EINDHOVEN
e UNIVERSITY OF
TECHNOLOGY

Abstraction in parameterised Boolean equation systems

Citation for published version (APA):
Cranen, S., Gazda, M. W., Wesselink, J. W., & Willemse, T. A. C. (2013). Abstraction in parameterised Boolean
equation systems. (Computer science reports; Vol. 1301). Technische Universiteit Eindhoven.

Document status and date:
Published: 01/01/2013

Document Version:
Publisher's PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

* A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOl to the publisher's website.

* The final author version and the galley proof are versions of the publication after peer review.

* The final published version features the final layout of the paper including the volume, issue and page
numbers.

Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

» Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
* You may not further distribute the material or use it for any profit-making activity or commercial gain
* You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:

openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 04. Oct. 2023


https://research.tue.nl/en/publications/570c4e88-ee83-4196-b6cc-d89b20baba9a

Technische Universiteit Eindhoven
Department of Mathematics and Computer Science

Abstraction in Parameterised Boolean Equation Systems

S. Cranen, M.W. Gazda, J.W. Wesselink and T.A.C. Willemse

13/01

ISSN 0926-4515

All rights reserved
editors:  prof.dr. P.M.E. De Bra
prof.dr.ir. J.J. van Wijk

Reports are available at:
http://library.tue.nl/catalog/TUEPublication.csp?Language=dut&Type=ComputerScienceReports&S
ort=Author&level=1 and
http://library.tue.nl/catalog/TUEPublication.csp?Language=dut&Type=ComputerScienceReports&S
ort=Year&Level=1

Computer Science Reports 13-01
Eindhoven, January 2013






Abstraction in Parameterised Boolean Equation
Systems

S. Cranen, M.W. Gazda, J.W. Wesselink, and T.A.C. Willemse

Eindhoven University of Technology, Eindhoven, The Netherlands

Abstract. We present a general theory of abstraction for a variety of
verification problems. Our theory is set in the framework of parame-
terised Boolean equation systems. The power of our abstraction theory is
compared to that of generalised Kripke modal transition systems (GTSs).
We show that for model checking the modal p-calculus, our abstractions
can be exponentially more succinct than GTSs and our theory is as com-
plete as the GTS framework for abstraction. Furthermore, we investigate
the completeness of our theory for verification problems other than the
modal p-calculus. We illustrate the potential of our theory through case
studies using the first-order modal p-calculus and a real-time extension
thereof, conducted using a prototype implementation of a new syntactic
transformation for equation systems.

1 Introduction

Parameterised Boolean equation systems [14], or equation systems for short, can
be used to encode a diverse set of verification problems, including the (first-order)
modal p-calculus model checking problem [12, 13]; behavioural equivalence prob-
lems such as bisimilarity, similarity and branching bisimilarity [1]; model check-
ing real-time systems [23]. By solving an equation system resulting from an
encoding of a particular verification problem, an answer to the encoded problem
is obtained. Advanced tool suites, such as mCRL2 [11], rely on the use of equa-
tion systems for solving their verification problems. Solving equation systems is
generally an undecidable problem, but the problem is decidable for fragments of
the equation systems such as Boolean equation systems [17]; moreover, there are
many syntax-based transformations that effectively reduce the complexity of a
concrete equation system. Examples of such transformations are static analysis
techniques that can detect and remove unimportant data variables [20]; invari-
ant strengthening [21]; and the use of pattern-matching techniques to simplify
equations using standard solution templates [14]. Note that such techniques can
be applied regardless of the encoded verification problem.

A key instrument in scaling verification techniques is abstraction. Automated
verification using abstraction relies on the abstraction applied to a system being
(1) sufficiently coarse so that the abstract system’s behaviour has a finite rep-
resentation, and (2) sufficiently detailed permitting one to prove the properties
of interest or find a valid counterexample. The mathematical richness of the ab-
stract domain used in an abstraction framework affects the set of properties that



can be verified: frameworks using Kripke modal transition systems (MTSs) [10]
as the target of abstraction are typically more powerful than frameworks using
Kripke structures as their target of abstraction.

In this paper, we study the concept of abstraction in equation systems. Ab-
straction in equation systems is based on a notion of under-approximation (resp.
over-approximation), captured by a coinductive relation on equation systems.
This notion, called consistent consequence, was introduced in [8] for the frag-
ment of Boolean equation systems; in that setting, a proof system for the relation
and the computational complexity of deciding the relation were studied. In this
paper, we generalise the relation to arbitrary equation systems. We note that
since our abstractions are again equation systems, there is no need to invest in
dedicated tools and theories for dealing with the artefacts obtained after abstrac-
tion. All available transformations and solving algorithms for equation systems
remain applicable to the approximations. We consider this a strong positive.

Since in equation systems, abstraction is defined independent of the encoded
verification problems, it is a natural question how its power relates to that of
well-known frameworks for abstraction. This can be measured by comparing the
degree of completeness and succinctness of the frameworks. Here, completeness
refers to the capacity of a framework to answer a decision problem (e.g., proving
a property expressed in a logic) by answering it on a suitable finite abstraction
of the original object, see [4]. Completeness in the equation system setting boils
down to proving the truth of a particular variable, using a finite abstraction of
the equation system, i.e., using a Boolean equation system.

We first focus on the model checking problem for Kozen’s modal p-calculus [15].
For this, we compare our framework to the framework of generalised Kripke
modal transition systems (GTSs) [22,7,9], also known as Disjunctive Transition
Systems [16]. These GTSs extend ordinary Kripke modal transition systems
(MTSs) [10] with must hyper-transitions, i.e., must transitions to sets of states.
For the modal p-calculus, we find that:

— Abstractions in our framework can be exponentially more succinct than those
in the framework of GTSs;

— The GTS framework for abstraction and our abstraction framework are
equally powerful for proving properties using finite abstractions; that is,
they are as complete.

It is known that GTSs are complete for at least the least fixpoint-free fragment
of the modal p-calculus, see e.g. [6,9]. We thus find that also our abstraction
framework is complete for this fragment. The succinctness result is particularly
interesting from a practical viewpoint, as space is often a limiting factor.
When we consider verification problems beyond the modal p-calculus, such
as, e.g., the first-order modal p-calculus model checking problem [12] and the
behavioural equivalence checking problem [1], we obtain the following results:

— Our abstraction framework is complete for all verification problems that map
to the least fixpoint-free fragment of equation systems.



— The abstraction framework is complete for all verification problems that map
to universal quantification-free right-hand side, least fixpoint-only equation
systems.

The first fragment includes the model checking problem for the least fixpoint-
free fragment of the first-order modal p-calculus, but also for its real-time ex-
tensions. Moreover, it also includes behavioural equivalence checking problems
such as strong bisimilarity and similarity. Typical examples that fit in the second
category of least fixpoint-only equation systems are reachability properties.

As a proof of concept of our abstraction theory for equation systems, we de-
velop a transformation, which, given an equation system produces an abstraction
thereof. The manipulation uses homomorphisms for abstraction, and is inspired
by the abstraction techniques on Kripke structures, outlined by Clarke et al.
in [2]. In a similar vein, one could implement predicate abstraction techniques.
To the best of our knowledge, no homomorphism based tooling for abstraction
exists that has the power of abstraction of our framework. We demonstrate the
capabilities of the syntactic manipulation by reporting on a verification of Lam-
port’s Bakery Protocol and a small real-time system modelling a ball game.

Outline. In Section 2, we recall the basics of the framework of parameterised
Boolean equation systems. Then, in Section 3, we introduce our abstraction
framework. In Section 4, we compare our abstraction framework to the frame-
work of GTSs. The syntactic transformation for equation systems and two ex-
ample verifications conducted using these transformations are presented in Sec-
tion 5. Related work is addressed in Section 6, and we finish with a brief discus-
sion of future work. Detailed proofs are omitted from the current exposition but
can be found in [3].

2 Preliminaries

We briefly review the theory of parameterised Boolean equation systems, or equa-
tion systems for short. For an in-depth treatment of this framework, including
more elaborate examples of its use, we refer to [12, 14].

2.1 Data

We assume a theory of abstract data types for describing data and data trans-
formations. This means that there are nonempty data sorts, which we generally
denote using letters D, E and F'. We have a set D of data variables, with typical
elements d,dy, ..., and we assume that there is some data language that is suf-
ficiently rich to denote all relevant data terms. With every sort D we associate
a semantic set . We use a data environment § that assigns a value to the vari-
ables that can occur in the term. The interpretation of a data term ¢ is given by
0(t), where ¢ is extended from a variable mapping to a mapping on terms in the
standard way.



We assume the existence of a sort B = {T, L} representing the Booleans B,
and a sort N = {0,1,...} representing the natural numbers N. If the context
is clear, we write constants and operators in the syntactic domain the same
as their semantic counterparts. For example, we have B = {T, 1}, and the
syntactic operator _A_:Bx B — B corresponds to the usual, semantic conjunction
_AN_BxB—B.

2.2 Equation Systems.

A parameterised Boolean equation is a fixpoint equation that ranges over a
formula; it is of the form 0 X (d1:Dy, -+ ,d,:D,,) = ¢. The right-hand side of the
equation is a predicate formula. Its left-hand side consists of a fixpoint symbol
o € {u,v}, where p indicates a least fixpoint, and v indicates a greatest fixpoint,
and a (sorted) predicate variable X, taken from some sufficiently large set P. The
domain of a predicate variable X:Dy X ---x D, — Bis Dy X --- X D,,. In case of
a nullary domain, i.e., X:B, we say X is a propositional variable rather than a
predicate variable. Apart from examples, we typically restrict ourselves (without
loss of generality) to predicate variables X with a unary domain.

Definition 1. We denote the empty equation system by (). Equation systems &
and predicate formulae ¢ are defined through the following grammar:

Eu:=0|(uX(d:D)=2¢) E| (wX(d:D)=1) E
O, =b|dANY | oV |Vd:D. ¢ |3Id:D. ¢ | X(e)

Here, b is a Boolean data term, e a data expression, X a predicate variable and
d a data term of sort D. In case an equation system is non-empty, we omit the
trailing (.

Remark 1. We often write ¢ x when we refer to the right-hand side of an equation
for predicate variable X in an equation system. Likewise, we write dx for the
data variable occurring at the left-hand side of X’s equation, and Dx refers to
the sort of dx.

Throughout this paper, we only consider equation systems in which no two
equations have the same left-hand side predicate variables. We require that the
only data variables occurring freely in an equation’s predicate formula are those
listed in its left-hand side.

The left-hand side predicate variables of an equation system & are collected
in the set bnd(€); predicate variables occurring in the right-hand sides of the
equation system are collected in the set occ(€). An equation system & is closed
if occ(€) C bnd(£), and € is open otherwise.

A predicate formula is a propositional formula if it only contains A, V, T, L
and propositional variables X. The size of a propositional formula ¢, denoted
||, is defined as the number of propositional variable occurrences and operators
it contains. We say that £ is a Boolean equation system [17] if all right-hand side
formulae are propositional formulae and all variables are propositional variables.



The size of a Boolean equation system &£, denoted |£], is the sum of the sizes of all
its right-hand side propositional formulae. Note that a Boolean equation system
is always a finite equation system; that is, for all Boolean equation systems &,
€] < o0.

Definition 2. The semantics of a predicate formula ¢ is defined in the context
of an environment 8, assigning meaning to data variables and an environment 0
assigning a Boolean valued function to each predicate variable:

[6]06 = 3(b)

[X()]65 = 6(X)(5(e))

[ A 46165 = [6105 A []6

6V 4106 = [#166 v [¥]65
[Vd:D. ¢]66 = Vv € D. [¢]05[v/d]
[3d:D. $]66 = Fv € D. [$]66[v/d]

Here, 6[v/x] overrides the environment 0 by assigning value v to variable x.

A predicate formula ¢ can, semantically, be viewed as a function that assigns
for a given data variable d of sort D, a truth value. That is, ¢ induces a Boolean
functional Av € D. [¢]0(d[v/d]). We denote the semantic functional obtained in
this way by [¢(qy]00. Similarly, given environments ¢, § and a predicate variable
X:D — B a Boolean functional can be lifted to a predicate transformer as
follows:

Af e B ([¢)](61f/X])3)

Such predicate transformers are monotonic over the complete lattice (B?, C) of
functions with domain D and co-domain B, ordered by C, the point-wise lifting
of implication [14]. As a result, least and greatest fixpoints are guaranteed to
exist. We replace the A\ in the above transformer with p to denote the least
solution to the transformer and v to denote its greatest solution.

Definition 3. The solution to an equation system &, given a context of predicate
and data environments 0,9, is defined inductively as follows:

[9]66 = 6
[(0X(d:D) = ¢) £]05 = [€]0x0,

with Ox = 0o feB. [¢a]([E]10[f/X]16)0/X] o€ {un v}

For closed equation systems we have [E]nd(X) = [E]n'd (X), for arbitrary
n,7,6,0", and we therefore drop the environments from the semantic brackets
for closed systems.

Ezample 1. Consider the (infinite state) Kripke structure X depicted below and
the modal p-calculus formula 1 given by vZ.a A $OZ, expressing that there is
an infinite path on which on all even positions a holds (for the formal details on
syntax and semantics, we refer to Section 4).



The equation system that encodes which states of the Kripke structure satisfy
¥ (see, e.g. [13]) is as follows:

(vZ(n:N) = even(n) A
((even(n)
(odd(n) A

ANZn+1)VZn+2))V
(Z(n)VZn+1)V Z(n+2)))))

The equation system is obtained by combining property 1 with K. Parameter
n represents the states of I and even(n) holds exactly when property a holds.
The encoding of the construct ¢OX can be understood as follows: in even states,
states n+1 and n+2 are reachable in exactly two steps; in odd states, states n, n+
1 and n + 2 are reachable in exactly two steps; for one of those states, property
Z must hold again. The solution to the equation system is An € N.even(n),
which can be readily found by a standard fixpoint approximation. Computing
the solution to Z(0) by instantiating to a Boolean equation system, see [18], fails
due to the presence of an infinite chain of dependencies:

(I/ZO = Z1 \Y ZQ) (VZl = J_) (I/ZQ = Zg \Y Z4) s

Next, consider the alternating modal p-calculus formula ¢ given by v X. uY. ((aA
OX) V (bAQY)), which expresses that there is an infinite a,b-path on which a
holds infinitely often. The equation system £ encoding which states of the Kripke
structure satisfy ¢ is as follows:

(vX(n:N) =Y (n))
(uY (n:N) = (even(n) A X(n+ 1))V
(odd(n) A (Y(n) VY (n+1))))

The solution to X and Y is An € N. T. Note that in this case, computing
this solution using Def. 3 is rather involved (and not the point of the example).
Attempting to compute the solution to X (0) by instantiating the equation sys-
tem to a Boolean equation system again fails due to the presence of an infinite
chain of dependencies. Finally, note that swapping the equations in our example
leads to solution An € N. L for both X and Y, illustrating that the ordering of
equations matters.

3 Abstraction via Consistent Consequence

Before we formaly define the notion of abstraction for equation systems, we start
with the following elementary observations. Suppose that for a closed equation
system &, with X, X’ € bnd(&), we know that for v,v’ € D, the Boolean value
[EN(X)(v) under-approzimates [E](X')(v'). If, moreover, [E](X)(v) = T, then
also [E](X")(v") = T and one can may skip computing the solution to X’(v").



Of course, the problem of computing the solution to X’(v’) in the above
example is now delegated to establishing that X (v) under-approximates X'(v’).
In this section, we introduce the notion of a consistent consequence. Note that
this notion was previously introduced in [8] for the fragment of Boolean equation
systems. The absence of data in that setting greatly simplifies its formalisation;
here, we generalise the definition to arbitrary equation systems. We proceed in
small steps.

Definition 4. Let X:Dx — B be a predicate variable. We say that X ’s signa-
ture, notation sig(X), is the product {X} x Dx. We lift the notion of a signa-
ture of a predicate variable to sets of variables P C P in the natural way, i.e.,
sig(P) = Uxep sig(X). Instead of (X,v) € sig(X), we prefer to write the more
readable X (v) € sig(X) if no confusion is possible.

In addition, we require a definition of rank of a predicate variable. Intuitively,
the rank of a predicate variable X is a measure for the nesting depth of X’s
equation in the equation system.

Definition 5. Let £ be an equation system. The rank of a predicate variable
X € bnd(&), denoted rankg(X) is the smallest natural number coinciding with
the number of (syntactic) least and greatest fixpoint alternations that precede X ’s
equation, counting from 1 if the first equation is a least fixpoint equation and 0
otherwise.

Ezxample 2. Consider again the equation system £ of Example 1. Observe that
the signatures of both X and Y are infinite: sig(X) = {(X,v) | v € N} and
sig(Y) = {(Y,v) | v € N}. Furthermore, we have rankg (X) = 0 and rankg (Y') = 1.

Definition 6. Let R C sig(P) x sig(P) be a relation on signatures. We say that
an environment 0 is consistent with R if X (v) R X'(v') implies that 6(X)(v) =
O(X")(v"). The set of all environments consistent with R is denoted Op.

Next, we formalise the notion of a consistent consequence. We then proceed to
show that the resulting preorder under-approximates (resp. over-approximates)
the solution to an equation system, generalising the result of [§].

Definition 7. Let £ be an equation system. A relation R C sig(P) x sig(P) is a
consistent consequence on € if for all (0 X (dx:Dx) = ¢x) and (¢’ X'(dx:Dx/) =
éx:) in € for which X (v) R X'(v') we have:

— rankg (X)) = rankg (X').
— for all 6 € Or and all § we have [¢x]06[v/dx] = [¢x/]00[v' /dx].

We write X (v) < X'(v") if there is a consistent consequence RC sig(bnd(&)) x
sig(bnd(&)) on & such that X (v) R X'(v').

If X(v) < X'(v") we say that X'(v") is a consistent consequence of X (v). The
relation < is itself a consistent consequence for a given equation system, and it is
the largest such relation, which immediately follows from the proposition below.



Proposition 1. Let C be a collection of consistent consequence relations on &.
Then \JC is again a consistent consequence on E.

Proof. Suppose R, R’ are both consistent consequences on £. Assume X (v) RU R’
X'(v"). Then either X(v) R X'(v") or X(v) R’ X'(v'). In both cases, we im-
mediately find that rankg(X) = rankg(X') if X, X’ € bnd(£). Now, let 6 €
Orur - Then [¢px]0c[v/dx] = [dx]0e[v/dx] follows from the observation that
0 € O©rNOpr and the fact that the desired implication already holds for § € Op
and 0 € Of:. a

The theorem below characterises the relation between a consistent consequence
on a closed equation system, and the solution to the equation system.

Theorem 1. Let € be a closed equation system. Let RC sig(P) x sig(P) be a
consistent consequence on £. We have:

X(v) R X'(v") implies ([€])(X)(v) = ([E])(X)(v)
Proof. See Appendix.

Note that the reverse of the above theorem does not necessarily hold: if X (v)
has a solution below that of X’(v’), then not necessarily X (v) < X'(v').

‘We next lift the notion of a consistent consequence to a relation on signatures
between different equation systems that are compatible. The compatibility re-
quirement ensures that bound variables of both systems are disjoint and free vari-
ables in one system are not bound by the other. Formally, two equation systems
&, & are compatible iff bnd(£)Nbnd(E’) = bnd(&)Nocc(E’) = bnd(E)Nocc(&) = 0.
Two compatible equation systems can be merged, creating a single equation sys-
tem containing blocks of equations that had equal rank in the original equation
systems.

Definition 8. Let £,&’ be compatible equation systems. A relation R C sig(P) x
sig(P) is a consistent consequence between & and &' if R is a consistent con-
sequence on some equation system F consisting of the equations of £ and &’
satisfying:

— rankz(Zg) = rankg(Zg) for all Zg € bnd(E), and
— rankz(Zgr) = rankg/ (Zgr) for all Zg: € bnd(E').

We write X (v) < X' (V") iff there is a consistent consequence RC sig(bnd(&) U
bnd(€’)) x sig(bnd(€E) Ubnd(&’)) between € and E' such that X (v) R X'(v').

Ezxample 3. Reconsider the equation system & of Example 1. As we concluded
there, the solution to X (v), for arbitrary v, cannot be computed using instanti-
ation. Next, consider the following equation system:

(vX(b:B) = Y (b))
(nY (:B) = (b A X (b)) V (=b A (Y(b) VY (-D))))



We find that X(T) < X(v) for even v and X(L) < X(w) for odd w. That
means that if we can prove that X (T) has solution T, we know that also X (v)
has solution T for all even v. The solution to X (T) is represented by the variable
X1 in the Boolean equation system below, which is obtained by instantiating
the above equation system:

(WXt =Y7) (WX, =Y)) (WWr=X1) (WL =Y, vY7)

The solution to all variables in the above Boolean equation system is T. We thus
have an effective way of proving that X (v), for arbitrary v, is T, too.

4 Relative Completeness and Succinctness

One may wonder how our denotational consistent consequence framework for
abstraction compares to the more traditional operational frameworks of ab-
straction. We address this question in Section 4.2 for an important abstraction
framework for the propositional modal p-calculus. In Section 4.3, we answer a
more general question by identifying fragments of equation systems for which
our abstraction framework is complete.

4.1 Transition Systems

Let us recall the framework of generalised Kripke modal transition systems
(GTSs) [16,22,7,9]. These generalise Kripke structures. Let AP be a set of atomic
propositions, and let Lit = AP U {-p | p € AP}.

Definition 9. A generalised Kripke modal transition system (GTS) is a tuple
M = (S,RT,R™, L) where:

— S is a set of states,

R~ C S xS is the may transition relation; we require R~ to be total,

— Rt C S x 2% is the must transition relation; we require that s RT A implies
sR™t forallt € A,

L:S — 2t s q labelling function; we require that L(s) contains at most one
of p and —p for all s € S,p € AP.

We say that a GTS G is a Kripke structure if for all s,s' € S we have s RT {s'}
iff s R~ s, and s RT™ A implies |A| < 1.

Remark 2. We only deal with GTSs that can be described finitely using, e.g.,
first order logic. Note that this is a common restriction and, in practice, not a
restriction at all.

The size of a GTS M = (S, RT, R™, L), denoted |M| is defined as |S| + |RT| +
|[R~]. A GTS is an abstraction of a more concrete GTS (e.g., a concrete Kripke
structure) if there is a simulation relation that relates the two GTSs. Such a
relation links every transition the abstract GTS must make to some transition
the concrete GTS must make, and may transition of the concrete GTS to a may
transition of the abstract GTS.



Definition 10. Let My = (S, R, Ry, L1) and My = (Sa, RY, Ry, Ly) be two
GTSs. A relation H C Sy x Sy is a generalised mized simulation if s1 H s
implies

— La(s2) € Li(s1),

— if s1 Ry s} then there is some s, € Sy such that s2 Ry sh and s} H s,

— if 8o R;r Ay then there is some A1 C S1 such that sq Rf Ay and for every
s} € Aj there exists some sy € Ay such that s} H ).

We write (M, s1) < (Ma, s2) if s1 H so for some generalised mized simulation
H.

The propositional modal p-calculus, a highly expressive modal logic, can be
interpreted over GTSs. Unlike the traditional setting where formulae either hold
of a system or not, there is a third option in the GTS setting, in which the
formula is neither true nor false for the GTS; this basically means that the truth
of the formula cannot be determined. We here adopt the notation and semantics
introduced by Shoham and Grumberg [22].

Definition 11. A p-calculus formula (in positive form) is a formula generated
by the following grammar:

Lrgo=TILILX[fAglfVvglOfIOf[vX. flpX. f

where | € Lit and X € V for a set of propositional variables V. The semantics
of a formula f is defined by two inductively defined functions [] and []n, in
the context of a GTS M = (S, R*, R~, L) and an environment p:V — 29

S 1A [/15

T S 0

L 0 S

l {seS|leL(s)}{seS|-leL(s)}
X p(X) p(X)

fg IR N L9l [f16 Y Lglt)

Vg LRV lgln [/16 N gl

of ST oI/t

Of  OLR OLA1L

pX.f pU LA o =Y
VXf VU[[f]]%[X:U] MUIIf]]ﬁ[X:U]

Here, we used the following abbreviations: QU = {s|FJACS: sR" ANACU}
and OU = {s |Vt € S: s R~ t = t € U}. In case the formula f is closed
(i.e., every propositional variable occurs within the scope of a fixpoint binding
it), its semantics is independent of the environment p, and we drop p from the
semantic brackets. A closed formula f is true in a state s € S, denoted M,s = f
if s € [fln; f is false in s, denoted M, s & f if s € [f]u and it is unknown in
s otherwise.

10



Table 1. Encodings of the model checking problems into the corresponding equation
systems EZ(f) and Eg(f).

E¢ (b) 29

Eg(X) 290

EG(fAg) 2 EE()EE(9)
EG(fVvg) 2EE()EE(9)

Eg (% f) 2 EE(f)

E¢(0X.f) £ (cX™(d:S) =RHSE(f))EZ(f)
RHSZ(X) 2 X™(d)

RHSZ (0 X.f)2 X™(d)

RHS/ (b) Ly

RHSZ () 21eL(d)

RHSZ (f A g) = RHSZ(f) A RHSE(g)
RHSZ (f V g) = RHSZ(f) vV RHSG (g)
RHSZ(Of) £ 3A4:2P. RT(d, A) A

Vd':D. d € A= ((RHSG(f))[d'/d])
RHS¢(Of) #vd:D. R™(d,d') = (RHSG(f))[d'/d))

RHSg(b) = -b
RHSg(I)  =1¢ L(d)
RHSZ(f A g) 2 RHSE(f) v RHSZ(9)
RHSZ(f V g) 2 RHSZ(f) ARHSg(9)
RHS¢(0f) £Vd:D.R™(d,d') = (RHSg(f))[d'/d])
RHSZ(Of) £ 3A:2°. RT(d, A) A

vd':D. d € A= (RHSZ(f))[d'/d))

Note that if M is a Kripke structure, then it always holds that either M, s = f
or M,s [~ f, and the satisfaction relation coincides with the usual semantics
for the p-calculus. For the purpose of comparing the GTS framework with our
consistent consequence framework in the next subsection, we present the formal
encoding of the model checking problem for GTSs into equation systems below.

Definition 12. Let M = (S,RT,R™,L) be a GTS and let f be a closed u-
calculus formula. The schemes for encoding the satisfaction and refutation model
checking problems into equation systems are given in Table 1, in which EL(f)
encodes the satisfaction problem, and EZ(f) the refutation problem. The sort S
represents the set S of the GTS G, and R, R™ and L are predicates describing
the semantic artefacts of G, viz. R~, Rt and L. We usem € {N,U}, be {T, L},
X eV, X" XYeP andxe {0,0}.

For the ease of readability, we often assume that the outermost symbol in

the formula is the fixpoint definition, i.e. we consider the guarded form o X.f. If
this is the case, then given a state s of a GTS G, the corresponding element of
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the signature in the equation system encoding is X"'(s) (satisfaction) or X" (s)
(refutation).

Proposition 2. The encodings EY,(f) and EY,(f) are sound for the verification
resp. refutation model checking problems, that is:

[EX (o X NIXTM)(s) =T = (M,s) |- o X.f
[EX (0 X NIXZ)(s) =T = (M,s) £ o X.f

In case M is a Kripke structure, the encodings are sound and complete:

[Ey (e X-HIX)(s) =T & (M,s) o X.f
[EX (0 X NIXZ)(s) =T & (M,s) £ o X.f

For a Kripke structure M, we only need the satisfaction encoding, which we
denote with Ej;(f). Note that the transformation E,/(f) is easily automated,
even for richer logics such as the first-order modal p-calculus. An implementation
can be found in pCRL and mCRL2, see e.g. [14].

4.2 Succinctness and Relative Completeness

The power of an abstraction framework for the modal p-calculus is often mea-
sured as the degree to which the framework is able to prove p-calculus formulae
that hold of an infinite system by means of a finite abstraction of the infinite
system. This is known as completeness, see, e.g. [4].

Definition 13. Let F' be a collection of modal p-calculus formulae. GTSs with
< are complete for F, if, for all formulae f € F and all Kripke structures
My,s1 | f, there is a finite GTS Ms,ss such that (M, s1) < (Ms,ss) and
M, 52 = f.

Next, we introduce a corresponding notion of completeness for equation sys-
tems.

Definition 14. We say that the framework of equation systems with < is com-
plete for a class of closed equation systems C, if for each € € C and all X(v) €

sig(bnd(€)) satisfying [E](X)(v) = T, there is a Boolean equation system & and

X € bnd(€) such that X < X (v) and [E](X) =T.

We now show that for model checking p-calculus formulae, the equation
systems with consistent consequence framework and the GTSs with generalised
mixed simulation framework are equally complete. That is, both are equally pow-
erful for using finite abstractions for the p-calculus. Formally, this is expressed
by the following theorem.

Theorem 2. Let F be a collection of guarded, closed pi-calculus formulae. Then
GTSs with < are complete for F iff equation systems with < are complete for
{En(f) | Kripke Structure M and f € F}.

12



Proof. Here we only sketch the key ideas, we refer to the Appendix for details.

The proof from left to right follows from Proposition 2 and by showing that
a generalised mixed simulation relation induces a consistent consequence on the
resulting Boolean equation systems and Ep, (6X.f) .

The proof in the other direction is technically quite involved. We first observe
that the consistent consequence preserves the boundedness of the p-dominated
chains of dependencies in € in Ejpy, (0X.f). Next, one can show that there is
a stronger least fixpoint-free formula o X.f that can be obtained from oX.f
by under-approximating the least fixpoint-formulae in ¢ X. f, by unfolding every
least fixpoint subformula at most |£| times. The boundedness of the p-dominated
chains in Ejpy, (0X.f) can be used to establish a correspondence between the
equation systems Ejz, (0 X.f) and Ejy, (0X.f) and their solutions, and, in par-
ticular, show that X™(s;) = T. Since GTSs are complete for the least fixpoint-
free fragment of the p-calculus, see, e.g. [22], and o0 X.f is (semantically) least
fixpoint-free.

Observe that contrary to GTSs, Kripke modal transition systems, which are
another generalisation of Kripke structures, often used for abstraction, are known
to be strictly less complete than GTSs for abstraction for the modal u-calculus.
This follows from the incompleteness example for MTSs in [4] and the fact that
GTSs are complete for least fixpoint-free fragment of the p-calculus [6,9]. As a
result, we find that our abstraction framework for equation systems is strictly
more complete than such abstraction frameworks, too.

We next focus on the succinctness of the abstract objects that can be used
for proving properties. The lemma below states that the size of our “abstract”
equation systems is at most linear in the size of the formula and the abstract
GTSs capable of proving that formula.

Lemma 1. LetoX.f be a closed p-calculus formula and let My = <Sl,RT,R1_, Ly)
be a Kripke structure. Suppose there is a finite GTS My = <SQ,R;F,R2_,L2>
such that (My,s1) < (Mz,s2) and Ma,s2 = oX.f. Then there is a closed

Boolean equation system & with at most |0 X.f| x |S2| equations and size at
most O(|oX.f| X |[Ms]) such that X < X"'(s1) and [E}(X)=TT.

Proof. The model checking problem Ms, s = oX.f is encoded by the equa-
tion system Bl (0X.f). Since M, is finite, instantiating EY, (0X.f) yields a
Boolean equation system of size at most O(JoX.f| x |Mz|). We denote this
Boolean equation system by £, and we assume that the solution to X™(s) in
ER& (cX.f ) is encoded by the variable X in £. Instantiation ensures in particular
that X < X™(s2).

It remains to show that X™(s;) is a consistent consequence of X. This
follows from the fact that the generalised mixed simulation relation between
(My,s1) and (My,s) induces a consistent consequence between Ej; (0X.f)
and EY;, (0X.f) such that X"'(s2) < X'"'(s1). From transitivity of <, we ob-
tain X < X"(sq).

13



Note that the above lemma provides an upper bound on the size of our
abstract objects. In fact, we can tighten these bounds significantly, using the
following lemma.

Lemma 2. Let £ be a closed Boolean equation system consisting of n equations.
Suppose we have [E](X) = T. Then there is a Boolean equation system E™ of
size O(n?) such that X" < X and [ET](X") =T.

Proof. Following [17, Proposition 3.36], each right-hand side in £ can be strength-
ened by (non-deterministically) selecting one predicate variable in each disjunc-
tion over predicate variables, without changing the solution to X in £. In the
resulting equation system, rename all predicate variables Y to Y. Observe that
each right-hand side contains no proper disjunctions and can therefore be rewrit-
ten to a logically equivalent conjunctive formula of size at most n. Let £ be
the resulting equation system. We then have |€™| is O(n?) and, by construction,
XT< X and [ET)(XT) =T.

The above lemmata together give us the following theorem.

Theorem 3. Let 0 X.f be a closed formula and let My = (Si, Rf, Ry, L1) be
a Kripke structure. If there is a finite GTS My = (Sa, Ry, Ry, La) such that
(M, s1) < (Ma,s2) and My, sy = 0 X.f, then there is a closed Boolean equation

system € of size at most O(|o X.f| x |Sa|?) such that X < X"(s1) and [E](X) =
T.

It is rather straightforward to construct examples that demonstrate that our
framework can indeed be more succinct. The example below is a point in case.

Ezample J. Let A # () be a finite index set and let AP = {fi,a; | ¢ € A}.
Consider the Kripke structure K with the set of states 24 and transitions and
labellings given by:

— (= CU{i}forallie A\ ¢, and ¢ — ¢\ {é} for all i € ¢ and all ¢ C A4;

~ Q) ={a: [ i€ CHU{fi [i€ A\C} forall ¢ C A,
Next, consider the p-calculus formula g defined as vX. A (a; V f;) A OX; note

€A

that g trivially holds of /L. Observe that there is no GTS M, smaller than
that simulates K and is capable of proving the property. Hence, the size of the
smallest GTS capable of proving g is of size O(2/4). Also, observe that the
equation system Ex(g) is as follows:

vX(¢2) = NGelvie A\OA

i€A
A XCu{ihAa N\ X\ (k)
JEA\C ke¢

The smallest Boolean equation system of which the above equation system is a
consistent, consequence is of size O(1): we have X < X () for Boolean equation
system v X = X.
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4.3 Completeness for Fragments of Equation Systems

In the previous section, we focused on the power of our abstraction framework
for model checking of the propositional modal p-calculus. However, equation
systems are not restricted to a single type of verification problem. We therefore
investigate the notion of completeness in equation systems in isolation of the
encoded verification problems.

The theorem below states that our framework is complete for the least
fixpoint-free fragment of equation systems.

Theorem 4. FEquation systems with < are complete for the class of closed least
fixpoint-free equation systems.

Proof. Due to [17, Theorem 9.4], we know that there is an equation system
&M obtained by replacing all equations of the form vX(d:D) = ¢ in £ by
vX"(d:D) = 9", where 3 and 9" are such that:

— 4 is conjunctive and for all 7, d, [¥]né implies [¢]nd,
— 9" is obtained from ) by replacing each variable Y € occ(1)) with Y™,
- [ET(X) () =T.

Observe that, by construction, we have X"'(v) < X(v). Next, note that & is
a consistent consequence of any equation system &£ of which & is a consistent

consequence. In particular, the finite equation system vX = X is such that
X < X" (v). The theorem then follows from transitivity of <.

As a result of this theorem, we find that our abstraction framework is com-
plete for a large set of verification problems, as stated by the below corollary.

Corollary 1. The consistent consequence abstraction framework of equation
systems is complete for the least fixpoint-free fragment of the first-order exten-
sions of the modal p-calculus [12, 14], the problem of deciding strong bisimilarity
and similarity between two infinite processes [1] and the least fixpoint-free frag-
ments of real-time extensions of the (first-order) modal u-calculus, see e.g. [23].

Ezxample 5. Reconsider Example 4, and assume that the set A can be infinite.
Generalise the formula g of that example to the following first-order p-calculus
formula (see e.g. [12] for an action-based variant): vX.(Vi € A.f; V a;) A OX.
Then there is no finite GTS capable of proving g for the infinite Kripke structure
K. Note that this illustrates the fact that our abstraction framework is complete
for elementary first order extensions of the least fixpoint-free fragment of the
p-calculus, in contrast to the GTS framework.

Theorem 5. FEquation systems with < are complete for the class of closed least

fixpoint-only equation systems with right-hand side formulae containing no umni-
versal quantifications.
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Proof. Let £ be an equation system of the required form. Assume that [E](X)(v) =
T. Observe that, due to their shape, each right-hand side can be brought into a
logically equivalent disjunctive normal form with existential quantification pre-
fixes. Consider the (infinite) equation system one can obtain using instantiation
of & starting in X (v), using e.g. [18]; the resulting infinite system € is in
disjunctive normal form. Assume that variable X, in bnd(€.) represents the
solution to X (v) in &£, which, by assumption, is T.

Again, due to [17, Theorem 9.4], we know that there is an equation system
€. with the same solution as £, which can be obtained from £, by selecting
exactly one clause among the disjunctions in each right-hand side. Next, observe
that since variable X, has solution T and £ is least fixpoint-only, there must be
a well-founded descending path through equations in £.,. Consider the finite sub
equation system £ of £, containing only those equations on the well-founded
path from X,. It follows by construction of £ that X, < X (v), which is what
we needed to show.

By combining the above result and Theorem 2 it follows that also GTSs with
a finite set of initial states are complete for the disjunctive, least fixpoint-only
fragment of the modal p-calculus.

Corollary 2. GTSs with < are complete for the set of least firpoint-only modal
w-calculus formula containing no O modalities.

5 Abstraction Through Syntactic Manipulations

The problem of checking whether there is a consistent consequence between sig-
natures of two Boolean equation systems is coNP-complete already [8]. We show
that our abstraction framework can nevertheless lead to effective tooling. For
this, we develop a syntax-based transformation—inspired by [2]—that, semanti-
cally, provably approximates <, and we briefly demonstrate its potentials using
two case studies. In a similar vein, our abstraction framework can be combined
with predicate abstraction.

5.1 Existential and Universal Abstractions

Consider a data sort D that represents a complex or infinite semantic set (e.g. the
natural numbers). Using a homomorphism, all elements, operators and relations
of the domain D can be mapped to a corresponding simpler data structure D.
Formally, an abstract interpretation of the concrete elements in a domain D is
given by a surjective mapping hp:D — D, the so-called abstraction function. In
addition, every operator and relation on the concrete data domain D is assumed
to have a corresponding abstract operation. Note that the result of an abstract
operation is no longer unique, as two different concrete elements may map to
the same abstract element.

A standard solution to the non-unicity problem is to lift the codomain of a
concrete operation or relation f:Dy X --- x D, — D to a set when defining its
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abstract counterpart ]?131 X oee X ZA)n — 2D For reasons of consistency, also
the domains of the abstract functions and relations f are lifted to sets for all
A;CDj1<j<m

f(Al,...,An): U f(al,...,an)

a1€AL,...,an €A,

It is then possible to define an abstraction operator ~ that converts a term ¢ of
sort D to its corresponding sort D. Assuming the following grammar for our
data terms:

tuo=d|c| f(tr,.. ., tn)
where d is a data variable, ¢ is a closed term and f is an n-ary operator or
relation. Assuming, that we have an abstraction function h, we can define the
operator _ as follows:

d={dy e={h(©)}  fltr, o tn)=[B,.e )

Here, we introduce a fresh variable d for every variable d of some concrete sort D.
Computations in the abstract domain using the abstract operators are sensible as
long as the safety condition holds for all terms ¢ with free variables dy, ..., d,, and

all closed terms ¢y, ..., cn: [A(tler/dy, . . ., en/dn))] € [th(c1)/dy, ..., h(cn)/dn]]-

Essentially, this condition ensures that ¢ always represents a set of concrete values

that includes t. This condition is met whenever for all f:Dy x -+ x D, — E:
vV dq GDl,...,dn eD,.

hE(f(dh s 7dn)) € f({th (dl)}v ceey {th (dn)})

Given a set of abstraction functions for a set of concrete domains, we can use
these, together with the trivial abstraction (identity) functions for those domains
not equipped with a user-defined abstraction function, to strengthen or weaken
the predicate formulae we encounter in a given equation system. For simplicity,
and without loss of generality, we assume that all concrete sorts in an equation
system, with the exception of the Boolean sort, have a homomorphism h mapping
these sorts to some abstract domain.

Definition 15. Let ¢ be an arbitrary predicate formula. We inductively define
the under-approzimation An(¢) (resp. the over-approximation A,(P)) as fol-
lows:

A (b) = Ju:B.vEbAV ifm="U
" T \YuB.veb= v otherwise

30:5;. vG@A)?u(v) ifm="U
Vo:Dx. v €e= )/(\',—.(v) otherwise

Am(X(e)) = {

Am(d®Y) = A (@) & A (W) for & € {A,V}
Am(Qdy:D. ¢) = Qdy:D. Ap(¢)  for Q € {V,3}
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Note that, by definition of ~, the predicate formula A,,(¢) contains data
variables d for the variables d in ¢, and predicate variables X,, in A,,(¢) for X
in ¢. We extend the above operator A,,(-) to equation systems in the natural
way.

Definition 16. Let £ be an equation system. The abstraction operator A,,(_)
for equation systems, where m € {U,M}, is defined inductively as follows:
A (0) =0
An((0X (d:D) = ¢) &) = (0 X (d:D) = A () A (E)

The following theorem states that we have achieved an under-approximation
(resp. over-approximation) of the solution to the concrete equation system.

Theorem 6. Let £ be an arbitrary closed equation system. Then for all X €
bnd(&) and all closed terms v:Dx, we have:

[AnEOIEn)([A)]) = [ETX)([0])
= [ALE]XL)([h@)])

Proof. The theorem follows essentially from Theorem 1 if X ([h(v)]) < X ([v]) <
Xu([h(v)]). The latter statement follows from the following observation.

Let RC sig(P) x sig(P) be defined as )A(n([[h(v)]]) R X(v) and X(v) R
Xu([h(v)]), for closed terms v:Dx. Then, for all # € O and all data envi-
ronments §, we have:

[An(#)]06[[1(v)]/d] = [#]05][v]/d]
= [AL(¢)]0d[[h(v)]/d]

The proof thereof follows using a structural induction. See Appendix for details.

Ezample 6. Consider the infinite Kripke structure K depicted left below.

. /N
a
b b a

Assume that the states of the Kripke structure are represented by the Carte-
sian product B x N. The equation system encoding K = vX. (¢(bVa)V-b)AOX
is as follows:

vX(eB,nmN)=(-cV(cAn>0)V(cAn=0))A
(Vm:N. ¢ = X(T,m)) A
(cAn>0= X(c,n—1)) A
(cAn=0= X(c,n))
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Through abstraction using a mapping hy:N — B, defined as hy(n) = (n = 0),
we obtain, after logical simplification, the equation system depicted below:

vXn(c,m:B) = (mcV (¢ A=i) V (c AR)) A
(Vin:B. —¢ = Xn(T,m)) A
(cA=i = (Xn(e, T)A Xn(e, L) A
(cAii = Xn(c,n))

We observe that )?n(c, ) = T for all ¢, 7, and, as a result, X(¢,n) = T for all
¢,n. A GTS that simulates /C and can prove the same property is depicted next
to the Kripke structure.

5.2 Case studies

We have implemented the theory outlined in the previous section in a prototype
tool in the open source tool suite mCRL2 [11], and used it on several model
checking examples using the (action-based) first-order modal p-calculus [12,13]
and a real-time extension thereof.  Our tool takes a description of the abstrac-
tion mapping and mappings of concrete operations onto abstract operations;
checking the safety condition can be delegated to mCRL2’s provers or left to the
user in case of too complex conditions.

Lamport’s Bakery Protocol for Mutual Exclusion. This protocol has an infinite
state space due to the unbounded ticket numbers it can hand out. We analysed
the protocol with two processes (using Boolean IDs) competing for the critical
section. Typical properties that could be verified using an under-approximation
(or refuted using an over-approximation) are properties 1-4 in Table 2.

The abstraction used for verifying these formulae is a mapping of the natural
numbers to elements zero and more. Property 1 is a progress property, stat-
ing that processes requesting to enter the critical section, always can enter it
in some future. The stronger property that such processes inevitably enter the
critical section (property 2) provably fails. Property 3, asserting that invariantly,
both processes inevitably receive some ticket number also provably fails. Prop-
erty 4 expresses that there is always a process that can get a ticket number at
least as large as the ticket number currently circulating.

A real-time ball game. This is a small real-time system, describing a game in
a dense time setting in which a player has one second to pocket a ball. The
game ends when the player wins, for which he is required to pocket at least
10 balls. The real-time behaviour leads to an infinite state space. We verified
several reachability properties, see properties A—D in Table 2, analysing whether
the game can finish (property A), whether the game must finish (property B),

! The examples have been added to mCRL2’s open source repository; see
http://www.mcrl2.org

19



Table 2. Properties for the Bakery Protocol (1-4) and the real-time ball game (A-D),
verified or refuted with pbesabsinthe.

1. vX. [T]X AVb:B. holds
[request(b)]uY. (T)Y V (enter(b)) T

2. vX.[T]X AVb:B. fails
[request(b)]uY. ([T]Y A(T)T) V (enter(b)) T

3. vX.([T]X AVb:B. fails
wY.(([TIY A(T)T) V In:N.A{c(b,n))T))

4. vZ(i:N = 0). holds

(3b:B. In:N.(c(b,n))(n > i A Z(n))) V
(VV':BNn':N.~c(t/,n')) Z(7)

A. pX (T)X V (finished) T holds
B. pX.[—finished| X A (T)T fails

C. pX(i:N = 0).(¢ < 10) = (pocket) X (i + 1) holds
D. uX.(T)X V (pocket@5) T holds

whether the player can pocket at least 10 balls (property C), and a hard real-
time property expressing whether he can pocket a ball at time 5 (property D).
The abstraction we used partitions the reals between 0 and 10 in open intervals
(k,k 4+ 1), the closed singular intervals [k, k] and the interval (10, 00), for k =
0...10.

6 Related Work

Our denotational framework provides an alternative angle to the traditional
operational abstraction frameworks. It shows that abstraction can, in a sense,
be seen as the generalisation of logical consequence to equation systems through
the use of coinduction. Below, we briefly review some of the related work.

In [19], Namjoshi addresses the question under which conditions (semantical)
completeness for branching time properties can be achieved. For this, he works on
alternating transition systems, which are basically a variation on model checking
games. By imposing extra conditions on the alternating simulation relation he
defines on these transition systems, a complete framework for abstraction is
obtained. Dams and Namjoshi continue their exploration of completeness in [4]
in which they introduce focused transition systems.

In their follow-up work [5], they show that these focused transition systems
are in fact variants of y-automata, enabling a very brief and elegant argument for
completeness of their framework. Interestingly, we can use identical arguments
to prove the completeness of our equation system framework for the preorder
that underlies the definition of a solution to an equation system. We remark that
we think that this completeness result will not give rise to a practical framework
for abstraction; as Dams and Namjoshi’s completeness result, we consider this
to be mostly a theoretical result.

The GTS framework has received a lot of interest from the abstraction com-
munity. Shoham and Grumberg studied the precision of the framework in [22];
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Fecher and Shoham, in [7] used the framework for a more algorithmic approach
to abstraction, by performing abstraction in a lazy fashion using a variation on
parity games.

7 Concluding Remarks

We defined an elegant form of abstraction within the framework of equation
systems, and have shown that its power is on a par with the most advanced
(operational) frameworks for abstraction in the transition system setting while
staying more concise. Our framework can be extended in several directions. One
line of research is to investigate what is a minimal set of modifications to our
notion of consistent consequence that is needed to achieve completeness for all
equation systems. A second topic for investigation, which has received a lot
of attention in the transition system setting, is to incorporate techniques for
automated detection and refinement of abstractions on equation systems.
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A  Proofs

A.1 Proofs of Section 3

We use an alternative definition for the notion of a solution to an equation
system, inductively defined on blocks (i.e., equations with the same rank) rather
than single equations. The two notions are known to coincide, but, compared to
the definition in the main text, which is slightly less dense than the one presented
here, the latter is better suited for the proof of Theorem 1.

The product lattice (BDX1 X - X BPxn E), where C denotes the ordering C
lifted to vectors in the standard way, is again complete. From hereon, we ab-
breviate ([¢x, <dx1>]]9€’ oo lex, <dxn)]]65) to [(¢x, (dxy)r o DX (dxn>)]]0€' We
denote the i-th element of a vector (f1,..., fn) by (f1,---, fn)i-

Definition 17. The solution to an equation system, given a context of predicate
and data environments 0,¢, is defined as [e]0c = 0, and for any &, and block B
given by (JXl(Xm:DXl) = ¢X1) e (O'Xn(anZDXn) = ¢Xn)

[B &)
= [€10[o(Xn, ..., Xp)EBPX - xBPXn. 78 (X, X))/ (X, X e

where 7§ is the monotone predicate transformer induced by block B:

75 = M, ..., X)) EBPX x - x BPxn
(651 g,y s OXo g, IO/ X, X/ X e

The proof for Theorem 1 employs a transfinite approximation within an induc-
tive proof. We first recall the notion of transfinite approximations of monotone
functions.

Definition 18. Let (D, <) be a complete lattice with T and L as top and bot-
tom element. Let f:D — D be a monotone function. Then c*X.f(X) is an
approximant term, where « is an ordinal. The approximant terms are defined by
transfinite induction, where X\ is a limit ordinal:

o’X.f(X) =Tifo=vand L else

o FIXf(X) = f(0°X.f(X))

AXf(X) = N\ o*X.f(X)ifo=vand \/ o°X.f(X) else
a< a<

We first rephrase Theorem 1 as Theorem 7 below; the correspondence between
both theorems is straightforward and follows from the definition of consistent
environments Og.

Theorem 7. Let £ be an equation system. Let RC sig(P) xsig(P) be a consistent
consequence on E. Then for all 8 € O and all g, we have [E]e € OF.
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Proof. We proceed by induction on the number of blocks in £. Clearly, the
statement holds vacuously for |€] = 0. Assume that for all £ consisting of n
blocks and all consistent consequences RC sig(P) x sig(P), we have

V0cOR, < : ([€]0e) € Or (IH1)

Let B = (vX1(dx,:Dx,) = ¢x,) - (vX,(dx,:Dx,) = ¢x,) be a block of v-
equations (the case for p is symmetric), and assume (without loss of generality)
that the first block of £ is a p-block. This implies that B is a maximal block in
BE. Let SC sig(P) x sig(P) be a consistent consequence on BE.

Let X, X’ € bnd(BE) and assume that X (v) S X'(v'). Assume that 6 € Og,
and let € be arbitrary. We proceed to show that [BE]0e(X)(v) = [BE]O(X)(v'),
or, equivalently, that ([BE]0e) € Og

[BE]6=
= [[EHH[U(XM ce ,Xn)EBDXI Xoee XBDXH, T|[ES]]95(X1’ .. .7Xn)/(X1, .. .,Xn)}f:'

Maximality of block B implies that .S is a consistent consequence on &£ as well.
Moreover, the first requirement in Def. 7, combined with the maximality of B,
requires that X € B iff X’ € B. We therefore consider the following cases:

— Case X, X’ € bnd(B). Then, for some i,j, we have X = X;, X' = X;. We
show [BE]Oe(X;)(v) = [BE]be(X;)(v") by means of a transfinite approxima-
tion of X1,...,X,,. Let a be an ordinal and denote the a-th approximation of
the fixed point vector v(Xy,...,&,) € BPX1x ... xBPxn, T[[Egﬂee(élﬁ, ey Xn)
by (X¢,...,X2). We show that

VX;(v), X;(0') 1 Xi(v) 8 X;(v") = X (v) = X5'(v)

e For a = 0, it follows immediately, that for all 4, j, we have X?(v) = T =
X]Q(U/) for all X;(v) S X;(v').

e For @« = 8+ 1 a successor ordinal, we assume the following induction
hypothesis:

VX (0), X;(v) s Xi(v) S X;(0') = X[ (v) = XP(v)) (IH2)
Assume that X;(v) S X;(v"). Next, we derive:

(Tfepoe (X X5H), (v)
([[(d)Xl(Xm)a-~-7¢Xn<dxn))]]([[g]]9[Xf/Xlao-«ng/Xn]g)E)i(U)
[0 ax  JIETOIXT /X0, X/ X e (0)

= [ox JUIEWOIXY /Xy, ..., XE ) XJe)elv/dx,]

=T [ox, J(EJOIXT /X, .., XB /Xy )elv /dx,]
[[(ij(de)]]([[g]]e[Xf/le'"7X5/Xn]5)5(")/)

= ([(Dx1 g,y 2 0% g, IAEDOIXT /X1, X/ X)) ()

= (Thegoe (X1 X)) ()
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where at T, we used (IH1) and (IH2) to conclude that the environment
obtained by [€]0[X? /X1, ..., X? /X, ]e is consistent with S, i.e., belongs
to Og, and the fact that S is a consistent consequence on &.

e For « a limit ordinal, we assume the following for all 8 < «:

VX (0), X;(v) 1 Xi(v) S X;(0') = X[ (v) = X (v)) (IH3)

From this, we obtain the following consistency result:

VX (), X; () Xaw) 8 X5000) = (( A\ XD)0) = (A X)) (4

B<a B<a

Assuming that X;(v) S X,;(v"), we continue:

(Thepoe (X1 X)), (v)

[ox J([EIOIXT/ X, - .., Xt / Xnle)e[v/dx,]
= [ox.]([€]6] /\ Xﬁ/X1,~-~,ﬂ/<\ X[/ Xnle)e[v/dx,]
=1 [ox,1(1€]0 [/3/\ X7 /Xl""’ﬂ/<\ X5/ Xnle)elv/dx;]
= [ox,W[EIO[XT /Xy, ..., X3/ Xnle)e[v' /dx,]
= (T[[S}]OE(X17 Xf;))j(v’)

where at ¥, we used (IH1) and the consistency result (*) that followed
from (IH3) to conclude that the environment [E]0[X? /X1, ..., X5 /X, ]e €
O and the fact that S is a consistent consequence on &.

— Case X, X’ ¢ bnd(B). Then [BE]0(X)(v) = [BE]Oe(X')(v') follows from
the induction hypothesis, and

Olo(X1,. .., X)) EBPx1 x - x B i (X, X)/(Xa,. .., X)) € O

which follows immediately from the first case. a

A.2 Proofs of Section 4

For proving the main results in this section, we will use an alternative syntax of
the p-calculus, namely that of Modal Equation Systems (MESs), as used by e.g.,
Andersen [Andersen, Partial Model Checking, LICS’96]. MESs are, essentially,
an equational variant of the p-calculus, and, notationally, are a mix between pu-
calculus formulae and Boolean equation systems. Their expressive power equals
that of the p-calculus: both can be transformed into one another (at the expense
of an exponential blow-up when moving from MESs to linear p-calculus formu-
lae). Since MESs are syntactically closer to equation systems, the link between
the MES model checking problem and the (parameterised) Boolean equation
system solving problem is much more direct.
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Definition 19. A Modal Equation System (MES) is a sequence of equations
defined with the following grammar:

M =€l (X =) M| (WX =[f) M
Lrga=TI LI X [ faglfvglOf[Of

Let 1 be an environment, ranging over X — 2°. The necessary semantics of
a MES in the context of a GTS M = (S,sq, R", R™, L) and environment 1 is
defined inductively as follows:

lelvim =1
[(5X = F)MIYn = [MIGml(aU € 25 L7 IMIGmX = U])/X]
[(vX = 6x)Mln = [MIYml(U € 25 [ox T IMIYmX = U])/X]

g

[LTwm =0

[T =S

[XTaem = n(X)

[f v gl = [/ lglym

Lf A glnm = [1%m N [glim

[0 F1%m ={se€S|3Aec2%: sRTAAVge A: q<[f]}}
1O£1%m ={seS|VseS: sR s =5 €[fl\y}

The possibly semantics of a MES is defined analogously, but since we do not
need it for our results in this section, we omit it.

We permit ourselves to use the same notation for MESs as for equation systems;
e.g., bnd(M) contains the set of binding variables in MES M. Likewise, whenever
a MES M is closed, we omit the environment from the semantic brackets, as the
semantics for the binding variables is independent of this environment.

The encoding of a MES model checking problem as an equation system solv-
ing problem can be seen as creating instances of variables corresponding to every
state, and replacing modal operators with the appropriate semantics. That is,
the diamond operator is transformed to disjunctions by combining emanating
from a certain state of a GTS with the formula, and, in a similar vein, the box
operator is transformed to conjunctions.

Since the transformation of the MES model checking problem on GTSs to an
equation system solving problem is not restricted to finite GTSs, from hereon,
we tacitly assume that the constituents of a GTS G = (S, sg, RT,R™, L) are
represented by suitable predicates, where we use variable d ranging over some
sort D to represent the states S of G; R~ is a relation on variables d and d’, the
latter representing the next states; RT is a relation on variables d and A, the
latter representing sets of states. We write R~ (d,d'), R (d, A) and L(d) when
we reason about the predicates rather than “explicit” counterparts.

Definition 20. Given a GTS G = (S, so, RY, R™, L), and a MES M, we define
the following encoding of the necessary model checking problem into an equation

26



system solving problem.

EG(e)
EG((eX =) M)

€

{(¢X"(d:D) = RHSG(f)d)} EG(M)

> >

RHS/(T)d 27T

RHS” c(L)d 21

RHS” w(d 21 ¢ L(d)

RHS” w(=l)d 2 -l ¢ L(d)

RHS” (X)d 2 X"(d)

RHS”( f®gd 2 RHSL(f)d® RHSL(g)d

RHSZ (O f)d 2 34:2P. Rt(d, A) AVd':D. d' € A= (RHSL(f)d)[d'/d])
RHSZ (Of)d 2Vd':D. R~ (d,d') = (RHSZ(f)d')[d'/d])

Note that if a MES is closed, the above transformation will yield a closed equation
system. The proposition below states the correspondence between MES model
checking on GTSs and solving an equation system.

Proposition 3 (Soundness of encoding necessary semantics on GTSs).
Let M be a closed MES, and let X € bnd(M). Given a GTS G = (S, s9, RT, R™, L),
we have, for any s € S':

s € [M]g(X) iff [Eq(M)I(X)(s) =T

We proceed to show that mixed simulation between GTSs induces a consis-
tent consequence between variable instances of the related states. We will first
need to introduce some notation.

Observe that if £ = E(G)(M), then any environment 6 : bnd(€) - D — B
induces a corresponding environment 7(6) : X — P(.S), namely

n(0)(X) 2 {s:0(X2)(s) = T}}

When comparing right-hand sides of encodings of the model checking problem
in the concrete and abstract case, we will need the following straightforward
observation, which we state without proof.

Lemma 3. For any GTS G, any of its states s, environment 6 and modal for-
mula ¢ without binding operators (one in the form that appears on the right-hand
side of a MES), we have the following equivalence:

[RHS¢(p)[s/d]]0 = T & s € [glan(0)

Now we can prove the key lemma that allows us to establish consistent con-
sequence between encoding of a model checking problem on a GTS and Kripke
structure that it abstracts.

Lemma 4. Assume two GTSs Go = (Sc, 5§, R, Lc) and Ga = (Sa, 84, RY, R, L4).
Toke any sc € Sc and sy € Sa such that there is a mized simulation from sc

to sa (sc <sa). Forall p € L, and for any environment 0, consistent with <
(i.e. if ¢ < s, then 0(Xg ,)(s) = 0(XG,)(q)) we have:

[RHSG, (p)d[sa/d]]0 = [RHSG, (¢)d]sc/d]]0
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Proof. Take any environment 6, consistent with <, i.e. if s < ¢, then 6(X)(s) =
0(X)(q). The proof now proceeds with straightforward structural induction on
. We will only present the proof of the most involved part of the inductive step.

— Qp: we have
[RHSL, (0¢)d[sa/d]0 = T
(def. of RHS operator)
& [3B.saRTBAVd .d € B = RHSg, (p)qald' /d]]0 =T
(unfolding semantics)
& Vpiart B Nacs[RHSG, (9)aalga/dl]0 = T
Take By that makes the above disjunction true. From Lemma 3 we know
that, for all ga € By, qa € [¢]g,n(0). From the fact that s¢ < s4, there
exists gc such that scRqgc and V,eB,,9c < ga. Because mixed simulation
"backward-preserves’ necessary semantics, we have go € [p]d -1(0). By using
Lemma 3 again, we have [RHSg_ (¢)qcgc/d]]0 = T.
From the above observation, substituting a singleton set {gc} for B yieds
the following:
\/B;scR+B /\qceB[[RHSZ‘C (P)aclac/dl]6 =T
(folding semantics)
& [3B.scRTBAVd .d € B= RHSg, (¢)qc[d /d]]6 =T
(def. of RHS operator)
& [RHSG, (0p)dlsc/d]0 = T
O

Proposition 4. Assume that Go = (Sc, s, R, L¢) is a concrete Kripke Struc-
ture and Ga = (Sa,s8, RT,R™,L4) a GTS. Take any sc € Sc and sx € Sa
such that there is a mized simulation from s¢ to sa (s¢ < sa). We have:

Xg,(sa) < Xg.(sc)

As a result of the above proposition and the soundness of the MES model check-
ing problem, we have proven one part of Theorem 2. For the other direction, we
proceed as follows.

We want to prove that if encoding of a model checking problem can be
approximated (using consistent consequence) with a finite equation system, then
there exists a finite GTS that abstracts the original Kripke structure and the
desired formula can be proved on this abstraction.

Observe first that in order to prove this fact, it suffices to show that from
the existence of finite approximation in the form of equation system it follows
that there is a certain least fixpoint-free formula (or MES, in our setting), which
semantically implies the original formula and is satisfied by the original model.
The existence of a proper finite GTS is then a result of completeness of the GTS
framework for greatest-fixpoint only fragment of the modal p-calculus.

A natural candidate for such such greatest fixpoint-only “witnesses” are the
w1 approximants, defined as below.
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Definition 21. Assume that M has m u variables. A p-approximant of a MES
M, denoted as (M), (K) with respect to K, contains, for each propositional
variable X of the original MES M, K™ copies of X, parameterised with a vector
a, formally defining propositional variables are contained in the set

{X(a) | 0<a; <KVie{l,...,m}}
The right-hand sides are defined as follows.

uX(a) = L ifa; =0
pX(a) = fx[Y =Y (afoy :=a; — 1, oj := K Vj >i])])] if s >0
vX(a) = fx[Y :=Y(alo, == K Vj > i])]

where i is the consecutive number in which X appears in E.

The a vector specifies, the amount of unfoldings of each p-variable that are
still permitted to be taken, without visiting (looking from the corresponding
parity game perspective) a more important rank.

Proposition 5. For every closed MES M with m least fixpoint equations and
a € N we have:

1. (M), (K) semantically implies M, i.e. for every GTS G, [(M).(K)]E C
[Mle

2. there is a least fizpoint-free MES M’ such that M' = (M), (K), i.e. for
every GTS G, [M']g = [(M).(K)]g-

The first of the above facts is straightforward to observe. Intuitively, (M), (K)
makes right-hand sides stronger by replacing variables with the constant 1, or a
copy of the same variable, which cannot have a larger potential to be true. The
second observation follows from the fact that, if we look at the MES solution
for any model from a game perspective, player “Odd” or “False” can win the
play only if it is finite, since every odd priority can be visited only finitely many
times without a more important even priority occurring in between.

Suppose we have a possibly infinite GTS G (for our purposes it suffices that
G is a Kripke structure, but this assumption is irrelevant for the proof). The next
step is to establish the sufficient condition on the PBES encoding E[(M) such
that there exists some K € N for which Ef}((M),(K)) has solution true. This
condition can be established by switching to the game-theoretical framework.

In order to avoid elaborating too much on yet another formalism, we will
explain our line of reasoning in an informal way. Deciding solution of a PBES
can be seen as finding a winner of the following game, which very much resembles
a parity game. It is played by two players: “True” (or “Disjunctive”) and “False”
(or “Conjunctive”). The arena consists of subformulae of right-hand sides of a
PBES, labelled with the defining variable and data value instance (so if there is
an equation (0X(d: D) = ¢x), then for every possible value v that d can take
and every subformula v of ¢x[v/d], a pair ((X (v),) is a valid node in solution
game. The edges connect formulae with their direct subformulae, formulae of the
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form ((X(v),Y(w)) are linked with (Y (w), ¢y [w/d]) and priorities are simply
ranks of defining predicate variables. Ownership is defined in a natural way for
boolean connectives and quantifiers.

We give a more formal definition below. Let Sub(y) denote the set of all
subformulae of . As a convention, we denote the predicate formula occurring
at the right-hand side of X in £ as ¢x.

Definition 22. For a PBES £ we define the corresponding solution game as a
tuple (V,V,, VA, E, §2), where:

=V =Uxepnace) 5ig(X) x Sub(¢x)
— V4 are those nodes ((X,v), @) in which ¢ is of the form 3d : D.ab or 1y V 1o
— Va are those nodes ((X,v), @) in which ¢ is of the form ¥d : D.ab or ¢y Aibs
— the rest of the nodes can be assigned an arbitary owner (they have at most
one outgoing edge)
— outgoing egdes of s = ((X,v),d) are defined as follows (sE denotes succes-
sors of s):
e if =10, then sE =)
d Zf(b = 1 @ Y2, then sE = {((X/U)vwl)? ((Xv 'U)a 1/12)}
o ifp=Qd: D for Q€ {3,V}, then sE = {((X,v),¥[d="]) | veD}
o if 6 =Y(e), then sE = {((V; e), oy}
- 2(((X,v),9)) £ ranke(X)

A play 7 is a possibly infinite path in a SG. A play is winning for player True,
if either the play is finite and the last state is labelled with a boolean value T,
or if it is infinite and the lowest value occurring infinitely often in 7 is even. A
strategy o of player P, given a history of play, assigns to each node owned by P
a choice of an outgoing edge. All plays consistent with a strategy ¢ are denoted
with I1,,.

The key property that suffices for the existence of a least fixpoint-free “wit-
ness” MES is the finiteness of odd stretches.

Definition 23. An odd stretch (u-stretch) in a play 7 is a sequence iy < is <
oo < ig such that 2(m;) = 2(my,) = -+ = 2(m,,) = w for some odd w and
there is no j : i1 < j < iy such that 2(m;) < w and 2(m;) is even.

We first observe that € be a BES and £ a PBES such that X < Y (v) for
X € bnd(€),Y € bnd(&’), then in the game corresponding to £’ the player True
can force a winning strategy in which every odd stretch is bounded by some
global natural number K.

To see that it is indeed the case, we can show that for every strategy o of
player True on left-hand side £ there exists a strategy ¢’ of player True on &’
such that there is a play in II, on the left-hand side in which occur the same
“stripes” of the same consecutive priorities (they may differ in length, but the
order is the same) and there is a global bound on the length of a “stripe” of
consecutive subformulae of the same right-hand side (this is because the tree of
subformulae of a predicate formula has a bounded depth). An important property
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of consistent consequence used here is that it requires the same priorities on the
related variables.

Secondly, if the above situation (global bound on odd stretches) holds for
a certain encoding of a model checking problem E[.(M), then there is a value
L € N, such that [EZ((M),(L))(X(L,...,L))(s)] = T. This is because PBESs
for full formula and approximant have the same structure, so we can adopt
strategy from the encoding of the approximant to the full formula PBES; now
if False wins the L-th approximant, then from its construction it can visit the
same variable L times in the full PBES without a variable with a lower (more
significant) priority.

The above observations yield the following two lemmata, which formalise the
basic reasons for correctness of Theorem 2.

Lemma 5. Let £ be a BES and £ a PBES such that X < Y (v) for X €
bnd(E),Y € bnd(E’). Then in the PBES solution game corresponding to £ there
is a strategy o, starting in'Y (v) and winning for True, and a value K € N, such
that every odd stretch in any play m € II, has length < K.

Lemma 6. Let G be a GTS and M a MES such that in the solution game corre-
sponding to Ei.(M) there is a strategy o, starting in X (s) and winning for True,

and a value K € N, such that every odd stretch in any play m € Il, has length <

K. Then there is a certain bound L € N, such that [EL (M), (D)) (X(K,...,K))(s)] =
T.

Using the results we obtained above, we can now formally prove Theorem 2:

Theorem 2. Let My, = (S1, R}, Ry, L1) be a Kripke structure and f an ar-
bitrary closed p-calculus formula such that M,s, = f for some s; € S1. Then
there is a finite GTS My = (So, Ry, Ry, La) such that (My,s1) < (Ma,ss)

and Ma, 55 E f, iff there is a closed Boolean equation system £ such that
X < Vg, f(s1) and [E](X) =T.

Proof. For the implication from left to right, stating that any formula that can be
proved using a finite abstraction in the GTS framework can also be proved using
a consistent consequence in the equation system setting follows from lemmas 3
and 4.

The implication in the other direction follows from combining lemmas 5, 6,
Proposition 5 and the completeness of GTS framework for least fixpoint-free
fragment of the u-calculus. ad

A.3 Proofs of Section 5

In the following part we assume an isomorphism between the basic elements of
the syntactic domain (D) and the semantic domain I, and we permit ourselves
to use them interchangeably for the sake of readability.

We will call a term or formula concrete [resp. abstract] if all the syntactic
objects occurring therein (constants, variables, operators) are concrete [abstract].
First, we will introduce the following auxiliary lemma.
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Lemma 7. For all concrete predicate formulae ¢, and for all predicate environ-
ments 0 such that for all X € bnd(€), v € Dx:

(*)  0(Xn)(h(v)) = 0(X)(v) = O(X0)(h(v))
and for all data environments & we have:
[An(¢)]06[h(v)/d] = [¢]06[v/d] = [AL($)]05[h(v)/d]

Proof. We will prove the above property for the underapproximation transfor-
mation, the overapproximation case is similar. We assume that an environment
0 is such that (*) holds; we will show that

[An(¢)106[n(v)/d] = [¢]65[v/d]
We proceed with structural induction on ¢. The two base cases are the key
cases.

— ¢ =10(d):
Suppose that [An(b(d))]05[h(v)/d] = T. We will show that [b(d)]05[v/d] =
T (which is equivalent to [b(v)]d = T).
We have: B
[An(b(a))]06[n(v)/d] = T
(no predicate variable occurs in b(d))
& [An(b(@))]o[h(v)/d] = T
(def. of Anr()) R
& [Vop : Bool.vp € b(d) = v]d[h(v)/d] =T
(unfolding semantics & simplification)
& [L ¢b(d)]oh(v)/d] =T
(applying substitution)
& L ¢ [b(h(v))]s R
From the construction of lifted functions it follows that [b(h(v))]d # 0, so
[b(h(v))]d must be equal to {T}. From the safety condition we know that
[h(b(v))]d € [b(h(v))]d, but since the abstraction function for booleans is an
identity, we obtain: [b(v)]d € [b(h(v))]é = {T}, hence [b(v)]d = T.

— ¢ = X(e(d)) for some expression e : D — E
Assume that [An (X (e(d)))]06[h(v)/d] = T. We will show that
E}é((i(d))ﬂﬁé[v/d] = T, or equivalently [X (e(v))]0§ = T.
[An (X (e(@)]06[h(v)/d] = T
(def. of An())

& [ € E.v' ee(d) = Xn(v)]06[h(v)/d] =T
(unfolding semantics)
& (Vo' €E.[v' € e(h(v)]05 = [Xn(v))]05 =T

From the safety condition we have h(e(v)) € [e({h(v)})]8d, so from the
above equality we obtain that [Xn(h(e(v)))]8é = T. From the assumption
about the environment 6 (*) we finally obtain that [X (e(v)]05 = T.
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We now proceed with a (very straightforward) inductive step; we assume that
the property holds for all subformulae of ¢.

—¢o=(KxoY)(d) 7
e For @ = V: assume that [An((x V ¢)(d))]0[h(v)/d] = T;we have
(def. of An()) B
& [An(x(d) V An($(d))]08[h(0) /d) = T

< ([An(x(@)]05[h(v)/d] = T) v ([An(¥(d))]06[h(v)/d] = T)
(inductive hypothesis)
= (Ix(d)]0d[v/d] = T) v ([¢(d)]05[v/d] = T)
& [(xVvy)(d)]bdle/d] =T

e For @& = A: very similar

— 6= (Qd':D. $)(d)

e Q = 3: assume that An(3d":D. ¢)(d)05[h(v)/d] = T; we have
(def. of An())
[3d:D. An(y(d',d))]0s[h(v)/d] = T
(unfolding semantics)
EZ) Fv":D. [[An(w)(d’,d))]]%[(v’,h(v))/(d’,d)] =T

is a surjection

& D, [An(b(d, d)]0S](h(), h(v)) /@, D] = T
(h defined pointwise for vectors & d' does not occur in An (1))
< W'D [An(p(d,d))]0dh(,v)/(d,d)] =T
(inductive hypothesis)
= J":D. [¥(d,d)]bd[v/d,v'/d] =T
(h defined pointwise for vectors)
& WD, [Y(d,d)]0s/d, v /d] =T
(def. of semantics)
& [3d:D. y(d,d)]0v/d] =T

e Q =V: similar

Theorem 6. Let £ be an arbitrary closed equation system. Then for all X €
bnd(€) and all closed terms v:Dx, we have:

[ARONXR)([A@)]) = ETX)([0]) = [ALE)Xu)([R()])

Proof. As a consequence of Lemma 7, it also follows that we have )?n([[h(v)]]) <
X([v]) < Xu([h(v)]). By Theorem 1, we then have the desired result. O
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