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Abstract

We give Taylor series expansions of performance functions of (max,+)-linear
stochastic systems. Instances of the performance measures considered are Laplace
transforms, moments, distribution functions and tail probabilities. We study the
domain of convergence of the Taylor series developed at any point of analyticity.
The elements of the Taylor series can (in the most simple cases) be calculated
analytically or estimated via simulation. The cornerstone of our analysis is the
introduction of a calculus of higher—order weak differentiation for random matrices.
This calculus is based on the concept of weak differentiation. In order to obtain our
results, we extend this concept, originally formulated only for bounded performance
measures, to a more general class of performance measures.

Keywords: Queueing networks; stochastic Petri nets; Taylor series expansions;
perturbation analysis; weak derivatives;
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1 Introduction

We study stochastic (max,+)-linear systems. This class of systems allows one to represent
stochastic Petri nets belonging to the class of event graphs. It contains various instances
of queueing networks like the G/G/1 queue, (finite) queues in tandem, Kanban systems
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work was done while the author was with the Faculty of Information Technology and Systems, Delft
University of Technology, the Netherlands, where he was supported by the EC-TMR project ALAPEDES
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[1], flexible manufacturing systems [12], fork—join queues or any parallel and/or series
composition made with these elements. In particular, we consider parameter—dependent
(max,+)-linear stochastic systems, where the parameter, say 6, is a parameter of the
distribution of the transition dynamic of the event graph. Thus, 8, for example, may be
a parameter of one of the firing time distributions of the event graph. More precisely, in
a queueing application, § may be the mean service time at one of the queues. Baccelli
and Hong give an example from computer science in [5], where 6 is a parameter of the
distribution governing the entire transition dynamic; they model a window flow control
mechanism and let § be the probability that the window flow operates with nominal window
size and 1 — § the probability that a reduced window size is used.

We are interested in the analyticity of performance measures, J(8), like completion
times or waiting times, of (max,+)-linear systems, that is, we are interested in Taylor
series expansions of J(€) in . First results on analyticity of stochastic networks were given
by Zazanis [17], who studied analyticity of performance measures of stochastic networks
with a Poisson arrival stream with respect to the intensity of the arrival stream. Baccelli
and Schmidt [6] considered the case in which the network is (max,+)-linear. Their approach
was further developed in [3] and [4]. For applications of their results to waiting times, see
[13] and [16]. The results mentioned above are restricted to the case of open networks,
where 6 is the intensity of the arrival stream. However, in a recent paper, Baccelli and
Hong derived first results for the case of closed networks, see [5]. Strictly speaking, the
aforementioned papers study Maclaurin series, that is, they only consider Taylor series
developed at zero.

In this paper we establish sufficient conditions for analyticity of transient (max,+)-
linear stochastic systems. We provide an algebraic approach for calculating higher—order
derivatives of performance measures of (max,+)-linear systems. Our approach applies to
Laplace transforms, moments, distribution functions and tail probabilities. In particular,

1. for open systems, we do not require the arrival stream to be of Poisson type;

2. our analysis applies both to open and closed systems (not only do we recover the
known results for open systems, we also extend them to closed systems);

3. we establish the domain of convergence of the Taylor series developed at any point
of analyticity.

In particular cases, the derivatives obtained can be calculated analytically. In general, how-
ever, the formulae obtained have a simple interpretation as unbiased estimation algorithm.

Our approach is based on the concept of weak differentiation, introduced by Pflug,
see [15]. This concept is closely related to Markov chain analysis. In a recent paper, Cao
developed steady—state performance functions of finite-state Markov chains in a Maclaurin
series, see [8]. Although the types of systems Cao considers are different from the ones
treated here, the approach Cao suggests is closely related to the one we propose in this
paper.

The paper is organised as follows. Section 2 introduces the (max,+)-algebra and il-
lustrates its modelling power. Section 3 provides a short introduction to the theory of



weak differentiation, which is the basis of our further analysis. In Section 4, we establish a
calculus of higher-order weak differentiation for random matrices in the (max,+)-algebra
setting. In Section 5 we provide our main result on analyticity of transient (max,+)-linear
systems. Finally, Section 6 illustrates how the results already known about analyticity of
waiting times in open (max,+)-linear systems can be recovered within our framework.

2 (Max,+)-linear Systems

In this section we introduce the (max,+)-semiring. This structure was first introduced in
[9]. For an extensive discussion of the (max,+)-algebra and similar structures we refer to

[2].

2.1 The (Max,+)—Semiring

Let ¢ = —oo and denote by IR, the set IR U {e¢}. For elements a,b € IR, we define the
operations @& and ® by

a®b=max(a,b) and a®b=a+b,

where we adopt the convention that for all a € IR max(a, —00) = max(—00,a) = a and
a4+ (—00) = —00 + a = —oo. The set IR, together with the operations @ and ® is called
the (max,+)-algebra and is denoted by IRp... In particular, € is the neutral element for
the operation @ and absorbing for ®, that is, for all a € IR a ® € = €. The neutral element
for ® is e := 0.

Some remarks on the particularities of the (max,+)-algebra seem to be in order here.
The name “(max,+)-algebra” is only historically justified, since IRyax is by no means an
algebra in the classical sense. Structures like IR,,., are referred to as semirings® in the
literature. In particular, IR, is idempotent, that is, for all a € IR, a ® a = a. Idempotent
semirings are called dioids in [2]. Hence, the correct name for IR, would be “idempo-
tent semiring” or “dioid” (which might explain why the name “(max,+)-algebra” is still
predominant in the literature). The structure IR,y is richer than that of a semiring since
® 1s commutative and has an inverse. However, in what follows we will work with matri-
ces over IR, and thereby lose, like in conventional algebra, the commutativity and general
invertability of the product.

Observe that the idempotency of @ implies that @ has no inverse (which explains why
IRimax is no algebra). Indeed, if @ # ¢ had an inverse element, say b, w.r.t. &, then a®b=¢
would imply a @ a @ b = a & e. By idempotency, the left-hand side equals a @ b, whereas
the right-hand side is equal to a. Hence, we have a @ b = a, which contradicts a ® b = e.

'A semiring is a set R endowed with two binary operations, @ and ®, so that @ is associative and
commutative with zero-element ¢, ® is associative and has zero—element e, ® distributes over @ and ¢ is
absorbing for ®.



We extend the (max,+)-algebra operations to matrices in the following way. For A, B €
IR/*’, we define A @ B as follows:

(A@B)ij:Aij@Bij, ].S’L,jg]
For A € R/ and B € R/*¥ | we define A ® B by

J
(A®B)u =P A;j®Bjx, 1<i<I,1<k<K. (1)

=1

The matrix £ with all elements equal to ¢ is the zero element of the @& matrix operation.
On IR/*’, the matrix F with diagonal elements equal to e and e elsewhere is the neutral
element of the ® matrix operation. We denote the J x J-dimensional matrices over IR,
equipped with the operations @ and ® defined as above by IR/X/ = (R/*/,®,®,&,E).

Observe that IR7%/ is again a semiring. To simplify notation, we write IR; for IR7*!, that
is, IR/ denotes the set of J-dimensional vectors over IR..
Let some probability space be given on which all random variables introduced below

are defined.

2.2 Examples of (Max,+)—-linear Queueing Networks

In the following we give some examples of (max,+)-linear queueing networks. We refer
to [11] for a necessary and sufficient condition for the (max,+)-linearity of a queueing
network. :

Example 1 Consider an open system of J single-server queues in tandem, with infinite
buffers. We let queue 0 represent an external arrival stream of customers. Each customer
who arrives at the system passes through queues 1 to J, and then leaves the system. For
simplicity, we assume that the system starts empty. Let o;(k) denote the k™ service time at
station j and z;(k) the time of the k** service completion at station j. In particular, oo(k)
denotes the k™ interarrival time and zo(k) denotes the nt* arrival epoch at the system.
The time evolution of the system can then be described by a (J + 1)-dimensional vector
z(k) = (zo(k), ... ,z,(k)) following the recursion

z(k + 1) = A(k) ® z(k), (2)

where the matriz A(k) looks like

oo(k) € € ... €
oo(k) ® o1(k) a1 (k) € ... €
Uo(k)@gl(k)®0'2(k) U](k)@O'Q(/C) 0'2(]{7) €

(3)

oo(k)®...®@05(k) o1(k)®...®0,(k) o3(k)®...Q0,(k) ... 0;(k)
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for k > 0. Alternatively, we could describe the system via a J-dimensional vector Z(k) =
(Z1(k), ... ,2,(k)) following

ik +1) = A(k) ® (k) ® B(k), (4)
where the matriz A(k) looks like (3) except for the first column and the first row, which

are missing, that is, (A(k))i; = (A(K))ir1;41 for 1 <i4,j < J; the vector B(k) is given by
B(k); = B(k); ® 7(k), with

B(k) = 01(k) ® a2(k)

for k> 0; and

denotes the k™ arrival epoch. For more examples of this kind we refer to [14].

Example 1 models sequences of departure times from the queues via a (max,+)-
recursion. Another interesting application of (max,+)-linear models is the analysis of wait-
ing times.

Example 2 Consider an open gqueueing network the departure epochs of which can be
described by a (maz,+)-linear equation, cf. the open tandem network described in Example
1. Let W;(k) be the time the k'™ customer arriving at the network spends in the system
until leaving node j. Using the notation introduced in the example above, we obtain

Wj(k) = 2;(k) — (k) , (6)

for k > 1. After some algebraic manipulations (see [6] for details), the vector of system
times W (k) = (Wy(k),...,W,(k)) reads

W(k+1) = A(k) ® C(oo(k)) ® W (k) ® B(k),
where C(r) is a matriz with diagonal entries —r and all other entries equal to €.

Suppose that one of the service time distributions depends on a parameter, say, , which
may be the mean of the service times. In this case, the (max,+)-linear recursion describing
the system dynamics depends on # through these service times. The following example is
of a different kind: here the distribution of the transition matrix as a whole depends on 8.



Example 3 (Baccelli & Hong, [5]) Consider a cyclic tandem queueing network con-
sisting of a single server and a multi server, each with deterministic service times. Service
times at the single—-server station equal o, whereas service times at the multi-server station
equal o'. Two customers circulate in the network. The time evolution of this network is
described by a (maz,+)~linear sequence (k) = (z1(k), ... ,z4(k)), where z,(k) is the k™
beginning of service at the single-server station and z,(k) its k™ departure epoch; z3(k) is
the k'™ begin of service at the multi~server station and x4(k) its k™ departure epoch. The
system then follows
zk+1)=A®xk),

where
'

A=

a Q9
n ™ Ao
QL n & 9
m oo N

Consider the cyclic tandem network again, but one of the servers of the multi-server station
has broken down. This system follows

z(k+1)=A®z(k),

where
g
A=1°
€
£

Assume that the probability that such a breakdown occurs after service completion is 1 — 0.
Let Ag(k) have distribution

and

then

describes the time evolution of the system with breakdowns.

2.3 Problem Statement
We study sequences {zq(k) : k£ > 0} following
Ig(k‘ + 1)=Ag(k) ® .’I?e(k) & Bg(k) s k > 0.

with 24(0) = z¢, Ag(k) € IR/*/, By(k) € R and # € © C IR. For a given performance
function g : IR} — IR, we seek conditions for the analyticity of

Elg(ze(k +1))|e(0) = 2o] . (7)
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These conditions will depend on the type of performance function and the particular way in
which the matrix Ap(k), respectively the vector By(k), depends on 6. In the next section, we
introduce the concept of weak differentiability of measures. We will transfer this concept to
that of weak differentiability of random matrices and eventually study “weak analyticity”
of random matrices. Our main result will be that the ®-product and &-sum of weakly
analytical matrices is again weakly analytical on the same region. Weak analyticity of
ze(k + 1) then implies analyticity of (7) for a particular class of performance measures.

3 Weak Differentiability of Measures

This section provides an introduction to the theory of weak differentiation of measures. A
key reference on the basic concept of weak differentiation is [15].

Let (.S, ds) be a separable metric space and let M = M(S) be the set of all finite signed
regular measures on the measure space (S, F), where F denotes the Borel field of S. The
set of all probability measures on (S, F) is denoted by M; = M;(S). Let D(S) be a set
of mappings from S to IR and assume that the constant function g = 1 is in D(S). We say
the mapping pg : © — My is weakly differentiable at 6 with respect to D(S) if there exists
a iy € M, such that for all g € D(S)

.1 ,
Lim (/gdue+A — /gdﬂe) = /gduo- (8)

From the well-known Hahn—Jordan decomposition theorem it follows that probability mea-

sures ugﬂ), ,ug_l) € M, and constants ¢, c; > 0 exist, such that

Wo = copudt — el

The measure uf,“) is called the positive part and the measure ,u(_l) the negative part of ug'.

Moreover, a set A € F exists, such that either uﬁ,H)(A) =0or us,_l)(S\A) = 0, in symbols:
ugﬂ)_Lug"l). The above representation is not unique, since for an arbitrary non-negative

measure vy € M and a positive constant b
Wo = (e +0) (15 +7) = (cr+0) (170 +7) .

However, it can be shown that ¢; + ¢, is minimised if ugﬂ)J_ug_l).

For pg € My, it follows that 14(S) = 1 for all 6. Therefore, dus(S)/df = 0 for all § € O.
Because the constant function g = 1 is in D(S), this implies @“’(S) = ug_l)(S). Thus,
the normalisation constants are equal, ¢; = ¢y, and py is completely characterised through
the triple (cup, g™, u§™), with u§t, 1S € My. We call the triple (cu, 577, 157") a
weak derivative of pg at 6 with respect to D(S).

Weak differentiability of a random variable is defined by the weak differentiability of the
induced measure: Let (Xg : 8 € ©) be defined on a common probability space (R, F, P),



such that PX¢ = p,. We call X, weakly differentiable if ug is Weakly differentiable. The
weak derivative of Xy is a tnple (c, X G . & (= 1)) such that X, (+1) 1125 distribution u(+ ),
X 1) has distribution ug and c is the normalisation constant of .

Higher—order derlvatlves are defined in the same way. More precisely, we call a triple
(c™ (n,+1). (" l)) a n'™ order weak derivative of pg at 0 with respect to D(S) if for all

) /'LO
d (n) (n,+1) _ (n,—1)
g | 9dme = ¢ g dug g diy : (9)

g€ D(S)
If the left-hand side of the above equation equals zero for all g € D(S), we take (0, g, o)
as the n'* order weak derivative and say that the n'* order weak derivative of uy is not
significant, whereas it is called sz{qmﬁcant otherwise.

Furthermore, we call cg?e),X +1),X (n,— ") an n'* order weak derivative of X if the

distribution of Xp, denoted by o, has nt® order weak derivative (ci, uﬁ"'“), (m.=1)y and
X, (m+1) s distributed according to u(" £t » Xp (nH1) is distributed according to ,u( "+ and

c()?o) = c,,g). If it causes no confusion, we s1mphfy the notation by dropping the subscript

X of Cx and write ¢(® for c(")
In order to make the above definition useful, we have to choose D(S) in such a way
that

e it is rich enough to contain interesting performance functions,
o the product of weakly differentiable measures is again weakly differentiable.

In what follows, we study two examples of D(S). Let C¢(S) := C°(S,ds) denote the set
of all bounded continuous functions from (S, ds) to IR. We assume that (S, +%,0°) is an
(additive) monoid endowed with a quasi norm ||-||s, that is, ||s||s = 0 if and only if s = 0%,
||s|ls > 0 for all s € S, and ||s +° r||s < ||s||s + ||r||s- We denote by Ci(S) := Ci(S,ds)
the set of all functions g : S — IR such that |g(z)| < ¢; + ¢|z||' for all € S and all /
with 0 <! < k. In addition to that we assume that C¢(S) C Ci(S) for all k£ > 0.

Suppose that the derivative of [ gdus does not vanish for all g € D(S). Obviously,
there are two different ways of calculating the second-order weak derivative of the measure

fte. On the one hand, we can obtain a second-order weak derivative (c{®, ugz L ,u(2 _1))

with respect to D(S) through (9), where we assume u(2 +1)J_u(2 Y in order to obtain a
unique decomposition. On the other hand, we can take the weak derivative of uj, that is,
weakly differentiate the positive and negative part of uj separately, and afterwards rescale
the measures in order to obtain probability measures. This yields

1 1)-1
(”g+ )) _ C(+1)u§(+1)+1) _ C(+1)M§9(+) )

and

(UEDY = DD+ (-1)-1)

= 1)/J



(+1)+1)L,u,(,(+1)_1) .

with p,((i] 2) e M for iy,ip € {-=1,+1}, where we assume that p,
(( UH)J_u(( D Let g € D(S), then

d2
d62 g dpe= ( gdug™ - /gdu( 1))

—(+D) /gdﬂg<+1>+1) _ ) /gd“«m 1)

+c(‘”/gdu§(‘”+” _ c(_l)/gdu(( -1

Regrouping the positive and negative parts yields

d2
202 / g dug

(+1) (-1)
_ (AFD) 4 (-1) L ((+1)+1) ¢ ((=1)+1)
- (C tc ) <c(+1) T+ oD /gdﬂe + D) + (D) /gd,u()

(+1) (-1)
_ G (+1)-1) 4 ((-1)-1)
<C(“) + =D /gdu T D /gdu )) ’

and we obtain a second—order weak derivative of us from

D@ + AR (Rt YEY
"+ 3 (DM D + D He ’

D ey 4V oy
D) 1 (e D) (D He :

We assumed that (S,ds) is a metric space and that the measures in M are defined on
(S, F), where F is the Borel field with respect to ds. Therefore, two measures u,v € M
are equal if [ fdu = [ fdv for all f € C%(S), for a proof see e.g. Lemma 30.14 in [7].
Hence, if C¢(S) C D(S), then ¢@ = *V 4 (=1 and

(2,41) _ c(+1) ((+1)+1) n =1 ((~1)+1)
6 T+ (Dt D 1 (nHe
and . )
LD _ A (CEV I QDD
6 ) 1 () He RES Iy

Put another way, the definitions (8) and (9) are compatible. It can easily be seen that the
same holds true for all higher-order weak derivatives, provided that they exist.

3.1 The Space C¢(S)

The weak convergence of measures in M, is defined by means of C°(S). We say that
Un € My converges weakly towards u € M, if for all g € C°(S)

n—oo

lim gd,un:/gdu.

9



The above definition explains why the limit in (8) is called a “weak” derivative. The product
of two weakly differentiable measures is weakly differentiable, see [15].

Unfortunately, the space C¢(S) is too small for many interesting problems in appli-
cations. For example, for S = IR, the identity ¢d : IR — IR is generally not in C¢(IR).
Therefore, we generally cannot calculate the derivative of the moments of py.

3.2 The Space Ci(S5)

The space Ci(S) allows us to describe many interesting performance characteristics as the
following example illustrates.

Example 4 For J > 1, take S = [0,00)” and let X = (X1,...,Xy) € S be defined on a
probability space (Q, A, P) such that PX = p. Taking g(z) = exp(—7x;), with v > 0, we
obtain the Laplace transform of X through

E[e—rxj] — /gdu,

For g(z) = xf, we obtain the higher—order moments of X through

E[Xﬂ:/gdu, fork>1,

and, taking g(x) = 14,54, we obtain

P(X; >u) = /gdu,
the tail probabilities of X.

In what follows we study weak differentiability of product measures with respect to Ci(S).
The main difference between weak differentiability with respect to Ci(S) and weak dif-
ferentiability with respect to C°(S) is that for the latter we needn’t restrict the class of
measures which can be treated.

For u,v € M, we say that u is v continuous (in symbols v >> p) if v(A) = 0 implies
p(A) = 0 for all A € F. The v continuity of u implies that the Radon—Nikodyn derivative
of u with respect to v exists. Put another way, if v >> u, then the v density of y, denoted
by f(u,v), exists. If u >> py for all 8 € ©, we write fo(z) = f(ue, 1)(x). In what follows we
let d" fo/d6™ denote the nt* derivative of fj, provided that it exists, and set fo = d°fy/d6°.

Definition 1 Let v € M;(S) be such that v >> ug for all 0 € ©. We call pg n times
v-Lipschitz differentiable at 0 with respect to Cy(S), or n times Lipschitz differentiable for
short, if

o fo(x) is (n+ 1) times differentiable with respect to 6 on © for v almost all x;

10



e forall0<m<n+1

d—fe( )

sup o™

0co

< Kf'(z),

v almost surely, and
o forall0<m<n+1
[Nl K7 (z) vido) < o0

The n'* Lipschitz derivative at 6 is said to be not significant if d"fo(z)/d"0 = 0 for
v-almost all z and significant otherwise. Furthermore, we let s(up) denote the highest
order of a significant derivative. If all higher—order derivatives are significant, then we set

s(pe) =

The name “Lipschitz differentiability” stems from the fact that
d
sup | —— fo()

< K™
v | 6™ < Kf(@)

implies that d™! fp(z)/d0™ ! satisfies a Lipschitz condition, that is,

m

dm—l

dm—l
fo(z) — 201

L foe) | < AKF(),

0=6p+A

for 6,6y + A € O.
Lipschitz differentiability allows for weak differentiation. More precisely, the n times
p—-Lipschitz differentiability of ug implies that for all g € Ci(5)

dar dr
2o | 9k =/ 9 g (1o, 1 )du=/ %fe (10)
Set

) — 4

Note that c(™ is finite whenever g is n times Llpschitz differentiable. We define py—densities

(n,+1) __ 1 (n,~1) _ L _ﬁ
o = o max (dé}"fe’ ) v fo = max( d()”fa’o ;

then equation (10) reads

dn n n,—
o gdpy = ™ (/gf(g s /gf( i ) . (11)

(n,+1) (n,—1)

From the densities fén’H) and fé"’_l) we obtain measures u,"" "’ and p;" ", respectively,
on (S, F) through
uy(4) = / fdp and  pgV(A) = / £V du, (12)
A A

for A € F, and we recover the definition of weak differentiability as stated in (9).

11



Example 5 We illustrate the concept of weak differentiability with the following examples.

1. Take S = [0,00), ||z||s = |z| for x € S, and let ps(x) =1 — %% be the ezxponential
distribution on S, with © = [0,,0,] for 0 < 6, < 6, < 0o. Let A(-) denote the Lebesgue
measure on S. Then the A density of pg is given by

fo(z) = f(ua, A) = ™%

We show that pg is oo times weakly differentiable. The density fy is bounded by

sup fo(z) = 6,7 %° = K{(x).
€O

Forn > 1, the n™* derivative of fo(x) is given by
denfe( z) = (=1)"z" " (fz —n)e™"",

which implies

sup < Bz 4n) 2" e " = Ki(z), (13)

o€

& fo(a)

form > 1. Since all higher moments of the exponential distribution exist, we obtain

for all n and all k
/5 lls K7 (z) A(dz) < oo

It follows that pg is n times A\-Lipschitz differentiable on [6,,0.] with respect to
Cx([0,00)) for all k and all n. In particular, we obtain for the normalisation constant

of the n'" derivative of f,
) — (i)" ,
fe

2. Consider the counting measure pg on X = {x1,2z2} C S with pe({z:1}) = 0 =
1 — pe({z2}). Let v be the uniform distribution on X and let us denote the Radon-
Nikodyn derivative of ug with respect to v by

o wliEh) o

then
sup fo(z) < 2 =: K}(z)
60
and for allm > 1
ar n
SUP dé?"fo(x) <2=:Kf(z).

12



Therefore, d™ fo(x)/df™ is v-Lipschitz. Since 2y ¢ ||z||sv({2}) < oo for all k, we
have that pe 1s oo times Lipschitz differentiable on [0, 1] with respect to Ci(S) for all
k.

Following the construction in (12) we obtain from dfe(x)/df = 2 for x = z; and —2

for x = x4
(1 ) 621(')’ 6352())

as first-order weak derivative of pg, where é, denotes the Dirac measure in x. Fur-
thermore, all higher—order weak derivatives of pg are not significant.

The following lemma establishes the main property of Lipschitz differentiable measures,
namely that the product of two Lipschitz differentiable measures is again Lipschitz differ-
entiable. Let (S, ds) and (Z, dz) be two metric spaces, such that the product space S x Z is
endowed with a quasi norm || ||sxz. We call || ||sxz decomposable if for all (s,z) € S x Z

(s, 2)llsxz < lslls + ll=llz

where || - ||s and || - ||z are appropriate quasi norms on .S and Z, respectively.

Before we state our lemma on the Lipschitz differentiability of the product of two
Lipschitz differentiable measures we introduce the following multi indices. For n,m € IN
and pr € M, with 0 <k <m — 1, we set

L(m, n) = L:(po,.‘-llm—l)(m’ n)

m—1
:{(lo,--- lm—1) €{0,...,n}™ |l < s(u) and Zlk=ﬂ} ;

k=0

and for [ € £L(m,n) we introduce the set
Z{m,l) =

{(z’o,...,im_l)e{—l,O,—l—l}m ik=0iffl,=0and ] ik:+1}.

20, ytm—1

170

For i € Z(m, ) we introduce the auxiliary multi index i~ as follows. Let k* be the highest
position of a non-zero entry in 4, that is, 7, = 0 for all ¥ > k*. We now set

i = (iO, s e ’ik)_ = (iOa v ik"‘-—l, _ik"'v 2:k:"‘~+-1) R aim—l) )
that is, the multi index ¢~ is generated out of 7 be changing the sign of the last non-zero

Lemma 1 Let pg € M;(S) be n times u-Lipschitz differentiable with respect to Cy(S) and
let vy € My(Z) be n times v-Lipschitz differentiable with respect to Ci(Z).

13



1. If a decomposable quasi norm || - ||sxz on S x Z exists, then the product measure
Ko X Vg on S X Z isn times u X v-Lipschitz differentiable with respect to Cy(S x Z)

with
(1o % vg)t™ = (CEZ))XVg , (no % vg) ™) (g x Vo)(”’_l))
with \
() _ s L )
Cupxve = Z IRIN (CEA(?) 'c'(lel ) ’
I=(lo 1 )ELEm) OV
n n! lojio) o, (11,i1)
A D VN KD DRI Ak
I=(lo,l1)EL(2,n) (t0,21)€Z(2,0)
and |
- n! (lovig) (hT)
AT VI D I b T
I=(lo,l1)€L(2,n) (i0,i2)ET(2,0)
where ﬂgo,o) = g and 1/50’0) = vp.
2. Let (R,dg) be a separable metric space endowed with a quasi norm || - ||g. Let h :

RxZ — S with [|h(r, 2)||s < ||I7||r + ||2||z be measurable and independent of 9, then
(1o % ve)*™" is weakly differentiable with respect to Cr(R), and the n** order weak
derivative of (g x )" is given by

((Ha X Ve)h_l)(n) = ((1o x l/a)(n))h_1 :

Proof: We prove the first part of the lemma. Let fy be the p—density of ug and hgy the
v—density of vg. The density of the product measure is therefore given by fohs. We obtain

7 (o) a(2)

sup
0cO

n! dlo dll
= sup Z ?—Tfe(s)_lha(z)
0cO (lo,1YEL(2,n) lo.lg. dgto doh

n!

< Z lo!_l!!K}o(S) K (2) -

(lo,l1)eL(2,n)

We show that ||(s, 2)||%, 5 K}"(s) K} (z) is v x p integrable.
The quasi norm on S x Z is decomposable and we obtain

l9(s,2)| < &1 + cal|lsl]s + ||2])2)*

14



for all (s,z) € S x Z. This implies
| lals,2) K (6) K2 | wlds, d2)
SxZ

< [ tarellislls + lllla)*) Kb (o) K (2) wox vlds, da)

k
<Sdi [ sl el Kio(s) Kb () g x wds, d),

with d; > 0 for 0 < ¢ < k. Applying Fubini’s theorem, we obtain for the individual terms
of the above inequality

/S sl el K () K (i v(ds,
X

< ([ st pormias)) ([ el Ky viao)

which is finite by assumption. Therefore, the dominated convergence theorem applies and
we may interchange the n—fold differentiational operator and the integration. This yields

ar
dor

n! db dh
= [olsn) X D) ghele) ux vids,da).

slo,l1)€£(2,n)

9(s,2) pe x ve(ds,dz)

J

(*)
Since only the first s(up) derivatives of fy and first s(v4) derivatives of hy are significant,
we only have to take into account indices | = (lp, ;) such that Iy < s(ue) and i3 < s(vg).

Considering the positive and negative parts of (x) separately, like in (11), the term (x) can
be written

o db
> d—e'l;fe(s) Zel_lhg(z)

(lo,ll)EC(Z,n)

l lo, - l L, I,-1
= Y (AP - £07s) e () - K

(lo,ll)€£(2,n)

Regrouping the positive and negative parts, we obtain the associate measures as in (12).
Since C°(S x Z) C Ci(S x Z), the obtained decomposition is unique. This concludes the
proof of the first part of the lemma.

For the proof of the second part of the lemma, observe that

lg(h(r, )| < a+aallh(r, 2)l[axz < e+ alirlle + l2ll2)",

15



for all (r,z) € R x Z. Following the same line of argument as for the proof of part one of
the lemma, we obtain for all g € Cx(R)

o [ 966) oo @)= S [ 4020 (o x ), )
:/R Zg(h(""az))(ﬂa x vg)™ (dr, dz)

= /39(3) (Mo X l/e))(n))h—l (ds) ,

which proves the second part of the lemma. O

Definition 2 We call a measure ug € My(S) n times weakly differentiable if there ez-
ists a p € My, such that ug is n times p-Lipschitz differentiable on Ci(S). The triple

(ct™) u(" HD =Y ds called an nt order weak derivative of pe if for all g € Ci(S)

,,U,e
dr (n) (n+1) (n,—1)
den gd/‘l’e =c gd;u’ gd/‘LG *
S

If the left-hand side of the above equation equals zero for all g € Cy(S), we take (0, ug, 110)
as the n** order derivative and call the n** order weak derivative not significant; whereas
it 1s called significant otherwise.

We call a random variable Xy n times weakly differentiable if the induced measure is
n times weakly differentiable. We call the triple (c™ X(” ) xm 1)) an n** order weak

derivative of Xy z'fXé"’H) 18 distributed according to ,u((, +1) and Xé" according to uf, 1),
respectively, that is, if for all g € C(S)

e Elax0) = e (B[ (x5) | - B[ (i) ])

If the left-hand side of the above equation equals zero for all g € Ci(S), we take (0, X, Xo)
as the n'* order derivative and call the nt* order weak derivative not significant, whereas
it 1s called significant otherwise.

To illustrate the above, we give the following example.

Example 6

1. Let Xg € IR be exponentially distributed with mean 1/6. Set cgl) = (Be)71, and let
X(SI’H) have Lebesque density

@) = Ly 51— 02) e

and Xél"l) density

f3" @) = 1opy 51— 02)e 7"

S
%| s

16



Then the weak deriwative of Xy is given by (cgl),X,Sl’H),Xgl’_l)). Let ,ugl’ﬂ) and
,ugl’_l) be the measures obtained from (51’“’(33) and fél’_l)(sc), respectively, via (12).
Then, the above weak derivative is unique in the sense that ,ugl’ﬂ) L ugl’—l). Howewver,
we may take another representation of the weak derivative. For example, let vy have a
Gamma(2,60) distribution, then (1/6, Xo, V) is a weak derivative of X, see Example
3.84 (4) in [15].

2. Let Xy € {Dy, Dy} C S be Bernoulli distributed with parameter 0, so that pe({D1}) =
6 = 1—ue({D2}). From Ezample 5 (2) it follows that (1, Dy, Ds) is a weak derivative
of Xy. Indeed, we obtain

%E[g(Xe)] — d% <g(D1)9 + g(D2)(1 - 9))
=g(D1) — 9(Dy) . (14)

4 Weak Differentiation of Random Matrices

This section provides an introduction to the theory of weak differentiation of random
matrices. For supplementary material we refer to [10].

« IxJ
4.1 The Space IREX

In the previous section we developed the theory of weak differentiation of measures on gen-
eral separable metric spaces. The aim of our analysis is to study (max,+)-linear stochastic
systems. In particular, we are interested in (max,+)-linear models of stochastic networks
such as queueing systems, see Section 2.2. These models have in common that the entries of
the corresponding transitions matrices are either non—negative or equal to —oo. Therefore,
we can restrict our analysis to the semiring

If{max=(IR€: [0,00) U {~c0},® = max,® = +,e = —00,e =0).

The structure (IR, @, €) is a monoid and with quasi norm?

1
= S = 1 .
loll = llellg, = max (.2+1)

: ' , o IxT
This quasi norm is extended to IR, ) by

1AI] = 1| Allggxr = max (||4z - 1< i< T, 1<i<T),

2If we set d(z,y) = e™ax(2:¥) _ gmin(z.9) then d(-, -) is a metric on IR, and we obtain a quasi norm from
||z|| = d(z,€). However, one of the key assumptions of our analysis is that [|z||¥ is integrable and hence
taking ||z|| = e” imposes a severe restriction.
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~ IxI . .
for A€ IR, . Furthermore, we introduce a metric

d(A, B) = d(A, B)goxr = |[|All = [IBI[],

~ XTI . ~ IXT . ‘
for A,B € IR, *"_ In particular, the space (IR, § ,d) is a separable metric space. The fol-
lowing lemma shows that each continuous mapping from [0, 00)” to IR can be continuously

" J
extended to IR, .

Lemma 2 Let g € Ci([0,00)”*!) and define § : ]ﬁj)d — IR, such that §(z) = g(z) for all
z € [0,00)7*! and zero otherwise, then § € Ck(IREJXI).

Proof: For the sake of simplicity, we consider only the one-dimensional case. Let
z(n) € IR, be a sequence, such that lim, .. d(z(n),z) = 0 for z € R. If = # ¢, then for
all 6 > 0 an Nj exists, such that for all n > Nj

d(z(n),z) =||lz(m)| — [l=[l|
max (ﬁl—,x(n) + 1) —(z+ 1)‘

<6 .

Hence, if 6 is to be small enough, z(n) # € and d(z(n),z) = |z(n) — z| for all n > Nj.
Continuity of g on [0, c0) therefore implies continuity of § in z.

Now let x = e. Convergence of z(n) towards e implies that for sufficiently small ¢ an
Nj exists, such that for all n > Nj

d(z(n),e) = |lz(n)]| < 6. (15)
On the other hand, y # € implies ||y|| > 1. Hence, equation (15) implies z(n) = € for all
n > Ns. This implies continuity of § in €. O

: : o ; Lo IXT : i
Higher order weak differentiation of random variables in IR, " is defined in Definition
2. The following example illustrates the application of Definition 2 to random matrices.

Example 7

1. Consider the queueing system in Ezample 1. Suppose that service times at station
j are exponentially distributed with mean 6. In accordance with Ezxample 5 A(I ),
0;(8,k) is oo times weakly differentiable on © = (0,00) with respect to Ci(IR.).
Let (c(”),a§n’+l)(9, k),a§n’_1)(9, k)) be a n'* order weak derwative of o;(0,k). Let
AM™HD(K) be the matriz obtained from A(k) by replacing all occurrence of o;(8,k)
by 0§-n’+1)(0, k) and AT™~V(k) the matriz obtained from A(k) by replacing all oc-
currence of 0;(0,k) by o§"’_1)(9, k). Lemma 1 implies that A(k) is co times weakly
differentiable on © on CZ(IRCJXJ) for alll, and the n'" weak derivative of A(k) is given
by

(e, A (), AD(E)) .

18



2. Let Ag € ]REJXI be Bernoulli distributed over {D;, Dy} C IR;]XI. In accordance with

Example 6 (2), the first-order weak derivative of Ag 1s (1, Dy, D2) whereas all higher-
order weak derivatives are not significant

We call A € R/*! integrable® if E[||A]|] < oo.

4.2 The Extended Space M */

Weak derivatives of random matrices are described by triples. Weak differentiation of more
complex expressions, however, like, for example, n—fold products of random matrices, will
involve working with finite sequences of these triples.

In order to be able to weakly differentiate a general (max,+)-linear expression, we

< IxJ v g :
embed ]Rex into a richer object space, called M7*7 where M?*/ is the set of all finite

o TxJ ,
sequences of triples (c, A, B), with c € IR and A, B € IR, . A generic element a € M!*
is therefore given by

Q= ((CI,A11B1)> (C2, A27BZ)’ DR )(Cna>Ana,Bna)) )

where n, < oo is called the length of a. If « is of length one, that is, n, = 1, we call
it elementary. Observe that the weak derivative (cq, A+Y, AD) of a matrix A4 is an
elementary element of M7*/.

On M/ we introduce the binary operation “+” as concatenation of strings. For ex-
ample, let « € MT*J be given by

a=(0:1<i<n,),
with «; elementary, then
= Z (738
=1
More generally, for a, 3 € MT*/ application of the “+” operator yields

C¥+ﬁ:(a1,... 7ana,/817--- ang)
N ng
i=1 Jj=1

For a = (¢*, A*, B®) and 3 = (c?, AP, BP) elementary in M"*’/ we set

a®f = (c P A* @ A®, B* ¢ BF)

3The standard way of defining the integrability of a matrix A is as follows: A is called integrable if
(a) P(Ai; = €) € {0,1}, called the fized support condition, and (b) E[|4;;|] < oo for all non—€ entries.
However, this definition is more restrictive.
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and for a = (c¢*, A%, B®) € M7, B = (cP, AP, BP) € M7*X we define
a®fB = (c*-cf,A*® AP, B> ® BP),

where z - y denotes the conventional multiplication in IR. These definitions are extended
to general o, § as follows. The @—sum is given by
Na N8

ad®f = ZZ%EBBJ',

i=1 j=1

for a,3 € M/ that is, o @ (8 is the concatenation of all elementary ®-sums, which
implies nagp = ne - ng. For the ®—product we set

na N8

a®ﬂ == ZZ(M@ﬁja

=1 j=1

for « € M™*/ and B € M7*X that is, @ ® 8 is the concatenation of all elementary ®-
products, which implies n4gs = 14 - 5. In particular, for « € M%7 and z € M7 := M7*!
the matrix—vector product a ® z is defined.

Set £1%7 = (1,£(1,J),E(I,J)), where £(I, J) is the (I x J)-dimensional matrix with
all entries equal to €. Then £7*7 is the neutral element of @ in M*/. The element £7*/
is unique in the sense that for all & € M*’: n,gerxs = n,. Furthermore, set E/*7 =
(1,E(J,J), E(J,J)), where E(J, J) is a (J x J)-dimensional matrix with all diagonal entries
equal to e and elsewhere €. Then, E7/*7 is the neutral element of ® in M7*”. In particular,
E7*J is unique in the sense that for all @ € M7*’: nygpixs = N4

We define scalar multiplication as follows. For r € IR and elementary a = (¢, 4, B) €

M™ wesetr-a=(r-c, A B). For a = (ay,...,an,) € M’ we set
T~a=ZT-ai. (17)
=1

We embed IRfXJ into M"*’ via a monomorphism 7 given by
AT = 1(A) = (1, 4, 4),

for A € IRfXJ. We now define the 7—-image of a function g : IIE{:XJ — IR as follows. For
a=((c1,A41,B1),...,(Cny, An., Bn,)) € M™7 we set '

g(0) = Y ai(9(4) - 9(By) - (18)
2=1

The mapping ¢7(-) is called the T—projection of o with respect to g onto IRU{—o0}, or the
(1, 9) projection for short. For ease of notation, we suppress the superscript 7 where this
causes no confusion and write g(-) instead of g7 (-).

The definition of addition and scalar multiplication are tailored to making the extension

of any real-valued function on IR:XJ to M%7 “linear”, as the following lemma shows (see
[10] for a proof).
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Lemma 3 For o, 8 € M"Y and c,,cs € IR, it holds true that for all g € IF{EJXI — IR,
A IxJ
Vge Ci(R, ") i glca-a + c5-f) = cagla) + cs9(B).

Remark 1 For A € IRZXJ, the T—projection with respect to any g : IR;IXJ — IR, yrelds
g"(1(A)) = 0. However, we can recover g via the T—projection with respect to g through
a linear transformation. More precisely, let /> = (1,E(J,J),E(J,J)) € M'*7, then
™7 @1(A) = (1,4,E(J,J)) and we obtain

VAR : ¢’ @1(4)) = 9(A),
where we have assumed that g(E(J,J)) =0, c¢f. Lemma 2.

Unfortunately, the structure M7*J = (M7*/ @, ®, +, E/*7, £7%7) has very poor alge-
braic properties. For example, the operation @ fails to be commutative in M?*’. However,
in what follows we will show that most of these properties can be recovered in a “weak”
sense.

On M/ the equation A = B means that, element wise, A is equal to B. We call this

~ IxJ
the strong equality on M?*’/. Let D be a set of mappings ]Rex — IR.. We now say that
A, B € M are equal in the weak sense with respect to D if and only if

VgeD: E[g(A)] = E[g(B)].

From now on we write A =p B to express that A and B are equal in the weak sense. For
: 5 ; ~ JIxT .
our analysis we work with maps in Ci(IR, * ). Therefore, we adopt the convention that,

for A, B € M™ in what follows A = B has to be interpreted as A =c, @) B.
Obviously, strong equality implies weak equality. However, since we are only interested

in results of the type “Vg € Ck(IRGJXI) : Elg(-..)] = E[g(...)]”, it is sufficient to work

with the weak equality on M*Y.

We now say that the binary operator f is weakly commutative on M7 if AfB = Bf A,
for all A, B € M/ and define weak distributivity, weak associativity a.s.f. in the same
way. We obtain the following rules of weak computation in M?*7: the binary operations
@, ® and “4” are weakly associative, moreover, & and “+” are weakly commutative as
well; furthermore, ® and ® are weakly left (and right) distributive with respect to “+”,
see [10].

4.3 Weak Differentiation in M*/

In this section we develop our calculus of weak differentiation. We begin with the formal
definition of weak differentiability of a random matrix.
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Definition 3 For A € IR:XJ, we call A € MY the n'* weak derivative of A if for all
IxJ

gE Ck(IR )

o Elg(A)|=E[g(A™)]

In case the left-hand side equals zero for all g, we set A™ = (0, A, A) and we call the n'*
weak derwative of A not significant, whereas it is called significant otherwise. In order to
simplify the notation, we write A’ for AW,

Example 8 Consider the Bernoulli case in Example 6 (2). For this system, only the first
weak derwative is significant. More precisely, we obtain A(") (1, Dy, Dy) for n =1 and

Ag") (0, Ag, Ag) for n > 1 as weak derivative of A, cf. Example 7 (2). Let g € Ck(IRJXI),

taking the (1, g)-projection of A™ yields

& Blo(4)] = Elg(a™)] = {g(Dl) oy, et

and therefore recovers equation (14).

In the remainder of this section, we illustrate our formalism by presenting some use-
ful results about the (first order) weak differentiation of finite @-sums or @-products of
random matrices.

Theorem 1 Let A(i) € IR?XJ (0 < ¢ < k) be mutually independent and weakly differen-

tiable, then _
(@A(z‘)) Z ® A(i) ® AG) ® ®A

7=0 i=35+1

a stmilar result holds for the k—fold ®-sum.

Proof: We prove only the first part of the theorem since the proof of the second part
is found by following the same line of argument.
We give a proof by induction. We first give proof for k = 1. Set h(z,y) = 2z ® y and

~ JxJ .
note that [|h(z,y)|| = Iz ® gl < llal] + llyll- Let g € Cu(IR,™); applying Lemma 1 (2)
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yields

SElg(A) ® A2)

- %E[g(h(A(l),A(Q)))]

= (caq) +ca@)

(B[ 29— (a0, 40)) + —22—g(1(40), 44 (2)]

CA(1) T CA(2) CAQ1) T+ CA(2)

g {&_g(h(/l(”l)(l),/l(?))) + ﬂ—g(h(A(l),A('”@)))D

ca@) t Ca(2) ca1) t CA(2)
= 5 [cA(l)g(h(A(“)(l),A(Q))) = cAmg(h(A(’”(l),A(Z)))]
+ E [eamg (R(A(1), ATD(2))) = capg(h(AQ1), A(2))]

= B |g((cam, AV @ 4(2), A1) © AQ)) |
+E | g((cam, A1) @ ACD(2), A1) © ACD(2)))]

= E[g(A(1) @ A(2) + A1) ® A'(2))],

and therefore proves the theorem for £ = 1.
Suppose the statement of the theorem holds true for k, then it follows from the rules
of weak computation

(@ A(z’)) = (A(k +1) e P A(z’))

=0

k k I
=A(k+1) @ D AG) + Ak +1) @ ( A("'))

=0 :
k k k j-1
=A(k+1Y o @PAG) + Y P AG) @ AG) & P AG)
=0 =0 i=j5+1 =0
k+1 k+1 2 1 ”
=) P A() o AG) e P AG).
71=0 1=5+1 1=0

d

Example 9 Consider the situation in Ezample 8. Let A(k) (k = 1,2) be w.i.d. random
matrices Bernoulli distributed over {Dy, Dy}. For the weak derwative of A(k) we obtain

A(kY = (1, Dy, Dy) .
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Theorem 1 now implies

(A(1) ® A@Q)Y=A1) ® A2) + A1) ® A(2)

(1,D1,D2) @ (1, A(2), A(2)) + (1, A(1), A(1)) ® (1, Dy, D)
(1, D1 ® A(2), D: ® A(2)) + (1, A(1) ® Dy, A(1) ® Dy)
(1, A(1) ® Dy, A(1) ® Dy), (1, D1 ® A(2), Dy ® A(2))) .

Applying the (7, g)-projection yields
5E[9(AQ) © AR)]=E s (A1) ® AQ)))]
=E|g(A()® Dy) + 9(D1 ® A(2))
~ 9(A(1) ® D) — 9(D2 ® A(2))]

The above formula can be rephrased by saying that the derivative of E[g(A(1) ® A(2))]
can be obtained from the difference between two experiments. For the first experiment, we
consider all possible combinations of replacing the nominal matriz A(k) by Dy, the positive
part of the weak derivative of A(k). For the second experiment, we consider all possible
combinations of replacing the nominal matriz A(k) by D, the negative part of the weak

derivative of A(k).

4.4 Higher—-Order Weak Differentiation

In this section we develop our calculus of higher—order weak differentiation. As a first result,
we show in the next lemma that the weak derivative of a sum equals the sum of the weak

derivative of its components.

Lemma 4 If A,B € HA:{GJXI are stochastically independent and weakly differentiable, then

(A+B) = A +B'.
Proof: For all g € Ck(]f{:”) we obtain

& ploa+ By Y LElg(4)+ ()

dmm1+d Elg(B)|
_ Blota) + Elg(8)
) Elg(a' + B,

where (a) marks the use of the linearity of g over M”*!, see Lemma 3. O
We now establish the Leibniz rule for higher—order weak differentiation.
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Lemma 5 (Leibniz rule) Let {A(k)} be an i.i.d. sequence of n times weakly differentiable
matrices, then

m ()
&)

- ol (12) - (L)
- Zow I Ee) (&) )

IEL(m A 1n) lo'hal . b i€T(m,l) k=0 k=0
with .
cllostm) — Hc(lk) ,
k=0
(@ A(k)) = (X) Al™)(k)
k=0 k=0
and
m (1i7) m
(@ A(k)> = () Al)(k),
k=0 k=0

where AQO(k) = A(k). A similar formula can be obtained for the nt* weak derivative of
A® B.

Proof: We give a proof by induction. For m = 1, the proof follows from Lemma 1.
Suppose that the statement of the lemma holds for m — 1. Set

By = (X) Ag(k),
k=1

then the induction hypothesis implies that By is n times weakly differentiable. Hence, the
n'* weak derivative of A4(0) ® By exists and equals

(A6(0) ® Bp)™

n! i i _ )
= Z 17,1 Z (C(lo)c(él)’ AS;ZO’ 0)(/6) ® Bélx, 1), Aglo, 0)(k) ® B((,ll " ))

(Io,l1)EL(2,n) lolly! (i0,i1)EZ(2,])

S L (A, 4 )

(lo,l1)EL(2,n) bolly! (30,51)E€T(2,1)

% li3)
(g, B, B ) (19)

The term on the right-hand side of the above formula represents the I* weak derivative of
By. More precisely, for 7; = +1 we obtain
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and for i; = —1
B = (s, B0, B,

For 7 = 0, which is equivalent to [; = 0, we obtain
BY = (1, By, Bg) .

Combining the above formulae we obtain

() R pEa)) — !
(CB 7BG ’BO ) = Z TT Z

- - !, .
ftotlo=l 1 ™ G0, im€{—1,0,41}

1. <s(A) Hlk—lly"k 0<=>lk 0
(H c(l-k) , ® A (I, Zk) ® A(l;c i) ) .
k=1 k=1

Inserting the right-hand side of the above formula in (19) and elaborating on the weak
distributivity of ® over +, yields

(A9(0) ® Bg)™

_ n! i
B (10,11)262(2,71) lo'hy! Z Z AR Z

T (i0)€T@D) i Al=l T ™ o, im€{~1,0,4+1}
L. <s(A) [Tir=i1, ©#0

(c(l"), Ago,io)(k) , Agloyia)(k)) ® (H C(Zk) ,®A(l_kﬁk)(k), ®A(l_kv;l:)(k;)) )
k=1 k=1 k=1

Rearranging the sums then concludes the proof of the lemma. O

With the help of the Leibniz rule we can explicitly calculate higher—order weak deriva-
tives. In particular, applying the (7, g)-projection to higher—order weak derivatives yields
unbiased estimators for higher-order derivatives, see [10] for more details.

5 Analyticity

In this section, we prove our main results on the analyticity of @-sums and ®—products in
the (max,+)-algebra.

We begin this section by giving a formal definition of weak analyticity of a random
matrix.

Definition 4 We call Ag € ]RGJXI weakly analytical on © with respect to C’k(]ﬁ:x{) if

o all higher-order weak derivatives of Ag exist on © with respect to Ck( ) and
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o there exists a measure v € Ml(IRZXI), such that the v-density of Ag, say fe, is
analytical on © ( that 1s, for all 6y € © there exists an interval Dy,, with 8y € Da,,
such that the Taylor series of fo(x) developed at 8y converges v-almost surely to
fo(z)), and in addition to that

o for allf, € O, there exists fg)(x) such that the v—density of Ag satisfies for all § € Dy,

oo

n 1 n
Z dé?" 5(9 —60)"| < fy(z)
n=0 6=0¢
with
/ ||z||* f£(m) v(dz) < oo
Lemma 6 If Ay € ]f{JX is weakly analytical on © with respect to Ck(]RJXI) E[g(Ap)] s

analytical on © for all Ck(IR ><I) Furthermore, if, for 8y € ©, the domain of convergence

of the Taylor series of Ag is Dy,, then the domain of convergence of the Taylor series of
E[g(Ag)] is also Deg,.

Proof: Let Ay have v—density f,. For g € Ck(IREJXI), oo times weak differentiability
of Ap implies for all n

T Elaanl= [ gle) T fontde).

Weak analyticity of Ag implies that for every 6y € © a neighbourhood D, exists, such that
for all m and all 6y € Dy,

1 d°

9(z nl 467,y fo(x)(0 — 6o)"

<llz|* £ (=) ,

~ IXI
for all z € ]Re)< . The expression on the right-hand side of the above formula is v~
integrable, therefore, the dominated convergence theorem applies and we obtain

> 2 Blg(Aa))6 - o) v(da)

n=0

- [ 9t Z O Ho@)(® ~ 6o)" v(dz)

= [ o(a)sute) vtao)
= E[g(As)] ,

for all @ € Dy,, where the last but one equality follows from the analyticity of fo(z). O
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Example 10 We now establish sufficient conditions for the weak analyticity of some in-
teresting classes of random variables.

1. Let Ag be exponentially distributed with Lebesgue density fo(x) = 0 exp(—0 ) and let
© = (0, 00). From Ezample 5 (1) it follows that Ay is co times weakly differentiable at
any 6 € (0,00). Furthermore, fo(z) is analytical on (0, 00). In particular, the domain
of convergence of the Taylor series of fo(x) developed at any 6y € © is (0,00). For
by € (0,00), set Dgy(6) = [6,200 — 6] for 8y > 6 > 0, then for all z € [0, 00)

1 Tgn fo(x)(0 — 60)"

> 1
n n—1 -0z n
< ZO(GOJ: +nz" ) e H|9—90|
= 6‘909”(00 + (90 = 5))6(00_6)Z
= (90 + (90 — (5))6_5z
=: f(x).

Since all higher moments of the exponential distribution exist, we conclude that
||z||* £2(z) is Lebesgue integrable. Hence, the Taylor series of E[g(Ay)] developed at
0o has domain of convergence Dgy,(6) for all 6y € (0,00), with 0 < 6 < 6.

~ IxT _ .
2. Let Ag be Bernoulli distributed on X = {x1,22} C IRE>< . Then pg is oo times
weakly differentiable and the derivative of the density of ug with respect to a uniform

distribution is uniformly bounded in 6 by one. Therefore, Ay is weakly analytical on
~ JIxT

[0,1] on Ck(IR, ).

The following corollary establishes an immediate consequence of the definition of weak
analyticity, which is useful in many practical situations for deciding whether a (max,+)-

linear system is analytical or not. We call Xi,..., X, € IRe the input of A € IR;]XI when
the entries of A are measurable mappings of (Xj,..., X,,). For example, the input of the
transition matrix A(k) of a J-dimensional (max,+)-linear stochastic system, as described
in Section 2, is the vector of service times (o;(k) : j < J).

Corollary 1 Let the matriz Ay € IF{;IXI depend on 8 only through an input variable Xy €

IR. and let Xy be stochastically independent of all other input variables of Ag. If Xp is

JxI
)

weakly analytical on © with respect to C’;C(IR6 , then Ay is weakly analytical on © with

~

1 . .y
respect to Cr(IR, g ) and the domains of convergence of the Taylor series coincide.

The following theorem shows that weak analyticity is preserved under finite multipli-
cation or addition.
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Theorem 2 If A,B € IREJXJ are stochastically independent and weakly analytical on O,
then AQ B and A® B are weakly analytical on ©. In particular, if, for 6y € ©, the Taylor
sertes of A has domain of convergence Dg; and the Taylor series of B D},‘D;, then the domain
of convergence of the Taylor series of A @ B, respectively A® B, 1is Dfi N Dg.

Proof: We only give proof of the first part of the theorem. The Leibniz rule of weak
differentiation, Lemma 5, implies that all higher order weak derivatives of A® B exist. Let
fo(x) denote the v—density of Ay and hy(y) an p—density of By. The product of analytical
mappings is analytical, therefore, fy(z)he(y) is analytical on ©. More precisely, let the
Taylor series of fp(z) developed at 6y have domain of convergence Dgo and the Taylor series
of hg(x) developed at 6 domain of convergence Dy . Then fo(x)he(x) can be developed in
Taylor series at 8y with a domain of convergence which is at least Dy, = Dgo N Dgo.

To prove the theorem it suffices to show that for all 8, € © an interval Dy, with
6o € Dy,, and a mapping ML (z,y) exist such that for all # € Dy,

n

V(,’];,y)EIﬁ,ZXJ A JxJ Z _
de 6=0o

n=0

(fol@ho(u)) (0 ~ bo)"| < ME(z,),

with
/ llz ® yl[*M2(z,5) v x p(dz, dy) < oo

Let f;) and h{) denote the corresponding bounds of fy, respectively hq. By calculation,

\ 2

(9 00)™
O goe s
SLy ()]s fe(x)j—;khe(y%(e ol

= 11]d d* b
=> mn—y %fe( )Whe(y)(e—%)

m=0 k+n=
e 11 dn W]

= ZO >, 30 | ggn Fo(@)(0 = 80)"| | 75rha(y)(0 — Bo)"
n=0 k=0

= f5 (z) hy (v)

=t My, (2,y)
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Note that ||z ®y|| < ||z|| + ||y||, and so it follows that d; > 0 for 0 < ¢ < k exist such that
[l @l M2 (e ) 1 x vidz, dy)

k
=Y 4 / 2] £ 3] £2 () B2 (3) e x v(de, dy)
=0

- Zd ([l utae) ) [ bling ) va) <oo.

where the last equation follows from Fubini's theorem and the finiteness of the product
form the weak analyticity of A and B, respectively. [

Theorem 2 provides the means to solve the fixed time horizon problem as was said in
Section 2.3.

Corollary 2 If Ay(k) € IR;]XJ and By(k) € IF{: (0 < k) are two i.i.d. sequences of random
matrices which are weakly analytical on ©, then

111'9(]C+1) = Ao(k)@l‘g(k)@Bg(k) , k>0,

with 2¢(0) = x¢ s weakly analytical on © for all k. Moreover, E[g(z¢(k + 1)] is analytical
on © forall g € Cm(ﬁ{:).
If, for 6y € ©, Ay(0) has domain of convergence Dg}) and By(0) has domain of conver-

gence Dg), then x(k + 1) has domain of convergence Dg N ng.

Proof: Analyticity of z¢(k + 1) follows from Theorem 2 via induction with respect to
k; whereas analyticity of E[g(z¢(k + 1)] is an immediate consequence of Lemma 6. O

Example 11

1. Consider the situation of Example 7 (1). In accordance with Ezample 10 (1), the
transition matriz Ag(k) is analytical on (0, 00). Therefore, xo(k+1), with zg(k+1) =
Ag(k) @ zo(k) for k > 0, is analytical on (0,00) and for g € Cm(lﬁj) the term
Elg(xe(k + 1))] can be developed at any 8y € (0,00) into a Taylor series which has
Dy, (8), with 6y > & > 0, as domain of convergence.

2. In the Bernoulli case, Ag(t) is weakly analytical on [0, 1] for i € IN. Hence,

9 (@ Ag(i) ® o:o)

E

is analytical on © for all g € C’k(IRZ) and all xy € IR: The domain of convergence

of the Taylor series is [0,1]. Since only the first-order weak derivative of Ag(t) is

30



significant, the n-order weak derivative of the k—fold product of Ag(7) reads

k (n)
(@ Ao(i))

(1,4) (L)
- Z n! Z 1, (@ Ao(k)) 2 (@ Ao(k)>
k=0 k=0

1=(lp,... ly)€{0,1}*  1€T(m+Ll)
lk=n

When we develop the Taylor series at zero, we obtain Aq(k) = Dy and, for example,
the first-order derivative of (@ Ao(k) ® x¢) is given by

i m
739 (® Ao(k) © xo)
k=0
= Zg(D;n_J@)DI ®D%®$0) = (m+1)g (D;’H-l@l‘o) 5
7=0

whereas the second—order deriwative equals

d929 (®A0(k>—4zz ( —(i+1) ®D1®D;J®D1®D2)

7=0 =341
+2(m + 1)m g (D7 @ zo)

—2mZg< m_(]+1)®D ®D’®x0) :

6 Analyticity of Waiting Times

In this section we consider open (max,+)-linear systems, like the one in Example 1; we
use the notation introduced in Section 2.2. Put another way, we consider (max,+)-linear
recursions of the type

z(k+1) = A(k)®z(k)® B(k), k>0, (20)

with z(0) = zo € IRGJ, {A(k) : k£ > 0} a sequence of i.i.d. matrices over IRJXJ and

J
{B(k) : k > 0} a sequence of i.i.d. vectors over IR_, cf. Equation (4). Provided that the
system is initially empty, the time the k** customer arriving at the network spends in the
system until completion of service at station j is given by

Wj(k) = z;(k) —7(k), k>1,
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where .
(k) =3 00(i)
i=1

denotes the k™ arrival epoch and oo(k) the k* interarrival time, cf. equations (6) and (5).
We assume that {og(k) : ¥ > 1} is an i.i.d. sequence independent of everything else. In
what follows we assume that the distribution of o¢(1) depends on a parameter 6 € O.

Lemma 7 With the above definitions, if A(0) and B(0) are integrable and if oo(1) is weakly

A

analytical on © with respect to C’l(IREJ), then E[W (k)] is analytical on ©.

Proof: We only give a sketch of the proof. Weak analyticity of oo(1) on © implies
analyticity of E[og(1)] on ©, see Lemma 6. The sum of analytical functions is analytical
and we obtain that E[r(k)] is analytical on ©.

Next we show that E[z(k)] is analytical on ©. Unfortunately, the matrix A(k) and the
vector B(k) in (20) are, in general, stochastically dependent, see Example 1, which rules
out applying Corollary 2 for showing that E[z(k)] is analytical on ©. However, we may

include the source into the state space and obtain a new state vector Z(k) € IF{ZH, such
that )

(k+1) = A(k)®z(k), k>0,
and Z;(k) = x;(k) for j = 1,...,J, which is the inverse transformation of the one from
(2) to (4) in Example 1. The system time of the £** customer then reads

Wjk) = z;(k) — 7(k) -

The input of A(k) are the service times o;(k) for 1 < j < J and the interarrival time
oo(k). Since only oo(k) depends on 6, Corollary 1 implies that A(k) is weakly analytical
on © and, in accordance with Lemma 6, we obtain that E[Z(k)] is analytical on ©. The
difference of analytical functions is analytical, which concludes the proof. O

Lemma 7 applies to general renewal processes and thereby extends the result in [3],
where analyticity of E[W (k)] is shown under the assumption that the arrival process is a
Poisson process with intensity 6. More precisely, if the arrival process is a Poisson process
with intensity 6, then Example 10 (1) establishes weak analyticity of the interarrival times
on (0, 00). Lemma 7 applies and we obtain the analyticity of E[W (k)] on (0, c0), see Lemma
6. We conclude with the remark that, for the case of exponentially distributed interarrival
times with rate 6, Baccelli et al. show in [3] that - under additional conditions on the
sequences {A(k) : £ > 0} and {B(k) : kK > 0} - an analytical continuation of E[W (k)] to
the complex plane exists which is analytical in zero.

Summary

We introduced the concept of (weak) analyticity of random variables and gave Taylor series
expansions of performance functions of finite products of i.i.d. matrices over the (max,+)-
semiring. In particular, the domain of convergence of the Taylor series of such a finite
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product is at least as large as the domain of convergence of the matrix generating the
i.1.d. sequence. Moreover, if the matrix depends on the parameter (with respect to which
we want to develop the Taylor series) only via a single input variable, then the domain of
convergence of the Taylor series of the finite product is at least as large as the domain of
convergence of the Taylor series of this input variable. Hence, analyticity of functions of
finite products of matrices over the (max,+) semiring can be deduced from that of a single
matrix or even of that of a single real-valued random variable.

The extension of these results to the study of asymptotic behaviour of (max,+) systems

is a topic of further research.
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