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1. INTRODUCTION

‘This monograph is a study of life and death. The study is carried out by
developing a stochastic model to describe the life and death of a system.
Although the term ’system’, as well as the models considered, apply quite
generally, the systems analysed are thought of as industrial machinery,
equipment or products. Hence, a model is developed to describe the system’s
failure behaviour and, instead of life and death, the terms operating and down

are used.

1.1 Motivation

Since breakdowns of a system increase costs and inconvenience or sometimes
gravely threaten the public safety, the demand for systems that perform better
and cost less increases. It is well known in the reliability field that
providing redundancy, in part or all of a system, improves the performance of
the system. The advantages of redundant systems include a reduction of the
system down time and an enhancement of the reliability, within the
technological constraints. For these reasons, much research has been reported
on the analysis of redundant systems (Osaki et al., 1976, Yearout et al.,
1986). Two basic redundancy configurations are parallel and standby. The
analysis of a parallel redundant system with repairable units has an extensive
literature. The fundamental and original contribution is due to Gaver (1963,
1964), who considered a two unit parallel redundant system with exponentially
distributed life times and arbitrarily distributed repair times. Gaver wused
supplementary variables (Cox, 1955") to derive the mean time to system failure
and the stationary availability. Ever since this reported research there have
been attempts to derive performance measures under relaxed assumptions on the
life and repair time distributions of the units in the system. Some of the
notable contributions are Liebowitz (1966), Kodama et al. (1974), Linton
(1976), Subramanian et al. (1979), Ravichandran (1981) and Osaki (1985).
Ravichandran (1990) reviewed the state of the art for a two-unit parallel
system. However, an important role in a system’s failure behaviour is played
by factors such as maintenance, overhauls, the effects of repairs, dependence
between units, intensity of use, stress situations, etc. Ascher and Feingold
(1984) give a list of 18 ’real world factors’, which are hardly considered in

existing models.



The  present  study  concentrates on two of  these real world
factors: firstly, dependence between the units and secondly, maintenance. The
subject of study is a two-unit parallel system, a basic redundancy
configuration. However, in principle the methods and techniques also apply to
standby redundancy or more complicated systems.

A frequently observed phenomenon which causes (statistical) dependence between
units is the occurrence of common cause failures. Simple examples of common
cause failures include situations where systems have shared (electric)
connections or are subjected to common environmental stresses or shocks, etc.
Nevertheless, dependence between units 1is ignored in the majority of
reliability models. The main reason for this unsatisfactory state of affairs
is that the assumption of independent units often considerably simplifies the
analysis. However, Harris (1968) considered the situation of a two-unit
parallel system with common cause failures and used a bivariate exponential
distribution to model the life times of the units. He derived the mean time to
system failure under the assumption of arbitrarily distributed repair times,
using the supplementary variable technique. Osaki (1980) extended the analysis
to obtain the availability of the system, using a variant of a semi-Markov
process with some non-regeneration points. In the present study, not only the
system reliability and availability are investigated, but also other important
performance measures, well known in the reliability field, wviz. the interval
reliability, the joint availability, the system state probabilities and the
stationary counterparts of these quantities. Apart from these performance
measures, two quasi-stationary distributions are studied, namely the limiting
residual life time  distribution - and the quasi-stationary system state
probabilities. Both distributions are of particular interest when the system
fails rarely or is not repairable. Quasi-statioparity is well known in the
stochastic process literature {(Darroch et al., 1965, 1967, Seneta et al,
1967, 1985, Cavender, 1978), but in the context of reliability modelling the
use of quasi-stationary distributions is of recent origin. One of the few
attempts that have been made in this direction is that of Kalpakam et al
(1983). The present study generalises and extends the results of Kalpakam et

al., in case of a two-unit dependent parallel system.



Most results in this study are obtained using phase type distributed life
times (Neuts, 1981) and generally distributed repair times. The concept of
phase type distributions is used since it allows a relatively simple analysis
of the parallel system, which can be performed by studying an appropriate
imbedded renewal process. Important operating characteristics follow from this
imbedded renewal process in a direct and elegant way. Secondly, an important
property of phase type distributions is that they are dense in the class of
distribution  functions and  hence every distribution function can be
approximated arbitrarily close by a phase type distribution.

A further extension of the analysis of the parallel system is obtained in the
direction of maintenance. The importance of maintenance is beyond dispute.
Consequently, the literature on maintenance and replacement models is
extensive (see Pierskalla et al., 1976, Sherif et al., 1981, Valdez-Flores et
al., 1989). With respect to a two-unit parallel system, an important facet is
that it can be advantageous to replace both units simultaneously when the
system shows economic dependence, i.e. when the costs of a joint maintenance
action are less than the costs of two separate maintenance actions. However,
the overwhelming majority of papers deals with single-unit systems and hence
the presence of economies of scale is not considered. Among the authors who
investigate maintenance policies for two-unit systems, are Mine et al. (1974)
and Berg (1978). Mine et al. consider a maintenance model for a two-unit
parallel system under Markovian deterioration, including repair times in the
analysis. Berg analyses an opportunistic replacement policy for a two-unit
series system with arbitrarily distributed life times but ignores maintenance
times. In the present study elements of the work of Berg and Mine et al. are
combined and Berg’s  continuous time, opportunistic replacement policy s
extended to a dependent parallel system, including the repair times in the
analysis. Both the life and repair times are arbitrarily distributed and an
optimisation problem is formulated in order to minimise the expected costs per
unit of time. |

Summarising the discussion, it appears that there are few studies of systems
with dependent wunits and few studies on replacement policies for parallel
systems: it is evident that a comprehensive and systematic . analysis is
necessary. This study attempts to provide such a systematic analysis.



1.2 The model

A system is defined here as a collection of one or more interconnected units,
designed to perform one or more specified functions. A unit is a part of the
system and is repaired or replaced every time it fails. The wunits under
consideration are two-state units: they either work or fail. On the other
hand, the system under consideration is a two-unit system and the units are
connected in parallel. A system failure is defined as a state of the system in
which it is not able to perform at least one of its functions satisfactorily.
The system is repairable, i.e. after failure, it can be restored to fully
satisfactory performance by eny method other than replacement of the entire
system.

A standard way to represent a two-unit parallel system with dependent units is
to look at the life times of three components, say C;,, C, and ;. The
components C; and C, are connected in parallel and C; is an artificial
component in series with the parallel configuration of C;, and C,, as in figure
1.1. Component C; is used to model the occurrences of common cause failures
and in that way the dependence in the two-unit system. The components C; and
C, form a two-unit parallel system with independent components. The main
reason to decompose a two-unit dependent parallel system into a two-unit
independent parallel system and a common cause component is that a
decomposition allows a neat mathematical analysis. In the special case where
the life times of the components are exponentially distributed, the technique
is known as the g-factor technique (Lewis, 1987).

Two~unit independent Common cause effect Two—unit dependent
parallel system (Artificial component) parallel system
Gy ¢,
— =+ G = = — G —
Cz C2

Fig. 1.1: Modelling a two-unit dependent parallel system



Note the terminology: the physical system consists of {wo wunits and is
described by a model with three logical components.

With respect to the model in figure 1.1, the following basic assumptions are
made to perform the mathematical analysis in the subsequent chapters:

i. The two-unit parallel system requires at least one wumit for successful
operation.

#. The units are repairable. On failure a unit is repaired by a single
server repair facility with first~in—first-out repair policy. Repairs are
perfect and restore the normal operational efficiency of the units.

#f. The identification of the operable and non-operable status of a umit is
perfect. After [failure, a repair is started immediately. Similarly, after
repair completion a unit restarts operating immediately.

iv. For each component: only one type of failure occurs. A failure of
component C; (i=1,2) destroys unit i and a failure of component C;
destroys both units simultaneously.

v. The common cause effect is only present when the system is up. This means
that when the systém' is down, caused by a failure of C, during a repair
of C, (or vice versa), the life time of C; is ended. Subsequently, C,
restarts operating immediately after répair completion of either ‘C, or
C,, whichever occurs first. On the other hand, the life times of both C,
and C, end on the occurrence of a common cause failure, i.e. with the
failure of C,.

vi. Since the common cause component C; is an artificial component, its
repair’ is assumed to be instantaneous: the repair time of Aca is zero,
in contrast to the repair times of C; and C,. In case of a common cause
failure the units queue for repair at random.

vii. At time t=0 two new units start operating.

Dependent upon the nature of the common cause effect, often two types are
distinguished: internal and external common cause failures. An external effect
is caused by the environment and usually modelled by a homogeneous Poisson
process. Simple examples are failures caused by’ common electric connections,
by fire or by vibration. On the other hand, internal common cause -failures
occur when e.g. the failure of one unit results in a fatal shock for the other



unit. Although it is possible to model internal and external effects
separately by connecting an additional component in series with C; for
convenience both types of effects are lumped together here and modelled by one
artificial component.

In the next section a mathematical description of the paraliel system is given

in terms of a stochastic process.

1.3 The state description process

In order to characterise the performance measures of the parallel system, a
stochastic }irocess is defined which describes the state of the system. The
size of the state space of this stochastic process is determined by the kind
of information wanted about the system and the mathematical techniques used to
analyse the system’s failure behaviour. As illustrated in this section, the
more detailed the information wanted, the more detailed the system’s. state
space will be. For example, when the only object of interest is the
reliability or availability of the system, a two-valued state description
pfoc.ess suffices: in section 1.4 it is shown that expreséi;ms for the system
reiiabilit,y and availability can be ftranslated into equivalent questions about
the state description process {X(t},t>0}, where k

’X(t) _ | 1, if the system is operating at time t,
~ 1.0, if the system is down at time t,

Since transitions occur only from state 0 to 1 and wice versa, figure 1.2
shows the one-step transition diagram of the process X(t).

Fig. 1.2: One-step transition diagram of the process X(t)

However, when the parallel system .is operating, an interesting question
concerns the number of units which is operating. Hence, if one’s. interest is
not only at system level but also at component level, a more detailed state
description. process is needed.



The three-valued process {Y(t),t20}, where

1, if one unit is up and one unit is down at time t,

0, if both units are operating at time t,
Y(t) =
2, if ‘both units are down at time t,

can provide information at component level. Figure 1.3 shows the one-step
transition diagram. As common cause failures occur, transitions are possible

from state 0 to state 2. A stay in state 2 is always followed by a transition
to state 1.

Fig. 1.3: One-step transition diagram of the process ¥Y(t)

When the units are not identical, not only the number but also the identity of
the operating units is of interest. Using the symbols o’ for an operating
unit, 'r’ for a unit under repair and '’ for a unit which is waiting for
repair (the units are repaired by a single server facility), the system state
space S, is given by the set of ordered pairs {{0,0), (0,r), (r,0), (r,W,),
(w,r)}. Hence, in this case a five-valued state description process {Z{t},t>0}
is defined, where

(0,0), if both units are up at time t

(o,r), if unit 1 is operating and unit 2 under repair at time t
Z(t) = { (r,o0), if unit 1 is under repair and unit 2 operating at time t

(w,r), if unit 1 is queued and unit 2 under repair at time t

(r,w), if unit 1 is under repair and unit 2 queued at time t.

The accompanying transition diagram is shown in figure 1.4. Note that it is
supposed that transitions from (o,r) to {r,0) do not occur.

(o,r)

e

(w,r) (0,0) (r,w)

{r,o)

Fig. 1.4: One-step transition diagram of the process Z(t)



The transition diagrams in figure 1.3 and 1.4 are fundamental for this study,
since they provide the basic transition mechanism of the dependent parallel
system. However, the mathematical techniques in the following chapters
necessitate a further extension of the state space Sy and Sz when the life or
repair time distributions are assumed to be of phase type (Neuts, 1981). In
this case the states in figure 1.3 and 1.4 are extended to include the numbers
of the phases of the life respectively repair time distribution.

In section 1.4 it is illustrated how the performance measures are related to
the system’s state description process. Subsequently, it will be shown in the
next chapters that study of an appropriate state description process yields

the system’s operating characteristics and performance measures explicitly.

1.4 The performance measures

As mentioned in section 1.3, expressions for the system’s performance measures
can be translated into equivalent questions about the state description
process. The characterisation of the performance measures is illustrated by
the simple example of a system with two states, viz. operating and down. The
generalisation to a system with a larger state space is straightforward.

Let {X(t),t>0} be the system’s state description process, i.e. '

X(t) = 1, if the system is operating at time t
T 1 0, if the system is down at time t

and assume that at time t=0 the system is new and put into operation.
The system reliability R(t) is defined as the probability that the system is
operating during the interval (0,t):

R(t) = Pr{X(s)=1, O<s<t}.

Similarly, the interval reliability R(t,7) is defined as the probability the
system is operating satisfactorily during the interval (t,t47):

R(t,7) = Pr{X(s)=1, tgs<t+r}.

OCbviously, R(t) = R(0,t).



Another fundamental quantity of interest is the system point availability
A(t), defined as the probability the system is performing satisfactorily at
time t:

A(t) = Pr{X(t)=1}.

The joint availability A(t,r) is the probability the system is operating at t
and t47:

A(t,T) = Pr{X(t)=1 A X(t+7)=1}.

Just as reliability and interval reliability are related by R(t) = R(0,t), the
availability and joint availability satisfy A(t) = A{0,t).

Further, the time dependent state probabilities Pft) are given by the
probability the system is in state i at time t:

P,(t) = Pr{X(t)=i}, i=0,1.

In the simple case with only two states, Py{t) equals the system point
availability at time t and Py(t)=1-Py(t). )

While the above performance measures are time dependent, their time
independent counterparts are of particular interest if the stochastic process
{X(t),t>0} is stationary or transient, {.. if the process reaches (after some
initial effects) a steady state or equilibrium state. Formal definitions are
given by Thompson (1988). In the steady state, characteristic quantities are
the mean time to system failure (MTSF), the limiting or asymptotic
availability A and the stationary state probabilities m; (i=0,1). Let T, (nz1)
be the length of the o't stay in state 1, then formal definitions are given by

M’ISF=:1;“°ET,,,

A=""A@
500
and
1
T = oo Pilt)
assuming that the above limits exist.
If a system fails rarely or is nonrepairable, a special point of interest is
formed by two quasi-stationary distributions, wiz. the quasi-stationary state
probabilities and the limiting residual lifetime distribution. The quasi-



stationary state probabilities ¢; give the limiting probability as tsc0 of
being in state i, under the condition that no system failures have occurred
until time t. Formally,

G = o Pr{X(t)=i | X(s)%0, Ossst},

assumed that the limit exists. Note that, for a pure two-state system it is
not meaningful to study the quasi-stationary state probabilities, as it is
easily seen that gy=0 and q,=1 in this case.

The second quasi-stationary distribution under consideration is the limiting
residual life time distribution, given that no system failure has occurred.
Let q(.) denote the limiting residual life time distribution, then formally '

lim

1200 Pr{X(s)=1, tgsgt+x | X{s}=1, Ogs<t}.

gq(x) =1 -
In this study explicit analytic expressions are sought for the above
quantities and performance measures and algorithmic forms ar® developed to
allow numerical implementation on a computer. It is assumed that the life and
repair time distributions are known. In principle the life and repair times
may be arbitrarily distributed but, in .order to get manageable formulas, the
concept of phase type distributions (Neuts, 1981) is used throughout this
monograph.

1.5 The techniques

The techniques used to analyse the model depend heavily upon the assumptions
made with respect to the components’ life and repair time distributions. In
principle the aim is to handle a system with generally distributed life and
repair times. For a two-unit parallel system with independent units Ohashi et
al. (1980) obtained expressions for the system reliability R(t) and
Subramanian et al. {(1979) derived expressions for the availability A(t), under
arbitrarily  distributed life and repair times. In both papers the
supplementary variable technique (Cox, 1955%) is used to derive formulas for
the performance measures. The supplementary variable technique provides a
mechanism to convert a non-Markovian to a Markovian process, b}# including some
information in additional variables. These variables are called supplementary

10



variables and usually contain information about the past or the history of the
process, e.g. the length of time the system or components have been in a
particular state. In the present study the supplementary variable technique is
used to analyse the system’s failure behaviour under phase type distributed
life times and generally distributed repair times. The special properties of
phase type distributions are exploited to derive expressions not only for the
reliability and availability, but also for the interval reliability, joint
availability, the system state probabilities, the stationary counterparts of
these performance measures and two quasi-stationary distributions. The most
important property, used in the analysis, is that the duration of a stay in a
particular phase of a phase type distribution is exponentially distributed and
hence the lack-of-memory property of the exponential distribution applies
locally, ie. per phase. Moreover, phase type distributions are dense in the
class of all distribution functions and hence every distribution function can
be approximated arbitrarily close by a phase type distribution.

In general, the life times of the components C; (i=1,2,3) in figure 11 are
taken to follow a phase type distribution and the repair times of C; (i=1,2)
are arbitrarily distributed. However, two cases are distinguished, dependent
upon the distribution of the repair times.

In the first case both life and repair times have a phase type distribution.
It is shown that including the phases of the life and repair time
distributions in the .state space Sz .of the process {Z(t),t>0} (as described in
section 1.3) renders the system Markovian. Hence, an ordinary Markov process
is created and standard Markov theory can be applied to derive expressions for
the performance measures. It appears that questions about the performance
measures can be translated into eigenvalue problems for the generator of the
Markov process. ] _

In the second case, the life times are supposed to follow a phase type
distribution, while the repair times are generally distributed. Again, the
state space S, of the process {Z{t),t>0} is extended to include the phases of
the life time distributions. Although this extension of 5; does not render the
state description process Markovian, it appears that, as a consequence of the
local lack-of-memory property, there exist states s with the property that the
evolution of the state description process after an entry into state s is
independent of the histbry until the entry in s. In other words: an entry .into
state s is a regeneration point and the undérlying stochastic process a

11



regenerative stochastic process. Consequently, the interarrival times between
successive entries in- state s form an imbedded renewal process. The
regenerative nature of the entries, as well as the imbedded renewal process,
play an important role in the analysis and are frequently exploited to obtain
equations for performance measures. In fact, the phases of the life times are
used as a discrete supplementary variable and formulas for the performance
measures are derived, conditioned on an entry into a regenerative state. The
result is. a set of recurrence relations  for the reliability functions, the
availability functions and the other: time dependent measures, conditioned. on
an entry into a regenerative state. More specifically, the equations are in
terms of sets of coupled (convolution) integrals. Hence, taking the Laplace
transforms yields a set of linear equations in the Laplace transforms of the
reliability . functions, the availability functions, etc. Proceeding in vector-
matrix notation, the sets of equations is written in the form Ax = b, where A
is a matrix and b and x vectors. It appears that the matrix A plays the role
of the generator in a Markov process and questions about performance measures
can be answered by investigating the matrix A.

1.6 The chapters

Commonly used models for the analysis of repairable systems form the subject
of chapter 2. A brief review is given of some basic stochastic models and
processes.  Actually, two categories are  considered: probabilistic  and
regression models. Basic probabilistic models are the homogeneous and
nonhomogeneous Poisson process (HPP respectively NHPP), the Markov process
(MP) and semi-Markov process (SMP), the renewal and superimposed renewal
process (RP respectively SRP), the branching Poisson and branching renewal
process (BPP respectively BRP) and the regenerative stochastic process (RSP).

The HPP, MP, RP, SRP and RSP are of special interest here, as elements of
these ~ stochastic processes provide the basic' techniques throughout this study.
Subsequently, three -regression models are described, iz, the accelerated
failure time model (AFTM), the proportional hazards model (PHM) and the
additive hazards model (AHM). The ability of regression models to include
explanatory variables in the analysis, seems a powerful tool to capture many
real world factors. The model, described in section 1.2, appears to be a
special case of an AHM, a model about which is very little known in the

12



literature. There are few references to the AHM and for this reason it is
given special attention in chapter 2.

From chapter 3 on, the analysis focuses on a specific system configuration,
viz. a two-unit dependent parallel system. The joint life time distribution is
a Dbivariate exponential (BVE) distribution and the repair times are
arbitrarily distributed. Formulas are derived for the performance measures
mentioned in section 1.4, wusing the theory of regenerative stochastic
processes and imbedded renewal processes.

Chapter 4 ftreats the special case where the stochastic process under
investigation becomes Markovian. Starting with BVE life times and exponential
repair times, an extension is made to phase type distributed repair times and
finally the more general situation is considered with bivariate phase type
life times and PH distributed repair times. Standard Markov theory is applied
to derive the performance measures.

A further generalisation is made in chapter 5, by studying a system with
bivariate phase type life times and arbitrarily distributed repair times.

In chapter 6 an opportunistic replacement policy for the two-unit dependent
parallel system is described, in continuous time and at component level. When
a unit fails or when its life time exceeds a control limit, it is replaced and
this opportunity is used for a possible replacement of the other unit. The
stationary joint probability density function of the stochastic process is
used to derive a number of operating characteristics. Numerical examples
illustrate the techniques.

Finally, chapter 7 concentrates on the gradual deterioration of the parallel
system. If the system deteriorates slowly and does not reach the steady state
during the period of operation, only the transient, time dependent behaviour
is of importance. A method is studied to model gradual deterioration, making
the assumption that both units are imbedded in a larger system, called the
system body. The system body, in the model represented by one more component,
gradually deteriorates. Expressions for the performance measures are derived
for arbitrarily distributed life times of the system body component. In this
case, introduction of phase type distributions yields - a Markov process with a
{possibly) very large state space. However, using a special technique from
Markov theory, it is still possible to study the transient behaviour. ‘

13
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2. BASIC STOCHASTIC MODELS IN RELIABILITY THEORY

2.1 Introduction

Until the late 1970’s, early 1980’s relatively little work had been done on
repairable systems reliability. The emphasis in the reliability literature had
been on nonrepairable systems in spite of the fact that in practice,
repairable systems are much more common. Reasons for this unsatisfactory state
of affairs are outlined in Ascher (1983) and Ascher et al. (1984).

The commonest models of the failure behaviour of both nonrepairable systems
and, as a first order approximation, repairable systems are the renewal
process (RP) and (as a special case of an RP) the homogeneous Poisson process
(HPP). Both models are used because of their mathematical tractability and the
fact that other models for repairable systems were ignored or simply
overlooked. Apart from the HPP and RP, the nonhomogeneous Poisson process, the
superimposed renewal process, the Markov and semi-Markov process, the
branching Poisson and branching renewal process are basic stochastic models in
reliability theory. These models are not described here at great length.
However, as important aspects of the models are used throughout the analysis
of the two-umit dependent parallel system, a short description is given in
this chapter and a few basic properties are mentioned. For more details the
reader is referred to Parzen (1962), Cox et al. (1965, 1966, 1984), Cinlar
(1975) and Thompson (1981, 1988).

Whereas the above basic models consider the operating time as the only
variable of interest, an important role in a system’s failure behaviour is
often played by factors such as maintenance, overhauls, the effects of
repairs, dependence between components, - intensity of use, stress situations,
etc. Ascher et al. (1984) give a list containing 18 ‘real world factors’ which
are usually not considered in probabilistic models. To include explanatory and
causal factors in a model, the use of regression models is appropriate. Well
known ' regression models are the accelerated failure time model {AFTM), Cox’s
(1972) proportional hazards model (PHM) and the model introduced by Prentice
et al. (1981). The latter model (referred to as the PWPM) is an extension of
Cox’s PHM to the case in which multiple failures of a system can occur and is
therefore "useful in the repairable systems reliability field. In the sections
2.8 and 2.9, the AFTM, PHM and PWPM are described and connections between
basic probabilistic models and the PWPM are shown. -
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In the PHM the explanat«ofy variables or covariates are assumed to act in a
multiplicative way on a baseline hazard function. Nevertheless, it is just as
plausible to suppose that the covariates act in an additive way. This kind of
model is called an additive hazards model (AHM). Compared with the PHM very
little- is' known about the AHM and only a few texts include references to it.
As the model used to analyse the dependent parallel system is a special case
of an additive hazards model, the AHM is the subject of section 2.10.

2.2 Repairable vs nonrepairable systems

In section 1.2 a repairable system is defined as a system which can be
restored to perform all of its required functions by any method other than
replacement of the entire system. Conversely, a nonrepairable system is
discarded after its first failure at system level. Hence the fundamental
difference is that repairable systems can fail many times, whereas a
nonrepairable systems can fail no more than once. '

Intuitively, a repair does not renew the system,v i.e. being repaired a ysystem
is not ‘as good as new’. However, a repair usually increases the system’s
reliability, e.g. because of the replacemént of one or more components. In
other words: it is plausible that a repair does not return the system to a
‘bad as old’ situation. As a result the life‘ times of the syétem are not
necessarily identically distributed. The consequences for a life time data
analysis are the following (for the moment the repair times are ignofed). ‘

Let the random variable X; (i=L,2,..) denote the length of the system’s i
life time. Focusing oh deterioration, the life times X; are expected to become

th

smaller (alternatively, the repair times can become longer). Hence, given the
failure time data, the first thing to do is to check if there is a tendency
for successive life times to shorten: a trend test is needed. Several trend
tests are described in Ascher et al. (1978} and Cox et al. (1966). Ascher ef
al. (1984) discuss the difficulties in finding a mathematical satisfying
definition of improvement or deterioration in terms of times between failures.
If there are no indications of a trend, the random variables X; are usually
supposed to be stationary. If there is also no evidence that the life times X;
are statistically dependent, it is reasonable to accept them to be iid. In
the latter case they can be modelled by a renewal process. Several tests for
dependence are treated in Cox et al. (1966). Figure 2.1 summarises how a
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statistical analysis of the life times X; of a repairable system should be
performed. A similar diagram, including the analysis of repair time data, is
presented by Walls et al. (1985). Both diagrams show which model is acceptable
under which conditions and are helpful in an exploratory data analysis.

Chronologically
ordered X;’s
[ NHPP
yes
Trend ?
Other non-stat.
y no models
X;’s identically
distributed
—— BPP
yes
Dependence ?
. [ Other
o mode 1s
Renewal process
|
" Constant yes” ‘
hazard rate ? HPP
v no
Fit other distr. o
use distr.-free
techniques

(Source: Ascher et al., 1984)

Fig. 2.1: Analysis of the life times X; of a repairable system

In the following sections a survey of ‘some importanf basic probabilistic and

regression models is presented.
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2.3 The homogeneous and nonhomogeneous Poisson process

Several equivalent definitions of a homogeneous Poisson process (HPP) are
found in the literature (Cinlar, 1975, Cox et al., 1965). However, the most
straightforward way to define an HPP is as a counting process, generated by a
sequence of independent and identically exponentially distributed random
variables {X;}ien- In the context of repairable systems, the random variables
X; are called times between failures or interarrival times. Let the sequence
{T:}ien represent the epochs at which failures occur and assume that repair
times can be neglected. Then X;=T1,-T,,, i=1,2,.., where by definition Tg=0.

Cinlar (1975) proves that the HPP is the unique process with stationary and
independent increments and no simultaneous failures. To show how the
nonhomogeneous Poisson process (NHPP} is a direct generalisation of the HPP,
the following alternative definition is given.

Let {N(t),t>0} be a counting process and let N(t,t+A) denote the number of
events in (t,t+A}. Then the process N(tj is an HPP if it has independent
increments and

Pr{N(t,t+A)=n} = -(—:f?)—n e 4 n=0,1,2,. (2.1)
where ) is a positive constant.
As the interarrival times X; are exponentially distributed with parameter A,
they have a constant hazard rate- A. The constant hazard rate or, equivalently,
the lack-of-memory property of the exponential distribution, is often
unrealistic as it cannot model wear-out or burn-in of a component (Ascher et
al., 1984). From (2.1) it follows that E N(t,t+4) = AA and hence

E N(0,t) = At,

ie. the rate of occurrence of failures (ROCOF) of an HPP is also A. Thus the
HPP cannot model the deterioration of or the reliability growth in a system.
In spite of these restrictions, the HPP is often used to model the failure
behaviour of a repairable system because of its mathematical tractability.

The NHPP. (Thompson, 1981) is a direct generalisation of the HPP. The only
difference from the HPP is that the ROCOF A(.} is time dependent rather than
being a constant.
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Hence, the counting process {N{t),t>0} is an NHPP if N{t) has independent
increments and

t+4 n
f,\(s) ds

t+4
Pr{N(t,t+4)=n} = - exp[—j,\(s) ds]. (2.2
! t

From (2.2),

T+
E N(t,t+4) = _[,\(s) ds.
t

The minor change in definition leads to a major difference between the HPP and
NHPP as under the latter model the interarrival times are neither independent
nor identically distributed. ‘
Two important properties of an NHPP are

Twny+1 ~ t is independent of the history up to time t {2.3)
and

PriXne>¥® | Ti=ty,. To=to} = Pr{Xptotx | Xptg): {2.4)

Statement (2.3) expresses the lack-of-memory property: the forward recurrence
time is independent of the history up to time t. Expression (2.4} states that
the reliability is not changed by failure and repair. In fact the left and
right hand sides are the system reliability with and without failure. The
properties (2.3) and (2.4) make that the NHPP is appropriate to model a
bad-as—old situation. The bad-as—old assumption is plausible e.g. when - a
system consists of a large number of components and only a few are replaced at
repair.

Thompson (1988) shows that the ROCOF of the process and the hazard rate of X,
the time to first failure, are numerically equal. Moreover, let h,(.) be the
hazard rate of X, and suppose that failure n-1 occurs at t,,. Then ‘hn(x) is
numerically equal to the ROCOF of the process in t, ;+x. In this way the NHPP
is a natural development from the use of a hazard function for nonrepairable
systems. The NHPP is often used fto model a trend and is mathematically
tractable. '
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2.4 The Markov and semi-Markov process

Let {X{t),t=0} be a stochastic process on a discrete state space S={1,..,n}
Further, let {p;}ies be a probability distribution on S and {P(t), t>0} a

Markov semi-group on S, i.e.

i P(t}) is a Markov matrix on S for all t>0, with elements p;(t), ieS, jeS
W PO) =1,
ii.  P(t+s) = P{t) P(s), for all s,t>0.

Then {X{(t),t>0} is a (time homogeneous) Markov process (Parzen, 1962, Cox et
al., 1965) if for all sequences O=tg<t <..<ty, S6yS15--:50€5 and for all neN

- n
Pr{X(to)=so, X(t)=8y, .. , X(ta)=sp} = Py [] Po_ s, (tete-r)-
. k=1
Since P{t) is a Markov semi-group,
P(t) = P(s) P(t-s). ; (2.5)

Equation (2.5} is the Chapman—Kolmogorov equation for a time homogeneous
Markov process (Cinlar, 1975). The behaviour of the process X(t) is completely
specified by the functions py(t), which are obtained from the knowledge of

the {constant} transition rates q;; over short time intervals. Assuming
pi{t) = qy; t + oft), L0, jei
Pult) = 1 + gy t + o(t), t+0 (2:6)

’ qa’jzos j;&i
and _
Qi = = Z Gizs
j=i
a set of equations can be derived which determine the functions py(t). The
matrix Q of q;s is known as the generator of the Markov process and from

{2.5) it can be shown (Cinlar, 1975) that

d_z,i_ﬂ = P(t) Q (210
and ' ‘
L) - q P, (2.8)

20



Equations (2.7) and (2.8) are respectively the forward and backward Kolmogorov
differential equations. With initial condition P(0)=I, they have the solution

P(t) = exp(Qt).

A description of a time homogeneous Markov process in terms of the
interarrival times X; is as follows. From (2.6), the sojourn time in a
transient state is exponentially distributed with parameter —q;. Given the
process leaves state i, a transition to state j occurs with probability
-Qij/Qsi, i#j. Hence, the interarrival times are exponentially distributed and

the transition mechanism is provided by a Markov matrix P with entries

Py = - gt ji

Pﬁ= 0.

The semi-Markov process (Ross, 1970) links the theory of renewal processes and
Markov chains. Again, the state transition mechanism is captured in a Markov
matrix P. However, the sojourn times are not necessarily exponentially
distributed: if the time spent in state i is followed by a transition to state
j, the sojourn time in state i has distribution function Fy(.). Formally, the
state description process generated by the sequence {X;};eny (of times between
successive transitions) forms an SMP if for all to<t;<.<t,, Sg,5,..,5,€S and
neN

PT{X(to)‘-_-Soa Xy<xy, X(ty)=sy, X38X3, . 5 X(tn-1)=8p-1, Xn<Xp, X(tn)=8p}

n
= p‘okl;[l Po oy Foy iy (Xe)s

where x,=t;—t;_, The sequence {s;};ey is called the imbedded Markov chain.

2.5 The renewal and superimposed renewal process

The renewal process (Parzen, 1962, Cinlar, 1975, Thompson, 1988) generalises
the HPP by allowing the interarrival times to have an arbitrary, but identical
distribution: the sequence {X;};ey forms an RP if the X;s are non-negative,
independent and identically distributed with distribution function F(.), which
satisfies F(0)<i. Hence an RP model for a repairable system postulates that
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repairs return the system to a good-as-new situation. This assumption is
reasonable e.g. when repair consists of replacement of the system.

The ROCOF of an RP is better known as the renewal density. In order to compute
the ROCOF, consider {N(t),t>0}, the counting process of renewals. From

Nit) =n &= T,<taT, >t
it follows that
R
H(t) := E Nt} = } F(1),
n=1

where F(“){t} denotes the n-fold convolution of F(t}. The. function H(t) is

called the renewal function and h(t)=dH(t)/dt the renewal density or ROCOF:
h{t) dt represents the absolute probability of a renewal in (t,t+dt), dts0. Of

special interest in this study is the renewal equation:
t
h(t) = f(t) + J‘ f(u) h(t-u) du, (2.9)
0

where f(t) = dF(t)/dt. .
Expression (2.9) is derived by considering the mutually exclusive and
exhaustive events that the renewal at time t is the first or not:

i. With probability f(t) dt the first renewal takes place in (f,t+dt).

it. Given that the first renewal occurred at time 'u, with probability
h{t-u) du another renewal (not necessarily the next) occurs approximately
t-u units of time later, ie. in (t,t+du). Hence, multiplied by dt the
second term in the right hand side of (2.9) represents the probability
that the renewal in (t,t4dt) is not the first.

Alternatively, writing
o
ht-u) = ¥ f(t-u)
n=1

(2.9) is immediate.

Applying Laplace transform techniques to (2.9) gives

" (s)

h'(s) = s,
' 1-f (s)

(2.10)

i

In principle, inversion of (2.10) yields an explicit expression for h{t).
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A very useful and famous result in renewal theory’ is the key renewal theorem:
if the distribution function F(.} (with mean u) is non-lattice and g(x) is
directly Riemann integrable, then

00

Hm j g(x) dx. (2.11)

t
nn [ e aHgx) =
[}

1
B
A superimposed renewal process (SRP) can be used to model a system at
component level. It is appropriate when a system consists of n components
connected in series. When the components are replaced at failure and failures
occur independently of one another, the components can be modelled by RP’s.
The superposition of these RP’s is called an SRP. If {Nj(t),t>0} is the
counting process of failures of component i, then N(t) = L Ngt) gives . the
total number of system failures. Writing M(t) = E N(t) and M;(t) = E Ngt), it
is obvious that the system’s ROCOF dM(t)/dt equals Y dM,(t)/dt. Further, the
hazard rate of the time to first failure A(t) equals the sum of the hazard
rates A(t) of the components: A(t) = T A{t). ‘ ~

A detailed analysis of SRP's is performed in Drenick (1960), Grigelionis
{1964), Blumenthal et al. (1971, 1973) and Barlow et al. (1975, the discussion
is based on the work of Grigelionis). However, most results have been obtained
in the limiting case where the number of components or the ‘operating time
approaches infinity. Moreover, the fundamental results of Grigelionis - are

obtained under quite unrealistic assumptions, viz.

lim min

8900 I€{1,..,n} Pr{N(t)=0} =1

‘and

lim ¢
wco L PPN(U22) = 0,

ie. a failure of any component is unlikely and two or more failures of any
component are unlikely.



2.6 The branching Poisson and branching renewal process

Although the branching Poisson process (BPP) and the branching remewal process
(BRP) are considered as basic models in Ascher et al. (1984) and Cox et al
{1966), they are of minor importance in practical applications. Hence, only a
short description is given here. More details are found in the above
references.

In the BPP a series of primary events is generated by an HPP and each primary
event generates a series of subsidiary events with V probability p. The BPP is
realistic when a primary failure causes one or more secondary failures, which
are not detected until after the system is operating again, e.g. because the
system does not use all its components all the time. The subsidiary series is
a finite RP (i.e. an RP which terminates after a finite number of events) and
the BPP is the superposition of the primary and subsidiary series. The two
types of events are supposed to be indistinguishable.

The BRP is a generalisation of the BPP as the primary series is generated by

an RP. In this case only very few results have been obtained.

2.7 Regenerative stochastic processes ~
Regenerative stochastic processes (Smith, 1955, Ross, 1970) are of fundamental
importance in this study since the analysis of the two-unit dependent parallel
system is based on the regenerative nature of the underlying stochastic
process.

A process is called a regenerative stochastic process (RSP} when it induces
regenerative events (with probability one within finite time). A regenerative
event E is characterised by the property that if E happens at tgi, i=1,2,..,
the continuation of the process beyond tg, (i>1) is a probabilistic replica of
the process starting from tg. The process is said to regenerate or restart
itself whenever E occurs. Hence, the process {X(t),t>0} with state space S is
called an RSP with respect to the regenerative event E, if for all AcS

Pr{X(t)eA | N{t)>0, X(s), Oss<iyy} = Pr{X(t-tyy)eA},
where {N(t),t>0} is the counting process of events E. Remark that the above

definition implies that the interarrival times between successive regenerative
events E form a renewal process, provided that E N(t)<wo for t20,
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An important result for RSP’s is obtained applying the key renewal theorem.
Defining a cycle as the time between two successive occurrences of the event’
E, Ross (1970) shows (for cycles having a density function and a finite mean),
for all AcS

lim _ E(amount of time spent in A during one cycle)
100 PriX(t)eA} = E(length of a cycle) ’

(2.12)
Simple examples of RSP’s are the RP, MP and SMP. In an RP every renewal is a
regenerative event, since a renewal induces the start of a stochastic process
with identical probabilistic properties. In a transient MP or SMP an entry in
state i is a regenerative event and the interarrival times between two
successive entries in state i form an imbedded renewal process. In the
analysis of the parallel system the occurrence of regenerative events plays a
crucial role and an imbedded renewal process is exploited to' obtain

expressions for a number of performance measures.

The connections between the basic models are illustrated in figure 2.2:

EXP and ID
SRP
(or nso0, t>m)
n=1 ’
NSE n=1
BRP RP SMP
AN Va
PHPP § : EXP RSP EXP
I'4 N
NSE n=1
BPP HPP MP
CHR ¢
NHPP

Fig. 2.2: Relations between basic models
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The notation used in figure 2.2 is:

CHR : Constant Hazard Rate

EXP : X;s EXPonentially distributed

D : X;’s Identically Distributed

NSE . : No Subsidiary Events generated

PHPP : Series of Preliminary events generated by an HPP

n : Number of system components (SRP} or number of states (MP, SMP)
t : Time ’

As mentioned in the introduction, factors such as maintenance, va,rj;'ing
environmental  stresses,  overhauls, repairs, improved quality of new
components, changes in design, etc., can effect the system’s failure
behaviour. A possible way of captufing the effects of real world factors in
the basic probabilistic models, described in the previous sections, is to
extend the state space of the models. An example in the context of Markov
models is given in section 7.4.

Regression models reflect a different kind of view on the modelling of real
world factors, by including them as explanatory variables in the analysis of a
system’s failure behaviour. Two well known families of regression models for
life time data are the accelerated failure time model (also known as
accelerated life model or location-scale model) and the proportional hazards
model (PHM). These models are the subject of the following sections.

2.8 The accelerated failure time model

In the accelerated failure time model a covariate z acts multiplicatively on
the system’s time scale (Cox et al.,, 1984). The reliability function, given 2z,
can be written as
t

R(t|z) = Ryl—F=+

( I ) D[g(z)]v
where g(.}) is a regression function and Ry{.) the reliability function for a
system with g(z)=1. Obviously, the hazard function is

=1 .t
htl2) = g2y h“[g(z}}

where hy(.) is the baseline hazard rate:
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ha(t) = — J¢ In(Re(t)).

As shown in Lawless (1982), an alternative way to formulate the model is in
the form

Y = pz) + oe,

where Y is the log life time, p(.) a location parameter, depending upon the
value of the covariate z and o a (constant) scale parameter. The random
variable e has a distribution that is independent of z.

2.9 The proportional hazards model

The PHM is a regression model for the system’s hazard rate. In general two
approaches are distinguished: a parametric and a distribution free approach.
In fact the parametric approach extends renewal processes to include regressor
variables. In the distribution free approach, first suggested by Cox (1972),
the hazard function h(.) is decomposed into a baseline hazard function hy(.)
and a multiplicative term g(.), incorporating the effect of explanatory
variables or covariates:

h(t|z) = hy(t) glz), (2.13)

where the vector z contains the covariates and t represents the time.

In the non-parametric approach, no particular form is assumed for the baseline
hazard function hy{.), which krepresents the system’s hazard rate if all
covariates take the value zero. Note that for different values of the
covariates, the hazard functions are proportional to each other over time.
This multiplicative effect gives the technique its name. The particular form
suggested by Cox is

h(t|2) = he(t) exp(’2), (2.14)

where g is a vector with regression coefficients, describing the effect of the
covariates. An important property of the model (2.14) is that inference about
f# can be made without knowledge of the baseline hazard function hg(.) {Cox et
al., 1984).



Since the models (2.13) and (2.14) concentrate on the time to {first failure,
they are not suitable for modelling the failure behaviour of repairable
systems. However, Prentice et al. (1981) consider an extension of Cox’s model
to the case where multiple failures of a single system can occur. Two specific
cases of the hazard model suggested by Prentice et al. are

h(t|N(t),2(t)) = hoy(t) exp(B3z(t)) (2.15)
and

h(t|N(t),2(t)) = hoy(t-tugr)) exp(Baz(t)), (2.18)

where {N(t),t>0} is the counting process of failures, z{.) a time \dependent
covariate and s a stratification variable. A simple example of a
stratification variable is s=N(t)+1, in which case a system moves to stratum k
after its (k—l}s‘ failure, i.e. the baseline function hgy,(.) depends upon the
number of preceding failures. Other examples of stratification variables are
given by Prentice et al. (1981). Note that applying model (2.16) in fact just
results in a repetitive regression analysis for different strata.

Obviously, the time scale in model ({2.15) is the time from the beginning of
study whereas in (2.18) the time scale is the gap time or interarrival time
between failures. The connection with previous models becomes clear in the
absence of covariates or when they are taken constant: in the absence of
covariates, the choice hy(t)=hy(t) reduces model (2.18) to an NHPP.
Similarly, the assumption of constant covariates reduces model (2.16) to an
SMP while the further restriction that hy,(.)=hg{.) gives an ofdina,ry RP.
Multiplicative models and particularly Cox’s PHM have received a great deal of
attention recently, one of the reasons being their analytical tractability.
According to Ascher et al. (1984) the importance of the Prentice-Williams—
Peterson model can hardly be overemphasised.
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2.10 The additive hazards model

By analogy with the multiplicative model, for the additive hazards model (AHM)
the hazard rate function is defined as

h(t| z)=hy(t)+g(z), (2.17)

where hg(.) is the baseline hazard function and g(z) an additive term,
incorporating the effect of the covariate z. The time scale in model (2.17) is
the time from the beginning of study. Alternatively, taking the gap time or
interarrival time between failures, yields

h(t|z)=hg(t-tw())+8(2), (2.18)

where {N(t),t>0} is the counting process of failures.

Notice that g(z) does not need to be positive throughout the range under
consideration in order to have h(t|z)>0 in the models (2.17) and (2.18). Good
reasons - for the use of the AHM are provided by David et al. (1978),
Aranda-Ordaz (1980) and Elandt-Johnson (1980), who consider a competing risk
situation, i.e. a system subject to (say) n causes of failure. In this case
the system’s hazard rate equals the sum of the hazard rates belonging to the n
causes of failure. The result is an AHM. Both Aranda-Ordaz and Elandt-Johnson
mention the particular form

h(t| z)=he(t)+8"z,

where B is a vector with regression coefficients. According to Elandt-Johnson
the baseline hazard rate .hn(t) might be thought of as a ‘genetic ageing’
effect leading to failure. It can be quite small when the system is started up
and be modified by factors expressed in terms of the covariate z. This idea is
used as a starting point for the following repairable systems model.

The hazard functions (2.17) and (2.18) can be thought of as the hazard rate of
a two-unit series system, consisting of the components C, and C. Component C,
is called the system component and represents the repairable system itself. C,
has hazard function hg(t). The effects of the covariates on C, are lumped and
modelled by an artificial component C. called the covariate component. C, has
hazard rate g(.). The connection with a two-unit ydependent parallel system is
obvious when C, is replaced by a two-unit independent parallel system (with
components C, and C,). Of course in this case C, is used to model the common
cause effect (figure 2.3).
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Repairable system  Covariate Two-unit independent Common

component parallel system cause
effect
. Cl +
- Cy C.  — —— Ce b—
: c i

Fig. 2.3: The two-unit dependent parallel system modelled by an AHM

The system’s deterioration can be expressed in the failure behaviour of C, in
the following way. Let {N{t)},t=0} be the counting process of failures at
system level, i.e. fajlures of either C, or C. It is supposed that after each
failure at system level, C, is replaced by an identical new component with
hazard rate hy(.) and C. is replaced by a component with constant hazard rate
&(Zn(y). Hence, the hazard rate g{zyy), as well as the covariate z, is
assumed to be constant in the intervals between successive system failures.
Obvious candidates for z are binary or discrete variables as on/off, high/low,
the number of cold starts or repairs up to time t, etc. Continuous variables
(temperature, pressure, humidity) may be discretised, the mean can be taken or
an extreme value. The term g(zy()) represents the effect of the covariates on
the baseline hazard rate hg(.). The size of g(zyy) may be interpreted as a
deterioration related to a renewal process. The interpretation of a failure of
C. is that the system has failed under influence of the environment.

Since C, is renewed after every failure at system level, the time scale of the
baseline hazard rate is the gap time. Thus the system’s hazard rate can be
written as ' '

h{t|N(t),zy(5y)=ho(t=~tn ) +&(Zn(e))s

an additive variant of the PWPM.
With respect to the functional form of g(.) there are many possibilities. A
simple example is the linear form ' :

g(z)z 2 ﬂizu‘s

i



where the g;s are the regression coefficients. In contrast with the PHM, a
parametric form has to be chosen for the baseline hazard function hy(.), in
order to make inference about B. For more details on the AHM, the reader is
referred to Pijnenburg (1991).

Summarising this chapter, a brief review is presented of basic stochastic
models and processes for the analysis of repairable systems. Starting in
chapter 3, the methods and techniques, used to derive the performance measures
of the two-unit dependent parallel system, will be based on elements of the
stochastic processes described in this chapter.
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3. BIVARIATE EXPONENTIALLY DISTRIBUTED LIFE TIMES

3.1 Introduction

It is well known in reliability analysis that provision of redundancy improves
the performance of a system. Redundancy reduces the system down time and
enhances the reliability, within technological constraints.

Parallel and standby are the two basic redundant configurations. The standby
configuration provides a backup for the on-line operating unit. There are two
distinct types of standby depending on whether the standby unit deteriorates
or not. When the standby deteriorates it is called warm standby, otherwise
cold standby.

There is an extensive Iliterature for the parallel redundant system. The
original contribution is due to Gaver (1963, 1964), who considered a two umit
parallel redundant system with exponentially distributed life times and
arbitrarily distributed repair times. Gaver used supplementary variables =(Cox,
1955%) to derive the mean time to system failure (MTSF) and the limiting or
stationary availability. Ever since this reported research there have been
attempts to derive the MTSF and the stationary availability under relaxed
assumptions on the life and repair time distributions of the units in the
system. Some of the notable contributions are Liebowitz (1966), Kodama et al.
(1974), Linton (1976), Ravichandran (1981) and Osaki (1985). Ravichandran
(1990) reviewed the state of the art for a two-unit parallel redundant system.

In order to capture the reality of a practical situation, there are several
directions in which the system can be extended. One of them is the situation
where the units are stdtistica.lly dependent. In this study dependence arises
from the occurrence of common cause failures. Harris (1968) used a bivariate
exponential distribution (BVE) to model the life times of the units and
derived the MTSF, using the supplementary variable technique. Harris allowed
the repair times to be arbitrarily distributed. Osaki (1980) extended the
analysis' to obtain the availability of the system, using a variant of a
semi-Markov process with some non-regeneration points.

In the present study, the analysis of a two-unit dependent parallel system is
performed, by constructing an appropriate imbedded renewal process. Important
operating characteristics follow from the renewal process in a direct and
elegant way: not only the MTSF and availability, but also the (stationary)
system  state  probabilities, the (stationary} interval reliability, the



{stationary) joint availability and two quasi-stationary distributions.. After
a description of the BVE and the system’ stochastic behaviour in section 3.2,
the imbedded renewal process is investigated in section 3.3. Using the renewal
process, explicit expressions are obfained in section 3.4 for the reliability,
MTSF, (stationary) availability and (stationary) system state probabilities.
The (stationary) interval reliability and joint availability are analysed in
3.5 and the stationary behaviour of the system, under the condition that a
system failure has not occurred, is examined in section 3.6. Finally,
intensity functions associated with the counting process of various stochastic
point events form the subject of 3.7: the expected value of the number of
events in (0,t) and its variance are derived.

3.2 The bivariate exponential distribution

Marshall et al. (1967) introduced the BVE and generalised it to the
multivariate case. The f{irst reported application of the BVE in a reliability
model of a two unit parallel redundant system, is in Harris (1968). The BVE
used by Harris is the following. Let T, and T, be random variables
representing the life times of the dependent units in the parallel system. The
joint survival function of the life times has representation

F(t,t) = Pr{Ti>t, Tt} = exp(-Ati—Agte-Amax(ty,ts)), (3.1)

where Ay Az Ay are nonnegative constants and t,,£,>0.

The BVE (3.1) is a natural way to model a system with dependent units and has
a simple physical interpretation in terms of a shock model. Suppose the system
is subjected to three independent sources of shocks. Shocks from source i
(i=1,2) are generated by an HPP with rate XA; and cause a failure of unit £
Shocks from source 3 are generated by an HPP with rate A, and affect both
units simultaneously. Thus, if U, U, and U,, represent the random times until

the occurrence of a shock from source 1, 2 and 3 respectively, then

Ty = min(U;,Uy,),

it

T, = min(Uy,Uyy)

and obviously

Pr{T>t,,Ty>ts} = expl=dity-Agty=Apmax(ty,ts)).
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The BVE (3.1) has exponential marginal distribution functions with survival
probabilities

Pr{Ti>t} = exp(~(A+iplh)
and

Pr{T >t} = exp{~{A4A;)h,).

A property of great value in reliability theory is the lack-of-memory property
of the (univariate) exponential distribution: if the random variable T is
exponentially distributed, then for all s,t>0

Pr{T>s+t | T>s} = Pr{T>t}.

Hence the probability of survival for an additional t units of time for a unit
of age s is the same as that of a new unit. It is easily seen that the BVE
(3.1) enjoys the corresponding bivariate properties

Pr{T;>s+ty, Tp>stty | Ty>s, Tp>s} = Pr{Tpty, Toots} {3.2)
and

Pr{Tl>t1+S, Tz)f;z‘ths l T1>t1, Tz>t2} '—"“Pr{Tl>8, Tg}S}, (3-3)
for all s,t,,5,>0. Equation (3.2) says that the joint survival function of a
pair of units each of age s is the same as that of a pair of new units. On the
‘'other hand (3.3) states that the probability of surviving an additional s

units of time is independent of the age of the units. From (3.2) and (3.3) it
" follows that the joint survival function F(.,.) satisfies

F(st+t),8+ty) = F(t,,t5) Fs,s). (3.4)
In Barlow et al. (1975) it is shown that the BVE (3.1) is the unique bivariate
distribution with exponential marginals satisfying (3.4).
It is useful to note that:’

i.  The sojourn time in the state where both units are operating is
exponentially distributed with parameter Aj+A4h,.

. The marginal life time distribution of wunit i (i=1,2) is exponential with
parameter Aq+Ag. '

#ii. The time until an occurrence of a common cause failure is exponentially
distributed with parameter Ap,.
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In this chapter, the BVE (3.1} is used to represent the joint life times of
two dependent units connected in parallel. The repair time duration of unit i
{$=1,2) is an arbitrarily distributed random variable with pdf g;(.).

When the units are not identical, the state description is in terms of a
process {X(t, t>0} with state .space Sy={(0,0), (o,1), (1,0}, (r,¥), (W,r})}, as
in section 13. The one-step transition diagram in figure 3.1 shows the
essential dynamics of the system.

(o,r) <

9

(w,r) (0,0) (r,w)

3

(r,o0)

Fig. 3.1: One-step transition diagram of the X(t) process

At time t=0 both umits are assumed to be new and to operate. As the joint life
time is characterised by the BVE (3.1), after a random duration both the units
fail simultaneously (with rate A;;) or either of them fails {(unit 1 with rate
Ay and unit 2 with rate A;). When both units fail, with probability p; (i=1,2)
unit i is taken under repair and the system moves to state (r,w) or (w,r).
When one of the units fails, the system moves to either state (o,r) or (r,0},
depending on which unit has failed. In state (r,o) the following developments
are possible: since unit 2 is operating and the other unit is under repair,
the life time T, of the operating unit is exponentially distributed with
parameter M,+A;, and the repair time is a random variable 8, with pdf gi{.). A
transition occurs at the minimum of (T,5). If min(T,5,)=S;, then the system
moves to state (0,0), otherwise a transition is made to (r,w). In the latter
case the system enters (o,r) after max(T,,S,) units of time, i.e. after repair
completion of unit 1.
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When the units are physically identical but statistically dependent, a state
description of the system can be given as the number of units operating (or
failed), as in section 1.5. Let X(t) represent the number of failed units in
the system at time t. Hence, X(t)=0 means that both units are working, if
X(t)=1, one unit is working and the other unit is undergoing a repair and if
X(t)=2, no unit is bperating. State 2 is the down state and the states 0 and 1
are the up states. The system’s one-step transition diagram is given in figure
3.2.

Fig 3.2: One-step transition diagram, identical units

In this chapter attention is focused on a system with identical units. The
case with nonidentical units is treated in the chapters 4 and 5. Since they
are identical, the units are supposed to have identically distributed repair
times, with pdf g(.). Questions = about the. operating characteristics are
translated into questions about the process {X(t),t>0}. It is supposed that
X(0)=0: at time t=0 the system is operating with. both units working. The
reliability of ‘the system is determined by the distribution of the first
passage time of the process to state 2. The system is available if X(t)=0 or
X(t)=1. The stationary availability is similarly related to . the stationary
distribution of the process {X(t),t>0}. Thus, a study of {X(t),t>0} yields the
operating characteristics of the system explicitly.

To study the behaviour of the induced stochastic process, it is convenient to

introduce the events E; as
E; : entrance into state i, i=0,1,2.

Table 3.1 summarises the possibilities for the occurrences of the events E;

and their associated properties.
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unit before repair
completion of the
other unit

Event | Possible Description Nature of
occurrences the event
Eo Initial Both units
occurrence start operating Regenerat ive
From state Repair completion
E, From state Failure of one of
the units Regenerative
From state Repair completion
E, From state Failure of both
) ‘units
Non -
From state Faijlure of operating | regenerative

Note that the process X(t} is non-regenerative with respect to the event E,
since the conditional behaviour of the process X(t) depends upon the elapsed
repair time at the moment of the transition to state 2. However, the nature of
common cause failures is regenerative, since t{ransitions from state 0 to state
2 induce the start of a repair. Hence, let E, denote a transition from state 0
then X(t) is
regenerative with respect to the event E,, but non-regenerative with respect

to state 2 and Ez a transition from state 1 to state 2,

to Eﬁ

In the analysis of the system, occurrences of the E; event play a crucial role

Table 3.1: Description of the events E,

as they are regenerative and thus form a renewal process.




The following notation will be used:

1(t) : pdf of a random variable
i

F(t) = f(u)du

J
F(t) = 1-F(t)

t
* : convolution symbol: f(t)xg(t) = If(u)g(t—u)du
0

f(n)(t) : n—fold convolution of f(t)

* * 0 -5t
f (s) : Laplace transform of f(t): f (s) = I e f(t) dt
[1}

Fo(t)

exp(—(2A+A;,)t)
exp(—(A+Ay)t)
(A+A1z) exp(—(A+A)t)

Fy(t)

1)(t)

Remark that, from a mathematical point of view, (fxg)(t) is preferred to
denote the convolution of f(.) and g(.) at the point t. However, for
convenience the above notation is chosen: it makes the formulas more readable,
it is not confusing and is in agreement with the notation used by a number of
other authors in the reliability field.

. 3.3 The imbedded renewal process

In the previous section several events have been identified to describe the
stochastic behaviour of the system under consideration. Most of the events are
regenerative except for E, when it occurs from state 1. It is an important
aspect of these systems that the nature of an event is a function of the state
from which it was entered. In the present analysis the occurrences of the
event E, play the most significant role in obtaining  the operating
characteristics of the system. The random variables relating to E, are
developed here.

Let X,; be the random variable representing the time interval between two
successive visits to state 1. At every new visit to state 1 an E; event occurs
and hence the durations between two successive visits correspond to intervals
in a renewal process. The pdf of X, characterises this renewal process. The
pdf of X, is composed of three distinct parts, corresponding to the possible
paths taken by the process {X(t),t>0}.
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Starting in state 1 these paths are:

i A transition to state 2 occurs, caused by a failure of the operating unit
before repair completion of the other unit. A stay in state 2 is always

followed by a transition to state 1, i.e. the occurrence of an E, event.

On the other hand a transition to state 0 occurs when the repair is completed

before a failure of the operating wunit, Subsequently there are two

possibilities:

ii. A single unit fails. Hence the process enters state 1, inducing an event
E’u

ii. Both units fail simultaneously, caused by the occurrence of a common
cause failure. Hence state 2 is entered, followed by an E; event when the

unit under repair restarts operating.

The above paths are denoted by respectively 1-2-1, 1-0-1 and 1-0-2-1. Before
writing a formal expression for the pdf of the random variable X;;, the pdf of
the random variables characterising transitions from state 0 to state 1 and 2
are obtained. Let fy(t) denote the pdf of the length of a stay in state 0,
followed by a transition to state i. Formally,

foi(t) At = Pr{X(u)=0, O<ust, X(t+At)=i}, At+0.

To obtain fy(t), note that the sojourn time in state 0 is exponentially
distributed with parameter 2A+X;,. Further, shocks which destroy a single unit
occur with rate 2) and shocks which destroy both units simultaneously occur
with rate Aj,, when the system is in state 0. Hence,

fo(t) = 24 exp(=(2A+A)t) (3.5)
and

foalt) = A1z exp(~(2A+Ap)t). (3.6)

Remark that fg(.) and fg(.) are defective pdf’s (since a stay in state 0 is
not necessarily followed by a ftransition to state 1, respectively 2), but
for{t)+fpe{t) is a proper density function {namely of the length of the
sojourn time in state 0).

40



From (3.5), (3.6) and the description of X;; it follows that the pdf of X,
denoted by fj;{.), satisfies

fu(t) = g(UFy(t) + [gOF(t)ar(t) + [B(EIFL(E)Iefonltep(t). (3.7)

The three terms in (3.7) correspond to the paths 1-2-1, 1-0-1 and 1-0-2-1.
Expression (3.7) completely characterises the renewal process induced by E,
events. It is evident that the random variable X,; is proper. Its Laplace

transform is
* » * 2A
i) = €(5) + & whvs) (5% 2’;;%%%— 1. (3.8)
From (3.8),
*
- (A4A;) |
E Xy = o+ E53012) (toan), (3.9)

where g is the mean repair time.

Further, the pdf of a modified version of the random variable X;, is needed in
the next section, where expressions are obtained for the system reliability
and availability. Let X,, denote the time interval between two successive
occurrences of E; events, while the process X(t} does not visit state 2 in
between the visits to state 1. Let fn( } denote the pdf of Xy, ie.

Ta(t) At = Pr{t<X, <t+4t, X(u)z2, O<uct}, Aty

The function 'fu(.) is obtained by dropping the first and the third term in
(3.7). Retaining the second term, corresponding to tramsitions 1-0-1, it
follows

fult) = [BOFy(t)Iefo(t). (3.10)

The density given by (3.10) for obvious reasons is defective, The Laplace
transform of (3.10) is

3 .
- 28" (M) 48
fiy(s) = AL\;H* . (3.11)

In section 3.4 it is shown how the system reliability and availability can be
‘obtained in terms of X, and X,,.
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3.4 Reliability and availability

Let Ry(t) and At} be the reliability and the availability of the system,

conditioned on an E; event at the time origin. Further, define the function

oft) as
oft) = T(FL(L) + [B6IF(E)pFo(t). (312)
Then
o0
Ry(t) = o(t) + ) i (tmex(t) (313)
n=1
and .
20
M) = oft) + ) P (Ewat). (3:14)
n=1

The derivation of the expressions (3.12)—(3.14) is achieved by observing the
stochastic behaviour of the process {X(u),uz0} in the interval (0,t). The
function oft) is used both in the reliability and availability function and
represents the probability that in an interval of length ¢ initiated by an E;
event, the system neither fails nor induces the -occurrence of an E; event:

aft) = Pr{X;>t, X(u)#2, ﬁsﬁst}.

Expression (3.12) is obtained by considering the féllewing mutually exclusive
cases:

i The repair which started at the time origin is not completed at time t.
Hence the operating unit is required to work without failure until time
t, which occurs with probability G(t)F,{t).

ii. The repair commenced at the time origin is completed in (u,u+du), uct.
In this case the operating unit is required to work without failure up to
the repair completion of the other unit, resulting in a transition info
state 0. An entry into state @ occurs with probability g(uw)Fj(u)du in
(u,u+du). Further, none of the units is allowed to fail in (ut) as any
failure (individual or common cause} would either induce an E, event or a
system failure (which is automatically followed by an E, event). The
latter probability being Fy(t-u), the computation of «(t) is complete.
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Given (3.12), the expressions (3.13) and (3.14) are obtained by classifying
the time interval (0,t) as:

i. No E, events occur in (0,t}.

#. Several occurrences of E; events take place in (0,t) and the last one
occurred in (u,u+du}, u<t.

Notice that in (3.14) the system can visit state 2 between two successive E,
events, whereas in (3.13) such visits are not possible. These requirements are
met using the functions fy;(.) and T.(.). The expressions (3.12)-(3.14) are
fundamental for the analysis of the system and the reasoning used in their
derivation is typical and standard for the subsequent results in this study.

The reliability and availability are two key operating characteristics of a
system. Subsequently, two important measures associated with the performance
of the system are derived, viz. the mean time to system failure (MTSF) and the
system’s stationary availability (A). They are well known in the reliability
literature (Birolini, 1985} in terms of their direct physical interpretation.
Starting point for the computation of the MISF and A are the Laplace
transforms of (3.12)-(3.14). From (3.12),

. 1 . 1 1
() =3x8 T8 "‘+"rz+s){2a+,xm+s - ,\+Au+s]' (3.15)

The reliability R,(t) of the system is

Ri(t) = Pr{X(u)#2, Ogugt | E, at t=0}
and '
00
MTSF = J' R,(t)dt
N
Equivalently,

$=0

»
MTSF = Rl(s)|

From (3.13), the Laplace transform of the system reliability, conditioned on
an E; event at 1=0, is

a'(S)

Ry(s) = —25
i-14,(s)

(3.16)
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and after substitution of (3.11) and (3.15),

*®
Rl(s) = 2,\+,\,2+s:z\g (AtA;4+s) . (3.17)
(2021245228 (MA;248)) (MA1z48)
Hence,
*
MWISF = 2AtAy,-Ag (MHAg,) (3.18)

- .
(2A4A,2-208 (A+A12)) (AHAqg)

Using (3.14), the Laplace transform of the system’s availability, conditioned
on an E, event at t=0 is

*
Aty = —o 8L
i 1-f4:(s)
Substitution of (3.8) and (3.15) yields
*
A:(s _ 2244y 248-28 (A+A;,48) )

((2X4A1 24540128 (A+A1248)) (1-87(3)) + g (MArp+8)) (AArp+s)
' : (3.19)

The stationary availability A of the system, conditioned on an E; event at the
time origin, is obtained as the limiting value of Ay(t), as t»o0. Note that the
stationary  availability is independent of the initial condition by the
regenerative nature of the E; events. The key renewal theorem (Smith, 1958) is
used to derive an expression for A. To apply the key renewal theorem, suppose
that the pdf g(.) is non-lattice (Feller, 1966) and Riemann integrable. Then
it follows from (3.12) that of{t) is non-lattice and Riemann integrable.

Moreover, «(t) is also direct Riemann integrable, since
i oft) is non-negative and non-increasing,

o0
#. from (3.15), J' ot) dt < oo
[}

Now, the key renewal theorem yields

A= E—*x';—l' a‘[‘ a(u)du

or, equivalently,

*
2A+A 1 9-Ag {(AAy,)

A= a .
(A+A12) (H(2MA12)48 (MA15) (14A1,54))

(3.20)

44



An alternative way to compute the stationary availability is by using the
Abelian theorem for Laplace transforms (Cohen, 1982, p.651), which state that
A may be computed as A = 1:': s Ay(s).

The stationary availability can also be obtained from the stationary state
probabilities of the process X(t). The system state probabilities are
characterised using the imbedded renewal process corresponding to the
occurrences of E, events and arguments similar to those used in the derivation
of (3.13) and (3.14). The state probabilities are defined as

P, i(t) = Pr{X(t)=i | E, at t=0}, i=0,1,2.

From the stated behaviour of the process, it follows that

«© »
Ppi(t) = 7:(t) + ¥ f(Eheri(t), (3.21)
fnAml
where
Yolt) = [g(OF(t)Fy(t),
71(t) = CL)Fy(t).
and

72(t) = GUFy(t) + [g(t)F;(t)wfoq(t)aG(t).

The functions v (t) (i=0,1) represent the probability that the system is found
in state i at time t and it neither has failed nor has induced an E; event in
{0,t). Similarly, 7v,(t) represents the probability that the system is down at
time t and has not induced an E; event during the interval {(0,t). Note that
oft)=7e(t)+7s(t). The key renewal theorem yields the stationary distribution
{Ai}imo,1,2 Of the process X(t) as

I 00
= EXT 7i(t)dt.
E_ 11 OJ‘

Using Laplace transforms and substitution of E X, yields explicit expressions
for the stationary state probabilities. It follows that

7o = g (M) , (3.22)
BEZAHA G HE (AHA 2} (1A a4)
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(20421 5)(1-g (MAy3))

ﬂ'l = .
(MAr2) (#(2M4A15)48 (AMAg2) (142, 2p))

(3.23)

and

*

P{AFA 19 ) (22421 5) ~ (2A4A,,)(1=g (AtAyq)) (3.24)
(MA12) (B2A+A12)48 (A+A12) (1424 5)) ‘

*
Apap{A+A 508 (A+h ) '

+ - .
(MArz) (#2244 5 )48 (f\+{\1z)(1+r\uﬂ}]

Alternatively, the stationary distribution 7; can be computed as

lim *
= 8 Pl,,-(s).

The advantage of studying the stochastic process itself rather than transforms
is the ability to deal with additional performance measures such as the cost
of operating or maintaining the system, since the s represent the fraction
of time the system spends in state i (i=0,1,2} in the stationary case. It is
easily verified that mgtm, determined by (3.22)-(3.23), agrees with the
stationary availability A obtained in (3.20). i

Expressions (3.13) and (3.14) give the reliability and the availability of the
system, conditioned by an E;, event at the time origin. To conclude this
section, it is shown that the above measures can be extended easily to the
case where a (regenerative) E, event occurs at the time origin. Using Ry(t)
and Ag{t) to represent the reliability and availability under the changed
initial condition, it is easily found that

Ro(t) = Folt) + for(t)eRy(t) (3.25)

and

Ag(t) = Fot) + [for(t)+Toa(t)xg(t)PeA(t), (3.26)

where R,(t) and A,(t) are determined by (3.13) and (3.14).

The derivation of (3.25) and (3.26) is based on considering whether there is a
failure or not in the time interval under consideration. When there is no
failure in (0,t}, the system is reliable in (0,t) with probability Fy(t) (and
hence available at time t). When there is a failure, an E; event is induced
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and the required probability is related to Ry{t) and A,(t) as in the second
term of the equations (3.25) and (3.26).

Obviously,
*
* 22 2A+A;,8 (8) ,*
Al8) = oxia 75 T a5 )
and hence
1i * 1 *
wo S A1(s) = 5 Aq(s),

which confirms that the limiting availability is independent of the initial
condition. Note however that the MTISF does depend on the initial condition.

With respect to the system state probabilities Pg,{t), which are conditioned
on an E, event at the time origin, it is easily verified that

Poo(t) = Fo(t) + [for(t)+Toa(t)ag(t) P oft),

Poy(t) = [foy(t)+Tgg(tneg(t) Py 4(t)
and »
Po,a(t) = for(t)HPy 5(t) + fop(t)x[G(t)+8(L)1HPy o(t)].

Taking the Laplace transforms it is immediate that

lim

s Pods) = '™ s P (s) =
540 s s¥0 1,1 @

where the stationary state probabilities n; are given by (3.22)-(3.24).

3.5 Interval reliability and joint availability

The analysis is now extended to some of the more general operating
characteristics, viz. the interval reliability and joint availability. Again,
the imbedded renewal process described by (3.7) plays a dominant role in the
derivations. The interval reliability R,(,7) represents the probability that
the system is available for a duration 7, beginning at time t, conditioned by
an E; event at the time origin. Formally, '

Ri(t,7) = Pr{X(u)2, t<ust+r | E, at t=0}.
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The interval reliability function is a combined measure of availability and
reliability introduced earlier. The reliability and availability conditioned
on an E;, event at t=0 are recovered from Ry(t,7) by setting t and r
respectively to zero.

The joint availability A, {t,7) represents the joint probability that the
system is available at the time epochs t and t4r, given an E, event at t=0:

4
A7) = Pr{X(u)=0 v X(u)=1, u=t,t+r | E, at t=0}.

The interval reliability of the system, conditioned by an E, event at t=0, is
given by

Rl(t ) = @lt,r) + E j () p(t-u,r) du, (3.27)
n=1 0
where

. t+71 t+r
p(t,7) = Glt+r)F{t+r) + fg(u)qu}F@t-!—f—u)du + J fa(uR, (t+7—u)du.
0 %

(3.28)

Expression (3.27) is obtained by classifying the events according to the
number of E; events in the intervals (0,t) and (t,t+r). The {function @(t,7)
gives the probability that no E; events occur in {0,t) and no system failures
in (0,t47), given an E; event at t=0:

p(t,7) = Pr{X;>t, X{u)»2, Ogu<t+r} (3.29)

In ¢(t,7) the first two terms follow from the non-occurrence of an E, event in
both (0,t) and (t,t+7) and the third term follows from a non-occurrence in

{0,t) and one or more occurrences in (t,t+7). Notice that
thr '
Pt} = oftin) + [ Fu(w) Ryfter-u)du.
‘ .
The integral in (3.27) represents the probability of exactly n occurrences,
nzl, in (0,t) and any number in (t,t+7).
Subsequently, the joint availability of the system, conditioned by an E,; event

at t=0, is given by

Adt,T) = B(t,T) + E J' M(u) p(t-u,7)du, (3.30)

a=1 0
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where
¥(t,7) = G(t+7) Fy(t+7) ' (3.31)

t+r

+ fg(u) Fy{u) Ag(t+r—u)du
t

t+7 t+r-u

+ ff,(u) fg(n-}-v) Ay(t+7-u-v)dv du
t 19

i
+ f g(u) Fi(u) Fy(t+r-u)du
a

t+r-u

L
+ Ig(u) Fy(u) foy(v) Ay(t4r-u-v)dv du
0 t-u

t+r-0 t47T -0V

t
+ jg(u) Fi(w) Ifo,(v) fg(w) A, (t+7-u-v-w)dw dv du.
o ten g

The derivation of (3.30) involves a careful consideration of the process until
time t+7. The major classification is the number of occurrences of E; events
in (0,t). The further subclassification is based- on whether the process is in
state 0 or state 1 at time t and whether the process remains in this state or
not during (t,t+r). The function #(t,7) represents the probability of no E,
events and no system failures in (0,t) and the system being up at time t+7:

»(t,7) = Pr{X|>t, X(u)#2, O<u<t, X(t+7)#2}. {3.32)
More specific, the first three terms of w(t,7) represent the probability of no

E, events in (0,t), the system being in state 1 at time t and:

i.  No transitions occur in (§,t+7).
ii.  The first transition after t is to state 0.
iti. - The first transition after t is to state 2.

The remaining three terms represent the probability of no E; events in (0,1},
the system being in state 0 at time t and:

iv. No transitions occur in (t,t47).
v. The first transition after t is to state 1.
vi. The first transition after t is to state 2.
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The limiting behaviour of the interval reliability and the joint availability
is obtained by Laplace transform techniques. Regarding T as a constant, the
Laplace transform R:(S,T) is defined as

1
oo
Ry(s,7) = f e Ry(t,7) dt.
o
Let R(r) denote the stationary interval reliability for an  interval of length
7, i.e.
R(r) = |17 Ryty7),
then

R(T) = :im 8 R 1(8T).

From expression (3.27),

R;(s,r} =_&(_S£_TL_
1 - 1y,(s)

and applying De I'Hopital’s rule

®(r) = ! ¢ (s,f)wp (s,7)
-f“(s)

where the dot is used to denote the derivative of :p*(s,r) with respect to s:

(s = &= ¢l

Remark that the notation {;(.} is used to denote the derivative of the Laplace
transform of ¢(.) and not the Laplace transform of the derivative.

44 gb‘(o,r) and qa‘(o;r) are finite, it follows that

R(r) = ‘P-E_XL-—( 9 i:) (3.33)

In order to prove that (3.33) holds, note that (p(t 0)=c(t) and as a result
@{t,T)<o(t). Thus '

* 0 00 ; x
05 - (07) =f t p(t,7)dt sj t ot)dt = —o (0)
0 )



and from (3.15)

ooy = —=L_ p =2 g (Mhg) L gy, |—— - 1

(MA12)? (M A1) (204A,,) (AMA2)? (2a4r,)?

Further, the assumption that g*(s) exists for s>0 guarantees that the repair
time has finite moments, since the Laplace transform is analytic in the
halfplane right of its abscissa of convergence. Hence &‘(0) is finite.

On the other hand, it follows from (3.29) that

» o0
¢'(07) = [ pltridt < E Xy,
)

Thus both ¢ (0,r) and ¢ (0,7) are finite. »
Analogously, let U(r) denote the stationary joint availability for an interval
of length 7, iec.

Yr) = 17 Ayftr),

then

H(r) = ::': s A:(s,r),

where

00
Asn) = [ & agna.
0

It is easily seen that

Ur) = W (3.34)

L]
11

if both % (0,7) and v (0,r) are finite.
To prove that (3.34) holds, notice that from (3.32)

¥(t,7) € Pr{X;;>t}
and hence

. 00 ’
v = [ witr) dt < E Xy
[}
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Further, let Fy,(.) denote the distribution function of X,;, then
. o o e
0 <90 = [ ¢ ptnds s [ ¢ Fyuar = -Fiy(0),
) o
Using F:,(s) = {l—le(s))/s and applying De I'Hopital’s rule twice yields
BT £,1(0
- Fiu{0) = '—"'"'1%( ),

{Once more, note that 15:1(.) denotes the derivative of the Laplace transform
of Fy;(t) and net the Laplace transform of the derivative of Fy{t).)

Since the existence of g*(s) for s20 guarantees that X,; has finite moments,
it follows from (3.8) that 4 (0,7) is finite. ‘ ' |

3.8 Quasi-stationary distributions

The expressions (3.22)-(3.24) capture‘ the stationary distribution of the
process  {X(t),t>0}. Here the stationary distribution of the process
{X(t),t20}, under the additional condition that the process has not visited
state 2, is investigated. Such limiting distributions conditioned on an event
whose probability tends to zero in the long run, are known as quasi-
stationary  distributions in  the 'stochéstic process literature (Cavender,
1978). Some of the earlier contributions to quasi-stationarity in the context
of Markov chains, are found in Darroch et al. (1965, 1967) and subsequent
developments are discussed in Seneta et al. (1967, 1985), Tweedie (1974),
Pollak et al. (1986) and Ziedins (1987). The two major questions discussed in
the literature in the context of quasi-stationarity concern the system’s
residual life time distribution and the stationary distribution of the process
{X(t),t=0}, both conditioned on the event that absorption into the system’s
down state has not occurred. )

The wuse of quasi-stationary distributions in the éantext of reliability
modelling is of recent origin. One of the few attempts that have been made in
this direction is that of Kalpakam et al. (1983). In the cited reference, the
tail of the reliability function of a two-unit warm standby system is studied,
ie. the distribution of the residual lifetime at time t is investigated for
t=00, given that there was no system failure up to time ¢. Kalp:ikam et al.
establish that this distribution is exponential for a two-unit warm standby
system, under the assumption that the Laplace transforms of the life and
repair time distribution are rational. '
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Since quasi-stationary distributions are conditioned on the fact that there
was no earlier failure, they are useful for systems that rarely enter the
failed state, but may experience repairs. In this section the conditional
state limiting behaviour and the conditional residual life time distribution
are investigated for the two-unit parallel redundant system with dependent
units. The assumption made by Kalpakam et al. is relaxed, ie. the results are
derived for arbitrarily distributed repair times.

Let q{.) denote the limiting residual life time distribution and q; (i=0,1)
the quasi-stationary state probabilities, then formal definitions of ¢{.} and

q; are
q(x) = ii; Pr{X(u)#2, tsust+x | X(u)#2, Ogust, E; at t=0}, x>0
and
q = ii;', Pr{X(t)=i | X(u)#2, Osust, E, at t=0}, i=0,1.
Obviously
- 1m By (t4x)

ax) =1 - o R TE) (3.35)

and
t) .

G =lir L4 4 (1), i=01 (3.36)

where

Prilt) = Pr{X(t)=i, X(u)#2, Osust | E; at t=0}, i=0,1.

The primary objective is to study the limiting distributions in (3.35) and
(3.36). The Ilimiting distribution (3.35) is shown to be negative exponential.
The results are obtained by using Laplace transform techniques to identify the
dominating terms in the asymptotic expansions for (3.35) and (3.38).

The probabilities functions %P;(t) are obtained by replacing fi(t) by
™) in (3.21):

3w
Prit) = 7it) + ¥ T3 (tpers(v),
ne=l .
where

Yolt) = [g(L)F (t)Fy(t)

and

7i(t) = GL)Fy(t).
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The Laplace transforms are

and .
*oy L 1o8 (M) ,48)
71(8) - f\+1\13+8 s

(3.37)

(3.38)

(3.39)

where 'f":l(s) is given by (3.11). After substitution of (3.11), (3.38) and

(3.39) in (3.37), explicit expressions for B:,i(s} are

*

1 ols) = —— g (MArq+s) :

Az +s+2M(1-g (AAgz+5))

) = (2AtAts) (1" Odggts))
| (AMtA12+5) (A1245+2A(1-g (A+A5+3)))

Further, substitution of (3.11) and (3.15) in (3.16) yields

R (s) = 2244, 2 +8-A8 (AMA ,+8))
12 .
{MAyats) (A +842A(1-g (A+A(3+8)))

(3.40)

(3.41‘)

(3.42)

For the moment attention will be concentrated on the asymptotic behaviour of
Pyo(t), as tsco. The asymptotic expansions of P,,(t) and Ry(t) are derived in

exactly the same way.
With respect to {3.40), notice that

i the pole § with maximum real part of 13:,9(5) is real
(Widder, 1946, theorem 5b, p.58),

#. for real s>—(A+A;3), the denominator i%:,o(s} of 33:'0(3) is strictly

increasing in s,

H. Dy g(-(MAg)) = -2 and D) o(-Ay) = 2X(1-g (A)) > 0.

Hence, &&(~(AMtA2),~A;s) and 8 is the unique real valued root of i):‘o(s) in
the interval (—{A+A;),00). Obviously, 8 is also pole with maximum real part of

1.1(s) and Ry(s).



Moreover, since

’ »
:i'; (3-6) SB’;,o(S) - (.i\+z\lz+5) .
1-2Ag (A+l\12+5)

::;' (s-6) ‘3:’1(3} = {2242, ,46) (l'g'i)\“l"\:z‘f‘s)) )
(A+A;2+6) (1-2Ag (A+A;2+6))

:i:, (s-6) R:(s) o AFAaté + z\(l—g.*(z\i-)tn-l»&))
(A+Ap2+8) (1-22g (A4 5+8))

and g*(s) is strictly decreasing in s, it follows that 6 is a simple pole of
* * *
B1,0(5), PB1,1(s) and Ry(s). Hence,
Puilt) = ¢; exp(8t) + ofexp(st)), t00, i=0,1
and
' Ry(t) = ¢, exp(dt) + of{exp(ét)), t»oo.

The coefficients ¢; {i=0,1,2) are found from (3.37), respectively (3.16), as

¢ = L 74(6), i=0,1
and

¢ =L o (8),

where
L = lim §=8 ]
=6 1-11.1(s)

Using De PHopital’s rule

L=
& (8)
where
F0) = 35 Tuls) |,g
Thus

Pilt) = - é}@ exp{ét) + o{exp{ét)), t=00, i=0,1 (3.43)
(&)



and

Rit) = - 2180 exp(st) + ofexp(6t), tec. (3.44)
5 (6)

As a result

a = L8, im0,
o"(8)

Substitution of {3.15), (3.38), (3.39)‘and noting that the pole & satisfies

A (MARHE)) = MAtSHA(I-g (MAg+s)) (3.45)
finally yields
- MAptS
= M4 (3.46)
and
q = - 2t A+5‘ (3.47)

Subsequently it is  established that the quasi-stationary - distribution
q={qe,q;) of the process {X(t),t20} is independent of the parameter A;,. As q
is the limiting distribution of the process conditioned on the information
that the system has nof visited the down state, this means in particular that
no common cause failures have occurred. Hencé, intuitively the rate at which
common cause failures occur should not influence q.

For a formal proof, consider the case where Ay=0, ie. the situation with
statistically independent units. let &;,,4 be the root with maximum real part
of the denominator of (3.40), then 6 satisfies

2A *
m g (M) = 1.

Thus, defining 64.p 288 83,,=0ima~A1z, it follows that

22 g (MAg+aep) = 1
2R PR 127 %dep )

Obviously, 64, is the root with maximum real part in the case with
statistically dependent units. From &gp=6ing~Ay, it is immediate that (3.46)
and (3.47) are independent of A,,. ' : L



Further, it is clear ‘from (3.44) that the tail of the life time distribution
is negative exponentially distributed with parameter -6:

q(x) = 1 - exp(éx).

Note that the parameter 6 is not independent of A;; as 8gep=0ina—A,. Hence,
the limiting residual life time distribution does depend upon the rate at

which common cause failures occur.

On the other hand, the distributions q(x) and q do not depend upon the initial
condition: since q(x) and q are conditioned on the information that the system
does not visit state 2 before time t, only transitions from state 0 to 1 and
vice versa occur before t and the first visit to state 1 will occur (with
probability one) within finite time. However, an entry into state 1 is a
regenerative event and as tsco, the conclusion is that the quasi-stationary
distributions q(x) and q do not depend on the initial condition.

3.7 intensity of events

In this section the number of point events generated by the process {X(t),t>0}
is studied. The objective is to obtain expressions for the expected value, the
variance and the covariance of the ‘counting measures associated with the
events E; (i=0,1,2). Since an entrance into state 2 is regenerative if it
occurs from state 0 and non-regenerative if it occurs from state 1, both types
of events are distinguished hereafter and called respectively E, and Eg
events.

Let N;(t) be the counting measure associated with event E; i=0,1,o,3, then
the objective is to obtain E Ni(t), Var Nyt) and Cov(N(t),Ng(t)). The basic
approach is to use the product densities associated with the events. The
product densities are the counter parts of the renewal density in the context
of non-renewal stochastic point processes and systematically discussed and
illustrated in Srinivasan (1974) and Cox et al. (1980).
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The analysis starts with E, events. The renewal density of E;, events is used
to obtain the expected value and the second order characteristics. The renewal
density hy(t) is defined as

h(t) = ;;‘jn <+ Pr{Ny(t+A46)-Ny(t)=1 | E; at t=0}

and, for t;#t,, the product density hy(t,t,) is defined as

1i 5 .
hy(taytg) = 0 Ly PriMi(terAt)-Ny(t)=1, i=1,2 | E; at t=0}.

Atl,A to»0 At 1&‘

The functions hy(t} and hy(t,t,) have a simple interpretation: for small At
the quantity hy{t)At represents the probability of an occurrence of an E,
event in (t,t+At) and for small Al and Aty hy(t,5,)A4At, represents the
joint occurrence of E, events- in (t,,t,+A4t;) and (t,t,+4t,). From the renewal
nature of E, events and the possibility that the required event in (t,t+A4%)
may be the first or any subsequent event,

o0 ,
hyt) = ¥ (1), 10 (3.48)
ne=l
and
hl(‘?ntz}k = hy(ty) by(t-t,), ti<t,. o (3.49)

For obvious reasons the roles of t, and t, are interchanged if t,<t,. The
expected number of E; events in (0,4) is obtained by integrating the function
hy(u) over (0,t): ' "

' t
E Ny(t) = j hy(u) du. (3.50)
’ .

Cox et al. {1980} give the second factorial moment as

E (1) Nu(-1)] = [ hy(tyty) dty

0cty, ta St
tymty
and hence
Var Ny(t) = fh,(z,,t.,) dty dt, + E Ny(t) — E*N(t). (3.51)
<ty ta St
oty



The stationary frequency A; of E; events is obtained from the limiting
behaviour of hy(t):

A = :i; hy(t). (3.52)

Applying the key renewal theorem or, alternatively, Laplace transform
techniques, yields A;=1/E X;;. Substitution of (3.9) finally gives

2"\+‘\12
B(2A+A15) 4+ g {(AtAg H{1+A2p)

Alr-'v

Further, let Nj(t;,t;) denote the number of E; events in the interval (t,,t,).
Then, in the stationary case the expected number of E, events in an interval
of length 7 is, from (3.52),

1i
"_’; E Nl(t,t'f'T) = AIT.

To find the variance of the number of E; events in an interval of length 7 in
the stationary case, note that from (3.49) the asymptotic behaviour of
hy(ty,t,) is

Iim

200 hy(t,t+7) = A} hy(7).

Thus, using (3.51) and (3.49)

lim

7
00 Var Nj(t,t47) = A7(1-A7) + 2A10I m{u) du,

where m(.) is the renewal function for X,

P
m(u) = Y Fiy'(u). (3.53)

na=l

Since Nyg(t) can be analysed similarly to Ny(t), the counting process of the
Eq events is not examined here. A more interesting sequence of point events is
generated by E, events. In the rest of this section the intensity and product
density functions associated with E, events are derived and their limiting
behaviour is considered. Subsequently, expectations, variances and their
limiting behaviour can be obtained as shown above for the E, events.
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Define hy(t), the intensity associated with E, events, as

1 1
hy(t) = Ai“‘w a7 PriNa(t+40)-Ny(t)=1 | E, at t=0}.
Using arguments similar to those in the derivation of (3.12)-(3.14), it is

immediate that

| T '
hy(t) = a(t) + ) iy (t)xa(t), (3.54)
cn=l
with a(t) defined as .
a(t) = [g(t)Fy(t)galt) + T(OIL(). (3.55)

Obvioﬁsly, a({t) dt represents the probability that the system enters state 2
in (t,t+dt) whereas in the inferval (0,t) that began with an ‘El event, the
system neither fails nor induces the further occurrence of an E; event.
Actually, (3.58) is a defective pdf, as in an interval between two successive
E, events not necessarily an E, event occurs. The terms in the right hand side
of (3.58) correspond with the paths 1-0-2 and 1-2, d.e. with the occurrence of
an E, and Eg event. To distinguish between E, and Eg events, the function
hy{t) is decomposed and written as the sum of the intensity functions of E,

and Eg events, denoted by hy(t), respectively hg(t). Clearly

hy(t) = ho(t) + hg(t),

where )
®© .
halt) = aalt) + ¥ 1 (thaq(t),
nm}
. o0 n)
ha(t) = ag(t) + Y 153 (thrag(t)
n=1l
and ’

ag(t) = [g(t)Fy(t)efga(t),

ag(t) = GL)fy(t).

The key renewal theorem yields expressioﬁs for the stationary intensities A,



It is clear that

‘1 00
4 d - 23
4=y of a(u) du (3.56)
Laplace transform techniques, applied to (3.56), yield

_ 204A; ,=20g (MAy)
2 .
#(224+212) + 8 (AMA12) (1421 ,p)

Analogously,

*
- A28 (A+Ayp)
*
BE2A4A12) + 8 (AHA {142 54)

and

A = (2)"1’-‘\12)(1'5 (MA323)
B224+A12) + 8 (-\"')*12)(1*'\12/‘)

It is immediate that A=Ay +Ag.

The E, events, generated as a special sequence of E, events are regenerative
and the second order properties are derived in a similar way to those of the
events E, and E, Details are not repeated here. However, the Eg evenis are
non-regenerative and it is useful to obtain the second order properties of the
counting process Ng(t) from the appropriate product densities. To distinguish
the second order product densities of E, and Eg evenis from the second order
cross product densities, a double index is used: for gty hgglty,ty) is
defined as '

1 .
hgp(tyty) = mlt‘ :’2” A, At PriNaltetat)-No(t)=1, i=12 | B at t=0).
Then
ta-ty
hgpltyts) = Bt} i) [ %‘—:-"—‘;—) hp{ty-ty-u)du (3.57)
¢ 1

+ z _[ ril (t=v) £(v) G(v) f 5V_+u hﬁ(trt,»u)du dv.

n=%1 0
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Expression = (3.57) is derived by considering the following specifications. It
is required to obtain an Egz event (a transition of state 1 to state 2) at t,
and t, (t;#t;} conditioned by an E; event at the origin. Calling the time
between two successive E; events a cycle, the first term in the right hand
side of (3:57) corresponds to an occurrence of an Eg event at t, in the first
cycle and the second term to an occurrence at t; in a later cycle. The first
term is derived as follows:

i The Eg event realised at t,- in the first cycle is caused by a repair
which is not completed until t, and a failure of the operating unit at
t;. This explains the contribution G{t;) £;{t;).

4. The Eg evenit realised at t; is non-regenerative, but the elapsed repair
time at t; is precisely the time until the last E; event. Thus, u
units of time after the Ez event at t;, the repair time has hazard rate
g(t,+u)/G(t;). Hence the repair is completed in (t4ub+usdu) with
probability g(t,+u)/G(t,) du.

iii. When the repair which began at the last E;, event before t, is completed,
a fresh E; event is geherated and using this, the requiréd Ez event at t,
is identified as the first order product density in the appropriate
interval. ‘ S ‘

In< the secon,d‘ term in the right hand side of (3.57), the Eg event at t; is
preceded by several E; events before t, while the last one occurred at t;-v,
so that v represents the elapsed repair duration of the unit under repair at
time t;. The rest of the analysis follows the above reasoning under #-¢it.

Let the function hgg{7) describe the stationary behaviour of hgg(t;,ts), i€

h’g‘g(VT) = :i:; hﬂg(t;t-!-’r).

Then

o0 (3 T
hgg(r) = ::; ; oj ) f,(v)n_r gu+v) hg(r-u) du dv,

or, equivalently

t
hag(r) = oy [ Tairi=v) d(),
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where

Fa(T,v) = fy(v) Ig(u+v) hg(r-u)du.
o

As before, m(.) is the renewal function for X,;.
From the key renewal theorem,

1 00
hgg(r) = EX,; OI fg(r,v)dv.

To complete the analysis of the stochastic point events associated with E,
events, expressions for the second order cross product densities are obtained.
For 0<t)<t,, the product density hgg(t,,t,) is defined as

11 1
hag(ty,ts)= a, 4':_,0 Z;Z;Pr{Na(tl"’Al)"Na(t’l):l, Np(ta+4,5)-Ng(t2)=1 | E; at t=0}.

The function hge(ty,t;) is defined similarly by interchanging the role of «

and B. From the renewal nature of the E, events it immediately follows that

ta-t; . .
hoglints) = ho(ts) [ 8(u) ha(ty—ti-u)du (3.58)
0

and defining
hap(r) = o hog(t,t4+7)

it is clear that

Cheplr) = A‘,I g(u) hg(r-u) du.
0

'I"h_e observation that the Eg events are non-regenerative and every Eg event is
followed by an E, event, yields, for t,<t, '

ta-ty
hpaltits) = fitt) Tt [ B ot ti-viav
0

G(t,)
00 ty () ta-t (U+V)
) J' £ (t,-v) £,(v) G(v) f 8LUtV) b (t,—t,—u) du dv. (3.59)
n=1 0 0 G(v)
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Further, let hg,(r) describe ‘the limiting behaviour of hgy(t,t47) for too,
then

1 o0
haaln) = gy | Tolri) v

where

fa(rv) = fu(v) [ gutv) ho(r-u) du.
)

The above relations summarise the properties of the counting measures
associated with the E; events. The covariance function of the counting

processes associated with E, and E; events connects several counting measures:

. t v
CoviNg(0),Ng(U)] = [ [ {hop(u;v)thga(u,v)} du dv - E Net) E Ng(t).
o ¢

Finally, the covariance function in the stationary case, over an interval of
length 7, is given by

i CovlNeft,t47)Ng(t,t47)] = J . j {hag(v—u)+hpa(v—q)} du dv - AgAgr*.

The above analysis of the intensity functions concludes the stochastic
analysis of the two-unit dependent parallel system with identical units. In
this chapter, the joint life time distribution of the unils was a BVE and the
repair times were generally distributed. Expressions are obtained for- a number
of performance measures, two quasi-stationary distributions are studied and
the intensity functions of E;, E, and E, events are analysed. A key role in
the analysis is played by E; events. The regenerative nature of the E; events
is used to construct an imbedded renewal process, which is exploited to
compute the system’s performance measures. Expressions for the transient
behaviour are given by convolution integrals- and the stationary measures of
the system with identical units are obtained by applying Laplace transform
techniques. The methods and techniques in this chapter are illustrative for
the study and will be applied in the chapters 4 and 5 to investigate 'the
situation with non-identical units. In chapter 4, the life and repair times
are restricted to the class of phase type distributions (Neuts, 1981), which
render the state description process Markovian, whereas in chapter 5 this
assumption is relaxed.
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4. PHASE TYPE DISTRIBUTED LIFE AND REPAIR TIMES

4.1 Introduction

In the previous chapter a parallel system was analysed with bivariate
exponentially distributed life times and general repair times. In this case
the time dependent behaviour of the system is captured by a set of convolution
integrals and the Laplace transform technique iz used to describe the
stationary behaviour. The computation of time dependent measures as the
reliability function {3.13), the availability function (3.14) or the system
state probabilities (3.21) can be a tough and time consuming job. However, for
some particular choices of the repair time distribution, the stochastic
behaviour of the state description process becomes Markovian and then the time
dependent performance measures can be computed relatively easy. In the case of
a Markov process (MP), the stochastic behaviour of the process is completely
determined by the generator of the MP.

In this chapter the concept of phase type (PH) distributions (Neuts, 1981) is
introduced and it is shown how they can be used to approximate the general
situation where the life and repair times -of the units are arbitrarily
distributed. Since the use of phase type distributions results in an MP, the
method is useful in particular when specnal interest is in the time dependent
behaviour of a system.

In section 4.2 the life times of the units follow a BVE and the repair times
are assumed to be exponentially distributed. The generator of the resulting MP
is given and the performance measures described in section 1.3 are derived.
The case of exponentially distributed repair times is simple but the
techniques illustrate the approach in the remamder of this chapter. In fact
the only modification to be made in the other sections .is to replace the
generator of the MP in 4.2. In section 4.3 PH distributions are introduced and
in section 4.4 the repair times are phase type, while the life times follow a
BVE. A generalisation is made towards the system’s life time distribution in
section 4.5, where the bivariate phase type distribution (BVPH) is
constructed. In section 4.6, the life times have a BVPH and the repair times a
PH distribution. Finally, in section 4.7 the randomisation technique 1is
described. The technique is used to handle Markov processes with a large state
space and is suitable for computing time dependent measures, even when the
number of system states becomes very large.
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4.2 BVE life times and exponential repair times

Consider the model described in chapter 3, where the units are identical and
follow the: BVE life time distribution (3.1} with Ag=XA=A. Let the state
description process {X(t),t>0} denote the number of failed units at time t and
assume that the repair times are exponentially distributed with parameter p.
Then the observation that the BVE has exponential marginals implies that the
process {X(t),t>0} is an MP and obviously the generator Q of this MP is

0 1 2
0 | —(22rg) 2A Atz
Q=1 B (M) Mg
2 0 7 {4

The above case can be extended straightforwardly to the situation where the
units are not identical. For nonidentical units, the repair time of umit i is
assumed to be exponentially distributed with parameter p;, while the life
times follow the BVE (3.1). It is easily seen that the state description
process {X(t),t20} with state space Sy={(0,0},(r,0),{0,1),(r,W),{w,r})} is an
MP with generator

{0,0) (r,0) {o,r) (r,w) (w,r)
(0,0) |~{A+A2+A2) Ay Ay © PArz {1=pAys
{r,0) #1 ~{Agt+A tpy) O Agtdyg 0
Q= (0,r) pa 0 —(A#Argtpg)| O Aithis
{r,w) 0 Y By -y 0
(w,r) |- 0 B2 0 9 ~H2

As before, p is the probability that unit 1 is repaired first when a common
cause failure occurs. |

In this section it is shown how the performance measures of the system can be
derived, applying standard Markov theory. The analysis is performéd for the
simple Markov process of the system with nonidentical units. The only
modification that has to be made in the more complicated situations considered
in the sections 4.4 and 4.5, is the substitution of an appropriate generator.



The main advantage of using MP’s is the computational ease of obtaining the
performance measures, caused by the lack-of-memory property of the exponential
distribution and the fact that an MP is nothing but a sequence of
exponentially distributed phases, with a transition mechanism which is
governed by the wunderlying Markov chain. In the subsequent sections the
concept of exponential phases is used to approximate arbitrary distribution
functions. Following this approach, a system with generally distributed life
and repair times can be approximated by an MP, with all its computational and
analytical advantages.

To start with, the system state probabilities are considered. Let P(t) denote
the row vector with the time dependent state probabilities Pi(t) (ieSy} and p,
the initial probability vector, ide. py{i) (the i component of  pg)
represents the probability of starting in state i at t=0. Then the time
dependent behaviour of the system is governed by the Chapman—Kolmogorov
differential equations and solving them yields (Cinlar, 1975)

P(t) = po exp(Qt), t20.

The stationary distribution of the process {X(t),t>0} is obtained by setting
the time derivative in the Chapman-Kolmogorov equations to zero. As a result,
the stationary state probabilities 7; satisfy (Cinlar, 1975)

n Q= 0.

Together with the normalisation equation Y @; = 1, the distribution = s
uniquely determined.

The reliability function is obtained by Ilumping the system down states (r,w)
and (w,r) into one absorbing state, denoted as ’abs’. The result is an MP with

generator Q,, where

{0,0) (r,o) {o,r) abs
(0,0} | ~{Ag+As+A12) A Ag Az
o {r,o0) #r ={Agtrgatpy) O AxtAgg
%~ (o,r) H2 0 =(AptAygtfia )| AtArge
abs 0 ] 0 0
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It is clear that the system reliability equals the distribution function of
the entrance time into the absorbing state. Hence,

R(t) = pp exp(Qst) ey,

where pg is the row vector containing the initial probabilities of starting in
a system up state, e. is a unit column vector of appropriate dimension and Q,
the submatrix of Q, describing the transient behaviour until absorption, i.e.

{0,0) (r,0) {o,r)
{0,0) |~(A+Ag+Aiz) Ay Ay
Q. = (1,0) By ~(AgtAgptiy) O
(o,r) g 0 ~{AptAggtps)

To prevent misunderstandings: a unit vector is defined here (and in chapter 5)
as a vector which elements are all ones.
The MTSF is found after integration of the reliability function as

MTSF = - py Q' e,.

Obviously, the availability function is obtained as the summation of the

system state probabilities over the set of system up states:

Aty =) Pdt),

IT=C

where S,,={(0,0),(0,r),(r,0}}.

Similarly, the stationary availability A is

A =E ;.

1€5,p

From the lack—of-memory property of the exponential distribution, the interval
reliability R(t,r) can be decomposed into the probability of being up at time
t and surviving an additional 7 units of time:

R(t,7) = P(t) exp(Q.7) ey, (4

where P.(t) is the row vector with the system state probabilities Py(t),ieSyp.
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Clearly, the stationary interval reliability ®(r) is found from (4.1) as
%(T) = Wy exp(QrT) €y,

where =, is defined analogously to P.(t).

In the same way as the interval reliability, the joint availability A(t,7) can
be decomposed into the probability of being available at time t and being
available 7 units of time later:

A(t,T) = Poft) exp(Qr) &, (4.2)

where the vector P,(t) is obtained from P(t}, replacing the system down
probabilities by zeros. Similarly, e, is a unit column vector with zeros in
the positions representing down states. From (4.2), the stationary joint
availability U(r} is

Y1) = 7, exp(Qr) €,
As in section 3.6, the quasi-stationary state probability vector q={q,~}i.,_gup
and the limiting residual life time distribution g{.) are

_ im B(t)

9= oo (t) (4.3)
and
qx} =1 - ii; 3&::—’)‘), (4.4)
where

B(t) = pp exp(Qut).

In order to get an asymptotic expansion for P(t) and R(t), the Perron-
Frobenius theorem (Seneta, 1973) is applied to express exp(Q,t) in terms of
the dominant eigenvalue of Q,. Write

Q =5'DS,

where D is a diagonal matrix with the eigenvalues of the matrix Q, if Q, is
diagonalisable and a Jordan normal matrix in the other case. Then

exp(Q,t) = S exp(Dt) S

and exp(Q,t) is nonnegative and substochastic.
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Applying the Perron-Frobenius = theorem to exp(Q,t), it follows that the
eigenvalue p with maximum real part of Q, is real, simple and negative. The
eigenvalue p being simple, yields .

exp(Qut) = wv' exp(pt) + ofexp(t)), trov, (4.5)

where w and v are the right, respectively left eigenvector corresponding to p
and p is the eigenvalue with second largest maximum real part of Q.
Substitution of (4.5) in (4.3) gives

q=— (4.6)
. ve, :

It is clear that the distribution determined by (4.6) is proper, since the
vector v is strictly positive (or strictly negative} by the Perron-Frobenius
theorem.

Besides, the quasi-stationary . distribution q of the process {X{(t),t>0} is
independent of A,. To provide a formal proof, define

=(M+Ag) Ay Az

Qina = B ~(Aztiy) 0
B2 0 —{Aptug)
and
=(ArtAgtdia) A A2
Quep = Hy ~{Agtrgtpy ) O
#a 0 —(ApFAgtis)

Since Qgep = Quug - Al (Where 1 is an identity matrix of appropriate
dimension), it is immediate that

i. p is eigenvalue of Qu « p-Ay, is eigenvalue of Qq,

#. v is eigenvector corresponding to p in the independent case
“ v is'eigenvector corresponding to p-Ay, in the dependent case,

Hence, Qgp and Qg have identical eigenvectors. Consequently q is
independent of Ay, ; u
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On the other hand, from substitution of (4.5) in (4.4), it follows that the
quasi-stationary distribution q(x) is negative exponential with parameter —p:

q{x) = 1-exp(px), x20. (4.7)

Note that the eigenvalue p with maximum real part of the matrix Q is mnot
independent of Ay, 88 Pgep=Ping~Mz, Where pina (pgep) i8 the eigenvalue with
maximum real part of the system with independent (dependent) units.

4.3 Phase type distributions

Section 4.2 clearly shows the advantages of the wuse of exponential
distributions. Obviously, the derivation of the performance measures is
relatively easy, compared to the situation in chapter 3, where the repair
times are arbitrarily distributed. However, the use of exponential
distributions is restrictive and unsatisfactory. Hence, the dilemma is to use
exponential  distributions, which render the state description process
Markovian and make the analysis relatively simple or to assume generally
distributed repair times, which results in a more complicated analysis. The
compromise is in terms of phase type (PH) distributions. The definition of a
PH distribution used here is the definition of Neuts (1981), ide. a
probability distribution is of phase type if it is the distribution of the
time until absorption in a Markov process with a finite number of transient
states and one absorbing state. The notation used by Neuts is the following.
Let Q represent the generator of the associated absorbing Markov process on
the states 1,..,n+1 (state n+l is the absorbing state), i.e.

Q= |:T To ]7
0 o
where T is an nxn matrix, T® an nxl vector and 0 a lxn vector. The vector T°
contains the transition rates into the absorbing state and hence Te+T°=0,
where e is a unit column vector of dimension n. The n-dimensional vector « is
used to denote the initial state probabilities assigned to the transient
states: the Markov process starts with probability of{i) in state i, where ofi)
denotes the i component of o. A PH distribution F(.) is represented by the
pair {o,T) and n is called its dimension. It will be supposed in the following
chapters that the representation (o,T) is irreducible (Neuts, 1981, p.49).
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Neuts shows that without loss of generality, attention may be restricted to
irreducible representations. He proves that from any reducible representation
of a phase type distribution F(.), a smaller, irreducible representation can
be obtained by deleting appropriate rows and columns of the generator Q.

A formal - expression for the probability distribution F{.) of the time until
absorption is ‘

F(t) = 1 - o exp(Tt) e, 20
and its pdf f{(.) is
fit} = - aTexp(’l‘t} T°.

Hence, the Laplace transform f‘(s) of f(t) is -

(s) = o (sI-T)'T°

*
and f (s) is a rational function.

The central moments py of F(.) are all finite and given by
e = (-1)F K (0T %e).

Since a PH distribution represents the distribution of the sum of a random
number of exponentially (but in general not identically) distributed' phases,
the lack-of-memory property applies locally, ie. per pha.sé. As a result, PH
repair times render the state description process Markovian, when it is
extended to include the phases of the repair times and when the life times
follow the BVE (3.1). In that case, the system -can be anva.lysed. applying
standard Markov theory.

Another important property of PH distributions is that they are dense in the
class of distribution functions. Consequently, any repair time distribution
can be approximated with arbitrary precision by a PH distribution. Methods to
fit PH distributions are described in Bux et al. (1977), Kao (1988) and
Johnson et al. (1989, 1990a, 1990b).

The class of PH distributions contains, among others, the hyper exponential
distribution, ~the generalised FErlang and the phase type distributions
coﬁsidered by Cox (1955b} and Tijms (1986). Tijms uses mixtures of Erlang-k
and Erlang-(k-1) distributions, which are not dense in the class of
probability  distributions, but which are useful in many practical
épplications. However, Neuts' PH distributions are preferred in this study,
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since they are more general than those of Tijms and secondly, Tijms’ PH
distributions have a representation with a generator which has multiple
eigenvalues. In chapter 5 it will be shown how the latter property complicates
the numerical computation of the system’s stationary performance measures.

4.4 BVE life times and PH repair times

Suppose that unit i has a PH repair time distribution with representation
{B::5;) and dimension m; and assume that the life times follow the BVE (3.1).
Then the process under consideration is an MP, if the phases of the repair
time distributions are included in the state description process.

To incorporate the repair time phases in the state description process
{X(1),t20}, define the state space Sy as

Sy = {0,0)u{r,0)(0,r)u(r,w)u(w,r)

where the elements of Sy are the following sets of states:

(1,0} = {("'ho)}lsis'nl’

(0,1) = {(0%)}1gismy

(r,w) = {(%,%) higizm,>

(wr) = {(W,%) hrgicm,-
The notation ; is used‘ to denote that a component is in phase i of its repair
time distribution. Further, let I; be the identity matrix of dimension m; let
’®* denote the Kronecker product of matrices (Marcus ef al., 1964) and assume

that S‘: satisfies S@,%»S?zo, where e; is a unit column vector of dimension m;.
Then the generator Q of the resulting MP with state space Sy is

(0,0)  (r,0) (0,r) (r,w) (,T)
(0,0) [~(ArtAatAia)  AyB7 PWH PA12f1  (1-P)A;2f3

_ {r,0) ST Si=(Ag+A;), 0 (Agtrg2) Y

" (o,r) 53 0 Sp-(A#Ars)l; 0 (A,
(rw)y | 0 0 s%es S, 0
(w,r) - 0 Bres? 0 0 S,
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The entries of the generator Q are obtained as follows. Transitions from state
{0,0) to (r,0) occur with rate A, and the repair of unit 1 starts with
probability 8,{i) in phase i. Secondly, the vector s‘,’ contains the transition
rates from state (r,0) to (0,0). Thirdly, when the system is in state (w,r),
the repair- of unit 2 is completed with rate Sg(i) if the repair is in phase i
and at repair completion unit 1 starts in phase j of its repair with
. probability 8,(j).
With the above generator, the performance measures of the system are computed
as in section 4.2.

4.5 The bivariate phase type distribution

As mentioned in the previous sections, the advantages of phase type
distributed repair times are:

i. PH type distributions are dense in the class of distribution functions
and ‘
ii. they render the state description process Markovian when the life times
" follow a BVE.

Hence, in principle arbitrarily distributed repair times can be handled,
approximating them by PH distributions. However, an unsatisfactory state of
affairs is that the life times of the components of the model in section 1.4
are exponentially distributed when a BVE is used. Given the interpretation of
the BVE in section 3.2 in terms of a shock model, a logical extension is to
consider shocks which are generated by PH distributions.. When the life time of
component C; has a PH disﬁribution with representation (o;,T;) and dimension
n; (i=1,2,3), the joint survival function F(t,t;) of two new units is easily
derived as

F(t,t,) = o exp(Tieleht; + L@Tyelt, + L,eLeT, max(t,ty)) e,

where a=0,800,004, e=€,@e,8e; and ¢; is a unit column vector of dimension n,
The probability distribution F(t;,t;) is called a Dbivariate phase type
distribution (BVPH). o
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The BVPH has PH marginals: denoted by Fy(.} and F,(.), the marginal survival
functions are :

Fi(t) = a'fm?; exp{(T,eI;+1,8Ty)t) e,®e;
and

Fz(t) = oz:g@az exp( (T2®13+12®T3 )t) €,0€;.

Since the lack-of-memory property applies per phase, property (3.2) holds,
conditioned on the phase number of the life time distributions. Formally, let
X; denote the life time of unit i (i=1,2) and X;(t) the phase of the life time
distribution of component C; (i=1,2,3) at time t, then

Pr{Xpptits, Xpotats | Xi(s)=ky, Xy(s)=k,, Xy(s)=ks} =
Pr{Xp>ty, Xg>ty | X(0)=k;, X3(0)=k;, X3(0)=k,}. {4.8)

The construction of the BVPH implies that, in combination with PH repair
times, the state description process {X(t),t>0} can be modelled as an MP, as
will be shown in the next section.

4.6 BVPH life times and PH repair times

Suppose the life times of the parallel system follow a BVPH and the repair
times a PH distribution. Let the life time distribution of component C; have
representation (o, T;) and dimension n; (i=1,2,3) and the repair time
representation (B;,S;) and dimension m; (i=1,2).

In order to model the system by an MP, the state space is extended to include
the phases of the life and repair time distributions. Ordered triples are used
to denote the phases of the components C;, C, and C; respectively. Phase i of
a component’s life time is denoted by ¢;, phase j of a repair time by a; and o
is used to denote that a component is waiting for repair. Hence the state
space Sy is

Sx = (0,0)U(r,0)U(0,r)U(r,W)U(W,T),
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where .

{0,0)

[

{r,0) =

{(tiaé £l 16&)}lsisnl,lsj5n2, 1sksngy

{(n6:8 5t hcismy1<jeny 15k sng

(0,1) = {(Larjbe) hicicn 1555m, 15k,

(I',W) = {(’bﬁ"’,")}lsignl,

{w,r) = {(ws"'jvm)}lstmz'

Let the above sets of triples be ordered lexicographically on the indices of

the phases of the life and repair times, then the generator Q of the Markov

process under consideration is

{0,0) (r,o0) {o,r) (r,w) {w,r)
Tyel,015+
(0,0) |1,8T,815+ Tif101,81; 1,8T36361;|p1e1510e,0T; pre;0e,538Ts
I,9l0T;
P Sl®12®13+ I4®Tg®e3+
(r,0) |S ;0] ,01; 1,8T,0l,+ 0 0 ]
7 1,01,8T, I,0e,8T,
Q= [ es%Tar A }‘,®§5®§3+ . Ti®I @es+
{o,r) 118520001, 195,813+ 0
’ 1,8158T, €18156Ts
(r,w) 0 0 stales e S, 0
(W,r) 0 BleSsonee; 0 0 S,
where: »
i I,..,I5 are identity matrices of respective orders ny,n,,ns,my,ms,

.  ey,..,e5 are unit column vectors of respective orders ny,n,,ns,m,,m,,

i1,

T? satisfies T,eq+To=0 (i=1,2,3) and S satisfies Se;,5+S=0 (i=1,2).

The entries of Q are obtained as follows. The elements of T,0L®l+]T,I;+
I,81,8T; correspond to the case where only a change in the phase of the life
time of one of the components C; (i=1,2,3) occurs. The elements of LT 830l,
correspond to a failure of component C, while the other components do not
change of phase. Being in phase i of its life time, C, fails with rate Ty(i)
and subsequently starts with probability f£,(j) in phase j of its repair time
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distribution. The entry plelﬂ(fm@'l‘g follows from a failure of the common
cause component C;, while unit- 1 is the first to be repaired. Finally, the
elements of S?aT@ﬂzms are obtained from a repair completion of C,. After
repair completion, C; is restarted in phase i of its life time distribution
with probability oy(i), the repair of C, is started in phase j with
probability 84(j) and C; is restarted in phase k with probability on(k). The
other elements of Q are interpreted similarly.

In view of the high order of the generator Q, it is essential to use its
special structure to evaluate the above quantities, as in Neuts et al. (1981).

In a few situations an important reduction of the state space can be obtained.
Four of them are mentioned here.

i. If C; has an exponential life time distribution with parameter A, then
Ta=—A, ng)\, Iy=eg=cy=1. Further, as the life time distribution of C; has
only one phase, the state sets are reduced to pairs:

{0,0) = {(ti’t’j)}lsisnl,lsjs%
(o) = {{Ls) hisisn 15jsm,
(1,0) = {(wdjthciom, 15j5n,
(r,W) = {{(%:®) hsicm,
(w,r) = {(#2%) hgjm,

i

#i. If the units of the parallel system are identical, then the components C,
and C, are identical. The state space of the process can be reduced,
since the states (£,¢;¢) and (¢;£,8) are identical, as are the
states  (&yn5,8) and  {v;,80,4,) and the states (a,mw) " and (mam)
The generator of the Markov process is obtained from the generator Q by

~ lumping identical states, ie. by adding the columns of these states,
- removing one of the rows of every pair of identical states.

ii. When the units are identical and C, has an exponential distribution, then

a combination of { and i occurs.

iv. When the lifetimes of the units are identically exponentially distributed
and C; has an exponential distribution, then the system has a BVE as
lifetime distribution. The generator of the MP is given in 4.2.
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Obviously, the number of system states N of the MP is
N = mngng + mynpng + nymohy + my + m,.

Hence, the number of states can become large, even if the life and repair time
distributions have a small number of phases. In this case classical techniques
for the numerical computation of e.g. the time dependent state probabilities
fail. However, a special technique, called the randomisation technique
(Grassmann, 1977, Gross et al. 1984), can be wused to compute the time
dependent behaviour of MP’s with huge generators. The technique is useful, in
particular when the generator of the MP is sparse.

4.7 The randomisation technique

The Kolmogorov forward differential equations for the time dependent state
probabilities in an MP are (section 2.4}

®L) ~ Py o, (4.9)

with solution
P(t) = po exp(Qt). ‘ (4.10)

The Runge-Kutta method (Gerald, 1978) is a classical numerical integration
technique for (4.9) and a common method of computing (4.10) is based on the
spectral representation of Q (Cinlar, 1975). Both methods are suitable when
the number of system states is relatively small, but severe round off errors
arise when the state space is large. In the latter case the Runge-Kutta method
has the disadvantage that it is a formal numerical analysis technique, which
ignores any exploitable probabilistic structure of the problem. On the other
hand, evaluation of the matrix exponential in (4.10), using the spectral
decomposition, involves the computation of the eigenvalues and eigenvectors of
Q, which is extremely prone to round off errors when Q is large.

As Grassmann (1977) points out, the existence of negative diagonal elements in
Q leads to-round off errors. The randomisation method (Gross et al., 1984,
Grassmann, 1977) is a technique which uses a discrete time Markov chain to
derive the transient measures of a continuous time Markov process. Since the
transition matrix of a Markov chain contains probabilities, the algorithms

work with positive numbers only, which minimises the round off error.
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The technique is based on the following property (Gross et al., 1984). Let
{X(t),t=0} be an MP on a finite state space Sy with generator Q. Define
A= m;"x Q;, then there exists a discrete time Markov chain {Y,,neN} on Sy
with transition matrix P=Q/A+] and a Poisson process {N(t),t>0} with rate 4,
such that the processes {¥y()t20} and {X(t),t20} are probabilistically
identical. Gross et al. show that

&€ n
P(t) = exp(~At) po ), —ﬁf—) P (4.11)
ne=0

and truncating the infinite series (4.11), a recursive procedure is wused to
compute P(t). Arsham et al. (1983) and Grassmann (1977) consider the choice of
truncation points. In fact, comf)utation of (4.11) is a straightforward matrix
multiplication. However, efficient computation should exploit the sparseness
of the generators Q in the previous sections. Gross et al. show how to compute
transient measures and formulate an algorithm to obtain the time dependent
state probabilities, exploiting the sparseness of the generator of the Markov
process to the fullest degree. De Souza e Silva et al. (1986) apply the
technique to a practical situation, to calculate a number of transient
quantities of a repairable computer system. ‘

Concluding this chapter, it is clear that:

i approximating the life and repair time distributions by PH distributions
is a powerful tool to analyse the failure bahaviour of a system, since PH
distributions render the state description process Markovian,

#i. the randomisation technique is a powerful tool in computing the time
dependent performance measures of an MP. The technique is useful when
special interest is in the transient behaviour of a system or when the
system reaches its steady state very slowly.

Nevertheless, in chapter 5 attention is concentrated on the situation with

BVPH life times and generally distributed repair times. It appears that

computation of the transient performance measures is relatively complicated in

this case. However, the stationary measures can be obtained relatively easily
and quickly, since the number of system states is reduced considerably under
generally  distributed repair times. Consequently, attention is focused
primarily on the stationary behaviour of the system and the Laplace transform
technique i used to develop algorithmic forms for computing the stationary

operating characteristics.
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5. BIVARIATE PHASE TYPE DISTRIBUTED LIFE TIMES

5.1 Introduction

In the previous chapters two situations have been examined. In chapter 3 the
system’s life time distribution was a BVE and the repair time distribution
general and in chapter 4 the concept of phase type distributions was
introduced, making the process under consideration Markovian. As mentioned,
phase type distributions are dense in the class of distribution functions and
hence any distribution function can be approximated by a phase type
distribution. However, the number of states in the resulting Markov process
can become very large and in this case standard Markov techniques fail in
practical applications. Nevertheless, computation of performance measures is
still possible when the randomisation technique (Grassmann, 1977, Gross et
al., 1984) is applied. With this technique both the transient and stationary
behaviour of the process can be analysed in a relatively easy, but time
consuming way. The ftechnique seems especially useful for the transient
behaviour.

Compared to chapter 3, a further generalisation is made here towards the
system’s life time distribution and, compared to chapter 4, towards the repair
time distribution. The life time distribution is assumed to be a BVPH while
the repair times are generally distributed. In this case the time dependent
behaviour can be obtained by solving sets of coupled integral equations.
Further, the stationary behaviour is governed by a matrix which is closely
connected with the generator of the Markov processes in chapter 4. This matrix
is the Laplace transform of the description of the system’s transition
mechanism and its dimension is small compared to that of the generator of the
Markov processes under consideration. As a consequence, stationary measures
such as the mean time to system failure, the limiting availability and the
stationary state probabilities can be obtained easily and quickly. Thus, the
randomisation technique seems preferable when the system’s time dependent
behaviour is of interest and the methods described in this chapter seem
preferable with respect to the stationary behaviour.

The joint distribution function of the life times of the units is a BVPH with
an exponential common cause. In principle the results can be extended without
difficulties to the case where the common cause component C; has a phase type
distribution, as shown in appendix A. However, an exponential distribution is

81



chosen for C; because it simplifies the formulas and contributes to a clearer
insight into the mechanisms and techniques used. The life time of component C;
has, as in chapter 4, a phase type distribution with representation (o04,T;)
and dimension n, k=1,2, but now the repair time of C; is general (with pdf
£i{.)). Thus, at any time C; can be found in

i, - phase i of its life time,
#.  in the repair state 'r’, or

#i. in the waiting-for-repair state *w’.

Since the state of C; (working or not working) follows from the state
description of C, and C,, the state of the system can be denoted by the pair
(xy,Xz), where x; denotes the state of C; and xef{l,..,n,r,w}, k=12

Subsequently, an instantaneous state ’o’ is introduced. A component is said to
be in state 'o’ at time> t, if it (re)starts operating at t, ie at time t a
phase is selected and with probability og(i) component C starts operating in
phase i of its life time (i=l,..,n;, k=1,2). As will become clear later, the
main reason for introducing this instantaneous state is to simplify the
formulas for the system reliability, availability, etc.

The system state description is in terms of a vector valued process
{X(t),t>0}, where X(t)=(X;(t),X5(t})} and X,;(t) denotes the state of component
k. Obviously, Xi(t)e{o,l,..n;,r,w} and in fact the state description process
{Z(1),t>0} in section 1.5 is a special case with only one operating state.

To derive expressions for the system’s performance measufes, such as
(interval) reliability, {joint) availability, state probabilities, their
stationary behaviour and the quasi-stationary ‘dis,tributions, the events
Ey

A x€{0,l,..,0,5,w}, k=1,2, are defined as

E("’v"z) : the system enters state (%;,%,).

As. expected, the regenerative nature of events E("v"z) will be used to
determine the above performance measures. Since the sojourn time in a
particular phase of a phase type distribution is exponentially distributed,
the lack-of-memory property applies locally, i.e. per phase. As a consequence,
the state description process {X(t),t20} is regenerative with respect to the
events E("v"z) for x,efo,l,..,nc}, k=1,2. However, the process {X(t),tzo} is
non-regenerative with respect to the events Ey,y, Eyj, Epw) and By,
since an entry into the corresponding states can be generated by a transition



of an operating component during the repair of the other component. The nature
of the events E(::pxz) is shown in table 5.1.

The notation is:

i. R : the process X(t) is regenerative with respect to the event E, ,,
172

#. N : the process X(t) is non-regenerative with respect to event E,
2

#i. - : an entrance into state (X;,x;) is not possible.
X, X2 o phase j r w
o - R R -
phase i R R N -
r R N - N
w - - N -

Table 5.1: Nature of the events E, .,

As mentioned, the process {X(t),i>0} is non-regenerative with respect to the
events E;r, Epjy Egw and Eg,). However, in fact there are two
possibilities to enter the states (i,r), (r,j) (r,w) and (w,r). According to
these possibilities, define

E(i,,) :  The system enters state (i,r) by a transition of component C,
to phase i of its life time, during the repair of C,,
ﬁ(,.,w) : The system enters state (r,w) by a failure of C, during the
repair of C,.
and redefine E; .y and E. . as:
Eir :  The system enters state {i,r), caused by a failure of C,,
while C, is in phase i of its life time,

E(rw) @ The system enters state (r,w) by a common cause failure.

The events Eq j, By FEj) and Ey,, being defined similarly, it is
clear that the process {X(1),t>0} is non-regenerative with respect to ﬁ(,",.),
E(,,j), ﬁ(,,w) and E'(w‘,), but regenerative with respect to Ey., Eqy
Eqgw) and Eqg,) since the events Equ,, Eqij, Epu and By, are
initiated by the start of a repair.
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In the remainder of this' chapter, the latter, more detailed definition of the
(regenerative) events E oy, Eq 5y, E(rw) and Ey,, is used.

The section concludes with some specific notation:

€ unit column vector of dimension ng.

Ok i column vector of dimension n,, filled with zeros, except for position
i, which has a one.

ko the initial probability vector of component Cy: oy =04

I identity matrix of dimension k.

Ty satisfies Tyep+Ty=0.

T, n "column of a matrix T. .

Fpi(t) =1~ oc};’i exp(Tit) e, k=1,2, ie{o,1,..,n;}.

T N
fr,4(t) opg exp(Tit) T, k=12, ie{o,1,.,n;}.
rhs right hand side

mrp maximum real part

Note that Fy{.) represents the life time distribution of component G, given
a start in ie{o,l,.,n;} at t=0. Similarly, fi,(.) represents the pdf of the
life time of Cy, given a start in state i at t=0.

5.2 System reliability

The reliability of the two-unit dependent parallel system, given an Eg;
event at t=0, is denoted by R?;p(t):

RIP(t) = Pr{X(u#(r,w) A X(u)#(w,r), Osust | Eg ;) at t=0},

where (i,j)e{o,1,..,n,,r}x{o,1,..,np, r N{{r,1}}.

Hence, the reliability of a new system is RIP(.) and when the system restarts
operating after it has been down, the reliability is given by RIP() or
R2¢P(.), depending on which unit has been repaired first.

As described in section 1.4, the two-unit dependent parallel system is
modelled as a series system consisting of a common cause component and a
two-component independent parallel system (figure 1.1).



Hence the reliability can be written as

d i

RIF(t) = Rij'() Reelt), (5.1)
where R?;d(.) is the reliability of the two-component independent parallel
system, consisting of C, and C, (figure 1.1), and R.(.) is the reliability of

the common cause component C;. Thus, in fact the problem of finding R‘,!;p(.)

reduces to the derivation of an expression for R?}d(.). It is useful to note
that, whenever dependence is modelled by connecting an artificial component in
series with a system, the decomposition (5.1) can be used to compute the
system’s reliability.

In order to find the reliability R:-?d(.), the discrete supplementary variable
technique is applied, where, obviously, the supplementary variables contain
the phases of the life time distributions. Ravichandran (1981) followed a
similar approach to obtain the MTSF and limiting availability of a two-unit
independent parallel system.

For simplicity, the reliability R:’;d(.) is abbreviated to Ry(.). Considering
the mutually exclusive and exhaustive events that C; fails in (0,t) or does
not fail in (0,t), gives, for (i,j)e{o0,1,..,n;}x{o,1,..,n3},

LT t
Y [ 6w Poatw) Rut-u) du, (5:2)

k=1 0

Rij(t) = Fyg(t) +
where |

Py ij(t) = Pr{Xp(t)=j | Xu(0)=i, X3 x(u)sr, Xz i(u)w, O<ust}, k=1,2.
(5.3)

Expression (5.3) represents the probability that component C; is found in
phase j at time t, given that C,; starts in phase i at t=0 and component C;
does not fail until time t.

Formally, for k=1,2, i,j=1,..,n;

Ppij(t) = exp(Tit)y; + fra(t) * gu(t) % Py j(t), (54)

and

o0 (m T
Proi(t) = | ¥ [fk,o(twgk(t)] * of exp(Tt).,. (5.5)
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Py oj{t) represents the probability that C, fails a finite number of times, is
repaired every time and finally reaches state j at time t. The interpretation
of (5.4) is analogous: the first term gives the probability that C, does not
fail until time t and the second term the probability that C; fails one or
more times. '

The roles of the components C, and C; may also be interchanged to derive a
dual expression for Ry(t):

Ry(t) = Fay(®) + 5 [ Tu0) Praate) Regtt-u) du. (56)
k=1 0

Further, for ie{o,1,..,n;} and je{o,l,..,n3},

Rir(t) = Foalt) Gaft) + ) j ga(u) o7; exp(Tyu)s Rglt-u) du, (5.7)
k=10
and
Rt = Falt) Gt + P s ol; epa Rate) i (58)
k=10 .

The expressions (5.7) and (5.8) are obtained by considering the events that a
repair is completed in (0,t) or not. Alternative expressions for R,,{t) and
R;{t) can be found by considering the events that the operating component
fails or does not fail in (0,t). The equations (5.2) and (5.6)-(5.8) describe
the reliability of the system with independent units and hence from (5.1) the
reliability of the system with dependent units is obtained.

In principle, the reliability at time t, given an Eyj; event at the time
origin, can be computed solving the above system of integral equations.
However, here attention is concentrated on the MISF conditioned on an Eyj
event at t=0 rather than on the time dependent behaviour. It is shown that
this conditional MTSF can be computed relatively easily.

In order to find the MTSF of the two-unit dependent parallel system, note that
(R:;‘d} {(0) is the mean time to system failure of the parallel system with two
independent components, given Egj;; at t=0. Now, for the moment suppose that
C; has an exponentla.l life time distribution with parameter A, i.e.

Reo(t) = exp(-At).



Then, from (5.1)
dep . * - ind,*
R35P) (8) = (Rij%) (M), (5.9)
and obviously, the MTSF of the parallel system with dependent components is
d * *
(REF) (0) = (RF) (M),
ind,*

To obtain (R;; ) (A), the Laplace transforms of (5.2) and (5.6)-(5.8) are
computed:

* * no *
Rij(s) = Fyis) + ) £(f1,i(t) Pyja(t)) Reals), (5.10)
k=1
* * ng *
Rij(s) = Fai(s) + ), £(f2;(t) Pralt)) Raels), (5.11)
k=1
* o *
Rri(s) = £(F550t) Cu(t) + Y L(gu(t) og,; exp(Tyt)s) Rox(s), (512)
k=1
and
* ny *
Rir(s) = L(Fyit) Co(t)) + Y L(ga(t) of; exp(Tyt)s) Riols)- (5.13)
k=1

It is clear that the expressions (5.10)-(5.13) form a set of linear equations
in the Laplace ' transforms of the reliability functions . Ry(t). The
coefficients in the equations can be determined easily if the matrices T, and
T, are diagonalisable. In this case, let S;leSk be the diagonalisation of Ty,
ie. D, is the diagonal matrix with the eigenvalues of T, S;l the matrix with
right eigenvectors and S, the matrix with left eigenvectors. Further, define a
function f*(.) on an n-dimensional diagonal matrix D=diag(d,,..,d;) as
f*(D)=dia.g(f*(d1),..,f*(d,,)), then explicit = expressions for the coefficients
in (5.10)-(5.13) are

F:,i(s) = 0"{,.' (sL-Te) ey, -

fr,i8) = O‘I,i (sh=Ti) "4,
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L a(t) Pyy(t)) = O‘T,k G P;,a’j{SIl'Dl) S T4

where
* -1 0 * *
Prij(s) = ((sh=Te) " )ij + fii(8) 8a(8) Pros(s),
T -1
Py oi(s) = ok ((sle=Te) )4
1 - 1y o(8) gx(s)
T o1 =*
L(Fpi(t) Gi(t)) = oy Sp Gyi(shi-Dy) Sy ey,
and finally

L (exp(Tet)i; 8alt)) = [S;:l &:(SI::'DI:) Sk] i

To solve the set- of equations (5.10)-(5.13), write the equations in vector—

matrix notation as

r'(s) = M (s) 1 (s) + by(s), (5.14)

where the column vector r*(s) contains quantities R:j(s), the maftrix i)’(*(s) the
coefficients and the column vector b:(s) the first term on the right hand side
of the equations (5.10)-(5.13). From a computational point of view, it is of
course important to construct a matrix ﬁ*{s) with dimensions as small as
possible. Suppose that ny,<n,, then observation of (5.10) and (5.12) shows that
an appropriate choice for r*(s} is

T'(5) = [Roal8)Rony(S)Rr1(8);-Rrny(5)]"-
As a result
br(s) = [£(Fy0(t))yersR(Fs (), 2(Fa, s ()y(£))yers (F m ()G ( )]

and

. [ o | mf:(s)}
&(8) = T - b
W,,(s) | ©

where

(Ry2(5))i; = ATy o(t) Py if(t)), irje{l,emyng}
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and

(mzl(s)):‘j = R(gy(t) o"g,i (exp(T5t)}5), bje{l,..,nz}.

From (5.14)
r'(s) = (R (5))™ by(s). (5.15)
Since
Vim,..,n,}j)ijjtm&s)). < £1,0(5)
and
Vseu,‘.,nz}jg(mil(s)),',- < &),

it follows that 3}2'(5) is substochastic for s>0, ie. the matrix (12,, - (s))
exists for s>0. Hence, setting s=A in (5.15) gives R:j(,\) a.nd R,,J(A),
j=1,..,ny.  Substitution of R 4A) in (5.10) yields R:,-{/\), {i,j)e{o,1,..,n;}x
{0,1,..n;} and substitution of Rp(A) in (513) gives Rip(A), i€{o,1,..n,}.
Quantities of special interest are R:,,(A), R:O(A) and R:,(,\): R:o()\} is the
mean time to first system failure of a new system. On the other hand R:,(/\)
represents the mean time to system failure given Eor) at t=0, ie. at t=0 a
transition from state (r,w) to (o,r) occurs.

In the more general situation where the common cause component has a phase
type distribution with representation = {o5,T;) and dimension n,, the state
description of ‘the components is in terms of triples (x,,X;,X;). The events
E(”l’xz’xa) are defined analogously to the events E(”l’xz)' The reliability of
the dependent system, given E ;) at t=0, is

q
RIFE(D) = R Ricelt),
where Ry .(t), the reliability of C; given a start in state k, is
T
Ri,cc(t) = o3 1 exp(Tat) es.

The mean tlme to system failure, given E ;i at t-O is found by setting
s=0 in (R,jk) (s), where

RIP) (s) = o3 1 S3' (RE%) (s1;-Dy) Sees. (5.16)

Note . that (5.9) is the special case of (5.16) with I3=S;=1, Ds=-A and

Q&k‘—‘—es'—"»l.
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5.3 The diagonalisation problem

In the previous section the diagonalisation of the matrices T, was used to
obtain explicit expressions for various Laplace transforms. The assumption
that T, 1is diagonalisable is not an essential restriction but, from a
practical point of view, the complexity of the computation of the matrix m*(s)
is reduced considerably by this assumption.
To illustrate the computational consequences of a non-diagonalisable matrix T,
L(f(t)H(t)) is constructed, where H(t) is an arbitrary function with Laplace
transform H*(s} and f(t) is the pdf of the phase type distribution with
representation {c,T).
Suppose Ay,..,Ay are the eigenvalues of the mxn non-diagonalisable matrix T
and let m; be the multiplicity of A; (thus ¥ m; = n). Then (Finkbeiner, 1978,
p.198)‘ it follows that at least one eigenvalue A; has multiplicity m;>1.
Alternatively, the pdf f(t} has a rational Laplace transform (Neuts, 1981) and
hence

*

') = pio,
where D(s) and N(s) are polynomials in s of degree n and (at most) n-1
respectively. As the eigenvalues A; of the matrix T are the roots of D(s), it

follows f‘(s) can be written in partial fractions as

f'(s) = }: E Cij [,\ +s]j.

i=1 j=1

Taking the inverse Laplace transform yields

M .
f{t) = ¥ }j Cij #(W,— exp(-Ait) (5.17)
i=1 j=
and hence
M mi j- (A
F(t,)r =Yy ¥ Z cy ~H— * exp(—)« t). (5.18)

i=1 jm1 k=0

Note that from (5.17) and (5.18) it follows that every phase type distribution
can be written as a finite mixture of Erlang distributions.



Further, since

)j_‘ﬁ

=i H(s)
3

2t H(e)) = (-1
it is easily seen
-1

Y I
SEOHD) = 3 F o A [ﬁﬂ(s)
8

i=1 j=0 ¥

/\,-+s]

and thus, in order to compute L(f(t)H(t)), the first m derivatives of H*(s)
are needed, where m = m‘:x {(m;-1).

Hence, computation of e.g. &(F,«(t)Cpx(t)) in (512) and (513) is still
relatively easy for non-diagonalisable T, or T, but computing the Laplace
transforms of the required multiple integrals in the next section can be a
very tedious job. Therefore, the conclusion is that, although the techniques
described in this chapter also apply to the case where the matrices T, are
non-diagonalisable, implementation will be tedious.

5.4 System availability

In the following analysis the common cause component is supposed to have an
exponentially distributed life time, which makes the formulas more easily
readable. Secondly, no additional insight is gained in the situation where the
common cause component has a phase type life time distribution. However, the
main reason is that in practical applications the common cause effect is often
taken exponentially, caused by a lack of data on common cause failures. For
the interested reader, the modifications which have to be made under a phase
type distributed common cause effect are outlined in appendix A.

For the system with dependent units the availability function A?;p{t), (i,))e
{o,1,..,ny,r,wix{o,1,..,ny,r, wH\{(r,r),{W,w)}, is defined as

ASSP(t) = Pr{X(t)=(w,r) A X(t)#(r,w) | B at 1=0}.
Since the availability A:';d(t.) of the independent parallel system consisting

of the components C, and C, is influenced by the availability of the common

cause component C; and vice versa,

ATP() = AL A(t).
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However, observation of the process X(t) yields the following expressions for

AYP(t). For simplicity AJP(t) is abbreviated to Ay(t). Further, let p

denote the probability that C, is the first component to be repaired when a

common cause failure occurs.

Then, for (i,j)e{o,1,..,m}x{0,1,..,n,},

Ay(t) = Fyi(t) exp(-at) (5.19)

g L
+ 3 [ 11400 Pyjelw) exp(-2u) A(t-u) du
k=1 0

t n \4
+ f3,i(V) Py jn(v,W) exp{~Av) 8z (u-viw) A, (t-u) dw dv du
of u'[ of ' i G,y (w) ;

n t
£ 3 [Fuiu) Palw) Aexp(-2) (b Arult-1) +(1P) Aur(t-w)) du
k=1 0

L 3 u v
+ f j IF,,i{v} Py ;r(V,W) Aexp(-Av) 82 (U-ViW) Ao(t-u) dw dv du,
o 6 ¢ 2(\:1}
where
t
Aurlt) = [ gafu) Arg(t-u) du,
1]

and
t
Arult) = [ £1(u) Agr(t-u) du.
9

The interpretation of the function P,;{(v,w) is that P, ;(v,w) dw represents
the probability that C, fails in (v-w,v—widw) and is still in repair at time
v, given that C, starts in phase j at time 0 and C, and C; do not fail until
time v. Formally,

=0

o {m) ’
Py jrlv,w) dw = [, (v-w) * E {fz,o(v-w}angz(v-w)] Gy(w) dw.



Expression (5.19) is obtained by considering the following mutually exclusive

and exhaustive cases:
i.  The first term represents the probability that both C, and C; survive t.

Subsequently, if C, or C; does not survive to time t, then C, fails before C;
or C; fails before C;:

#i. The second term represents the probability that C, fails before a failure
of C; has occurred and at the moment of failure C, is in state k,

##i. The third term gives the probability that C, fails before a failure of C;
has occurred, at the moment of failure C, has been in repair for w units
of time and the repair of C; is completed at time u.

Analogously to the second and third term, the fourth and fifth term give the
probability that C; fails before a failure of C; has occurred.

The interpretation of P,j;{v,w) dw is quite easy as the product of two
probabilities, wviz. the probability that a failure of C, (not necessarily the
first) occurs in (v-w,v—widw) and the probability that the repair time of C,
exceeds W units of time. Of course, a dual expression for Ay ft) is found by
interché.nging the roles of C; and C,. '
An expression for the availability function, conditioned on an E;,) event at
the time origin is, for ie{o,l1,..,n;}

Alt) = Fidt) exp(-xt) Tyt (5.20)
g ! T
+ Y [alu) ol (exp(Tyu))s exp(-du) Agt-u) du
k=170

t un )
+ [ 10v) expl-av) 4V gy(u) An(t-u) du
g 0

t u A '
+ [ [ 2exp(-av) Fiuv) dv gafu) Avft-u) du.
[ 2 )
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Equation (5.20) is derivéed considering the events that the repair of C, is
finished before time t or not. If the repair is completed before time t, the
first event which happens is

i the repair completion of C, (second term),
ii.  a failure of C; (third term) or
##. a failure of C; (fourth term).

Obviously, by interchanging the roles of ¢, and G, in (5.20),for je{o,l,..,n,}

Arst) = Fa(t) exp(-xt) Tyt) (5.21)

o t T
+) [ i) o5, (exp(Ta))s exp(-Au) Aw(i-u) du
k=1 @

t u
+_[ f £,,,(v) exp(=Av) dv gy(u) An(t-u) du
0

t
+J J'Aexp(-Av) Fy; (v) v gy(u) Ag(t-u) du.
()

To obtain the ’ limiting availability, the Laplace trénsforms of (5.19)-(5.21)
are computed. The result is a set of linear equations in the Laplace
transforms of the availability functions Ay(t):

Aij(s) = Fy () ~ (5.22)

+
k

et

ﬂ[f,,,-m Py n(t) exp(«-m] Aluls)

1 v -
+£2 LJ- J‘fl,,'(v) Py s{v,%) exp(-Av) g2 (t-viw) dw dv] Arol8)
0 2(W}

Y S[F:,s(t) Py (t) «\exp(—m] (PAruls) + (1-PYAnels)
k=1

t v -
+€ Fy V) Py jp(v,w) dexp(-Av) 82{8=V4¥) 4y qv| AL(s),
["I ‘J ' 2” Gy(w) ]
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where

*

Aunds) = g2(5) Anols)

and
Ara8) = 81(5) Age(s).
Subsequently,
As(s) = S(Fyut) exp(-At) Taft)) (5.23)
+Y E[ggm oT ¢ (exp(Tyt) ¢ exp(ws)] Apofs)
k=1
b *
+ 2ealt) [ f0) exp-2u) du] A7)
0
t : »
+ 2[galt) [dexp(-2w) Fiiu) du A7yl
0
and
Ariis) = R(Fy(t) exp(-Mt) Gy(t)) (5.24)

n

2 *
+ Y 2[ault) o (exp(Ta)x expl-20] Ayt

k=1
t " V
+ Q{g,(t) J‘fz,_,»(u) exp(-Au) du] Aur(s)
L *
+ ﬁ{gl(t) _[Aexp(-Au) Fy j(u) du} A ().
)

Again, as in section 5.2, the coefficients in (5.22)-(5.24) can be determined
explicitly by means of the diagonalisation S,'c'DkS,c of Ty:

ﬁ[gs.m)ojtfk,i(u) exp(-3u) du)

1 - x *
= oha (BT S [g2-a(sT)-g (Mo)le-De)| S¢ TS
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ﬁ[ga-kmo [ rexp-au) Py o) ]

P~ - * *
= A 0‘?;,:‘ (AL-Ty)™" s [g:w:(311:)-&-&(("‘“)&-%)] Sy e

and

£(F,4t) Py alt) exp(-M)) = A a1 §;' Py l(Me)[-Dy) S &

In order to find the Laplace transforms of the multiple integrals in (5.22),
define

t v
Ft) = J. I Fyi(v) Py jr(v,W) Aexp(~Av) B2(V=VH¥) Gy av
o 0 Gy(w)

and, for fixed v,

P2, jr(v-W) = Pair(v,¥) ’r(v’“’}'

Gy(w)
Then

t v
§(1) = [ Fui(v) dexp(-av) [ $ajelv-w) gaft~(v-w)) dw av
Y 0 )

and the inner integrand is a function of the difference v-w only. Substitution
of u=v-w and changing the order of integration results in

t t .
B(th = [ Boselw) galt-u) [ Fiu(v) dexp(-av) dv du.
0 u

Using the diagonalisation of T, to obtain a closed expression for the inner
integral, finally gives

¥ (s)=2 oh ¢ (AL-T,)S}" P je((A+s);-Dy) [g'é{sl;)—gitws)ll—m] S e

where

Py uls) = —2uil8)
1 - 13 ,(8) gals)



Similarly,

t LV
2| [ [ tiv) Pylviw) expi-av) B2(t=VHW) 4y gv
o o - Ga(w)

= ol ; AL-Ty)" 8 By 4(A+s);=Dy) [sQ(sh»—gZ«Ms)ll-Dl)] S, T).

Let A;; denote the limiting availabiﬁty' given E ;) at t=0,

li
Aij = " i](t’)

then, applying the Abelian theorem for Laplace transforms (Cohen, 1982, p.651)

1i *
Aij = 3:: S A”(S) (525)

and the rhs of (5.25) is obtained from (5.22)-(5.24). i
However, from the regenerative nature of the events E;;, the limiting
availability -is independent of the initial condition, thus for the meaningful

pairs (i,j)e{o,l,..,n,,r,w}x{o,l,..,nz,r,w},
A = A {5.26)

In order to find the limiting availability A, write the set of equations
(5.22)-(5.24) in the form

a*(s) = M*(s) a*(s) + b:(s), {5.27)

where the column vector a.*(s) contains quantities A:j(s) and the vector b:(s)
and the matrix M*(s) contain the first term, respectively the coefficients on
the rhs of the equations (5.22)-(5.24). For practical applications it is
important to construct a matrix M*(s) with a dimension as small as possible.

In the case n,<n,, an appropriate choice for af(s) is
* * ' * * * T
a (S) [Alo(s ¥ &An (S ro(s ol(S)v"7Aon2(S)1Aor(S)sArl(s)rwAmz(s)} .
To obtain the limiting availability A from (5.27), note that

fim * lim

A=lsals) = limg (I-M"(5)) "bo(s). (5.28)
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However, it follows from probabilistic arguments that

o

Y Mi0) = 1, i=l,.n (5.29)

j=1
where n denotes the dimension of M'(s). Thus M‘(O) is a stochastic matrix
{since V;; Vo M:j(s)zo) and consequently the inverse in (5.28) does not
exist for s=0.
To illustrate (5.29), consider (5.19) and remark that the five terms in (5.19)
correspond to mutually exclusive and exhaustive events. In other words, the
probabilities corresponding to the events sum to one. However, for tsco the
first tends to =zero, ie. the probability that the first event occurs vanishes
for ts»00 and hence the probabilities of the remaining four events sum to one.
Now (5.29) follows from (5.22) and (5.25).
Although the inverse in (5.28) does not exist for s=0, the limit can be -
computed, applying the Perron-Frobenius theorem (Seneta, 1973, p.20) to M*(s).
To illustrate this, let u,(s),..,;a,{s) be the eigenvalues of M‘(s) and suppose
that p,{s} is the eigenvalue with mrp of M*(s). In appendix B it is proved
that M*(s) is irreducible for s3>0 and that py(s) is differentiable for
s>0. M*(s) being irreducible, the Perron-Frobenius theorem states that p,(s)
is real, simple, p(;sitive and strictly decreasing in s.
Next, write M (s)=S"(s) D(s) S(s), where

{3‘1(3) 0 }
Dis) = -——k———— :
Y B(s)

i D(s)=diag(iy(s),...la(s)) if M (s) is diagonalisable
i, D(s) is a Jordan normal matrix if M*(s) is not diagonalisable.

and

Setting
(I-M'(s))™ = 5™(s) (1-D(s))™ S(s),
it follows from (5.28) that

lim

$71(0)., S(0);. b,(0)
848 ?

:  (530)
- i (0)

sa(s) =

since, irrespective of M.(s) being diagonalisable, p;(s) bas multiplicity one.

98



As before the notation [z,(()) is used to denote the derivative of the function
m(s) at s=0. Assumed that the limiting availability exists, (5.30) yields
0<-i4(0)<5™'(0); 5(0);, ba(0).

Expression (5.30) confirms that the limiting availability is independent of
the initial condition, as stated in (5.26). To show this, note that S(0); and
S"I(O)_1 are the left and right eigenvector respectively, corresponding to the
eigenvalue u,(0)=1. Hence 5(0), and S"l((l)‘, satisfy

S(0),M"(0)

]

5(0),,
and

M'(0) s740), = S™(0),

Further, since M‘(O) is a stochastic matrix, 8(0), is (apart from a
multiplicative constant) the stationary probability vector corresponding to
M*(Q} and S‘I{ﬂ)., is the n-dimensional unit column vector e,. Clearly
S'I(O).I 8(0),. is a matrix with identical rows and (5.26) follows.

Note that practical computation of (5.30) demands the use of numerical
software in order to compute y,(s) in a neigbourhood of s=0 and to get an
approximation of f,(0).

5.5 System state probabilities

Define the state probabilities Py; u(t), for the allowed pairs (i,j) and

(k,he{o,1,..,n;,r,w}x{0,1,..,n,,r,Ww} as
Pijm(t) = Pr{X(t)=(k,l) | Egj at t=0}.

Considering the mutually exclusive and exhaustive cases used fo derive the
expressions for the availability functions (5.19)-(5.21) immediately yields
the system state probabilities.
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For (i,j)e{o,1,..,n}x{0,1,..,n,} and (k,D}e{l,2,..,n,,r} x {1,2,..,0,,1,W},

Piiult) = Py j(t) exp(Tit); exp(~At) (1-64) (5.31)

n t
£ [ 10i() Paja(u) exXp(-D) Pryft-u) du
h=1 ¢

t u v
+ £1,:(v) Py (v, %) exp(-Av) (u-viw) Pro,u(t-u) dw dv du
o‘f oj o'[ ! i Ga(w) o

na 1
+ 3 [Friw Paja(u) Aexp(-2u) (P Pro,u(t-t) +(1-p) Por,p(t-u)) du
h=1 ¢

t . v )
+_[ _[ j Foi(v) Py n(v,w) dexp(-av) 82087V3W) p i 0y dw dv du
[ 12 (W) i

where for all k.1

t

Proult) = [ 81(u) Pora(t-u) du + Ty(t) b
L

and

: t
Purt(t) = [ 8a(1) Prou(t-u) du + Tyft) biee
0

In ({531) & is Kronecker’s & and the probability p and the function. Py ;{(v,w)
are defined as in 54. Finally, P,;(t) represents the probability that
component C, is found in the repair state at time t, given a start in phase i
at t=0 and given that C;, does not fail until time t. Hence (c¢f. (5.4) and
{5.8}}, for je{o,1,..,n,}, '

2]

Poslt) = ¥ l:fz,oit)*gz(t)] Wy £, (ECat).

n={

Note that for (ij)e{o,1,..,n}x{0,1,...n,} and (k1lj=(w,r) the first term in
the rhs of (5.31) is replaced by
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t v =
J- J‘fl’,-(v) pz,jr(V,W) exp(~Av) Gp(t-viw) dw dv
oo Gy (w)

A 4
+f j' Fui(v) Py pr(vyw) dexp(-av) S2LEVH¥) gy gy, (5.32)
o o G,y(w)

i.e. the probability that component C; or the common cause component fails
before time t, while component C, is in repair at the moment of failure and
the repair of C, exceeds time t. Obviously, (5.32) is obtained from the third
and fifth term in the rhs of (5.31).

The expressions for Py n(t) and Pp;u(t) are derived by considering the
instant of repair completion of C; and C, respectively, as in (5.20) and
(5.21).

For ie{o,l,..,n;} and (k,)e{l,..,n,r}x{l,..,n,r w},

Pira(t) = Cy(t) exp(-At) exp(Tyt)x & (5.33)

LY t .
+) [ elw) o (exp(Tu)a exp(-Au) Prou(t-u) du
he=1 0 .

t :
+ [ [ 1109 exp(-2v) dv gy(u) Proft-u) du
L) : ’ :

£ u
+ | [ 2exp(-av) Fii(v) dv gy(u) Prou(i-u) du.
LN

The function Py ,.(t) is obtained by replacing the first term in the rhs of
{5.33) by ‘

t t
G,(t) {‘J fy,i(u) exp(-Au) du + f«\ exp(-Au) Fy {u) du }, {5.34)
o

the probability that the repair time of C, exceeds time t and a failure of
component C; or the common cause component occurs before t. Interchanging the
roles of the components C, and C; gives, for je{o,1,..,n,} and (ke

{1,..,111,1‘,\?}}({1,..,flz,l'},
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P, x(t) = Gy(t) exp(-At) exp(Tat)y i ’ {5.35)

+ 3 [(aiw o5 (exp(Ta)a exp(-2u) Pasa(t-u) du
h=1 ¢

t
+f J' £,/0V) €Xp(-AV) dv g;(u) Poy t-u) du
9 0

LA ] '
+j J)\exp(-,\v) Fyj(v) dv gy(u) Py yg(t~u} du.
o 0 ~

Analogously to Py ,.(t}, the function P,;,,(t) is obtained replacing the
first term in the rhs of (5.35) by

% 3 ‘
{t) {OJ. f,,j(u) exp(-Au) du + J.A exp(-Au) Fy j(u) du}. (5.36)
o

The stationary state probabilities

1
g = t,,; Py ult)

are given by
1

Tg=_"8 PtJ,kl(s)1
where P:j’g(s) is the Laplace transform of Py;u(t). As for the reliability
and availability functions, taking the Laplace transforms of the system state
probabilities results, for any pair (kJ), in a set of linear equations in
*
Pyjm(s)

P:g,afsl = L(Pg,(t) exp(Tit)ix exp(-At) (1-6;)) (5.37)

+Y sz[fl,,m Py nlt) exp{-At)] Prn a(s)

h=1

A 4 *
+8 U [ 14099 Poje(viw) exp(-av) 82L1=YA0) gy gy ] Proyels)
[}

2 (W)

vy [F, {t) Py jalt) Aexp( -At)] (PPru(s) + (1-p)Pi s(s))
h=1

t ¥
42 U [ Faat) Patv) dexp(-av) BV gy av | B, o,
o Gy (w)
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where
>

Prusl(s) = 81(8) Porui(s) + Ci(s) 6

and
Pur.it(8) = 83(5) Propa(s) + Cols) Sxur

Subsequently,

Plruls) = L{exp(Tiths exp(-Mt) Calt)) & (5.38)

+ Y ﬂ{gzm o & (exp(Tyt)) n exp(-m] Pro.uls)

h=1

¢ *
+ Q{Sz(t)‘r (fi,du) + AF; i(u)) exp(-iu) du] Prou(s)
o

and

Py;u(s) = L(exp(Tst)y exp(=At) Cyt)) &y (5.39)

+Y sz[gm:) ol (exXp(Tyt))a exp<4At>] P (5)
h=1

* *
+ 280 [ () + APy ) exp(-du) du] B (o)
0

In the appropriate cases, the Laplace transforms of (5.32), respectively
(5.34) and (5.36) replace the first term in the rhs of (5.37)-(5.39). Further,
as the expressions (5.31), (5.33) and (5.35) are obtained by considering
exactly the same mutually exclusive and exhaustive events as in (5.19)-(5.21)},
for any pair (k) the coefficients of P:j,k,(s) in (5.37)-(5.39}) are
identical to the coefficients of A:j(s) in  (5.22)~(5.24). Hence, the
computation of m, imitates the computation of the limiting availability A:

for any pair (k,1), the set of equations (5.37)-(5.39) is written as

L * * L4 '

u(s) = M (8) mu(s) + by u(s), (5.40)
where n‘:,(s} is a column vector containing the quantities P:j,k,(s), b:,k,(s)
is the vector with the first term on the rhs of (5.37)-(5.39) and M(s) is as

in (5.27).
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Subsequently, from (5.30)

Hm g rals) = S71(0).; 8(0),. b:‘“((}}.
" - n(0)

(5.41)

Thus, S'I(O),l, $(0),, and - x;(0) being calculated once to obtain the
limiting availability A, the amount of work required for the computation of
7y reduces to the computation of (ngq+1)}{ny+1)}+1 vectors b:.‘kl(O). Using the
diagonalisation Tk=S;leSk, the components of b:,k,(s) can be found as

L(Py j(t) exp(Tyt)y exp(-At)) = (st P;,j:((MS)Ix-Dd 1) ik

£ (exp(Tyt)ix exp(-At) Gy(t)) = I:Sil 3;((/\+S)Ix-01) S i
and

£ (exp(Tyt); exp(-at) Gy(t)) = (57" G ((M8)Ip-Dy) S2) i

5.6 Interval reliability

The interval reliability R;;(t,7) of the dependent paraliel system is
Ri;(t,7) = Pr{X(u)#(r,w) a X(u)#(w,r), tsust+r | E; j; at t=0}.

Note that, in contrast to (5.1), the interval reliability of a system with
dependent components does not equal the product of the interval reliability of
a parallel system with two independent components and the interval reliability
of the common cause component. Of course, the reason is that the availability
of the independent parallel system consisting of the components C, and C,, is
influenced by the availability of the common cause component and vice versa.
However, given the derivation of A,;(t) and Py;,(t) in the sections 54 and
5.5, it is easily found, for (i,j)e{o,1,..,n}x{o,1,..,ny},
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Rij(t,7) = Fy(t47) exp(=A(t+7))

+ E’ J‘f,‘,(u) Py jxlu) exp{~Au) R t—u,r) du
k=1 0

B Tt - B V
+j J. Jfl, (v} Pg,_,,.(v W) exp(-Av) 8z (u-viw) R,o{t-u,7} dw dv du
L

2(W)

(5.42)

+¥ j Fyoi(u) P ja(u) Aexp(-2a) (P Roft-usr) + (1-p) Ry(t-,7)) du

k=1 0

V+J‘ I J Fy,i(v) Py (v, W) Aexp(-Av) B2 (U-ViH¥) o Rpo(t—u,7) dw dv du

Gy(w)

n
+ ZZ f £,,4(u) Py a(u) exp(-Au) REP(t47-u) du,
kw1 ¢t

where R P(.} is the reliability function as defined in section 5.2.

Obviously,

t
Rrults7) = [ g1(u) Rrlt-t,7) du
0

and

t
Rw,(t,‘r) = I gg(u) R,-o(t—il,f) du.
o .

As in the expressions for Ay(t) and Py (t), the first term in the

ths of

{5.42) gives the probability that C; and the common cause component do not

fail and the next four terms represent the probability that the first failure

of C; or the common cause component occurs in (0,t). In fact, the only term

which needs any comment is the last term in the rhs of {5.42): it gives the

probability that the first failwre of C, occurs in (t,t+r) while the common

cause component survives C;. Of course, failures of the common cause component

in {t,t+7) are not allowed.
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Analogously, by joining one additional term, representing the probability that
the first failure of C; occurs in (t,t+7) and the common cause component does
not fail before C,, it follows for ie{o,l,..,n;}

Rirlt,7) = Gy(t47) Fy ;(t47) exp(=A(t+7)) » (5.43)

t U
+ [ 8a(0) [ (0] + A Fui(v)) exp(-2v) dv Roft-u,7) du
) Y

nq t T
+ 1 [&alu) o, exp(Tiu)e exp(-du) Ruft-u,7) du
k=1 (

L+

ny
+) [ Baw) o exp(Tyu), exp(-ru) REP(t+7-0) du.
ksl ¢

Interchanging the role of the components gives

Rrj(t,7) = Gy(t+7) Fpj(t47) exp(-A(t+7)) (5.44)

i u ) V
+jg,(u} j (f2,(%) + A Fyj(v)) exp(-Av) dv Ryp(t-u,r) du
) 0

n i ' T :
+ Y [ of ; exp(Ta) exp(-2u) Ryg(t-u,7) du
k=1 O

nag t+r T dep
+ Z J.gl(u) oz ; exp(Tou) i exp(-Au) Rop (t+7-u) du.
k=1t

As in section 3.6, a special point of interest is R(r), the stationary
interval reliability for an interval of length r. From the regenerative nature
of the events Eyj it is clear that R{7) does not depend upon the initial
condition of the system.

Defining R;,(s,7) as in section 3.6, it follows from (5.42)-(5.44)

R:ﬂsﬁ ) = L(F(t47) exp(-A(t+7))) (5.45)

2

# 1 E[f0) Pault) exp(-20)] Rixtsr)
k=1 )
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t \ 4
+£ f,i{(V) Py jp(v,w) exp(-Av) 82(t-V+¥) dw dv R:o(s,f)
[0‘[ o’[ ' 2'”{ ~ Gy(w) ]

+ ¥ E[lﬁ,, () Pg,,k(t) ,\exp(..m] (P Rruls,™) +(1-p) Run(s,7))

k=1

{ f I Fyiv) Py jr(v,w) dexp(-Av) Ba (VW) 4y dv] ,.o(s,f)

Gy(w)

09 t4r
# 18 [ 10 Poate) explon) REP(w4r—w) dul,

where Ry,(8,7) = 81(8) Rop(s,7) and Rop(s,) = ga(s) Rra(s,7)s
Rir(s,7) = S(Cy(t47) Fy (t+7) exp(~A(t+7)) (5.46)

J *
+2[ma0) [ (6v) + 2 Fov)) exp(-av) av] Riotsir)
0

n 1 T *
+ Y ﬁ[szm o ; exp(Tyt)., exp(—xt)} Ris(s,7)
k=1

tir de
¢ L8[ J gt o et oxt-w) BREFr-u) a
kw1

and

Rys(s,7) = LC(t47) Fyj(t+7) exp(-A(t47)) (5.47)

¢ »
+)3[gl(t) J‘ (f2,5(v) + A Fy;(v)] exp(-av) dv] Ror(s,T)
o

a2 B * .
) ﬁ{gm 0T, exp(Tat)s exp(—«\c)] Ro(s,7)
kel

t4r
+ Z 53{ I gi{u) 0:2', exp(Tou) 5 exp{-—Au) R Pltr-u) du}.

In order to find the stationary interval reliability, the set of equations
(5.45)-(5.47) is written as

t(8T) = M (s) T (8,7) + bu(s,7). (5.48)
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As before, r*(s,r} is a vector containing quantities R:j(s,'r), M*(s) is still
as in section 5.4 and the vector b:(s,r) contains the appropriate terms of the
rhs of (5.45)~(5.47). It is immediate that

tim
840

s'(0) , S(0);, b,(0,7)
- 11(0)

and hence only the computation of the vector b:({),r) is needed for the

-
s r(sr) =

(5.49)

calculation of R(r), for fixed r. However, remark that computation of b:(O,T}
requires the calculation of the last term in the expressions (5.45)-(5.47),
which can not be obtained explicitly by the diagonalisation of T; and T,. The
same holds for the first term in (546} and (547) and hence numerical
integration is needed to obtain b:(O,T) and thereby R(7).

5.7 Joint availability

The joint availability A;;{t,7) of the dependent parallel system is defined by
Aij(t,7) = Pr{X(u)#(r,w) a X(u)(w,r), u=t,t+7| E; ; at t=0}.

An  equation for Ay(t,T), (Ljle{ol,..n}x{0,1,..,n;} is obtained, as in
(5.19), by considering‘ the moment at which the first failure of C, or the
common cause component occurs. This moment can occur in the interval (0,t}, in
(t,t+7) or after time t47. It is easily seen that these three mutually
exclusive and exhaustive events yield:

Ay(t,7) = Fy(t47) exp(~A(t+7)) (5.50)
t
+ 3 [1uiu) Pyjuu) exp(-2u) Ans(i-u,r) du
)
ng ttr

+ 3 [ 0w Poalu) exp(-a) An(ter-u) du
t

t .
+ 3 [Fuitu) Poju(u) Aexp(-2) (b Arglt-,7) + (1-P) Aun(t-u,7)) du
)
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t47

+ 3 [Fiu) Pouo) dexp(-2u) (b Angltir-u) + (1-p) Aur(thr-u) du

k=1 ¢

tm v ’ .
[ [ EtaFi ) Pysotvw) expl-rv) B2V 4 ur) dw av du
) : ‘ ¢

2(W)
*tj'": | : i " (B0 V1P, 9) P%ﬁ(v,w) exp(-Av) &z(—:-\%“'_’ Ang(t+7-) dw dv du
where
Aralt) = | "Bu(0) At du
and

.
Aarlt) = [ Ealu) Anft-u,r) du
0 .

The function Ay (.} is the availability function, as defined in section 5.4.

Similarly, starting in state (i,r), the repair of component C; is completed in
the interval (0,t), in (t,44r) or after time t4r. Hence, arguing as in the
derivation of (5.20) gives

Ai(t,T) = Fyi(t47) exp(=Mt+7)) Cy(tir) ' (5.51)

nj ’ t ‘
+Y [ 0 o exp(Tiuls exp(-Au) Awft-u,r) du

k=1 0

t n
+ [ 8w [ (6dv) + A Fi(v)) exp(-av) dv An(t-u,r) du-
) 0

t4T

1 T )
+ 3 [ gatw ofs exp(Ty)s exp(-du) Anftir—u) du
k=1t

L4r

A §
+ [ 8atw) [ (v) + A Fuv) exp(=xv) dv Agg(t7-u) du
t t ’
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and by analogy

Aj(t,7) = Fz,j(t+f}'exp(—r\(t+T)) G{t47) (5.52)

ns t
+ Y [ @) of; exp(Tou)x exp(-2u) Ayft-u,r) du
k=l 0

% u
+ f g} J (f2,(v) + A F2 (V)] exp(-Av) dv A, (t-u,7) du
) o

t4T

na
+Y [ &) of; exp(Tou) exp(-2u) An(ter-u) du
k=1 ¢

t+7

+ f g, (u) f (£2,07) + A Fa (v)) exp(-Av) dv A, (t4r—u) du.
1 t

For the stationary joint availability function #¥(r), defined as in section
3.7, it is clear that

14 *
W) = s;: s Agls,T).
Secondly, it is clear that taking the Laplace transforms of (5.50)-(5.52)
gives a set of linear equations in A:j(s,r), which can be written as

a'(s,7) = M (s) a (s,7) +by(s,T). (5.53)

Obviously, a*(s,f) is the vector containing quantities A:j(s,*r), M*(s) is as
in  (527), (5.46) and (5.48) and bo(s,r) is the vector containing  the
appropriate terms of the rhs of the Laplace transforms of (5.50)-(5.52).
Thirdly, from (5.53)

lim
S0

* -1 .
sa(sr) = 5 (0).1 5(0)y. be(0,7) (5.54)

- p1(0)

and the only problem in the calculation of the limiting joint availability
lies in the computation of the vector b:{{),r). The problems in obtaining
b,(0,7) are identical to the problems in the computation of bo(0,r) in (5.49):
explicit expressions for the Laplace transforms of the integrals with
integration area (t,t+7) in (5.50)-(5.52) are not available and hence

*
numerical integration is needed to approximate b,{0,7).
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5.8 Quasi-stationary distributions

In this section the quasi-stationary state probabilities and the limiting
residual life time distribution are derived for the two-unit dépendent
parallel system. As explained ezirlier, both distributions are relevant if the
system under consideration fails rarely. The two questions arising when system
failures are exceptional, are: what is the distribution of the residual system
life time, under the condition that no system failure has occurred until time
t (for large t)? And what is the probability of being in state (i,j)? Both
questions will be answered here. k

The approach followed is more general than in chapter 3, where not only the
components C; and C; have exponentially distributed life times, but also the
common cause component C;. In this section it is shown, straight from the
definition of the two kinds of quasi-stationarity, that

i. the quasi-stationary state probabilities are independent of the
distribution of the common cause component and

#. the limiting residual life time distribution can be decomposed into the
product of two terms: one concerning a parallel system with independent
components and one concerning the common cause component.

Subsequently, explicit expressions are derived for the quasi-stationary
distributions. Starting point of the analysis is the reliability function:
R$$P(t). From (5.1),

RIF(6) = RE() Redlt), (5.55)
where Ri(t) is given by (5.2) and (5.6)-(5.8).
Further, define for the pairs (i,j) and (k,l)e{o,1,..,n;,r}x{0,1,..,n,,r}

PIFu(t) = Pr{X(®)=(k,1), X()#(r,w), X(u}(W,r), Ogust | Egj) at t=0},
ie. Q?;?u(t) g:ives the probability that the two-unit dependent parallel

system is ,in state (k1) at time ¢ and no system failure has occurred in
{0,t), given an occurrence of E(,-J) at t=0.Then

1Pu(t) = BIITu(t) Reclt), (5.56)
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where %:-??k,(t) represents the probability that the two-unit parallel system
with independent units is in state (k,]) at time t and no system failure has

occurred in (0,8), conditioned on an E ;, event at the time origin.
Further, by definition the quasi-stationary state probabilities q; are

1i
Gt = t-#(!; Gi5,1(t)
where . .

ij,u(t) = Pr{X(t)=(k,}) | X(u)#(r,w), X(u)#(w,r), Ogust, Eg ;) at t=0}.

The above expression for ¢y u(t) represents the probability = that

the

two-unit independent parallel system is in state (k1) at time t, given that

no system failure has occurred in (0, t} and given that Eyj; has occurred at

t=0. Clearly,
t
G lt) = %5-'—;—311—1
(t)
and hence
C 7 dep
"m

On the other hand, the limiting residual lifetime distribution is

qlx) = 7 qy{tx),

where

qij((;,)() = 1 - Pr{X(u)¢D, t<u<t4+x ' X(u)eD, O<uct, E(,-,j)'a.t téé},

and D={(r,w),(w,r}}. Hence gq,;{t,x) is the residual lifetime distribution at

time ¢, conditioned on an E ; event at the time origin.

Obviously
7 dep
qisitx) = 1 - R (%)
R5P ()
and thus
: dep
q(x) =1 - Tim E_JM (5.58)

1200 dep‘t)
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From the regenerative nature of the events E(; ; and the fact that the states.
(i,j)e{1,..,ny,r}x{1,..,np,r}  communicate, it follows that the distributions
qy and q(x) are independént of the initial condition. Further, the
probabilities qi; do not depend - upon the distribution of . the common cause
component, since from (5.55)-(5.57)

) ind
‘ w = Lﬂﬁ'ﬁ (5.59)
Rij (t)

Secondly, from (5.55) and (5.58) the limiting residual lifetime distribution
q(x) equals one minus the product of the limiting residual survival

distributions of the system with independent components and the common cause

component:
ind
qx) = 1-1m R;'i; ((lt+x) tim Reo(t4X) (5.60)
t->00 200
R:5O(t) Rec(t)

In the following, expressions for the probabilities q; and the distribution
q(x) are derived. In principle the method followed is a generalisation in
vector-matrix notation of the method followed in Pijnenburg et al. (1991). In
short, the Laplace transform technique is used to determine the dominating
terms in Rg!d(t) and %:??k,(t). It is shown that the pole with mrp of

* 1

(I-W (s))”

these dominant terms and thereby q; and q(x).

(where m*(s) is defined as in (5.14)) plays a key role in finding

The functions R;;(t) and their Laplace transforms have been obtained in
section 5.2 and are given by (5.2)-(5.13). With respect to the functions
%z‘;‘?m(t) (for ease of use ﬁi,-??k,( t) is abbreviated to Pj;u(t)), it s

immediate from the derivation of (5.2) and (5.6)-(5.8) that:
for (i,j)e{o,1,..,n}x{0,1,..,n,} and (k,1)e{1,2,..,n,,r}x{1,2,..,n,,1r},
n o t
Bij alt)=Py ji(t) exp(Tyt)u (1-64r) + E I fy,5(u) Py jn(u) Prp g(t-u)du
h=1 0
(5.61)

where & is Kronecker’s § and P, ;,(t) is defined by (5.3).
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Subsequently, for ief{o,l,..,n;} and (k,])e{l,..,n;,r}x{1,..,n5,r},

nj t
Biraa(t) = Ca(t) exp(Tit)ix & + ), _[ g2(u) o1 ; exp(Tyu) s Proga(t-u)du
h=1 0
(5.62)

and for je{o,l,..,n,} and (k,l)e{l,..,n;,r}x{1,..,n,,1},
n o t T
Briu(t) = Ci(t) exp(Tot)jp 6 + ), j gi(u) oy ; exp(Tou)p Por,u(t-u)du
h=t 0 .
(5.63)

Note that Ry(t) = T Py;ult), where the summation is over the pairs
(k,l)e{1,..,n,,r}x{1,..,n,,r}.
Taking the Laplace transforms yields

* n2 *
Bij ul(8)=2(P jo(t) exp(Tyt)u (1-8r)) + ) L(f1,i(t) Pajn(t)) Prauls),
h=1

(5.64)
* n 1 T *
Pien(s) = Slexp(Tithe Co(t)) & + 1 2[ealt) ol exp(Tit)a] Prosts
h=1
(5.65)
and
* no T *
Prin(s) = Lexp(Tathy Cu(v) S + 1 L[elt) oF,5 exp(Tat)n] Ponus)
h=1

(5.66)

Proceeding in matrix notation, from (5.14)
* * * *
r(s) = (s) 1 (s) + by(s),

where an appropriate choice for r*(s), m*(s) and b:(s) is given in section

5.2. Analogously, write for any pair (k,l},

Pri(s) = M (s) puls) + by u(s),
where

* * * * *
Pui(s) = [Porm(s) - Pon k(8) Priwa(s) - Prnsa(s)]
and, from (5.64)—(5.66)

]T

b

Bpui(s) = [L(Pou(t)oTexXP(T,t) &) . L(Pymy(t)eriexp(Tit) x) O ... O
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b;,,‘.,.{s} [ﬂ(Pz,lr(t‘)alexp Tit)x) - (szz,.(t)ct 1exp{Tit) ) 0 ... 0

by (s) = [0 - 0 L(Cy()exp(Tt)y) .. L(Cu(t)exp(Tt)n )]
Then | |
! . r'(s) = (-0 (s)) by (s) (5.67)
and

prls) = (1L ()b, wls). (5.68)

Since the structure of the equations (5.67) and (5.68) is identical, attention
is concentrated at {5.67) and especially on the matrix (1-3}2*(8))'1. Let s=6 be
the pole with mrp of r*(s), then & is negative and from Widder (1946, theorem
5b, p.58), & is real. In appendix C it is proved that & is a pole of
(I-m*(s})'l and not a pole of b:(s) or m‘(s), thus

§ = '":;; {det(I-R"( ))._0}

More specifically,

= g (m(s)=1},
where my(s) is the maximum eigenvalue of ?}k*(s)‘
It is proved in appendix C that m*(s) exists and is irreducible for s2é. Hence
from the Perron-Frobenius theorem wmy(s) is real, positive, strictly decreasing
in s and a simple root of the characteristic equation of SR*(S), ie. the
eigenvalue my(s) has multiplicity 1. Proceeding as -in section 5.2 it is clear
that

$7'(8)., S(8);. b, r(8),
- m,(&)

lim

66(

$-6) r (5) = (5.69)

where S'l(é},1 and S(6); are the right and left eigenvectors respectively of
m"(a} corresponding to the eigenvalue m(6). Note that, replacing M*(s) by
m‘(s) and py(s) by mys), it is immediate from appendix B that mys) is
differentiable for s>é.
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Since the Perron-Frobenius theorem states that the vectors $(8); and S$(8),
can be chosen strictly positive, it follows that § is a simple pole of r*(s)
and hence, from (5.67)

$7'(6).4 S(8),. b,(8)

r{t) = -
- my(8)

exp(8t) + of{exp(dt)), t=oc. (5.70)

Although numerical experiments have shown that the ratio in the rhs of (5.70)
equals one, a formal proof is not available.

Analogously to the reliability in (570}, the conditional state probabilities
satisfy

S'(6).1 S(8).
- my(6)

puit) = by, k1(8) exp(ét) + ofexp(dt)), tsoo. (5.71)

and hence, from (5.59) and (5.60},

[57(6).1 5611, by, 1a(8)]

= _ , (5.72)
57611 ste),. b(8)]
for any ie{l,..,2n,} and
q(x) = 1 - exp(6x) o Ree(t4x) (5.73)
Ree(t)

Note that it follows from probabilistic arguments, that the ratio in the rhs
of {5.72) is independent of ¢, ;

Comparing the derivation of g and the derivation of the stationary state
probabilities m, in section 5.5, shows that the essential difference is that
M*(O) in (5.27) is a stochastic matrix, as stated in (5.29). Hence, ${0), in
(5.30) is, apart from a multiplicative constant, the stationary probability
vector corresponding to M'(O) and S'I(O)_l is a unit column vector. As a
result, S'I{O)JS(O),_ is a matrix with identical rows. On the other side,
simple numerical examples show that generally 312‘(6) is mot a stochastic
matrix, mor a substochastic matrix and S5(6); in (5.72) is mot a vector with
identical components. However, although S"-(«S)JS((S)I_ is mot a matrix with
identical rows, the value of the quotient in (5.72) is the same for all
ie{l,..,2n,}.
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With respect to the computation of the pole &8 it is shown in appendix C that
de(max{d, y,d; y+0,},0], where d;,; is the eigenvalue with mrp of the matrix .
Ty and o; the pole with mrp of g;(s). Interchanging the role of the components
G, and G, yields de(max{dy,,d, +0,},0] and thus it follows that
be(max{dy ;,d;1},0]. Finally, as p(s) s strictly  decreasing, a  simple
search method (e.g. the bisection or secant method) can be used to find é.

Shmmarising this chapter, it has been shown how expressions can be derived for
the system reliability and mean time to system failure, the transient and
stationary  interval  reliability, (joint) availability and system  state
probabilities and. two quasi-stationary distributions, under BVPH distributed
life times and generally distributed repair times. Expressions for the
performance measures are in terms of convolution integrals and, applying the
techniques of this chapter, the stationary measures can be computed easily and
quickly. On the other side, to obtain the tramsient behaviour of the system,
it seems preferable to assume phase type distributed repair times. In the
latter case the state description process becomes Markovian and the
randomisation technique can be used to obtain the transient performance

measures, instead of solving sets of integral equations.
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6. AN OPPORTUNISTIC REPLACEMENT POLICY

6.1 Intrpduction

In the Vprevicus chapters the statistical dependence of two units in a parallel
system has been modelled and methods have been described to compute a number
of perfdrmance measures. Apart from dependence, maintenance of a system and
replacement of units form important ’real world’ aspects. Usually, the aim of
a maintenance bolicy is to reduce the (expectéd) costs of a system per unit of
time. In this chapter, the subject of analysis .is an opportumstlc replacement
policy for a two-unit dependent parallel system.

There is an extensive literature on maintenance and replacement models.
Thorough surveys’ are given by McCall (1965}, Pierskalla et al. (1976), Sherif
et al. (1981), ‘Sherif (1982), Thomas (1986), Mine (1988) and Valdez-Flores et
al. (1989). The overwhelmmg majority of papers mentioned in these surveys
deals with one-unit. systems or systems that can be considered as a single
unit. The number of models and policies for such systems is numerous. The
literature on ~multi-component systems is far less extensive. A survey of
maintenance and replacement models for multi-component models is provided by
Thomas (1986). The characteristic of a multi-component system is that it is
worth considering repair or replacement of one unit in conjunction ‘with what
ha.ppens to the other units, if there is dependence‘ between the components.
Thomas classifies dependence into three categories: i

i. Economic dependence. When a system shows economic dependence, the cost
structure of replacement has interdependences between the units. Economic
dependence reflects the presence of economies of scale, where the costs
of a joint maintenance action are less than the sum of the costs of the
separate maintenance actions.

#.  Structural dependence. H it is advantageous to replace several units
(failed as well' as unfailed) at the same time as e.g. working units have
to be dismantled in order to replace or repair failed ones, the system
has a’ structurally dependent configuration.

ii. Probabilistic or failure dependence occurs when the state of one unit can
affect other units or their failure rate, e.g. when failure of one unit
burdens other units.
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Opportunistic policies exploit economics of scale in the maintenance activity:
the necessity of performing at least one repair provides the economic
justification to do several others at the same time. In this chapter a
two-unit parallel redundant system with economic and failure dependence is
examined. Clearly, the failure dependence is modelled by allowing the
occurrence of common cause failures. The analysed replacement policy is a
policy on component level and net on system level, i.e. the two-unit parallel
systemr is not considered as a single unit.

A frequently used technique for the analysis of a multi~component system is to
consider a discrete time model and to formulate the replacement problem as a
Markov decision process, see €.4. Sethi (1977). Another well-known approach is
to consider a system under Markovian deterioration, see eg. Ohashi e al
(1981), who investigate a discrete time maintenance model, using the dynamic
programming technique to find an optimal replacement policy. Mine et al
(1974) consider a continuous time maintenance model under Markovian
deterioration and include maintenance times in their analysis. The stationary
state probabilities are used in order to find an optimal maintenance policy.
The aim of this chapter is to analyse a continuous time maintenance policy for
a more general situation than that in Mine et al, where in fact a special
form of phase type distribution is chosen to model the deterioration. Without
the = assumption of Markovian deterioration, the role of the stationary state
probabilities is played by the stationary joint pdf of the ages of the
components. This latter approach is suggested and analysed by Bansard et al
(1969). Bansard suggested a trigger-;off policy, an opportunistic continuous
time replacement policy and used the stationary joint pdf of the ages of the
units to compute the expected number of replacements of the units per unit
time in the long run. This technique is also used by Berg (1978) who extended
the work of Bansard and analysed a two-unit series system. Berg considers two
replacement policies: an opportunistic failure replacement policy (OFRP} and
an opportunistic age replacement policy (OARP). Under the OFRP, at any failure
epoéh of either of the two units, the unfailed unit is replaced too if its age
exceeds a predetermined control limit L. On the other hand, under the OARP a
unit is replaced at failure or when its age reaches a predetermined critical
age S. At planned replacements as well as at failure epochs, the unfailed unit
is replaced too if its age exceeds the control limit L. The OARP is the

continuous time analogue of an {n,N)-policy, a well-known replacement policy
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in Markov decision theory (Van der Duyn-Schouten et al., 1990).
For the OFRP as well as the OARP, Berg deduces an implicit expression for the .
stationary joint pdf and shows that explicit expressions can be obtained for
the particular choice of Erlang distributions for the life times of the
individual units. As the system considéred by Berg is a two-unit series
system, either both units are operating or one unit is in repair and the other
is waiting. Since Berg assumes that simultaneous failures do not occur, the
state ’waiting’ is used to denote that a unit is waiting to restart operating
instead of being queued for repair. The system’s one-step transition diagram
is given in figure 6.1.

{w,r) i {0,0) (r,w)

Fig. 6.1: One-step transition diagram under the OFRP and OARP

A second assumption made by Berg is that repairs are instantaneous. Hence, not
only the deterioration of a unit during a repair of the other one is
neglected, but also the effect of restarting an unfailed unit. Implicitly it
is supposed that restarting a unit does not affect the residual life time of a
unif.

In the case of a parallel system, neglecting repair times means that a unit
can no longer fail during a repair of the other unit. Since this approach
would ignore a fundamental aspect of a parallel system, the repair times are
involved in the analysis here. On the other hand, the importance of
incorporating repair times in the model should not be exaggerated. It is
plausible that the effects of neglecting repair times are small when the
duration of a repair is relatively small compared to the length of a life time
of a component. It seems without doubt that Berg's approach (which
considerably simplifies the analysis) gives a good approximation in the latter
case. The effect of repair time durations will be subject of study in section
6.8, where numerical examples illustrate the OFRP.
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Including repair times in the analysis gives rise to some slight modifications
in the OFRP and OARP: obviously, the failure of a single unit provides a
natural replacement opportunity for the wunfailed unit, but only after repair
completion of the failed one. Hence, the opportunistic replacement procedure
to follow is:

i Under the OFRP, after repair completion of a failed unit, an operating
unit is replaced too if its age exceeds the control limit L.

. Under the OARP the OFRP is extended as follows. If both wunits are
working, a unit is replaced if its operating time reaches the
predetermined critical operating time 8. On the other hand, if  after
repair completion of a unit, the operating time of the other unit exceeds
the control limit L {or the critical age S), the latter unit is replaced
as well {(as under the OFRP).Clearly, the OFRP is obtained by setting S=cc.

The one-step transition diagram under both the OFRP and OARP is given in
figure 6.2, where, as the system under consideration is a parallel system, in
state 'w' a unit is waiting for repair.

{o,r)

L A

(\V,l’) - (010) (r,w)

A 4

(r,0)

Fig. 8.2: One-step transition diagram under the OFRP and OARP

Compared to the previous chapters, a further generalisation is made here with
respect to the probability distributions, since both life and repair times are
supposed to be generally distributed. It appears that the use of discrete
supplementary variables and phase type distributions does not offer any
analytical advantages over the use of arbitrary distribution functions. Hence,
starting from the model in section 1.4, the life time of component C; (i=1,2)
is assumed to be distributed with arbitrary (but continuous) cdf Fy(.).
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The pdf is denoted by f;(.) and the hazard rate by hy.), i.e.

b = Bl

B Fi(0)
As in chapter 5, it is assumed that the common cause effect is external and
can be modelled by an exponential distribution with constant hazard rate hy.
Hence, Fy(t)=1-exp(~hyt), fi(t)=hsexp(~hst) and hy(t)=h,. "
I':urther, the repair time of component C; (i=1,2) has (continuous) cdf Gg.),
pdf g(.) and hazard rate r.). Obviously the joint survival function F(.,.)
of the life times of two new units is

F(xy,xg) = Fi(xy) Fa(x,) Fy(max(xy,x,)).

Note that in the general case of arbitrary distribution functions Fy(.), it is
easily verified that the lack-of-memory properties formulated in (3.2), (3.3)
and {4.8) are lost. , ' .

A key role in the analysis is played by the stationary joint pdf of the
process {X(t),t20} which describes the operating, repair and waiting time (for
repair) of both units at time t. In section 6.2 an integral equation is
derived for the stationary joint pdf of the state description pfocess under
the OFRP. In section 6.3 some long run operating characteristics are computed
and a cost function is constructed in order to determine the optimal choice of
the policy parameter L. The optimal value of L minimises the expected cost per
unit time in the long run. A similar analysis is perforrﬁed in section 6.4 for
the OARP. In order to reduce the {(down) costs, an extension of the number of
repair facilities is8 considered in section 6.5. The situation considered by
Berg is object of study in section 6.6, where repairs are assumed to be
instantaneous. Finally, the numerical evaluation of the stationary joint pdf
is investigated in section 6.7 and in 6.8 numerical examples illustrate the
techniques.

6.2 The stationary joint pdf under the OFRP

As described before, in the opportunistic failure replacement policy (OFRP} at
any failure epoch of either of the two units, the failed unit is repaired and
the unfailed wunit is replaced if, after repair completion, the age of the
unfailed unit exceeds a predetermined control limit. For simplicity, repairs

123



and replacements are assumed to be identically distributed. Since the units
are not necessarily identical, the control limits are supposed to be unit
dependent: the control limit of wunit i (i=1,2) is denoted by L, To find the
stationary joint pdf, a state description process {X(t),t>0} is constructed
which denotes not only the state of the system at time t, but also the sojourn
time in the particular state. Therefore, let

X(t)={X1(t.),X,,{t},Y,(t),Y,(t),W,(t),Wz(t}},

where X (i) represents the operating time of unit i at time t if unit i is
operating and X {t}=0 otherwise. Analogously, Yt} is the repair time if the
unit is in repair and Wt} the waiting time if the unit is waiting for repair
at time t. Note that at any time t, unit i is in one of the states o, r’ or
'w’. Hence, at any time t, for each unit (at least) two quantities of the
triple Xi(t), Y{t}, Wgt) are zero and the remaining one is nonnegative. Let
P(X1,X2,¥1,¥2:s W3, Wp,t), denote the joint probability density function of the
process X(t). Then, at any time t, probability mass is concentrated in five
planes, according to the five states in figure 6.2, viz. the (X;,%;), (Xp,¥2),
{X3,¥1), (Y1,Wg) and (y,;w;) plane. The Kolmogorov forward equations in these
plénes yield, for A0,

PAXE)=P(%-4,%2-4,0,0,0,0,t-4) (1-hy(x;-A)4) (1-hy(x;-4)4) (1-h3d) + o(4),

ZGD1,1={ ( x,,xz,G,0,0,0) | 0$X1,X2Sl,maX(0,Xl-Ll )Sngmin( taxl’{’Lz)}' (6°1)

The domain D;, is obtained from Xj(t)<Xp{t}+ly, Xy(t)<Xj(t}+L; and 0<X;(t)st,
i=1,2. Figure 6.3 shows D, in the case t>max(L;,L,).

X2
t
L, Dy, /
L, t Xy

Fig. 6.3: Dl’g, t)max(Llst) )
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Further,
POX,t)=P(x1-4,0,0,y,-4,0,0,t-4) (1-hy(x;-A)4) (1-15(y2-4)4) (1-h4) + o(4),

X€D; ={(x,,0,0,52,0,0) | O<y,<x,<t} (6.2)

P(Z;t)=P(0:Xz-A,Y1-A,0s0,0,t"A) (1-hy(xp-2)4) (1-1)(y1-A)4) (1-h34) + o(4),

xeDjy ={(0,X,,5,,0,0,0) | 0y, <x,<t} (6.3)

P(%,t)=p(0,0,,-4,0,0,w,-4,t-4) (1-1y(y,~4)4) + o{4),

xeDy ={(0,0,51,0,0,w,) | 0w <y, st} (6.4)

P(X,6)=p(0,0,0,72-4,W,-4,0,t-4) (1-Ty(y;-4)4) + o(A),

x€Dg ={(0,0,0,y2,w,,0) | 0<w;<y,<t} (6.5)

P{X,t)=0, elsewhere. (6.6)
Defining p(x,t) = dp/dt, it follows that
; %, %, % p ,
P(%t) 55 + ax,t oy, t ay,t 32 * vt av

X,
since dx;/dt=1, dy;/dt=1 and dw;/dt=1, because the stochastic processes X(t),
Yi(t) and Wi(t) (i=1,2) increase linearly with slope 1.

The following set of partial differential equations is obtained from (6.1)-
{6.6):

={h, (3, J (% 1+ha} p(X,E), xeDy
~{hy{xy Ha{y2 Hhs} plx,t), xeD, ,
P = { —{hy(Xp)+ry(y1)+hs} pxt), xeDy
(Y1) P(XL), A xeD, ¢
~Ia(ya) plx,t), xeDs
Setting
lim
P(i) = 200 P(X,t)s

P(X) = Lo P(X,t),

D,’ _ bim

T 00 1,0
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yields (assumed that the above limits exist)

~{hy(%,)+ha(x;)+hs} p(x), xeDy
~{hy(X; 415y )+} p(x), xeD,
P(X) = 3 —{ha(Xp)4ry(y1)+hs} (), xeDy (6.7)
-1y(y1) p(X), xeD,
~1(¥2) P{X), xeDg

As in Berg ({1978), the general solution of the partial differential equations
(6.7) is given by

Fy(xy) Faxp) Fal(xi4%2)/2) Hy(%-%3), xeb,
Fi(x1) Galyz) Fa(x) Ha(x-y2), xeD,
p(x) = 5 Gi(y1) Falxz) Fs(xz) Hal(xomy1), xeD, (6.8)
Gilys) Hy(y1—wa), xeD,
Gyly.) Hs(y2-wi), xeD,

where the functions Hy.) (i=1,.,5) are determined by the boundary
conditions. ;

Furiher, the process X(t) jumps back to the origin when a common cause failure
occurs, i.e. when a transition from state (0,0) to {(w,r) or (r,w) is made in

figure 6.2. Thus, probability mass is concentrated on the paths

Di,c”'{(o,o»}'x,oaﬁawz) t 05?l=w25t}cn4,t
and

D%, 1={(0,0,0,y5,%,,0) ‘ 0.<.Y2=W1St}CDs,s-

Moreover, it is clear that the process X(t) also jumps back to the origin when
a transition is made from {r,w) or (r,0) to (or) and when a transition is
made from (w,) or {o,r) to (r,0). Hence, there is also probability mass

concentrated on
Di,t={( X1,0,0,¥2,0,0) | 05y2=xlst‘}c})2,t
and

D3 ={(0,%,,y1,0,0,0} | 0<y=x,<t}cD; ,.
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Let qy(x,t) be the probability mass on D}, and define for i=2,3,4,5

aWx) = oo alxt),

(.li(zst’) = g%“ + g‘%‘"?

WX = L Gz
and
D = .o Di

Next, take xeDj, say x=(x,0,0,x,0,0). Then the Kolmogorov forward equations
yield

Qa{X,t) = q(%-4,0,0,x-4,0,0,t-4) (1-h;(x~-A)4) (1-1,(x~-A}A) (1-hyd) + oA}
Hence |
Ga(x8) = —{hy(x)}+ra(x)+hg} ax(x,8), xeD},
» \ .
Q%) = ~{h(X)}+r5(x)+h} qz(x), xeDj. (6.9)
The general solution of (6.9) is
(%) = Fi(x) Tyfx) Fy(x) Hy, (6.10)

where H, is a positive constant.

Analogously, let x=(0,x,x,0,0,0)eD}, then
(%) = Fax) Ty Fofx) By (6.11)
Further, for x=(0,0,%,0,0,x)eD} ,,
G4{X,4)=04(0,0,x-4,0,0,x-A,t-4) (1-1y(x-A)4) + o(4),

thus

Q(X,t) = ~Iy(X) qq(X,8), XxeDj,
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and
Qa(X) = -1y(X) qq(x), xeDj. (6.12)

The general solution of (6.12) is
q4(%) = Gy(x) Hy, (6.13)

where Hy is a positive constant.

Similarly, for x=(0,0,0,x,x,0)eDi,
q5(x) = Gy(x) Hs. (6.14)

Expressions for the functions Hi{.) are found by considering the boundary
conditions, i.e. the probability density along the x; and y; axes. First the
probability density along the x,-axis is considered. From figire 6.2 it is
clear that the x,-axis i8 crossed whenever a transition from (o,0) to (o,r) or
from (o,r) to (0,0} occurs. Both transitions are represented symbolically in
figure 6.4 which shows the (xy,X,,y;)~space.

(5‘(’1,5\’2,0)

Fig. 6.4: Transitions from (0,0) to {o,r) and vice versa



Observing transitions from (o,r) to (0,0) gives,

o
Fix) Fafxi/2) Byixi) = [ P(xiya) ralya) dysy O0<xicla. (6.15)
0

For convenience, only the non-zero arguments of p(.) are represented: e.g.

p(x1,0,0,¥,,0,0) is abbreviated as p(x,,y;). ‘ :

Equation {6.15). - is explained as follows. Consider a system in -state (o,r).

Then the x,-axis is crossed at (X,,0,0), O<X;<l,, if the repair of unit 2 is
completed after (say) y, units of time, ¥,<X,, and unit 1 has been operating

for X, units of time at the moment of repair completion. This explains the

right hand side. Alternatively, if unit 1 has operated for X+A and unit 2 for

A units of time, it is clear that a repair of unit 2 has been completed A
units of time ago, ie. the Xx,-axis has been crossed at (X,,0,0). So, by

setting X,=0 in the first equation of (6.8) the left hand side of (6.15) is

obtained. Substituting p(xy,y;) from (6.8) and dividing both sides by

Fi(x;) Fs(x,/2) yields

Hi(x) = Fo(x/2) [ ga(y) Halxy) dy + Fa(x/2) ga(x) Hp, O<x<ly.  (6.16)
[

Secondly, observing transitions from (o,0) to (o,r} gives, for x>0

Xy +L2
Fuxi) Fa() Hylxy) = [ p(xa,%s) halxy) d. SN (A1)
max(0,xy~Ly)
X #X 9

The right hand side of equation (6.17) is obtained by examining transitions
from {o0,0) to (o,r). Starting in (0,0) the x,-axis is crossed at (¥,,0,0),
%,>0, if unit 2 fails after it has been operating for (say) X, units of time,
max(0,%,-L,)s%,<%;+L,, and at the moment of failure unit 1 has operated for a
time period of length X,. On the other hand, if unit 1 has operated for X,+A
and unit 2 has been in repair for A units of time, it is clear that unit 2
failed A units of time ago, and so the x,-axis has been crossed at (X,,0,0).
Now, by setting y,=0 in the second equation of (6.8), the left hand side of
{6.17) follows. Note that the right hand side of (6.17) has the restriction
X;#X,;, since the function H,(.), which appears in p(x;,X;), is not necessarily
continuous at the origin.
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After substitution of p(x,x,) it is found that

X#Lz
Hyx) = [ £a(y) Fs((y-x)/2) Ha(x-y) dy, x>0, (6.18)
max (0, x~Ly)
X®y
where throughout this chapter Fj{x)=exp{-hyx), for all xeR.
Analogously, by interchanging the roles of unit 1 and unit 2

H(-x) = Fy(x/2) I 8i(y) Hy(x-y) dy + Fy(x/2) gu(x) Hy, O<x<ly (6.19)
g

and
X+Ll

Hyx) = [ 149) Fat(y-x)/2) Biy-x) dy, 0. (6:20)

max(0,x~Ly)
xuy

Similarly, the y,-axis is crossed if a transition occurs from state (r,0) to
{r,w) and obviously, for y,>0

o
Cilya) Hy(yy) = _[ P(Xg,¥1) (ha(xz)+hg) dxg.
Y1

Substituting p(X;,y;) and dividing both sides by Gy(y,) yields (x>0),

o0
Hy(x) =f (L2 F3(y)+F2()a(Y)) Ha(y—x) dy + (Lx)F5{x)}+Fp(x)f3(x)) H,.

(6.21)
By symmetry

00
Galy,) Hsly,) = f P(X1,¥2) [hl(xl)+h3] dx,
Y2

and hence (x>0)

00
Hy(x) = [ (s Fsy #Fu0M(y)) Haly—x) dy + (G00FsxFi(x)fs(x)) Hy.
xt

(6.22)

130



For known constants H; equations (6.16) and (6.18)-(6.22) determine the
functions Hy(.); i=1,..,5, and hence the stationary joint pdf given by (6.8).
In order to find the constants H;, note that q(0)=H;. Expressions for q,(0)
are found by investigating the ~possibilities by which the process X(t) can
jump to the origin and continue on the path D}. Remember that the process X(t)
restarts in the origin whenever a transition occurs from

i {0,0} to (w,r)
it. (o,o) to {r,w)
#i. (r,w) or (r,0) to (o,r)

. {w,r) or (o,r) to (r,0).

The cases i and # concern the occurrence of a common cause failure, while
unit 1 {2) is the first to be repaired, ie. the process X(t) jumps back to
the origin and continues on D} (D}). Hence,

00 Xr&bz
Ho=m [ [ pxixs) by ax, dx, (6.23)
. [

max{0,xy-Ly)
Xy®Xg
and

xq+L
00 1veg

Hs = Pz J. I P{X,Xz) hy dxy dx,. {6.24)

max{0,xy~Ly)
X1#X gy

Case iii incorporates the repair completion of unit 1, while unit 2
/
i is waiting for repair or

#. has been operating for more than L, units of time at the moment of
repair completion of unit 1.

In both cases the X(t) process jumps to the origin and continues on D}.
Thus,
SO S (&, 4] ‘Xz ‘
Hz = f J. P(YI;W2) rl{yl) dw’g dYI + J‘ j p(xz,yl) 1'1()’1) dy1 dXz. (6.25)
o o 13 o
and analogously

00 2 o0 ¢ $%
H; = j rpiyz,wx} ra{y,) dw, dy, + I _[ plXp,¥2) To(y,) dyp dx,. (6.26)
o ) L1 0
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The functions Hy.) and the constants H; are determined up to a constant by
the equations (6.16)-(6.26). This constant is obtained from the normalisation
equation

5 5

Y J._[ p(x,y) dx dy +Y fq,-(x) dx = 1. (6.27)

i=1 s i=2 _,
D;-D; Dy

In section 6.7 it will be shown how to compute the stationary joint pdf (6.8)
from the set of equations (6.16)-(6.26).

6.3 Operating characteristics under the OFRP

Once the stationary joint pdf (6.8) has been obtained, the system’s long run
operating characteristics under the OFRP can be computed. The main interest
here is in the expected costs and hence in the expected number of failures and
replacements (per unit of time) in the long run. Apart from these quantities,
expressions are derived for the limiting availability and unavailability.
Define

N? = The expected number of failures per unit of time of unit i, while the
other unit is operating at the moment the failure of unit i occurs,
N’: =The expected number of failures per unit of time of unit i, while the

other unit is in repair at the moment the failure of unit i occurs,

N = The expected number of times per unit of time that both wunits fail
simultaneously by a common cause failure,

N° =The expected number of failures per unit of time on system level,

NI,->R = The expected number of preventive replacements per unit time of unit i,

N?A = The expected number of maintenance actions (defined by a repair or
replacement) per unit of time of unit i

Expressions for the above measures are easily obtained in terms of the
stationary joint pdf. To start with, it can be seen that Ng equals the
expected number of transitions per unit time from (0,0) to (orx) in the
stationary case. In other words: Ng equals the number of times the x;-axis is
crossed, due to a transition from {o,0} to (o,r).
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Hence, by (6.17)
' ' o 0 X‘1+L2
Np = [ [ pOxuxa) hatxy) dx, dx, (6.28)
¢ m;x(o;xi‘-Ll)
and an expression for N? is obtained by interchanging the roles of the units.
Similarly, N} equals the number of the times per unit time the y,-axis is
crossed. From the derivation of (6.21) it is clear that
o0 00

N3 = [ [ Peayi) (ha(xaehs) x, dys. (6.29)
0 ¥y

Further, NF;R is' the expected number of times state (o,r) is left by a repair
completion of unit 2, while the operating time of unit 1 exceeds L, at the
moment of repair completion.

As a result (cf. (6.15)),

00 x4
MR = [ [ ptaya) ratya) dya d S (630)
: Ly ¢

Notice that N};R equals the second term of (6.26), as H; contains, among
others, the expected number of transitions per unit time from (o,r) to (r,o).

Considering the number of simultaneous failures, it is clear that N s the
expected number —of transitions per unit time from (o,0) to (w,r) or™ (r,w),
ie. the number of times per unit time the process X(t) jumps to the origin
and continues% on the path D} or D}. Thus, by (6.23) and (6.24), ’

NoC - Hy _ Hs (6.31)
P1 Pz
With respect to N° and Na,-M it follows immediately,
N = N} + Nj + N (6:32)
and
N = N? + NF + NERe NS (6.33)
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The total number of maintenance actions performed by the repair facility per
unit time, denoted by NMA, is

N¥A = ‘Z (N? + N® 4 NPRy NCC), (6.34)
P=1

However, the number of visits to the system (per unit of time}, made by the
repair facility, is less than NMA, since the number of maintenance actions
executed per visit can be arbitrarily large. To illustrate this, suppose that
the system follows the path (o,0)-(o,r)~(r,0)~(r,w)~(0,r)—(0,0), which results
in three maintenance actions during one visit of the repair facility. Being
interested in the number of maintenance actions performed per visit, define
NRFas
N*F = The expected number of times per unit of time that the system is visited
by the repair facility.

Then N®F equals the expected number of transitions per unit of time from {o,r)
or {r,0) to {0,0). Thus,

N = J’Llrl‘)(xstz) Ta{yz) dyz dx¢ + Fr;(xz,y,) 1(yy) dy; dx,
o o o o (6.35)
and hence the average number of maintenance actions per visit is NMA/NRF. On
the other hand, it is easily seen that NRF equals the expected number of
transitions per unit of time from state (0,0) to the set {{o,r),(r,0),(r,W),
{w,r)}. Consequently,

N = N7 + NG + N

The next point of interest is the number of ’single’ and ’multiple’
maintenance actions. Let N?MA denote the expected number of single maintenance
actions per unit of time on unit i, i.e.

Nf”“ = The expected number of times per unit of time that the repair facility
visits the system and performs only a single maintenance action on unit
i during the visit.

The expected number of multiple maintenance actions per unit of time (Nm) is
defined as
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N4 _ The expected number of times per unit of time that the repair facility

visits the system and performs more than one maintenance action during
the visit.

Obviously, Ni““ ‘equals the expected number of transitions from (o,r} to (0,0},
where ‘the transition has to be made from the space D,-D} to D,. Hence,

1 51 '
NguA = r J}P(xnh} T9(¥,) dy; dx;
o ¢ .

SMA

and similarly Ny {follows from transitions from D;-Dj to D,.

Secondly, a multiple maintenance action ends by a transition from Dz or D;,
D,, so

NMMA _ JJ'q (X) p(x) dx + Jl?h(x) ry(x) dx.

o o
Of course,

NRF - NF{MA + NﬁMA + NML‘lA.

Further, by defmltlon, the limiting availability A of the system is given by
the probability t the system is in (0,0}, (o, r) or {r,0) in the long run. Hence,

A= J:[ p(xy,Xp) dXp dxy + J‘J‘ plxp,¥z) dyg dx; + J-J. p(xz,y,) dy; dxp,
Dy Dg ‘ Dy

and the limiting unavailability U, U=l1-A, is

U= J‘J. Py, W) dw, dy; + “‘ P(Y2,%) dw; dy,.
Dy Ds
In fact, U is composed of two contributions:

i Uy, the unavailability caused by a failure of one unit during the repair
of the other unit, '

i.  Ug, the unavailability caused by common cause failures.
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Clearly

Ugp = _” P(y,W2) dw, dy, + _”- P(y2,W;) dw, dys.
D4-D; D5-Dj

and

0 o0
Upe = | qq(x) dx + qs(x) dx
Joawo s [o

Apart from giving insight inte the system’s failure behaviour, the above
operating characteristics are wuseful in determining the optimal replacement
policy. A pair of control limits (L:,L;} is said to be optimal if it minimises
the expected costs per unit time in the long run. The cost function to be
minimised here is an extension of the cost structure suggested by Berg (1978).
It is a variant which contains specific terms in order to make it suitable for
the analysis of a parallel system. Two types of costs are incorporated in the
model: costs due to a repaix or preventive replacement of a unit and the costs
of staying in a particular system state. With respect to the replacement costs
it is supposed that the fixed costs cortésponding to a call for the repair
facility are kg Further, let kl: be the repair or replacement costs of unit i
(i=1,2) and k':R the costs of a preventive replacement. Then the costs of
repairs and preventive replacements per unit time in the long run, denoted by
Crprllysly), are k

2
CrprlliLy) = N¥¥ ko + ) [(N? + NP 4+ NOO ] o NER k‘?‘]. (6.36)

i=1
The state dependent costs are expressed in the marginal ’‘running’ costs per
unit time. Define

c?(x) :the marginal operating costs of unit i, when operating x units of time,

CR(X) :the marginal repair costs at repair time x,

cD(x) :the marginal down costs of the system, being down for x units of time.

From the above definitions, the expected running costs per unit time in the
long run, denoted by C,,,(Ly,L,), are
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CrunllLa) = [[ Pxixa) (200)43(%3)) dxgy (6.37)
Dy

[ pixuya) (Lexo+et(ma) dyar + [[ plxaya) (@it () dndx,
‘D, D3 ‘

+f] pva) (rw) awidy + [[ praw) (S rareePw)) dwidy,
. Dy Ds -

Hence the total expected costs per unit time in the long run, C(L,,L,), are

CLplg) = Counflals) + Crpr(leLz)' (6*38)

In principle, - the optimal pair of ~ control limits (L:,L;) can be found
minimising C(L;;L,}) over I, and L,. However, without any assumptions on the
marginal cost functions or the life and repair time distributions, it is not
clear how the costs (6.38) behave as a function of L, and L. Obviously,
further research is needed to find out if assumptions on the structure of the
marginal cost functions can be exploited in the minimisation of (6.38).
Without further - knowledge of the cost function, only general optimisation
procedures, which use function values or a numerical approximation of the
partial derivatives of (6.38) with respect to L; and L,, can be used to obtain
the optimum (L:,L;). For a survey of optimisation methods and techniques, the
reader is referred to Scales (1985).

6.4 The opportunistic age replacement policy

Under the opportunistic failure replacement policy - (OFRP), at any failure
epoch of either of the two units, the unfailed unit is replaced as well, if at
repair completion of the failed unit, the age of the unfailed unit exceeds a
predetermined control limit. Under the opportunistic age replacement policy
(OARP), a unit is also replaced if its age reaches a predetermined critical
age. Thus under the OARP it is not necessary to wait for a failure of either
of the units to replace a unit. Let §; denote the critical age of unit i
(i=1,2). Then, compared to the OFRP, the only modification made is that an
additional restriction prevents the operating time x; of unit i from exceeding
S; in the (x,,x;) plane.
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As a result, under the OARP
Dy ={(%1,%1,0,0,0,0} | 0<x,<min(8,,S,+L; ), max(0,%;-L,)<x,<min(Sz,x;+L;)}

To simplify the expressions for the region of integration of the various
integrals, the following assumptions are made:

i. It is supposed that SpL;, since in the special case where S;<l; only age
replacement of unit i occurs. Besides, if both S;<l; and S;<L,, the OARP
reduces to an individual age replacement policy for the two units as in
Berg (1978).

#. It is assumed that S5;<S,+L, and S,<5,4l;. Hence the cases in figure 6.5
and 6.6, where the control limit S;, respectively S,, is never reached,
are excluded from the analysis.

|

A

D
L, ! /
Ly Syl 5, | P
— —
X X1
Fig. 8.5: SI>SQ+L1 Fis. 6.6: Sz)Sf‘"Lz

Under the above assumptions,
Dy={(%,%5,0,0,0,0) | 0<x,<5;, max(0,x;-L;)<xp<min(S;,%1+L,)}.

The upper bound 8, for x, in the (x,,X,) plane leads to a second modification
compared to the OFRP in the (x;,y;) plane: as illustrated in figure 6.7,
Vo5¥%<¥o+S5;. By symmetry y;<x,<y;+S5, in the (x,,y;) plane.
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X
,
' D X=Y+8S
Y 2 1 2 1
2
X=Y
1 2

Fig. 6.7: D, and D, under the OARP
Thus, un&er the OARP
D;={(x%,,X,,0,0,0,0}| 0<x,<S;, max(0,x,-L,)<x;<min(S;,%,+L,)},
Dy={(x4,0,0,y2,0,0) | 0<y,1<X,<y,+5,},
D3={(0,%,71,0,0,0) | 0sy,<x1<y 2451},
D4={(0,0,y,,0,0,w,) | 0<w,<y,},

D5={(0’0707YZ1WI,0) | 05W1$Yz}-

The general solution of the partial differential equations, obtained by the
Kolmogorov forward equations, is again given by (6.8), with the above
modifications for the domains D;. Expressions for the probability density
along the paths D}, defined as in section 6.2, are as in (6.10)-(6.14). The
functions Hi(.) and the constants H; are obtained by a similar reasoning as
under the OFRP. To start with, the functions H,(.), H,(.) and Hs(.) are, apart

from some slight modifications in the integration area, as in section 6.2.
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Clearly,

Hi(x) = Fa(x/2) [ galy) Balx-y) dy + Falx/2) ga(x) Hy, O<x<ly,
[ .

Hit-x) = Falx/2) [ gi(y) Bs(x-y) dy + F(x/2) ga(x) H, O<xely,
L)

and for x>0,

x+5,
Hy(x) = f (¥ )Fa(y (7 )a(y)) Ha(y-x) dy + (f(x)F3(x)+F5(x)a(x)) Hy,
+

X

x+8;

Hs(x) =j (fn(Y)Fa(Y)+F1(Y)f3(Y)) Hy(y-x) dy + (fl(x)Fs(x)+F1(x)f3(x)) H,.

x*

An expression for Hy(.) is derived by analysing transitions from (0,0} to
{o,r). Under the OARP these transitions occur by a failure of unit 2 or when
unit 2 has reached the critical age S,. Hence, ¢f. (6.17), for 0<x;<5,

min(x;+Ly,82)"
Fi(x)) Fa(x)) Hyfx,) = _[ P(X3yXz) ha(Xz) dX; + P(X1,5,).

" max (0,x)-Ly)
Xy®Xg

Note that p(xl,32}=0 if X’Q{SZ-LQ,SI}.

Substitution of p(x;,X,) yields, for 0<x<S,

min(x+Ly,83)

Hx) = [ 1a4y) Faly-x)/2) Hi(x=y) dy + FalS) F((Sp%)/2) Hy(x-S,).
max {0,x~Ly)
Xy

By symmetry, for O<x<S,

min(x+Ly,8))

Hy(x) = f ,(y) Fa((y-x)/2) Hy(y-x) dy + Fy(S;) F3((S;-x)/2) H,(8;-%).

max (0,x-Lg)
x=®y
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With respect to the constants H; it is easily verified that

© 1 : ©  x
H, =j JJP(YbWz) ry(y1) dw, dy; + J rP(xzaYﬁ ri{yy) dyy dx,,
[ : L'y max(0%, x3~83)
0

1 ,
rP(x1sYz) ry(y,) dy, dxy,
m(o,xl—Sx)

. ® 35
Hy =f JJP(YzaWﬂ Ig{ys) dw,; dy, + f
o o Ly

He = by [[ pOxaxs) by dx dx,
D, '
and
Hy; = p, J‘J. P{Xy,Xg) hy dx, dx,.
D,

As in section 6.2, the above equations determine the functions Hy.) and the
constants H; up to a constant, which is obtained from the normalisation
equation (6.27), with the appropriate domains D; and D}. The derivation of the
operating /;haracteristics follows an identical reasoning. Apart from /some
modifications in the limits of integration, the operating characteristics are
as in section 6.3. However, under the OARP one more operating characteristic
is defined by the expected number of age replacements per unit time of unit i,
denoted by N?R.
I a transition from state (o,r) to (r,0), while the operating time of unit 1
exceeds S; at the moment that the repair of unit 2 is completed, is called a
preventive replacement (because S;>L,) and“not an age replacement, then it is
easil}? seen that S5 ’
M= [ p(Sixa) dxy

S1-ly

A similar expression follows for NA,‘R by interchanging the roles of the units 1
and 2. As a cohsequence, an additional term occurs in the expression for N’,‘A
and instead of (6.33) and (6.34),

N¥* = NO + N} + N{° NEFR4 N,
and

2
N = ¥ (N9 + NF + NPR+ NERe NS,
i=1 ’
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Finally, let k, be fixed costs, k? the repair costs of a unit. of type i and
k?EPL the costs of an age replacement or a preventive replacement, then the
total expected costs per unit time in the long run, denoted by C(L,,L,,5,5;)

are

C(Lh[‘mslasz) = Cruﬂ(Ll’Lz’ShSz) + Cn-{LlstsSnSz) (6.39)

where the running costs are given by (6.37) (with the appropriate domains D;)
and the repair and replacement costs C,.{.) are given by

CrrllalSySa) = N ky 4 3 (O 4 9+ Ny 1 4 TR ) 2.
i=1

With respect to the minimisation of the total expected costs per unit time,
the same conclusion holds as for (6.38): further research is needed to
investigate whether assumptions on the structure of the cost functions, or
assumptions on the life and repair time distributions, can be exploited to
find the optimal tuple of control limits (L;L;,S},55).

8.5 Two repair tfacilities '

Assume that when the system is down, an emergency call is made and a second
{(emergency) repair facility becomes active. It is clear that the presence of a
second repair man. reduces the system down time and hence the down costs.
However, the number of calls for a repair man (NRF) increases as do the fixed
costs in (6.36). To decide whether the availability of a second repair
facility is economically worthwhile, “the case with two repair crews is
analysed for the OFRP. (The modifications that have to be made under the OARP
are obvious.) To simplify the analysis, the assumption is made that both
repair facilities are identical, since in the other case the repair time
distributions may depend upon the type of repair facility. This dependence
would necessitate an extension of the state space, since the identity of the
repair facility is needed whenever a repair or replacement is executed.
However, the assumption of identical repair crews simplifies the analysis:
compared to figure 6.2, the states (r,w) and (w,r) join together into a new
state (r,r) and the number of states reduces to four. The one-step transition
diagram is shown in figure 6.8.
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(0,0)

{r,o) {o,r)

h 4 4

(r,r)

Fig. 6.8: One-step transition diagram, two repair facilities

As a failed unit is switched to the repair state .instantaneously, the state
description process {X(t),t>0} is given by

X(6)={Xy(t),Xa(1),Y1(£),Ya(1)},

where X;(t) and Yi(t) are as in section 6.2. Again, let p(x), X=(xX;,X3,¥1,¥2);
be the st;a,tionary joint pdf of X(t), then probability mass is concentrated in
four ﬂ planes, viz. the (X.,X,), (Xu¥zh, (X3,y1) and (y.y,) plane. Moreover,
probability mass is concentrated on the paths x,=y;, y;=X; and y,;=y,. Let

Dy={{x1,%2,0,0) | ,20, maxio’xl“bl y<x;<xi+Ls}
Dy={(x,,0,0,¥5) | X1,¥220}, D3={(x,0,0,x}|x>0}cD,
Dim{(0%¥,0) | %3312}, Di={(0,%,%,0) | x20)cDs
D4={(0,0,¥1,¥2) | ¥1,¥220}, Dl={(0,0,x,xi_i x20}cD,

then it is easily verified

Fy(xy) Falxa) Fa((x14%5)/2) Hy(x1-X,) xeb,
p(x) = Fi(x1) Galys) Fa(x1) Hy(xs-¥3) ( xeb,
Giy1) Falxa) Fi(x) By(xa-y1) xeD,
Ci(y1) Caly2) Holyr-v2) xeD,
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and along the paths D},

q(x) = Fy(x) Gy(x) Fy(x) Hy xebj
qa(x) = Gy(x) Fz(x] Fa(x) Hy xeD}
q4(x) = Gy(x) Gy(x) H, xeD}

As before, the integral equations for the functions Hy{.) and the constants H;
are obtained by a careful analysis of the various transition possibilities.
From figure 6.8 there are 11 types of transitions, viz. transitions from

i. {o,r) to {o,0}
it (r,0} to (0,0}
i1, (0,0} to (o,r)
i, {r,r} to (o,r)
v, {0,0) to (r,0)
vi. {r,r} to (r,0}
vit. {r,0} to (r,r)
viti. {o,r} to (r,r)
ix. {r,0) to {o,r)
x. {o,r} to (r,0)
xi. (0,0} to (r,r)

Examination of the above possibilities yields the following set of integral
equations for the functions Hi(.) and the constants H;.

%
i Fitx) Fax/2) Bix) = [ pxa,y2) 7alya) dys
o
0
i Fa(x3) Fy(x5/2) Hy(—x;) = I P(x2,¥1) 1i{y1) dy;
o
x3+Ly
#il. Fi(x;) Fa(x)) Ho(xy) = J p{X5Xg) ha(x,y) dx,

max(0,x;-Ly)

o0 .

iv. Gylyz) Hao(-ya) = j P(Y1Y2) 1y dyy
o
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X2+L1

v. Fa(xz) Fa(x,) Ha_(xz) = _[ P(x1,%2) hy(xy) dx;

max(0,xz~Ly)

00
vi. - Gi(yr) Ho(-y1) = I P(Y1Y2) T2(¥2) dy:
' 0
. 00
i, Culyy) Hev) = [ poxays) (halxa)+hs) dx,
0
00
vidi. " Go(ye) Hy(-y2) = f P(X1,¥2) [hl(xl)+h3] dx,
0
0 00
ix. H, = _[ J P(X2,¥1) T1(yy) dy; dx,
00 00
X . Hy = I f P(X1,¥2) ra(ys) dy, dx;
0 X1+L2
xi. H, = p(x3,Xz) hy dx, dx
J I 1,X2) hy dx, dx;

max(0,x3-Ly)

The above equations, together with the nermalisation equation, determine the
functions Hy{.) and the constants H; With respect to the operating
characteristics it is clear that the expressions (6.28)-(6.30) and (6.32)-
(6.33) still hold, since the failure mechanism has- not changed: only the
repair mechanism is different from the original situation. Further, it is
easily seén that, instead of (6.32),

Moreover, NRF. equals the number of transitions per unit time from (o,r) or
(r,0) to (0,0) plus the number of transitions from (r,r) to (o,r) or (r,0),
and hence, cf. (6.35),
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J J P(X1,Y2) oY) dy, d%; + f J- p{Xz,¥1) Tilyy) dy, dx,

00 00
+f J P(YnY2) (nlyi4raly2)) dy, dy,.
o’ o
For the limiting availability and unavailability, it is quite trivial that

= fj P(xy,Xp) dx, dx; + f_[ P{Xy,¥2) dy; d%; + J.J- P{Xa,¥1) dyy dxy,
Dy Dy - D3

and

U= J‘J- P(Y1Y2) dyz dyy.
Dy

As in section 6.3 the unavailability can be decomposed as - .

U= Ujr + Ucc,
where

Uy = J. p{yrny2) dy. dy,
Dg-D)
and

00
Uge =f qqfx) dx
)

Other operating characteristics can be computed when a decision rule is known
for the assignment of maintenance actions to the repair facilities. An example
of a decision rule is:

i. if the system is in state (0,0) and unit i (i=1,2) fails, the unit is
assigned to repair facility i with probability p; and to repair facility
3-i with probability 1-p,,
#.  if both units fail simultaneously:
—unit 1 is assigned to repair facility 1 with probability q, and to
repair facility 2 with probability 1-q,,
— unit 2 is assigned to the repair facility which remains vacant.
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Given the decision rule, interesting questions concern:

i. The expected number of times repair facility i is called for,

ii. The expected number of times a maintenance action on unit i is executed by
repair facility j (i,j=1,2).

#ii The - expected number of maintenance actions done by repair facility i
during one call,

iv. Etc.

Howevér, attention will not be focussed here on these questions.

The cost criterion can be used to compare the situations with either one or
two repair facilities. As in section 6.3, the total expected costs per unit of

time in the long run are given by

C(Lan) = run(leLz) + Crpr(Lsz);

where the repa.if and replacement costs C,(L;,L,) are as in (6.36) and the

runnirig '€08t8 Cpynl(Ly,lp) are

Crunllile) = [[ POxusxa) (Fx1)4c3(x2)) dax,
. . D,

+f[ pxiya) ()< (v2) dysixy
Dy ‘

+II P(X2,y1) (Cg(xz)‘*'CR(Yﬂ) dy,dx,
Dy -

+f[ praya) (t(va)) dyadye

Dy

Obviously, the availability of a second repair facility is worthwhile if the
minimum expected costs per unit time in the long run are less in the case with

two repair facilities than in the case with one repair facility.
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6.6 Instantaneous repairs

As mentioned in section 6.1, it is plausible that ignoring repair times will
give a good approximation of the situation with non-zero repair times when the
repair time durations are relatively small compared to the life times. To
compare the results of an analysis with and without repairs, the total
expected costs per unit of time are used as a criterion in section 6.8, where
numerical examples illustrate the techniques in both cases. The situations
studied have relatively small and relatively large repair times. However,
first it is shown how to perform the analysis when the repair times can be
neglected.

Berg (1978) analyses a two-unit series system and assumes that repairs are
instantaneous, {i.e. deterministic with length zero. In that case, the states
(rw) and (w,r) in figure 6.1 are instantaneous. Moreover, the stochastic
analysis of a two-unit series system is identical to the analysis of a
two-unit parallel system with =zero repair times, since the states (o,r),
{r,0), (r,w) and (w,;r) in figure 6.2 are then all instantaneous. The only
modification that has to be made in Berg's analysis, to study a dependent
parallel system, is to include the common cause effect. The following analysis
summarises the results obtained by Berg, adjusted for a two-unit dependent
parall;ei system.

The state description process {X(t},t>0} under consideration is

X(t)={X,(t),Xs(t}},

where X;{t) represents the operating time of unit i at time t. Let p(x;,X,t)
denote the joint probability density function of the process X{(t). Then
conditioning on time t-A yields, for 40,

P(XpXat) = p(X;-4,Xy-4,t-4) (1-hy(x,-4)4) (1-hy(x,-4)4) (1-h3d) + o(4),

(X1, X2)eDy = {(X,Xz) | 0SXy,Xp<t, Max{0,x,-Ly)<x,cmin(t,x;+L;)}. (6.40)

By similar reasoning to that in section 6.2, the stationary joint pdf p(x,,xz)
is obtained from (6.40) as

PixpXz) = Fi(x;) Faixa) Fal(x,4%2)/2) H(xp-%,), (6.41)

(xpX2)el = {{x3,%5) | X1,%220, max(0,%;~Ly)$x,8%,+1,}.
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The function H(.) is determined by the boundary conditions.

Further, the process X(t) jumps back to the origin when a common cause failure
or a preventive replacement occurs. Hence, probability mass is concentrated on
the path ’ \

D} = {{x,x) | Osxst} ¢ D,.
Let q(x,t) be the probability mass on D}, then it is easily verified that
q(x,t) = q(x-4A,t-4) (1-hy(x-4)4) (1-hy(x-4)4) (1-hz4) + o(4), 440

and in the stationary case the probability mass q(x) on D={(x,x) | x20} is
given by
q(x) = Fy(x) Fy(x) Fy(x) Hy, x>0 {6.42)

where H, is a positive constant.

Observation of the boundary conditions yields, after some manipulations

- :
H(x) = f £2(y) Fa(y/2) H(x-y) dy + £5(x) Fy(x/2) Hp, O<x<ly (6.43)
o .

and

H(-x) = rfx(Y) Fo(y/2) H(y-x) dy + fu(x) Fs(x/2) Hy, Oc<x<ly. (6.44)
0

The function H(.) and the constant H, are determined up to a constant by the
above equations. This constant is obtained from the normalisation equation

ij(xloxz) dx, dx; + Iq(x) dx = 1.
D-D' D

With respect to the operating characteristics, it is clear that NI§=0 (i=1,2),
since repairs are instantaneous. Further, it is easily verified that

; 00 x1+Lz :
No = J.p(x,,xz) hy(xy) dx, dxq, (6.45)
0 max(9,xy-Ly)
Xg+Ly
Nz = f fp(xlvxz) hy(x)) dx; dxg, (6.46)
Lz XQ-LQ
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L2 12+L1

N = f Pix1,Xp) hy(xy) dx, dx, {6.47)
and
0 xl*}Lg
NC = [ [ poax) by dx dx, (6.48)

max(0,x;-Ly)

Expressions for Ng, and Ni"* are found by interchanging the roles of the

components C, and C,. As in section 6.2, the expected number of visits per
unit of time, made by the repair man to the system, satisfies

NPR

NRF _ NSMA N, SMA | nMMA (6.49)
and, since repairs are instantaneous,
NMMA _ NTR 4 NER 4 NOC (6.50)
Moreover,
MMA
N = H(h
since NMMA s the expected number of times per unit of time that the process

{X(t),t>0} crosses the origin. In other words: N¥MA q(0).

Further, it follows from (6.45)-(6.47) that the operating characteristics
NSMA N and N‘ are related by

NP+ NEY = NG, =12, (6.51)

Substitution of (6.50) and (6.51) in (6.49) yields an alternative expression
for N°F, piz.

N = N7 + N9 + N°C

Apart from the availability, the other operating characteristics are obtained
as in section 6.2, with the substitution N?:O. Formally, ignoring repair times
yields a limiting availability of 100 %, ie. A=l and U,=U;,=0. However, in
section 6.8 it will be shown how an approximation of the limiting
(un)availability can be obtained, when the model with instantaneous repairs is
used as an approximation of reality. The given approximation will be used to
estimate the running costs (6.37). Subsequently, the repair and replacement
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costs being defined as in (6.36), the total expected costs per unit of time
are calculated in a couple -of situations to investigate the effect of
incorporating repair times in the analysis. However, first it will be shown in
section 6.7 how to compute the stationary joint pdf numerically.

6.7 Numerical evaluation of the stationary joint pdf under the OFRP

Consider the situation described in section 6.2, with one repair facility and
non-zero repair times. Then the stationary joint pdf is given by (6.8), with
the provision that the probability density along the paths D; (i=2,..,5) is as
in  (6.10)-(6.14). The functions Hy.) (i=1,..,5) and the constants H;
(i=2,..,5) are determined up to a constant by the expressions (6.15)—(6.26).
This constant, §ay OCruorms I3 obtained from the normalisation equation (6.27). ‘
In this section it is illustrated how to compute the stationary joint pdf
{6.8) numerically from (6.15)-(6.27). )

Considering the set of equations (6.15)-(6.27), an important observation
concerns the role of the functions Hy(x) (oL}, Ha(x) (x>ly), Hyix), Hy(x)
and the constants H, and H; in the numerical computation of the stationary
joint pdf. The solution. of these integral equations depends on finding the
functions Hy(x) {(-Lo<x<ly), Hy{x) (0<x<l), H3(x) (O<x<L,;) and the constants
H, and H; Clearly, these functions completely determine H,(x) (x>L;), Hi(x)
(x>L,), Hy(x), Hg(x), Hy and Hs. In fact, these latter functions and constants
are only used to compute the normalisation constant Cm' by (6.27).
Therefore, attention is concentrated on H(x) (-L,<x<l,), Hy{x)} (0<x<l;) and
Ha(x) (0<x<l,), which are determined by (6.16)-(6.20) for kmown constants H,
and Hj.

Firstly, the case with identical units is considered, which simplifies the
analysis by reasons of symmetry. It is shown how discretisation of the
integral equations yields the stationary joint pdf (6.8). Secondly, the more
complicated situation with non-identical units is considered and an iterative
procedure is suggested for finding the above functions and constants and
thereby the stationary joint pdf (6.8). )

When the units are identical, the life time distributions are identical, as
well as the  repair time distributions and the control limits, i.e.

£,(t)=1,(t), g (t)=ga(t) (t20) and L;=L,.
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Further, by symmetry it follows that

Hy{x) = Hy(-x}, O<x<ly
Hy(x} = Hy(x}, x>0
Hyx) = Hg(x), x>0
Hy = H,,

Hy = H;.

Hence, from (6.16), (6.18) and (6.21),

Hix) = Fo(x/2) [ galy) Halx-y) dy + Fa(x/2) go(x) Hyy Ocx<l,  (652)
0
X+Ll
Hyx) = [ £a9) Folly-x)/2) Wl [x-y]) dy, 0, (6.53)
max {0, x-Ly)
X®y

. .
Hy(x) =I [fz(Y)Fs(YHFz(}’)fa(}')) Hy(y-x} dy + (fz(x)Fa(x)*szx)fsfx)) Hy,

xt
, x>0, (6.54)
Next, from (6.23), (6.25), (6.8), {6.10) and (6.13),
0 ¥] 00
H, =J. JJ &i(y1) Haly,-w;) dw, dy, +_[ gi(x) Hy dx {6.55)
o 0 o

o x3 0
+ J- J} g1(y1) Fa(xz) Fa(xz) Hy(xp-yy) +_[ &i(x) Fy(x) Fy(x) Hy dx
L2 ) L2

and
XI*LZ
00
Hy = 0-5I f Fyx) Fa(xp) f3((x14%2)/2) Hl(ixx"le) dx, dx,,
° max(0,x,-Ly)
- (6.56)
since for identical units p;=p,=0.5 in (6.23) and (6.24).
Note that, for given H,, the functions H;{x} and Hy(x) (x<L;) can be obtained
numerically by discretisation of (6.52) and (6.53) (appendix D). Subsequently,
Ha(x) (x>ly), Hy(x), H; Hy and the normalisation constant Cg,.,, can be
computed by numerical integration, using e.g. the trapezium rule or Simpson’s
rule. Truncation of the infinite integrals is discussed im appendix D.
Finally, the stationary joint pdf follows from (6.8}, (6.10) and (6.13).
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Hence, the strategy is:

i.  Initialise H;, e.g. Hy=1,

#.  Solve Hy(x) (x<ly) and Hy(x) (x<L,) by discretisation of {6.52), (6.53),

iti,  Compute Hy(x) (xoly) and H,()i) by numerical integration of (6.53),(6.54}),

i. Compute H, and H, by numerical integration of (6.55) and (6.56),

. Coﬂupute the normalisation éonstant‘C,W,, from (6.27), using (6.8), (6.10)

' and (6.13),

vi. Update the functions H,(x), Hy(x), H,(x) and the constants H,; H,,
dividing them by Cpa, ,

vii. Compute the stationary joint pdf 'by {6.8), (6.10) and (6.13).

For non-identical units, the constants H, and H; have to be initialised and
the crucial point is that the above procédure will only give the -right result
when the ratio H,/Hy; iz known. However, although a formal proof is not
pfesented here, numerical experiments have shown that the stationary joint pdf
can be computed successfully by the following iterative version of the above
algorithm. Let k denote iteration step k and use the suffix k to denote the
approximation of the functions Hy.) and the constants H, in. step k. Then
compute the stationary joint pdf {6.8) as follows: ‘

i k=1, B®:a1, #{®ie, , ,

ii. Compute HIM(x) (-Lix<ly), Hx) (x<y) and  H{(x) (x<lg) by
discretisation of (6.16) and (6.18)~(6.20).

fii. Compute H{®(x) (L), H(x) (oly), HPx) (x>0) and H“‘* (x) (x>0)
from (6.18) and (6.20)-(6.22) by numerical integration, .

iv. Compute the constants Hik) and Hgk) by numerical integration of (6.23)
and (6.24), using (6.8) and (6.10)~(6.14),

v. Compute the normalisation constant Coorm by (6.27), using (6.8) and
{6.10)-(6.14). K fl-C.m,,,|<E (for fixed >0), then go to wiii, else go
to vi,

vi. Update H®(x) (i=1,..,5) and H® (i=1,..,4) by setting ki=k+1, H{(x):=
H P (%)/Coorms HE:=H" ™ /Cormy

vii. Re-calculate H{* and H{¥) by computing the right hand side of (6.25) and
(6.26) and go to i,

viii. Compute the stationary joint pdf, using (6.8) and (6.10)-({6.14).
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The iteration method has been tested for identically exponentially distributed
life, respectively repair times and an exponentially distributed common cause
effect. In this case the functions Hg.) and the constants H; can be obtained
analytically and hence the results of the iteration procedure can be checked.
Since only a few numerical experiments have been executed, further research is
needed with respect to the convergence of the iteration method and the
accuracy of the results. However, it appeared that:

i, the iteration method is not sensitive to the initial values of the
constants H, and H,,

4. within 3 or 4 steps |1-Chpn|<0.001, for identically exponentially
distributed life and repair times,

5. the relative error in the functions Hy.} and the constants H; was Iess
than 2 %.

Hence, it seems that the above iterative procedure is a useful tool to obtain
the stationary joint pdf when the units are non-identical.

6.8 Numerical examples

Consider a two-unit dependent parallel system with identical units and one
repair facility. To investigate the effects of non-zero repair times, the OFRP
is illustrated numerically in the following cases.

The life times of the components C; and C, are assumed to have a Weibull
distribution with scale parameter o (o>0) and a shape parameter B (5>0),
denoted by W(o,5). Hence,

B-1
aw =8 (4 em-e)’), o

and f,(¢t)=f,(t). The Weibull distribution is a popular distribution toc model
life times, since its hazard rate is

i increasing if g>1,
#.  decreasing if ﬁ‘<1;
#ii. constant if B=1.

The mean p; and variance 02 of W(o,B) distributed life times are

iy = o I'(1+1/8)
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and
o} = o {P(42/B)-r*(141/8)},

where I(.) represents the gamma function.
The repair times are assumed to follow a lognormal distribution with scale
parameter u {ueR) and shape parameter o (0>0), denoted by LN(u,0). Thus,

s = ool [ ) oo

and  gy(t)=gy(t). The popularity of the lognormal distribution for modelling
repair times is due to its heavy tail. The mean pup and variance a: of LN{u,0)
distributed repair times are

Hg = exp(p+a/2)
and

og = (exp(0”)-1) exp(2u+o”).

Further, the common cause effect is supposed to be exponentially distributed
with parameter ), i.e. '

f4(t) = A exp(-At), t20.

To compare the situations with non-zero and instantaneous repairs and to
investigate the effect of non-zero repair times on the OFRP, ‘the cost
criterion is used and the total expected costs per unit of time (6.38) are
calculated in the following cases.

The life times of the components C, and C, have a W(5,3) distribution
(py=4.486, o§=2.63), which means that they are ,approzdmately normally
distributed. With respect to the repair times, four cases are considered, wviz.
repairs which have a

i, LN(-1.5,0.9) distribution (iz=0.33, 02=0.14),
. LN(-0.5,0.9) distribution (1=0.91, 05=1.03),
i, CN(0.5,0.9) distribution (up=2.47, 02=7.63),
and

iv. instantaneous repairs.

Hence the expected repair time varies from relatively small to relatively
large values. Further, the common cause effect is exponentially distributed
with A=0.10,
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The following choices are made for the cost factors in (6.36) and {6.37).
Since the ratio kl:Rjk},-! appears to influence strongly the optimal value of the
control limit, three cases are considered, viz.

i kR=800, X¥=2000, i=1,2,
. kPR=1200, kK¥=2000, i=1,2,
fi. kK °=1600, kK5=2000, i=1,2.

Note that kgR/k]:d in the above cases, since the failure of a unit generally
causes damage on the system, in contrast to a preventive replacement.

The fixed costs k; in (6.36) are chosen relatively small (k;=10), since they
represent the call-out fee when the repair facility visits the system. The
marginal operating, repair and down costs in (6.37) are taken c?(x)=50,
cR(x)=100 and cD(x)=5000 per unit of time (i=1,2, x>0). The marginal operating
costs include small maintenance actions as an oil change, etc. The marginal
repair costs consist of the salary of the repair man and the marginal down
costs of the loss of production.

The figures 6.9-6.20 show plots of the expected repair and replacement costs
per unit of time (6.36), the expected running costs per unit of time (6.37)
and the total expected costs per unit of time (6.38), as a function of the
control limit. Note that the control limits L, and L, are identical: L,=L,=L.
The value of L varies from 1 to 6 (step size 0.2), f.e. from relatively small
to relatively large, compared to the mean life time of the components C; and
C,. The cases considered are: K;"=800 in fig. 6.9-6.12, k;"=1200 in fig.
6.13-6.16 and the figures 6.17-6.20 represent the case with k§R=1600 (i=1,2).
For each value of kl;R, the effect of the repair time distribution is examined
and the cost functions (6.36)-(6.38) are plotted for lognormally distributed
repair times with shape parameter 0.9 and a scale parameter of respectively
-1.5, -0.5 and 0.5 and for instantaneous repairs.

The last case needs some comments. Under instantaneous repairs, the analysis
proceeds as in section 6.6 and the stationary joint pdf (6.41) is found by
discretisation of the integral equations (6.43) and (6.44). However, of
special interest are the questions if the results for instantaneous repairs
can be used to approximate the optimum value L of the control limit and the
total expected costs per unit of time in the case with non-zero repair times.
Note that the answer on the latter question will be negative, since the
marginal down costs are relatively high and the limiting availability is 100 %
under instantaneous repairs. Therefore, when the model with instantaneous
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repairs is used to approximate the situation with non-zero repair times, the
stationary availability is approximated by

cc
N""pp

Alpg) = 1 - :
1 + NCC}IR

where pp is the mean repair time and N s given by (6.48). Note that, as a
result, the running costs C,,(L,L) are independent of L, since the marginal
operating and down costs are constant and the limiting availability :k(,ug} does
not depend on L. More specific, by (6.37)

Cranflok) = (1-A(g)) (R(0)+c2(0)) + A(pz) (c2(0)+<3(0)).

This explains the three cases with constant running costs in the figures
6.12b, 6.16b and 6.20b. On the other hand, the repair and replacement costs
Crpr(lL), defined by (6.36) and plotted in the figures 6.12a, 6.16a and
6.20a, depend on L but not on the repair time distribution. Note that the
total expected costs per unit of time are not plotted for instantaneous
repairs, since the optimum value of the control limit is determined by the
costs Cppe(LL}.

The figures 6.9-6.20 show that:

i. Crun(l,L) is almost constant as a function of L, because the limiting
availability (and hence the unavailability) is hardly influenced by the
value of L. Consequently, L s mainly determined by the repair and
replacement costs Crp(L,L) (when the costs C,(LL) and C.u(LL) are
of the same order of magnitude).

i, When Cn(L,L)»Cpe(LL), the total expected costs per unit of time are_
almost constant.

ii. The optimum L~ heavily depends on the ratio ki%/k%. Clearly, L increases .
when the ratio k‘;g[k;: increases. It seems that the optimum replacement
policy by and large can be formulated as:

1. Never perform a preventive replacement if k‘,-’R/k'} is relatively large,
i.e. when kfR/kl}ml,

2. Always perform a preventive replacement if kl:'R/kI: is relatively small,
ie. kr,fR/k’}wOé {or less),

3. If 0.5<k':R/k'§<1, then perform a numerical analysis to determine the

exact value of L*.
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iv. The optimum L', obtained by an approximate analysis with instantaneous
repairs, appears to give a good indication of the optimum for non-zero
repair times if k':R/kl,? is relatively small or relatively large. For the
cases in between these extremes, it seems important to include the repair
times in the model, in order to obtain the exact value of L‘. Note that
it is just the latter case which is of particular interest, since it is
understandable that L= is small, respectively large, when a preventive
replacement is relatively cheap, respectively - expensive. Thus this
provides a reason to perform an analysis with non-zero repair times.

v. The order of magnitude of the costs C.,(LL), as well as Cup(LL),

' heavily depends on the repair time distribution. Consequently, the model

with instantaneous repairs is not adequate to approximate the expected
costs per unit of time.

vi. The reduction of costs which can be obtained in the optimum L' is a few
percent in the cases under consideration. Although this reduction is
relatively small, the absolute value can be quite large in practice. On
the other side, it seems plausible that the profits which can be obtained
under the OARP are more interesting, since under the OARP it is not
necessary to wait until a failure occurs, in order to perform a
preventive replacement.

To give an impression of the operating characteristics under the OFRP, some
are plotted as a function of L in figure 6.21 and 6.22 (for repair which have

a LN(~0.5,09) distribution and life times which follow a W(5,3)
distribution). Figure 6.21 represents the behaviour of N?, N’:, N’;R, N?MA
CC
N

and
, as defined in section 6.3, and figure 6.22 shows the availability and
unavailability. As in section 6.3 the unavailability U is decomposed into
U=Ug4U, and with respect to the availability the following decomposition is
made. The availability A is written as A=A tA,+A,.., where A, represents
the probability mass in D,, A, the mass in (D,-Dj)u(D;-D}) and A, the
probability mass concentrated in Djub;3. ‘
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For obvious reasons, the operating characteristics N? and N?MA are increasing
in L, -whereas NfR ‘is decreasing, N° is more or less constant, since the
availability is constant and the common cause “effect is exponentially
distributed.. Further, figure 6.21 shows that N‘? is almost constant as a
function of L. Figure 6.22 shows that Ug, U, and hence 'the limiting
unavailability U are approximately constant, which also holds for the A, (not
plotted in fig. 6.22). However, since N?R is decreasing in L and le is
approximately constant, the quantities A, and A, are decreasing,

respectively increasing in L.
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Summarising chapter 6, an opportunistic replacement policy of the control
limit type is analysed for the two-unit dependent parallel system. A set of
differential equations is derived for the stationary joint pdf of the state
description process {X(t),t>0} and it is shown how a solution can be found
from the boundary conditions. Once the stationary joint pdf has been obtained,
it is shown how the system’s long run operating characteristics are computed
and (given the costs of repairs, replacements, etc.) the expected costs per
unit of time in the long run. The optimal pair of control limits can be found
by minimising the total expected costs per unit of time in the long run. To
decide whether the presence of a second repair facility is worthwhile, a
similar analysis is performed for the situation with two repair men. The cost
criterion can be used to compare both situations. Further, the situation with
instantaneous repairs is analysed, to investigate whether the expected costs
per unit of time and the optimum value of the control limit can be
approximated by assuming zero repair times. Numerical examples illustrate the
techniques and it appears that the assumption of instantaneous repairs often
results in bad approximations.
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7. AGEING

7.1 Introduction

A repairable system was defined in section 1.2 as a system which can be
restored to fully satisfactory performance by any method other than
replacement of the entire system. On the other hand, a nonrepairable system is
discarded after its first failure. Since repairs were assumed to be perfect
and to restore the normal operational efficiency of the units, the parallel
system under consideration can be modelled as a repairable system with two
nonrepairable units. In this case ageing at component level can be modelled by
an appropriate choice of the life time distribution of a component.
Distributions with increasing hazard rate are suitable for modelling  the
wearout of parts and decreasing hazard functions can be used to describe
burn-in phenomena. However, the methods and models described in this study can
not be applied when ageing occurs at system level, as expressed by an
increasing or decreasing ROCOF. In fact, the assumption of perfect repairs
makes it possible to give a neat analysis of the parallel system, using the
technique of regenerative point processes, but the presence of an imbedded
renewal process fenders the system’s ROCOF either periodic or constant. Hence
the models in the previous chapters are not appropriate to describe
' deterioration at system level.

In this chapter the ageing of a repairable system is discussed. Ageing can
result in failures which tend to occur more frequently with increaéing
operating time, in increasing operating or repair costs, or increasing repair
times. The method discussed applies to both deteriorating and improving
systems, but the fterminology will be in terms of deterioration. Although
deterioration is  plausible in many practical situations, models for
deteriorating repairable systems are largely ignored in the literature.
Reasons for this state of affairs include the need for nonmstationary models '
and the fact that the time dependent behaviour is of major importance for a
repairable system. Hence, the models and techniques are in general more
complicated and consume more computing time than in the case of a
nonrepairable system. /

Among the models for repairable systems are:

i.  The nonhomogeneous Poisson process (NHPP). As mentioned in section 2.3,
the NHPP models a bad-as—old situation.
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i,  Differential equations models (Ascher et al., 1984), which describe the
relationship between the rate of deterioration and the operating time.
The rate of deterioration is expressed in e.g. the number of failures at
time t or the mean time between failures. Reliability growth is
overemphasised in the literature, but many of the models used to depict
reliability growth are also applicable to deteriorating systems.

#i. Markov models (Ross, 1970, Tijms, 1986). Well known in the literature is
the situation of Markovian deterioration, where a system’s life consists
of a number of exponentially distributed stages of degradation. Mine et
al. (1974) and Van der Duyn-Schouten et al. (1989) consider a two-unit
parallel system with Markovian degradation of the operating units.

iv. The proportional hazards model (PHM), described in section 2.9, and in
particular the version introduced by Prentice et al. (1981}

v. The branching Poisson process (BPP), see section 2.6. Howéver, the only
reported application of a BPP is by Lewis (1964), who analysed the
failure patterns of three computers.

Apart from the above models time series techniques (Box et al., 1970) are
potentially applicabie to repéira.ble systems failure data analysis. The
advantage of the techniques is the great flexibility of eg. the
autoregressive integrated moving average model. A disadvantage is the need for
a large number of failure data to implement the model. The only reported
application of time series techniques to repairable systems seems to be by
Singpurwalla. {1978), who investigates the relationship between successive up
and down times.

It is not intended to develop here an all embracing model for repairable
systems, able to handle all the real world factors described by Ascher et al.
{1984). Instead, an extension of the models in the previous chapters towards
the subject of ageing is developed and it is shown how the regeneration point
technique can be used to obtain the system’s performance measures. The
deterioration of the -system is modelled by embedding the two-unit parallel
system in a larger system, called the system body. Repairs of the units of the
parallel system are assumed to be perfect, i.e. after repair the units are as
good as new. On the other hand, the system body is not necessarily as good as
new after repair and in this way, degradation of the system body represents
the deterioration of the system as a whole.
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The model is described in greater detail in section 7.2, The performance
measures are derived in section 7.3 and in section 7.4 the advantages of the
use of phase type distributions are outlined.

7.2 Model description

In order to model deterioration, the two-unit dependent parallel system is
supposed to be part of a larger system, called the system body. The failure
behaviour of the system body is modelled by an additional component, denoted
as the system component C;. The parallel system is assumed to be connected in
series with the system component, as shown in figure 7.1. Hence, the system is
down if either the system ‘component or the parallel system is down.

C
1 C, Cs I
C, :
Two-unit parallel system System body

with common cause failure

Fig. 7.1: System configuration

The stochastic behaviour of the parallel system is as described in section
1.4. With respect to the system component, some additional assumptions are
made, to create points in time which show a lack-of-memory property, as will
become clear later on in this chapter. The model assumptions are:

i. The i™ life time of the system component has pdf f(.) and the i

repair time pdf gi(.), i=1,2,...

th

i. When the system component fails during a repair of component C, or C,,
the repair of C; has priority.

iii. At a failure of the system component, the components C; and C, are both
overhauled after the completion of the repair of 'Cs. For simplicity,
overhauls are assumed to be perfect and the time required is distributed
identically to the repair times of C, and C,.
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iv. When the parallel system is down. and the system component is not in
repair, the system component is hot standby, ie. it behaves as if it is
operating.

v. After N failures of the system component, the entire system is discarded
and replaced by an identical but new system. The time needed to replace
the system is a random variable with pdf gu{.).

The state description process of the model is constructed largely as in the
chapters 3, 4 and 5. Note that at any time t, the compoment C; (i=1,2) is
operating, under repair or waiting for repair and the common cause component
is either operating or waiting to restart operating. The state -of the common
cause component follows from the state of €, and C, Further, the system
component is either operating or under. repair. However, since the life times
and repair times of Cg; are not necessarily identically distributed, the number
of the life and repair times has to be included in the state description of

the system component. The it

life and repair are denoted by o;, respectively
r; (i=1,2,..). Now, triples {X;,X5%,) can be used to denote the system state
at any time t, where Xx; represents the state of C; (i=1,2) and x, the state of
Cs. Let period i cover the time period starting at the moment that Cg begins
its i'" life time and ending at the moment of the it repair completion of Cs.
Then, the state space s;g of the system state description process {X(t),t>0} in

period i is
SJi( = {(0,0,0,‘),(l‘,0,0,-),(0,1‘,0,-),(l‘,W,Og),(W,I',Oi),(W,W,I’,’)}

and under the above assumptions, the system’s one-step transition diagram
during period i is ‘given in figure 7.2. Obviously, the system state
description process {X(t),t>0} has state space Sy, where

N

Sx = U Sk

i=1
and the one-step transition diagram is obtained by connecting N single period
transition diagrams, as shown in figure 7.3. By definition, state (w,w,ry)
represents a replacement on system level, which ends by a transition to state
{0,0,0,). For obvious reasons, the length of N periods is called a (system)
life cycle. The pdf of the life cycle, denoted by ¥(.), is

T(t) = f{EIxg(t)e. KN (E)REN(L).
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Fig. 7.2: One step transition diagram of period i

Theoretically, life cycles form a renewal process, but the practical relevance
of this renewal process is doubtful. It is plausible that only the transient
behaviour in the first life cycle is important in practice.

' Remark that the introduction of overhauls is achieved artificially: it is a
trick to generate a kind of regenerative events, which allow an analysis of
the system without needing supplementary variables. Strictly, the process
{X{t),t>0} is not regenerative with respect to a repair completion of the
system component, as the life times of (g are not identically distributed.
However, note that the continuation of the process X(t)} beyond a repair
completion is independent of the history until the repair completion, since:

i. the system component starts the next life time and
ii. the repair facility starts an overhaul of the dependent parallel system

at the moment of a repair completion.

This lack-of-memory property will be exploited in the analysis of the
performance measures: as in chapter 5, time epochs which show the
lack-of-memory property are used to derive recurrence relations in terms of
convolution integrals for the (interval) reliability and (joint) availability
of the system.
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An additional advantage of the introduction of overhauls is the possibility of
performing an analysis per period, initiated by a repair completion of the
system component. Moreover, the occurrence of overhauls allows the bivariate
distribution of the dependent parallel system to differ per period, without
giving analytical problems, as will be clear in the next section. This
situation is attractive when the deterioration of the system component
influences the efficiency of the parallel system. On the other hand, treating
the system component as an artificial component (without repair time), offers
the possibility of modelling internal and external common cause failures
separately. In this case, failures of the system component mark the stages of
degradation of the system.

7.3 Performance measures

In general the process {X(t),t20} is nonstationary when the system
deteriorates and hence only the transient performance measures are of
interest. Expressions for the reliability, availability, interval reliability
and joint availability are derived here and the role of the regenerative
events in the previous chapters is played by events which show the
lack—of-memory property, mentioned in section 7.2. Thus, the performance
measures are obtained, conditioned on an entry into state (o0,0,04), (r,w,0;},
{w,r,0;) or (w,w,r;}.

To start with, an expression is obtained for the system reliability. It is
easily seen that Rm,,l(t), the reliability at time t given a start in

(0,0;01)’ is
Roco,(t) = Fi(t) Roo(t), (7.1)

where R,(t) is the reliability of the two-unit dependent parallel subsystem .
{see chapters 3, 4 and 5).

Secondly, the reliability conditioned on an entry into state (r,0,0;) from
state (w,r,0;) is obtained. Two situations are considered, depending on
whether the system component or the two-unit dependent parallel system has
failed. When the system restarts operating after a failure of the system
component, the process X{t} moves directly from (w,w,r;,) via (w,r,0;) to
{r,0,0;) and the operating time of Cg equals the repair time of component C,
at the moment state (r,0,0;) is entered. Denote the reliability, conditioned

.
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on an entry at the time origin into (r,0,0;), while the visit is made directly
from (w,w,r;;} via (w,r,0;) to (r,0,0;), by Rﬁmi(.). Then, clearly

R (8) = j PO gfu) du Rt 2)
Fi(u)

An expression for ‘R,”,,.oi(t) is obtained by interchanging the roles of the
components C, and C,.

However, the situation is different when state (r,0,0;) is entered after two
or more visits to (w,r,0;), d.e. after one or more failures of the parallel
system during life time i of C; Two situations are distinguished now. In a
practical application, when the operating time of Cg is known at the moment
the system restarts working, computation of the reliability is trivial. Let
Rm‘_(r.[u) denote the system reliability at time t, with the provision that
state (r,0,0;) is entered at t=0 and given that C; has operated for u units of
time at t=0. Then it is immediate that

Rron (1] u) = ?F‘“—*” Rrolt)- (73)

i{u)

Secondly, when the operating time of Cg is unknown at the moment of entrance
into (r,0,0;}, the expression for the reliability is in terms of the backward
recurrence time distribution of the life time of component Cg. Let bj(.) be
the pdf of the backward recurrence time of the '™ life time of ‘Cs and let
Rﬁwé(-.) denote the reliability under the above condition that state (r,0,0;)
is entered after two or more visits to (w,r,0;), then

00 s
Fi(utt
Rlt) = [ SHU) by du Ry (7.4)
0 Fi(u)

and a similar expression follows for Rom {t). With respect to the backward
recurrence time, explicit expressions seem to be available, only for the limit

distribution (Feller, 1966, pp. 354-357). Hence, the practical relevance of
formula (7.4) seems minimum.

Further, note that the mean time to system failure, given a start in a
particular state, can be computed by integration of the corresponding
reliability function.
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The system availability is obtained as in section 3.4, with the life cycle
playing the role of the interval between two successive E; events. Hence,
first the system availability at time t is computed, provided that the last
life cycle started at time t-u and subsequently the number of completed life
cycles at t-u is varied from zero to infinity. Thus the pdf f;;(t) in equation
(3.14) is replaced by v(t) and «ft} by the ’single cycle availability’
Afml(t), defined as

t
oo (1) = Fi(1) Aft) + [ £i(u) Afr,(t-u) du. (7.5)
) |

In equation (7.5):

i A,(t) represents the availability of the  two-unit dependent parallel
subsystem, conditioned on a start in state (o,0) at the time origin
EXpressions for A,(t) have been derived in the sections 3.4 and 5.4.

i, A,f,,,,l(t} is the system availability conditioned on a start in {(w,w,r;) at.
the time origin and given that the system is still in its first life
cycle at time t.

In other words: Af,,,,,(t) represents the system availability at time ¢
conditioned on a start in {o0,0,0;} and given that the length of the first life
- cycle exceeds time t. ,
Further, starting in state (w,w,r;), thé repair of the system component has to
be completed before time t, in order to be available at time t. Thus, the
single cycle availability Agyr(.) satisfies

2
Aur(8) = [ €30 [P Aluwy (1) + (1D) Abrg, ft-u)] du, =1, N1
0

and, from the mutually exclusive events that life time i of the system
component exceeds time t or not,

t
Aruo8) = Fi(1) Ang(t) + [ £3(0) Afur(t-u) du, i=1L..N,
0

where, by definition, AW (.}=0.

However, the number of life cycles completed at time t is not bounded Hence,
a formal expression for A‘ml(t}, the system availability at time ¢,
conditioned on an entrance into state (0,0,0,} at the time origin, is
(¢f. (3.14))
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©
Ao, (t) = Acoo (8] + ¥ 7 (E)rAL0 (). (7.6)
a=1
Further, starting in state {r,w,0;) at t=0, the first life cycle ends with
probability f3(t)xgi(tp...xfx{t}xgn(t) before time t and hence (cf. (3.26))

Aruoft) = Aruo(t) + THLIEH(EIK. HN(LREN(EMKAGG, (1), i=1,..,N. (7.7)
Analogously, for i=1,...N
Awur (1) = Aguor,(t) + BH(EPHL 1 (EREE 42 (E k.- HEN(EREN{ )X AGoo, (1)- (7.8)

Note that the (time dependent) behaviour in the first cycle is of special
interest when t is relatively small or when replacements at system level do
not occur. In the latter case, the formulas (7.6)-(7.8) have no practical
relevance anymore. , v ,

Expressions for the interval reliability and joint availability are obtained
in a similar way to the availability function. First, a recurrence relation is
dérived for the interval reliability or the joint availability in the first
life cycie and secondly the number of life cycles is varied. As before, the
sgpérscript ‘¢ is used to denote the single cycle interval reliability or
joint availability. ‘ \

The mutually exclusive events that the first failure of Cg occurs before time
t or not, yield {(cf. (7.5))

t .
Rooo,(t,7) = Fi(t47) Rug(tir) + [ (1) R (t-u,7) dy, (7.9)
)

where Rg,(t,7) is the interval relié,bility of the two-unit dependent paraliel
subsystem. Obviously,

i
Riur () = [ €3(0) [P Riuo,,,(1-07) + (1P) R, (1-07)] du, =1, -1
9
‘ (7.10)
and

' t
Riuo(t7) = FH(t47) Regf(ty) + [ £5(0) Rour(t-u,7) du, i=L,N, (7.11)
0

where Ryqyr, (.)=0, by definition.
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Formally, from (7.9)-(7.11),
c‘ et (n) c
Roooy (:7) = oo (6,7) + 1, ¥ (4)kRoug (4,T),
na=]

Rrwo{6:7) = Rruwg(t:7) + T(EIHEH(E .. MN{EIREN(t) KR 0o, (£,7)

and

Ruwor (6:7) = R, (4:7) + ZH(EIREL1( DGR, 1)k HIN(LHEN( MR o0, (8,7),
where ‘y(t)akRgml(t,f) is defined as
i
TR (17) = [ 7(4) R, (t-u7) du.
1}

The single cycle joint availability Af,o,,l(t,‘r) is obtained by considering the
mutually exclusive events that the first failure of Cg occurs:

i before time t,
#. in the interval (t,t+r) or

i, after time t+r.

It is easily seen that

t T
Koo (bT)=F4T) A(ty7) + [ £i1) Adr,(t-uir)du + [ £i(0) Afur (r-u)d,
o t

t T
Aran(6)=FA0T) Ag(tr) + [ £3(0) Adr(t-uridu + [ £3(u) Ay (r-u)du
Q t

and
t
Kour (67 = [ €5(0) [P Auo, ,(4-07) + (1-P) Ay, (100 du.
0 ‘
Consequently,
2. 4]
Ao (1T) = Agoq (&) + Y, 7™ (t)eAces (1:7),
r=1
Ao (tT) = Aruo (6,7) + F(EPEE(E P KIN(EIREN(t1¥Aooo, (8,7)
and

Awur (47) = A.fmi(t,r) + gi-‘(t>*f?+,<t)a«gin(m...*f;(t)*gﬁ(t)mml(t,ﬂ.
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So far, no assumptions have been made with respect to the life or repair time
distributions of the components C,, C,, C; and C,. Nevertheless, it is shown
that expressions can be derived for the (interval) reliability and (joint)
availability in this general situation. However, in the next section it is
shown that the analysis is simplified considerably by the introduction of
phase type distributions. Phase type distributions render the state
description process Markovian and hence the randomisation technique can be
used to compute the transient performance measures, which are of particular
interest. The possibilities of Markov models will be illustrated by an

example.

7.4 Phase type distributed life and repair times

Under phase type distributed life and repair times, the state description
process {X(t),t>0} becomes Markovian when it includes the phases of the life
and repair time distributions. In this section, the generator of the Markov
process is constructed, while assumption i in section 7.2 is relaxed. More

precisely, consider the system in figure 7.1 with the following assumptions:

i The dependent parallel subsystem has a bivariate phase type life time
distribution with exponentially distributed common cause, i.e. component
C; (i=1,2) has a phase type distribution with representation (o4;,T;) and
dimension n; and the common cause component has a phase type distribution
with representation (1,-A) and dimension 1.

ii. The components in the parallel system have a phase type repair time
distribution with representation (f;,S;) and dimension m;, i=1,2.

#ii. Life time i and repair time i of the system component are phase type
distributed  with  representation  (oy;,T3;), respectively  (83;,53), and

dimension nj;, respectively my;.

iv. The repair facility operates with FIFO (first-in—first-out) repair
policy. Repairs are not interrupted anymore. Repairs of C, and C, are

perfect.

v. The system component does not fail when the parallel system is down and

vice versa.
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vi. When a failure at system level occurs, the non-failed components behave
in a bad as old fashion, Cie. they are bad as old when the system
restarts operating.

vii. After N failures of the system component, the entire system is discarded
and replaced by an identical but new system.

In order to satisfy assumption i, the state ’'memory’ is added to the triple
‘operating’, ’repair’ and ‘waiting for repair’. Its function is to store the
state of a non-failed component at the moment a failure at system level
occurs. Hence, the components of the parallel system are in ’memory’
(abbreviated as 'm’) during a repair of the system component and the system
component is in ’memory’ when the parallel system is down.

Using ordered triples (x,X;,X,) to denote the state of the system and the
subscript i to denote period i, the state space S;( of period i is

i
SX=={(o,o,oi),(r,o,oi},(o,r,o,-),(r,w,mi),(w,r,mi),(m,r,w,-),(r,m,wi),(m,m,ri)}

and the one-step transition diagram of the state description process
{X(t),t>0} is given in figure 7.4.

«— (01,0) ¢ (mrw,)
,,,,,,, s N B R L
—fmm)]  [wrm)be]eoo) ] twm)]  [mmr)]--
v A I
»—o| (r,0,0) ) (rmw,)

Fig. 7.4: One-step transition diagram of period i
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Subsequently, to make the state description process {X(t),t20} Markovian, the
state space is extended to include the phases of the life and repair time
distributions. As in section 4.6, phase ¢ of a component’s life time is
denoted by ¢;, phase { of a repair time by ~; and o represents a component
waiting for repair. A non-failed component, which was in phase ¢ of its life
time distribution at the moment the system went down, is denoted by a,
Further, the system component has an additional index to denote the period
number.

Hence, the state space S} of period p {1<p<N) is extended to

P .
SX=(o,o,op)u(r,o,op)u{o,r,op}u(r,w,mp}u(w,r,m,,)u(m,r,w,)u(r,m,wp)u(m,m,r,,)

where
(0,0,05) = {(€asljsluplhsicn, 1sjsny 15ken,
(0,5,0p) = {(€as%jslip) hsisn, 15j5m,,15ksny
(Y,O,OP) = {("i,‘jﬁckp)}lsiﬁml,lsjsnz,lskSns

(mm,rp} = {(m,%p) bi1gicn 1¢j2m, 15k 5m,
(r,w,mp) = {{2:8Mp) hrcicm, 1<k <n,
(wrmp) = {(®%,Mp) hicjemy, 1cksny
(rym,wy) = {{%8),8p) hicicm, 1555m,

(m,r,w,,) = {(miv"'jv”p)}lsisnl,lsj$m2'
The generator Q of the Markov. process under consideration is constructed as
follows. The matrix Q is partitioned as
[Q1y Qp
Qs Qa3
Q= L , (7.12)

Qn-1n-1 Qv

L Qv Qun

where

i. the matrices Q; (i=1,.,N) contain the rates belonging to transitions
from state u; to v;, where (u,‘,vi)es}xs,‘(.

ii.  the matrices Q,, (i=1,..,N-1} have entries corresponding to transitions
from the set (m,m,r;) 10 (0,0,044,).
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#ii. Qu contains the transition rates corresponding to a renewal on system

level, i.e. transitions from the set (m,m,ry) to {0,0,0;).

Let the above sets of states be lexicographically ordered (per period) on the
indices of the phases of the life and repair time distributions. Then, using
the notation from section 4.6, Qy is given by figure 7.5. Secondly, the
matrix Q,, has dimensions which equal the cardinality of S,i( {rows} and S;f“
(columns} and which has non-zero entries Il®Iz®Sg,a’§,-ﬂ on the positions
corresponding to tramsitions from (m,m,r;) to (0,0,05,;). The entries of the
matrices Q; and Qy,; are obtained in a similar way as the entries of the
generator in 4.6.

Notice that it is immediate from (7.12) that the generator Q of the Markov
process is sparse, which is reinforced by the fact that the matrices Q; and
Q;i;1 are all sparse as well. Hence the randomisation technique is useful for
computing the performance measures. When the sparseness of Q is exploited to
the fullest degree and the generator is stored in an economical way, the
performance measures can be computed without difficulties, even when the state
space is very large and contains (say) 1000 states or more (Grassmann, 1977,
Gross et al., 1984).

Finally, the flexibility of Markov models is illustrated by 'considering some
simple modifications of the transition mechanism, resulting in interesting
models. The generator Q above is considered with the following modification.
The matrix Qp, is deleted and Quy is replaced by an identical matrix, with the
elements of I;®I,®S§Na§~ at the positions corresponding to transitions from
{m,m,ry) to (o,0,0y). In this case, the set S;‘( is an absorbing set which can
be considered as an equilibrium state: after N-1 periods, or stages of
degradation, the system reaches its steady state. The time dependent behaviour
is now determined mainly by the transient set S}(U..usﬁ’l and its corresponding
transition rates and the limiting or steady state behaviour by the Markov .
process with state space S§ and generator Quy. The methods and techniques
described in this study can now be used to analyse the system’s time dependent
as well as its steady state failure behaviour. ‘
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The effects of state dependent maintenance or overhauls can also be modelled.
When, for example, the life time of a component is modelled by a (generalised)
Erlang distribution and the phases of the Erlang distribution have a physical
meaning, the effect of maintenance can be represented by allowing transitions
from degradation stage i to i-1. Mine et al. (1974} consider such a state
dependent maintenance policy under Markovian deterioration for a two-unif

parallel system.

Summarising this chapter, it has been shown how the models in the previous
chapters can be extended to model ageing on system level. Recurrence relations
have been derived for the (interval) reliability and (joint) availability,
exploiting the existence of time epochs which show a lack-of-memory property.
Finally, the life and repair time distributions were assumed to be of phase
type, which rendered the system state description process Markovian. In this
case the randomisation technique can be applied to compute the transient
performance measures, which are of particular interest when the system
deteriorates.

183






Epilogue

Techniques for the computation of transient and stationary performance
measures of a two-unit repairable dependent parallel system are developed in
this monograph, using phase type distributions, the theory of regenerative
stochastic processes and the discrete supplementary variable technique.
Further, an opportunistic replacement policy of the control limit type is
studied and it i3 shown how to obtain the system's operating characteristics
under the replacement policy. Finally, a method is studied for the modelling
of deterioration at system level and expressions are derived for the transient
performance measures of the deteriorating system.

The conclusion is that in practical applications

i.  the transient performance measures can be computed relatively simply for
bivariate phase type distributed life times and phase type distributed
repair times, by using the randomisation technique,

i,  the stationary performance measures can be obtained for bivariate phase
type distributed life times and arbitrarily distributed repair times by
solving sets of linear equations of Laplace transforms.

Throughout this study it is supposed that the life and repair time
distributions are known. Moreover, the analysis is simplified considerably
when the generators of the phase type distributions are diagonaliéable. Hence,
further research is recommended into the possibilities of approximating a
distribution function with a phase type distribution with the property that
its generator is diagonalisable. Subsequently, a sensitivity analysis is
needed to investigate the numerical stability of the methods and techniques.

With respect to the replacement policy, further research is needed to improve
the computation of the stationary joint pdf and to find out if assumptions
about the costs functions can be exploited to minimise the total expected
costs per unit of time.

On the other hand, it seems that the theoretical results can be extended
without difficulties to other system configurations, such as cold or warm
standby, intermittently used systems, priority systems or series systems with
a small number of components, using the methods and techniques described in
this study.
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APPENDIX A

When the common cause component in section 5.4 has a PH distribution with
representation (oy,T;) and dimension ny, the system state description process
{X(t),t>0} is the wvector valued process X(t)=(X;{t},X3(t),X3(t)), where X(t)
denotes the state of component k (k=1,2,3) at time ¢t Obviously,
Xi(t)e{o,1,..,np,r,w}h, k=12 and X(t)e{o,l,..,n3,w}, where -in the latter case
the state °w denotes that C, is waiting to restart operating, instead of
being queued for repair. lLet the events E(xv,g,x:’) be defined similarly to
the events E("v"z) in  section 5.1 and let Au{t) denote- the system
availability at time t, given an event E; ;. at t=0. Then, considering the
mutually exclusive and exhaustive cases described in section 5.4, it is easily
seen that, for (i,j,k)e{o,l,..,n;}x{0,1,..,n}x{0,1,..,n3}

Agr(t) = Fpat) Fyult) (A.1)

+ 3 5 [ut) Pagtu) o exp(Tas) m Anlt-u) du

mmwl l=1 0

£ au v
[ [ [ 19 Paulvw) Fypty) Balio¥t¥) Araft-) d dv. du
o' 0 o G 2{W)

+Z’ Ipx iu) Py p(u) f3, k(u) (P Aruult=u) +{1-p) Aury(t-u)) du

i1 0

+J' J-“ J-"F,,i(v) Pz,j,{v,w} fs,t(") Wiﬁ A po(t-u) dw dv du,
[ M 1) G

2{w)
ﬁrhere
1
Aurult) =J £2(U) Ap{t-u) du,

and

. .
Arlt) =fgl(u) Ag(t-u) du.
0
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An expression for the availability function, conditioned on an Eg,) event at

the time origin is, for (ik)e{o,1,..,n;}x{0,1,..,n3}

Ain(t) = Fy(t) Fau(t) Gy(t) (A2)

nsg n t T T
+ 3 L [ o0 of s exp(Ty)y of x exp(Tsu) m Aualt-u) du

m=1 =10

t u
[ 114v) Fopv) 4V gau) Argft-u) du
L)

t '
# [ [ 10 Fiav) av gafu) Apuo(t-u) du.
00

Interchanging the roles of C; and C, yields an expression for A,u(t),
(j.k)e{o,1,..,ny}x{0,1,..,n3}.

To obtain the limiting availability, the Laplace transforms of (A.1) and (A.2)
are computed. The result is a set of linear equations in the Laplace
transforms of the availability functions A;;(t):

*

Ajuls) = 9[F1,f(t) Fs.&(t)] : —_ (A.3)

+# 3 L S[fualt) Poglt) o3x exp(Tut)] Arnls)

mel Je}

L 4 - .« .
@] [ [ tdv) Py jtv,w) Fan(v) B2V gy av| AT (s)
U 0‘[ A e Gy(w) } "

T

+Y Q[Fmt) P, i(t) fs,ktw] (Phrunls) + (1-DVAmrus(s))

t v -
WU [ i) Patv) fouv) E2LY40) g o] A7t
0

Ga(w)
where
Aurl5) = 82(8) Araol)
and
ArwulS) = E1(5) Agrofs).
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Subsequently,

Apals) = B[Fl,xt} Fy (8) t‘izm] (A4)

!ls n *
+3 Y 2[gzm o, exp(Tit); o s 'exp<T3u>..,.] Al om(s)

me=l le=1

+ B[gzmojtf,,,-(u) Fyalu) du] Avools)
. ﬁ[gz(t)offa,kw) Fualu) du] Alls).

As in section 5.2, the coefficients in (A.3) and (A.4) can be determined
explicitly when the matrices T, (k=1,2,3) are diagonalisable. Computing the
Laplace transforms, the following property is used (Neuts, 1981, theorem
2.2.9): let Fy4(t) = o] exp(Tt) e, and Fy(t) = o exp(Tst) es, then

Fit) Fat) = o exp(Ty) e, (A.5)
where o=0y®0y, T=T,@I;+];®T; and e=e;@e;. Neuts also proves that T exists.

Let o, T and e be defined as in (A.5) and suppose that T is diagonalisable,
say T=5"DS. Further, let 1 be an identity matrix of dimension n;n; and note
that a}‘,k exp{Tyt), = ce;k exp(Tst) o Then it is easily verified that the
Laplace transforms of the coefficients in the right hand side of (A.3) are
given by

R[Fl,im Fa,k(t)] - o ST e

Q{fx,i(t} P2 l(t) “E,Ic exp(Tat).m] =a's! P;,jl(SI"D) S Tg@o‘!&,m:

1
ﬁ{F,,m Py alt) fs,k(t)] = o7 57 P} 4(s1-D) S e,0T,
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-[ Iflz v) Py jr(v,w) Fayx(v) Ba(L-ViV) dw dv
Gy (w)

= " T 57 B el-D) [gi(s1-D) - gi(aD)] S Thoey

and
f f Fuiv) Pojelv,w) fya(v) 82L82Y3¥) gy gy
G, (v)

=o' T 8 3 ;(s1-D) [g‘;(s1-m - sicsn} S esT;.
The Laplace transforms of the coefficients in the right hand side of (A.4) are

£[Fuutt) Faxtv) Tv)] = o7 87 Tl S ¢,
Sz[gzm oy i exp(Tyt); o 4 exprrst).ﬂ.} = o 87 gy(sI-D) § o] ;905 s

(et | f0) Faatw) du] = o7 T 5% [ghal-D) - gis)] § Thoes

and

¢ ‘ * »*
2festt) [ foulv) Frufw) du] = o7 T 7 [g3061-D) - g3(6D)] S eroTs
11

Finally, the limiting availability can be obtained as in section 5.4, applying
the Abelian theorem for Laplace transforms (Cohen, 1982).
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APPENDIX B

To show that M*(s) in (5.28) is irreducible for s>0, note that it follows from
(5.29) that for real s>0

T M6 < 1,

j=t
since either M:j(s) is strictly decreasing in s or M:j(s)=0 for ali s20. Hence
M*{s) is a (sub)stochastic matrix for s20 (since Vo Vije(,. n} M;’;(s)zm
and can be considered as a matrix of transition pi'obabilities. Obviously, the
entries M:j(s) are positive if and only if the corresponding transition from
state i to state j can occur. However, the assumed irreducibility of the
representations (o, T;) of the phase type life time distributions of the
components C; (i=1,2) guarantees that all n states communicate. Hence, for all
i,je{l,..,n} there exists an integer k;; such that

{M*(s)] ]:’ > 0.

In other words: M*(s) is irreducible. ]

To prove that p,(s), the eigenvalue with maximum real part of M*(s), is
differentiable in s, define the function f(u,s) as

f(i,8) = det(ul-M (s)).

Let 8§20, then f{u,8) is an analytic function in g, since f(u,8) is a
polynomial in p. Now, let C be a closed contour in the complex p-plane, such
that \

i f(u,8) has no roots on the contour C and

ii. there is exactly one root of f(u,5) inside the contour C, wviz. the root
with maximum real part of f{x,§).

Then the root inside C iz u(8) and it follows from the Perron-Frobenius
theorem that y,(8) is a simple root. Moreover, since py,(§) is simple,
Titchmarsh (1952, p.116) shows that

Logatuliss) gy o o), (B.1)
T -
c f“"s)

where f,(1,8) = 9f(u,8)/ap.
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To show that the left hand side of (B.1) is differentiable, note that the
entries of the matrix M*(s) are all differentiable functions. Hence, f(u,s)
and f,(u,s8) are differentiable as a function of s. Finally, since f{u,8)#0 on
the contour C, it follows that the integrand in the left hand side of (B.1) is
differentiable as a function of s. Consequently, j,(s) is differentiable. |
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APPENDIX C

To prove that ?R*(s) in (5.67) is irreducible for all real s>Re(s), where ¢ is
the pole with mrp of i)t*(s), note that

i Y osRe(o) [!R:g(s) >0] as the assumed irreducibility of the representation
(0, T;) guarantees that Vig Vi jes,..,ny {fx,o(t) Pyt > 0}1

e Vo) Ru(s) 20] and

i, Yore(s) Vie(l..nz} [(m;l(s})ii>0]a as Yy Vie{l..nz} ]:gl(t)EXP(th)ii”]

* * N * * .
Hence V¥ pe(s) [33212(8) Myi(s) > 0} and VYy,pe(o) [mzl(sl My(s) > 0]-

Further, remark that, for keN

e | BB 0" | 0
s = -3 - -
Y | (M ()M ,(8))
and
(s = o ' ?::(5} (332;1(5)3_)_3:2(3)11[ k
Ryu(s) (Mia(s)Wyy(s))" | o
and therefore m*(s} is irreducible for all s>Re(o). n

The following lemma is used to prove that the pole & with mrp of r‘(s) in
(5.67) is a pole of (IR (s))™.

Lemma:
i.  If A(s) is eigenvalue of m*(s), then A%(s) is eigenvalue of mtz(s)m;(s).

i. If A(s) is eigenvalue of m‘(s), then -A(s) is also eigenvalue of m‘{s).
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Proof: i. Suppose ?.R‘{s) X(s) = A{s) x(s}. Partition SR*(S) and x(s) and write
(for ease of use the argument s is deleted)

*
A, ‘ -y, X3 0
—_—— —- = W

Thus IR:,X,, = Ax; and ?R;!xl = XXy, hence m:,m;x, = A!)Z:zxz = Ale and it
follows that det(xI - ®;,My,) = 0.

l?“n. Mm}

T Mg My

with invertible submatrix M;;, the Schur-complement (Fiedler, 1986) of M in
M,, is defined as Mzg.-Mﬂm;}M,z and det(M) = det(M,;) det(Myg-MzM1Mz).

Hence, det(,\lmz-m ) = A" det()l, -,\"m,,mm) = det(,\‘l,,z-m,zmn) In other
words: det(,\Iz,, -m ) is an even iunctnon in A and consequently det(—)‘Ig,,z-m }=0

#. For a matrix M,

whenever det.( ,\I%—m )=0. n

To show that the pole & with mrp of r(s) in (5.67) is a pole of (I-R (s))7,
consider the candidates for &. As r‘(s) = (I—m*(s))"b:(s), these candidates
are the poles of m*(s), b:(s) and (I—-m*(s))-l.

With respect to the repair time distribution it is assumed that o; is the pole
with mrp of g:(s). Further, suppose that the matrices  T;, i=1,2, are
diagonalisable: let T,:S}‘DS,-, where Dgzdiag(d,-,l,..,d,-,ni) and d;, is the
eigenvalue with mrp.

Then 3)22, (s} = S, g; {sl;-D;) S; and it follows that the pole with mrp of
‘mm(s) is s=0y4d, ).

Subsequently,

(Myy(s))y; = o Sy Pai(sli-Dy) S Ty
and
* : -1 * * »
Pyii(8) = ((s1=Tp) )ij + f2,4(5) Ba(s) Py 0j(s).
Careful inspection of P;’ij(s) learns, after substitution of f:,;(s), g;(s)

and Py(s), that the pole with mrp of Wy(s) is s=d,. As a result
Smax=max{d, ;,d; y+0,} is the pole with mrp of R*{s}.
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Secondly, as

br(s) = [£(Fyo(t)) . L(Fyo(t)) LFas(t) Tu(t)) .. UFyn (8) Cu(t))]",

LFy0t) = 0"{‘ (sL-Ty)" ¢
and

L(Fy1(t) Gy(t)) = “'g,j Sy’ G:(SIz"Dz) S, e,

it follows that s,,, is also pole with mrp of b:(s).
* -1

Finally, in order to prove that (I- (s})) has a pole s, which satisfies
Re(Smrp)>Smax, the eigenvalues my(s) (i=l,..,2np) of m*(s) are considered. Let
m(s) be the eigenvaiue of m*(s) with mrp. It will be shown that
tae0) [M(S)=1], i€ Toe(e o) [det(I-B (5))=0].

To prove that 3,6(,mx,0] [m,(s)=1], note that

Joe(

Vijelt,..,n,) [s:::ax (My2(8)Myy(s))i5 = 00]- .

Now, using the theorem that the spur of a matrix equals the sum of its
eigenvalues (Marcus et al., 1964, p.23), it follows from the above lemma that

Hmns) = oo

S¥Spax 1
On the other hand, it is shown in section 5.2 that ?R*(s) is (sub)stochastic
for s>0 and hence my(s)<l for s>0. However, replacing M*(s) by m*(s) in
appendix B, it is immediate that my(s) is continuous in s and hence
B’E(’ma.x'o] [my(s)=1].

. * . ¥ ol
As a result, the pole 6 with mrp of r(s) is a pole of (I-R (s)),

max

be(max{d, ;,d,;+0,},0] and obviously, § = seR {m,(s)=1}. n
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Appendix D

The numerical examples in section 6.8 illustrate the OFRP for a system with
identical units and one repair facility. In this case, it follows from (6.52)
and (6.53) that, for O<x<l,

Hyx) = Fo(x/2) [ galy) Hyfx-y) dy + Fu(x/2) galx) Hy
0

and

x x4ly

Hy(x) = [ (y) Fa((y-x)/2) Hyix-y) dy + [ 12(9) Fot(y-x)/2) Hy(y-x) dy.
’ +

0 x

For given H,, the functions H,(x) and Hy(x) can be obtained numerically by
discretisation of the above equations. To illustrate this, let neN, h=L,/n,
x;=ih (i=l,.,n) and xn=0+. Then discretisation of the integrals yields, for
i=1,...n

-1

Hy(x) = Fy(x:/2) h{’ﬁgz(xo)ﬂz(xs) + ¥ 2ol Hp(xix;) + wsmﬂxx.,)} 1)
=1 ,
+ Fs("iﬂ) ga{x;) Hz
and
Hy(x;) = (D.2)

i-1
h{sz(xo) Fal=x:/2) Hy(x) + T £a6%5) Fal(x;x)/2) Hylorx;) +4850%) Hltxo)}

j=1

n-1 )
+ n{afixi) Bua) + T alrety) Fatxyf2) i) + wtalsetna) Falxa/2) Hyc)}
i=1

Further, it is easily seen that Hy{xg) = g,(xe) Hy and that Hy(x,) equals the
second part of the right hand side of (D.2). Hence, discretisation results in
a set of 2(n+l) linear equations in 2(n+l) unknown variables, viz. H,{x;) and
Hz(x"), i=0,..,n.

In the numerical examples in section 6.8 n equals 50. With respect to the
infinite integrals in (6.54)-(6.56), the following choices are made:
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i. The first integral in (6.55) is truncated at up+50g, where up and op are
as in section 6.8, ‘

#. The third and fourth integral in (6.58) are truncated at max{3L,,u;+30.},
where y4; and o, are as in section 6.8.

#i. The first integral in {6.54) is truncated at max{2x,p;+30;}.

#v. The integral in (6.56) is truncated at y;+30;.

The integrals are computed by Simpson’s }-rule. From numerical experiments
with  identically exponentially distributed life times, respectively repair
times, it appeared that the error in the stationary joint pdf was less than
0.5 % with the above choices.
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Summary

A two-unit parallel system (with a single repair facility), a basic redundancy
configuration in the reliability field, is subject of this thesis. The units
of the system are statistically dependent, caused by the occurrence of common
cause failures, which destroy both units simultaneously. Apart from a brief
review basic stochastic models and processes, used to model the failure
behaviour of repairable systems, the study concentrates on the derivation of
expressions for the system’s performance measures. Expressions are obtained
for the system reliability, the availability, interval reliability, joint
availability, the system state probabilities and the stationary counterparts
of these measures. Further, the quasi-stationary distribution of the residual
life time and the quasi-stationary  system  state  probabilities are
investigated.

The performance measures are characterised in terms of the system’s state
descripﬁon process {X(t),t20}: stochastic analysis of the process X(t) yields
explicit expressions for the above quantities. The state space of the process
X(t) is determined according to the kind of information wanted about the
system and by the type of probability distribution which is used to model the
life and repair times of the units. The use of phase type (PH) distributions
{as defined by Neuts, 1981) and the discrete supplementary variable technique
play a key role in the analysis of the system. It is shown that under
bivariate phase type (BVPH) distributed life times and generally distributed
repair times, including the phases of the BVPH distribution in the state space
of X(t) gives a regenerative state description process. The regeneration
points of the process X{(t} are used to derive recurrence relations for the
system’s performance measures, conditioned on an entry into a particular
regenerative state. Since the relations are in terms of sets of convolution
integrals, taking the Laplace transforms yields sets of linear equations in .
the Laplace transforms of the performance measures. Subsequently, applying the
Abelian theorem for Laplace transforms, the system’s stationary performance
measures are computed. On the other hand, the system’s transient behaviour is
investigated under BVPH distributed life times and PH distributed repair
times. It is shown that including the phases of both life and repair time
distributions renders the state description process X(t) Markovian. Although
the state space of the Markov process under consideration can become large,

the transient performance measures of the systeni can be computed with minimum



round off error by using the randomisation method.

Apart from studying the transient and stationary performance measures, an
extension is made in the direction of maintenance of a two-unit dependent
parallel system: a continuous time opportunistic replacement policy of the
control limit type is analysed, under generally distributed life and repair
times. A partial differential equation is derived for the stationary joint pdf
of the system’s state description process {X(t),t>0}, which describes the
operating repair and waiting time for both wunits at time t, under the
replacement policy. Expressions for a number of long run operating
characteristics are derived (such as the expected number of failures per unit
of time, the expected number of preventive replacements, etc.) and a cost
function is constructed to determine the optimal value of the control limit,
which minimises the expected costs per unit of time in the long run. Numerical
examples illustrate the techniques.

Finally, the ageing of a repairable system is discussed and it is shown how
deterioration on system level can be modelled by connecting the parallel
system in series with an additional. component, called the system body, for
which the life times are not necessarily identically distributed. Since the
system deteriorates and hence the state description process X(t) is
non-stationary, the transient behaviour of the system is of particular
interest. Time epochs which show a lack-of-memory property are exploited to
derive  expressions for the system’s (interval} reliability and (joint)
availability, under generally distributed life and repair times of the system
body. However, the analysis is simplified considerably by the introduction of
phase type distributions, which render the state description process
Markovian. In the latter case the randomisation technique can be used to

compute the system’s transient performance measures.



Samenvatting

Onderwerp van dit proefschrift is een repareerbaar systeem met twee parallel
geschakelde units die statistisch afhankelijk zijn en één reparateur. De
afhankelijkheid wordt veroorzaakt door het optreden van zogenaamde common
cause failures, die biede units tegelijkertijd doen falen. Na een kort
overzicht van de basismodellen die in de literatuur gebruikt worden om het
faalgedrag van een repareerbaar systeem te modelleren, concentreert het onder-
zoek zich op het afleiden van uitdrukkingen voor de prestatiematen van het
systeem. Formules worden afgeleid voor de betrouwbaarheid van het systeem, de
beschikbaarheid, interval betrouwbaarheid, simultane beschikbaarheid, de
toestandskansen en de stationaire versies van genoemde grootheden. Bovendien
wordt een tweetal quasi-stationaire verdelingen onderzocht, te weten de rest—
levensduurverdeling van het systeem en de verdeling van de stationaire
toestandskansen, beide geconditioneerd op overleven van tijdstip t, waarbij
t»00.

De prestatiematen worden beschreven aan de hand van een stochastisch proces
{X{1),t>0}, dat de toestand beschrijft van het systeem op tijdstip t. Analyse
van het proces X(t) levert expliciete uitdrukkingen voor genoemde prestatie-
maten. De toestandsruimte van X(t) wordt bepaald door de soort informatie die
men wenst over het systeem en het type kansverdelingen dat gebruikt wordt om
de levens— en reparatieduren van de units te modelleren. Het gebruik van
fasetype (FT) verdelingen (Neuts, 1981) en de discrete supplementaire variabe-
le techniek spelen hierbij een sleutelrol: het blijkt namelij)k dat wanneer men
de levensduren modelleert met een bivariate fasetype (BVFT) verdeling en de
reparatieduren met een willekeurige verdeling, het proces X(t) regeneratief
wordt indien de identiteit van de fase waarin de BVFT verdeling zich bevindt,
opgenomen wordt in de toestandsruimte van X(t). Regeneratieve tijdstippen
worden benut om recurrente betrekkingen af te leiden voor de prestatiematen .
van het systeem, geconditioneerd op de binnenkomst in een toestand die
regeneratief van aard is. Daar deze betrekkingen bestaan uit convolutie-
integralen leidt het nemen van de Laplacegetransformeerde tot een stelsel ver-
gelijkingen in de Laplacegetransformeerde van de prestatiematen. Door het toe-
passen van de Abelstelling voor Laplacegetransformeerden kunnen vervolgens de
stationaire prestatiematen eenvoudig bepaald worden. Anderzijds wordt het
transiénte gedrag van het systeem onderzocht onder de veronderstelling van

BVFT verdeelde levensduren en willekeurig verdeelde reparatieduren. Indien nu
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niet alleen de identiteit van de fase waarin de BVFT verdeling zich bevindt,
wordt opgenomen in de toestandsruimte van het proces X(t), maar ook de
identiteit van de fase waarin de FT verdeling zich bevindt, is het resultaat
een Markovproces. Alhoewel de toestandsruimte van dit Markovproces geweldig
groot kan worden, kunnen de transiénte prestatiematen toch op een numeriek
stabiele wijze berekend worden indien eer methode toegepast wordt, die in de
literatuur bekend staat onder de naam ’randomisation technique’.

Behalve het transiénte en stationaire gedrag wordt een onderhoudsstrategie
bestudeerd, toegepitst op een systeem met twee parallel geschakelde, statis—
tisch afhankelijke units. De beschouwde strategie is een oppotunistische
vervangingsstrategie in continue tijd van het ‘control limit’ type. Onder de
veronderstelling van willekeurig verdeelde levens— en reparatieduren, wordt
een partiéle differentiaalvergelifking afgeleid voor stationaire simultane
kansdichtheid van het proces X(t), dat in dit geval beschrijft hoe lang een
unit reeds werkt, in reparatie is of wacht op reparatie. Uitdrukkingen worden
afgeleid voor een aantal stationaire systeemgrootheden, zoals het verwachte
aantal storingen per tijdseenheid, het verwachte aantal preventieve vervan-
gingen, etc. Bovendien wordt een kostenfunctie geconstrueerd om de optimale
waarde van de control limit te bepalen, die de verwachte kosten per tijdseen—
heid minimaliseert. Numerieke voorbeelden illustreren de techniek.

Tenslotte wordt aandacht besteed aan een methode om geleidelijke veroudering
van een repareerbaar systeem te modelleren. Hiertoe wordt het parallel systeem
in serie geschakeld met een component wiens levenesduren niet {néodzakelijk)
identiek verdeeld zijn. Voor een verouderend systeem is slechts het transiénte
gedrag van het proces X(t), dat de systeemtoestand op tijdstip t beschrijft,
van belang. De transiénte prestatiematen die afgeleid worden zijn de
(interval}) betrouwbaarheid en de (simultane) beschikbaarheid. De functie van
regeneratieve tijdstippen wordt hierbij vervuld door tijdstippen die een
geheugenloosheidseigenschap manifesteren. Echter, de analyse wordt aanzienlijk
véreenvoudigd door de introductie van FT verdelingen, die van het proces X(t)
een Markovproces maken. In dat geval kan de randomisation technique toegepast
worden om de transiénte prestatiematen van het systeem te berekenen.
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Stellingen
behorende bij het proefschrift

RELIABILITY ANALYSIS OF A REPAIRABLE DEPENDENT PARALLEL SYSTEM

I
De relatieve relevantie van reliability onderzoek wordt perfect getypeerd door

de volgende uitspraak (Ascher et al., 1984):

We have indications of all three oil pressures on all three engines down
to zero. We believe it to be faulty indications since the chances of all three

engines having zero oil pressure and zero quantity is almost nil ...
An airline pilot

Ascher, HE. & Feingold, H. (1984). Repairable systems reliability: Modelling,

inference, misconceptions and their causes. Marcel Dekker, New York.

I
Naar derden toe verdient het de voorkeur bij de beschrijving van fasetype
verdelingen (zoals gedefinieerd door Neuts, 1981) de subklasse bestaande uit

eindige mengsels of sommen van Erlangverdelingen als uitgangspunt te nemen.

Neuts, M.F. (1981). Matrix—geometric solutions in  stochastic models. John

Hopkins University Press.

LT
Dat enige voorzichtigheid in acht genomen dient te worden bij het klakkeloos
berekenen van de stationaire performance measures van een systeem, getuige de

volgende uitspraak van de econoom J.M. Keynes:
‘In the long run we are all dead.’

Zie hoofdstuk 3 tot en met 7 van dit proefschrift.

v
Gezien de enorme kloof die gaapt tussen theorie en praktijk, is een gesprek

met mensen uit de onderhoudswereld vaak uitermate on?erhoudend.



\%
De naam ’Survival Analysis’ getuigt van een optimistische kijk op het leven,
gezien het feit dat (Elandt-Johnson, 1980):

There is only a semantic difference between living and dying. From birth

onwards we are approaching death ...

Elandt-Johnson, R.C. (1980). Some prior and posterior distributions in
survival analysis: a critical insight on relationships derived from cross—
sectional data. Journal of the Royal Statistical Society, series B, 42, pp.
96-106.

VI
Uit publiciteitsoverwegingen had de naam ’Stochastiek’ vervangen moeten worden

door ’Chaostheorie’.

VII
Het frustrerende van een promotieonderzoek is dat N(k), het aantal personen
dat een oordeel uitspreekt over een proefschrift aan de hand van k gelezen

pagina’s, dalend is in k.

VIII
Het dubbel tellen van ’uit’ gescoorde doelpunten in een europacup treffen bij
een gelijke eindstand na twee wedstrijden is flauwekul, daar het team met het

grootste aantal ’uit’ gescoorde goals eenvoudigweg winnaar is.

IX
Over het aanvaarden van een betrekking als AIO denkt men niet na, immers

(Cato): ’Fronte capillata, post est occasio calva.’

Publius Valerius Cato. Disticha Catonis.

X
Parti€le afschaffing van de coéducatie is de succesvolste methode om Thea

techniek te laten studeren.

XI
Het voeren van knipperlicht overdag zou een typisch Nederlands compromis

geweest zijn tussen geen licht en dimlicht.

M.J.P. Pijnenburg, augustus 1992.



