EINDHOVEN
e UNIVERSITY OF
TECHNOLOGY

Optimal inventory policies with non-stationary supply
disruptions and advance supply information

Citation for published version (APA):
Atasoy, B., Gilli, R., & Tan, T. (2011). Optimal inventory policies with non-stationary supply disruptions and
advance supply information. (BETA publicatie : working papers; Vol. 342). Technische Universiteit Eindhoven.

Document status and date:
Published: 01/01/2011

Document Version:
Publisher's PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

* A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOl to the publisher's website.

* The final author version and the galley proof are versions of the publication after peer review.

* The final published version features the final layout of the paper including the volume, issue and page
numbers.

Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

» Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
* You may not further distribute the material or use it for any profit-making activity or commercial gain
* You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:

openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 04. Oct. 2023


https://research.tue.nl/en/publications/cd323dd4-c072-4d5e-bcb4-58132e8a37eb

N
7 Beta

Research School for Operations
Management and Logistics

Optimal Inventory Policies with Non-stationary
Supply Disruptions and Advance Supply Information

Bilge Atasoy, Refik Gulla, Tarkan Tan

Beta Working Paper series 342

BETA publicatie WP 342 (working

paper)
ISBN 978-90-386-2464-8
ISSN
NUR 804

Eindhoven March 2011




Optimal Inventory Policies with Non-stationary
Supply Disruptions and Advance Supply Information

Bilge Atasoy e Refik Giillii @ Tarkan Tan

Ecole Polytechnique Fédérale de Lausanne (EPFL), Transport and Mobility Laboratory,
CH-1015 Lausanne, Switzerland

Bogazici University Industrial Engineering Department, Bebek 34342 Istanbul Turkey

School of Industrial Engineering, Findhoven University of Technology,
Eindhoven, The Netherlands

bilge.kucuk@epfl.ch o refik.gullu@boun.edu.tr o T. Tan@tue.nl

We consider the production/inventory problem of a manufacturer (or a retailer) under
non-stationary and stochastic supply availability. Although supply availability is uncer-
tain, the supplier would be able to predict her near future shortages -and hence supply
disruption to (some of) her customers- based on factors such as her pipeline stock infor-
mation, production schedule, seasonality, contractual obligations, and non-contractual
preferences regarding other manufacturers. We consider the case where the information
on the availability of supply for the near future, which we refer to as advance supply
information (ASI), is provided by the supplier. The customer demand is deterministic
but non-stationary over time, and the system costs consist of fixed ordering, holding and
backorder costs. We consider an all-or-nothing type of supply availability structure and
we show the optimality of a state-dependent (s,.S) policy. For the case with no fixed
ordering cost we prove various properties of the optimal order-up-to levels and provide a
simple characterization of optimal order-up-to levels. For the model with fixed ordering
cost, we propose a heuristic algorithm for finding a good ordering strategy. Finally, we
numerically elaborate on the value of ASI and provide managerial insights.

Keywords: supply uncertainty, advance supply information, inventory, optimal policy

1 Introduction and related literature

Numerous success and failure stories have taught us that supply chains need to take
potential supply disruptions into account in the planning phase, rather than ‘fire-fighting’
when disruptions take place. The supply process in a supply chain can be disrupted for
various reasons, which can be classified into two groups: i) Unpredictable disruptions,
which arise from natural disasters, terrorist attacks, accidents, and the like, and ii)

predictable disruptions, which basically originate from capacity restrictions and scarcity



of some resources at the supplier. Further, a predictable disruption might be either due
to a temporary total lack of the supplier’s production capacity (in which case none of
her customers are satisfied), or the supplier’s choice in allocating her restricted capacity
to other manufacturers and/or products. The supplier would possibly be able to predict
her near future shortages -and hence supply disruption to (some of) her customers-
based on factors such as her pipeline stock information, production schedule, seasonality,
contractual obligations and non-contractual preferences regarding other manufacturers,
and the like. Nevertheless, a predictable disruption might remain unpredictable to the
manufacturer (or the retailer) if the supplier does not inform him -at least to a certain
extent- about this disruption. We refer to such information concerning future disruptions
that are known to the supplier as advance supply information (ASI). The supplier might
want to provide the manufacturer with ASI for several reasons including reputation and
improving collaboration.

In this paper we consider the production/inventory problem of a manufacturer (or
a retailer) under non-stationary stochastic supply uncertainty and availability of ASI.
The supply chain environment that we consider consists of a manufacturer facing non-
stationary deterministic demand, and an outside supplier with uncertainties in the deliv-
ery times and amounts. Novel features of our model are that (1) the supply availability
over the planning horizon is time dependent, and (2) the supplier provides the man-
ufacturer information regarding the supply conditions over a limited specified horizon
(the ASI horizon). Moreover, since both the customer demand sequence, and the supply
availability structure is time dependent, our model can also be used to capture possible
correlations between the customer demand and the disruption duration in supply.

The supply structure that we consider is of all-or-nothing type and is similar to a
clearing process: in a given period, the order placed by the manufacturer along with
its backorders are supplied with a probability that depends on the period. Under this
environmental setting, the manufacturer’s problem becomes determining the optimal
order amount in each period that minimizes expected linear holding and backorder costs
and the cost of ordering over the planning horizon. As the manufacturer keeps track of
the supply availability information provided by its supplier, any optimal policy should
be a function of ASI as well as the time dependent nature of supply uncertainty. In
this article we characterize the structure of the optimal policy and provide managerial

insights on the impact of ASI on the optimal system performance. To the best of our



knowledge, our paper is the first one that provides an exact and near-explicit expression
for optimal order-up-to levels as a function of the supply information.

The environment described above is suitable for the planning problem of a parts
manufacturer where customer orders are the firm production quantities dictated by an
upstream stage through a master production schedule. The parts manufacturer, now
facing deterministic customer orders, needs to plan its own order quantities from an
outside supplier whose delivery performance is time dependent and uncertain. The parts
manufacturer tries to reduce the supply uncertainty by receiving the supply availability
information from the supplier a number of periods in advance. Under the assumption
of all-or-nothing type supply structure, ASI is equivalent to knowing the timing of the
supply availability (when the order is fully delivered and any backorders are cleared), and
supply unavailability (nothing is delivered) periods during the ASI horizon. From this
perspective our system also resembles a supply system where the inter-delivery times are
non-stationary random variables, the supplier keeps track of the manufacturer’s inventory
position and a partial knowledge of the delivery times is revealed to the manufacturer.

Papers in production/inventory literature that model uncertainties in the supply side
can be divided into three research tracks. Papers in the first track model supply uncer-
tainty by considering random durations in which supply is either completely unavailable
or completely available (our paper falls into this group). Parlar and Berkin (1991) and
Parlar and Perry (1996) are early examples of allowing random supply disruptions in in-
ventory literature. In both of these papers supply availability and unavailability durations
are respective exponential random variables and the inventory models follow assumptions
of Economic Order Quantity (EOQ) model. In particular, the demand process is contin-
uous and stationary over time. Parlar and Berkin (1991) allows a replenishment (when
the supply is available) when the inventory level drops to zero, whereas Parlar and Perry
(1996) incorporate a possibly non-zero reorder level and multiple suppliers. Under a Pois-
son demand process and fairly general availability and unavailability durations, Mohebbi
(2004) evaluates an (s, Q) type inventory policy. Giillii et al. (1997) consider a periodic
review variation of the Parlar and Berkin (1991) model where the supply unavailability
durations are non-stationary random variables, and the demand quantities in successive
periods are dynamic deterministic values. Giillii et al. (1997) present a newsboy-like
expression for obtaining the optimal order-up-to levels.

The second research track treats supply uncertainty as randomness in yield, where



the quantity received is a random fraction of the quantity ordered. Starting with the
pioneering work of Karlin (1958), Yano and Lee (1995), Gerchak et al. (1988), Henig
and Gerchak (1990), Wang and Gerchak (1996), Hsu and Bassok (1999) present various
production/inventory models incorporating random yield. In a recent article Yeo and
Yuan (2011) consider a model with random yield and demand cancellation, and show
that the optimal ordering policy has a reorder point structure.

In the last research track, the production capacity, rather than the supply is considered
to be random. Note that there is a subtle difference between uncertainty in supply and
randomness in production capacity. In supply uncertainty models, when the supply is
available it is assumed to be fully available. Therefore, supply uncertainty often occurs
not as a constraint on the amount that can be ordered, but as an external factor that
affects the quantity received (either nothing or a fraction of the ordered amount is received
during the unavailability duration). In random capacity models on the other hand, the
maximum amount that can be ordered (or produced) is a random variable, and hence
the treatment of models with finite (but random) capacity is quite different. Ciarallo
et al. (1994), lida (2002), and Giillii (1998) consider periodic review inventory problems
under random capacity. In these papers, demand and supply processes are assumed
to be stationary. Erdem and Ozekici (2002) consider the same problem, but allow the
distribution of capacity to vary according to a Markov chain.

In the supply uncertainty literature, information on availability of future supply is
typically modeled through considering supply uncertainty as a Markov process. In these
models the probability distribution of supply availability in the next period depends on
the current availability state (see, for example, Ozekici and Parlar (1999), Parlar et al.
(1995), Song and Zipkin (1996), Chen and Yu (2005)). We differ from the literature by
explicitly including the supply information for a number of periods in our state definition.
Among the papers that treat production capacity as a random variable, Jaksic et al.
(2011), and Altug and Muharremoglu (2011) explicitly consider the existence of advance
information on production capacity in their models. In these papers the evolution of
capacity information follow stationary processes. Main differences of our work from
previous papers that incorporate supply or capacity information in their models are that
we allow the supply process to be non-stationary, and we provide exact and near-explicit
expressions for the optimal policy parameters in a finite horizon setting.

In this article we make four major contributions: (1) we consider non-stationary sup-



ply uncertainty and model advance supply information, (2) we provide characterization
for the optimal policies and when the fixed cost is zero we provide easy-to-compute, near-
explicit solution for the optimal base stock levels as a function of ASI, (3) we propose and
test a heuristic solution for the non-zero fixed cost case, and (4) we provide managerial
insights on the value of ASI.

The rest of the paper is organized as follows. In Section 2 we introduce our dynamic
programming model and analyze the form of the optimal ordering policy. In Section 3
we consider the model with no fixed cost and analyze the optimal policy. In Section
4 we present a heuristic approach for the model with fixed ordering cost and discuss
the performance of the heuristic. In Section 5 we provide a comprehensive numerical

analysis. We conclude the paper in Section 6.

2 Description of the model

In this section we present the dynamic programming model for the problem and provide
the optimal ordering policy. We first describe the structure of supply uncertainty and ASI.
The following notation is to be used throughout the paper but we introduce additional

notation as need arises.

N: number of periods in the planning horizon,
D,,: demand in period n for n =1,2,...., N,

h: holding cost per unit per period,

b: backorder cost per unit per period,

A:  fixed ordering cost

M:  Length of the ASI horizon, M > 1

pn:  probability that supply is fully available in period n.

2.1 Structure of supply uncertainty and ASI

Supply uncertainty has an all-or-nothing type structure, such that in a given period sup-
ply is either fully available or completely unavailable. When supply is available in a given
period we denote this period as a supply period. Supply availability probability is non-
stationary over the planning horizon and supply availability in a period is independent
of other periods. In addition, the supplier provides supply availability information to

the manufacturer regarding the future periods. Therefore, manufacturer may reduce the



uncertainty with the help of ASI. Suppose that at the beginning of period n the manu-
facturer receives information on supply availability. Then, the supply availability of the
next M periods is known (in addition to the supply availability of the current period),
which constitutes the ASI horizon. To be able to characterize the ASI vector accurately

we define Qj; as an M dimensional vector, with elements in {0, 00}. That is,

QM = {(Q17-~7QM) 1g; € {0,00},Z = 1727“-’M}7

where ¢; = oo implies a supply state meaning that supply is available, and ¢; = 0 implies
a no-supply state meaning that supply is unavailable.

We define W,, as the random vector denoting the supply availability state for periods
n+1,...n+ M. Note that W, € Q;,. Also let @, be the supply availability state for the
current period n. We define Z,, = (Q,,W,,) as the supply availability state for periods
n,n+1,...n+ M. Let z,, w, and g, be the realizations of Z,, W, and @),,, respectively.

We can state w,, as w, = (o, 7a—;) where o; is a vector of size [ (0 < [ < M) with
all entries being zero, and rj;_; a vector of size M — [ with the first entry being co (the
remaining entries can be either oo or zero). The value of [ gives us the first period after
n (and before n 4+ M) that the supply will be available. If [ = 0 then, w, = ry (the
supply is fully available in period n + 1), and if | = M, w,, = oy (supply is unavailable
in periods n+ 1,n+2,...,n+ M).

2.2 Dynamic programming model

Let L,(y) denote the expected single-period inventory-related costs incurred at the end

of period n where the inventory level after the realization of supply is y.
L.(y) = h max(0,y — D,,) + b max(0, D,, — y).

L,(y) is the sum of two convex functions, and hence it is convex in y.

Forn=1,2,.., N + 1 we define C,(I, z,,) as the minimum expected cost of operating
the system through periods n,n +1,..., N + 1 when the inventory level at the beginning
of period n is I and supply availability state (i.e. the information vector) is 2z, = (¢, w,)
with Cyy1(1,2) = 0.

The dynamic programming recursion for this problem is

Cn(l,20) = min  {A(y = 1)+ La(y) + E[Coia(y = Dn, wn, Quanr)l}, - (1)

I<y<I+gn



where 0(y — I) is 1 when y > I, and zero otherwise. @, 411 is the unknown supply
availability state for period n+ M + 1, and its realization is to be known in period n + 1.
Stochasticity is due to the unknown supply state of period n+ M + 1. It will be oo with
probability p,.ar1 and 0 with probability 1 — ppiareq-

The sequence of events is as follows: (1) At the beginning of period n the new supply
information for period n + M is received, and hence the new supply availability state
becomes z, = (¢,, wy). (2) The replenishment decision is made by taking z, into account.
(3) At the end of the period demand realization occurs and relevant costs are incurred.

For ease of notation, we define the auxiliary function G, (y, wy,) := Ly, (y) + E[Chi1(y—
Dy, wy, Qrinrt1)]. The dynamic programming recursion (1) then becomes

Co(l,2z,) = min {Ad(y —I) + Gn(y,wn)}, (2)

I<y<I+qn

where the recurrence relation is considered within G,,.
Cost functions C), and GG,, are not convex under the existence of a fixed ordering cost.
Theorem 1 states the A-convexity of cost functions. Therefore optimal policy is a state

dependent (s,.S) policy.
Theorem 1. Forn=1,2,...,N.
(i) Gn(y,wy,) is A-convez iny for all wy,

(ii) the optimal ordering policy is a state dependent (s, (wy,), Sy(wy,)) policy where Sy, (wy,)
minimizes Gp(y,wy) and s,(wy,) is the smallest value of y for which G, (y,w,) =

A+ Gn(Sn(wn), wy),
(11i) Cn(1,z,) is A-convex in I for all z, and it is minimized at S, (w,,).

Proof. Proof follows as in Bertsekas (1987), and details are provided in Kiigiik-Atasoy
(2009). O

In Theorem 1 we show that G, (y,w,) is A-convex in y and C,,(1, z,,) is A-convex in
I which are both minimized at S,(w,). By the property of A-convexity, for A = 0 these
functions are convex and hence the optimal policy is of state dependent order-up-to level
type: if inventory level is below some vy, (w,), then order-up-to y,(w,), otherwise do not
order anything. These results are stated in the next corollary, which is needed for the

succeeding sections.



Corollary 1. When A=0, we have the following properties forn =1,2,...,N:
(i) Gn(y,wy,) is convex in y. Let the minimum of G, (y,w,) be attained at y,(wy,),
(i1) Co(I,zn) = Co(l, Gn,wy) is convez in I and it is minimized at I = y,(w,,),

(iii) the optimal ordering policy is of order-up-to type. The ordering quantity at the
beginning of the period is u,(w,) = max {y,(w,) — I,0}.

3 Characterization of the optimal order-up-to levels
when there is no fixed ordering cost

In this section we provide structural results regarding the optimal policy when there is
no fixed ordering cost. In particular, we provide the full-characterization of order-up-to
levels. We start by showing that order-up-to level of a period is not less than the demand

of that period, which is stated in the next proposition.
Proposition 1. y,(w,) > D, foralln=1,2,...,N.
Proof. The proof is provided in the Appendix. m

The rest of the section is organized as follows. In Section 3.1 we characterize the
optimal order-up-to levels when supply is available in one of the periods in the ASI
horizon, that is when w,, = (o;,ry—;) with [ € {0,1,..., M — 1}. In this case, order-up-
to level for such an ASI state can be found easily and it is independent of the supply
availability distribution. However when there is no supply period in the information
horizon (that is, w,, = ojs) the problem is more challenging. For this case, a simple exact

algorithm is provided in Section 3.2 for finding the order-up-to levels.

3.1 Characterization when there is a supply period in the ASI
horizon

In this subsection, we consider the case when there is at least one period with available
supply in the ASI horizon. First we show that when supply is available in the next period,
it is optimal to order up-to the demand of the current period, which is the minimum value

for the order-up-to level. This result is stated in the following proposition.



Proposition 2. Let w,, = (o1, ra—1) for somel € {0,1,..., M — 1} then y,(w,) is mini-

mized at | = 0. That is y,(ry) = Dy < yn(wy) , for any w, € Qp, Yn=1,2,...,N.

Proof. The proof is provided in the Appendix. O]

When there is at least one supply period in the ASI horizon, the corresponding order-
up-to level can be found easily and it does not depend on the supply availability distri-
bution. Let us first denote the sum of demands in periods n through n+j as D(n,n+ j),
ie. D(n,n+j) =Dy + Dyt1 + -+ D,y for a given integer j > 0.

Proposition 3. Suppose M > 2 and let w = (o;,ra—;) for some l € {1,2,...,M — 1}.
Then there exists K(w) € {1,2,...,1+1} such that y,(w) = D(n,n+K(w)—1). Moreover,

1 if h>1b,
K(w) = joif he {Hj—“b l;ﬂ%ﬁb} j=2..1, (3)
l+1 ifh< %b.
Proof. The proof is provided in the Appendix. O]

Remark 1. For M =1 and | =0, K(w) =1 as already shown in Proposition 2.

Proposition 3 gives rise to the next corollary, which states that an order-up-to level
monotonically increases as the first period of supply availability gets further away in the

AST vector.

Corollary 2. For n = 1,2,...,N, yn(oy,m0m-1,) < ynlo,Tr-1,) for i < lo, l; €
(1,2,...,M—1} (i=1,2) .

Proof. K(w) in Proposition 3 is non-decreasing in [, as can be seen from Equation (3)

(or from Equation (11)). O

An order-up-to level reaches its maximum value when there is no supply period in

the ASI horizon, which is stated in the next result.

Proposition 4. y,(w) < y,(on) for anyw = (o, rp—1) wherel < M, andn =1,2,...,N.

Proof. The proof is provided in Appendix. n



3.2 Characterization when there is no supply period in the ASI
horizon

As shown in Proposition 3, whenever w # o), the order-up-to level of any period n can
be written as y,(w) = D(n,n + K(w) — 1). Note that K(w) does not depend on n. In
what follows, we characterize the optimal order-up-to level of a period when w = o,;. To
this end, we need another property of order-up-to levels, which is stated in Proposition
5: the order-up-to level of a period is not greater than the sum of that period’s demand

and the maximum order-up-to level of the next period.
Proposition 5. y,(w,) < D, + yns1(on) for all w, € Qp, n=1,2,....,N.
Proof. The proof is provided in Appendix. n
Given that z, = (¢, w,), we define:
Ry(n)=min{k: ke {1,2,...N —n}: Z, 1 = (co,w)}.

If no such k exists, set R, (n) = oco. Note that R, (n) is the first time after n a supply
state z = (oo, w) is observed, given that we start at the supply state z, = (g, w,). In

particular, whenever w = oy
Ry, (n) =min{k: k€ {1,2,.... N —n} : Z,1r = (c0,0m)}.
We also define for ¢t =1,2,..., N —n,
Pn(i) = Pr{Ry,(n) > i, Yw € Qy} (4)
and
Q,(i,j) = Pr{Ry(n) > i, Yw € Qpr,w # oy, K(w) > j—i+ 1, and R,,, > 1}, (5)

fori = 1,2,...,N —nand j = 1,2,..., K(w). K(w) in Equation (5) is defined in
Proposition 2 and Proposition 3. Intuitively, P, (i) is the probability that supply does
not become available for the periods n+1, ... ,n+1 (the first supply period is after period
n+1). On the other hand, 9, (4, j) is the probability that the inventory level can not be
raised to the optimal order-up-to level in periods n + 1,...,n 4+ ¢ whenever the starting
inventory at the beginning of period n is D(n,n + j). The following proposition is the
central result of this section, where we show that once the optimal order-up-to level of

period n + 1 is known, the optimality condition for period n can be obtained.

10



Proposition 6. Assume that y,i1(on) = D(n+ 1,n+ J) (J-period demand) for some
ne{l,2,..N -1} and 1 < J < N —n. Then, for j =1,2,...,J,

Gn(D(n,n+j),0m) < Gp(D(n,n+j) —n,0n) ¥ 0<n<Dp,y,

if and only if

0 __h ©
L4 3000 Qnling) + 05" Puli) — A4
where
1 of i<M+1
PA=Y T =pow) ifizM+1-
k=M+1
Proof. The proof is provided in the Appendix. O]

Proposition 6 will be utilized in the following manner: Since y,,+1(op) = D(n+1, N+
J), we know that y,(or) < D, + D(n+ 1,n+ J). As equation (6) does not depend on
7, Yn(onr) is equal to one of the values {D,, D(n,n+1),...,D(n,n + J)}. Moreover,
convexity of G, (y, oy ), together with equation (6) immediately yields the optimal value
of yn(on) (see Theorem 2). The only term which is not given in an explicit form in
Proposition 6 is Q,(4,j). This probability can be obtained in a recursive manner using
the first hitting time probabilities of an appropriately constructed non-stationary Markov

chain. The details are provided in the Appendix.

3.3 Computation of the optimal order-up-to levels

We conclude this section by presenting a simple computational method for the optimal
order-up-to levels at a given ASI state. Notice that the inequality (6) in Proposition 6
does not depend on the demand sequence, but only depends on the supply uncertainty
structure and the cost parameters. Also note that for w # oy, the optimal order-up-to
levels can be expressed as K (w)-period cumulative demand. Moreover, Proposition 6
guarantees that an optimal order-up-to level corresponding to w = oy, occurs in one of
the cumulative demand points, as long as the same is true for the succeeding period.
That is, if there is a cost benefit of increasing (decreasing) the order-up-to level a small
amount 7, it should be increased (decreased) up to the next cumulative demand point.

We summarize our findings in the following Theorem.

11



Theorem 2. The optimal order-up-to level for period n € {1,2,...,N} is equal to J,
period demand, D(n,n+ J, — 1), for some 1 < J, < N —n+1 with Jy = 1. Given that
Ynt1(op) = D(n+1,n+J) for some 1 < J<N—-n+1landn=N—-1N—-2 .1, it
holds that y,(op;) = D(n,n + J') where

N—n .
, —j Pnli
J:max{j:1,2,...,J 2izy Pull) > h } (7)

L2000 Quli )+ 30 Pali)  hAD
If no such J' exists, then J = 0.
Proof. The proof is provided in Appendix. O

Combining the characterization of the order-up-to levels for different types of ASI
vectors, we can find the optimal order-up-to levels for any given ASI vector. When
the next period is a supply period, optimal ordering decision is to order up-to current
demand as stated in Proposition 2. When there is at least one supply period in the ASI
horizon we can find the optimal order-up-to levels with the help of Proposition 3. Finally
when there is no supply period in the ASI horizon order-up-to levels are determined
by the algorithm given as Algorithm A, which follows from Theorem 2. Note that the
characterization (obviously not the amounts) of optimal order-up-to levels (in terms of
the number of demand periods to be covered) does not depend on the specific values of
demands, as an optimal order-up-to level can be simply written as a cumulative demand
point.

Algorithm A
Step 0. J =1 (yn(op) = Dpy) /
Step 1. Forn=N —1 to 1, find J satisfying Equation (7).

Set yn(on) = D(n,n+J') and J = J + 1.
If no such .J' exists, set y,(0y) = D,, and J = 1.

4 A heuristic solution when there is non-zero fixed
ordering cost

If the fixed ordering cost is non-zero and with the ASI horizon (M) is large, the dynamic
programming approach for finding the optimal inventory policy ((s(w),S(w)) pairs) is
computationally intractable with a complexity of O(N?2MD,,..), where D, is the

12



maximum demand value in the planning horizon. Therefore in this section we propose a
heuristic for finding a good ordering strategy in a reasonably short time.

The suggested heuristic is a forward method, like Silver-Meal Heuristic (Silver and
Meal (1973)), which requires determining the average cost per period as a function of
the number of periods the current order is to span. The number of periods to span is
increased until the average cost per period starts increasing. Because of the stochastic
nature of supply availability, we need to consider the expected backorder costs in addition
to the holding and set-up costs of the classical Silver-Meal Heuristic. Moreover, we have
supply availability information for a number of periods so we also need to incorporate
this information into the method.

Suppose that at the beginning of period n the on hand inventory is equal to D(n,n +
nt —1), fornt €{0,1,...,N —n+ 1}, where D(n,n — 1) := 0. This essentially means
that we have sufficient stock for n* periods. Let B be the amount of backorders (B =0
if n* > 1). Let 2, = (gn,w,) be the current ASI state, and recall the decomposition
wp, = (o, rp—1). If go = oo then we can place an order, and suppose that we place
an order to raise the inventory up-to D(n,T). Obviously T > n +nt — 1, with T =
n+nt — 1 corresponding to not ordering anything. Let C,(T') be the average expected
cost per period for ordering up-to D(n,T'), where averaging is performed over the effective
duration for which D(n,T) is expected to cover the system demand. Even though C,(T")
depends on w,, and B (but not the on on-hand inventory) we suppress this dependency in
the notation for sake of brevity. We compute C,,(T') for T > n 4+ n* (where B is cleared
by ordering up-to a positive amount) until C,(7T'+1) > C,,(T'), and record the minimizer
T, = argminC,,(T"). Then we compute C,,(T) for T'=n+n* — 1, and conclude that the
best T is T* =T, if C,,(T,) < Cp(n+n™ —1), and set T* = n 4+ n" — 1 otherwise.

In what follows we present how we develop C,(T) for T' < n+ M and for a particular
form of w,. The other case, T' > n + M, or other structures of w, are handled in the
same spirit and omitted here. For the case " < n + M, we order up-to D(n,T’). In this
case, we have supply availability information beyond the periods that this order covers,
that is, for periods T+ 1,..., T+ M. Let v =n+ M —T. Let w, be the last v entries of
w,. Then, w, is the ASI that we have for the periods 7'+ 1,...,T + M. Following our
standard notation, we can write w, = (0, 7,—;). Consider the case 0 < [ < v: W, starts
with zero, but includes at least one supply period. In this case, the total holding cost

incurred is: hZ;‘F:_ln 1D, ;. The system backorders demands of periods Dryq,..., Dry
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and has an ordering opportunity at the beginning of period T'+141 (as given by w,,). The
total backordering cost incurred until this ordering opportunity is: b Zizl(l —i4+1)Dpyy.
Consequently, D(n,T') has an affect on periods n,n+ 1,...,T + [. Therefore,

A+ IiD, 40 (L= i+ 1)Dryy
B T+l—n+1 '

Cn(T)

For instance, if w, = (6;,7,—;) is such that v — [ = 0 (w,, consists of all zeros), then we
need to consider expected backorder costs that might be incurred beyond the information
horizon, in addition to the backorder costs that are to be certainly incurred.

Accordingly, Algorithm B can be used for executing the heuristic that we propose.

Algorithm B
Set I =0, TotalCost =0, n" =0, B=0
Observe the supply availability information z; = (g1, w)
forn=1to N
if g, = oo then
find T as outlined above
if I < D(n,T*) then
set I =D(n,T*),nt =T*—n+1
set TotalCost = TotalCost + A
end
end
set [=1—D,
set B = max(0, —1)
set nT = max(0,n" — 1)
TotalCost = TotalCost + hmax(0, ) 4+ bmax(0, —1I)
Observe supply availability information for period n + M + 1
update supply availability information vector
end

To assess the performance of the heuristic, optimal solution and heuristic results
are compared for a number of problem instances. As the performance criteria, percent
deviation from the optimal value is used. We generated demand values by discretizing
the Gamma distribution. We used 9 Gamma distributions having 3 different means (u :
1, o, pi3) and 3 different coefficient of variation (cv: cvy, cvy, cvs) values, which can be
seen in Table 1. For each of the given demand distributions, 100 different demand sets
(that is, demand values for a planning horizon of 12 periods) are generated randomly.
For each demand set, a million replications are taken to reduce variation. In Table 2 we

present some results with 2-period ASI (that is, M = 1). Supply availability is assumed
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Table 1: Parameters of the demand distributions

1 5| cv; 0.1
po 10 | cvy 0.5
ps 15 | cus 1

to be stationary with 3 levels: 0.1, 0.5, and 0.9. Holding cost is fixed at h =1, and b =5
and b = 10 are used for backorder cost. Fixed ordering cost is taken as a multiple of
backorder cost, assuming the values of 5 b and 10 b. We report the % average deviation
(%av) of 100 demand sets that are generated for each demand distribution. In addition
we report the standard deviation of %av (o).

Analyzing the results in Table 2 we can make some observations. In general %av and
o are higher when cv is higher. Heuristic method performs best for low availability case
(p = 0.1). The optimal ordering decision, which is also mimiced by heuristic method, is
to place a big amount of order that covers the demand of a several number of periods
for such a low availability. For low availability case (p = 0.1), heuristic algorithm has
an average %av deviation of 0.8%. For moderate (p = 0.5) and high availability cases
(p = 0.9) this deviation is 5.6% and 3.2% respectively. Note that moderate availability
case has the biggest variability in terms of the supply availability and therefore heuristic
algorithm performs better in low and high availability cases.

Finally it is important to mention the advantage of the heuristic algorithm in terms
of computational time. The heuristic algorithm has a polynomial computation time with
an order of O(N?) compared to the dynamic programming which has a non-polynomial

computation time with an order of complexity of O(N?2M D, ,4.).

5 Numerical analysis

In this section we present the results of our numerical experiments. Parameter settings
used are the same with that in Section 4. We first state our observations as to the optimal
policy under different parameter settings: For 2-period ASI (that is, M = 1) an important
observation is that S, (0) > S, (c0) and s,(0) > s,(c0). For the same backorder cost and
same level of the supply availability, order-up-to levels monotonically increase and re-
order points monotonically decrease in fixed ordering cost. We also observe that total
expected cost increases as supply availability decreases, as expected.

Next, we study the value of information (VOI) aspect of ASI. We consider various
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Table 2: Performance of the heuristic algorithm

CUp CUg Cvs
p=0.1 N R G O H3 P 1% 3
b=5 | %av | 0.71 0.83 0.83]0.67 0.75 0.86 | 2.11 1.69 1.39
A=25| o |022 024 022[030 035 037 | 242 190 148
b=5| %av | 0.72 0.71 0.77[0.63 061 0.69 | 2.10 1.60 1.29
A=50| o |020 024 023[027 032 033|242 191 146
b=10 | %av [ 0.09 0.10 0.14 [0.13 0.17 0.17 | 214 139 1.07
A=50| o |0.06 0.05 006|010 0.12 0.10 | 3.14 231 1.73
b=10 | %av | 024 0.15 0.17 |0.23 0.18 0.19 | 226 142 1.07

A=100| o |0.13 011 0.12]014 0.14 0.14 | 3.14 235 1.73

cUp CUy CU3
p=20.5 P p2 p3 | 1 pe Hs3 2! 2 3
b=5 | %av | 047 212 125|241 524 595 | 409 515 547
A=25| o |040 030 099|139 196 212 | 2.75 248 2.78

=5 | %av | 1.85 0.25 3.14 | 1.77 255 3.75 | 329 412 423

A=50| o |069 031 044|1.00 142 157 | 258 208 224
b=10 | %av | 2.68 6.87 6.15 | 6.12 10.45 12.22 [ 11.00 13.32 14.47
A=50| o | 111 052 0.38[3.09 363 401 | 6.8 536 599
b=10 | %av | 2.72 247 4.03 |4.53 6.81 841 | 9.85 11.63 11.72

A=100| o |0.83 095 0.89|290 3.27 3.00 | 552 538 4.83

CUq CUg Cvs
p=0.9 pa o pl3 | fe M3 H 2 M3
b=5 [ %av | 0.85 1.53 1.09 233 3.19 3.63 | 3.61 3.76 5.13
A=25| o |1.02 1.22 101|258 244 244 | 356 3.50 3.78
b=5 | %av | 523 152 0.79 286 221 275 | 3.33 278 429
A=50| o |396 1.61 041 [3.06 232 275 | 390 3.02 3.66
b=10 | %av | 322 251 051 [3.16 3.93 572 | 447 6.04 7.96
A=50| o |183 1.62 045328 3.73 401 | 519 522 4.96
b=10 | %av | 0.67 3.10 022|283 291 258 | 3.62 439 5.36

A=100| o |0.90 201 027|425 340 292 | 469 4.04 5.09

factors. Firstly, the effect of the length of ASI horizon is investigated. The value of an
additional period’s supply information is referred to as the marginal %VOI. We denote
the marginal %VOI of 2-period ASI (M = 1) by %VOIy_; which gives the additional
value resulting from 2-period ASI. Similarly, the marginal %VOI of 3-period ASI (M = 2)
and 4-period AST (M = 3)are denoted by % VOI;_5 and % VOI,_3, respectively. To find
the marginal %VOI, we use Equation (8):

Cost with (i+1)-period ASI — Cost with (j+1)-period ASI
Cost with (i+1)-period ASI

where the term ‘Cost’ refers to the total expected cost in the system. In addition to

%VOI, absolute VOI is also analyzed and it is calculated as in Equation (9):

VOI,_; = Cost with (i+1)-period ASI — Cost with (j+1)-period ASIL. (9)
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5.1 Investigation of VOI when there is no fixed ordering cost

In this subsection, VOI is analyzed when there is no fixed ordering cost, that is A = 0.
The two other cost parameters are set as h = 1 and b = 5. Marginal %VOI and absolute
VOI for the cases with no ASI, 2-period ASI, 3-period ASI, and 4-period ASI are presented

in Table 3. We make various observations for the selected setting:

e %VOI increases as the supply availability probability increases from 0.1 to 0.9.
When there is low supply availability in the system, large quantities are ordered
and hence ASI does not play a key role. On the other hand, when there is high
supply availability, orders are placed more frequently which facilitates better usage
of ASI in decision making in the sense that the system without ASI faces the risk
of having no stock and backordering all the demand when the unlikely event of
supply unavailability occurs, while the presence of ASI prevents those prospective
backorder costs. Consequently, %VOI is high in this setting although unavailability
probability is low, because backorder costs constitute a large portion of the total

expected cost.

e The variability in supply availability is the highest when availability probability is

0.5. Therefore absolute VOI is higher in this case compared to the other two cases.

e There is a diminishing rate of return of ASI for medium and high availability of
supply, both for marginal %VOI and absolute VOI. When there is high supply
availability, the most valuable information is the availability of the immediate next
period’s supply, as a large amount of backorder might be avoided. On the other
hand, when there is low availability, ASI regarding a longer time interval is relatively

more useful, as it becomes more likely to avoid a large order.

5.2 The effect of fixed ordering cost

In what follows we consider the effect of fixed ordering cost and different parameter
settings on %VOI. The results are summarized in Figure 1 for 2-period ASI and b = 5.

Main observations regarding the selected parameter settings can be listed as follows:

e For the same backorder cost and for the same demand distribution, %VOI decreases

as the fixed ordering cost increases. %VOI is the highest when there are no fixed
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Table 3: %VOI for 3 levels of availability

CU1 CU2 CUs
p=0.1 0! 2 3 0! 2 13 M Ho 13
%VOI,_; | 0.240 0.240 0.240 | 0.237 0.238 0.237 | 0.244 0.241 0.230
%VOI,_, | 0396 0.396 0.396 | 0.391 0.393 0.390 | 0.404 0.395 0.378
%VOI,_ 5 | 0444 0.444 0.444 | 0.438 0.439 0.438 | 0.457 0.439 0.422
VOI,_; 229 455 6.80| 228 468 6.65| 224 439 7.19
VOI,_, 3.76 748 11.19 | 3.74 770 1093 | 3.70 7.18 11.77
VOI,_; 420 835 1249 | 4.18 858 1221 | 4.18 7.96 13.08
CUp CUg CU3
p=0.5 2! p2 3 ! Iz 13 M1 Ho 13
%VOI,_; | 16.25 16.20 16.19 | 16.00 16.12 16.02 | 16.18 16.50 15.83
%VOI,_, | 1586 15.83 15.79 | 15.57 15.67 15.53 | 15.74 16.07 15.20
%VOI,_; | 865 864 861 | 844 854 846| 854 872 813
VOI,_; | 25.75 51.15 76.47 | 25.64 52.83 74.89 | 24.85 49.96 81.80
VOI,_, |21.04 41.88 62.51 |20.96 43.08 60.94 | 20.26 40.62 66.11
VOI,_3 9.66 19.24 28.71 | 9.59 19.80 28.04 | 9.27 1850 29.98
cvy CUy cUs
p=0.9 2! [2 W3 2! P2 13 2 H2 13
%VOI,_; | 67.56 67.42 67.37|66.85 67.28 67.22 | 67.42 67.92 66.56
%VOI,_, | 14.69 14.62 14.59 | 14.31 14.49 14.36 | 14.59 15.03 14.05
%VvOI,_; | 1.10 1.10 1.09| 1.07 1.08 1.08| 1.09 1.12 1.03
VOI,_; | 2239 44.44 66.43 | 22.24 45.99 6540 | 21.57 43.29 71.17
VOI,_, 1.58 3.14 470 | 1.58 3.24 458 | 1.52 3.07 5.02
VOI,_3 0.10 020 0.30| 0.10 0.21 0.29] 0.10 0.19 0.32

costs, for all supply availability levels. This is because the supply availability of the
future periods becomes less important in the ordering decision as fixed ordering cost
increases: orders are placed in large quantities regardless of the supply availability

to avoid the ordering costs. Same observations are valid for the absolute VOI.

e When fixed ordering cost is positive, %VOI increases as cv increases. Similarly,

%VOI increases as p increases.

5.3 Effect of non-stationary supply availability

We conduct a numerical experiment to study the effects of non-stationary supply avail-
ability and ASI on the optimal ordering decision and the value of ASI. We considered
different forms of non-stationarity to reflect various cases of supply availability in real life,
such as a seasonal structure reflecting time dependence where supply is scarce in some
periods (for example, summer) and mostly available (“abundant”) in some other periods,

a cyclical structure reflecting state-of-the-world dependence such as the economical state
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Figure 1: % VOI for b =5

where periods of scarcity are followed by periods of abundance, an alternating structure
reflecting instability where each scarce supply period is followed by an abundant one, etc.
We also considered stationary high availability and stationary low availability cases to
reflect the known high or low reliability of the supplier. Moreover, we considered differ-
ent demand patterns, such as cyclical demand, seasonal demand (for example, Christmas
sales), increasing demand, decreasing demand, and stationary demand, keeping the av-
erage demand unchanged over all periods, for a fair comparison.

We worked with a 4-period problem where the demand patterns and supply avail-
ability probability patterns as presented in Tables 4 and 5, respectively. To be able to
analyze the effect of ASI, 3-period ASI, 2-period ASI and no ASI are considered. Cost
parameters are h =1, b =15, A =0 and 20.

The order-up-to levels of the experiment for the first period in the horizon are pre-
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Table 4: Demand patterns

Demand | Period 1 Period 2 Period 3 Period 4
1 5 15 25 35
2 35 25 15 5
3 20 20 20 20
4 10 10 10 50
5 30 10 30 10

Table 5: Probability patterns

Scenarios | Period 1 Period 2 Period 3 Period 4
Scenario 1 0.9 0.9 0.9 0.9
Scenario 2 0.9 0.9 0.1 0.1
Scenario 3 0.9 0.1 0.9 0.1
Scenario 4 0.1 0.1 0.1 0.1
Scenario 5 0.1 0.1 0.9 0.9
Scenario 6 0.1 0.9 0.1 0.9

sented in Table 6. For ease of exposition, order-up-to levels are given as the cumulative
demand of corresponding number of periods such that level of 1 corresponds to one-
period demand, and same convention holds for other values. We also report %V OIy_o,
that is the relative value of having a 3-period ASI compared to no ASI. When A = 0,
we obtained the same number of demand periods to be covered for all demand patterns
within a particular scenario, which we restrain from repeating in Table 6. We make the

following observations:

e In the absence of fixed costs, the optimal policy is insensitive to the non-stationarity
of demand. This does not necessarily hold when there exists a fixed cost of order-
ing, which makes it more difficult to manage the system. However, the availability
of ASI diminishes the impact of the demand pattern on the optimal policy. Con-
sequently, ASI does not only make the system less costly to operate, but it also

makes it more robust in terms of dependency on the demand pattern.

e The optimal order quantity is sensitive to the supply availability structure when
there is no or little information on this availability. More information into future
supply availability makes the system more robust in terms of dependency on the

supply availability pattern, as it practically replaces this pattern.

e ASI that signals an upcoming supply period decreases the system’s desire to stock
against supply scarcity. Accordingly, ASI decreases the inventory-related costs in
the system, especially when it signals the unlikely supply state, resulting in a higher

value of ASI in those cases. Similarly, ASI that signals an upcoming supply scarcity
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elevates the order-up-to levels protecting the system from shortage. This effect is
stronger when supply availability probability is higher, as a costly shortage might

be avoided which would not have been anticipated without ASI.

e Not only the content of ASI, but also the mere existence of ASI may change the
optimal solution. This is because the overall uncertainty of the problem decreases
as the length of ASI horizon increases, which might effect the ordering decision
whatever the information is. For example, under scenario 6 for demand pattern 4,
S(00) is greater than both S(o00,00) and S(o00,0). That is, the optimal order-up-to
level in this case decreases with an additional one-period ASI, both for a supply

period signal as well as a shortage signal.

e The existence of the fixed ordering cost triggers intricate cost interactions in the
system, which makes it difficult to draw simple conclusions regarding the order-up-
to level as a function of ASI. For example, ASI that signals supply availability in
period 3 in our experiment results in an increased order-up-to level compared to
an ASI that signals shortage in period 3, that is, S(oco,00) > S(00,0), contrary to

what one might expect.

6 Conclusions and future work

In this paper, we analyzed a single-item, periodic review, deterministic demand inventory
system under non-stationary supply availability with ASI. This paper contributes to the
supply uncertainty literature in that, ASI is incorporated into an inventory model and
near-explicit solutions are obtained under ASI. Optimal policy is characterized and shown
to be a state dependent (s, (w,), S,(w,)) policy.

For the model with no fixed ordering cost optimal ordering policy is shown to be of
order-up-to type, based on the convexity of the relevant cost functions. Several character-
istics of the optimal order-up-to levels are presented and a simple algorithm is constructed
for finding the optimal order-up-to levels for an arbitrary length of ASI horizon. When
there is fixed ordering cost, analytical solutions for the re-order point and the order-up-
to level are difficult to obtain and the dynamic programming model becomes hard to
solve for a large state space. Therefore a heuristic algorithm is suggested for finding a

good ordering strategy. Proposed heuristic algorithm is an alternative for finding good
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Table 6: Order-up-to levels

A=0
ASI M=2 M=1 M=0
¥(0,0)  y(0,00) y(o0,0) y(oo,00) | y(0) y(oo) | w
Scenario 1 3 2 1 1 2 1 1
Scenario 2 4 2 1 1 4 1 2
Scenario 3 4 2 1 1 2 1 2
Scenario 4 4 2 1 1 4 1 4
Scenario 5 3 2 1 1 2 1 2
Scenario 6 3 2 1 1 3 1 1
A= 20
ASI M=2 M=1 M=0
Scenario 1 | Demand | S(0,0) S(0,00) S(00,0) S(c0,00) | S(0) S(o0) S | %VOI_,
1 3 2 1 2 2 2 2 22.33
2 4 2 1 1 2 1 1 11.31
3 3 2 1 1 2 1 2 9.14
4 3 2 1 2 3 2 3 19.86
5 3 2 1 2 2 2 2 13.67
Scenario 2 | Demand | S(0,0) S(0,00) S(00,0) S(c0,00) | S(0) S(o0) S | %VOIy_,
1 4 2 1 2 4 1 2 22.64
2 4 2 1 1 4 1 4 18.21
3 4 2 1 1 4 1 2 23.03
4 4 2 1 2 4 1 2 17.43
5 4 2 1 2 4 1 4 19.93
Scenario 3 | Demand | S(0,0) S(0,00) S(00,0) S(co0,00) | S(0) S(o0) S | %VOI_,
1 4 2 1 2 2 2 2 17.88
2 4 2 1 1 2 1 2 8.97
3 4 2 1 1 2 1 2 12.85
4 4 2 1 2 2 2 2 12.40
5 4 2 1 2 2 2 2 17.97
Scenario 4 | Demand | S(0,0) S(0,00) S(00,0) S(c0,00) | S(0) S(o0) S | %VOIy_,
1 4 2 1 2 4 1 4 0.43
2 4 2 1 1 4 1 4 0.05
3 4 2 1 1 4 1 4 0.17
4 4 2 1 2 4 1 4 0.53
5 4 2 1 2 4 1 4 0.13
Scenario 5 | Demand | S(0,0) S(0,00) S(00,0) S(co0,00) | S(0) S(o0) S | %VOI_,
1 3 2 1 2 2 2 2 7.39
2 4 2 1 1 2 1 2 0.14
3 3 2 1 1 2 1 2 0.44
4 3 2 1 2 3 2 3 8.83
5 3 2 1 2 2 2 2 0.63
Scenario 6 | Demand | S(0,0) S(0,00) S(00,0) S(c0,00) | S(0) S(o0) S | %VOI_,
1 3 2 1 2 3 1 3 9.25
2 4 2 1 1 4 1 4 0.86
3 3 2 1 1 3 1 3 3.64
4 3 2 1 2 3 3 3 10.06
5 3 2 1 2 3 1 1 0.63

ordering strategies, especially when there is scarcity in supply. Heuristic algorithm is sat-

isfactory considering the deviation from the optimal solution, and it is computationally

much faster.

In addition to the analytical results, we also provide a numerical analysis that yields
important managerial insights. Based on our numerical experiments, we conclude that
contractual agreements regarding information sharing would be more valuable when there

exist non-stationarity in supply availability (e.g. low supply availability during holiday
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periods) or demand (e.g. seasonality), where the value increases in the degree of non-
stationarity. On the other hand, information sharing might not be profitable enough
when the ordering costs are high and when the supply availability is consistently low in
the system. For the low availability case, information sharing could be justified if the
ASI spans a long horizon, whereas if supply is known to be reliable, most important
information is provided by the near future periods which eliminates the need for an
agreement over a long ASI horizon. We also observe that the benefit of ASI is not
only in terms costs, but also in terms of robustness in managing the system under non-
stationarity.

As a further research, stochastic demand structure can be considered and advance
demand information (ADI) can be incorporated into the model having the needed tech-
nological infrastructure already at hand for ASI. Inclusion of the ADI will strengthen
the supply chain by decreasing the overall costs. ASI in this paper is considered to be a
perfect information and another extension can be the model with imperfect ASI, which

might be more realistic in some inventory systems.
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A Proofs of the results

Proof of Proposition 1. For n = N, yy(wy) = Dy and the assertion holds. Assume
that, the statement is true for n 4+ 1. Since C,11(I, z,41) is convex and it is minimized
at I = yYpi1(wWny1), it follows that for y < Dy, Cpi1(y — Du, 2nt1) = Cri1(0, 2p41) >
Cri1(Unt1(Wny1), Zng1) for any z,41 since yni1(wpi1) > Dyppr > 0 > y — D,. We also

know that L, (y) is minimized at D,, so L,(y) > L,(D,).

Gn(yv wn) (y> + E[On-i-l(y - Dm W, Qn+M+1)]
(?J) + Pn+M+1 Cn+1(y — Dy, wp, OO) + (1 - pn+M+1) C’n+1(y — Dy, wy, 0)

Ly
Ly
> Ly,
(1 = pnyrrs1) Cog1(Dn — Dy, wy, 0)
= Gn(Dp,wy).

(Dn) + DPnt+M+1 Cn-i-l(Dn — Dy, wy, OO)_I'

Therefore, for y < D,, we have G,,(y, w,,) > G, (D,,w,) and this completes the proof. [
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Proof of Proposition 2. Choose n € [0, D, 1], and let y = D,, + n. We will show
that G,(y, ) increases in n and this together with the convexity of G, (y,ry) and
Yn(w) > D,, will imply that y,(ry) = D,. First recall that

Gn(yarM) = Ln(y) + E[CnH(y — Dy, 7, Q)]7 (10>

where @@ € {0,00} with respective probabilities 1 — p and p. Also note that since
the supply is fully available in period n + 1 and as y — D,, = n < D,41, the system
reaches its target inventory position y,.1(w) at the beginning of period n + 1. Hence
E[Chi1(y — Duyrar, Q)] = E[Grs1(Yns1(Wii1), Woi1)]. The specific form of W,y is
induced by (7,7, @) but happens to be irrelevant. Now, note that G,,(y, ras) is minimized
by minimizing L, (y) = L,(D, + 1), and achieves its minimum at n = 0. By Proposition
1 we know that y,(w,) > D,, so we can conclude that vy, (ry) = Dy < yn(wy). O

Proof of Proposition 3. First note that since w = (o, 73—;) for somel € {1,2,..., M —

1}
!
Gy, w) = L,(y) + Z Lyiij(y—Dn,n+j—1))+ E[Cpris1(y — D(n,n+1),00, Wy1141)] -
j=1

Define V,,(y) = L,(y) + 22:1 L.ij(y—D(n,n+j—1)). First note that V,,(y) in-
creases for y > D(n,n +1). Also, since the supply state in period n + [+ 1 is oo, that
is, since we can raise the inventory level of period n 4+ 1 + 1 to ¥,111(wni41) as long as
y—Dn,n+1) < ypyis1(Wnti11), Corir1(y — D(nyn + 1), 00, wyyi41) is non-decreasing
for y > D(n,n + ). Therefore at optimality we have y,(w) < D(n,n +1).

Moreover, for y < D(n,n+1), y — D(n,n+1) <0 < ypy141(wnii41). Hence,

ECpyia(y — D(n,n+1),00, Woii41)] = E[Gryii1 Unsi01(Wagira), Wagaga)]

which is a constant. Then G,,(y,w) is minimized by minimizing

Va(y) = La(y) + Y Lugj(y — D(n,n+ j — 1)).

=1
Va(y) is not differentiable at {D(n,n), D(n,n + 1),...,D(n,n + 1)} but for any i €
{1,2,..,1} and y € (D(n,n +1i — 1),D(n,n + i), the derivative of V,(y) is V. (y) =
ih—(l—1i+1)b. Then G,(y,w) is minimized by

ya(w) = min {y: V, (y) > 0}
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and we can write y,(w) = D(n,n + K(w) — 1) where
K(w)=min{i € {1,2,...,1} :i > I+ 1)b/(h+1)}. (11)

Let K(w) =1+ 1 if no such K(w) exists. Then, K(w) can be rewritten as in Equation
(3). O

Proof of Proposition 4. For any w = (o;,73—;) where | < M, y,(w) = D(n,n +
K(w) —1) for K(w) € {1,2,...,1 + 1} (note that K(w) < M). Proposition 3 states that
if h e {”fﬁ” b, (=3+2) b} for j € {2,...,1+1} then K(w) = j. This means that, for

J J-1
any K(w) € {2,...,14+ 1} we need to have h € {(lfK(w)H) b, UK w)E2) b}. Notice that

K(w) K(w)—1
we can write the upper bound on h as h (K(w) — 1) < (I — K(w) + 2) b.

We can write G, (y, 0p) as

Gn(y, OM) = Ln(y) + Z Ln+j(y - D(n>n +J— 1))E [On-‘rM—i-l(y - D(nvn + M)v Zn+M+1)] .

j=1
Choose y € (D(n,n + K(w) — 2),D(n,n + K(w) — 1)). Then y — D(n,n + M) <
D(n,n+ K(w) —1) — D(n,n+ M) < 0 < Ypipr41(Wniar41) since K(w) < M.
M
Define V,,(y) = L,(y) + Z Ly,i;(y — D(n,n+ j — 1)) for the ease of notation. Select

j=1
n in such a way that y +n € (D(n,n + K(w) — 2), D(n,n + K(w) — 1)). Then we can

write

Gn(y + 7770M) - Gn(yaOM) = Vn(y + 77) - Vn(y)
+ E[Crpms1(y+n—D(n,n+ M), Zyini1)] — ECrpnra(y — D(nyn + M), Znjari1)] -

We know that Cy,1ar41(Y, 2nsars1) is convex in y and minimized at yp a1 (Wpanr1) >
Dpyns1 > 0. Then Coini1(0, Znynvii1) < Cognra(y +1— D(nyn + M), Zying) <
Crim1(y — D(nyn+ M), Znip41) for any such selected 7. Therefore

E[Cn+M+1(y +n— D(na n -+ M)> Zn+M+1) - Cn+M+1(y - D(”an + M)7 Zn+M+1)] < 0.

Also we can write V,,(y + 1) — Vi, (y) = (K(w) — 1) h n — (M — K(w) + 2) b n since
under both y and y + 7 we have on-hand inventory for periods n,n+1,...,n + K(w) — 2
and insufficient inventory for periods n + K(w) — 1,n + K(w),...,n + M. We know
from Proposition 3 that h (K(w) — 1) < (I — K(w) + 2) b. Therefore h (K(w) — 1) <
(M — K(w) +2) bsince | < M. Therefore V,,(y +n) — V,(y) < 0.
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As aresult G, (y+n, 0p)—Gn(y, 0pr) < 0 meaning that y,(orr) > D(n,n+K(w)—1) =
Yn(w) for any w = (o, rar—;) with [ < M. O

Proof of Proposition 5. 1t is sufficient to show that y,(on) < Dy, + yns1(on) since
we already know that vy, (w,) < y,(oar) for all w,. Assertion holds for n = N, because
yn(wy) = Dy and yni1(wyy1) = 0 for all wy;.

Suppose y > Dy, +yn11(0nr), we need to show that G,,(y, oar) > Gn(Dp+yni1(on), onr).
We need the following ingredients:

e L,(y) > Lno(Dyp+ ynr1(on)) as Ly (y) is convex and minimized at y = D,,.

o Coi1(y— Dp,opn,00) > Chi1(Yni1(onr), onr, 00) because we know that y,.1(on) >
Yns1(on—1,00).  So by convexity of C,i1, Chi1(y — Dp,op,00) > Chyi(D,, +

?/n+1(0M) — Dy, onr, OO) > Cn—l—l(yn—l—l(OM—la 00)7 OM, OO)-

e Coi1(y — Dy,op,0) > Cri1(Ynsi(onr), 0nr, 0) since Cp11(y, 0ar,0) is minimized at

Yn+1(0pr) by Corollary 1.

Putting everything together:

Gy, om) = Ln(y) + Potrr+1Cn1(y — Diy 0ar, 00) + (1 = ppsrs+1)Crg1 (Y — D, 0w, 0)
> Ln(Dn 4 Yns1(0ar)) + Prssi+1Cns1 (Yng1(0ar), 0ar, 00)
+ (1 = Prtrrr+1) Crs1 (Ynt1(om ), o, 0)
= Gn(Dp + Ynt1(onr), 0n).

]

Proof of Proposition 6. Suppose that y,.1(op) = D(n+ 1,n + J) and for j €
{1,2,..,J} set y = D(n,n + j) — n for some n € [0,D,;]. The evolution of the in-
ventory level in periods n 4+ 1,n + 2, ... depends on the choice of 7.

For a fixed j € {1,2,.., J} define 7,,(n) as the first time after n that the inventory level
is raised to the optimal order-up-to level (possibly by ordering zero) when the inventory
level after ordering at the beginning of period n is equal to y.

First note that 7,,(n) = i implies that (1) the supply availability information in period
n + i should be of the form z,,; = (0o, w) for some w and (2) the inventory level before

ordering at period n + i should be less than y,,;(w). In periods prior to n + i it is either
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not possible to order (that is, supply is not available), or the inventory level is above the
period’s respective order-up-to level.

With this definition of 7,,(n) we can write G, (y) for y = D(n,n+ j) —n as

Gl 030) = Lals) + Y Pr{m(a) > i} Lusily = Dl +i 1)

2 2 Prim(n) =i, Wi = w} Gusi(ynsi(w), w). (12)

The second term in Equation (12) stands for the case that ordering occurs at a period
later than n+14 and hence the starting inventory level of period n+1i is y— D(n,n+i—1),
and a cost of L, ;(y — D(n,n+i— 1)) is incurred in period n + i.

The third term in Equation (12) is due to the fact that if 7,, = ¢ and W = w, then the
starting inventory level of period n + i after ordering is y,+;(w) and the expected cost
incurred is G4 (Ynai(w), w).

It can be shown that the distribution of 7,(n’) is the same for all 0 < 7" < 7 and in
particular for n° = 0. Note that if it is not possible to order prior to period n + i for a
particular 7 > 0, then in the same periods an ordering can not occur for 0 < 7" < 7.

Moreover, if an ordering occurs in period n + ¢ (by raising the inventory position up
t0 Ynys(w)) with 7 > 0, then for any 0 < 1" < 1 an ordering occurs in period n + i by
raising the inventory level to the same order-up-to level y,,;(w).

Suppose that {7,(n) =i, W = w} with w = oy (the case w # oy is similar). Note
that y = D(n,n+ j) — n < Dp + ynt1(on) since ypi1(onr) = D(n+ 1,n + J) and
j€A{1,2,..,J}. By Proposition 5 we know that y,+1(0n) < Dpi1 + Yna2(0p) so we can
write ynt1(on) < D(n+1,n+i— 1)+ ypii(on) (that is, ynri(on) > D(n+i,n+ J)).
Therefore y = D(n,n+j) —n < D(n,n + i — 1) + ynyi(on). Note that for n = 0 we
will have an inventory of D(n,n + j) at the beginning of period n. Having no available
supply till period n + 7, at the beginning of period n + i we will have an inventory of
Dn,n+j)—Dn,n+i—1) =Dn+i,n+j) < Dn+i,n+J) < ypi(oy). This
enables us to drop 7 from 7,(n) and write Equation (12) as:

N—n

Gu(y,on) = Ln(y) + Y Pr{7, > i} Lupi(y — D(n,n +i— 1))

=1

- i Z Prir, =i, Wiy = w} Goyi(Ynri(w), ). (13)

=1 w
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Therefore we can write the difference G,,(y,0n) — Gn(D(n,n+ j),0n) as

Gn(y,om) — Gu(D(n,n+ j),0n) = Ln(y) — Ly(D(n,n + j))

+ 3 Pr{7, > i} [Lysi(y — D(n,n+i— 1)) = Lypi(D(n+i,n+5))].  (14)
i=1
Fori>j,y—D(n,n+i—1)=Dn+i,n+j)—n < D,;. We know from Proposition
1 that y,i(w) > D, so we can write

Pn(i) := Pr{r, > i} = Pr{R,(n) > i,V w}.

For i < j, the inventory level is raised to y,;(0y) whenever Z,.; = (oo,0p). If
Znvi = (0o,w) for w # oy then an order is placed if y — D(n,n +i — 1) < y,pi(w).

Therefore

Pr{r,>i}=Pr{R,(n)>i:y—Dn,n+i—1) < y,i(w)}
= Pr{R,,,(n) > i, Ry(n) >i,Yw € Q,w # op,y — D(nyn+i — 1) < yppi(w).}

For w # oy, y—D(n,n+i—1) < y,1i(w) implies that D(n,n+j)—n—D(n,n+i—1) =
D(n+i,n+3)—n < ynyi(w) = D(n+i,n+i+K(w)—1). Therefore n+j < n+i+K(w)—1
which implies K(w) > j — i+ 1. Hence for i < j

Qn(i,j) == Pr{m, > i} = Pr{R,,,(n) > i, Ry(n) >i:Yw:w # oy, K(w) >j—i+1}

where K (w) is defined as in Proposition 3. Also note that L, (y)— L,(D(n,n+j)) = —nh.
Now, putting these together, Equation (14) can be written as

Gn(y,on) — Go(D(nyn+j),0m) = —hn
j—1 N—n
—h Y Qu(i, ) +bn Y Puli)
i=1 i=j

We also note that for i > j, Q,(i,7) = P,(i) (since K(w) > 1). Therefore

j—1 N—-n N—-n
Qa6 = D Quli i) =Y Quli])
i=1 i=1 =7

N—-n N—Jn

i=1 i=j
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Therefore G, (D(n,n + j),0m) < Gu(y, onr) if and only if

> Pali) h

L4 S Qi) + 5 Pai) ~ hHD
=1 UANS] 1= n

The probability term Pr{R,(n) >i; V w} is in fact the probability that there is no

available supply in one of the periods from period n + M + 1 (note that we know the
supply state of the periods n,n+1,...,n+ M) up to and including period n+i. Therefore
Pr{R,(n) >i; Yw} =1 for i < M + 1 since we know that in periods n +1,...,n + M
supply is unavailable. For i > M + 1, Pr{R,(n) > i; Y w} = HZ:MH (1—ppye). O

Derivation of Q,(i,j). First note that the evolution of ASI process {Z,,n > 1} is
a time-dependent Markov chain on €,,;. For all z € Q. and 7 € Quri1 de-

fine P, /(n) = P{Z,+1 =2|Z, =z}, and let U(n) be the square matrix with entries

2,2

{P../(n),z,2 € Q1}. U(n) is the time-dependent transition matrix of the Markov
chain. Note that given Z,, = z = (¢, w), Z,41 only depends on w, but not on the current
supply state.

For a fixed j € {1,2,...,J} and i € {1,2,...,5 — 1} define

E;;= {(o0,w) : w € Qpr,w=o0p or K(w)>j—i+1}.
Define:
fPn, B ;) = Pr{Zu ¢ Eij, Zys2 ¢ Eij, o Znn & Eij | Z, = 2}
_ @

Since given Z, = (¢,w), Zn4+1 depends only on w, féi))M(n, Ei;) = fooon(n, Eij).

Therefore
Qn(i,7) = Pr{R,,,(n) > i, Ry(n) >i:Vw:w# oy, K(w) >j—1i+1}
=19, (n, Eij).
Define f%®)(n, E; ;) as the column vector {fz(k) (n,E;j), 2z € QM+1}T. Let U™ (n) be

the matrix U (n) where columns corresponding to E; ; are replaced by zeros.

f;gl)(na EIJ’) = PT{Zn—i-l ¢ E17j| Zn = Z} - Z PT{Zn+1 = Zl| Zn = Z}

Z¢E;

Therefore £ (n, By ;) = UM (n) 1, where 1 is the column vector whose entries are all 1’s

and whose size matches U (n).
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We can find f% (n, By ;) as:

fP(n, Byj) = Pr{Zu & Eaj, Znsa & Bajl Zn=2}= > P, 1,Pr {Zn+2 ¢ Esj| Zpy1 = Z}
2 ¢Es;

= zth entry of the column vector U® (n)fM(n + 1, By ),

since Pr{Zy4s & Eaj| Z, =2} = fz(/l)(n +1, By ;).

In general,

fz(l) (n, EZ,]) = PT’ {Zn+1 ¢ EL]', ceny Zn+i ¢ E’L,j’ Zn = Z}
= Y P.(n)Pr {Zn+2 ¢ Eijyoos Znti & Eij| Znia = Z}
7 ¢E;
where Pr{Zuys & Eijy oy Zusi & Eij| Zugr =2} is equal to £ (n + 1, E; ;). There-
fore,

fOn, Eij) =UD(n) D (n+ 1, E;j)
fori=1,2,...,5 — 1 with f© = 1. O

Proof of Theorem 2. Since Gy(y,w) = Ly(y), ynv(w) = Dy and therefore Jy = 1
as desired. Assume that the assertions hold for n + 1, and in particular y,41(oy) =
D(n+1,n+J). Note that y,(oy) > D,, by Proposition 1 and y,,(or) < Dy +yni1(on) =
D(n,n + J) by Proposition 5. These observations assure that the minimum of G, (y, w)
will occur on {D,,, D(n,n+1),..., D(n,n+ J)}. Since G,,(y,w) is convex, the minimum

of it is equal to D(n,n + J'), where J is the greatest number satisfying
Go(D(n,n+J),w) < Gu(D(n,n+J —1),w),

which is found by Equation (7). If J' = .J, then G, (y,w) is a decreasing convex function
and the order-up-to level for period n is set to its highest possible value (J 4 1 - period
demand). However if no such J exists then G, (y,w) is an increasing convex function

and hence y,(oy) = D,,. O
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