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1 Introduction

In social sciences it is more or less generally acknowledged that (social) networks seem

to be the natural tool in the organization of social activity. In the literature on the

mathematical description of social phenomena the concept of a network is hardly used.

In this paper we focus on the development of a possible mathematical formulation of

the properties of a social network within the setting of an economic trade system.

In the literature on general economic equilibrium theory one uses the concept of

a social system or an abstract economy to indicate a mathematical system that holds

the principal features of a trade economy with a Walrasian market system. Essentially

a social system consists of a set of agents and a mapping that assigns to every agent

some tuple of individual economic attributes. Usually one takes a topological attribute

space. In most cases we may therefore conclude that a social system is equivalent to

a subspace of a topological attribute space. We specifically refer to the literature on

attribute spaces, e.g., Hildenbrand (1974), Grodal (1974), and Mas-Colell (1985), as

well as to the literature on abstract economies, e.g., Shafer and Sonnenschein (1975)

and Vind (1983).

Within an abstract economy one describes the demand and supply of economic

commodities, which are based on the individual attributes of the economic agents and

certain prices that emerge on the markets. One of the major achievements of general

equilibrium theory is that equilibrium prices, which assign zero net demands, have been

shown to exist under conditions that allow for applying a fixed point argument. (For

a complete treatment of this problem we refer to Debreu (1959).)

Agents in a standard social system that represent consumers or producers, are

treated symmetrically. The same decision rule applies for all, and they differ only in

their individual attributes. This symmetry is characteristicfor the so called neoclassical

general equilibrium models. Any asymmetry between agents, caused by e.g. monopo­

lies or hierarchical industries, precludes general equilibrium analysis and requires the

economic analysis to be of partial nature. In order to introduce asymmetry between

agents with respect to either decisions, communication or productive capacities, we

have to design and to analyse models in which there exist a relational structure be­

tween agents. This has also been done by Myerson (1977). In Gilles and Ruys (1990)

and Gilles, Ruys and Shou (1991) the concept of a network has been introduced into

a social system.
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In order to capture asymmetric features of economic agents we propose to alter

the fundamental notion of a social system by introducing a binary relation on the

set of agents. This relation is describing the incomplete (asymmetric) possibilities of

communication between the individual agents in the social system. Mathematically

we thus introduce the notion of a social relational system consisting of a collection of

agents, represented by their individual attributes within a topological attribute space

and a binary relation on this set of agents. It may be clear that we require certain

properties of the binary relation as well as the topology of the attribute space to hold.

Firstly we require that similar agents are socially related. Secondly, it is assumed

that the total social system is connected, Le., the binary relation connects all agent

in the system with a finite number of links. Finally, we suppose that the topological

attribute space consists of an at most countable number of (maximally) connected

components.

Within the setting of a relational social system as described above we are able

to analyse several subsystems with additional properties. In this paper we discuss

subsystems that are relationally complete in the sense that it is connected and that it

can be reached by all agents in the system. In Gilles, Ruys and Shou (1991) it is shown

that only under several restricting properties there exists a minimal subsystem that

satisfies these requirements of completeness. Here we show that generically there exist

minimal subsystems, which are nearly complete in the sense that within the hyperspace

endowed with the topology of closed convergence it is the limit of a sequence of complete

subsystems. We refer to such a minimal and nearly complete social relational subsystem

as a quasi-network. We argue that the notion of a quasi-network is giving a proper

description of a crudely efficient organization that is able to handle all communication

within a social relational system.

2 Semi-networks in social relational systems

The main mathematical setting in which we develop our notion of a quasi-network, is

that of a social relational system. As mentioned in the introduction it is a modification

of the well known concept of a social system or an abstract economy.

Definition 2.1 A triple (A, T, R) is a social relational system if A is a set, T C 2A

is a topology on A, and RCA x A is a reflexive and symmetric relation on A such
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that the following properties are satisfied:

(i) For every a E A it holds that N-i :F 0, where

N-i = {U E T Ia E U and for every b E U: (a, b) E R}.

(ii) For every a, b E A there exists a finite sequ.ence Cl, ••• ,en in A su.ch that Cl = a,

en = h, and (Ci, Ci+l) E R for every i E {I, ... , n - I}.

(iii) There is a countable covering (Cn)neN of A with each Cn (n E N) a connected

subspace of the topological space (A, T).

As indicated above a social relational system represents the bare mathematical struc­

ture of a collection of economic agents endowed with a social relation. In a social

relational system (A, T, R) the set A represents a collection of types, i.e., a class of

agents described with the use of tuples of individual attributes. The topology T C 2A

represents a generalized notion of distance between the various tuples of individual

attributes or types. The topological space (A, T) thus describes the attribute space

that is relevant with respect to the description of economic trading processes. (See

for the properties of some well known topological attribute spaces Grodal (1974) and

Hildenbrand (1974).) Finally the relation RcA x A describes binary social relations

between economic agents of various types.

From Condition (i) as stated in the definition of a social relational system it

is clear that similar types are socially related. Hence, economic agents with similar

individual attributes are socially related, and thus are able to communicate with each

other. Moreover from this condition it is clear that the topology T on A is precisely

the one generated by the neighbourhood system {N-i Ia E A} as defined in (i).

Condition (ii) states that the system is socially connected. Condition (iii) of

Definition 2.1 of a social relational system (A, T, R) implies that there exists an at

most countable sequence (An)nEN of maximally connected components of (A, T), i.e.,

(An)nEN is a partition of A and every An (n E N) is a connected subspace of (A,T).

We define S := {An In E N} as the subdivision of (A, T, R). The mapping p: A -+ S,

which assigns to every type a E A the unique component p(a) =An such that a E An,

is referred to as the projection of (A, T, R). Finally we define the relation PeS x S

with for every An, Am E S, (An, Am) E P if there are types a, b E A with p(a) = An
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and p(b) = Am such that (a, b) E R. The pair (8, P) as defined above is denoted as

the condensation of (A, T, R).

It is our purpose to describe specific collections of types in a social relational system,

who are jointly able to take care of all communication in the system. This implies

we introduce two properties of such a class of types, namely direct reachability of that

class by all outside types and connectedness of that class within the social relation R

of the social relational system (A, T, R).

Before introducing such a collection formally we define a mapping R: A -+ 2oA,
where for every type a E A we define

R(a) := {b E A I (a, b) E R}.

The mapping R is representing the relation R in the social relational system (A, T, R),

and therefore is also reflexive and symmetric, i.e., a E R(a) for every a E A and

a E R(b) implies b E R(a) for every a, b E A. Finally we introduce for every subset

EcA

R(E) := UR(a).
aEE

In the formal definition of a collection of types as described above we additionally

require that this collection is a closed subset of (A, T).

Definition 2.2 Let (A, T, R) be a social relational system. A set N c A is a semi­

network in (A, T, R) if N is a closed subset of (A, T) and it satisfies the following

properties:

Reachability

It holds that R(N) = A.

Connectivity

For every a, bEN there exists a finite sequence Cl, ••• ,en in N with Cl = a,

en = b, and (Ci, ci+d E R for every i E {I, ... , n - I}.

It is clear that the set of all types A itself is a semi-network in the system (A, T, R).
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3 Quasi-networks

A semi-network N in a social relational system (A, T, R) is, because of its crude ineffi­

ciency, insufficient to describe an organization that is able to take care of all communi­

cation within the system. With the purpose to develop such an organization, we first

extend the class of semi-networks and then take the minimal elements in this extended

class as the proper description of such an organization.

Let (A, T, R) be a social relational system. We define

.1'(A) := {F C A I F is a closed subset of (A, Tn
as the collection of all closed subsets of the topological space (A, T). We endow this

collection :F(A) with a topology as follows: Take a compact set K E .1'(A) and take

Q C T to be a finite family of non-empty open subsets. Now we define

U(K, Q) := {E E .1'(A) lEn K = 0 and EnG =F 0, G E Q}.

Now the topology Tc on :F(A) is taken to be the topology generated by the collection

{U(K, Q) IKE :F(A) compact and Q C T finite}.

The space (.1'(A), Tc) is denoted as the hyper-space with the topology of closed con­

vergence generated by (A, T).*

Definition 3.1 Let (A, T, R) be a social relational system and let (.1'(A) , Tc) be the

generated hyper-space with the topology of closed convergence.

(a) A set MeA is an asymptotic semi-network in (A,T,R) if ME .1'(A) and

for every Tc-neighbourhood VM of M there exists a semi-network N C A such

that N E VM.

(b) A set N C A is a quasi-network in (A, T, R) if N is an asymptotic semi­

network in (A, T, R) and there is no proper subset M ~ N which is also an

asymptotic semi-network in (A, T, R).

From Definition 3.1 we deduce that the collection of asymptotic semi-networks is the

closure of the set of semi-networks within the generated hyper-space with the topology

-For properties of this topological space we refer to Hildenbrand (1974) and Klein-Thompson
(1984).
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of closed convergence (F(A), ~). Similar we may conclude that the collection of quasi­

networks in a social relational system (A, T, R) is exactly the set of minimal elements

of this extension of the class of semi-networks within (F(A),~) with respect to set

inclusion. Therefore the notion of a quasi-network is giving a proper description of a

crudely efficient organization that is able to handle all communication within a social

relational system.

Although the collection of asymptotic semi-networks in a system (A, T, R) is not

empty we do however not know whether the collection of quasi-networks in a system

(A, T, R) is non-empty. Under some additional restrictions we can show the following.

Theorem 3.2 Let (A, T, R) be a social relational system. If (A, T) is a locally compact

Hausdorff space, then there exists a quasi-network in (A, T, R).

PROOF

Take a fixed type d E A. Next define

Sd := { N CAN is an aSy::t:i::~mi-network}

in (A, T, R)

We note that by the connectedness of (A, T, R) (2.1 (ii)) the set of all types A is a

semi-network and so A E Sd =1= 0.

In order to use Zorn's lemma on the class Sd, we now take a totally ordered subcollection

Ed C Sd, where Sd is ordered with respect to inclusion. Since for every asymptotic

semi-network NEEd by definition dEN it is obvious that

d E No := nBd =1= 0.

We now show that the set No is a lower bound for the totally ordered subcollection

Ed C Sd, i.e., we will prove that No E Sd. In order to do so, we note that we only have

to check whether No is an asymptotic semi-network in (A, T, R).

In fact we know that the collection Ed is a decreasing net with respect to inclusion,

and so No := Li(Bd) =Ls(Bd). So by Theorem 4.5.4 of Klein-Thompson (1984), we

establish that No = limNEBd N in the topology of closed convergence ~ on the class of

closed sets F(A).

By definition any ~-neighbourhood can be written as the collection
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U(K,g):= {F E .r(A) IFnK = 0 and Fn G i- 0, G E g},

where K C A is a compact subset of (A, T) and geT is some finite collection of

non-empty open subsets.

Hence, for each ~-neighbourhoodU(K, g) of No, there is an asymptotic closed pre­

network N l E Bd such that Nt E U(K, g). But U(K, g) is then also a ~-neighbourhood

of Nt, and hence by the definition of an asymptotic closed pre-network, there exists a

closed pre-network, denoted by N, such that N E U(K, g) .

So we conclude that for every ~-neighbourhoodU(K, g) of No, there is a semi-network

N E Bd such that N E U(K, g). With the use of the Definition 3.1 we establish that

No is also an asymptotic semi-network in (A, T, R), i.e., No E 8d.

This implies that we are able to apply Zorn's lemma on the collection 8d to establish

the existence of a minimal element, say N, in Sd. (Note that dE N.)

Next we define the following collections:

8:= {N C A I N is a semi-network in (A, T, RH.

8' := {N c A I N is an asymptotic semi-network in (A, T, RH.

Obviously 8 C S <> I. In order to complete the proof of the theorem we first prove the

following claim:

Claim. There is no asymptotic semi-network N E $I such that N C N \ {d}, N i­
N \ {d}.

PROOF OF THE CLAIM

Suppose that there is an asymptotic semi-network N E S' such that N C N \ {d},

N i- N \ {d}. Then N U {d} C Nand N U {d} i- N.

First we note that NU {d} is a closed subset in (A, T). (Use the T2-separation property

of (A, T).) Next take a ~-neighbourhood U(K, g) of N U {d}, where K C A is a

compact set, and g = {Gt , ... , Gk} is a finite collection of open subsets of (A, T). We

now prove that there exists a closed pre-network in this ~-neighbourhoodU(K, g) of

N U {d}. First define

g' := {G E g Id ¢ G} c g

7



If g' =f 0, then U(I<, g') is a neighbourhood of fl. Since fI E S' we know that there is

a semi-network N E S such that N E U(K, g').

If gl = 0, then U(I<, {A}) is a neighbourhood of fl. By the same reasoning as above,

there exists a semi-network N E S such that N E U(K, {A}).

In both cases above it is obvious that N U {d} belongs to S, i.e., is a semi-network,

and moreover (N U {d}) E U(I<, Q).

Hence we may conclude that flu {d} is an asymptotic semi-network, and thus flu {d} E

Sd. This contradicts the minimality assumption on N in the collection Sd.

THIS COMPLETES THE PROOF OF THE CLAIM.

We can distinguish two cases:

(i) N \ {d} is an asymptotic semi-network, Le., N \ {d} E S'.

Then by the claim, the set N \ {d} has to be a minimal element of the collection

S <> I, and so N \ {d} is the required quasi-network in (A, T, R).

(ii) N \ {d} is not an asymptotic semi-network, i.e., N \ {d} ¢ S'.

Then by applying the claim we arrive at the conclusion that N is a minimal

element in S', and so it is the required quasi-network in (A, T, R).

Q.E.D.

Although in Theorem 3.2 we have established that under mild restrictions there exists a

quasi-network, we do not know whether the size of such a quasi-network is acceptable.

Next we address the question in which cases there exist "small" quasi-networks.

For that purpose we call a social relational system (A, T, R) strongly connected

if its condensation (S, P) satisfies the condition that for every component An E S it

holds that

As a direct consequence of this additional property of a social relational system we

deduce the following lemma.

Reordering Lemma. Let (A, T, R) be strongly connected. There exists an ordering

of the set S = {An In E N} such that
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(i) for every kEN the graph (U::1An, Rn[U::1An X U::1AnD is finitely connected

and

(ii) S can be partitioned into a countable collection of finite sets (Bi)iEN with

Br = {Anr_l, ... ,Anr} with nr > nr-l, for r > 2,

where nr E N for every r E N.

If Irl - r21 = 1, then there exist components Akl E BrI and Ak2 E Br2 such

that (Akl' Ak2 ) E P.

If Irl - r21 > 1, then for all components Ak1 E BrI and Ak2 E Br2 it holds that

(Akp Ak2) ¢ P.

For a proof of this Reordering Lemma we refer to Gilles, Ruys and Shou (1991). We

are now in a position to prove the following result.

Theorem 3.3 Let (A, T, R) be a social relational system and (S, P) its condensation.

Suppose that the following requirements are satisfied:

(i) (A, T, R) is strongly connected.

(ii) (A, T) is a Hausdorff space.

(iii) Every component An E S is a compact subspace of (A, T).

Then there exists an at most countable quasi-network in (A, T, R).

PROOF

First we note that from the assumptions (ii) and (iii) in the assertion it follows that

(A, T) is a locally compact topological space. Using the Reordering Lemma we can

order S = {An In E N} such that for every kEN the triple (Bk,TIBk, R n [Bk x Bk ])

is a social relational system, where Bk =U~=l Am.

By Theorem 3.5 in Gilles et al. (1991) we conclude that for every n E N there exists

a finite network Nn in the system (An, TIAn,R n [An X AnD. Now we construct the

following sequence (Fn)neN of finite subsets of A:

9



• Given the set Fn (n E N) we define Fn+I := Fn U Nn+I U {a, b}, where taking a

number 1 ~ k ~ n such that (Ak,An+I) E P, we choose a E Ak and bE An+I
such that (a, b) E R.

Now for each n E N the set Fn is finite, and thus closed in (A, T). Obviously it

satisfies reachability and connectivity with respect to the social relational sub-system

(Bn,TIBn, R n [Bn x Bn]), where Bn := U~=l Am. Moreover, the sequence (Fn)neN is

increasing, i.e., Fj C Fj+I for all j E N.

Define N := Ls(Fn ) =Li(Fn ). It is easy to check that N E .1'(A) and thus satisfies all

properties of a semi-network. Hence, N is a countable semi-network.

This means that there exists a countable asymptotic semi-network in (A, T, R). Take

d E A, and define

{

dE Nand }
Sd := N CAN is an at most countable .

asymptotic semi-network in (A, R)

Clearly Sd =I 0. (Take N U {d} as an example of an element in the collection Sd.)

Similarly as is done in the proof of Theorem 3.2 on general existence of quasi-networks,

we are able to establish that:

1. By Zorn's lemma there exists a minimal element in the collection Sd.

2. Now we define

S:= { N C A

S':= { N C A

N is an at most }
countable semi-network and

in (A, T, R)

N is an at most countable }
asymptotic semi-network .

in (A, T, R)

By repeating a course of reasoning as followed in the proof of Theorem 3.2, we

arrive at the conclusion that there exists a minimal element in the collection Sf.

This is the desired countable quasi-network in (A, T, R).

Q.E.D.
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