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MATCHING WITH SHIFT FOR ONE-DIMENSIONAL
GIBBS MEASURES

BY P. COLLET, C. GIARDINA AND F. REDIG
CNRS UMR 7644, Eindhoven University and Universiteit Leiden

We consider matching with shifts for Gibbsian sequences. We prove that
the maximal overlap behaves as clogn, where ¢ is explicitly identified in
terms of the thermodynamic quantities (pressure) of the underlying potential.
Our approach is based on the analysis of the first and second moment of the
number of overlaps of a given size. We treat both the case of equal sequences
(and nonzero shifts) and independent sequences.

1. Introduction. In sequence alignment one wants to detect significant sim-
ilarities between two (e.g., genetic or protein) sequences. In order to distinguish
“significant” similarities, one has to compute the probability that a similarity of a
certain size occurs for two independent sequences. The symbols in the sequences
are, however, not necessarily occurring independently. From the point of view of
statistical mechanics, it is quite natural to assume that the symbols in the sequence
are generated according to a stationary Gibbs measure: this is the equilibrium mea-
sure which maximizes the entropy under physical constraints such as energy con-
servation. A priori there is no reason to assume that the symbols (bases) in, for
example, a DNA sequence, are i.i.d. or even Markov. It can, however, be plau-
sible to assume that there is an underlying Markov chain of which the symbol
sequence is a reduction: in that case we arrive at a so-called hidden Markov chain,
and it is well known that hidden Markov chains have generically infinite mem-
ory (though the symbol at a particular location only exponentially weakly depends
on symbols far away). Therefore, proposing a Gibbs measure with exponentially
decaying interaction as a model for the sequence seems quite natural. Besides mo-
tivation coming from sequence alignment, also in dynamical systems, [4] one can
ask for the probability of having a large “overlap” in a trajectory of length n, but
without specifying the location of the piece of trajectory that is repeated. It is clear
that this probability is related to the entropy, but not in such a straightforward way
as the return time. In (hyperbolic) dynamical systems, by coding and partitioning,
one again naturally arrives at Gibbs measures with exponentially decaying inter-
actions.

The first nontrivial problem associated with sequence alignment is the compar-
ison of two sequences where it is allowed to shift one sequence w.r.t. the other.
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Remark that this problem is not easy even in the case of independent symbols in
the sequence, because one allows for shifting one sequence w.r.t. the other. The
comparison consists in the simplest case in finding the maximal number of con-
secutive equal symbols. Given two (independent) i.i.d. sequences, in [5] and [6]
it is proved that the maximal overlap, allowing shifts, behaves for large sequence
length as clogn 4+ X, where n is the length of both sequences, c is a constant
depending on the distribution of the sequence, and where X is a random variable
with a Gumbel distribution. The fact that clog(n) is the good scale can be easily
understood intuitively: it corresponds to the maximum of order n weakly depen-
dent variables. However, even in the case of i.i.d. sequences, it is not so easy to
make that intuition rigorous, as we allow shifts. In fact, the results of [5] and [6]
are based on large deviations, together with an analysis of random walk excur-
sions. As the proofs use a form of permutation invariance, they cannot be extended
to non-i.i.d. cases. In [9] the maximal alignment with shift is shown for Markov
sequences, which requires a theory of excursions of random walk with Markovian
increments.

In this paper we focus on the more elementary question of showing that the
maximal overlap allowing shifts behaves as clogn, but now in the context of gen-
eral Gibbsian sequences. We also allow to match a sequence with itself (where
of course we have to restrict to nonzero shifts). The constant c is explicitly iden-
tified and related to thermodynamic quantities associated to the potential of the
underlying Gibbs measure.

Our approach is based on a first and second moment analysis of the random vari-
able N (o, n, k) that counts the number of shift-matches of size k in a sequence o
of length n. One easily identifies the scale k = k, = clog(n) which discriminates
the region where the first moment EN (o, n, k) goes to zero (as n — o0) from
the region where EN (o, n, k) diverges. Via a second moment estimate, we then
prove that this scale also separates the N (o, n,k) — 0 versus N(o,n,k) — o0
(convergence in probability) region.

Our paper is organized as follows: in Section 2 we introduce the basic prelim-
inaries about Gibbs measures, in Section 3 we analyze the first moment of N in
the case of matching a sequence with itself and in Section 4 we study the second
moment. In Section 5 we treat the case of two independent (Gibbsian) sequences
with the same and with different marginal distributions.

2. Definitions and preliminaries. We consider random stationary sequences
[8] 0 ={o(i):i € Z} on the lattice Z, where o (i) takes values in a finite set .
The joint distribution of {0 (i):i € Z} is denoted by P. We treat the case where
P is a Gibbs measure with exponentially decaying interaction; see Section 2.3
below for details. The configuration space Q = A% is endowed with the product
topology (making it into a compact metric space). The set of finite subsets of Z is
denoted by 4. For V, W € &, we put d(V, W) =min{|i — j|:i € V, j € W}. For
V € 4, the diameter is defined via diam(V) = max{|i — j|,i,j € V}. For V € &,
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Fy is the sigma-field generated by {o(i):i € A}. For V € 8, we put Qy = A" .
Foro € Q and V € §, oy € Qy denotes the restriction of o to V. For i € Z and
o € Q, t;o denotes the translation of o by i : 7,0 (j) = o (i + j). For a local event
E C Q, the dependence set of E is defined by the minimal V € & such that E
is Fy measurable. We denote 1 for the indicator function.

2.1. Patterns and cylinders. Forn e N,n > 1,let C, =[1,n]NZ. An element
A, € Qc, is called a n-pattern or a pattern of size n. For a pattern A, € Qc,, we
define the corresponding cylinder ¢ (A,) = {o € Q:0c, = A,}. The collection
of all n-cylinders is denoted by €, = U4, cq, € (An). Sometimes, to denote the
probability of the cylinder associated to the pattern A,, we will use the abbrevia-
tion

2.1) P(Ap) :=P(€(An)) =Ploc, = An).

For Ay = (0(1),0(2),...,0(k)) a k-pattern and 1 <i < j <n, we define the
pattern Ay (i, j) to be the pattern of length j — i 4+ 1 consisting of the symbols
(0(@),o0+1),...,0())). For two patterns Ag, B;, we define their concatenation
Ay B; to be the pattern of length k + / consisting of the k symbols of Ay followed
by the / symbols of B;. Concatenation of three or more patterns follows obviously
from this.

2.2. Shift-matches. We will study properties of the following basic quantities.

DEFINITION 2.1 (Number of shift-matches). For every configuration o € 2
and for every n € N, k € N, with k < n, we define the number of matches with shift
of length k up to n as

n—k n—k

1
N(a,n,k>=52 > 1{Tio)e, = (Tjo)e,)
i=0 j=0,j#i
n—k
(2.2) =Y 1Loli+D=0(+1D.0(+2=0(+2),...,
i#£j=0

o(i+k)y=0(j+k)).

DEFINITION 2.2 (Maximal shift-matching). For every configuration o € Q2
and for every n € N, we define M(o,n) to be the maximal length of a shift-
matching up to n, that is the maximal k € N (with k < n) such that there exist
ieNand j e N(with0 <i < j <n — k) satisfying
(2.3) (tio)c, = (tj0) ¢y

where we adopt the convention max (&) = 0.
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DEFINITION 2.3 (First occurrence of a shift-matching). For every configura-
tion o € 2 and for every k € N, we define T (o, k) to be the first occurrence of a
shift-match, that is, the minimal n € N (with £ < n) such that there exist i € N and
JjeN(with0 <i < j <n — k) satisfying
(2.4) (tio)¢, = (Tjo) ¢y,
where we adopt the convention min(&) = oo.

The following proposition follows immediately from these definitions.

PROPOSITION 2.4.  The probability distributions of the previous quantities are
related by the following “duality” relations:

(2.5) P(N(o,n,k) =0)=P(M(o,n) <k)=P(T (o, k) > n).

2.3. Gibbs measures. We now state our assumptions on [P, and recall some
basic facts about Gibbs measures [11]. The reader familiar with this can skip this
section.

We choose for P the unique Gibbs measure corresponding to an exponentially
decaying translation-invariant interaction. In dynamical systems language this cor-
responds to the unique equilibrium measure of a Holder continuous potential.

2.3.1. Interactions.

DEFINITION 2.5. A translation-invariant interaction is a map
(2.6) U:8xQ2—>R,
such that the following conditions are satisfied:

1. Forall Ae 8,0+ U(A,0) is F4-measurable.
2. Translation invariance:

(2.7) UA+i,t—joc)=U(A, o) YA€, ieZ, 0 €.
3. Exponential decay: there exist ¥ > 0 such that
(2.8) Uy =" " 9™ qup |U (A, 0)| < c0.

AS0 ogeQ

The set of all such interactions is denoted by U. Here are some standard exam-
ples of elements of U:

1. Ising model with magnetic field h: A = {—1,1}, U{i,i + 1},0) = Joioi+1,
U{i},o) = ho; and all other U(A,0) = 0. Here J,h € R. If J <0, we have
the standard ferromagnetic Ising model.

2. General finite range interactions. An interaction U is called finite-range if there
exists an R > 0 such that U(A, o) =0 for all A € § with diam(A) > R.

3. Long range Ising models U ({i, j},0) = Jj_;0;0; with [J| < e~k for some
y >0and U(A, o) =0 for all other A € §.
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2.3.2. Hamiltonians. For U € U, ¢ € 2, A € &, we define the finite-volume
Hamiltonian with boundary condition ¢ as

(2.9) Hy@)= ). U(A,05¢ne)
ANA#D
and the Hamiltonian with free boundary condition as
(2.10) Hpa(o)= ) U(A,o0),
ACA
which depends only on the spins inside A. In particular, for A; a pattern, o €
€ (Ak), Hc, (o) depends only on Ax. We will denote, therefore,
H(€(Ar)) = Hey (o)
for o € €(Ag).
Corresponding to the Hamiltonian in (2.9), we have the finite-volume Gibbs
measures ]P’X’C, A € 4, defined on Q2 by

U e—Hi(©@)
(2.11) ff(é)le’A’ &)= ) floalac) s
OAEQA A

where f is any continuous function and Z f\ denotes the partition function normal-
- U, . .
izing P, to a probability measure:

(2.12) =Y o)

oAEQA

2.3.3. Gibbs measures with given interaction. For a probability measure P
on 2, we denote by Pf\ the conditional probability distribution of o (i),i € A,
given opc = {pc. Of course, this object is only defined on a set of P-measure one.
For A € 8,I" € § and A C I', we denote by Pr(o4|¢) the conditional probability
to find o inside A, given that ¢ occursin I" \ A.

DEFINITION 2.6. For U € U, we call P a Gibbs measure with interaction U
if its conditional probabilities coincide with the ones prescribed in (2.11), that is,
if
(2.13) P =PY¢  Pas AcS, eQ.

In our situation, with U € U, the Gibbs measure P corresponding to U is
unique. Moreover, it satisfies the following strong mixing condition: for all V,

W € & and all events A € Fy, B € Fy,
P(ANB
(2.14) FANB) _ piyy| < gmeacvm,
P(B)

where ¢ > 0 depends of course on the interaction U'.
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2.4. Thermodynamic quantities. 'We now recall some definitions of basic im-
portant statistical mechanics quantities.

DEFINITION 2.7. The pressure p(U) of the Gibbs measure [P associated with
the interaction U is defined as

. 1
(2.15) p(U) = lim ~log Z,,

where

Z, = Z exp(— Z U(A,0)>

0c, €, ACCy,

is the partition function with the free boundary conditions.

DEFINITION 2.8. The entropy s(U) of the Gibbs measure P associated with
the interaction U is defined as

(2.16) s(U)= lim —l Z P(%(Ap)) logP(E(Ay)).
n—oo n Anegcn

In terms of the interaction U, we have the following basic thermodynamic rela-
tion between pressure, entropy and the Gibbs measure P corresponding to U':

2.17) s(U) = pU) + / fu dP.

where
U(A,o0)

fu@)=>" A

A30

denotes the average internal energy per site.
We also have the following relation between fi; and the Hamiltonian:

(2.18) Hy(0) =Y 7 fu(o)+ O(D),
ieA
where O(1) is a quantity which is uniformly bounded in A, o, &.

The function fy is what is called the potential in the dynamical systems lit-
erature. An exponentially decaying interaction U then corresponds to a Holder
continuous potential fy .

The following is a standard property of (one-dimensional) Gibbs measures with
interaction U € U. For the proof, see [3], page 7. See also [7], pages 164-165 for
properties of one-dimensional Gibbs measures.
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PROPOSITION 2.9.  For the unique Gibbs measure P with interaction U, there
exists a constant y > 1 such that, for any configuration o € Q2 and for any pattern
A € Q¢ , we have

(2.19)  y Lo kW)= HEA0) < P(g(Ay)) < ye kP U= HE(AN),

Two other well-known properties of Gibbs measures in d = 1, which will be
used often, are listed below.

PROPOSITION 2.10. For the unique Gibbs measure P corresponding to the

interaction U € U, there are constants p < 1 and ¢ > 0, such that, for all Ay €
Qc, and forall n € Q,

(2.20) P(oc, = Ar) < p
and

(2.21) ¢ "Ploc, = Ay) <P(oc, = Arlnznc,) < Ploc, = Ap)c.

PROOF. Inequality (2.20) follows from the finite-energy property, that is, there
exists & > 0 such that, for all o,

0 <8 <P(oi =ailoz\(y) < (1 —9).
This in turn follows from

exp(—H{, ()
P(oi = ailoz\i)) = {_l} -
2w €Xp( H{i}(a))

and
sup H{‘f}(oe,-) <00
0,0
by the exponential decay condition (2.8).
Therefore,

P(oc, = Ax) < [] sup B(oi = ailozyy) < (1 —8)F.

ieCy O\

Inequalities (2.21) are proved in [7], Proposition 8.38 and Theorem 8.39. [J]

2.5. Useful lemmas. In the proofs of our theorems we will frequently make
use of the following results.

LEMMA 2.11. For g > 0, the function %U) is nonincreasing.
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PROOF. From the definition of p(U) and s(U) and from the thermodynamic
relation (2.17), which is equivalent to s = p — qZ—’;, it follows immediately

da (p(qU)) __s(qU)
dg\ gq q*
The claim is then a consequence of the positivity of the entropy. [J

In order to state the next lemma, we need the following notation which will be
used throughout the paper.

DEFINITION 2.12. Let a; and by be two sequences of positive numbers. Then
we write
ag = by,
if log(ar) — log(by) is a bounded sequence and
ar < by,
if
with ¢ = by.
Note that we have that &~ and < “behave” as ordinary equalities and inequal-
ities and are “compatible” with usual equalities and inequalities. For example, if
ai =< by and by = ¢y, then ai < ¢, if ap ~ by and by < ¢, then a; < ¢y, etc.

LEMMA 2.13. Define

2U

(2.22) «=pU) - p(2 )

We have a > 0 and

(2.23) Y [Plog, = A ~ e 2,
AkEQCk

while, for s > 2,

(2.24) > [P(oc, = AT < e,
AkEQCk

PROOF. The positivity of o follows from Lemma 2.11. From Proposition 2.9
we obtain

Z []P)(O'Ck = Ak)]2 I~ Z e_ZkP(U)e—ZH(CK(Ak))

Ag GQck Ak EQck

~ o= 2HpW)=pQU)/2] _ -~k
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For s > 2, we have

Z P(UCkZAk)S% Z e~ Skp(U) ,—s H(E (Ay))

AreQc, A€y

~ ¢ Sklp(U)—p(sU)/s] < e—sak’

where in the last inequality we have used the monotonicity property of Lem-
ma2.11. [

3. The average number of shift matches. We will focus on the quantity
N (o, n, k) of Definition 2.1 and we will study how the number of shift-matchings
behaves when the size of the matching, k, is varied as a function of the string
length, n. It is clear that when k = k(n) is very large (say, of the order of n),
then there will be no matching of size k with probability close to one, in the limit
n — o0. On the other hand, if kK = k(n) is too small, then the number of shift-
matchings will be very large with probability close to one. We want to identify a
scale k*(n) such that N (o, n, k*(n)) will have a nontrivial distribution. Our first
result concerns the average of N (o, n, k). Define

Inn

3.1 k*(n) = —
o
with « as in (2.22). For sequences k' (n) and k(n), we write k(n) > k'(n) if k(n) —

k'(n) — oo as n — oo.
Then we have the following result.

THEOREM 3.1. Let {k(n)},en be a sequence of integers. Then we have the
following:
1. If k*(n) > k(n), then lim,_, .o E(N (0, n, k(n))) = oo.
2. If k(n) > k*(n), then lim,,_, o E(N (0, n, k(n))) = 0.
3. Ifk(n) — k*(n) is a bounded sequence, then we have

3.2) 0< lilnl)%)%fE(N(a, n,k(n))) <limsupE(N (o, n, k(n))) < oco.

PROOF. We will assume (without loss of generality) that the sequence is such
that

k
lim ﬂ =0.
n—-oo n

We may rewrite N (o, n, k) by summing over all possible patterns of length &:

n—k n—k

N(o.n k)= > > 1{(rio)c, = (tjo)c, = A}

i=0 j=i+1 AreQq,
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We split the above sum into two sums, one (Sp) corresponding to absence of over-
lap between (7;0)c, and (7;0)c, (i.e., the indices i and j are more than k far
apart) and one (S7) where there is overlap:
n—2k n—k
So=Y_ Y > 1{mo)e =(1j0)c, = Ax},
i=0 j=i+l+k AreQc,
n—k itk
Si= Y Y MHmo), =(rjo)c = Akl

i=0 j=i+1 AkEQCk

We have of course E(N (o, n, k)) = E(Sp) +E(S1). In order to prove the first state-
ment of the theorem, it suffices to show that E(Sp) diverges under the hypothesis
k*(n) > k(n). Using translation-invariance, one has

n—k
E(5())=Z(I’l—k+1—l) Z P(GCkZ(TZU)Ck=Ak)
1=k Ak€Qcy,
n—k
=Y (n—k+1-0) Y Plog =ANP((no)c, = Akloc, = Ax).
I=k AkGQCk

Because of the mixing conditions (2.14), we have

n—k

(33)  ES)=>(—k+1-0 Y [Ploc, = A+ A, k),
1=k AreQq,

where the error A(n, k) is bounded by

n—k
A DI <OM Y (n—k+1-1) Y Plog, =Ap)?e ™.
1=k AkGQCk

Using the mixing property (2.14) and Lemma 2.13, the error can be bounded by

n—2k
G4 AN K =0 > (n =2k —m + De™ " < O(1)e 2.

m=0

On the other hand, applying Lemma 2.13, we have that

n—k
(3.5) Yo n—k+1-DY P(A)*~ (n—2k) e 2,
I=k+1 Ak
Combining together (3.3), (3.4) and (3.5), we obtain
(3.6) (n — 2k)?e *** <E(N (o, n, k)),

which proves statement 1 of the theorem.
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To prove statement 2, we have to control E(S7), which is the contribution to
E(N (o, n, k) due to self-overlapping cylinders. Using translation-invariance, we
have

k—1

ES)=Y (n—k+1-0) Y P(oc, = (1o)c, = Ax).
=1 AkEQCk

We further split this in two sums, namely, E(S1) =E(S]) + E(S}) with

Lk/2]
(3.7) ESD= > (—k+1-10) > Ploc, =(no)c, = Ax),
=1 Ak€§2ck
k—1
(38 EGSNH= Y m—k+1-0 > Ploc=(mo)c, = Ax).
I=1k/2])+1 AreQq,

Let us consider first E(S;’ ), thatis, |k/2] <[ < k. In this case the overlap between
C and 7;Cy imposes that the sum over cylinders of length k can be reduced to a
sum over cylinders of length /. In the notation of Section 2.1, we have the following
inequality:

1L(oc, = (ro)c, = Ax)
3.9
< :u'(OCHk =Ar(1,DA(1, DA (1, k — l))

In fact, if the pattern Ay is such that the set {o € Q:0¢, = (1j0)¢, = Ak} is not
empty, then we have equality in (3.9). Hence,

> Ploc, = (o), = Ax)
A€

=Y P(oc, = AiBi—i, (o) ¢, = A Bi—i)

A; Bk
(3.10)
< ZP(GCZH =AjAJA (1 k — l))
A
<> P(A)P(A(1, k= D)),
A

where in the first inequality we used the fact that contributions with By_; #
Aj(1, k —[) are zero. Therefore, using Proposition 2.10, we obtain

k

ESH= Y. (a—k=DY PA)* "

I=1k/2)+1 A



1592 P. COLLET, C. GIARDINA AND F. REDIG

From this we deduce, thanks to Lemma 2.13,
k

EGS) <~k Y et
I=|k/2]+1
k
< (l’l _ k)e—ktx Z pk—l
I=|k/2]+1

(3.11) -~
<(m—ke Y p*
x=0
~ (n—k)e k.
We now treat E(Si), that is, the case with 1 <[ < |k/2|. Write k = rl 4 g with
r and s integers, r > 2,0 < g <[ — 1. If the set {0 :0¢, = (1j0)¢, = Ax} is not
empty, then the pattern Ay has to consist of » + 1 repetitions of the subpattern
A (1,1) followed by a subpattern Ai(1, q), where ¢ is such that (r + 1)/ 4+ g =
k + 1. Hence,
(3.12) ]l(O‘Ck = (‘L’ZO’)Ck = Ak) < ]l(o‘ck_H = Ak(l, l) s Ak(l, l) Ak(l, q))

r+1 times

At this stage one could repeat the same approach as in the previous estimate for
E(S{) by immediately employing Proposition 2.10. However, this approach would
not work because the repeating blocks are two small. To circumvent this, we ob-
serve that in the pattern [Ax (1, [)]" tlAQ, q) there exists a piece of length |k/2]
which occurs at least two times, and the remaining / symbols are fixed by that
piece. Therefore, using Proposition 2.10,

(3.13) 3 Ploc, = (mo)e, = Ax) < > P(Biya) o'
AreQu B2
By inserting (3.13) in (3.7) and using Lemma 2.13, we finally have
(3.14) E(S}) < (n —k)e .
Combining together the estimates (3.5), (3.11) and (3.14), we obtain so far
(3.15) E(N (o, n,k)) < (n —k)e ¥ + (n — 2k)>e 2k

from which statement 2 of the theorem follows.
Finally, combining (3.6) and (3.15) gives statement 3 of the theorem. [l

4. Second moment estimate. In this section we will show that the random
variable N (o, n, k(n)) converges in probability to +oc in the regime where k(n) <
k*(n), while it converges to 0 in the opposite regime k(n) >> k*(n). Finally, if the
difference k(n) — k*(n) is bounded, then we show that N (o, n, k(n)) is tight and
does not converge to zero in distribution. These results will follow as an application
of the method of first moment and second moment, respectively.
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THEOREM 4.1. Let {k(n)},eN be a sequence of integers. For every positive
m € N:

1. If k*(n) > k(n), then lim,_, 5o P(N (0, n, k(n)) <m) =0.

2. If k(n) > k*(n), then lim,_, o P(N (0, n, k(n)) > m) =0.

3. If k(n) — k*(n) is bounded, then N (o, n, k(n)) is tight and does not converge to
zero in distribution. More precisely, we have that there exists a constant C > 0
such that

4.1 limsupP(N (o, n, k(n)) >m) <C/m
and
(42) liminfP(N (0, n, k(n)) > 0) > 0.

PROOF. We will assume, once more, without loss of generality that

lim @=

n—-oo n

0.

Statement 2 and (4.1) follow from Theorem 3.1 and the Markov inequality. To
prove statement 1 and (4.2), we use the Paley—Zygmund inequality [10] (which is
an easy consequence of the Cauchy—Schwarz inequality), which gives that for all
O<ac<x<l

,E(N)?
E(NZ)'

We fix now a sequence k, 1 oo such that k' > k,. Consider the auxiliary ran-
dom variable

(4.3) P(N > aE(N)) = (1 — a)

n—ky,
(44) *Nn = Z 1((ri0)ckll = (ij)Ckn)-
i,j=0,li—j|>2k,

Clearly, to obtain statement 1, it is sufficient that ., goes to infinity with proba-
bility one. On the other hand, using the first moment computations of the previous
section, we have

4.5) E(N,) & nPe™2kn,

So, in order to use the Paley—Zygmund inequality, it is sufficient to show that
(4.6) E(N,) <&,

where we introduced the notation

4.7 £, = ne %,

Remark that &, — oo for our choice of k;, (as in statement 1).
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Indeed, if we have (4.6) in the regime k*(n) > k(n), then the ratio
E(N?)
(E(N))?

remains bounded from above as n — 0o, and hence, using (4.3), N, diverges with
probability at least § > 0. Therefore, in that case, by ergodicity, N (o, n, k,) > N,
goes to infinity with probability one, since the set of o’s such that N (o, n, k;,;) goes
to infinity is translation-invariant, and hence has measure zero or one.

To see how statement (4.2) follows from (4.6) in the regime where k(n) — k*(n)
is bounded, use the (more classical) second moment inequality

(E(N))?

combined with
N(o,n,k(n)) > N.
We now proceed with the proof of (4.6). We have

4.8) EWN) = > > P((Ax,)i(Ax,)(Bi,)r(Bi,)s),

i,J,r,8,1i=j|>2kn,|r—s|>2kn Ak, By,

where we use the abbreviate notation (Ay,); for the event (tio)cy, = Ak, Simi-
larly, if we have a word of length /, say, consisting of p symbols of A, followed by
[ — p symbols of B;_,, we write (A, B;—p); for the event that this word appears at
location i, that is, the event (t;0)c, = A, Bi—p.

The sum in the right-hand side of (4.8) will be split into different sums, ac-
cording to the amount of overlap in the set of indices {i, j, 7, s}. By this we mean
the following: we say that there is overlap between two indices i, j if |i — j| < k.
The number of overlaps of a set of indices {i, j, r, s} is denoted by 8(i, j, r, s) and
is the number of unordered pairs of indices which have overlap. Since we restrict
in the sum (4.8) to |i — j| > 2k,, |r — s| > 2k, it follows from the triangular in-
equality that in that case 6(i, j, r,s) < 2. Therefore, we split the sum into three
cases

(4.9) > > P((Ax,)i(Ax,)(Bi,)r(Bi,)s)
i,j,r,s,|i—jl>2ky,|r—s|>2k, Ag, Bk,
=So+ 81+ 52,
where
(4.10) Sp= Y. D P((Aw)i(As,)(Bi,)r(Bi,)s),

(i,j,r,S)GKkYI; A,B
where we abbreviated

@411) Ky, p=1{G, j,r.s):|i — j| > 2kp, |r —s| > 2k,,0(, j,r,5) = p}
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to be the set of indices such that the overlap is p.
1. Zero overlap: Sy.
We use Lemma 2.13, and notation (4.7):

(4.12) So< > Y P(A,)’P(By,)” <&

i,j,r,s Agy, Bi,

2. One overlap: S.

We treat the case |i —r| <k, i <r < j < s. The other cases are treated in
exactly the same way. Put Ay, =[ay, a2, ..., ax,], Bk, = b1, b2, ..., bi,]. The in-
tersection (A, ); N (B, ), is nonempty if and only if a, = by, a,41 =b2, ..., a, =
bk, —r+1, that is, the last k, —r + 1 symbols of Ay, are equal to the first k, —r + 1
symbols of By,.

Therefore, we obtain that the sum over the patterns Ay, , B, in S equals

> P((Ax,)i(Ax,)(Bi,)r(Bi,)s)

Akn’Bkn
= Y P((Ax, Bk, (kn — 1. kn)); (Ak,) j (Ak, (r, kn) Bi, (kn — 1, kn)) )
Ak By
4.13) 3 ) )
< > P(Ag, (r k) P(Ak, (1, r — 1) P(By, (kn — 1, kn))
Ay Bi,

< e—S(k,, —r)ote—Zrote—Zrot‘

Summing over the indices (i, j, r, s) € K (k,, 1) then gives

(4.14) Sy <nPe 3 n 3" T < g3

r<kp

3. Two overlaps: ;.

We treat the case i <r < j <s and r —i < kp,s — j < k,. Other cases are
treated in the same way. Put /1 ;=i +k, —r+ 1, p1 = j +k, —s + 1. We sup-
pose [; > pi. Then the last [; symbols of Ay, have to equal the first /; symbols
of By,, otherwise the intersection (Ag,); (Ax,) j (Bx,)r(By,)s is empty. Therefore,
we obtain that the sum over the patterns Ay, , By, in Sz equals

n’

> P((A,)i(Ar,) (Bi,)r(Bi,)s)

Aky , Bry

— Z ]P)((Akn Bkn—ll)i (Akn Bkn_pl)j)
Akn karz

< Y P(Ag,) P(By,—1,)*p" P!
Aky , Biy

(4.15)

< e—2kae—2(k—11)otpl|—p| )
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Summing over the indices in K (k, 2) then gives

(4.16) Szﬁn2€—2kna Z e—2a(k,,—ll) Z pll_pl ﬁé,%
I <ky 1<l

Using the bounds (4.12), (4.14) and (4.16) in (4.8) and (4.9), we deduce (4.6)
and then, as explained below, statement 1 of the theorem follows from the Paley—
Zygmund inequality. This completes the proof. [J

The following result relates Theorem 4.1 and the behavior of the maximal shift-
matching, and is the analogue of Theorem 1 in [6] (which is, however, convergence
almost surely for more general comparison of sequences based on scores, but for
independent sequences).

PROPOSITION 4.2. Let M (o, n) be defined as in Definition 2.2. Recall

pQU)
a=pU)— 7
Then we have that
M (o, n)
— o,
n

where the convergence is in probability.

PROOF. Use the relations of Proposition 2.4. We have

P(tf&:;:z) z(+ 8)> <P(N(o,n, la(1+¢)logn])>1)
and
P(Aﬁffg',? == 8>) <P(N(o,n, [a(l = ¢)logn]) = 0).

So the result follows from Theorem 4.1. [

5. Two independent strings. In this section we study the number of matches
with shift when two independent sequences o and n are considered. The mar-
ginal distributions of ¢ and 5 are denoted with P and @Q, which are chosen to
be Gibbs measure with exponentially decaying translation-invariant interactions
U(X, o) and V (X, n), respectively. We assume the two strings belong to the same
alphabet +. In analogy with the case of one string, we give the following defini-
tion.
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DEFINITION 5.1 (Number of shift-matches for 2 strings). For every couple of
configurations o, n € Q2 x  and for every n € N, k € N, with k < n, we define the
number of matches with shift of length k as

n—k n—k
5.1) N b= 3 1@mo)e =Tmne
i=0 j=0,j#i

Of course, in the case o = n we recover (up to a factor 2) the previous Defini-
tion 2.1, thatis, N(o,0,n,k) =2N (o, n, k).

5.1. Identical marginal distribution. We treat here the case Q = P, that is,
the two sequences o and n are chosen independently from the same Gibbs dis-
tribution [P with interaction U (X, o). Then the results of the previous section are
generalized as follows.

THEOREM 5.2. Let {k(n)},en be a sequence of integers:

1. Ifk*(n) > k(n), then lim,_, oc Epgp[N (o, 1, n, k(n))] = oo.
2. If k*(n) < k(n), then lim,_, oo Epgp[N (0, 1, n, k(n))] =0.
3. If k(n) — k*(n) is a bounded sequence, then we have

0< l;%rgngp@p(N(G, n.n, k(n)))

5.2)
<limsup Epgp(N (0, n, n, k(n))) < oo.

n—oo

PROOF. Because of independence, we immediately have

Epgp[N (0,1, n, k)]

n—k
= > 2 P(wo)e, = A)P((rjmc, = Ar)

i#j=0Apey
(5.3)
=(mn—k*> Y PA*
AkGQCk
~ (n — k)2e %, O

THEOREM 5.3. Let {k(n)},eN be a sequence of integers. For every positive
m e N:

1. If k*(n) > k(n), then lim,, 5o P Q P[N (0, n,n, k(n)) < €]

=0.
2. If k*(n) < k(n), then lim, .o P @ P[N (0, n,n, k(n)) > ] =0.
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3. If k(n) — k*(n) is bounded, then N (o,n,n,kn)) is tight and does not con-
verge to zero in distribution. More precisely, we have that there exists a constant
C > 0 such that

(5.4) limsupP @ P(N (o, n,n,k(n)) >m) <C/m
n—oo
and
(5.5) liminfP ® P(N (o, 0. n, k(n)) > 0) > 0.

PROOF. The strategy of the proof is as in Theorem 4.1. Thus, we need to
control the second moment to show that E(N?2) ~ (E(N))2. We start from

Epgp(N2(0, 1,1, k))

n—k
(5.6) = Z Z P((ti,0)c, = Ak, (t:,0)c, = Bx)

i1, 71,02, j2=1 Ak, B €
x P((tjyn)c, = Ak, (tj,;n)c, = Br).

Using translation-invariance and defining new indices /1 =iy — i1 and [, = jo — ji,
we have

Epgr(N2(0, 0,1, k))

n—k
= Z (Z(n—k+l—h)P(Gck=Ak,(T110)ck=Bk)

A, BreQ \l1=1

n—k
x Y (n—k+1=0)P(ne, = Ar. (,n)c, = Bk))-
h=1

We have to distinguish three kinds of contributions in the previous sums:

1. Zero overlap, thatis, [; > k, > > k. Then

n—k
) ( Y. (n—k+1—1)P(oc, = A, (1,0)c, = Br)
I

Ay, Br el =k+1

n—k

x Y (n—k+1=0L)P(c, = Ak, (e, = Bk))
h=k+1

(5.7)

~n—kt Y P(A)P(B)?
Ay, Brey

~ (n _ k)4€_4ka.
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2. One overlap. We treat the case /] < k and /» > k (other cases are treated simi-
larly). We have

k
Z (Z(n —k+1—=1)P(oc, = Ax, (t1,0) ¢, = Bx)

Ay, BreQ \1=1

n—k
X Z (I’l —k+1-— lZ)P(an = Ay, (len)ck = Bk))
Lh=k+1

k
~ (n—k)? > Y P(DyEx—iy Fi)P(Dyy Ex—i))P(Ex—1, Fi,)
L=1Dy ,Ex—1 . Fy
(5.8)

k
NPy Y By P(Ex,)P(F,)
L1=1 Dll sEk—ll ’Fll

k
<(n— k)3 Z e—211ae—211ae—3(k—11)a
=1
< (l’l _ k)3€_3ka.
3. Two overlaps. We treat the case /| < I < k (other cases are treated similarly).
We have

k

Ay, BreQ \l1=1

k
x Y (n—k+1—=1)P(nc, = Ak, (e, = Bk))
=1

k
~ 2
~n—k? Y > P(Dy, Ety—1, Fr—1,G1y)
l,b=1Dy,E,—1, . Fx—i1,,G1y, H, -1,

x P(Dy, Ety—1, Fi—1,G1, Hiy 1)

(5.9
k
~m—k? Y Y PD)? Y P(Ep-)* Y P(Fiopy)?
h.Lb=1 Dy Ei,—1y Fie—1,
x > P(Gi)* Y. P(Hp—1)
Gy Hiy—1y

k
< (n . k)2 Z e—ZIlote—Z(lz—ll)ae—Z(k—lz)O{e—lea

I1,lr=1

S (n _ k)ze—ZkO(‘
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Combining together (5.7), (5.8) and (5.9) and similar expression for other cases

with one and two overlaps, we obtain the second moment condition E(N 2y <
(E(N)?. O

5.2. Different marginal distributions. In the case P £ Q, the first moment is
controlled in an analogous way, but the second moment analysis is different, and,
in fact, as we will show in an example, it can happen for some scale k,, — oo that:

1. Epgq(N (0, n,n,ky)) — 00 asn — oo,
2. PQQ(N(o,n,n,k,) =0) > e~? for some 8 > 0 independent of n.

This means that in order to decide whether N (o, n, 1, k) goes to infinity P @ Q
almost surely, it is not sufficient to have Epgq(N (0, 1, 1, k,)) — 00.

We start with the case P and () Gibbs measures with potentials U, V, respec-
tively, and define

(5.10) a@=4pU)+5p(V)=ipU+V)>0
and
!
(5.11) =220
o

then we have the following:

THEOREM 5.4. Let {k(n)},cn be a sequence of integers.

1. Ifk*(n) > k(n), then lim,,_, c Epgq(N (0, 1, 1, k(n))) = 0c.
2. Iflg*(n) <L k(n), then lim,_, o Epgq(N (0, n, n, k(n))) =0.
3. Ifk(n) — k* (n) is a bounded sequence, then we have

0 < liminfEpgq(N (0. 1,7, k(n)))
(5.12)
< limsupEpgq(N (0, n,n, k(n))) < oo.

n—oo

PROOF. Start by rewriting

n—k n—k

N, n.nk)=Y_ Y > 1{(1io)c, = Ar. (Tjnc, = Ar}.

i=0 j=0, j#i AxeSu

Taking into account the independence of the measures IP and Q, we obtain

Epgq(N (o, n,n,k))

n—k
(5.13) = > > P(mo)e, = A)Q(Tjmc, = Ax)

i#j=0AreQu



MATCHING WITH SHIFT FOR ONE-DIMENSIONAL GIBBS MEASURES 1601

~(n— k)2 Z e~ kp(U) ,—kHy (€(A1)) ,—kp(V) ,—kHy (€ (Ax))
AkEQCk

~ (1 — k)2eHPWHP(V)=pU+V)]

= (n— k)2e 2k,

where in the second line we made use of translation-invariance and Proposition 2.9.
O

In case 1 of Theorem 5.4, we will not in general be able to conclude that
N (o, n,n,k(n)) goes to infinity almost surely as n — oo. Indeed, if we compute
the second moment, we find terms analogous to the case IP = @, of which now we
have to take the P ® QQ expectation. In particular, the one overlap contribution will
contain a term of the order

(n— k) Y P(E)Q(E*.

Ey

If P+ Q, this term may however not be dominated by n*e~*%_ Indeed, the in-
equality

32
S P(EOQ(EN)? < (Z P(E@@(E@)
Ey Ex

is not valid in general. In particular, if P gives uniform measure to cylinders Ej
and Q concentrates on one particular cylinder, then this inequality will be violated.

As an example, inspired by this, we choose P to be a Gibbs measure with po-
tential U, and Q = §,, where 8, denotes the Dirac measure concentrating on the
configuration n(x) = a for all x € Z (which is strictly speaking not a Gibbs mea-
sure, but a limit of Gibbs measures). In that case P ® Q almost surely,

n—k
N(o,n.n.k(n))=nY_ 1((tio)c, = lalk),
i=1
where [a]; denotes a block of k successive a’s. Therefore,
P® Q(N(o,n,n,k(n)) =0) =P(O4), (0) >n —k),
where
O (o) =inf{j >0:0; =a,0jy1 =a,...,0j4k—1 =a}

is the hitting time of the pattern [a]; in the configuration o. For this hitting time
we have the exponential law [1, 2] which gives

P(Ofq1,(0) > 1) > e MPaln

with A a positive constant not depending on n. Now we choose the scale k,, such
that the first moment of N (o, n, n, k(n)) diverges as n — oo, that is, such that

nZIP’([a]kn) — 00.
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Furthermore, we impose that

P(lalk,)n <4

for all »n. In that case

[P)(@[a]kn (0) > n) > e_)‘P([a]kn))n > 6_)“6,

which implies N (o, 1, n, k) does not go to infinity P ® @ almost surely.
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