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The Busy Period of an M/G/1 Queue
with Customer Impatience

Onno Boxma? David Perry! Wolfgang Stadjet and Shelley Zacks®

Abstract

We consider an M/G/1 queue in which an arriving customer doesn’t enter the system when-
ever its virtual waiting time, i.e., the amount of work seen upon arrival, is larger than a certain
random patience time. We determine the busy period distribution for various choices of the
patience time distribution. The main cases under consideration are exponential patience and a
discrete patience distribution.

1 Introduction

Impatience is a very natural and important concept in queueing models. There is a wide range
of situations in which customers may become impatient when they do not receive service fast
enough. One may think of customers at call centers, or of customers representing perishable
goods, like blood samples which wait to be tested and become obsolete after a certain due
date.

Most of the attention in the literature on queueing models with impatience has focused
on queue length and waiting time distributions, with relatively little attention for the busy
period distribution. This important performance measure has been studied by Subba Rao
[14] for the M /G /14 M model, where the notation "+M” indicates exponential patience, and
in [8] for the M/G/1 model with restricted accessibility: a customer is fully (or partially)
rejected if the workload at his arrival is below a certain fixed threshold. See [6] for the

M/M/1+ D case, and [7] for several variants of the M /M /1 + D and M/M/1 + M cases.
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A pioneering paper on queueing models with impatience is [3]; it studies the M /M /s+ D
model for the case that impatience refers to the waiting time, and the M /M /1 + D model
for the case that the impatience refers to the sojourn time. In [1, 2] necessary and sufficient
conditions for the existence of the virtual waiting time distribution in the G/G/1 + G were
obtained. The latter distribution is subsequently obtained for M /G/1+ M and M/G/1+ E.
Finch [4] has derived the waiting time distribution in the G/M /1 + D queue. Stanford [11]
relates the waiting time distribution of the (successful) customers and the workload seen by
an arbitrary arrival in G/G/1+ G. See Stanford [12] for a brief literature review, and [5] for
an approximation for the waiting time distribution in M/G/N + G and several additional
references on multiserver queues with impatience.

The present paper focuses on the busy period distribution for a single server queue with
impatience. We consider the M/G/1 + G model, in which the patience refers to the waiting
(not sojourn) time of the arriving customer. We first derive an integral equation for the
distribution of the busy period length, conditional on the initial workload in the system
being v. We are able to solve this equation in the case of exponential patience, for a large
class of service time distributions. We thus obtain the Laplace Stieltjes transform (LST) of
the distribution of the length of a busy period that starts with some workload v. Integration
w.r.t. the service time distribution gives the transform of the unconditional busy period
length. In the case of a discrete patience distribution, we follow another approach which is
based on transform methods, the Wald martingale and stopping times. Again the LST of
the busy period distribution is obtained.

The paper is organized as follows. Section 2 contains a model description, and the
derivation of the integral equation for the distribution of the busy period length, conditional
on the initial workload in the system being v. In Section 3 we exploit this integral equation
to obtain the busy period distribution for the case of exponential patience, the service time
being either Hyperexponential or Erlang distributed. Sections 4, 5 and 6 are devoted to

the case of a discrete patience distribution. Section 4 contains the preparations. Section 5



considers exponential service times, while Section 6 allows generally distributed service times.
2 An integral equation

Model description
Let {V(t),t > 0} denote the virtual waiting time (the load) of an M/G/1 queue with arrival
intensity A. The nth customer arrives with a vector of two random variables (X,,U,),
where X, is the length of service required, and U, is the patience time. We assume that
(X1, Xa,...) and (Uy, Us,...) are two independent sequences of i.i.d. random variables. The
common distribution function of the X; (U;) is called F' (G); for simplicity we assume that
they have densities f and g, respectively. Let V (¢) be the virtual waiting process. If the nth
customer arrives at time ¢, he sees the workload V' (t—) in front of him and joins the queue
if and only if V(t—) < U,; in this case V (t) = V(t—) + X,, while if V(t—) > U, we have
V(t) =V (t—).

We are interested in the distribution of the length, B, of the busy period in this M/G/1
queue with customer impatience. First we note that P(B < o) =1 if E(X;) < co. To see
this, consider the workload W,, just before the arrival of the nth customer. This embedded

sequence is Markovian and satisfies the recursion
Wit = [Wo + X, I(U, > W,,) = Y, |,

where Y,, denotes the (exp(\)-distributed) time between the arrivals of the nth and the (n+

1)st customer and I(A) is the indicator function of A. We have, by dominated convergence,
EWyi1 — Wo|W, = w) = E(max[ X1 [(U; > w) — Yy, —w]) — =1/, asw — oo.

Hence, there is a wy > 0 such that E(W,, 3 — W,|[W,, = w) < —1/2X for all w > wy. It
follows that sequence W,, almost surely enters and leaves the interval [0, wo| infinitely often,
and at any of these visits there is a positive probability that the system will get idle before

the workload will again exceed wy. Therefore, P(B < o0) = 1.



We now derive an integral equation for the distribution of the busy period duration B,

initiated by some workload v. Let
P(t,v) =P(B>tV(0)=wv), t>0, v>0.
We follow an approach of Perry et al. [9], starting from the following renewal equation:

P(t,v) = e MI(v>t)
+A /mm(tﬂ’) e MG(v — s) /OO P(t—s,v—s+uz)f(x) dz ds
Omin(t,v) ’
+)\/0 e MG(v—8)P(t —s,v—s) ds, (2.1)
where G = 1 — G. Using Banach’s fixed point theorem one can uniformly approximate the
function (¢,v) — P(t,v) on [0,T] x (0, 00) for arbitrary T' > 0. Let By be the Banach space

of all measurable and bounded real-valued functions on [0,7] x (0,00), endowed with the

supremum norm || - ||, and define an operator A : By — Br by

(Ah)(t,v) = e MI(v>1t)
min(t,v) _ 00
+)\/ eASG(U—s)/ h(t —s,v —s+z)f(z) de ds
0 0
min(t,v)
+)\/ e G(v— s)h(t — s,v — s) ds (2.2)
0

for h € By and (t,v) € [0,T] x (0,00). A simple calculation shows that for any h,h € By
and (t,v) € [0,7] x (0, 00),

_ min(t,v) _ B
(AR E0) = (AR <X [ e =l ds < (1= e )=
0

yielding
AR — Ahl|s < (1= e™)]|h = R|cc.

Thus A is a contraction on By whose unique fixed point is the function P(t,v), [0, 7] % (0, c0),
and for every initial function hg € By the sequence defined recursively by h, 1 = Ah,, n > 0,

converges uniformly to the fixed point at a geometric rate.



One can obtain more explicit results in many important special cases by transforming
(2.1) into an integro-differential equation as follows. Introducing the Laplace transform

P*(0,v) = [, e " P(t,v) dt, it follows after some manipulations that

* 1 (o)
P (07?}) = m(l — € (A+6) ) (23)

+)\e (A+0)v [/ /\+9)z/ f P* 0 y) dy dz
+/ G(2)eMD2P*(8, 2) dz).
0
Differentiation with respect to v yields an integro-differential equation for P*(6,-):

iP*(@ v) = e MO _ (X4 9)[P*(h,v) -

_ —(+0)v
o e )]

1
A+ 9<1
e KRG [y 0P (6.9) dy
+G ()M P9, v)]
= —(A+0)P*(0,v) +1+\G(v) /00 fly —v)P*(0,y) dy

+AG(v)P*(0,v). (2.4)
3 Exponential patience

In this section we exploit the integral equation (2.4) to derive the busy period distribution in
the case of exponential patience. We shall consider the following service time distributions:
Hyperexponential (Case a), Erlang (Case b) and finally exponential (Case c¢). From the
analysis of Cases a and b, it is not difficult to figure out how more general combinations of
Hyperexponential and Erlang service time distributions can be handled.

If Glv) =1—e"%, v >0, then Formula (2.4) reduces to:

%P*(e o) = —(e " + 0)P*(0, 0) + he & / Ty — POy dy, v>0. (31)

Introduce the double Laplace transform

(0, a) = / / e v Pt v) dt dv = / e “YP*(0,v) dv. (3.2)
o Jo 0



Since P*(#,0) = 0, we get from (3.1):

a0, 0) = —0m(0,0) — At(, 0+ €) + = + A / oot / T = 0P (0.y) dy. (3.3)
« v=0 Yy=v

We try to tackle this integral equation via the following observation. The inversion formula

for Laplace transforms (cf. [15]) reads, for some positive a:

1 a+100
PH0,y) = —— / (0, s) ds. (3.4)

271

—100

Substitution into (3.3) gives:

1 A a+1i00 o) o
(a+0)m(0,a) = —Ir(0,a+&)+—+ — (0, s)/ e(o‘+5)“/ fly —v)e’® dy dv ds
o 2mi a—100 v=0 y=v
1 A a+1i00 ¢(—S)
= —)\71'(9, o+ 5) + a + 2_7TZ . 71'(0, S)TH dS7 (35)

where ¢(-) denotes the Laplace transform of the service time density. 7(6,s) and ¢(—s) are

both well-defined on Re s = 0.

Case a: M/Hyn/1+ M.

In the case of a hyperexponential service time density,

N

N
fly) = Zpi/liefmyy pi >0V, Zpi =1,
i=1

i=1
(3.5) reduces to
N

(a+0)r(0,a) =—Ir(0,a+&) + é + i /“”00 _mll.s) Zp P gs. (3.6)

210 Jojoo 0 FE§ — 5 = i — s

The integrand has N +1 poles s = a+&, s; = p;, @ = 1,..., N, all in the right half plane. So
replace the integral from a —ico to a + 700 by the integral over the closed contour consisting
of a line through a, parallel to the imaginary axis, and the semi-circle in the right half plane
with origin at @ and radius R, and let R — oo. Use Cauchy’s theorem to conclude that,
following the contour in counter-clockwise direction, the integral equals minus the sum of

the residues. The contribution of the integral along the semi-circle disappears for R — oo.



Hence (3.6) reduces to:

N N
1 i 12
a+)r(0,a) = —An(0,a+&)+——A Y p———7(0, a+&)+N Y pi——n(0, 1),
(@0)7(0,0) = A0, 0t LAY D 0N Oun)
(3.7)
or
1 A al L Y. Lbi
0.0) = Y L ) (0, )
(8, 0) ala+0) a+0< +Z,le a+§—ui)ﬂ< a+§>+a+0;p oz—i—{—,uiW( 2
(3.8)
This equation has the form
(0, o) = A1(0, ) + Az(0, )7 (6, 0 + ), (3.9)
where
N
1 A Lbi
Ay (0 = ) (97 i)
1(8,a) ala +0) a+6;p a+£—uz7r< )
Al u
A 9 - — i -
2(,0&) o 8< +;p +£_,uz>
Note that for any fixed 6 > 0
A(0,0) = 0(1/a?) and Ay(f,a) = O(1/a) as a — oc. (3.10)
Upon iteration of (3.9) (replacing a by o+ £ in the left-hand side, etc.) we obtain
00 Jj—1
m(0,0) =Y A0, a+ jE) [[ 200, o + if). (3.11)
=0 i=0

Note that the jth term in the series in (3.11) is bounded by (C1/(1+5)?) [[/Z, (Co/(1+14)) <
C1C}/(j + 1)! for certain constants Cy and C, depending on o and #. Therefore the conver-
gence of this series of products is ensured. The expression contains N unknowns 7 (6, 1;).
They can be found by substituting o = p; into (3.11) for ¢ = 1,..., N, yielding N linear

equations for these N unknowns.



Remark 5.1.

Recall the meaning of the double Laplace transform 7 (6, «):

(0, o) = / Oe_a“/ 0e_etP(B’ > t|V(0) = v) dt dv. (3.12)
V=l t=

Thus a weighted sum of the 7(6, u;) yields the LST of the distribution of the length of a

busy period initiated by a customer arriving in an empty system:

o0 1—- F —6B
PR > 1) dt = L ECT] (3.13)

N
Zpi,UfﬂT(Ha,U/i) = / 0
i=1 t=0

Case b: M/Ey/1+ M.

The case of an Erlang service time density may be treated in a similar way as the Hyperex-
ponential case, starting from (3.5). But since the present paper is methodologically oriented,
aiming to explain various methods to handle the busy period problem, we prefer to show an
alternative method — which we could also have applied in Case a. Substituting the Erlang-%

density in (3.3) and interchanging integrals, it follows that

A 1
7T(¢9,0é) = —a+eﬂ<9,a+£)+m
A [e's) ~ 00 (y—U)kil 3 3
(a+€)v k #y=2) p*(9 1 Ndud
+ a+elﬂe éﬂ“ T (6, y)dydv
A 1
- _ 9 S
a+97r( 7Oth)—FOz(a—i-Q)

I Mk(_1>k_1 - [/OO e (e /OO e * =) P9, y)dydv)| .-
a+6" (k—1DldzF1" ), y ’ -

A 1
B _a+9ﬂ(e’a+£)+a(a+9)
by k<_]'>k_1 dk—l [ 1
a+o! (k—1DdeF1Va+€—z

=v

(m(8, 2) = 7(0, o + §))]]o=s

A 1
= — 0 _ 14
a+9w<’a+§)+a(a+0) (3.14)
A u* A (=DFE g (0, 2)
0 e
a—l—&(,u—f—a)’fﬁ( ’a+€)+a+9M (k:—l)!dz’ffloz%—ﬁ—zk*“



Notice that the structure of the resulting relation is the same as that of (3.11), except that
the m(6, 11;) terms are replaced by terms %ﬂ'(@, 2)|2=y. To determine 7(6, ) and those k —1
derivatives, one first has to iterate similarly as in (3.9), and then differentiate the resulting

expression (k — 1) times, finally substituting o = p.

Case ¢: M/M/1+ M.
The M/M/1 queue with exponential patience forms a special case of both Cases a and b.

We obtain, from either (3.8) or (3.14), or directly from (3.3):

1 A a+€ A 14
— 6
ala+0) a+9a+§—,u7r(’a+€>+a+9a—|—£—uﬁ

(0, a) = (0, ). (3.15)

[teration results in (3.11) with simplified iteration functions A;(0, ) and Ay (0, ). 7(6, p)
is subsequently obtained by substituting a = p in the resulting infinite sum of products.
Finally, the LST of the distribution of the busy period length is obtained from 7 (6, 1) as

discussed in Remark 3.1.

Remark 3.2

If we do not wish to determine 7(f, ) but are satisfied with the busy period LST, then
the following approach works well in the M/M/1 + M case; see also [7]. We consider a
modification of our model in which every customer does not decide about entering or leaving
the system immediately upon arrival but stays in line for an exp(§)-distributed patience time
or until his service begins. This modification does not affect the busy period distribution.
Let 7,, denote the time it takes to go from n customers present to n — 1 customers present;
so 71 denotes the length of a busy period. Condition on the time until the first event: either
a service completion, or a customer becoming impatient, or an arrival; in the latter case, the
number of customers becomes n + 1 and it takes 7, , 4+ 7,/ to go back to n — 1 customers

present, where 7, ; and 7, have the same distribution as 7,1, and 7,, respectively, and are



independent. Hence, with I',(#) denoting the LST of 7,,

pt-1E A

_ k(- DE+A
L 6) p+(n—18+ XN u+(n—1)§+)\rn+1

St m—DEFAFO

[

(O)T,.(0)]. (3.16)

B w4 (n—1)¢
Cut+(n—=DEFO+ A1 —T1(0))

The busy period I'1(#) is thus represented in the form of continued fractions. It is worth

[ (0) (3.17)

observing that I',(6) converges to 1 as n — oo, as is to be expected because the rate going

down behaves like (n — 1)¢ for large n: for real 6,

0+ A1—T,41(0)) < 6+ A

1_Fn(9>:M+(n—1)£+9+)\(1—rn+1(9)) Topt(n=1E+e

(3.18)

So one might approximate I';(6) by iterating (3.17) a finite number of times; cf. also Propo-

sition 4.1 of [7].

Remark 5.3

It easily follows from either (3.16) or (3.17) that

1 A
Et, = u+(n—1)£+u+(n—1)§ETnH’ (3.19)
leading to the following expression for the mean busy period:
o0 \k
EB:ETI:Z%M(M+£)---<M+/’€§)' (3:20)
On the other hand, it follows from (3.11) that
o0 j—1
7(0, 1) = ;[(u +1j£)2 + G iﬂl)g 7/:(3752] gA2(o, p+ i€). (3.21)
Hence -
EB = um(0, 1) = n 30 e Tlico 4200 46) (3.22)

fe’e) A 1 j—1 . '
=225 e [lizo A2(0, po +38)

Here A5(0,2) = —2 2%~ and hence

z z+€—p
j—1 - .
, (=A/&) p+ j€

10



Substitution into (3.22) gives a second explicit series representation of E B:

*/fjgj M1 (3.23)

' .
= 7' ontE
The expressions in (3.20) and (3.23) agree. It can be shown by complete induction that

A oYk Z (%) (=1y

plp+8) . (p+kE) kK =optje

Summing from k = 0 to co and interchanging the sums in the righthand side indeed confirms

the equivalence of (3.20) and (3.23).

Remark 3.4

Our analysis of the busy period in the M /G /14 M queue differs in several respects from the
analysis of Subba Rao [14]. Subba Rao considers the M/G /14 M queue with the additional
feature of balking with a constant probability. If, upon arrival, a customer finds n customers
present, with n > 1, then it balks (i.e., leaves immediately) with a fixed probability 1 — .
If it finds an empty system, it always joins the system. 3 = 1 obviously removes the balking
feature from the model.

Using supplementary variable techniques and complex function theory, Subba Rao [14]
derives an expression for the double transform of the joint distribution of number of cus-
tomers served during a busy period and the length of that period, given that it starts with
141 customers in the system. This expression is in the form of a quotient of double sums. Our
analysis does not consider the number of customers served, and starts from a given amount
of work at the beginning of the busy period (instead of a given number of customers). In
[13], Subba Rao considers the combined effects of balking and customer impatience (also
called reneging) for the case that the balking probability is b, if the arriving customer meets

n customers.

Remark 3.5

For the M/G/1 + D system with deterministic impatience times the above techniques can

11



also be used for special choices of the service time distribution. However, in the next three
sections we consider another approach which seems better suited to deal with deterministic

patience and can even handle models with several patience levels.
4 A discrete patience distribution

In this section and the next two sections we assume that the patience random variables

Uy, Us, ... have a discrete distribution concentrated on the set {vy, ..., vk} with probabilities
K

pi=P{U=v}i=1,..., K, Zpi =1, wherev, 1 <v,1=1,..., K, v9 =0, and vg < 0.
i=1

Let P(u) be the corresponding c.d.f., i.e.,

P(u) = Z Di.

v; <u
Consider the corresponding partition of the positive orthant {Vi, Vs, ..., Vki1}, where
Vi={(t,v):0<t<oo,v; 1 <v<uw}, i=1,...,K, (4.1)
and
Vi1 ={(t,v): 0 <t <o0,vxg <v < o0}, (4.2)

where vy = 0. Accordingly, if V(t) € V; all customers join the queue. If V(t) € V, the
probability that a customer will join the queue is @1 = 1 — p; = 1 — P(v;). Generally,
if V(t) € Vi (1 = 1,..., K + 1) the probability that a customer will join the queue is
Qi—1 = 1 — P(v;—1). Notice that Qo = 1, Q; < Q;—; for all i = 1,..., K and Qg = 0.
We observe that an arbitrary patience time distribution may be approximated by the above
discrete distribution, by choosing K and the probabilities p; such that the first moments of
the patience time distribution match.

Customers arrive at the queue according to an ordinary Poisson process (OPP) with
intensity A. Due to the strong Markov property, customers join the queue according to an
OPP with intensity \; = A\Q;—1 (i = 1,..., K+1) during periods in which the {V (¢)} process

is in region V;. Let {V@W(¢)} designate the V/(¢) process in the region V; (i =1,..., K).

12



The busy period, with length B, starts with V) (0) = X, and terminates as soon as
V(1) = 0. If V() crosses from V; to V, before hitting the value zero then a new process,
V®)(t) say, starts. This process will either return to V; before hitting the upper boundary
of V,, or will enter V5 first, and so on. Our aim is to derive the Laplace-Stieltjes transform
(LST) of B. In the next section we start with a recursive construction of this LST for an

M/M/1 queue. We then generalize the results.

5 The busy period LST for an M/M/1 queue with discrete patience

5.1 Auxiliary results
N(t)
The M /M /1 queue is based on compound Poisson process Y (t) = ZX”’ where {N(t),t > 0}

n=0
is an OPP with intensity A\, 0 < A < oo, and Xy, = 0, X3, Xs, ... are i.i.d. random variables
having an exponential distribution, exp(u), where F(X;) = 1/u. For constants 0 < [,

By < 00, we define the stopping variables

T(By) = inf{t > 0: Y (t) = =B +1}, (5.1)
and
Ty (B) = inf{t > 0: Y () > By + t}. (5.2)
In addition, let
T (b1, B2) = min{T(61), Tu(52)}, (5.3)
and observe that
P{T(b1,32) < oo} = P{TL(f1) < oo} = 1. (5.4)

We need formulae for the transforms

Vi (w | Br, B2) = E{e O g, 6y <y (503 } (5.5)

and

Vi (w | B, Be) = E{e TP iz, (51)510 (303 - (5.6)

13



In the M/M/1 case, the Wald martingale [10] yields the identity

E{Q*HY(T(ﬁl ,ﬁz))+AT(ﬂlﬁz)9/(#+9)} =1,

for all & > —p. From this fundamental identity we get the formulae

(M + HZ(W))6—5291(w) _ (N + 6, (w)>€—,8292(w)

wz(w | 61752) =

D(w | 51, 52)
and
. 66192(10) _ 66191(10)
w , = 5
¢U( | ﬁl 52) D(w | ﬁlaﬁQ)
where
1 1
brow) = 5(A—p+w)+ 5\/()\ — ot w)? +dwp,
and

D(w | B, ) = (ju + Oa(w))e O H00) _ (1) 4 g, (w))e 2000 w),

5.2 The busy period LST when K =1

(5.7)

(5.9)

(5.10)

(5.11)

The case K = 1 corresponds to an M /M /1 queue with deterministic (v1) patience; see also

6] for a treatment of this case. In this case, Ay = A and Ay = 0. Let §; = v; and consider

the two cases, Case 1: X; < v; and Case 2: X; > vy.

Case 1: X; < v;. Since VD(0) = X; < vy, set 1 = X1 and B, = §; — X;. Substituting

these in (5.8) and (5.11) we obtain after some algebraic manipulations

Vp(w| X, 6 —X) = Cl(w)e_X92(“’) — C2(W)6—Xt‘)1(u))7

where
Gw) = (1 + By ()
) G e — Gt (e e
o) = e TR
T 4 02w)e I — (it By (w))e BB
Similarly,

e—X91 (w) _ e—X@Q(w)

(1t + O5(w))e=5101) — (1 + 6y (w))e0102()

Ui (w | X, 0 = X) =

14

(5.12)

(5.13)

(5.14)

(5.15)



Whenever V (t) jumps over the boundary vy, the overshoot R is independent of Ty;(f2) and

exponentially distributed. The sojourn time of V() in V, is exactly R. The LST of R is

I

Bt w
phase the process V() (t) may jump again above v;, or may go down to zero. The times

. The time interval (0,7y(82) + R) is called an initial phase. At the end of the initial

between consecutive returns to V) are called renewal cycles. If after an initial or a renewal
cycle V) (t) hits zero, then the time interval is called terminal phase. The lengths of renewal

cycles are i.i.d. random variables. Thus, the conditional LST of B given X is, in Case 1,

M(l)(w | X1,01) = ¥p(w | X1,01 — Xy)

. 5.16)

H’ * 'QDL(W | 5170) (
X,00 — X .

* L +w¢U(w [ X0 g Ui (w ] 61,0)

Case 2: X > v;. Let Ry = X;—wv;. The initial phase consists only of R;. R; is independent

of the following cycles. Thus, the LST when X; > v is

@DZ(W ‘ 517 O)

MO (w]6) = L. . 5.17
Finally, the LST of B, when K =1, is
51 R
MO (w | 6) = u/ e "MW (w | z,6)dz + e P MY (w | 6y). (5.18)
0
Notice that
" p 51 (02 (w))
,u/ e Pt (w ]z, 6 — x)de = ————( (w)(1 — e~ ltbalw
i o - ajar = G e
K —81 (61 (w))
SR - 1— :
e )
Also,
01 1
THEx 01 —x)dx =
/J’/O\ e wU(w ’ Z, 01 x) xr (ILL + 02(&)))676101(0}) _ (ILL + 91(&)))675102(“}) (5 20)
K — 81 (61 (w)) K —61 (p+62(w))
(1 — T - (1—e¢
|::U’+‘91(w)( ) M+02(W)( )

5.3 The busy period LST when K =2

If K = 2 there are K + 1 = 3 regions, V;, V, and V5. The instant V(t) enters (Vo U V3) the

process changes the intensity of arrival to Ay = A@Q; or A3 = 0. The time until the first return

15



to V) will be called B®. The LST of B® is obtained from eq. (5.18) of MM (w | §;) by
replacing &; by do = vy — vy, A by Ay and v; = d; by 2. We denote this LST by Mél)(w | 92).

Let X7 denote the service requirement of the first customer. Consider first the case where
0 < X; < vy. In this case either V/(¢) hits zero before crossing v, or crosses v; first. If V(¢)
crosses v; before hitting zero, the “initial phase” is the time interval from zero till the first
entry back to V;. Renewal cycles are between consecutive re-entrances to V. Thus, the

conditional LST, given Xy, for X7 < vy, is

M(Z)(w ‘ X1,51) = wZ(w ’ X1,51 — X1> +¢(*]<w | X1,51 — Xl)Mz(l)(w ’ 52) .

(5.21)
U 81, 0)[L = 90 | 61,000 (w [ 62)] 7

On the other hand, the LST given that {X; > v} is

MO [ 61) = My (@] 82)07(,61,0) - [ = 9w | 61,007 @ | &))" (5.22)
Finally, the LST of B for K =2 is
51 ~
M®(w|6) = u/ e MM (w | z,6)dz 4+ e M (w | 6y). (5.23)
0

5.4 The busy period LST for general K

We start by computing the LST for the K-th region Vi, according to formulae (5.16)-(5.20),
in which we substitute A\gx = AQg_1, 0x = vg — vg_1. We denote this LST as Ml(g)(w |
0k, k). We then proceed to determine the LST for Vi, namely MI(?)_I(w | 01, Ak—1),

according to (5.21)-(5.23). Recursively, for j = 2,..., K we compute, for X < dx41_j,

M&)H_j)(w | X, 0k 415, Akv1—5) = Vp(w | X, 0k1-5 — X, Akq-j)

F 5w | X, 01y — X, Aa—)) Mz (W | Sxsamj Arcroy) - (5.24)

: ¢z(w | 5K+1—ja07)\K+1—j)[1 - @D(*J(UJ | 5K+1—j707>\K+1—j) :

‘ Ml(g—;;)—j(w | Ok y2—jy Ay2—5)]
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and for X > dx1;_; we determine

M9 (w | Oxcy1-j, Aicy1—j) = M}?;Ql)_](w | Orcv2—j Arcaj) -
5 (W ] 6kg1-5, 0, M) [1 — V5 (w | Oxcg1-5, 0, A1) - (5.25)
M0 (@ ] rsamgy Ao L
and
M[@rl_j(w | Ok+1-j Ak+1-5)

6K+1 —J
= [ M Gk e (520
0

4 e HOK+1-j M) (w | 5K+1—j7 >\K+1—j)-
In the present section we added the variables Agy1—;, j = 1,..., K into the LST functional

form, to emphasize the dependence on the different intensities A\;, [ =1,..., K.
6 The busy period LST for an M/G/1 queue with discrete patience

In this section we no longer assume that service times are exponentially distributed. In
determining the busy period LST, we follow the same approach as in the previous section.
In Subsection 6.1 we again consider the stopping variables introduced in (5.1) and (5.2).
We now also need an expression for the joint distribution of Ty (/3;) and the overshoot Y5 —
(B2+Ty(B2)), which is no longer exponentially distributed. We subsequently consider K = 1

(deterministic patience), K = 2 and general K, in Subsections 6.2, 6.3 and 6.4.
6.1 Auxiliary results

The arrival of customers at the queue follows a homogeneous Poisson process {N(t),t > 0}

with intensity A. The required service times of customers are i.i.d. r.v.’s X, X5, ... having
N(t)

a distribution F', with density f. Let Y, = ZX”’ where Xy = 0. The density of Y; on
n=0

(0,00) is hy(y;t Zp (n; M) £ (y), where p(n; At) is the p.d.f. of Poisson (At) and £ (y)

is the n-th fold convolution of f at y, i.e. f / fr Uy — x)f(z)dz, n > 1, where
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fO(y) = 1. Let Hy(y;t) denote the c.d.f. of Y;, i.e. Hy(y,t Zp n; At)F' )(y). Notice

that H,(y,t) has an atom at y = 0, H\(0;t) = e, and Hy(y, ) is absolutely continuous

n (0,00). For non-negative constants 0 < f3;, s < 0o define the stopping variables

and

Ty (B2) = inf{t > 0:Y;, > 6, + t}. (6.2)

Moreover, let T'(51, 52) = min{TL(51), Ty (52)}. We need explicit equations for the LST’s

V(W B, Bo A) = Ex{e O H{TL(B) < Tu(B2)}}, (6.3)

and
Ui (w; B, B2, A) = Ex{e TV I{TL(31) > Ty (52)}}- (6.4)

Moreover, we need a formula for the joint distribution of Ty (/32) and the overshoot R =
Y7, — (B2 + Ty (B2)). These equations are given below.

Let s, (y;t,A) = C%PA{Yt <y, Ty(B2) >t} and ga(y;t, Br, Be) = %PA{K& <y, T(Br,B2) >
t}. As proven by Stadje and Zacks (2003),

go(y; t, N) = ( _ty)+ ha(y;t), t>0. (6.5)

Moreover, for 5y > 0, and 0 <y < t + (s,

98, (y; t, )‘) = hy (y; t) - 1(32752-&-15) (y) ei)\(tJrﬁQiy) - hy (y; Yy — ﬁZ)
(6.6)

- /y halusu— B2)go(y — ust + B2 — u, A)d“} :

2

The function ¢, (y;t, 81, F2) can be written in terms of gg(y;t,A). Let 6 = By + [, then, for

(t—=01)" <y <t+ s,
a3 t, 81, B2) = gp, (Y5 1, A) — 1(5,,00) (1) - {6_’\6195(%25 — B, \)

Y1
48 [ Samls = Buis Ngsly — s+ Bt = s, s
B

1
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The joint density of (Ty(52), R) is then

pa(t,m; 61, B2) = I{t < Bi} [/\S_Mf(t + B2 +1)

t+32
[ st NS = ) (6.5)
t+0B2
+ I{t > 51}>\/ , a3 t, B, Ba) f(t + Ba + 1 — y)dy.

In addition, as in Borovkov and Burq (2001),

x t _
Vi (w; By, Ba, N) = e” OB / e vt tﬁl g, (t — Bust, N)dt. (6.9)
1

Similarly,
o i
Vi (w; Br, B, A) = /\/ e~ WPt 4 By)dt
0

B1 4532 B
L / / 95, (0 t, VE(t + By — y)dydt (6.10)
0 0

00 t+0F2 3
+ >\/ e‘“t/ gy t, Br, B2) F(t + B2 — y)dydt.
51 t—01

6.2 The busy period LST when K =1

The case K = 1 corresponds to an M/G/1 queue with deterministic (v;) patience; see also

Model II of [8] for this case.

T = Ty (v — X)),
77 =1 + RY + Ty (0).
In case Tél) < Téo) (X1), and 0 < X; < v; we have an initial phase C consisting of T,(Jl)
and R;. The point T, ((]1) + R; is a regeneration point, where a new phase starts. We denote

it as Cr. If T L(z) (v1) < T, [(]2) (0) the busy period ends; otherwise the phase Cg consists of
T[(Jz) (0) + Ry, etc.

We define, for 0 < X < vy,

Yi(w; X, — X, A) = / e_‘”t/ e “pa, (t,r; X, vy — X)drdt. (6.11)
0 0
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Similarly, let
Vop(w; v, A1) = / / “Tox, (t, 7301, 0)drdt.

The conditional LST of B, when 0 < X7 < vy, is then

Mj(l)(w;Xlavl X1, M) =7 (w; X, 01 — X1, \)

1?2(% U1, 07 )‘1)

+ i (w; X1, v — X1, Ap) b (@ o)
Ur\W; U1,

In case v; < X3 < 00, the conditional LST of B is

—w(X1—v1) @DZ(W, U1, 07 A1)
¢ER(wa U1, A1)

M;})(w;Xl,Al) =e
Finally, the LST of B is

M(l)(wévb)\l) :/ f($)¢2(w§$,vl —$,>\1)dx
0

*(w;v1,0, A1)
e (/ et = 3
UR )

rem [ o).

6.3 The busy period LST when K =2

For 0 < Xy < vy, the conditional LST is, with 0, = vy — vy:
MI(Q)(W;Xb?h - X, )\1) = ¢Z(W;X17U1 - X, >\1)

02
+ [/ e_“t/ M}l)(w;r, 0y — 1, Xo)py, (t, 73 X1, 01 — Xy)drdt
0 0
+/ e

M[(}) ((U, T, )\2>p>\1 (ta r X17 v — Xl, Al)drdt:| .

/ M (w;r, 09 — 1, A2)pa, (t, 7501, 0)drdt

20

-1
M}I) (w;r, A2)pa, (E, 775 vl,O)drdt] <] (wy 01,0, Ap).

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)



For X; > vy, the conditional LST is

MI(?)(WQXM A) = [ < X1 < U2)M}1)(W;X1 —v1,v2 — X1, A2)

+ ](Xl > UQ)MI(})(W'Xl — Vg, )\2)] .

o (6.17)
M (w; T, 02 — 7, A2)pa, (E, 7501, 0)drdt

-1
/ / MH w, T, A2)pa, (E, 75 vl,O)drdt} <] (wy 01,0, Ap).

Finally, the LST of the busy period length when K = 2 is
M@ (w;v, M) = / f(x)MI(Q)(w;:c,vl —x,\)dz +/ M}?)(w;x, A)f(z)dz.  (6.18)
0 v1

6.4 The busy period LST for general K

In the general case we have §; = v; —v;_1, j = 1,...,K (vp = 0) and \; = A\Q,_1,
j=1,..., K. We compute first Ml(l)(w; x,0r — T, Ak ) and MI(}) (w;z, A\ ) according to (6.13)

and (6.14). Afterwards, for each j = 1,..., K, we compute recursively the functions
M(J)(w z,0;,\j) =
j+1
/ / M vy w T 5j+1 -, /\j+1)p>\j (ta Tz, 5] - .ZU)dT’dt (619)

+/ 6_“”5/ MI}_l (Wi, Ajr1)py, (8,73 2, 0 — z)drdt,
0 1

j+1
DY) (w / / MY (w;r, 8541 — 7, Ay )pa, (E, 75 65, 0)drdt
(6.20)
+/ €_Wt/ ]\LJ[_1 (wir, Ajr1) - pa, (t, 7305, 0)drdt,
0 1
and
M (@i, 05—, 0) = wz«u-x 5 — . )
D<f'><w,AJ> it 02,
M (wiz, Aj) = [I(v; < & < vja) MY (Wi — vg, 05010 — 2, Aj1)
(6.22)

V7 (w; 5,0, A))

k—1
+ [(:C > Uj+1>M[(1 )<W;$ = Uj+1, )‘J'Jrl)] D(j)(w. )\,)
IR
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Finally, the LST of B is

M) = [ M s = e e+ [ F@M i e
Notice that A\; = \.
References

[1] F. Baccelli and G. Hébuterne (1981). On queues with impatient customers. In: F.J.
Kylstra (ed.). Performance '81 (North-Holland Publ. Cy., Amsterdam), pp. 159-179.

[2] F. Baccelli, P. Boyer and G. Hébuterne (1984). Single-server queues with impatient
customers. Adv. Appl. Probab. 16, 887-905.

[3] D.Y. Barrer (1957). Queuing with impatient customers and ordered service. Oper. Res.
5, 650-656.

[4] P.D. Finch (1960). Deterministic customer impatience in the queueing system G1/M/1.
Biometrika 47, 45-52.

[5] F. Iravani and B. Balcioglu (2008). Approximations for the M/GI/N + GI type call

center. Queueing Systems 58, 137-153.

[6] H. Kaspi and D. Perry (1983). Inventory systems of perishable commodities. Adv. Appl.
Probab. 15, 674-685.

[7] D. Perry and S. Asmussen (1995). Rejection rules in the M/G/1 queue. Queueing Sys-

tems 19, 105-130.

[8] D. Perry, W. Stadje and S. Zacks (2000). Busy period analysis for M/G/1 and G/M/1

type queues with restricted accessibility. Oper. Res. Letters 27, 163-174.

[9] D. Perry, W. Stadje and S. Zacks (2001). The M/G/1 queue with finite workload ca-

pacity. Queueing Systems 39, 7-22.

22



[10] S.M. Ross (1996). Stochastic Processes (2nd. ed.). Wiley, New York.

[11] R.E. Stanford (1979). Reneging phenomenon in single channel queues. Math. Oper. Res.
4, 162-178.

[12] R.E. Stanford (1990). On queues with impatience. Adv. Appl. Probab. 22, 768-769.

[13] S. Subba Rao (1967). Queuing models with balking and reneging. Ann. Inst. Math.
(Japan) 19, 55-71.

[14] S. Subba Rao (1967/1968). Queuing with balking and reneging in M/G/1 systems.
Metrika 6, 173-188.

[15] D.V. Widder (1946). The Laplace Transform. Princeton University Press, Princeton.

23



