 . 06 3 03 1 0 . 091. 

I 0 0 0 0 0 0 0 0 0 
0 I 0 0 0 0 0 0 0 0 

t dXTX I ) - l. 188 
0 0 I 0 0 0 0 0 0 0 0 
0 0 0 1 0 0 . 5 0 0 0 0 0 0 
0 0 0 0 I 0 . 5 0 0 0 0 0 
0 0 0 0 5 0. 5 1 0 0 0 0 0 0 
0 0 0 0 0 0 I 0 0. 5 0 0 0 
0 0 0 0 0 0 0 I 0 5 0 0 0 
0 0 0 0 0 0 0 5 0 . 5 l 0 0 0 
0 0 0 0 0 0 0 0 0 I 0 . 5 0.5 
0 0 0 0 0 0 0 0 0 0 5 1 0 0 0 0 0 0 0 0 0 0 5 0 I 

Ir I - 0 125 

0 0 0 0 0 0 0 0 
I 0 0 0 0 0 0 0 
0 l 0 0 0 0 0 0 0 
0 0 I 5 5 - I 0 0 0 0 0 - I 0 0 0 0 . 5 1 5 - 1 0 0 0 0 0 0 

0 0 0 -1 - I 2 0 0 0 0 0 0 
" [, I ] 0 0 0 0 0 0 5 0. 5 - l 0 0 0 - 18 

0 0 0 0 0 0 5 I . 5 · I 0 0 0 
0 0 0 0 0 0 · I - l 1 0 0 0 
0 0 0 0 0 0 0 0 0 1 -I - I 
0 0 0 0 0 0 0 0 0 -1 .5 5 
0 0 0 0 0 0 0 0 0 -I 5 5 

1 0 0 0 0 0 0 0 0 I 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 I 333 -0. 577 0 0 0 p - 0 0 0 . 333 1 . 0. 577 0 0 0 0 0 . 0 577 . 0 577 I 0 0 0 0 0 0 0 0 1 0 . 333 - 0.5 li' 0 0 0 0 0 0 0. 333 1 . u. 'J 7] 0 0 0 0 0 0 0 0 . 0 . 577 -0 . 5 7 7 I 0 0 0 0 0 0 0 0 0 0 0 ... _., _ . () 577 
0 0 0 0 0 0 0 0 0 0 .(J 'd l u . 333 0 0 0 0 0 0 0 0 0 -o _;,i 7 " '! I~ I 

Al7 



7 :(0 xp 

xq'f:(O 0 

xr'~"=( 0 0 

xs 1'=(0 

I• I · • 

p • 

--- -- --( rl .l ~b) i. 3x3x2x2/!G 1esi/l1l ------

0 0 2 0 2 0 

2 0 0 2 2 (J 

0 0 0 0 0 

0 l 0 0 

~u~~ . i·! V';'C'I'Qi1~ Qt' 

0 ;>) 

2 l 0 2 l) 

0 l) 

0 0) 

~-i. ; A I 1 1 16 

0 . , , 

·0, 

' 

AIS 

xl;=(x,;-1) 

x2;=(xq; -l ) 

x3i=(2xri-l) 

x~ 1 = (2xs 1 -l) 

0 I 2 ~ 

0 

0 " 
·0, 

I . 2 ~ 

·0 101 

' 

0 

I . l ~ 



'" 

' 1,1 

-------(8.16) A 4x4x4x2/l6 desi,~n -------

xp7:(0 0 0 0 0 0 0 

x</=(0 0 

DEiiiih.; ;."ATRIA 

3 3 3 

0 0 0 0 

3) 

3) 

xrT= ( 0 

xs'~=(O 

0 

0 0 

0 0 0 

0 0 

0 3) 

0 l 0 0) 

•1 •2 
1,2 i,l 1,4 

"' ~:2 x1 xl 

i. 6 1,7 

x2 ;rel. ' xl x4 

xl1=( 2xp1- 3 J/ 3 

x2i=(2xq1-3)/3 

x3 1=(2xr1-3)/3 

x4i=(2xs 1-l) 

l! : • 1 

1,1 

x2 · :o.) 

1,0 

·5 
; '9 i,IO ~ . 16 7 1 0 

16 
ll.l.l.io 

1 l. ]]] 

12.4ioio 

·0. 

0.889 

·2 
0.44'5 

0. 66 7 

l.lll 
·2 

0 66 7 
. 0 . 66 7 

12.444 

1 2. 04 9 
10.'568 

9. 6 79 

0.'541 

·0.691 
2 

·0.741 

0.074 
2 .74,\ 

2 
1 2'59 

. 0 Q]l. 

0 

•1 
1, 11 

ll. lll 
IO.H8 
13.037 
I 0 . '5 68 
· 0 . 93$ 
· O. Hl 
. 2. 296 

0.9H 
0. 961 

l . 61 
0. 074 
0 . 96) 
. 0 . l7 
0. 889 

12. I. I. I. 

9 . 6 79 
1 0. 568 
1 2. 0 49 

·0. 444 

· 1.284 

. 2 . 591 
1,2]'§ 

0 . 074 
] . 926 

· 1 . 407 

0 . 074 

. 0 . 074 

·O.I.i,l. 

0.'543 

- 0. 9HI 

-0.444 

10. '568 
. 0. 74 1 

0. 0 74 

. 0 . 591 

. 2 296 

·1.111 

. 2:'59 

• 0 74 

O . l2:2: 
. l. l2 2 

i,\2 

. 0. aa9 

· 0. 60 I 

·O.Hl 
. 1. 2a4 

· 0. 74 I 

9. 679 

2.7 41 

. 0 . 4 4 4 

- 1 11 1 

• 2 S9l 

-0- 0 74 

0 . 2 2 2 
-1.4 07 

- 0 .44 4 

0.986 · 0 . 282 · 0 .'522 · 0.1'56 0.001 
·0.282 0.491 · 0 . 107 · 0 009 ·0.046 

- o.•;zz - o.1o1 o. na -o . oq o.ol6 
· O.Hó ·0. 009 ·0.0 12 O.S O.OO S 

.001 0.046 0.0]6 0.00'5 0.11 
0) I 0. 00 '5 • 0 . 04 0 . 00 7 0. 0 I 2 

·0.0 48 0.016 0.021 0.037 ·l. H2 10 

0. 024 0. OB · 0 . 039 · 0. 048 · 0. 004 

·O.OOl O.OO:J ·O.Ole O .O H 0.01S 

0. 0 1l . 0. 00 l . 0 . 0 so . 0. 0 s, 0. 0 1 

O.Oa6 O.OH · 0 . 1l7 O.OOl ·0 01l 

o. o 1 4 . o. o 1 o • o. o 1 a o. o 16 . 6. o 1a 1 o 

O.Oll -O.OIS · 0.007 · 0.013 ·0 003 

0. Oll 0. 0 IJ · 0 . OSl 0 . OOl 0. 01 l 

·2 

·2 

. 2. 296 

- 2. S9l 

0. 074 

2 .741 

1 2. 444 

- 1 - 11 1 
. 0 - 4 4 4 

-0 - 8a9 

0 
- 2 . 222 

-0.444 

0.031 

·O.OOS 

·0.04 

0.007 

0.012 

0.124 

·0.027 

0 002 

0.01S 

0 021 

0.01 

-0 004 

.01S 

003 

2 

' i, 1l 

0.44S 

· 0.7 41 

0 . 938 

1 .2 H 

- 0. S9l 
- 0 . 444 

- I . 11 1 

10. S6a 

l - 63 
0. 0 74 

0- 2 2 2 
- 0. l7 

0.0 74 

- 0. 8a9 

,, 

0-66 7 

0-074 

0. 963 

0. 014 

- 2. 296 

- 1 . 11 1 
. 0 

l. 6l 

13. Hl 
0 44S 

-2.222 

0.889 
-0.889 

0 667 

l.lll 
2.741 

l . 63 

l. 926 
·1.111 

·2.Hl 

. 0 . 8 89 

0 .0 74 

0.445 

12. 
·0. 

0 8a9 

0 
·0 667 

- 0. 04a 0 0 l 4 

0. 016 0. 05 s 
0.021 -0.039 

0.037 -0 04a 

- l. l s 2 1 0 . 0. 00 4 

·O.Ol7 ·0.002 

o o9 1 o. oo a 

o o o a o. ll 

-0.002 O.Oll 

1 , 14 

· 2 
· 2 

0. 0 74 

· 1.401 

1 . 2S9 
. 0 0 74 

0 
0.222 

·2.222 

·0 444 

". 
·0.444 

-0. a89 

·2 
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0 . , 9 3 

. 1 . 2 9 1 
. 0 . 2 3 6 

-0.108 

- 0 . 2 3 6 

1 . 3 6 4 

- 0 . 1 2 4 

- 0 . 1 0 8 
. 0 . 1 2 4 

1 . 2 4 6 

0 . 4 4 1 

- 0 . 0 1 4 

- 0. 3 43 
. 0 . 0 3 6 

0 . 4 4 1 
,_ 6 1 1 

0.052 

- 0 . 2 3 5 
0 . 2 7 

- 0 . 0 1 4 
0 . 052 
1 . 1 6 9 

- 0 . 0 0 3 

0 • 0 6 3 

- 0 • 0 8 8 

0 . 0 1 4 
- 0 .43 2 

- 0 . 0 2 
- 0 . 1 7 
0. 2 2 

0 . 1 0 2 
- 0 . 1 0 7 

0. 34 
- 0 . 1 6 8 

- 0 . 2 4 5 

-0.2 65 

0 • 1 8 7 
. 0 . 2 5 6 

0 . 1 1 9 

- 0. 1 8 2 

- 0 . 0 4 1 
. 0 . 0 9 9 

. 0 . 1 6 5 

0 . 0 2 1 

0 . 1 9 5 

- 0 . 0 1 9 

0. 35 9 
. 0 . 5 9 5 

- 0 . 0 4 1 

- 0. 6 0 9 

• 0 . 1 4 6 

- 0 . 1 9 1 
0 . 1 7 9 

0 . 1 2 4 
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- 0 . 1 

• 0 . 0 8 9 

- 0 . 0 7 1 

0. 1 7 9 
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0 . 1 0 7 
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0 . 0 2 2 
. 0 - 16 

1. 23 1 

0. 0 5 7 

0.246 

- 0 . 0 5 

- 0 . 1 1 7 

0 . 2 0 4 
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- 0 • 1 7 8 
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0 . 0 5 

- 0- 0 1 6 
0 . 2 7 5 

0 . 1 4 8 

- 0 . 0 3 2 

0. 2 3 8 

- 0. 119 
- 0 . 0 8 1 

0 . 1 8 5 

- 0 • 4 2 6 

- 0 • 1 7 8 

1 

- 0 - 0 9 5 
- 0 . 0 2 5 

0 . 2 1 2 

-0.068 

- 0. 1 2 9 

- 0 . 1 3 2 

- 0 . 1 9 7 

- 0. 0 76 
- 0 • 3 8 5 

- 0. 1 5 1 

- 0 . 0 7 

0.03 

- 0 . 54 9 -0.64 

-0. 0 85 -0.238 

-0 . 095 -0 . 025 

0 . 3 1 1 

- 0 . 0 1 1 

0. 0 1 1 
0 - 1 7 5 

- 0 . 2 0 1 

0 . 0 9 6 

- 0 • 1 3 3 

-0 . 0 28 

0.149 

- 0 . 0 5 9 
- 0 . 0 3 3 

0 - 3 1 1 

0.038 

- 0. JO 8 
0- 0 7 1 

- 0 . 1 9 2 
- 0 . 1 3 

0 . 0 15 

- 0 . 36 2 
0. 0 9 1 

0 . 1 3 
. 0 . 0 8 7 

-0 . 042 0 .212 

-0.19 0 .05 
0.212 -0.06 6 

- 0 . 0 1 1 0 - 0 1 1 
0 . 0 38 ·0.308 

- 0 . 0 0 3 
- 0. 0 88 

0 . 0 0 4 

- 0 . 1 5 4 

0 . 1 6 2 

- 0 . 2 5 4 

-0.047 

0 . 0 1 3 
0 . 1 9 7 

- 0 . 0 0 3 

- 0 . 0 0 9 

0 . 0 5 5 
0 • 1 7 4 

- 0 . 0 1 6 

0 • 1 8 

0.003 

0 . 0 9 
- 0 • 1 6 8 

-0 . 051 0.156 

- 0.016 0.275 

- 0 . 129 ·0.132 

0 . 175 -0.201 
0. 0 7 1 -0.192 

- 0 . 0 8 8 

- 0 . 0 0 9 

1 

0 . 0 6 3 

0. 13 3 
- 0 . 1 7 1 

0.2 5 3 

0 - 2 6 3 
- 0 . 2 2 

- 0. 0 74 

0 . 004 

0 . 0 5 5 

0 . 063 
1 

- 0 . 0 2 2 

0 . 0 1 8 

0 . 1 1 2 

- 0. 0 1 3 
-0.049 

0 • 1 4 

0 . 073 0 .111 

0.146 -0.032 
0 . 197 - 0.076 

0 . 096 - 0 . 13 3 
- 0 .13 0 .015 

0 . 1 5 4 

0 . 1 7 4 

0 . 1 3 3 

0 . 0 2 2 
1 

- 0 . 1 3 
0 . 3 4 5 

0 . 1 7 2 

0 . 0 4 8 

0 . 096 

0 . 1 6 2 

- 0 . 0 1 6 

- 0 . 1 7 1 

0 .0 18 

- 0 • 1 3 
1 

- 0 . 2 2 3 

0 . 0 1 9 
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0 . 1 6 8 

0 . 3 6 4 
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0 . 0 1 9 
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- 0 . 0 4 
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·0. 0 7 0 . 0 3 

- 0 . 059 - 0 .0 33 
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0 . 0 1 3 

0 . 0 9 

- 0 - 2 2 

- 0 - 0 4 9 
0 • 0 4 8 

0 . 2 0 6 

- 0 . 0 3 5 

- 0- 0 4 
1 

. 0 • 0 1 9 

0. 1 9 7 

- 0 • 1 6 8 

- 0- 0 7 4 

0 . 1 4 

· 0 .0 96 

0 . 1 6 8 

- 0 . 0 6 5 

- 0. 1 1 7 

- 0 . 0 1 9 



" ". 
11. Hl 
12.<.44 

" ·0 .444 

. 0. 889 

. 0 . 111 

0. -C..C.'!I 

' 0 .lll 
· Z 

0. 66 7 

0. 667 

12.444 

12.0 49 

'0. 568 
9. 6 79 

I 0 .lll 
0 .5 4) 

. 0. 691 

. 0. 0] 1 

- 0.741 

0.111 

0.6 1 
.z 

1. 2'!19 

. 0. 014 

·I. 889 

13. 331 
, 0. s 68 

, }. 017 

10. 568 

1 1. Zll 
. 0. 938 

-O. B l 
· 0.111 

0. 918 

I , SI 9 

0 . 074 

0 . 9ó] 

·0.17 

12.444 13 

9.679 IO.lll 

I 0. 568 1 1. 22:2: 
ll. 04.9 9. 4'' 

9 . , 1 
. 0 - 0. lll 

. 1 . 2 84 0. 77 8 

·0.916 ·O.lB 
I 2lS 0. 7 78 

0.407 1 

0. 92 6 0. 11] 

·I.' 0 7 0 . lll 
0 . 0 7(, 0.]] 1 

-0.074 ·1 667 

·l 

1.46~ ·0.204 -0 . 478 •0. '78 
. 0. 2 0 4 0. 5 4 8 . 0 . 095 . 0 . 0 ' 

. 0. 478 . 0 . 09 5 0 . 7" . 0 . 0' s 

. 0. '78 . 0 . 04 . 0. 0' 5 0 . 522 
-0.56 - 0.\28 -0.0 22 0.171 

- 0.0 Hl · 0. 04 7 0. OS !I. 2:95 10 

0.092 0 . 01 - 0 . 021 - '.(,94 1 0 

. 0. 005 0. 002 . 0 . 0 2 0 . 0 )9 

. 0 5' 0. 066 . 0. 0 l4 . 0. 0 5 

.0 1 1 O.OH · D.Ol1 0 . 022 

o .on - o . oza o . oe.z o . 029 

------- (8 .21) :.. 4x4x4x3/16 design ------­

OESIGN ;,'ATRIX 

xpT=( O 0 0 0 0 0 0 
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3 0 0 0 0 3 3 3) 
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0 l 2 2 0 0 2 0 2 0) 
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-------(8. 22) A 4x4x3x3/l6 design -------

il:OS h jN !:ATRIA 

xp'l:=( O 0 0 0 0 0 0 l 2 3 3 3 3 3) 

xqT=( O 0 3 3 3 2 3 0 0 0 0 3 3 3) 

xli =( 2xp1 - 3 )/3 

x21=( 2xq1- 3 l /3 

x3 1=( xr 1 - l) 

x4i=(xs1- l) 

.,. 
xr =( 0 0 0 0 l 0 2 0 2) 

XSÏ=(O 0 2 0 2 2 0 0 2 0 2 0) 
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I . lll I . 66 7 

0. 113 1 

I 

- 1. 131 lll 
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0.31 1 o_,,, 

0 

· I. 66 7 

' 1 , 8 

i ,lf, 

0 . I 11 

0.331 
I 

· 0.33 3 
- 0 . 313 
·O. lll 

I .118 9 

. 22 2 
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1 . 3 6 3 
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1 
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ut:SI-Ili ( 8 . 22 ) CONTHUP 
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-------(8.23) A 4x3x3x3/ l6 desi~n ------­

ilc:SJ.;M :.:ATrllX 

xp~=(O 0 0 0 0 0 0 2 3 3 3 3) 

2) 

xli=(2xp1-3)/3 

x21.(xqi-l) 

x3i=(xr1-l ) 

x4 1=(xs1- l ) 

xq'i'=(O 0 

xr1'=< 0 

xs1'=( 0 
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0 l 2 0 2 0 l 0 2 0 2) 
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• 0 • 0 9 4 

1 

0 • 3 3 5 
0 . 02 

. 0 . 09 8 
0 . 203 

• 0 . 1 6 2 

0 . , 4 3 

• 0 . 0 3 3 
• 0 . 0 8 6 

0 . , 7 6 

0 . 0 0 5 

0.003 

• 0 • 6 4 1 

• 0 • 2 0 1 

• 0 . 0 3 5 

0 • 3 3 5 

1 

0.093 
. 0 . 3 7 2 
• 0 . 0 1 4 

. 0 . 1 3 2 

. 0 . 0 5 

0.065 
• 0 . 3 2 9 

0.022 
0. 1 61 
0.097 

• 0 • 1 0 5 

0 . 0 0 5 

0 • 0 5 8 

0.02 
0 • 0 9 3 

1 

·0.069 
. 0 . 0 4 3 

0.049 
• 0 • 0 9 8 

0.089 
• 0 • 2 3 8 

• 0 • 0 1 3 

• 0 . 0 2 2 

0 • 2 1 

0 . 3 5 7 
0 . 0 1 4 

. 0. 1 6 8 
• 0 . 0 9 8 

. 0 . 37 2 

. 0 . 0 69 

·0.166 
. 0 . 0 1 4 

0 . 0 3 2 

0 . 1 5 

0.036 
0.009 
0 . 1 1 6 

. 0 . 3 1 2 

-0.087 ·0.006 
0.055 0.347 

-0.022 ·0.067 
0.203 -0.162 

·0.014 -0.132 
· 0 . 043 0.049 
· 0 . 166 -0.014 

. 0 . 0 1 2 

. 0 . 0 1 2 

0.081 -0 . 209 
·0.206 0.055 

0.23 0.015 
0.212 -0.089 

·0.327 ·0.122 
0.042 0.271 

0 . 0 1 9 

0.059 
. 0 . 0 7 

0 . 1 4 3 

. 0 . 0 5 

. 0. 0 9 8 

0 . 032 
0 . 0 81 

. 0 . 2 0 9 
1 

. 0 . 2 7 4 

0.29 
0 . 0 4 5 

0 . 1 4 1 

. 0 . 1 6 8 

0.087 
. 0 . 1 2 2 

. 0 . 1 7 

. 0 . 0 33 

0 . 065 
0 . 089 

0 . 1 5 

• 0 . 2 0 6 

0 . 0 5 5 
• 0 • 2 7 4 

1 

• 0 . 3 5 9 

0 . 1 5 3 

0.098 
0 . 0 4 1 

0.294 
0 . 2 0 4 

. 0 . 2 1 6 

• 0 • 0 8 6 

. 0. 3 2 9 

. 0 . 2 3 8 

0.036 
0 . 23 

0 . 0 1 5 

0 . 29 
. 0 . 3 5 9 

1 

. 0 . 0 3 9 

. 0 . 0 4 3 

. 0 . 0 6 6 

0 . 0 1 8 

• 0 . 2 1 3 

• 0 . 0 6 2 

0 . 1 7 6 

0 . 0 2 2 
. 0 . 0 1 3 

0 . 009 
0 . 2 1 2 

. 0. 0 8 9 

0 . 0 4 5 

0 . 1 5 3 

. 0 . 0 3 9 

. 0 . 1 4 3 

. 0 . 1 1 4 

0 . 0 1 6 

• 0 . 1 9 8 

. 0 . 0 4 4 

0 . 0 0 5 

0 . 1 6 1 
• 0 . 0 2 2 

0 . 1 , 6 

. 0 . 3 2 7 

. 0 . 1 2 2 

0 . 1 4 1 

0.098 
• 0 • 0 4 3 

. 0 . 1 4 3 

1 

. 0 . , 6 3 

. 0 . 2 

0.26 
0 • 0 4 8 

0.003 
0.097 

0 . 2 1 
. 0 . 3 1 2 

0.042 
0 . 2 7 1 

• 0 . 1 6 8 

0 . 0 4 1 

. 0. 0 6 6 

. 0 . 1 1 4 

. 0 . 1 6 3 



------- (8.25) A 4x4x4x4x4/32 design -------

DESIGN MATRIX 

xpT=(O 3 0 3 0 3 0 3 0 3 0 3 0 3 0 3 0 3 l 3 l 2 0 2 0 3 0 3 l 3 0 2) 

xqT=(O 0 3 3 0 0 3 3 0 0 3 3 0 0 3 3 0 l 3 2 l l 3 3 0 0 2 2 0 0 3 3) 

xrT=(O 0 0 0 3 3 3 3 0 0 0 0 3 3 3 3 l 0 0 0 3 2 3 2 0 l 0 l 3 2 3 3) 

xs.T=(O 0 0 0 0 0 0 0 3 3 3 3 3 3 3 3 0 0 l 0 0 l l 0 2 3 2 3 3 2 3 3) 
T xt =(0 3 3 0 3 0 0 3 3 0 0 3 0 3 3 0 2 l 0 3 0 2 3 0 l 3 3 0 3 0 l 2) 

xl1=(2xpi-3)/3 

x21=(2xq1-3)/3 

x3i=(2xr1-3)/3 

x41=(2xs1-3)/3 

x5i=(2xti-3)/3 

COLillAN VECTORS OF X-MATRIX 

: - l 

i. 1 

x : • x 1 x : • x2 x xJ x 4 

l • 2 l • J l • 4 i ' 5 i . 6 

xl ·xz : ,. xl ·xJ x x 1 . x 4 x : • xl 'x5 

l • 7 l . 8 l • 9 i ' 1 0 

x : - x 2 ·xJ x : - x2 · x4 x x 2 · x 5 

i l 1 l l 2 i 1 J 

xJ ·x4 x : - x J · xs x : - x4 . x 5 

i 1 4 l l 5 l l 6 

: • x 1 X : • x2 x : • x J x : - x 4 x x 5 

I , l 7 I , l 8 I , 1 9 I , 2 0 l • 2 1 

A37 



------- (8.26) A 4x4x4x4x3/32 design -------

DE~IGN MATRIX 
T 

xp =(0 3 0 3 0 3 0 3 0 3 0 3 0 3 0 3 0 3 1 3 1 2 0 2 0 3 0 3 l 3 0 2) 

xqT=(O 0 3 3 0 0 3 3 0 0 3 3 0 0 3 3 0 1 3 2 1 1 3 " 0 0 2 2 0 0 3 3) / 

xrT=(O 0 0 0 3 3 3 3 0 0 0 0 3 3 3 3 1 0 0 0 3 2 3 2 0 1 0 1 3 2 3 3) 

XST=(O 0 0 0 0 0 0 0 3 3 3 3 3 3 3 3 0 0 1 0 0 1 l 0 2 3 2 3 3 2 3 3) 

xtT=(O 2 2 0 2 0 0 2 2 0 0 2 0 2 2 0 1 1 0 2 0 1 2 0 1 2 2 0 2 0 l l) 

x11=(2xp1-3)/3 

x2:t=(2xqi-3)/3 

x3 1=(2xri-3J/3 

x4i=(2xsi-3)/3 

x5i=(xti-l) 

COLUMN VECTOttS OF X-!'MTRIX 

x 1 

i. 1 

x 1 x x 2 x x 3 x x 4 x x 5 

I , 2 I , 3 I , 4 I , 5 I , 6 

x x 1 ·x2 x x 1 ·x3 x x 1 ·x4 x x 1 'x5 

I , 7 I , 8 I , 9 I , 1 0 

x x 2 ·x3 x . x 2 . x' x x2 "x5 

I, 11 I , 1 2 I , 1 3 

x x3 ·x4 x x 3 ·x5 x x4 ·x5 

i. 14 I , 1 5 i ' 1 6 

x - x 1 x x 2 x x 3 x x 4 x x 5 

I , 1 7 I , 1 8 I . 1 9 I . 2 0 I , 2 1 

A38 



------- (8.27) A 4x4x4x3x3/32 design-------

DESIGN IV!J!.TRlX 

xpT=(O 3 0 3 0 3 0 3 0 3 0 3 0 3 0 3 0 3 l 3 l 2 0 2 0 3 0 3 l 3 0 2) 

xqT=(O 0 3 3 0 0 3 3 0 0 3 3 0 0 3 3 0 l 3 2 l l 3 3 0 0 2 2 0 0 3 3) 

xrT=(O 0 0 0 3 3 3 3 0 0 0 0 3 3 3 3 l 0 0 0 3 2 3 2 0 l 0 l 3 2 3 3) 

XST=(O 0 0 0 0 0 0 0 2 2 2 2 2 2 2 2 0 0 l 0 0 l l 0 l 2 l 2 2 l 2 2) 

xtT=(O 2 2 0 2 0 0 2 2 0 0 2 0 2 2 0 l l 0 2 0 l 2 0 l 2 2 0 2 0 l l) 

xl1=(2xp1-3)/3 

x21 =( 2xq1-3)/ 3 

x31 =(2xr1-3)/ 3 

x41=(xs 1-l) 

x5i=(xti-l) 

COLUMN VEC'fO!lS Or' X-l>iATRlX 

x : . I 

1 I 

x : - x I x x2 x : . x 3 x : . x 4 x : . x 5 

1 2 1 3 1 ' 1 5 1 6 

x : . x I ·x2 x : . x I ·x3 : = x I x4 x : . x I · x5 

i 7 1 8 i 9 1 I 0 

x : - x2 . x 3 x - x2 . x ' x x2 . x 5 

1 11 1 I 2 i I 3 

x - x 3 x 4 x : = x 3 . x 5 x' x 5 

1 I 4 1 I 5 i I 6 

x x I x . x2 x : . x3 : . x 4 x : . x 5 

i 17 i I 8 1 I 9 1 2 0 1 , 2 I 

A39 



------- (8.28) A 4x4x3x3x3/32 desien -------

DEi;!lGN MATRIX 

xp'l'=( 0 3 0 3 0 3 0 3 0 3 0 3 0 3 0 3 0 3 1 3 l 2 0 2 0 3 0 3 1 3 0 2 ) 

xqT= (O 0 3 3 0 0 3 3 0 0 3 3 0 0 3 3 0 1 3 2 1 l 3 3 0 0 2 2 0 0 3 3) 

xr'l'=(O 0 0 0 2 2 2 2 0 0 0 0 2 2 2 2 1 0 0 0 2 l 2 1 0 1 0 1 2 1 2 2) 

T 
=(0 0 0 0 0 0 0 0 2 2 2 2 2 2 2 2 0 0 1 0 0 1 1 0 1 2 1 2 2 1 2 2) XS 

T xt =(0 2 2 0 2 0 0 2 2 0 0 2 0 2 2 0 1 1 0 2 0 1 2 0 1 2 2 0 2 0 l 1) 

x11=(2xp1-3)/3 

x2i=(2xqi-3)/3 

x31=(xr1-1) 

x41=(xs1-1) 

x51=(xt1-l) 

CQLUl·1!1 VECTORi;l QF X-Idfl.TBl~ 

1 

i. l 

x 1 x z x x 3 x x 4 x 5 
i . 2 i ' 3 i . 4 i • 5 I , 6 

x 1 . x z x x 1 . x 3 x 1 • • 4 • 1 ·x5 

I • 7 I • 8 I , 9 I , 1 0 

x • z . • 3 x • z · ·4 x • z · · 5 
I, 1 1 I , 1 Z I , 1 3 

x . x 3 . x 4 x 3 .• 5 • 4 ·· 5 

i ' l 4 I , 1 5 I , 1 6 

x x 1 x x2 x x 3 x • 4 x • 5 
i' 17 I , 1 8 i • 1 9 I , Z 0 i ' 2 1 

A40 



------- (8.29) A 4x3x3x3x3/32 design -------

DE;;iiG~ I,JATRIX 

xpT=(O 3 0 3 0 3 0 3 0 3 0 3 0 3 0 3 0 3 l 3 l 2 0 2 0 3 0 3 l 3 0 2) 

xq'r=( o 0 2 2 0 0 2 2 0 0 2 2 0 0 2 2 0 l 2 l l l 2 2 0 0 l l 0 0 2 2) 

xrT=(O 0 0 0 2 2 2 2 0 0 0 0 2 2 2 2 l 0 0 0 2 l 2 l 0 l 0 l 2 l 2 2) 

XST=(O 0 0 0 0 0 0 0 2 2 2 2 2 2 2 2 0 0 1 0 0 l l 0 l 2 l 2 2 l 2 2) 
T xt =(0 2 2 0 2 0 0 2 2 0 0 2 0 2 2 0 l 1 0 2 0 l 2 0 1 2 2 0 2 0 l l) 

xl1=(2xp1-3)/3 

x2i=(X% -1) 

x31=(xr1-l) 

x41=(xs1-l) 

x51=(xt1-l) 

CO LUiviN VECTOR$ Q}' X-li'IA'i'RIX 

x 1 

i. 1 

x x 1 x x 2 x x 3 x x 4 x x 5 

i . 2 i . 3 i ' 4 I , 5 i ' 6 

x x 1 ·x2 x x 1 . x 3 x x 1 'x4 x x 1 . x 5 

i' 7 i • 8 I , 9 i . 1 0 

x 2 . x 3 x x 2 . x 4 x 2 ·x5 

i. 11 I , 1 2 1 . 1 J 

x x 3 ·x4 x x 3 . x 5 x x 4 . x 5 

i ' 1 4 i . 1 5 i . 1 6 

x x 1 x ,. x 2 x 3 x x 4 x x 5 
i . 17 I . 1 8 i . 1 9 I , 2 0 1 . 2 1 

A4! 



------- (8.30) A 3x3x3x3x3/32 design -------

];lE~IGI~ f'Wl'RU 

xp1'=(0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 l 2 l l 0 l 0 2 0 2 l 2 0 1) 

xqT=(O 0 2 2 0 0 2 2 0 0 2 2 0 0 2 2 0 l 2 l l l 2 2 0 0 l l 0 0 2 2) 

xrT=(O 0 0 0 2 2 2 2 0 0 0 0 2 2 2 2 l 0 0 0 2 l 2 l 0 l 0 l 2 l 2 2) 

xa'1·=(0 0 0 0 0 0 0 0 2 2 2 2 2 2 2 2 0 0 l 0 0 1 l 0 l 2 l 2 2 l 2 2) 

xt'l'=(O 2 2 0 2 0 0 2 2 0 0 2 0 2 2 0 l l 0 2 0 l 2 0 1 2 2 0 2 0 l l) 

xlF(xpi-1) 

x2i=(xqi-l) 

x3i=(xri-l) 

x4i=(xsi-l) 

x5i=(xti-l) 

COLUN!N V!:jC'l.'Q~l~ Or' X-LiATRI;z; 

x 1 

i. 1 

x x 1 x x2 x x 3 x x 4 x x 5 

i ' 2 i ' 3 i • 4 i • ~ i • 6 

x x 1 ·x2 x 1 . x 3 x x 1 · x• x x I 'x5 

i. 7 i . 8 i • 9 i . 1 0 

x x2 · x3 x x2 . x 4 x2 · x5 

i. 11 i . 1 2 i ' 1 3 

x x 3 ' x4 x x 3 . x 5 x - x 4 . x 5 

i ' 1 4 i . 1 5 i • 1 6 

x x I x x2 x x 3 x4 x x 5 

i. 17 i . 1 8 i . 1 9 i,20 i , 2 I 
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------- (8 . 31 ) A 3x3x3x2/ l 8 design -------

CO LUMN VECTORS Of X-MATRIX 

: - 1 x : - 2 . 

DESIGN liATRIX i.l 1 , 2 

xw T - (0 0 0 1 ) 

1][6 

xp T - (0 
2) [•P 1 

[< . 3 1l Iï x 
xq T .. (0 

2) 1 ,3 1 '4 

XU T .. (0 0 0 2) ['\ 1] [6 
[ 2 

1] Iï 16 x x · - x 
XTX - IXTX I - 6 . 149 10 1.5 1 . 6 1 ,5 

18 0 0- 0 0 0 0 0 0 

0 18 0 0 0 0 0 0 0 

0 18 

18 6 . 364 

18 
[ '" 1 1 J [6 

0 0 18 0 0 0 0 x x 
[< .7 1] Iï 1,7 1 ' 8 

0 18 
x - x x x : .. x . x 

0 18 1 ' 9 1 , 2 I. 3 1 .10 1 , 2 1 , 5 

0 0 0 0 18 0 0 11 .0 23 
x :- x . x :- x x 

18 ll .023 1,11 1.2 1.7 i,l2 1,3 1,5 

0 0 0 0 0 0 0 0 0 0 18 11 . 023 0 

0 0 0 0 0 0 0 0 0 0 11 . 02 3 18 4 . 5 0 x :- x · X :- x · X 
0 0 0 0 0 0 0 0 0 11. 023 0 4 . 5 18 0 i . IJ i. 3 1.7 1 . 14 i' 5 1,7 
0 0 0 6 - )6 t.. 0 0 0 0 ll 023 0 0 0 0 !8j 

0. 056 0 0 0 0 0 0 0 0 0 0 0 0 

0 . 0 56 0 0 0 0 0 0 0 0 0 0 0 

0 0 . 056 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 . 069 0 0 0 0 0-024 0 0 0 0 · 0 . 039 

0 0 0 0 . 056 0 0 0 0 0 0 0 0 0 

XTXI - 0 0 0 0 0 0 . 05 6 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 . 056 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 ' 056 0 0 0 0 0 0 

0 0 0 0 . 024 0 0 0 0 0 . 097 0 0 0 0 . 0 . 06 8 

0 0 0 0 0 0 0 0 0 0 095 - 0 016 0 . 026 · 0 065 0 

0 0 0 0 0 0 0 0 0 ·0 . 016 0 . 095 · 0 06 5 0 . 026 0 

0 0 0 0 0 0 0 0 0 0 026 . 0. 06 5 0 . 106 -0 04 2 0 

0 0 0 0 0 0 0 0 0 . 0 . 06 5 0 . 026 ·0 '0 42 0. 106 0 

0 0 0 . 0 . 039 0 0 0 0 . 0 068 0 0 0 0 0 . lil 

0 0 0 0 0 0 0 0 0 0 0 
1 0 0 0 0 0 0 0 0 0 0 t r ( XT X 1 ) - 1 - 069 
0 1 0 0 0 0 0 0 0 0 0 . 354 
0 0 l 0 0 0 0 0 0 0 0 
0 0 0 1 0 0 0 0 0 0 0 
0 0 0 0 l 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 1 0 0 0 0 0 . 612 
0 0 0 0 0 0 0 l 0 0 0 . 612 0 
0 0 0 0 0 0 0 0 l 0. 612 0 0 
0 0 0 0 0 0 0 0 0. 612 l 0. 25 0 I r I - 0 . 164 

0 0 0 0 0 0 0 0 612 0 0 2 5 1 0 
0 0 0 3 54 0 0 0 0 612 0 0 0 0 l 

0 0 0 0 0 0 0 0 0 0 0 

l 0 0 0 0 0 0 0 0 0 0 

0 1. 25 0 0 0 0 0 . 43) 0 0 0 0 . 0 70 7 

0 0 1 0 0 0 0 0 0 0 0 0 

· 1 0 0 0 1 0 0 0 0 0 0 0 0 

0 0 0 0 l 0 0 0 0 0 0 0 
er [;I] 

0 0 0 0 0 1 0 0 0 0 0 0 - 18. 2 38 

0 0.4 33 0 0 0 0 l. 75 0 0 0 0 ·I . 22 5 

0 0 0 0 0 0 0 1 . 7ll. · 0 . 286 0 4 67 - 1. 16 6 0 

0 0 0 0 0 0 0 . 0 . 286 l . 714 · i . 166 0 .467 0 

0 0 0 0 0 0 0 0 467 ·I . 166 1 . 905 . 0 762 0 

0 0 0 0 0 0 0 ·1 166 0 . 46 7 . 0 . 762 1 905 0 

0 -0 . 707 0 0 0 0 ·1 . 225 0 0 0 0 2 

l 0 0 0 0 0 0 0 0 0 0 0 
0 l 0 0 0 0 0 0 0 0 0 0 
0 0 1 0 0 0 0 0 0 0 0 0 0 
0 0 0 l 0 0 0 0 0 . 293 0 0 0 0 -0 44 7 
0 0 0 0 1 0 0 0 0 0 0 0 0 0 

p - 0 0 0 0 0 1 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 1 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 l 0 0 0 0 0 0 
0 0 0 0 . 293 0 0 0 0 l 0 0 0 0 . 0 . 65; 
0 0 0 0 0 0 0 0 0 1 . 0. 167 0 . 2 58 . 0 . 645 0 
0 0 0 0 0 0 0 0 0 . 0 16 7 1 . 0. 64 5 0 2 58 0 
0 0 0 0 0 0 0 0 0 0 258 . 0. 645 1 . 0 . 4 0 
0 0 0 0 0 0 0 0 0 ·0 . 645 0 . 25 8 . 0 l 0 
0 0 0 -0 44 7 0 0 0 0 - 0 . 655 0 0 0 [ 
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------- (8 . 32) A 3x3x2x2/l 8 design --- ----

DES IGN MATRIX 

COLUMN VECTORS OF' X-MATRIX x w T - ( 0 1 ) 

xp T - (0 2 ) x 1 x : - 2 . 1 
1,1 I , 2 xq T - (0 2 ) 

'] 46 
x u T - ( 0 0) 

[ 'P I 

[< 1] 
,12 x : - x : -

I , 3 I, 4 . 3 x :- x · x x :- x ·X 

'] 46 
I, 8 1.2 I. 3 I , 9 1,2 I.; 

['\ 
[X:,; 1] 

,12 x x x :- x ·X x x · X 
I,S I, 6 I, 10 1,2 1,7 1, 11 i,) I , ; 

3 . x u 
I x : - x ·X :- x x :----- 1. 12 i . 3 1.7 1,13 i. 5 1.7 

I, 7 
,12 

18 0 0 
0 18 0 

1 8 
XTX -

18 -1 1 . 023 

18 0 0 

0 1 8 0 0 0 0 0 IS 

0 0 18 0 0 0 0 \ XTX I - 6 019 · 10 

18 0 0 0 6. 364 

0 0 0 0 0 18 0 0 6. 364 0 
0 0 0 0 0 0 0 18 6 . 364 0 0 
0 0 0 0 0 0 0 6. 364 18 - 7 . 794 0 
0 0 0 0 0 0 6. 364 0 -7. 794 1 8 0 
0 0 0 - 11. 023 0 364 0 0 0 0 18 

056 0 0 0 0 0 0 0 0 0 0 
0 0. 056 0 0 0 0 0 0 0 0 0 0 
0 0 0. 056 0 0 0 0 0 0 0 0 0 
0 0 0 09 7 0 0 0 - 0 024 0 0 0 0 0. 068 
0 0 0 0 0. 056 0 0 0 0 0 0 0 0 

XTX I - 0 0 0 0 0 0. 0 56 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 . 0 56 0 0 0 0 0 0 
0 0 0 - 0. 024 0 0 0 0. 069 0 0 0 0 - 0 . 039 
0 0 0 0 0 0 0 0 0. 066 0.00; -0.015 -0.03 0 
0 0 0 - 0 0 0 0 0 0. oo; 0. 06 6 -0.03 -0 . 0 1 5 0 
0 0 0 0 0 0 0 0 -0.0 1 5 -0.0 3 0 . 084 0 . 042 0 
0 0 0 0 0 0 0 0 -0.0 3 - 0 . 0 1 ; 0 . 042 0 . 084 0 
0 0 0 . 068 0 0 0 - 0 . 039 0 0 0 0 0.11 1 

1 0 0 0 0 0 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 0 0 0 0 tr(XTXI) - 0 . 911 0 0 1 0 0 0 0 0 0 0 0 - 0 6 1 2 
0 0 0 1 0 0 0 0 0 0 0 0 
0 0 0 0 1 0 0 0 0 0 0 0 
0 0 0 0 0 1 0 0 0 0 0 0 
0 0 0 0 0 0 1 0 0 0 0 0 . 354 
0 0 0 0 0 0 0 1 0 0 0. 354 0 
0 0 0 0 0 0 0 0 1 0 . 354 0 0 
0 0 0 0 0 0 0 0 0 . JS4 1 - 0 . 433 0 lrl - 0 . 289 
0 0 0 0 0 0 0 0 354 0 -0. 433 1 0 
0 0 -0 6I2 0 0 0 0 . 354 0 0 0 0 1 
1 0 0 0 0 0 0 0 0 0 0 0 
0 I 0 0 0 0 0 0 0 0 0 0 
0 0 1. 75 0 0 0 - 0 433 0 0 0 0 1 . 225 
0 0 0 I 0 0 0 0 0 0 0 0 

tr [;' ] 
- 1 0 0 0 0 1 0 0 0 0 0 0 0 IS. 405 0 0 0 0 0 1 0 0 0 0 0 0 -

0 0 - 0 .433 0 0 0 . 25 0 0 0 0 - 0 . 70 7 
0 0 0 0 0 0 0 1. 189 0 094 -0 265 -0 535 0 
0 0 0 0 0 0 0 0 094 1. 18 9 -0 535 -0 265 0 
0 0 0 0 0 0 0 - 0 265 - 0. 535 1 . 5 14 0 749 0 
0 0 0 0 0 0 0 - 0 . 535 -0 . 265 0. 74 9 I ; 14 0 
0 0 1 22 5 0 0 0 - 0 . 707 0 0 0 0 2 

1 0 0 0 0 0 0 0 0 0 0 0 0 0 I 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 D 0 0 0 0 0 0 0 0 0 1 0 0 0 - 0. 29) 0 0 0 0 0 . 6SS 0 0 0 0 I 0 0 0 0 0 0 0 0 
p - 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 I 0 0 0 0 0 0 

0 0 0 - 0 . 293 0 0 0 1 0 0 0 0 - 0 . 44 7 
0 0 0 0 0 0 0 0 1 . 079 - 0 1 97 - 0. 399 0 0 0 0 0 0 0 0 0 0 0 79 1 - 0 399 - 0 19 7 0 0 0 0 0 0 0 0 0 - 0 1 97 - 0 . 399 1 0 495 0 0 0 0 0 0 0 0 0 - 0 399 - 0 . 197 0-495 I 0 0 0 0 0 . 6SS 0 0 0 -0 . 44 7 0 0 0 0 1 
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(8.33) ~ 3x2x2x2/ 18 desir;n -------

~~SIGr:! ~TRIX 

x\lT - (0 1) 

xp T - (0 2) 

xq T - (0 0 0 0) 

x uT - (0 0) 

COLUHN VECIQRS OF X·!:!,6.T!!!~ 

x : - 1 x : - 2 . xw 1 
1,1 I , 2 x :- x x x :- x . x 

1,7 1,2 1 , 3 I, 8 I, 2 1,5 

[xp I 1] .[6 

[<.3 1] 
[2' x : - x x x :- x · X x x 1.9 1 ,2 I , 6 I ,10 1,3 1,5 

1. 3 1 . 4 

3 · xq 3. x u 1 x x ·X x :- x ·X 
I 1 1 , 11 1,3 1. 6 I ,12 1,5 1 . 6 x x 

1,5 [2' 1. 6 [2' 

18 0 
0 18 

18 
XI X -

0 0 18 0 0 0 0 0 0 6 . 364 0 0 0 18 0 0 0 0 0 0 0 0 0 0 18 0 0 0 0 0 14 
lxrx I - l. 898 10 

0 0 0 0 0 0 18 0 0 0 0 11. 023 0 0 0 0 0 0 0 18 0 0 11 023 0 0 0 0 0 0 0 0 0 18 11 . 023 0 0 0 0 0 0 0 0 0 0 11 . 023 18 4 . 5 0 0 0 0 0 0 0 0 11 . 023 0 4 . 5 18 0 0 0 0 6. 364 0 0 11 . 023 0 0 0 0 18 

. 056 0 0 0 0 0 0 0 0 0 0 0 
0 0 . 056 0 0 0 0 0 0 0 0 0 0 
0 0 0. 056 0 0 0 0 0 0 0 0 0 
0 0 0 0 . 069 0 0 . 024 0 0 0 0 . 0 . 039 
0 0 0 0 056 0 0 0 0 0 0 0 

XTXl - 0 0 0 0 0 0 . 056 0 0 0 0 0 0 
0 0 0 0 . 024 0 0 0 . 09 7 0 0 0 0 ·0 . 068 
0 0 0 0 0 0 0 0 . 095 . 0 016 0 0 26 . 0 . 06 5 0 
0 0 0 0 0 0 0 -0 . 0 16 0 095 . 0 . 0 65 0 . 026 0 
0 0 0 0 0 0 0 0 . 026 . 0 . 065 0 . 1 06 . 0 . 042 0 
0 0 0 0 0 0 0 . 0 . 065 0 . 026 . 0 . 0 42 0 . 106 0 
0 0 0 -0 039 0 0 . 0. 068 0 0 0 0 0 . 1 11 

1 0 0 0 0 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 0 0 0 tr(X TX 1) - 0. 958 
0 0 1 0 0 0 0 0 0 0 0 . 354 
0 0 0 1 0 0 0 0 0 0 0 
0 0 0 0 1 0 0 0 0 0 0 
0 0 0 0 0 1 0 0 0 0 0 . 6 1 2 
0 0 0 0 0 0 1 0 0 0. 6 12 0 
0 0 0 0 0 0 0 1 . 612 0 0 
0 0 0 0 0 0 0 0. 6 12 1 0 . 25 0 
0 0 0 0 0 0 0 . 6 12 0 0 . 25 1 0 lrl - 0 . 164 
0 0 0. 3 54 0 0 0. 61 2 0 0 0 0 1 

1 0 0 0 0 0 
0 0 0 0 0 0 
0 1 . 2 5 0 0 . 433 0 0 . 0 707 

tr ( ,. 1] 0 0 1 0 0 0 0 - 16 2 38 · 1 0 0 0 0 0 0 0 
0 0 433 0 l. 7 5 0 0 - 1 . 225 
0 0 0 0 l. 714 . 0. 286 0 . 46 7 - 1. 166 0 
0 0 0 0 . 0 . 286 1 . Jl l, - 1 166 0 . 46 7 0 
0 0 0 0 0 . 46 7 · 1 . 166 1 905 . 0 . 762 0 
0 0 0 0 -1 . 166 0 .46 7 . 0 . 762 1 . 905 0 
0 -0. 707 0 - 1 . 225 0 0 0 0 2 

0 0 0 0 0 0 0 0 
1 0 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 
0 0 1 0 0 0. 293 0 0 ·0 . 44 7 
0 0 0 1 0 0 0 0 0 

p - 0 0 0 0 1 0 0 0 0 
0 0 0 . 293 0 0 1 0 0 . 0 . 65 5 
0 0 0 0 0 0 1 -0 . 16 7 0 . 2 58 - 0 . 645 0 
0 0 0 0 0 0 -0. 16 7 1 - 0 . 645 0 . 25 8 0 
0 0 0 0 0 0 0 258 . 0 645 1 . 0 0 
0 0 0 0 0 0 . 0 645 0 2 58 . 0 . 4 0 
0 0 . 0 . 44 7 0 0 . 0 . 6 55 0 0 0 I 
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------- (8 . 34) k 3x3 x3x3/27 desiP,n -------

Qf,SICN 1::1,öTRIX 

XP T - ( 0 2) 

x q T - ( 0 2) 

xr 1 - (0 2) 

xs T - (0 0) 

x I COLUMN VECTORS: OF X·MAIIPX 

1, 1 

[6 
[ <.2 

I] [2 
[6 

[< ,8 
1][2 x (•p I 1] - x x [•\ 1] 

x 
1,2 2 1,3 I, 8 I, 9 

[6 
[<.4 

I] .[2 
,_ x :- x x 

:- (•\ 1] 
x i' 10 1,2 i.'• i,11 i,2 I, 6 

I, 4 1,5 :- x x x :- x . x 
i,12 1,2 I, 8 I, l3 i,4 i' 6 

[6 
[<.6 

1) 
[2 :- x x x :- x x x [xr 

1 ll x 
I, 6 1,7 i. 14 I, 4 I, 8 I, 15 I . 6 I. 8 

0 . 037 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 . 03 7 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0.037 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 . 037 0 0 0 0 0 0 0 0 0 0 

·1. 0 0 0 0 0. 037 0 0 0 0 0 0 0 0 0 

XTX 0 0 0 0 0 0. 03 7 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 .03 7 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0. 03 7 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 03 7 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 04 0 0 0 0 -0 .OI 
0 0 0 0 0 0 0 0 0 0 . 04 0 0 . 0 . 01 0 

0 0 0 0 0 0 0 0 0 0 0 0 . 04 . 0 .01 0 0 

0 0 0 0 0 0 0 0 0 0 0 ·0 . 01 0 . 04 0 0 

0 0 0 0 0 0 0 0 0 0 -0 . 0 1 0 0 0. 04 0 

0 0 0 0 0 0 0 0 0 . 0 . 01 0 0 0 0 . 04 

27 0 0 0 0 0 0 0 
0 27 0 0 0 0 0 0 0 

27 0 

XTX -
0 27 

tr [xrx. 1
] 

0 27 
- 0. 57 

0 0 0 
0 0 0 0 27 

0 27 0 
0 0 2 7 

0 0 0 0 27 0 0 0 0 0 0 
21 

0 0 IXTX I - 2. 4 34 10 
0 0 0 0 0 0 0 27 0 0 0 0 6. 7 5 
0 0 0 0 0 0 0 0 27 0 0 6 7 5 0 
0 0 0 0 0 0 0 0 0 27 6. 7 5 0 0 oooooooo~oooo-

0 0 0 0 0 0 0 0 0 6. 75 27 0 0 
0 0 0 0 0 0 0 0 6 . 75 0 0 27 0 
0 0 0 0 0 0 0 6. 75 0 0 0 0 27 

ooooooooo~oo-o 

1 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 1 0 0 0 0 0 0 0 0 0 0 0 ooooo ooooo~- oo 

0 0 0 1 0 0 0 0 0 0 0 0 0 0 
·1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 ~ 

0 0 0 0 0 1 0 0 0 0 0 0 0 0 ooooooo ooo-~o o 
0 0 0 0 0 0 1 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 I 0 0 0 0 0 0 ~ 
0 0 0 0 0 0 0 0 . 06 7 0 0 0 0 -0 26 7 
0 0 0 0 0 0 0 0 0 1. 0 6 7 0 0 -0 . 26 7 0 ' ooooooooo-oo~o 

0 0 0 0 0 0 0 0 0 0 I . 06 7 . 0 26 7 0 0 ' 
0 0 0 0 0 0 0 0 0 0 . 0. 267 I . 06 7 0 0 
0 0 0 0 0 0 0 0 0 -0 . 267 0 0 l. 067 0 · 
0 0 0 0 0 0 0 0 - 0 . 267 0 0 0 0 l. 067 

oooooooo-oooo~ 

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 ooooooo-oooooo 
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 oooooo- oooooo o 
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 

p - 0 0 0 0 0 1 0 0 0· 0 0 0 0 0 0 
ooooo -oooooooo 

0 0 0 0 0 0 1 0 0 0 0 0 u 0 0 oooo-ooooooooo 
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 Ir I - 0. 824 ooo-oooooooooo 
0 0 0 0 0 0 0 0 0 1 0 0 0 0 . 0. 2 5 
0 0 0 0 0 0 0 0 0 0 1 0 0 . 0 . 25 0 oo - ooooooooooo 
0 0 0 0 0 0 0 0 0 0 0 1 . 0 2 5 0 0 
0 0 0 0 0 0 0 0 0 0 0 . 0 25 I 0 0 o-oooooooooooo 

0 0 0 0 0 0 0 0 0 0 . 0 . 2 5 0 0 1 0 
0 0 0 0 0 0 0 0 0 ·0. 25 0 0 0 0 1 

.... 0 0 0 0 0 0 0 0 0 0 0 0 o, 
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xp T - (0 

xqT - (0 

xr T - (0 

xs T - (0 

x :- 1 
1,1 

[6' 
x : - [ •P I . 1] 

I, 2 
x 

1,3 

[6' 
x :- [•\ . ll 

I , 4 
x 

I , 5 

[6' 
x - ter 1 . 1] 

1,6 
x 

1 ,7 

27 0 0 
0 27 0 

0 27 0 0 0 

XIX -
0 

·1 
XTX 

0 0 
1 0 
0 1 

0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 

l 
0 
0 
0 

- 1 0 
0 
0 
0 
0 
0 
0 

0 
0 

0 
0 
0 
0 

0 . 037 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

0 0 
0 0 
0 0 
1 0 
0 1 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 

0 
0 

0 
0 
0 
0 

0 
0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 

0 
0 .037 

0 
0 
0 
0 
0 
1 
0 
0 
0 
0 
0 
0 
0 

0 
0 
0 
l 
0 
0 
0 
0 
0 
0 
0 

0 
0 
0 
0 

0 
0 
0 

0 
0 
0 
0 

0 
0 
0 
0 

Ir I 

0 
0 
0 
1 
0 

0 
0 
0 

0 27 0 0 

27 0 
0 27 

0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 
0 0 0 
0 0 0 

0 0 
0 0 

0 . 037 0 
0 0.037 
0 0 
0 0 
0 0 
0 0 

0 
0 
0 
0 
0 
0 

0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
1 0 
0 l 
0 0 
0 0 
0 . 0 . 433 

-0 . 4)) 0 

- 0.536 

0 
0 0 
0 0 
0 0 0 
0 0 0 
1 0 0 
0 1 0 
0 0 1 231 
0 0 0 1 
0 0 0 
0 0 0 

(8 .35) A 3x3x3x2/27 design --- - ---

DESIGN MATRIX 

0 0 

0 0 

[QLUt1N VEGTORS OE X- MAIRlX 

[< ,2 1] 

) , X$ 1 

fz I x :---
I. 8 

fz 
x :- x 

[<.4 
1] 

.fz · X x I , 9 I, 2 I , 4 
:- x · x 

[< .6 
1 ]·fz 

0 
0 

0 0 
0 0 

27 0 0 
0 27 0 
0 0 27 
0 0 0 
0 0 0 
0 0 

x 

x 

0 
0 

0 
0 
0 

27 
0 
0 

1 ,11 

l,ll 

: .. x 

:- x 

0 
0 
0 
0 

0 ·11 . 691 

2 7 
·11. 691 

0 
0 ·11 

0 0 
0 0 
0 0 
0 0 

0. 037 0 
0 0 . 037 
0 0 

0 
0 
0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 
0 
0 
0 
1 -0 

-0 4ll 
0 
0 

0 
0 
0 
0 
0 

0 0 
0 0 
0 0 

231 0 
0 1 . 2 31 
0 0 . 5)3 

. 691 

0 
0 
0 
0 
0 
0 

037 
0 
0 
0 
0 
0 
0 
0 

0 
0 
0 

0 
0 
0 
0 -0 . 

4ll 
1 

0 
0 
0 

0 
0 
0 

5ll 
231 

0 

0 
0 
0 

0. 03 7 
0 

. 0 
4ll 

0 

0 
0 
0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 
0 
0 

0 046 
0 
0 
0 
0 

0 . 02 

0 
0 
0 
0 
0 
0 
0 

. 4)) 
0 
0 
0 
0 
1 

0 
0 0 5)3 

0 5)) 0 
0 0 
0 0 

1 . 10 I, 2 

. x x 
1, 2 i. 8 

:- x x 
1.12 i. 4 

· x 
1. 4 I , 8 

: - x · X 
i. 14 i . 6 

0 
0 

0 0 
0 0 

0 0 
0 0 0 
0 0 - 11 . 691 
0 · 11 . 691 0 

· 1 1 . 691 0 0 

0 
0 
0 
0 
0 
0 
0 
0 
0 

. 046 
0 
0 

. 02 

p -

27 0 0 
0 27 0 
0 0 27 

0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 0 
0 0 . 02 

0 . 046 0 . 02 0 
0 02 0 . 046 0 

0 0 0. 046 
0 0 0 0 

oooo oooo~oooo.-. .. 
000000000~00 ...... 0 .. 
oooooooooo~-oo .. 
0000000000 ...... ~00 .. 
ooooooooo-oo~o .. 

0 

oooooooo.-.ooooM 
M .. 

ooooooo-oooooo 

oooooo-ooooooo 

ooooo.-~oooooooo 

I , 6 

I , 6 

I , 8 

~ 

0 
0 
0 
0 
0 
0 
0 
0 

02 
0 
0 
0 
0 

046 

0 0 0 0 0 0 0 0 . 5ll . 2)1 0 
0 0 0 0 0 0 0. 53 3 0 0 . 231 oooo.-~ooooooooo 

tr[r ·
1

] - 14 )85 

ooo-ooo ooooooo 

oo .... ooooooooooo 

o-oooooooooooo 

- ooooooooooooo 
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__ ,.. ____ (8.37) A )x)x)/15 Box Behnken design 

DES IGN HATRIX 

xp T - ( 0 I) 

xqT - (0 I) 

xr T - (I I) 

~QL!Jt1~ VEGIQBS Q[ ~· KATBI~ 
I 

i,l 
7 )0 · xp + IS · xp 

l~ 
I I 

O. S · [xpi x 
I, 2 i,) 

,[% 

7 10 · xq + I S · xq 

I]~ 
i 1 

0 S · [ x \ x 
i' 4 I's ,[% 

7 )0· xr + IS · xr 

I]~ 
I i 

0 . 5 · [xr 
1 

x 
i ' 6 i, 7 

,[% 

x : - x x x x · X x - x · X 
I , 8 i' 2 i ' 4 I. 9 I , 2 i ,6 i ' 10 I, 4 I. 6 

15 0 0 0 0 0 0 0 0 0 
11 0 IS 0 0 0 0 0 0 0 0 

0 0 15 0 · I . 071 0 -I . 071 0 0 0 IXTXI - 4. 6 75 . 10 
0 0 0 l s 0 0 0 0 0 0 
0 0 - 1 . 0 7 1 0 IS 0 ·I. 071 0 0 0 

XTX - 0 0 0 0 0 15 0 0 0 0 
0 0 - I . 071 0 · I 0 71 0 l s 0 0 0 
0 0 0 0 0 0 0 14 . 06) 0 0 
0 0 0 0 0 0 0 0 14 . 0 6 ) 0 
0 0 0 0 0 0 0 0 0 14 . 06) 

0 . 06 7 0 0 0 0 0 0 0 0 0 
0 0 . 067 0 0 0 0 0 0 0 0 
0 0 0. 0 6 7 0 0. 0 0 5 0 0 . oos 0 0 0 
0 0 0 0 . 06 7 0 0 0 0 0 0 
0 0 0 . o os 0 0. 067 0 0 . oos 0 0 0 

XTXI - 0 0 0 0 0 0 . 06 7 0 0 0 0 
0 0 0. 005 0 0. oos 0 0 . 06 7 0 0 0 
0 0 0 0 0 0 0 0 . 07 1 0 0 
0 0 0 0 0 0 0 0 . 0 71 0 tr( XTX I ) - 0 . 682 
0 0 0 0 0 0 0 0 0 071 

fl 

0 0 0 0 0 0 0 

IJ 

I 0 0 0 0 0 0 0 0 1.011 0 . 0 78 0 0 078 0 0 0 I 0 -0 0 7 1 0 . 0 . 07 1 0 0 0 0 I 0 0 0 0 0 0 0 1 0 0 0 0 0 0 
·I 0 . 078 0 . 011 0 0 . 078 0 0 

0 . 0 071 0 I 0 - 0 . 071 0 0 0 
r - 0 0 0 I 0 0 0 0 0 0 0 I 0 0 0 0 0 . 0 78 0 0 . 078 0 I 011 0 0 0 . 0 . 07 1 0 - 0 . 071 0 I 0 0 0 0 0 0 0 0 I 0 0 0 0 0 0 0 I 0 0 0 0 0 0 0 0 l 0 0 0 0 0 0 0 I 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 I 

I r I - 0 . 98 4 tr [ r ·I] - 9 . 01) 

I 0 0 0 0 0 0 0 0 0 
0 I 0 0 0 0 0 0 0 0 
0 0 I 0 0. 077 0 0 . 0 77 0 0 0 
0 0 0 I 0 0 0 0 0 0 
0 0 0 . 0 77 0 I 0 0 . 077 0 0 0 

p - 0 0 0 0 0 I 0 0 0 0 
0 0 0. 077 0 0 . 0 77 0 I 0 0 0 
0 0 0 0 0 0 0 I 0 0 
0 0 0 0 0 0 0 0 I 0 
0 0 0 0 0 0 0 0 0 I 
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------- (8.38) A 3x3x3x3/27 Box Behnken desi;n -------

~pI • (0 1 

><~I • (0 0 7 

><r'- (I 

x- 1 - (I l 1 I 0 0 ? 

00)) 

' 

" ' . " 

0 
00)1 

0 0 046 
0 0 

0 01 ~ 
0 

001) 
0 

Q(l]) 

0 

0 
-0.7 

0 

' 0 0 
·0.1 0.> 

0 0 
-0 , ·0.2 

0 

' .. , 
0 0 

' " 0 "' 0 0 
04\1 ' " 0 0 
0 q) 0.4\1 

0 0 
0'11 0.411 

0 0 
0 0 

0 
0 

.. [, ') 

" . 
. ~. ~ 

' _, : 
•),4 

' 

' .., 

' " 

o on 
001) 0 

0 oou 

' OOJ/ 
001) 0 

' 0 
00\) 

' ' 0 
0 
0 

0 0 
-0, 0, 

0 0 
-0.1 ·0.1 

0 0 

' -0.1 
0 0 

-0 , ' 0 0 
0 0 

0 0 
0 
0 
0· 
0 
0 

0 0 
0 411 0<.11 

0 0 
0411 0 "' 0 0 

' " 0 ~\I 

0 0 
o qr 1.n 

0 0 
0 0 
0 0 
0 "o 
0 0 
0 0 

0 
0 

" 

C1 Mj ''ijf H BQ!'i Qf l " '1. ' ' 3 

' 18·><:q. 9 "q 

' ' 

' lftxr • 9,cr 

' ' 

. ~. (. 

' 
" . . " 

•),(. 

' _, 
0 

0 

' 001) 

' O.OD 
0 

0.0<.' 
0 0.011 

O.OD 0 

' 0 

' 0 
0 0 

0 
0 
0 
0 
0 

. ' 
' ., : 
" ' 

·\.<. 
0 

0 
0 

0.01) 
0 

0.0)) 
0 

00 \ ) 
0 

0 0~6 
0 
0 
0 
0 
0 
0 
0 
0 

' 1.16 

.). <. 

' 
·L4 

' 
' ,, 
" ' 

" ' ' " 

' ' 0 

' ' ' 0 0 ' ' ' 0 

' ' 0 

' 0 ' ' ' 0 

' ' 0 

' 0 ' OOll 0 ' 0 O.Oll 0 
0 0 0.0'-9 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 

ASO 

' , 
" 

' ' " 
' ' " 

' 18 u • 9x• 

-\.) [", ') ' ' '. f,ö 

: - 0.) [", ') r. [' ·] f, ' · - x . 
1 , 11 . l , \0 

' x :- x x 
1.2 L .<. l. 1 l 1, 1 1 , ~ 

:-x x 
' ' 1.2 L.S \ , )) 1 , 4 1' 

x 
Cl I 

" ' ' ' ' ' ' ~0 H ' ' 0 0 

' ' ?O.H 0 ' 0 

' ' ' 20 .2) ' 0 0 

' ' 0 10 n 0 0 
0 0 0 10 .1) ' ' 0 0 0 10 H 

~<OLTXI)- 0 

0.049 
0 00 4 9 
0 0 0.0 4 9 
0 0 0 0.049 
0 0 0 0 

0 0 0 

0 0 0 
0 '" 0 })} 0.))1 

0 0 ' ' 0.1)) ' 0 lll 0 })) 

0 0 0 0 
O.lll 0 ))) ' 0 "' 0 0 0 
0.))1 0 Jll 0 "' 0 0 ' 0 0 0 

0 0 0 
0 0 
0 

' 

'" 



------- (8 . 39) A 3x3x3x3/l5 Sa tura ted des il>'l 

Qf:S IGN t::làiB I ~ 

xp T - (0 0 0 0 1 ) 

xq T - (0 q 
xr T - (0 1 ) 

xs T - (0 0 0 2) 

x 1 
1,1 CO LUHN VECTORS OF ~-&IBIX . 

-1 7 + 1 S · x p - 1 7 + 15 · x q -17 + 1 5 · x r 

x x 
1 . 2 

JU6 1. 3 
JU6 

1, 4 
JU6 

-1 7 + 1 S· xs 2 1 1 79· xp + 88· x p 
1 1 1 

x x 
1, S 

JU6 1 , 6 

~ 

21 1 79 . xq + 8 8 x q 21 1 79· xr + 8 8. 
1 1 1 

x x 
1,7 

~ 
1 , 8 

~ 

2 1 1 79. + 88. 

x x x · x 
i, 9 

~ 
1, 10 i . 2 1 , 3 

x x ·X x - x -x x x · X 
i. ll 1, 2 1, 4 i. 12 i, 2 1 ,S 1 ,13 1. 3 1, 4 

x x x x x 
i ,ll! i. 3 i ,5 1 , IS i . 4 1,S 

16 
jxrx l - 2 . 764 10 

XTX -

I S 0 0 -1 . 619 ·1 619 ·1 . 619 - 1. 6 1 9 · 1. 6 1 9 - 1 619 

1S -1 . 6 1 9 -1 . 6 1 9 -1 619 0 - 1 . 578 -1 . S78 -1 s 78 - 0 3 79 -0. 3 79 . 0 . 3 79 -3 . 6SS -3. 6SS -3 . 6SS 
0 -1 . 619 I S -1 . 619 -I . 619 - I . 57 8 0 -I . 578 -I . 57 8 - 0. ) 79 -3 . 655 · 3 6SS -0 . 37 9 - 0. 3 79 -3 . 6SS 
0 - I . 619 -I 6 1 9 15 -I . 619 -I . 57 8 -I s 78 0 ·1 S78 .) . 6SS -0. 3 79 · 3 . 6SS - 0 . 379 -) . 6 SS -0 . 3 79 
0 -I . 619 - I . 6 1 9 -I . 6 19 IS -I . 578 -I . S78 - I . S78 0 - 3 . 6SS - 3. 6SS - 0 . 3 79 -3 6SS - 0 3 79 -0. 379 
0 0 - I S78 -I . 578 - I . s 78 Is 9 048 9 048 048 - 0 . S27 -0 S27 -0 S2 7 0 148 0 . 148 0. 148 
0 - I . 578 0 · I S78 - 1 . s 78 9 048 I s 9 . 048 . Ol!8 - 0 S27 0 . 148 0 148 - 0 S27 -0 S2 7 0 . 148 
0 - 1 s 78 - I . s 78 0 - I . S78 9 . 048 9 . 048 I S 048 0 148 - 0 . S27 0 . 148 - 0 S27 0 148 - 0 . S27 
0 - I S78 - I . S78 - I . 578 0 9 . 048 9 . 048 9 . 048 IS 0 148 0 148 . 0 527 0 148 - 0 . S27 . 0 S27 

- I . 6 1 9 -0. 3 79 - 0. 3 79 - 3 . 6SS - 3. 6SS -0. S27 - 0 . S2 7 0 . 148 0 148 1 7 664 - 0 . S83 . 0. 583 - 0 S83 -0 . S8 3 7 . 32 
- I . 6 19 - 0. 379 - 3 . 6SS - 0 . 379 - 3 6SS -0. S27 0. 148 - 0 . 527 0 148 -0. S83 1 7 664 . 0 58 3 - 0 S8 3 7 32 - 0 . S83 
- I 6 19 - 0. 3 79 - 3 . 6SS - 3 . 655 -0 3 7 9 . 0 . 527 0 . 148 0 . 148 - 0. 52 7 - 0 . 58 3 - 0 . 583 1 7 664 7. 32 - 0 . S8 3 -0. S83 
-I . 61 9 -3 . 65S -0 3 79 - 0 . 379 -3 . 6SS 0. 148 -0 S27 -0 . 527 0. 148 · 0 . S83 -0. S8 3 7. 32 17. 6 6l! - 0 SB 3 -0 . S83 
- I . 61 9 -) . 655 -0 3 79 . 3 . 6SS -0 3 79 0. 148 -0 52 7 0 . 148 -0 527 ·0 . 5 8 3 7 32 -0 . S83 -0 S83 1 7 664 -0 S83 
- I . 61 9 - 3 . 655 -3 6SS . 0 3 79 -0 . 3 79 0 . 148 0 . 148 - 0 . S27 -0. 52 7 7 32 . 0. 58 3 -0 . 583 -0 S8 3 -0. S83 17 664 

XTX1 - er ( XTX1) - I S63 

0. 073 0 . 012 0 0 1 2 0 . 012 0 . 012 0 002 0 . 00 2 0 . 002 0 002 0 . 0 1 0 . 01 0 . 01 0. 0 1 0. OI 0. OI 
0 012 0 104 0 . 03 2 0 032 0 . 032 . 0 012 0 . 0 12 0 . 0 1 2 0 012 0 . 007 0 . 007 0 007 0 03 1 0. 031 0 . 0 31 
0 012 0 032 0 . 104 0 032 0 . 0)2 0 . 0 1 2 - 0 . 0 1 2 0 . 0 12 0 0 12 0 . 007 0 . 031 0 . 031 0 007 0 007 0. 031 
0 0 12 0 . 032 0 032 0 . 104 0 . 0)2 0 0 1 2 0 . 0 12 - 0 . 012 0 0 12 0 . 03 1 0 007 0 . 031 0 00 7 0 . 031 0. 007 
0 . 0 12 0 . 032 0 032 0 032 0. 104 0 . 0 12 0 0 1 2 0 . 012 -0 . 0 1 2 0 . 03 1 0 031 0 . 007 0 03 1 0. 007 0. 007 
0 . 002 -0 0 1 2 0 0 1 2 0. 0 1 2 0 . 012 0. 141 -0. 03 8 . 0 . 038 -0 0 38 0 . 012 0 012 0 012 -0 007 . 0. 007 -0 . 007 
0. 002 0 0 1 2 . 0. 012 0 . 0 1 2 0 0 1 2 -0 . 038 0 141 - 0 . 038 -0. 0 3 8 0 . 012 . 0 007 . 0 . 007 0 012 0 012 - 0 00 7 
0 . 002 0 0 1 2 0 . 012 . 0 . 0 12 0 . 012 . 0 . 038 -0 . 038 0 . 141 ·0 038 . 0 . 007 0 . 012 . 0 . 007 0 0 1 2 ·0.007 0 012 
0 002 0 012 0 0 1 2 0. 012 -0 0 12 - 0 . 038 -0 . 038 - 0 038 0 14 1 . 0 007 -0 . 007 0 012 - 0 007 0 . 0 12 0. 012 

0 . OI 0 . 007 0 007 0 031 0 031 0 . 0 1 2 0 012 . 0 00 7 . 0 007 0 085 0 008 0 008 0 . 008 0 008 - 0.03 
0 OI 0 . 007 0 031 0 . 007 0 031 0 . 012 -0 . 007 0 . 0 1 2 - 0. 007 0 . 008 0 . OSS 0 008 0 008 - 0 03 0. 008 
0. OI 0 . 007 0 . 03 1 0 . 031 0 . 007 0 012 - 0 . 007 - 0 00 7 0 0 12 0 008 0 . 008 0. 0 8 S - 0 03 0 008 0 008 
0 . OI 0 . 03 1 0 . 007 0 00 7 0 . 031 -0 007 0 . 012 0 012 - 0 0 07 0 008 0 008 - 0.0 3 0 085 0 008 0 . 008 
0 . OI 0 03 1 0 . 007 0 03 1 0 007 - 0 00 7 0 0 1 2 -0 007 0. 0 12 0 008 - 0 03 0. 008 0 . 008 0 . 08S 0 . 008 
0 . OI 0 0 31 0 03 1 0 . 007 0 007 ·0 007 - 0 007 0 . 0 1 2 0 012 . 0 03 0 008 0 008 0 008 0 008 0 0 8 5 

A5 I 



------- :JesiB"n (8.39) Cont inued -------
l . 0. l OB . 0 lOB - 0. lOB 0 . 0 . lOS -0 . l OS . 0 lOS -0 02J -0 . 02J -0 02J - 0 . 226 -0. 226 -0 . 226 

-0. l OB l . 0. lOB -0 . l OB -0. lOS 0 -0. l OS -0 . lO S -0 023 -0 . 226 -0 . 226 -0 . 023 - 0 . 02 J -0 . 226 
- 0 . lOB -0 . l OB l -0. lOB -0. l OS - 0 . l OS 0 -0 . l OS -0 226 . 0 02J -0 . 226 . 0 02J . 0 226 - 0 . 023 
-0. lOB -0. l OB - 0 . l OB l . 0 l OS - 0 . l OS . 0. lO S 0 . 0 226 . 0 226 . 0 . 02J . 0 226 . 0. 02J . 0. 02J 

0 . 0. lOS . 0. lOS . 0. lOS l 0. 603 0. 603 0 603 -0. 033 -0 OJ3 . 0. 03J 0 . 009 0. 009 0 009 
- 0. lO S 0 . 0. lOS . 0 lO S 0 60J l 0 603 0 603 ·0 03J 0 . 009 0 009 -0 . OD -0 OJJ 0 009 
- 0. lOS . 0. lOS 0 - 0 . lOS 0. 603 0 . 603 l 0. 60J 0 009 ·0 . 03J 0 . 009 . 0 OJJ 0 009 -0 . OJJ 
. 0 . l OS . 0 . lO S -0. l OS 0 0 60J 0 603 0. 603 l 0 . 009 0 . 009 ·0 OJJ 0 009 . 0 . OD . 0 . OD 
-0 02J ·0 023 ·0 . 22 6 . 0 226 -0 03J -0 OD 0 009 0 . 009 l . 0 . 04) . 0 . 043 . 0 04 J . 0. 043 0 . 409 
. 0 023 . 0 226 . 0 . 02J . 0 . 226 . 0 . OD 0 009 -0 03J 0 . 009 . 0 . 043 l -0 . 04 J -0 04 3 0 409 -0. 043 . 0 02J . 0 226 . 0 . 226 . 0 023 -0 . 03 3 0. 009 0 . 009 -0 03 3 -0 . 043 -0 . 04) l 0 409 - 0. 04 J -0 . 043 
-0 . 226 -0 . 023 -0 . 023 -0. 226 0 009 - 0 OD -0 OD 0 . 009 -0 043 -0 . 04) 0 409 l -0 04J -0 . 043 
- 0 . 226 -0 023 -0 . 226 - 0 023 0 009 -0 03J 0 009 ·0 . 03 J -0. 04 3 0 . 409 ·0. 04 J . 0 04 3 l . 0 . 04 3 
-0 . 226 - 0 . 226 .o 02J .o .023 0 . 009 0 . 009 . 0 OJ3 . 0 OJJ 0 409 . 0 043 . 0 . 04 J . 0 043 -0 04 3 l 

Ir I - 0 . 02S 

l . S63 0 . 4Bl 0 4Bl 0 4Bl -0 lB6 0. IBS 0. IB S 0. IB S 0. lOB 0 . lOB 0 . lOB 0 . SOS 0 . SOS 0 . SOS 
0 , 4Bl l . S6 J 0 4Bl 0 4Bl 0 . IBS -0. lB6 0. I BS 0 . IB S 0 . lOB 0 . SOS 0 . SOS 0 . lOB 0 . lOB 0 . SOS 
0 . 48 1 0. 4Bl l . S63 0 4B l 0 . IB S 0. IBS -0. l B6 0. IB S 0 . SOS 0 lOB 0 . SOS 0 . lOB 0 SOS 0 . lOB 
0 4Bl 0 . 4Bl 0 4Bl l S63 0 . IB S 0 IBS 0 IB S . 0. lB6 0 . SOS 0 SOS 0 lOB 0 SOS 0 lOB 0 lOB 

- I . 0 lB6 0 . IBS 0 IBS 0. IB S 2. 114 . 0 S7l . 0. S7 l . 0 S7l 0. 199 0. 199 0. 19 9 . 0 117 . 0 11 7 -0. 11 7 
0. IBS . 0 . lB6 0. IBS 0 IBS . 0 S7l 2 114 . 0. S7 l . 0. S7l 0. 199 . 0 117 -0 . 117 0. 199 0 . 199 -0 . 117 
0 . lB s 0. IB S -0. lB6 0 . IBS . 0 S7 l -0 . S71 2. 114 -0 . S71 -0. 117 0 . 199 - 0 . 117 0 199 -0 . 11 7 0 . 199 
0 . IBS 0 IBS 0 . IB S -0. lB6 . 0 . s 71 -0 . s 71 -0 . S 71 2 . 11 4 . 0 117 -0 11 7 0 . 199 . 0 . 11 7 0. 199 0 . 199 
0 . lOB 0 lOB 0 SO S 0 . SOS 0 . 199 0 . 199 . 0 11 7 . 0. 117 l . 4B6 0 149 0 . 149 0 . 14 9 0. 149 -0 S2 
0 . lOB 0 SOS 0 . lOB 0 SOS 0 199 . 0 117 0 199 -0. 117 0 . 149 l . 4B6 0 . 14 9 0 149 · 0. S2 0 . 149 
0 . lOB 0 . SOS 0 SOS 0 l OB 0. 199 -0 . 117 . 0 . 11 7 0 . 19 9 0 . 149 0 149 1 . 486 . 0. S2 0 . l4 9 0 . 149 
0 . SOS 0 . lOB 0. lOB 0 SOS -0 . 11 7 0 . 199 0 . 199 - 0 . 11 7 0 . 149 0. 149 · 0 . S2 1 . 486 0 . 149 0 . 149 
0 . SOS 0 . l OB 0 . SOS 0 . lOB . 0 . 11 7 0 . 199 - 0 . 11 7 0 . 199 0 . 149 -0 . S2 0 . 149 0 149 1 . 486 0 14 9 
0 . SOS 0 . SOS 0 lOB 0 l OB -0 . 11 7 . 0 . 117 0 199 0 199 . 0 S2 0 14 9 0 149 0 . 149 0 14 9 l . 486 

tr[."
1

] - 23 . 627 

141 0. 141 0 016 0 . 016 0 016 0 . 016 0 . 122 0 . 122 0 . 12 2 0 122 0 . 122 0 . 122 0 . 141 0 . 141 0 . 
0 . 071 0 JJ l 0 3Jl 0 . JJl 0 . 14 1 l 0 . JOB 0 . JOB 0. JOB -0 . 102 0 . 102 0. 102 0 . 102 0 . 07 1 0 . 071 

0 . 141 0 . JOB l 0 . JOB 0 . JOB 0 . 102 . 0 . 10 2 0 . 102 0 . 102 0 . 07 1 0. JJl 0 . Jll 0 . 071 0 071 0 . Dl 
0 . 141 0 . JOB 0 . JOB l 0 . 30B 0 . 102 0 . 102 . 0. 102 0. 102 0 . 331 0. 071 0 . J3l 0 . 071 0 331 0 0 71 

JOB l 0. 102 0.102 0 . 102 . 0. 102 0 . D l 0 . 3J l 0 0 7 1 0 . J3 l 0 . 071 0 071 0 . 141 0 . JOB 0 . JOB 0 . 
102 0. 102 0 . 102 l -0.27 - 0 . 27 . 0 . 2 7 0 112 0 . 11 2 0 . 112 -0 . 066 ·0 . 066 - 0 . 06 6 p - 0 . 016 -0 . 102 0 . 

. 066 0 . 112 0 . 112 . 0 066 0 . 016 0 . 102 - 0 . 102 0. 102 0. 102 . 0 . 27 l -0 . 2 7 -0 . 27 0 . 112 . 0 . 066 - 0 
. 102 - 0 . 102 0 . 102 . 0. 27 - 0 . 27 l . 0. 2 7 - 0 . 066 0 11 2 . 0 066 0 . 1 12 . 0 . 066 0 . 112 0 . 0 16 0 . l 02 0 

0 . 11 2 102 0 . 102 . 0 102 . 0 . 27 -0. 2 7 . 0. 27 l -0. 066 . 0 . 066 0 . 112 -0 066 0. 11 2 0 . 0 16 0. 10 2 0 . 
0. l -0 . JS . 07 1 0 . JJl 0. 3Jl 0 11 2 0 . 112 . 0. 066 - 0 . 066 l 0 l 0 . 1 0. l 0 . 122 0 . 07 1 0 

l 0 l 0 . I -0 . 3S 0 . 1 0 . 122 0 . 071 0 3 3 1 0 07 1 0 . JJ l 0. 11 2 ·0 . 066 0 . 11 2 -0 066 J . l 
0 . l 0 . l 0 . 122 0 . 071 0 . 331 0 . 33 1 0 07 1 0 . 11 2 -0 . 066 -0.066 0. 11 2 J . l 0 . I l . 0 JS 

0 . 122 0 . JJI 0 . 071 0 071 0 . JJ l -0 . 066 0 112 0 . 112 . 0 066 0 . l 0 . l . 0 . 3 s l 0 . l 0 l 
l 0 . l 0 . 071 . 0 . 066 0 . 112 . 0 . 066 0 . 112 0 . l . 0 . J s 0 . 1 0 . l 0 . 122 0 . JJl 0 . 071 0 . J JI 

0 . I I 0 . 122 0 . 3Jl 0 . JJl 0 . 071 0 . 071 -0 . 066 . 0 . 066 0. 11 2 0 . 112 -0 . 3S 0 . I 0 . I 0 . 1 
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------- Design (8 . 40) Continued ------

1 . 053 0.008 0.008 0 . 008 0.008 ·0. 275 0. 099 0. 099 0 . 099 0.099 049 0. 049 0 . 049 0 . 049 0 0 0 0 0 0 

0 . 008 1 . 053 0.008 0 . 008 0 . 008 0. 099 ·0. 275 0 . 099 0. 099 0 . 099 049 0 0 0 049 0.049 0 . 049 0 0 0 

0 . 008 0 . 008 l. 05) 0.008 0 . 008 0 . 099 0 . 099 - 0.27 5 0. 099 0 . 099 0 0. 049 0 0 04 9 0 0 0. 049 0.049 0 
0 . 008 0 . 008 0 . 008 1 . 051 0 . 008 0.099 0 .099 0.099 - 0 .275 0 . 099 0 0 0.049 0 0 0.049 0 0 . 04 9 0 0.049 

· l 0 . 008 0. 008 0.008 0 . 008 1 .051 0 . 099 0 . 099 0.099 0 . 099 - 0 . 275 0 0 0 0 , 049 0 0 0 . 049 0 0.049 0 . 049 

- - 0. 275 0. 099 0 . 099 0 . 099 0 . 099 2.806 -0. 6)2 -0. 6)2 -0. 6)2 -0. 6)2 0 0 0 0 0 0 0 0 0 0 
0 . 0 99 -0.275 0 . 099 0 . 099 0. 099 -0.612 2 . 806 -0 . 6)2 -0. 6)2 . o. 6)2 0 0 0 0 0 0 0 0 0 0 
0 . 099 0. 099 - 0 . 275 0. 099 0. 099 ·0. 6)2 - 0 . 6)2 2 . 806 -0. 6)2 - 0. 6)2 0 0 0 0 0 0 0 0 0 0 
0 . 099 0 . 099 0. 099 -0. 215 0. 099 ·0. 632 -0. 632 -0.6 32 2 . 806 ·0. 6)2 0 0 0 0 0 0 0 0 0 0 

0. 099 0. 099 0 . 099 0. 099 - 0 . 275 ·0. 632 - 0.632 -0 . 632 -0.632 2 . 806 0 0 0 0 0 0 0 0 0 0 
0 .049 0 . 049 0 0 0 0 0 0 0 0 1 . 005 0 0 0 0 0 0 0 0 0 
0.049 0 0 . 049 0 0 0 0 0 0 0 0 1. 005 0 0 0 0 0 0 0 0 

0.049 0 0 0.049 0 0 0 0 0 0 0 0 1 . 005 0 0 0 0 0 0 0 
0.049 0 0 0 0.049 0 0 0 0 0 0 0 0 1 . 005 0 0 0 0 0 0 

0 0.049 0 . 049 0 0 0 0 0 0 0 0 0 0 0 1 .005 0 0 0 0 0 
0 0. 049 0 0 . 049 0 0 0 0 0 0 0 0 0 0 0 1 . 005 0 0 0 0 
0 0. 049 0 0 0 . 049 0 0 0 0 0 0 0 0 0 0 0 1 . 005 0 0 0 
0 0 049 0 . 049 0 0 0 0 0 0 0 0 0 0 0 0 0 1. 005 0 0 
0 0 049 0 049 0 0 0 0 0 0 0 0 0 0 0 0 0 1.005 0 
0 0 0 0 . 049 049 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 . 00 5 

)> "[;'] - 29. )44 
UI 
UI 

-4 - 4 - 4 -4 

00:1 

1 4. 963 · 10 4. 963 · LO 4 . 963 10 4. 963 · lol 4. 963 -10 0 0 . 003 0 ' 00) 0 ' 003 0' 003 0. 003 0 . 003 0 ' 003 0 . 003 0 ' 00) 0 
- 4 

4 963 10 0. 008 0.008 0. 008 0. 008 - 0. 16 0. 058 0 . 058 0 . 058 0. 058 0' 048 0 . 048 0 . 048 0 . 048 
-4 

p - 4 . 963 10 0.008 0. 008 0 .008 0. 008 0 . 058 -0 . 16 0. 058 0. 0 58 0 . 058 0 . 048 0 0 . 048 0. 048 0 . 048 
-4 

C. . 963 10 0 . 008 0' 008 0.008 0 , 008 0 .OSS 0 . 058 -0 . 16 0 .058 0.058 0 o .oc.a 0 O.OC.S 0 0 . 048 o .oc.a 
-4 

4 . 963 10 0. 008 0. 008 0 . 008 o. 008 0 . 058 0. 058 0 . 058 -0 . 16 0. 058 0 0 . 048 0 0 . 0C.8 0 0 . 048 0 0 .048 
-4 

4 , 963 LO 0. 00 8 0 ' 008 0 008 0. 008 l 0. 058 0 058 0 058 0 058 -0.16 0 0 . 048 0 0 0. 048 0 0 . Ot..B 0. 048 
0 - 0 . 16 0 . 058 0 058 0. 058 0.058 1 - 0' 225 - 0 ' 225 . 0 ' 225 -0.225 0 0 0 0 0 0 0 0 
0 0 . 058 -0 . 16 0. 058 0.058 0 , 058 -0 . 225 1 - 0. 225 -0 225 -0.225 0 0 0 0 0 0 0 0 
0 0 . 058 0 . 058 -0. 16 0.058 0 . 058 -0 . 2 H -0 225 1 -0, 225 -0 . 225 0 0 0 0 0 0 0 0 
0 0.058 0 . 058 0 .058 -0.16 0 . 058 - 0 .225 -0 225 -0 . 225 1 -0 .225 0 0 0 0 0 0 0 0 
0 0.058 0 . 058 0 . 058 0 . 058 - 0 . 16 -0 . 225 -0 . 225 -0 . 225 - 0 225 1 0 0 0 0 0 0 0 0 

0 . 003 0.048 0 . 048 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 . 003 0 . 048 0 0 . 048 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 
0 . 003 0. 048 0 0 0.048 0 0 0 0 0 0 0 0 0 0 0 0 0 

001 0 . 048 0 0 0 0 . Oc.8 0 0 0 0 0 1 0 0 0 0 0 0 
001 0 0 . 048 0 . 048 0 0 0 0 0 0 0 0 1 0 0 0 0 0 

0. 003 0 0 . 048 0 0. 048 0 0 0 0 0 0 0 0 1 0 0 0 0 
0. 003 0 0. 048 0 0 0 . Ot..S 0 0 0 0 0 0 0 0 1 0 0 0 
0. 003 0 0 0.048 0. 048 0 0 0 0 0 0 0 0 0 0 1 0 0 
0. 003 0 0 0. 048 0 0 . 048 0 0 0 0 0 0 0 0 0 0 1 0 
0 . 003 0 0 0 0 . 048 0 .048 0 0 0 0 0 0 0 0 0 0 0 1 
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------- (8. 42) A 3 x 3 x 3 x 3 x 3 I 27 Mitchell and Bayne design-------

DESIGN MATRIX 

xpT (2 0 1 0 0 2 0 1 0 1 2 2 2 2 0 0 0 2 2 2 1 0 2 2 0 0 0) 

xqT (2 0 0 0 0 2 2 0 2 1 1 0 0 1 0 1 0 0 2 0 2 2 2 o 2 2 1) 

xr T ( 2 0 2 1 0 2 1 0 0 1 0 2 0 2 2 0 2 2 0 1 o 2 o o 2 o 2) 

XS T { 2 0 2 1 2 0 0 0 0 2 0 0 2 1 2 2 0 2 0 0 1 2 2 1 0 2 1) 

xtT (2 2 2 2 0 0 1 1 0 0 0 2 2 1 1 2 0 0 2 0 2 0 o o 2 2 0) 

x ·= 1 COLUMN VECTORS OF X MATRIX 
i,1 

2 
x := x1 
i, 2 i 

2 
X := X2 
i, 3 i 

2 
X := x3 
i,4 i 

2 2 
X := x4 
i, 5 i 

X := x5 
i, 6 i 

x := x1 · x2 
i,7 

x . - x1 · x3 
i i i,8 i 

x .- x1 · x4 
i i,9 

x := x1 · x5 
i i,10 i i i 

x := x2 ·x3 
i, 11 

x .- x2 · x4 
i i i,12 i 

x 
i i,13 

:= x2 ·x5 
i i 

x := x3 · x4 
i,14 

x .- x3 · x5 
i i,15 i i 

x 
i i,16 

:= x4 ·x5 
i i 

X := x1 
i, 17 i 

X := x2 
i, 18 i 

X .- x3 
i, 19 i 

X .- X4 
i, 20 i 

x := x5 
i, 21 i 
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1. Orthogonale "N-designs" kunnen met behulp van half-normaal waarschijnlijk­
heidspapier worden geanalyseerd. 

Hoofdstuk 7 van dit proefschrift. 
Daniel, C. {1959), The use of Half-Normal Plots in Interpreting Factorial Two­
Level Experiments, Technometrics 1, 311-341. 
Zahn, D.A. {1975), Modifications of and Revised Critica! Values for the Half­
Normal Plot, Technometrics 17, 189-200. 

2. Het gebruik van blokindeling bij proefopzetten is niet alleen geschikt om het effect 
van de experimentele fout te verkleinen, maar kan ook dienen om een onbekende 
factor, die ongewenste kwaliteitsfluctuaties veroorzaakt, op te sporen. 

Upperman, P.M. en Dévény, A.M. {1974), De oplossing van een kwaliteitspro­
bleem door het gebruik van proefschema's, Statistica Neerlandica 28, 153- 171. 
Upperman, P.M. {1991), Aspecten, principes en toepassingen van proefopzetten, 
SIGMA, No. 3, 8- 12. 

3. De kwaliteit van een proefopzet wordt niet alleen door statische kenmerken be­
paald, maar ook door de mate waarin ze bruikbaar is voor de onderzoeker. 

Box, G.E.P., Hunter, W.G. and Hunter, J.S. {1978), Statistics for Experimenters, 
John Wiley & Sons, New York. 

4. Het construeren van proefschema's, waarbij men sommige eerste orde interacties 
wel en andere niet kan schatten, is meer een intellectuele dan een praktische bezig­
heid, omdat men doorgaans of alleen hoofdeffecten, of hoofdeffecten en alle eerste 
orde interacties met een proefopzet wil schatten. 

5. Het is aannemelijk dat de receptuur en kwaliteit van bakkerijproducten sterk 
verbeterd zal worden, indien men op grote schaal de in de laatste decennia ont­
wikkelde proefopzetten voor mengsels gaat toepassen. 

Cornell, J.A. {1990), Experiments with Mixtures, John Wiley & Sons, New York. 



6. Het rendement van de Nederlandse industrie kan aanmerkelijk worden verhoogd, 
indien de vakken proefopzetten en variantie-analyse voor studenten in de chemie, 
electrotechniek, natuurkunde en werktuigbouw tot de verplichte leerstof gaan be­
horen. 

Upperman, P.M. (1985), lndustrial Statistics, Statistica Neerlandica, Vol. 39, 
No. 2, 203-217. 

7. Bij de uitoefening van de geodesie doen zich, met name bij de triangulatie van 
grote netten, interessante statistische problemen voor inzake verwerking en ana­
lyse van waarnemingen. 

8. Uitdrukkingen als "De temperatuur was 2 graden lager dan normaal" zoals die wel 
eens in de maandelijkse weeroverzichten van het NOS-journaal worden gebezigd, 
zijn voor een leek nauwelijks en voor een statisticus helemaal niet te begrijpen. 

9. Om in een ontwikkelingsland te kunnen werken zijn verschillende vaardigheden 
vereist , die tijdens een schoolopleiding niet aan de orde komen. 

10. Het feit dat men van huisartsen en diëtisten soms tegenstrijdige adviezen krijgt 
inzake aard en samenstelling van het te gebruiken voedsel, doet het vermoeden 
ontstaan dat de kennis inzake de biochemische mechanismen van het menselijk 
lichaam, nog in de kinderschoenen staat. 


