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Martingale ratio convergence in the branching random walk

by
Elie Aidékon and Zhan Shi

Technische Universiteit Eindhoven & Université Paris VI

Summary. We consider the boundary case in a one-dimensional super-
critical branching random walk, and study two of the most important mar-
tingales: the additive martingale (W,,) and the derivative martingale (D).
It is known that upon the system’s survival, D,, has a positive almost sure
limit (Biggins and Kyprianou [9]), whereas W), converges almost surely to 0
(Lyons [22]). Our main result says that after a suitable normalization, the
ratio Vg—: converges in probability, upon the system’s survival, to a positive
constant.

Keywords. Branching random walk, additive martingale, derivative mar-
tingale.

2010 Mathematics Subject Classification. 60J80, 60F05.

1 Introduction

We consider a discrete-time one-dimensional branching random walk, whose distribution
is governed by a finite point process © on the line. The system starts with an initial particle
at the origin. At time 1, the particle dies, giving birth to a certain number of new particles.
These new particles form the particles at generation 1. They are positioned according to the
distribution of the point process ©; it is possible that several particles share a same position.
At time 2, each of these particles dies, while giving birth to new particles that are positioned
(with respect to the birth place) according to the distribution of ©. And the system goes
on according to the same mechanism. At each generation, we assume that particles produce
new particles independently of each other and of everything up to that generation.



We denote by (V(z), |z| = n) the positions of the particles at the n-th generation; so
(V(z), |z| = 1) is distributed as the point process ©. The family of random variables (V' (z))
is usually referred to as a branching random walk (Biggins [7]). Clearly, the number of
particles in each generation forms a Galton-Watson process. We always assume that this
Galton—Watson process is super-critical, so that the system survives with positive probability.

Throughout the paper, we assume the following condition:

(1.1) E( 3 e—VW)) ~ 1, E( 3 V(x)e—W)) — 0.

|z|=1 lz|=1

The branching random walk is then said to be in the boundary case (Biggins and Kypri-
anou [10]). We refer to Jaffuel [16] for detailed discussions on the nature of the assumption
(1.1). Loosely speaking, under some mild integrability conditions, an arbitrary branching
random walk can always be made to satisfy (1.1) after a suitable linear transformation, as
long as either the point process © is not bounded from below, or if it is, E[Z|z\:1 Ly @)=m}] <
1, where m denotes the essential infimum of ©.

It is immediately seen that under assumption E[3_ _, V@] =1,

|z|=n

is a martingale (with respect to its natural filtration). In the literature, (W) is referred
to as the additive martingale associated with the branching random walk. Since (W)
is non-negative, it converges almost surely to a (finite) limit, which, under assumption
E[} - V(z)e V"] =0, turns out to be 0 (Lyons [22]).

Many of the discussions in this paper make only a trivial sense if the system dies out. So
let us introduce the conditional probability

P*(e) := P(e | non-extinction).

Under (1.1), since W,, — 0, P*-almost surely (and P-almost surely), the martingale is
not uniformly integrable. It is natural to ask (Biggins and Kyprianou [10]) at which rate
W,, goes to 0; in the literature, this concerns the Seneta-Heyde norming for W,,, referring to
the pioneer work on Galton—Watson processes by Seneta [29] and Heyde [14]. This question
was studied in [15], under suitable integrability conditions.

Theorem A ([15]). Assume (1.1). If there exists § > 0 such that B[}, _, 1)+ < oo and
that B[}, 1, e~ (IHOV@)] 4 E> . V(@] < 0o, then there exists a deterministic sequence



(An) of positive numbers with 0 < liminf,, n’}’}Q < limsup,,_,, n’\ﬁ < oo, such that under
P,
(1.2) AWy — W, in distribution,

where #* > 0 is a positive random variable.

Although we do not need to know what #* is in this paper, let us make a brief description
for the sake of completeness. Consider the distributional equation for non-negative random
variable Z (excluding the trivial solution Z = 0):

Ly(t) = E{ 11 zz(te*V@))}, Yt >0,

|z|=1

where Z7(t) := E*(e7'?) denotes the Laplace transform of Z. Under assumption (1.1), it
is known (Liu [21], Biggins and Kyprianou [10]) that the equation has a unique positive
solution (up to multiplication by a constant), denoted by #*.

One may wonder whether ), can be taken to be (a constant multiple of) n'/2 in (1.2).
Our main result, Theorem 1.1 below, will tell us that (a) the answer is yes; (b) more is true:
(1.2) can be strengthened into convergence in probability; (c¢) we can say even (much) more;
(d) assumptions can be weakened.

To describe what we mean by even more, let us define

(1.3) D,:=)» V(x)e V™ — n>o0

|z[=n

Since E[>°, V(z)e™V®] = 0, one can easily check that (D,,) is also a martingale, with
E(D,) = 0; it is referred to in the literature as the derivative martingale associated with
the branching random walk. Convergence of this new martingale was studied by Biggins

and Kyprianou [9]. In order to state their result, we introduce the following integrability

conditions:
(1.4) E[ 3 V(x)Qe—W] < o,
|z|=1
(1.5) E[Xlog’ X] < oo, E[X log X] < oo,

where log, y := max{0, logy} and logi y := (log, y)?* for any y > 0, and

X = Z e V@), X = Z max{0, V (z)}e”V®.

|z[=1 |z[=1



Throughout the paper, we assume (1.1), (1.4) and (1.5). It is our conviction that these
assumptions are optimal for our results.

The following elementary fact will be useful (see Lemma B.1 of [2] for a proof): if (1.5)
holds, then

(1.6) E[Xlogl X| +E|Xlog, X| < o,
1 - _ _

(1.7) ZlLrgO ;E[Xlogi(X + X) min{log_ (X + X), z}_ = 0,
1 . ~ N -

(1.8) lm ~E [X log, (X +X) min{log, (X +X), z}| = 0.

Theorem B (Biggins and Kyprianou [9]). Assuming (1.1), (1.4) and (1.5), we have
(1.9) D, =¥, P*as.,
the limit #* being the same positive random variable as in (1.2).

[The positiveness of the limit was proved in [9] under slightly stronger assumptions. To
see why it is valid under current assumptions, we refer to Proposition A.1 of [2].]

It is worth mentioning that although each D, is mean-zero, the limit of D,, is P*-almost
surely positive.

Since the same random variable #* appears in Theorem B and in a weak sense in

Theorem A, one may wonder whether the two theorems are related. This consideration

Wy,
Dy,

well-defined for P*-all sufficiently large n.

has led us to study the ratio of the two martingales, which, in view of Theorem B, is

Theorem 1.1 Assume (1.1), (1.4) and (1.5). Under P*, we have,

W, 2 \1/2 , .
(1.10) lim n'/? =2 = (—) , in probability,

n—r00 n To?

where

o’ = E[ Z V(I)Qefv(m)} € (0, 00).

|z|=1

The convergence in probability in Theorem 1.1 is optimal: it cannot be strengthened into

almost sure convergence, as is shown in the following theorem.

Theorem 1.2 Assume (1.1), (1.4) and (1.5). We have

: 12 Wn
limsup n*/*—
n—oo n

= o0, P*-a.s.



Let us say a few words about the proof of Theorems 1.1 and 1.2, and about the organiza-
tion of the rest of the paper. Theorem 1.1, which is the main result of the paper, is proved
in several steps: let o > 0 be a parameter;

e in Section 2, we introduce a one-dimensional random walk (S,,) associated with the
branching random walk, and collect a few elementary properties of (S );

e in Section 3, we introduce a new pair of processes DI and W%, [Roughly speaking,

(@)
% will turn out to behave like a constant multiple of % when n is sufficiently large.] The

study of D! and W* becomes convenient if we work under a new probability, called Q(®):

(@)
e in Section 4, by computing the first two moments of ¥ (a> under the new probability

(a)
Q@) we prove that for any o > 0, % converges in probability to a constant under Q(®);

e in Section 5, we come back to the probability P*, and prove Theorem 1.1 by “letting
a — oo”.

The proof of Theorem 1.2 is presented in Section 6 by studying the minimal position in
the branching random walk.

Finally, in Section 7, a few questions are raised for further investigations.

Let us mention that our method allows to prove the analogues of Theorems 1.1 and
1.2 for the branching Brownian motion. In fact, the main ingredient in our proof, namely,
Lyons’ spinal decomposition (Fact 6.2), is known in the case of the branching Brownian
motion; see Chauvin and Rouault [12]. We prefer not to give any details on how to make
necessary modifications to obtain the analogues of Theorems 1.1 and 1.2 for the branching
Brownian motion. These modifications are more or less painless; moreover, the situation for
the branching Brownian motion is often neater than for the branching random walk — for
example, the analogue of the h-process whose transition probabilities are given by (3.2), is the
three-dimensional Bessel process, which is a well-studied stochastic process in the literature.
Instead, we close this paragraph with an anecdotic remark: the pioneer work of McKean [25]
gives an important motivation of the study of the branching Brownian motion by connecting
it to the Fisher-Kolmogorov—Petrovsky—Piscounov (F-KPP) differential equation. Taking
the almost sure limit of a positive martingale (which is the analogue of the additive martingale
W), McKean claims that its Laplace transform, after a simple scale change, gives a travelling
wave solution to the F-KPP equation. There turns out to be a flaw in the argument,
pointed out by McKean [26]. Later on, Lalley and Sellke show in [20] that the almost
sure limit studied in [25] actually is 0; instead, they use another martingale (the analogue
of the derivative martingale D,,), and prove that its almost sure limit, which is positive,
has the Laplace transform as being a travelling wave solution. Now that we know the
two martingales (with the additive martingale suitably normalised) have similar asymptotic
behaviours in probability, it becomes clear that the martingale limits studied by McKean [25]



and by Lalley and Sellke [20] are a.s. identical — if the additive martingale in McKean [25]
is suitably normalised.
Throughout the paper, we use a,, ~ b, (n — o0) to denote lim,, ., 3= = 1; the letter c

with subscript denotes a finite and positive constant. We also adopt the notation ming := oo,
Yo =0and[[, =1 Forz € RU{oo}U{—00}, we write 2t for max{z, 0}.

2 One-dimensional random walks

This section collects some well-known material. We first introduce a one-dimensional
random walk associated with our branching random walk, and then recall a few ingredients
of fluctuation theory for one-dimensional random walks.

2.1 An associated one-dimensional random walk

Let (V(z)) be a branching random walk satisfying (1.1) and (1.4). For any vertex z, we
denote by [@, z] the unique shortest path relating z to the root &, and z; (for 0 <i < |z])
the vertex on [@, z] such that |z;| = 4. Thus, o = @ and x|,) = . In words, z; (for i < |z])
is the ancestor of = at generation i. We also write [@, z] := [, z]\{2}.

The assumption E[_ _, e V@] = 1 guarantees the existence of an i.i.d. sequence of
real-valued random variables Si, Sy — Sy, S3 — Ss, - -+, such that for any n > 1 and any

measurable function g : R" — [0, 00),
(2.1 B{ Y g(V(w). - Vi) } = B{e5g(S1 - .5 }.
|z|=n

The law of S is, according to (2.1), given by

Elf(S0)] = E{ }_ e VIf(v(a)},

|z|=1
for any measurable function f : R — [0, co). Since E[} _, V(z)e?V@] = 0, we have
(2.2) 0% = E[S?] = E{ 3 Vi) e—V<w>}.
|z|=1

Under (1.1) and (1.4), we have 0 < 02 < oo.

It is easy to prove (2.1) by induction on n (see, for example, Biggins and Kyprianou [8]).
The presence of the new random walk (.5;) is explained via a change-of-probabilities technique
as in Lyons, Pemantle and Peres [23], and Lyons [22]; see Fact 6.2 for more details. In the
literature, the change-of-probabilities technique is used by many authors in various forms,
the idea going back at least to Kahane and Peyriere [17].
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2.2 Elementary properties of one-dimensional random walks
Let S7, Sy — 51, S3 — S5, --+ be an i.i.d. sequence of real-valued random variables with

E(S)) = 0 and ¢? := E[S?] € (0, 00). Let 77 := inf{k > 1: S}, > 0}, which is well-defined
almost surely (because E(S;) = 0). Let Sy := 0 and

Tt—1

(2.3) ho(u) = E{ Z 1{Sj2_u}}, u>0,

which, according to the duality lemma, is the renewal function associated with the entrance
of (—o0, 0) by the walk (S,,). More precisely, the function hy can be expressed as

2. how) = S P < uh o
k=0

where Hy > Hy > Hy > --- are the strict descending ladder heights of (S,,), i.e., Hy := ST;,
with 7p :==0and 7, :==inf{i >7,_,: S; < ming ;< - Sit k> 1.
Throughout the paper, we regularly use the following identity:

(2.5) ho(w) = E{ho(S1 + ) sz}, Fu20.
Condition E(|S;]) < oo ensures that ho(u) < oo, Vu > 0, and that the limit
h
(2.6) O

u—oo U
exists and lies in (0, 00), see Tanaka [30]. As a consequence, there exist constants co > ¢; > 0
such that
(2.7) a(l+u) < ho(u) < co(l+u), u > 0.

See Bertoin and Doney [5] for more details.
The function hy describes the persistency of (5;). In fact, if we write

S, = min S, n>1,
1<i<n

then there exists a constant 0 < 8 < oo such that

0

More generally, for any u > 0,

Gho(u)
—u} ~ T

(2.9) P{S

En

v

n — 0.
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See Kozlov [18], formula (12).

We will need a uniform version of (2.9) for u depending on n. Let (b,) be a sequence
of positive numbers such that lim,_,« 5% = 0. Then (see [3]) for any bounded continuous
function f : [0, oo) — R, we have, as n — o0,

S%'+‘U Qhﬂ _
(2.10) E{f(m) 1{§n2—u}} n1/2 / f t2/2 dt + 0( )>
uniformly in u € [0, b,]. In particular,

Hhoﬁo

(2.11) P{S, > —u} ~ =157,

n — 0o,

uniformly in u € [0, b,].

Lemma 2.1 Let ¢g and 0 be the constants in (2.6) and (2.8), respectively. Then

(2.12) 0o = <i>1/z.

o2

Proof. We recall from (2.4) that ho(u) is the mean number of strict descending ladder heights
within [—u, 0]. By the renewal theorem (see Feller [13], Section XI.1), we have ¢y =
On the other hand (Feller [13], Theorem XII.7.4),

Zs”P{ﬁn >0} =exp (Z %P{Sn > 0})

n>1 n>1

1
E(|H1l)”

Since E(S;) = 0 and E(S?) < oo, it follows from Theorem XVIIL.5.1 of Feller [13] that
C=D s 1[P{S, > 0} — 3] is well-defined, satisfying E(|H:|) = 5%ze. Accordingly,
eC

EZ:S”I)LSn;Z 0}’V (It?EYWE’ ST‘L

n>1
By a Tauberian theorem (Feller [13], Theorem XIIL.5.5), this yields that

eC
P{ﬁnZO}NW, n — oo.
Comparing with (2.8), we get 6 = =57 = (-%)V2E(H,|) = (2 )1/2 L proving Lemma 2.1.
U

Lemma 2.2 There exists c3 > 0 such that foru >0,a>0,b>0 andn > 1,

. (u+1D)(a+1)(b+u+1)
3 n3/2 :

P{ﬁnZ—a, b—aSSngb—a—l—u}g



Proof. The inequality is proved in [4] for a certain value of u, say 1; hence, the inequality
holds for uw < 1. The case u > 1 boils down to the case u < 1 by splitting the interval
[b—a, b— a+ u] into intervals of lengths < 1, the number of these intervals being less than
(u+1). O

Lemma 2.3 There exists ¢4 > 0 such that for a > 0,

sgl?E | Syl 1{§n2—a}] <cqg(a+1).
Proof. We need to check that for some c5 > 0, E[S, 15 >_a}] < cs(a+1), Va >0, Vn > 1.

Let 7,7 :=inf{i > 1: S; < —a}. Then {S, > —a} = {7; > n}; thus E[S, 1{5 >_4] =
-E[S,1 (s Sn}]> which, by the optional sampling theorem, equals E[(—S_-) (rr Sn}]' There-
fore, sup,,»1 E[S, 1(s, > aj] = E[(=S,-)].

It remains to check that E[(—S,-) —a] < cs(a + 1) for some ¢ > 0 and all a > 0,
under the assumption E(S?) < co.! By a known trick (Lai [19]) using the sequence of strict
descending ladder heights, it boils down to proving that E[(—g;;) —a] < ¢z(a+1) for some

cy; > 0 and all @ > 0, where §1, §2 — §1, S — Sy, -+, are i.i.d. negative random variables
with E(S;) > —o0, and 7, :=inf{i > 1: S; < —a}. This, however, is a special case of (2.6)
of Borovkov and Foss [11]. O

Lemma 2.4 Let 0 < A < 1. There exists cg > 0 such that for a,b > 0, 0 < u < v and
n>1,
P{gmJ > q, min S;>b—a, S, € [b—a+u,b—a+v]}
1€[An,n]NZ
(v+1)(v—u+1)(a+1)
n3/2

(2.13) < ey

Proof. We treat An as an integer. Let P13 denote the probability expression on the
left-hand side of (2.13). Applying the Markov property at time An, we see that P13y =
E[l{s, >_a s\,>b-a}f(San)], where f(r) :=P{S, ,, >b—a—7r, Sp_yp€b—a—r+ub—
a—r+v]} (for r > b—a). By Lemma 2.2, f(r) < ¢g WOzt D=t (for o > p — q).

7372

Therefore,

csv+1)(v—u+1)

Poas) < 372

E[(Sxvi+a—=b+1)1(5 > a 5,,50-a}]

The expectation E[- - -] on the right-hand side being bounded by E[|S\,| (s, >—a}] +a+1,
it suffices to apply Lemma 2.3. U

' Assuming E(|S1]*) < oo, even more is true (Mogulskii [27]): we have sup,q E[(—S,-) — a] < oo.

9



Lemma 2.5 There exists a constant C' > 0 such that for any sequence (by,) of non-negative
numbers with lim sup,,_, 1/2 < o0, and any 0 < XA <1, we have

liminf n*2P{ S >0, min S;>b,, b,<S5,<b,+C
= An]

n—00 [An]<j<n

% the same proof is valid for the

general case 0 < A < 1. O

Proof. The lemma is proved in [4] in the special case A\ =

Lemma 2.6 There exists a constant cg > 0 such that for any y > 0 and z > 0,

S P{Si<y—z 8> -2} <ep(L4+y)(1+minfy, 2}).

k>0

Proof. See Lemma B.2 (i) of [2]. O

3 Change of processes, change of probabilities

Let (V(x)) be a branching random walk. For any vertex z, we define

V(z) == min V(y).

ye @, z]

Let a > 0, and let hg(-) be as in (2.3). Let

ho(u) := ho(u + ), u> —a,

which stands for the renewal function of (.5,) associated with entrance of (—oo, —a).
Having in mind to study the additive martingale (1,) and the derivative martingale
(D,,), let us introduce a new pair of processes

WT(La) = Z e ]-{V z)>—a}s

|z|=n

D = > ha(V(@)e 1y @)>—ay.

|z|=n

Cg’% when n is sufficiently large, where ¢y is the
n

constant in (2.6).
(@)
In Section 4, we are going to prove that for any o > 0, as n — oo, n'/? % — 0 in
probability (6 being the constant in (2.8)), under a new probability called Q(o‘) To define

(@)

this new probability Q(®), we first prove a simple property of Dy”. For any n, let .%, denote

the sigma-algebra generated by the branching random walk in the first n generations.

10



Lemma 3.1 Assume (1.1). For any o > 0, (D,({X), n > 0) is a non-negative martingale with
respect to (F,), such that BE(D) = ha(0), Vn.

Proof. Fix n. By (2.1), E(DY") = E{ha(S,)1(s > )} = E{ho(Sy +)1(g > a}}, which, by
(2.5), is ho(c). In particular, D™ is integrable.
Let us check the martingale property now. By the Markov property,?

BOG |7 = 3 E{ Y ha(V@)e " lyaza) %}
|y‘:n |z\:n+1, >y
[yl=n
where, for any r > —a,
— E{ Z h/ V(Z)frl{v(z)_;'_rz_a}}? r Z —q.

By (2'1)7 (I)(r) = E{ha(Sl + T)eirl{slﬂ“Z*a}} =e’ E{ho(sl +r+ a) 1{51+T2*a}}7 WhiChv
according to (2.5), is nothing else but e "ho(a + ) = e "hy(r). Therefore,

E(D) [ F0) =D e Oha(V(9) Lviys—a) = DI,
ly[=n
proving the lemma. ]

Since (Dﬁla)) is a non-negative martingale with E(Déa)) = h,(0), there exists a probability
measure Q@ such that for any n,

D(a)
@, == Pl .
Q ’J”n ha (O) o ‘/n
We observe that Q) (non-extinction) = 1, and that Q@ (D) > 0) = 1 for any n.
[Strictly speaking, to make our presentation mathematically rigorous, we need to work

on the canonical space of branching random walks (= space of marked trees) and use the
rigorous language of Neveu [28] to describe the probabilities P and Q@ as well as the
forthcoming spine (wﬁf‘), n > 0). We continue using the informal language, and referring
the interested reader to Lyons [22] or Lyons and Peres [24], for a rigorous treatment. We
mention that in the next paragraph, while introducing the spine (wq(za)), we should, strictly

speaking, enlarge the probability space and work on a product space.]

2For any pair of vertices x and y, we say z > y (or y < x) if either y = x, or y is an ancestor of x; we say
x>yifx >y but x#y.

11



Recall that the positions of the particles in the first generation, (V(z), |z| = 1), are
distributed under P as the point process ©. Fix a > 0. For any real number u > —a, let
0" denote a point process whose distribution is the law of (u+V (), |z| = 1) under Q+e).

We now consider the distribution of the branching random walk under Q®). The system
starts with one particle, denoted by w((]a), at position V(w((]a)) = 0. At each step n (for
n > 0), particles of generation n die, while giving birth to point processes independently of

each other: the particle wi® generates a point process distributed as C:)Ef() (

) n

N whereas any

particle z, with |z| = n and = # wl , generates a point process distributed as V(z) + ©.

The particle wr(fjr)l is chosen among the children y of w,(la) with probability proportional to

ha(V(9)e V@1 ()5 _ay. The line of descent w® := (wr({l),n > 0) is referred to as the
spine. We denote by B(® the family of the positions of this system.?

Proposition 3.2 Assume (1.1). Let o > 0. The branching random walk under Q*), has
the distribution of B(*).

The probabilistic behaviour of the spine is given by the following proposition.

Proposition 3.3 Assume (1.1). Let a > 0.
(i) For any n and any vertexr x with |x| = n, we have
ha(V (@)™ 1y >0
Dy ’

(3.1) QN {uw = x| .} =
(ii) The spine process (V(w%a)), n > 0) under Q\Y, is distributed as the centered random
walk (S,, n > 0) under P conditioned to stay in [—a, 00).

Since DY > 0, Q@-a.s., identity (3.1) makes sense Q(®-almost surely. In Proposition
3.3 (ii), the centered random walk (S,,) (under P) conditioned to stay in [—«a, c0) is in the
sense of Doob’s h-transform: it is a Markov chain with transition probabilities given by

ha
(3.2) P (u, dv) = 1o>—a ng;p(u, dv), u 2> —a,
where p(u, dv) := P(S; + u € dv) is the transition probability of (S,,). Proposition 3.3 (ii)
tells that for any n > 1 and any measurable function g : R"** — [0, c0),

1

(33 Bquly(V®), 0i<n) =0

E|g(S;, 0<i<n)ha(S) 1{§n2_a}].

3The spine process w(® is, of course, part of the new system. Since working in a product space and
dealing with projections and marginal laws would make the notation complicated, we feel free, by a slight
abuse of notation, to identify B(®) with (B(®), w(®).
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Propositions 3.2 and 3.3 are reminiscent of Lyons’ spinal decomposition for branching
random walks ([22]). The proof of Propositions 3.2 and 3.3, presented in Appendix A, bears
much resemblance to Lyons’ proof.*

The spine decomposition will allow us, in the next section, to handle the first two moments
(@)
of % under Q)

(a)
4 Convergence in probability of % under Q@

Wy converges in probability (under Q(®)). We

na)

The aim of this section is to prove that Y-

e
do this by estimating EQ@(W) and EQ(a>[( (a)) ] by means of Proposition 3.2 and its

consequence (3.3).

Proposition 4.1 Assume (1.1), (1.4) and (1.5). Let o > 0. We have

Wi 0
(4.1) Eq <W> ~oR
Wa™\2 6?
(4.2) EQ@[(W) ] ~ 2 asom
Dy, n

where 0 € (0, 00) is the constant in (2.8). As a consequence, under Q@)

W
lim n'/? F =0, i probability.
n—00 @
n

The last part (convergence in probability) of the proposition is obviously a consequence
of (4.1)—(4.2) and Chebyshev’s inequality.

The rest of the section is devoted to the proof of (4.1) and (4.2). The first step is to
represent W{(la)) as a conditional expectation. Recall that .%, is the sigma-algebra generated

by the ﬁrst n generations of the branching random walk.

Lemma 4.2 Assume (1.1). Let o > 0. We have, for any n,

Wi 1
o = = Eq@) (—(a ’ L%z),
Dy, ha(V (wi))

Wn,

()

where wy, ' 1s as before the element of the spine in the n-th generation.

4Lyons’ spinal decomposition, recalled as Fact 6.2 in Section 6, will be useful in the proof of Theorem 1.2.
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@ [0 @ =g | 7, . .
Proof. We have EQ(Q)(W Fn) = 2 jaj=n Q L(V(x))"? ! which, according to (3.1),

7V (z) W(“)
equals Zm =n D(a) lyv@3z-a} = D" -

(),

We are now able to prove the first part of Proposition 4.1, concerning Eq« )

wie

Proof of Proposition 4.1: equation (4.1). By Lemma 4.2, EQM)( @ ) EQ@(W),

which, by applying (3.3) to g(ug, u1, -+ ,uy) := ha(lun), equals ?—(B)a} By (2.9), P{S, >

—a} ~ Gsf/(f ) (as n — 00), from which (4.1) follows immediately. O

It remains to prove (4.2), which is done in several steps. The first step gives the correct
(@)
order of magnitude of Eq) [(W(M )2):

Lemma 4.3 Assume (1.1) and (1.4). Let a > 0. We have
Wi \2 1
EQ(@[(—( )> } :O<—>, n — o0.
Dna n
Proof. By Lemma 4.2 and Jensen’s inequality,
(a) 2 1
E —) | <E :
oo |(5) | < Bao (rm)
Dy [V (wr)))2
The expression on the right-hand side is, by (3.3),
1 (s > oy 1 1(s,>-a}
- m(lse) - p(lsen
he (0 ha(Sy) ha(0) " \ho(S, + )

)
Recall from (2.7) that ho(u) > ¢1(1 4+ u), Yu > 0. Therefore,

Wi \2
ha(0)c; x E (Q)K—) }
(0) e Q D)

1 _
< ( {8.> a})
- S, +a+1
|_n1/2j—1

1{—a+i<5' <—a+i+l, S, >—a} 1{S >—a+|nt/2], S, >—a}
S R
= Z Sp+a+1 * Sp+a+1

i=0
which, by Lemma 2.2, is

|nt/2]-1

1 (a+1)(i+1) P{S,>—a}
= ZZ:; i+1° n3/2 - |nt/2]
_ ") elat ) | P{S, > —a}
- n3/2 + Lnl/ZJ

14



By (2.9), P{S,, > —a} = O(—7), n — co. The lemma follows. O

Lemma 4.3 tells us that Vaer)(W(a)) = O(2), whereas our goal is to replace O(%) by

o(%). We need to do some more work.
Let E, be an event such that Q) (E,) — 1, n — oco. Let

1

ha(V (wi)) |#.)

n

En,pe = Eq <

(a)
Since W(a) = Eq (m | Fn) = &npe + Eqa( | Z#,.), we have

lEn
ha(V(wi™))

Wi \2 Wi Wi 1
E <a)[<—) } =Eqw [—an} +E <a>[ . -
Q D,(f‘) Q D,(f‘) n Q Dga) ha(V(w,(f‘)))

By the Cauchy—Schwarz inequality, we have

Wi Wi N2 12
Fqe [Wgnﬂﬁ} = {EQ(‘”KW) ” {Bqw (&6}

N O( 11/2>{EQ°‘>(nEC)}1/2

the last identity being a consequence of Lemma 4.3. So (4.2) will be a straightforward
consequence of the following lemmas.

Lemma 4.4 Assume (1.1) and (1.4). Let o > 0. For any sequence of events (E,,) such that
QY(E,) — 1, we have

1
EQ@(fZ’E%) = 0(5), n — oo.

Lemma 4.5 Assume (1.1), (1.4) and (1.5). Let o > 0. There exists a sequence of events
(E,) such that Q) (E,) — 1, and that

w1 02 1
EQ(a) En ] < —+o<—>, n — o0.
D

) Conses

Proof of Lemma /4.4. By Jensen’s inequality, EQ(a)({Z’Eﬁ) < Equo
quently, for any € > 0,

1{v<w$ﬁ>><sn1/2}>

Eqw (& ) < Equ 1, @ye 12y ) T Eq@
G ° <[ha<v<wff>>>]2 wukzens) + B ([ha<v<w,<f)>>]2

1
- EQ(Q)< 1@ oo ) +E<M 15 >7a}>7
[V (w2 10 R R (S0)ha(0) 75

15



the last identity being a consequence of (3.3). Recall from (2.7) that h,(u) = ho(u + ) >
c1(14+u+a), Yu > —a. Hence

(@)(Re 1 1 Sp<enl/2 S >—a
EQ(Q)(€Z7E%) S Q ( ’rL) ( { < » S }>

E0+en 2+ a2 o ha(0) S tatl
1 1 lig, centz, 5 >—a)
- o) k(s
O(n) +cl he(0) S,+a+1

the last line following from the assumption that Q(®)(E¢) — 0. For the expectation term on

the right-hand side, we observe that, by Lemma 2.2,

1 e [en'/2+a]—1 1
{Sn<enl/?, S >—a} {—a+i<Sn<—a+i+1, S, >—a}
B( ) < B( =)
S, +a+1 - ; S, +a+1
[en'/2+a]—1

e A R REE
[en'/? + a] cs(a + 1)
3/2 :

VAN

We have therefore proved that

1

12 1 ol es(a+1)
Q( )(fn,En) >0 n +

n3/2¢1 hy(0)

, n — oo.

Since € can be arbitrarily small (whereas the constants ¢; and ¢3 do not depend on ¢), this
yields Lemma 4.4. U

The proof of Lemma 4.5 needs some preparation. Let k, < n be an integer such that
k, — 0o (n — 00). Recall that we defined Wi — Z| ~V(z)

x with |z| =n and = # w,(f‘), there is a unique ¢ with 0 < ¢ < n such that w'® < z and that

i

e 1iv(2)>—ay. For each vertex

z|=n
wz(j‘_)l £ x. For any i > 1, let

R\ = {|a:\ =i x>wY, v wga)}.

[In words, RZ(O‘) stands for the set of “brothers” of wl(a).] Accordingly,

n—1
a -V wﬁla) —V(x
W =e "L e Y D Y e s a.

=0 yERz('i)l |z|=n, x>y

16



We write

fen—1
qua)v[O,kn) — Z Z Z 1{v(x)> a}s

=0 yEREa) |z|=n, x>y

e ] er(wif))l{ @5 a}+z Z Z 1 v @)>—a}s

1=kp, yGRED‘) |z|=n, x>y

so that W, = W0k yprledlen] yyo define DI0Fn) and piedtknn] similarly. Let

By = (kP <V@®) <k (V@) > k%,
i=kn
nd (@) (@)
Eaa = ({2 0+ (V) = Vi) e VOVl g o ey,
=y
& 1
By = Do < 11
) n — n2
We choose
(43) En = L1 M En,2 N En,3-

Lemma 4.6 Assume (1.1), (1.4) and (1.5). Let « > 0. Let k,, be such that k, — oo and
that % — 0, n — oo. Let E, be as in (4.3). Then

lim QY (E,) =1, im  inf  QW(E,|V(w™)=u)=1.
n—oo nﬁ)ooue[k}/?’, ] "

Proof. Write, for i > 0,

(o)
R’Lil

[Thus E,» = (2, EW]
For z > —a, let QZ be the law of B, (in Proposition 3.2) when the ancestor particle is
located at position z. [So Q(()a) = Q@] We claim that

(4.4) STQWEY)] < o, Ve -a,
>0

(4.5) lim " QW[(E)] = o.
i>0

17



To check (4.4) and (4.5), we observe that by Proposition 3.2, for any integer ¢ > 0 and
real number u > —a,

an)[(Eéi))c | V(wfa)) = = Q(uoc){ Z (14 (V(x) — U)Jr]ef[\/(z)fu] > e“/2}

a)

xeRg
< QU D1+ (V) —w)tle VO s 2,
|z|=1

which, by definition, is (E, being the expectation with respect to the law of the branching
random walk with the ancestor particle located at u)

2y ha(V))e™ Y Ly gyz—a) 1
[ ha(’LL) - {Z\ \:l[1+(V($)_U)+]67[V(3¢)*u]>eu/2}:|

E D yiet a(V(y) +w)e VO 1y s oy
Oé(u) {Z|z|:1[1+V(z)+]e*V(z)>eu/2} .

By (2.7), there exists a constant ¢ > 0 such that %();r“) < ¢ % = [l +
V(y
u-i-(a)-i-l] thus
QOB V™) =] < aoB| 3 e s e v
ly[=1
1
+ —V(y)
+u +a+1 |21 Viy ! 1{Z|$| 14V (z) eV (@) >eu/2})
X1,z
{X+X>eu/2}

where X := Z|y\:1 eV® and X = Z\y|=1 V(y)*te V¥, Consequently,

X 1{X+)~(>esi/2}i|

(@) 1/ p(i)ye (@) _
QUIE)] < e (B@EY) [ X iy sy + 5y o]

where, on the right-hand side, we assume that (X, X ) and S; are independent, the expec-
tation E being for (X, X), while the expectation E for S;. Here, EX stands for the
expectation with respect to p , the law of the h-process of (S;) starting from z and con-
ditioned to stay in [—a, 00); the transition probabilities of this h-process being given in
(3.2).

Let us consider the expression on the right-hand side. We first take the expectation for
S; with respect to EX*). The event {X + X > e5/2} can be written as S; < 2log(X + X).

18



Therefore, by the definition of EE;)‘), for any x > 0 and = > 0,

T 1{x+5>e5i/2} }

(@)
E; ["E e |

T 1{5;,12<2log(x17)} )]

1
= —E|:ha SZ 1:g —z—a( 1 i+2z og(z+x
B (Si+2) Ls,z-s-ap (T Mscrrazioneim) + —g - 07

ho(z
which, by (2.7), is

s T 15,1 2<2108(a+7)}
< E|:Sz 1 1 > —z— < ]- i+2 og(z+x >:|
S @Bl Erat Dz (@ Hsamem + —g 5700
ci[z(1 +log, (v + 7)) + 7]

> , L
< ha(2) P{ﬁz_ z—aq, Sz—i—z<2log(m+x)}

Applying Lemma 2.6 yields that

Tl ~ s/
E@[m . +M}

izzo ) lod>e®) T TG a1

cro[z(1 +log, (z + 7)) + 2] [1 + log, (z + Z)] [1 + min{log, (z + Z), z}]

N ha(2)

Taking expectation for (X, X), using (1.6)—(1.8), and recalling from (2.6) that ha(z) grows
linearly when z — oo, we obtain (4.4) and (4.5).

We now prove that Q) (E,) — 1, n — oco. Since E, = E,1 N E,5N E, 3, let us check
that lim,,_,, Q@( E,.) =1, for £ =1 and 2, and that lim,,_, QW (E° ;N E,1NE,3) =0.

For E, 1: Proposition 3.3 says that (V(w e )), n > 0) under Q@ is the centered random
walk (S,,) conditioned to stay in [—a, 0o); so it is clear that Q) (E, ;) — 1, n — oo.

For E, »: this follows from (4.4) (by taking z = 0 there).

For E, 3: Let Gy = U{V(w,(ca)), V(z), z € R,(Cojr)l, k > 0} be the sigma-algebra generated
by the positions of the spine and its brothers. We know that the branching random walk

rooted at z € Rga) has the same law under P and under Q(®). Therefore,

EQ@[D(O‘) nn]|g | = ho(V(w! (a) Z Z ha(

i=kn seR(®)

For z € R\, we have ho(V(2)) < 13 [1 4+ a+ V(w!™)] [1 + (V(2) = V(w*))*]. Therefore,

1
(46) 1En,1ﬂEn,2 EQ(Q) [D(Ot) Jkn,m) | goo] = O<n2> n — 0o,
where the 0( ) term on the right-hand side represents a deterministic expression. By the
Markov inequality, we deduce that Q™ (E¢ w3 N B N Ey) — 0, n — oo.
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It remains to check that Q NE, | V(w,(gi)) = u) — 1 uniformly in u € [k,lq/?’, ky).

By (4.5), Q*(Ey 5| V( ) = u) — 0 uniformly in u € [kyl/g, k], whereas according to
(4.6), 15, ,n5, , Q™ )( nal QOO) is bounded by a deterministic expression which goes to 0 when
n — oo. Therefore, we only have to check that Q™ (E,,; | V(w,(f:)) = u) — 1, uniformly in
u € [k'®, k). By Proposition 3.2 and (3.2),

QW (Epr | V(w™) = u) =

ha(u)E[ha(S"_k" LEORTER L

Let co := limy h“t(t) as before, and let n € (0, ¢p). Let f,(t) := (co — n) min{¢, %} Then

ha(t) > b f,(£) for all sufficiently large ¢ and uniformly in b > 0. We take b := (n — k,)"/%0

(with 0% := E[S?] as before), to see that for all sufficiently large n and uniformly in u > k/®,

o (@) _ (n — k)"0 Sty U
QEw V() =) 2 B (g s, e

B Y
- % [f”( n(k—+k:>1/2kl6>1{sn kn>k”6fu}]

Remember that n"{’;Q — 0. By (2.10), as n — o0,

n—kn T U — ! Oho(u — k1/6) -y
B[ () s ] ~ oy [,

1/6

uniformly in u € [k, k,]. Consequently,

liminf inf Q(E,,| V(w,(;j)) =u) > 60/ te’tz/zfn(t) dt
0

n— 00 uE[k’l/3 kn)
Note that [;7te /2 f,(t)dt > (co — 1) fol/n t2e7""/2dt. Letting n — 0 gives

. (@) (a) 1/2
liminf —inf  Q"W(E,.|V(wy, ) =u)> 00(90(2) =1,

n—o00 uelkh 11/3  kon]

the last identity following from (2.12). Consequently, Q™ (E, | V(w,(ci)) = u) — 1 uniformly
inue [k:,ll/?’, k,]. Lemma 4.6 is proved. O

We now proceed to prove Lemma 4.5.
Proof of Lemma 4.5. Let k, be such that k, — oo and that 1/2 — 0, n — oco. Let E, be

the event in (4.3). By Lemma 4.6, Q) (E,) — 1, n — oo.
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On FE,, we have pled-lhnan] < # In particular, since () tenom] < D,(@a)’[k"’n], we have
ek lnnl - as well. Since o (0)ho (V (w'™)) > 1, this yields
Wrga)f[knvn] 1 Tga)’[kn’n]
(47) EQ(a) |: (a) En(a) ] prmd E|: W 1(Eo:l) ] = O<l) .
Dy ho(V(wn)) ha(0) ha(V (wn™)) n
It remains to treat W’(La%f’kn) en  Since DI > D) it follows from Proposition
D ha(V(wi) ’
3.2 that
B [V L, ]
@ DY o (V(wl™))
(0),[0,kn)
< Eq@ W?a) [0,kn) 1En(a) ]
Dy b (V(wn 7))
W(a)v[ovkn) 1
o N
(4.8) < Equw ( D@):[0kn) 1{V(w§fl>)e[k,i/37kn]}) ue[:l%)k }Eu <ha(5n—kn))'
[Notation: 3 := 0 for the ratio %]

For any u > —« and j > 1, we have Ega)(ﬁsj)) = hal(u) P{S; > —a — u}, which yields,
by (2.11),

su E(O‘)< ! ) o i n — 0o
ue[kzl/?kn] uw ha(Sn—kn) (n _ kn)l/Q ni/2’ .

Going back to (4.8), we obtain:

éa),[o,k‘n) ]-E 0 + 0(1) Wrg,a)7[07kn)

Eq@ (Wl{vwﬁ)qk% 3,kn1}> '

n

Dy ha(V(wff“)))} ol

Eqw@

We claim that

W(a)7[ovkn)
; 1/2 o
(4.9) lim sup 7= Eque) ( D0k 1{V(w£i>>e[ki/3,kn1}> =90
Then we will have (0
Wna e 1E 92 1
Eqo | <5+ o(3):
Q=) DT(LQ) ha(v(wgy») = + o0 n

which, together with (4.7) and remembering W\® = W0k oy enl - il complete
the proof of Lemma 4.5.
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It remains to check (4.9). By Proposition 3.2,
(@) [0kn)

Eq (n—lEn>
Q Dﬁf‘)’[o’kn)
(a)v[ovkn) ( ) ( )
n «a X))\
> EQ(a) (Wl{vm,@)e[k”s }}> e[kllr}?f’ ]Q (En | V(wkn ) =u).

By Lemma 4.6, inf _ R g Q B, ]V( ) u) — 1. Therefore, as n — oo,
Wéa 10,k (@) 0kn)
B (T tamry Lyl en ) < (1+00) Bow (S immy e )
Dn DTL
Since D0k > Wéa)’[o’k”), we have

W(a)7[0’kn) W(Q),[O,kn) 1
Wo ™ Wa " @(pl < 1
Equ Do) L, ) < Bqo D) e L,y ) + QO (DI < 7).

Let 0 < m; < 1. By the Markov inequality, we see that Q(“)(D,(f‘) < %) < %EQ(Q)(ﬁ) =

— h . On the other hand, we already noticed that Dl g g, 1s bounded by a determin-

1st1(: o(n). Therefore, for all sufficiently large n, DY* " < p, DI on E, n {DY > 11
Accordingly, for all sufficiently large n,

WT(La),[O,kn) 1 WT(La),[O,kn) 1
EQ@ (WlE ) < Eq(a> (TlE m{D“‘)>l}> + —-
Dn s Yslvn ]_ J— 771 Dn n n n n h/a(o)
1 Wi 1
Y L
= —m Q@ D;a) + nha(O)

On the right-hand side, EQ@(%) ~ # (see (4.1)). It follows that

1/2 W) 4
llfflj;jp n" Equ < D) 0:kn) l{v(w,ii))e[k;/3,kn}}) = 1—mn
Sending 7; — 0 gives (4.9), and completes the proof of Lemma 4.5. O
Proof of Proposition 4.1: equation (4.2). Follows from Lemmas 4.4 and 4.5. O

5 Proof of Theorem 1.1

Assume (1.1), (1.4) and (1.5). Let a > 0. By Proposition 4.1, under Q®, 1/2V[[)/((a>)
converges, as n — 00, in probability to 6. Therefore, for any 0 < e < 1,

W(Oé)
(@ ] 120
Q/{]n o

—9‘>95}—>0, n — oo,
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that is,
E [D("‘) 1

n 0, n — oo.

(@)
{|n1/2 Vg?w —0|>0¢}

Recall that P*(e) := P(e|non-extinction). By Biggins [6], condition E(}_,_, e V@) =
1 in (1.1) implies that inf|;—, V(2) — oo P*-a.s.; thus infj; 5o V(z) > —oco P*-a.s.

Let Q := {inf ;>0 V(z) > —k} N {non-extinction}. Then (2, k& > 1) is a sequence of
non-decreasing events such that P*(Ug>182;) = P*(non-extinction) = 1. Let n > 0. There
exists kg = ko(n) such that P*(Q,) > 1—1n.

Since 1Qk0 < 1, we have

E|D 1 lo,| >0, no o

(a)
T {2 Was g >6¢)
DTL

Because Dﬁ[l) > 0, this is equivalent to say that, under P,

(5.1) D) 1{‘ PRI lo,, =0,  in L'(P), a fortiori in probability.
n Dsla) - e

On ,, we have W = W, for all n and all & > k. For the behaviour of D', we
observe that according to (2.6), there exists a constant M = M (e) > 0 sufficiently large such
that

co(l —e)u < ho(u) < co(1+e)u, Yu > M.

We fix our choice of v from now on: « := ko + M. Since ho(u) = ho(u + «), we have, on
Qo 0 < (1 —)(V(x) + ) < ho(V(2)) < co(1+¢)(V(x) + a) (for all vertices z), so that
on Qy,,

0 < co(1 —&)(Dy + aW,) < DY < co(1 + &) (D, + aW,), Vn.

[We insist on the fact that on Q,, D,, + aW,, > 0 for all n.]
Recall that D, — #* > 0, P*-a.s., and that W,, — 0, P*-a.s. Therefore, on the one
hand, liminf, DI > co(lL —e)#™* > 0, P*-a.s. on {,; on the other hand, on ,,

A, C {mmw TS 95}, Vn,

DY
where
4% W,
a0 W a0 W1 o)
n Dn—l—onn>( +£)%co n Dn+onn<( £)“cy

In view of (5.1), we obtain that, under P*,
14, 1q,, —0, in probability,
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ie., P*(A,NQy,) = 0, n — co. Since P*(§2,) > 1 — n, this implies

lim sup P*(4,) <.

n—oo

—2.)1/2 according
yixea

to (2.12). O

In other words, n'/ Qg—: converges in probability (under P*) to ¢y #, which is (=23)

6 Proof of Theorem 1.2

We first study the minimal displacement in a branching random walk. Recall that
P*(e) := P (e | non-extinction).

Theorem 6.1 Assume (1.1), (1.4) and (1.5). We have

lim inf (min V(z) — 1log n) = —00, P*-as.

Remark. Although we are not going to use it, we mention that minj,—, V'(x) behaves typi-
cally like 2 logn: if conditions (1.1), (1.4) and (1.5) hold, then under P*, @ min,—, V(z) —
3 in probability; see [15], [1] or [4] for proofs under some additional assumptions. A proof
assuming only (1.1), (1.4) and (1.5) can be found in [2]. In particular, we cannot replace
“liminf” in Theorem 6.1 by “lim”. U

By admitting Theorem 6.1 for the time being, we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. By definition, W, = 37,,_, e V@) > exp[— minj,—, V(z)]. It follows
from Theorem 6.1 that

(6.1) lim sup n'/2 W, = oo, P*a.s.

n—oo

On the other hand, D,, — #* > 0, P*-a.s. (see Theorem B in the Introduction). Therefore,

lim sup,, ., n'/2 52 = oo, P*-a.s. O

The rest of the section is devoted to the proof of Theorem 6.1. We use once again a
change-of-probabilities technique. This time, however, we only need the well-known change-
of-probabilities setting in Lyons [22]: Under (1.1), (WW,,) is a non-negative martingale, so we
can define a probability Q such that for any n,

(62) Q|7n = Wn‘Plfn
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Recall that the positions of the particles in the first generation, (V' (z), |x| = 1), are dis-
tributed under P as the point process O; let O denote a point process whose distribution is
the law of (V (), |z| = 1) under Q.

Lyons’ spinal decomposition describes the distribution of the branching random walk
under Q; it involves a spine process denoted by (w,, n > 0): We take wy := @, and the
system starts at the initial position V(wg) = 0. At time 1, wy gives birth to the point process
©. We choose w; at step 1 among the offspring = with probability proportional to eV ).
The particle wq gives birth to particles distributed as 5) (with respect to their birth position,
V(wy)), while all other particles in the first generation, {z : |z| = 1, 2 # w;} generate
independent copies of © (with respect to their birth positions). The process goes on. The

new system is denoted by B.

Fact 6.2 (Lyons’ spinal decomposition) Assume (1.1). The branching random walk

under Q, has the distribution of B. For any |x| = n, we have

(6.3) Q(w, =z | F,) =

The spine process (V(wy))n>0 under Q has the distribution of (Sy)n>0 introduced in Section
2.

Lyons’ spinal decomposition is used to prove the following probabilistic estimate.

Lemma 6.3 Assume (1.1) ,(1.4) and (1.5). Let C > 0 be the constant in Lemma 2.5. There
exists a constant ci4 > 0 such that for all sufficiently large n,

1 1
P{Ela:: n < |z| < 2n, ilogn <V(x) < élogn—i-C'} > 4.

Proof of Lemma 6.3. The proof of the lemma borrows an idea from [2] (see (6.6) below). We
fix n and let
0 if0<i<2
ai:ai(n);:{17 1 n_21_27
slogn, if § <i<2n,
and for n < k < 2n,

= 95

it ifo<i<?
(k=912 if 2 <i<k
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For any vertex y, let as before y; denote its ancestor at generation i (for 0 < i < |y|, with
Yy = y) and R(y) be the set of brothers of y. We consider

2n
zm = "z,
k=n+1
ZM = #(E,NF),
where
1

Ly = {?Ji lyl =4k, V(y:) > a;, VO<i <k, V(y) < §1Og”+0}a
B o= {ysyl=k Y D4+ (V() =) VO <ege ™, vo<i<k -1},

UER(yiJrl)

[So if z € By, then 3logn < V(z) < 3logn+C. The set Ej, here has nothing to do with the
event F, in (4.3).] The constant ¢i5 in the definition of F} is positive and will be set later
on. We make use of the new probability measure Q introduced in (6.2): for n < k < 2n,

E[ZIE )] :EQ[WL]C} :EQ[Z {GTI;IC}]’
lz|=k

WhiCh7 by (63), is = EQ[ZM:k ]_{erkka} ev(’”) l{wkzm}] = EQ[eV(wk) 1{wk€Ekka}]. Thus,
(n) 1/2

We need to estimate Q(wy € Ei, N Fy). By Fact 6.2, the process (V(wy,))n>0 has the law of
(Sn)n>0. Therefore,

(6.5) Q(wkEEk> :P{Sizai’ V0<i<k, Skéélogn—kC}e [Clﬁ 017}7

n3/2’ p3/2

by Lemmas 2.4 and 2.5. We now use Lemma C.1 of [2], stating that for any ¢ > 0, it is
possible to choose the constant ¢i5 (appearing in the definition of F},) sufficiently large such
that for all large n,

5
(6.6) max Q(wk € By, wy ¢ Fk> < RETEE

k: n<k<2n

[The uniformity in k& € (n, 2n]NZ is not stated in [2], but the same proof holds.| In particular,
choosing ¢ := 4% (c16 being in (6.5)) leads to the existence of c15 such that for all large n,

C16
Q(U)k € Ek, W € Fk) > W
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It follows from (6.4) that for all sufficiently large n,

n 1/2 Ci6
(6.7) E[Z™] > Z / S 2 s
k=n+1

We now estimate the second moment of Z(. By definition,

B0] = Y Y mlAnz] <2 30 Y A7)

k=n+1/l=n+1 k=n+2 {=n+1

Using again the probability Q, we have for n < ¢ < k < 2n,

E[Z,i 'z, )] = Eq [Z‘S ; Wk} Eq [Z( Y %ﬁjm] = Eq[Z" ¢ ™ 1{u,cp,np)]
lz|=k

by (6.3), and thus is bounded by e“n'/2 Eq[Z{™ 1 (4, cr.nm3]. Therefore,

E|:(Z( )) i| < 260n1/2 Z Z EQ[ l{wkEEkka}}

k=n+2 {=n+1

We now estimate EqlZ, () 1{w.cr,nr,}] on the right-hand side. It will be more convenient to

(n)

work with Y 1= |sj=¢ L{zer,} which is greater than Z,". Decomposing the sum Y (for

n < {<2n) along the spine yields that

¢
V" = ey + ) D Y ()
i=1 yeR;
where R; := R(w;) is the set of the brothers of w;, and Ye(")(y) =#{zr: |jz|=0, x>y, x €
E,} the number of descendants x of y at generation ¢ such that = € E,. By Lyons’ spinal de-
composition (Fact 6.2), the branching random walk emanating from y € R; has the same law
under Q and under P. Therefore, conditioning on 9 := o{V(w;), w;, R;, (V(y))yer,, J =
0}, we have, for y € R;,

Eq [Y;”) |%>} = i e(V(y),

where, for r € R,

@i (1) :E[ E 1{T+V(xj)2aj+i,V0§j§€—i, r+V(2)<3logn+C} |-
|z|=0—1
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Consequently,

2n k
E[(Z(”))Q] < 2% 3 Y Q{wk € BN F, wgeEg}

k=n+2 {=n+1

2n k 4
+2en1/? Z Z Z Eq [1{wkeEkﬂFk} Z SOM(V(?/))]

k=n+2 {=n+1 i=1 yER;

Recall from (6.7) that E[Z™)] > ¢i5. Since P(Z™ > 0) > %, the proof of Lemma 6.3

is reduced to showing the following estimates: for some constants c;g > 0 and ¢y > 0 and
all sufficiently large n,

2n k
C
(6.8) > Y Qluen, wer} < o

k=n+2 {=n+1

(6.9) > > D Ea|luenony 3 vulV)| < 5

k=n+2 {=n+1 i=1 YER;
Let us first prove (6.8). By Fact 6.2, for n < ¢ < k < 2n,
: 1 1
Q{wr € By, wy € By} = P{Si >a;, V0<i<k, S < ilogn—l—C, Sk < §logn+0}
- E{l{sizai,vogigz, S¢<3logn+C} pk,é(sé)}:

where® pyo(r) :=P{r+5; > slogn, V1 < j < k—{, r+S,_¢ < 3logn+C} (for r > Llogn).
Applying Lemma 2.2 to a :=1r — %logn and b := 0, we obtain, for r > %log n,

r—ilogn+1
< 2
pk,ﬁ(r> =~ (]i] — g‘i‘ 1)3/2 )
which leads to:
C21 1
Q{wk S Ek;) Wy S EZ} S m E{I{Szza“VOSzSZ, Sgﬁ%logn-i-c} (SE - 5 logn + 1)}
(C+1) Co1 . 1
—P{i>i, <i<l S <=1 }
S G=ix1)e S; > a;, VO<i</ Sg_zogn+0

< (C+1)co  co
= (k=0 +1)32 p32

the last inequality following from Lemma 2.4. This readily yields (6.8).

®Since ¢ > n, we have, by definition, a; = %logn for i > £.

28



It remains to check (6.9). By (2.1),

wie(r) = E [ese’il{wrsjzaj% V0<j<b—i, r4S;_ ;<% log n+0}]
1
(6.10) < nl/QeC”"P[r—l—Sj > i, VO< j<Ll—i, r+S; < §logn+C )

From here, we bound ¢;¢(r) differently depending on whether 7 < % or i > 7.
First case: i < 4. By considering the j = 0 term, we get ;,(r) = 0 for » < 0. For
r >0, we have, by (6.10) and Lemma 2.4,

1 c
r+ ¢ 0236_7"(’["—{—1),

) 1/2 .C—r _
(6.11) @ie(r) < n/7e” " e 372 "

so that writing cay := €% o3 and Eqlk, i, (] := Eq[1{uw,cr,} > yer, Pie(V(y))] for brevity,

. C _
Eqlk,i,(] < %EQ [1{wkeEka} > Lywzae VPV (y) +1)}

yeER;
Co4 _
< 2 Bo|luernmy y_ e WV +1)].
yeR;

By definition, we have Y . e V@ (V(y)* +1) < c1ze~ DY when wy, € Fj. It yields that

C24C15C17 __(j—1)1/12

. C24C15 _(j—1)1/12
EQ[k7Z7£] S Te Q(wk € Ek’) S n5/2

by (6.5). As a consequence,

2n k
C25
(6.12) S0 D Eoflumeny Y wulVw)] < <o
k=n+2 f=n+11<i<% yeR;
Second (and last) case: § < i < (. This time, we bound ;(r) slightly differently.
Let us go back to (6.10). Since ¢ > %,
@ie(r) =0 for r < §logn, whereas for r > 1logn, we have, by Lemma 2.2,

we have a;1; = %logn for all 0 < 7 < ¢ — 4, thus

C26

] 1/2 C—r
pielr) < e it

1
— §logn+ 1).

nl/2
itz how. From here,
we can proceed as in the first case: writing again Eq(k, 4, (] := Eq[L{uwem,} D_yer, Pie(V (v))]

This is the analogue of (6.11); noting that the factor % becomes

for brevity, we have

) Cope” nl/? =V(y) 1 +
Eqlk,i,(] < WEQ [1{wkeEkﬂFk} > e W[(V(y) - 5 logn)" +1]
yeER;
C 1/2 —(k—i+1)1/12
Co€ C15 T €
S Co7 —(k—i+1)1/12

(C—i+ 122" !
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where the last inequality comes from (6.5). Consequently,

S Y Bafluweny Y wulVw)] < 2.

k=n+2 f=n+1 5 <i<( yeR;
Together with (6.12), this yields (6.9), and completes the proof of Lemma 6.3. O
We have now all the ingredients for the proof of Theorem 6.1.

Proof of Theorem 6.1. Assume (1.1) ,(1.4) and (1.5). Let K > 0.
Assumption (1.1) ensures P{min,—; V(z) < 0} > 0. Therefore, there exists an integer
L = L(K) > 1 such that
Cog = P{ min V' (z) < —K} > 0.

|z|=L

Let ng := (L +2)*, k > 1, so that ngy, > 2ny + L, Vk. For any k, let

1

|z|=i

where C' > 0 is the constant in Lemma 6.3. If T}, < oo, let x; be such that |z;| = T}, and
that V(z) < §logny + C. [If there are several such zy, any one of them will do the job, for
example the one with the smallest Harris—-Ulam index.] Let

Gy o= {T} < 2m} N { min[V (zyy) = V()] < —K},

where z,y is the concatenation of the words x; and y. For any pair of positive integers j < ¢,
¢ -1 -1
(6.13) P{UGk}:P{UGk}JrP{ﬂGzﬂGg}.
k=j k=j k=j
On {T; < oo}, we have

P{Gr| Z1} = Lrzan P{ min V(r) € =K | = 3 Lz con,

Since ﬂf;;;Gi is Zr,-measurable, we obtain:

—1 £—1 -1
P{ M asn Gg} - CQQP{ NG n{T < 2ng}} > o9 P{T} < 204} — czgp{ U Gk}.
k=j k=j k=j
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Recall that P{T; < 2n,} > ¢14 (Lemma 6.3; for large ¢, say ¢ > jo). Combining this with
(6.13) yields that

{UGk} (1 —c20)P {GGk}“‘CMCQQ; Jo<j<{.

k=j
Iterating the inequality leads to:

l—j—1 l—j—1

{ U Gk} (1 — ca9) ™ P{G;} + cracan Z (1 — ca9)" > cracag Z (1 — cap)’
=0 =0

This yields P{Uk G} > c14, Vi > jo. As a consequence, P(limsup,_, . Gi) > c14.
On the event llm SUDj_ oo Gk, there are infinitely many vertices x such that V(z) <
+log|z| + C — K. Therefore,

P{ lim inf (min Vix) — 1logn> <C - K} > Cl4.

The constant K > 0 being arbitrary, we obtain:

1
P{ lim inf (lrrllin V(z) — 3 logn) = —oo} > 4.
n—oo xrl=n
Let 0 < e < 1. Let J; > 1 be an integer such that (1 — ¢14)”* < e. Under P*, the
system survives almost surely; so there exists a positive integer J, sufficiently large such
that P*{le\:h 1> Ji1} > 1—¢e. By applying what we have just proved to the sub-trees of
the vertices at generation J,, we obtain:

1
P*{liminf (min V(z) — —logn) = —oo} >1—(1—cy) —e>1-2e

n—oo |x|:n 2

Sending € to 0 completes the proof of Theorem 6.1. O

Theorem 6.1 leads to the following result for the lower limits of min,—, V (), which was
proved in [15] under stronger assumptions (namely, E[(3_,_; 1)1+9] +ED - e~ (IHOV@)] 4
E> .- L V(@] < oo for some § > 0, and (1.1)). Recall that P*(e) := P(e | non-extinction).

Theorem 6.4 Assume (1.1), (1.4) and (1.5). We have

1
lim inf min V(z) = =, P*-as.
n—00 logn lz|=n 2
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Proof. In view of Theorem 6.1, we only need to check that lim inf,, @ minj,—, V(z) > 3,
P*-a.s.
Let k> 0 and a < 3. By formula (2.1) and in its notation,

E( ) 1{z<x>>fk}1{wx>smogn}> = E(es"l{gn»k}1{sn5alogn}>

|z|=n
< n"“P(ﬁn > —k, S, < alogn),

which, according to Lemma 2.2, is bounded by a constant multiple of n® (125,—72)2, and which

is summable in n if a < % Therefore, as long as a < %, we have

YD Ly ly@saogny <00, P-as.

n>1 |z|=n
By Biggins [6], condition E(},, _, eV@) = 1 in (1.1) implies that inf—, V(z) — oo
P*-a.s.; thus inf|,; >0 V(2) > —oo P*-a.s. Consequently, liminf,_,. @ min,—, V(z) > a,
P*-a.s., for any a < % O

7 Some questions

Let (V(x)) be a branching random walk satisfying (1.1), (1.4) and (1.5). Let as be-
fore P*(e) := P(e|non-extinction). Theorem 6.1 tells us that liminf, . [minj—, V(z) —
%log n] = —oo, P*-a.s., but it does not give us any quantitative information about how this
“liminf” expression goes to —oo. This leads to our first open question.

Question 7.1 Is there a deterministic sequence (a,) with lim,,_, a, = 0o such that

1 1
—o0 < liminf —(min V(z) — 5 log n) <0, P*-a.s.?

n—00  (y \|z|=n
Our second question concerns the additive martingale W,,. In (6.1), we have proved

that limsup,, .., n'/?W, = oo, P*-a.s., but the rate at which this “limsup” goes to infinity
remains unknown.

Question 7.2 Study the rate at which the upper limits of n*/> W, go to infinity P*-almost

surely.
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Questions 7.1 and 7.2 are obviously related via the inequality W,, > exp|— minjy=, V (x)].
It is, however, not clear whether answering one of the questions will necessarily lead to
answering the other.
. Wn _ * . . .
Theorem 1.2 says limsup,,_, . nl/QD—n = oo, P*-a.s. What about its lower limits? We

have a conjecture.

Conjecture 7.3 We would have

1/2
lim inf n'/? % = <l> ; P*-a.s.,

n—00 n To?

where o* = B[y, _, V(x)?e V).

A Appendix: Proof of Propositions 3.2 and 3.3

We fix a > 0.

Proof of Proposition 3.2. From Neveu [28], we know that we can encode our genealogical
tree T with % = {@} U~ (N*)". Let (¢,, © € %) be a family of non-negative Borel
functions. If Eg.) stands for the probability associated to the process B, we need to show
that for any integer n,

Eso{ [T 6:(V(@)} = B { T] ¢x(Via) }.

|z|<n |z|<n

or, equivalently (by definition of Q(®)),

(A1) By { [ ¢:(V(@)} = B{ f(m)) [T e.(v()}.
S

|z|<n z|<n

If we are able to prove that® for any z € % with |z| = n,

Eg{ [T ¢2(V(@))s vl =2}

|z[<n
2))eV P Ly)s-a
(A.2) = E{h“(v( ) ha(o)l“ = }|En¢x(v(x))}
Fz
= B{; 5 gn@(wx))},

We write Eg){&; A} for Eg){€14}.
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then this will obviously yield (A.1) by summing over |z| = n.

So it remains to check (A.2). For x € %, let T, be the subtree rooted at =, and R(x) the
set of the brothers of . A vertex y of T, corresponds to the vertex xy of T where xy is the
element of % obtained by concatenation of 2 and y. By construction of B a branching
random walk emanating from a vertex y ¢ (w,(@a), n > 0) has the same law as under P. By
decomposing the product inside Egw) {- - - } along the path [, 2], we observe that

Eg(a){ H ¢ (V wf! —Z}

lz|<n
= By { [ToaVa) [T ha(Vi@):wf ==},
k=0 TER(zy)

where z;, is the ancestor of z at generation k (with z, = z), and for any t € R and x € %,

by (t) = E{Hyejl‘z bey(t + V(y))1{|y\§n7\x|}} Similarly,

b {joy I o) = o e TT mvi}

zER(zk)

Therefore, the proof of (A.2) is reduced to showing the following: for any n and |z| = n, and

any non-negative Borel functions (¢, , hy).z,

g { [[o2 V() [ h(V(@): wl? = 2}

zER(zk)
F. +
(A.3) = E{ 1o (0) ,HO%( :pElI;[z ) . }

We prove (A.3) by induction. For n = 0, (A.3) is trivially true. Assume that the equality
(a)

n—1

holds for n — 1 and let us prove it for n. By definition of B given that w

probability to choose wl® = 2 among the children of w,, )1 is proportional to F,. Therefore,

if we write 9% = a{wlia), V(wk N, R(wl(C ) (V(y))yeR(wéa)), 0<k<n-—1}, then

= Zn—1, the

E3<a>{¢z(V(2)) I V(@) wi®

zE€R(z)

I
N
S
£
_
—

zE€R(2)
F, (@) ()
= Lo . Epw 0-(V() T ha(V(@) | (i, Viwi))
{ 1} {Fz Za:ER(z) Fz xél;{z) ! ! }



The point process generated by wﬁla) = 2,1 has Radon-Nikodym derivative

FZ+Z(EER(Z) Fy
an—l

with respect to” the point process generated by z,_; under P. Thus, on {wfla_)l = Zn_1},

F.
EB(a){ = h ‘ -1 V(wfmoi) ))}
Fz + ZmER(z) :EE];[ ) 1 !

= Bl 0.v() [T bV |[Vizn )} = eViza)

Zn—1

This implies Bgce {6:(V(2)) [Toene he(V(@)); 0 = 2|01} = 1 @ oy BV (zno)):
As a result,

By { f[()¢zk<v<zk>> [T AV ol - =}
- E3<a>{<1><v<zn_1>>ﬁ¢zk<v<zk>> [T rv@):w? =z},
which, by the induction hypothesis, is
_ E{f}zl@ H@k N IT he(ven}

= E{hiz()) ;H)%( D T heVen)

xER(zk)
the last equality being a consequence of the fact that ®(V(z,-1)) can also be represented as
E{lez: ¢-(V(2)) [ Luene) P (V (@) |V (2k), R(z1), (V(2), € R(z)), 0 <k <n—1}. This
yields (A.3). O

Proof of Proposition 3.3. Let (¢, x € %) be a family of Borel functions and z € % a vertex
with |z] = n. By (A.2) (identifying Eg@ with Eqw@ by Proposition 3.2),

z))e V() 2)>—a
Eqw{1m_y ] 6(V(@)} = E{h“(v( ) ha(())l{” 22 T (Vi) }

|lz|<n |z|<n

ha(V(2)e™VE) Liy()>—a
_ EQ@{ (V(2))e — Wz TT g, (v/( }

|z|<n

"Both point processes denote the absolute positions (i.e., not with respect to the birth place) of the
particles.
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This shows that ha(V(2))
« a o Z —Vi(z
QW(wl™ =z|Z7,) = —w © v )l{K(z)Z—oz}7
Dr,
which proves part (i) of the proposition.
To prove part (ii), we take n > 1 and a measurable function g : R — [0, c0), and

observe that

Equ[g(V(w™), 0<i<n)]

, ha(V(Z)) _vis
= Eqo( X o, 0sism 0 eviorny ), )
|z|=n n
1 . “V(z
= B gV (@), 00 < m)ha(V(@)e VD vy o),
2(0) T\ 2=

the last identity following from the definition of Q(®). Applying (2.1), we obtain:

o . 1 .
Eq[g(V(w!™), 0 <i<n)] = 7a0) E[Q(Sia 0 <i<n)ha(S,) 1{§nz—a}],
proving Proposition 3.3. 0
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