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Mechanical characterization of glassy polymers using instrumented 

indentation 

 

Instrumented indentation is a versatile technique to probe local mechanical properties of 

films and/or bulk materials. In principle, a well-defined body is pressed into the surface 

of a material while measuring load and penetration depth. The data obtained are 

subsequently analyzed to obtain mechanical quantities such as Young’s modulus or yield 

strength. Especially in the case of polymers, however, this analysis is hampered by the 

fact that the exact contact area and the displacement into the surface are unknown. In 

addition, appropriate quantitative analysis methods for polymer indentation are still 

lacking. This thesis describes the development of a numerical-experimental methodology 

that allows for quantitative interpretation of instrumented-indentation tests on polymer 

systems. 

In the first part of the thesis, we focus on the characterization of the large-strain 

deformation behavior of glassy polymers, in particular polycarbonate (PC) and 

polymethylmethacrylate (PMMA). We employ flat-tip indentation experiments since they 

possess a well-defined elastic-to-plastic transition visible in the indentation load-

displacement curves. The flat-tip indentation technique is experimentally refined by the 

development of a universal alignment stage that allows us to reach perfect tip-surface 

alignment and thus achieve a constant contact area during the entire indentation run. 

Moreover, the set-up makes it possible to quantitatively analyze the (tremendous) 

influence of tip-sample misalignments that usually occur in standard indentation tests.  

In the plastic regime, glassy polymers possess a rather complex intrinsic behavior, 

with a pronounced pressure and rate-dependence of the yield stress as well as a post yield 

region displaying both strain softening and strain hardening. We employ a state-of-the-art 

constitutive model, previously developed in our group, that quantitatively captures this 

intrinsic behavior, to numerically predict the indentation response. In the model, a single 

parameter, the state parameter Sa, is used to uniquely determine the initial yield stress of 

the material, incorporating all variations in its thermal history. Flat-tip micro-indentation 

tests were performed on two materials, polycarbonate (PC) and poly(methyl 

methacrylate) (PMMA), at various loading speeds and thermal histories. For PC the yield 

stress increases proportionally with the logarithm of strain-rate, whereas for PMMA, a 

characteristic change in slope can be observed at higher strain rates. We demonstrate that, 

given the proper definition of the viscosity function, the flat-tip indentation response at 



 XII 

different indentation speeds can be described accurately for both materials. Moreover, it 

is shown that the parameter set obtained for each material is also representative for the 

mechanical response on a macroscopic scale. This implies that the thermodynamic state 

of PC and PMMA can now be determined by fitting a single parameter on a single 

indentation test. 

Large-depth indentation of glassy polymers is also studied employing an optical-

indentation microscope that allows measuring the evolution of the contact area in-situ 

during spherical-tip indentation. It is demonstrated that the numerical model is able to 

correctly predict the development of the indentation contact area in both the elastic as 

well as the plastic regime, including the influences of the thermal history of the sample 

and the indentation speed. Moreover, it is shown that pile-up around the indenter results 

from localization effects and is thus promoted by the strain softening properties of the 

material.  

The last part of the thesis deals with the characterization of the linear viscoelastic 

properties using instrumented indentation. We perform dynamic load indentation with a 

Berkovich tip on two acrylate films with different glass transition temperatures. The 

dynamic quantities thus obtained prove to be in agreement with data obtained from 

macroscopic DMTA in uniaxial extension. By employing the linear viscoelastic 

correspondence principle, the relaxation time spectra obtained can be used to 

quantitatively predict the creep and stress relaxation response measured in spherical-tip 

indentation.  
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Chapter 1 2 

1.1. Indentation  

An increased engineering requirement, at the beginning of the last century, led to a 

demand for a reproducible high quality steel. To satisfy this demand, the steel-producing 

industry needed initially a fast control quality test. This problem motivated Brinell to 

develop the first indentation test in 1900, which was the precursor of modern 

instrumented indentation. A spherical steel indenter was pressed onto the surface of a 

specimen. The aim of this test was to determine the hardness, defined as the material 

resistance to localized plastic deformation. Although the Brinell method was useful to 

probe the hardness of steel, this method also showed some serious limitations. Since the 

indenter was made of steel as well, only a narrow class of materials could be investigated, 

otherwise the deformation of the indenter itself induced a significant error in the 

measurement. In addition to this, due to the spherical shape of the tip, the Brinell test 

cannot be performed on thin material films and small samples.  

The development of harder materials with a finer grain structure motivated 

Rockwell (1919) and Vickers (1925) to further develop the indentation-hardness test. 

Differences between the Brinell’s, Rockwell’s and Vickers method are summarized in 

Table 1.1.  

 

Table 1.1: An overview of the different hardness measurement methods. 
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Indenter 

shape 
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Nowadays, indentation is widely used in quality control of steel. Its success 

results from the low cost of indentation devices, the simplicity of the test and the fact that 

no special sample preparation is needed. In addition to this, indentation has two other 

advantages: it is a nondestructive test, the specimen is neither fractured nor excessively 

deformed, and only a small amount of material is needed.  

However, hardness is not an intrinsic material property since its value depends on 

the testing method. Therefore, many empirical or semi-empirical relationships between 

hardness and yield stress, which indeed is an intrinsic property, have been established for 

metals and ceramics. In the fully plastic regime, Tabor [1] experimentally found hardness 

to be proportional to yield stress by a constant factor, the so-called constraint factor, 

nearly equal to 3. Its precise value depends on the indenter shape and on the friction 

between indenter and sample [2]. Tabor’s relation is valid for metals with high value of 

the ratio elastic modulus to yield stress. In case of elasto-plastic deformation, hardness 

can be related to the yield using the cavity expansion model developed by Johnson [2, 3]. 

The model supposes the existence of a spherical hydrostatic core under the tip, bounded 

by a concentric zone of plastic flow, beyond which the stress is purely elastic. It should 

be mentioned that these models described above are limited to materials which exhibit an 

elastic perfectly plastic deformation. They are thus not suitable when glassy polymers are 

indented since their intrinsic behavior is more complex. 

1.1.1.  Instrumented indentation   

Instrumented indentation takes its origin in the indentation for hardness tests, and also 

here an indenter-tip of a known shape is pressed onto a material. Contrary to the hardness 

test, with instrumented indentation the load and the displacement are continuously 

recorded during the experiment, see Figure 1.1. The most commonly used tip shapes are: 

the Berkovich (tip-three side pyramid), the sphere, the cone and the flat-ended punch tip. 

 

  

Figure 1.1: Typical load displacement curve for: a) a Berkovich tip (solid line); b) spherical tip 

(doted line) and; c) flat punch (dashed line). 
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Although, the first instrumented indentation device was introduced as early as at 

the end of the 19
th

 century by Martens [4], instrumented indentation was developed in the 

70s [5, 6]. The main driving force is the constant reduction in size that has led to the 

increasing use of thin films or coatings in a range of industries. This reduction in film 

thickness leads sometimes to a change in the material’s behavior from that of its bulk 

form. Since conventional macroscopic tests, like tensile or compression tests, are not 

feasible on thin films, instrumented indentation was then developed to enable quantitative 

mechanical testing of thin films. With this technique it is possible to determine elastic 

moduli [7-9], time dependence of polymers [10-12] and soft metals [13-15], fracture 

behavior [16-20] and plasticity of polymers [21-25] and metals [26-28]. However, it 

should be mentioned that the models used to determine the mechanical properties from 

instrumented indentation tests are not always widely accepted. The complexity of the 

stress field developed under the tip renders the data interpretation considerably difficult. 

1.1.2. Indentation analysis 

Elasticity 

The nature and the distribution of stress in the linear elastic regime was first studied by 

Hertz in 1881 [29] and Boussinesq in 1885 [30] for a spherical indenter. The analytical 

solutions are restricted to a frictionless, continuous contact and limited to a small ratio 

contact radius to tip radius. Moreover, Hertz derived a load-displacement relationship 

from analytical solutions for stress and strain. Experimentally, this gives the possibility to 

determine the elastic modulus from the experimental data. Later, Sneddon [31] 

generalized load-displacement relationships for any axisymmetric punch.  

In some cases, when sharp tips are used, plasticity occurs at the early stage of 

deformation and the linear elastic regime, thus, cannot be measured during loading. In 

that case the unloading curve can be used to determine the elastic modulus. The most 

widely used method is the one developed by Oliver and Pharr [7] for a Berkovich tip. The 

method is based on the following assumptions [32]: 

- a dominant elastic deformation occurs upon unloading during which neither 

time dependence nor plasticity plays a role in the recovering work. 

-     the surface profile at the vicinity of the tip is assumed to always sink-in (see 

Figure 1.2) and the method thus cannot be applied to materials which exhibit 

pile-up, caused by plastic deformation. In general, the degree of pile-up is 

determined by the ratio of elastic modulus to yield stress, as well as strain 

hardening [33-35]. When the Oliver and Pharr method is applied to materials 

which exhibit pile-up, the contact area is underestimated and the elastic 

modulus is overestimated [33, 36].  

For glassy polymers, these two assumptions render the determination of the elastic 

modulus by Oliver and Pharr method questionable [37-40]. 
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Figure 1.2: Surface profile at the vicinity of the tip: a) when the material sink-in the contact 

depth, hc, is smaller than the measurement tip displacement, h; b) when the material pile-up hc is 

greater than h. 

 

Viscoelasticity 

Since polymers exhibit an intermediate range of behavior between elastic solids and 

viscous liquids they display a strong time dependence, depending on the temperature and 

the experimental time-scale. This dependence can be expressed both in the time and the 

frequency domain. Linear viscoelastic indentation models were developed for quasi static 

loading [10, 41-44] and dynamic loading [12, 45-47]. Although most of the publications 

are focused on developing new models, only few studies [48, 49] are dedicated to the 

validation of existing models, achieved by comparing linear viscoelastic properties 

obtained by conventional mechanical tests with those obtained by instrumented 

indentation. 

For quasi-static loading, the first linear viscoelastic indentation model was 

developed by Lee and Radok [41]. In their approach, the material constants in the elastic 

solutions of contact problems are replaced by the corresponding differential operators in 

the viscoelastic constitutive equation. The model was restricted to a monotonically 

increasing contact area, and later Ting [42, 43] and Graham [50, 51] proposed a more 

general solution.  

In the frequency domain, the indenter-sample interaction is modeled by an 

arrangement of springs and dashpots [45]. Using this model, the contact stiffness and 

damping coefficient can be calculated from the experimental amplitude and phase 

difference between the load and displacement signals. The storage and loss modulus are 

then obtained from the contact stiffness and damping coefficient, respectively, using 

equations [45] based on the elastic solution developed by Oliver and Pharr [7].  

Plasticity  

The determination of material properties in the elastoplastic or plastic regime presents a 

challenge, since no analytical models are available to determine either the contact area or 

the stress field developed under the indenter. Therefore, to obtain large strain mechanical 

properties of glassy polymers, numerical models are combined with experimental 

a) b) 
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instrumented indentation [21, 22]. This method requires a proper constitutive model 

which captures the complex intrinsic behavior of glassy polymers, and an effective 

inverse analysis method, which would make it possible to obtain the parameters in the 

constitutive model by fitting the load-displacement curve. In most cases, the number of 

parameters in the model, used to correctly capture the complex intrinsic behavior, makes 

the reverse analysis quite difficult. Zhang et. al [22] succeed to extract the parameters 

used in their model by fitting the indentation load displacement curve. Their model takes 

into account visco –elastoplastic deformation, the rate and pressure dependence of the 

yield stress, strain hardening deformation but does not incorporate strain softening. 

However, to reduce complexity in the inverse analysis, they further simplify their model 

by neglecting strain hardening and strain rate effects when they fit the indentation curves. 

In a similar approach, Anand et al. [25] combined the finite element analysis with 

instrumented indentation and they model the indentation response with the parameters 

determined from macroscopic compression tests. The load and displacement curves were 

not directly used to determine the mechanical properties of the glassy polymers.  

1.2. Deformation of glassy polymers  

Contrary to metals, glassy polymers exhibit a rather complex intrinsic behavior, defined 

as the true strain-stress response during homogenous deformation (see Figure 1.3). At 

small deformations, linear viscoelastic deformation is found and when also the time 

dependence is weak, the linear viscoelastic regime can be approximated by a linear 

elastic regime where the stress - strain relation is described by Hooke’s law.  

 

 

 

Figure 1.3: Typical true stress-strain curve obtained under compression test. 
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In the linear viscoelastic range, the stress and strain expression is formulated in 

terms of a Boltzmann single integral operator associated with a hereditary function. The 

relaxation times are then given by continuous relaxation spectra. Alternatively, the 

relaxation times can be given by discrete relaxation spectrum. In that case the stress and 

strain expression is formulated in terms of differential operators representing a 

combination of springs and dashpots.  

In the non-linear viscoelastic range, the response of the material is dependent on 

the stress level. Most of the constitutive equations used here are generalizations of the 

linear Boltzmann integral [52]. Finally, in the linear and non-linear viscoelastic regime, 

the deformation is reversible, since no permanent deformation is observed after the load 

is released.  

When the stress reaches a critical value, the yield stress, plastic deformation sets 

in and deformation is no longer reversible within the time scale of the experiments, see 

Figure 1.3. The yield stress exhibits a strain-rate and a pressure dependence. An increase 

of the strain rate leads to an increase in yield stress and the same behavior is observed 

when the hydrostatic pressure increases. Regarding the strain rate and temperature 

dependence of the yield stress two classes of materials can be distinguished:  

- Thermo-rheologically simple materials for which the deformation kinetics are 

dominated by a single molecular process, i.e. the primary glass transition (α-

process). Here, the yield stress as a function of the logarithm of the strain rate 

shows a linear dependence.  
 

- Thermo-rheologically complex materials for which the deformation kinetics 

are governed by multiple molecular processes (α+β-process where β refers to 

a secondary transition). In that case, the curves exhibit a change in the slope 

over a broad spectrum of strain rates. 
 

Passing the yield stress, the material’s resistance to plastic flow decreases due to 

structural changes: strain softening (Figure 1.3). The macroscopic response and the 

amount of softening of glassy polymers is dependent on the thermal-history. By 

annealing, yield stress, and thus strain softening, are increasing. On the contrary, by 

quenching, strain softening and yield stress decrease. The effect of the thermal-history 

can be completely erased by a mechanical pre-treatment: the effect is called mechanical 

rejuvenation  and softening is completely removed. Finally with increasing strength 

during plastic deformation, molecules become oriented which gives rise to a subsequent 

increase of the stress at large deformation: strain hardening.  

In the past few decades considerable attention has been dedicated to the 

development of constitutive relations for the large strain deformation of solid polymeric 

materials [53-61]. Common factors in these models are the application of rubber elasticity 

to model strain hardening and a stress dependent viscosity to capture the deformation 

kinetics. In a recent study, Klompen [61] developed a constitutive model which can 

perfectly describe the yield and post yield behavior of glassy polymers, see Figure 1.4. 

The model captures the rate dependence, as well as the thermal history dependence of the 

intrinsic behavior.  
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 a)                                                                      b) 

 

 

Figure 1.4: Experimental compression tests (open symbols) for PC compared with the numerical 

simulation (solid lines): a) for three different true strain rates: 10
-2

 s
-1

 ( ), 10
-3

 s
-1

 ( ), 10
-4

 s
-1

 ( ); 

b) for two different thermal histories: annealed ( ) and as received ( ). Data from Klompen [61]. 

 

1.3. The scope of this thesis 

The goal of this thesis is to provide a method which enables determination of the material 

properties from instrumented indentation tests on glassy polymers. In particular, three 

main issues are addressed. 

1.3.1. Misalignment 

All models used in instrumented indentation data analysis so far, assume that the sample 

is perfectly aligned with the tip, i.e. the normal to the sample surface is parallel to the axis 

of symmetry. In reality a perfect tip-sample alignment is rather difficult to achieve and 

this is especially true when the measurements are scaled down. Surprisingly no complete 

studies dedicated to the misalignment were produced up to now. Therefore, Chapter 2 

presents a quantitative study of the influence of misalignment on the experimental load-

displacement curve. Three different tip geometries are used: the Berkovich tip, the 

spherical tip and the flat punch. In addition we also present methods to correct for effects 

of misalignment. 
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1.3.2. Plasticity 

To characterize mechanical properties of glassy polymers, we combine a finite element 

method with instrumented indentation analysis. Here, indentation tests and macroscopic 

tests are simulated with a consistent set of parameters and compared with the 

experiments. Chapter 3 presents the results for a thermorheologically simple and complex 

materials and for two different thermal histories for each class of materials.  

Since the development of the contact area during indentation is unknown for a 

general elastoplastic deformation, this problem is separately studied in Chapter 4. First, 

the contact area is simulated and compared with experimental contact areas, measured in 

situ using an optical-indentation microscope. The parameters in the constitutive model 

are determined from macroscopic tensile tests. The results presented in Chapter 4, are 

obtained for different indentation speeds and thermal histories. Moreover, the 

development of the contact area is studied at large deformations by using the finite 

element analysis only. Pile-up it is expected at such deformation and the fundamental 

parameters that control pile-up for glassy polymers are identified. Previous studies of 

pile-up [33, 35] were performed using constitutive models developed for metals and did 

not incorporate the rate dependence of the yield stress and the strain softening.   

1.3.3. Viscoelasticity 

Chapter 5 is focused on the validation of the existing linear viscoelastic indentation 

model in the time [10, 41-44] and frequency domain [12, 45-47]. This subject was, so far, 

not widely studied and only a few publications are found [48, 49]. We investigate two 

acrylate films with different glass transition temperatures.  

In the frequency domain, the results obtained from the instrumented indentation 

are directly compared to those obtained with a classical rheological method, DMTA. The 

mechanical properties in the time domain are predicted from the DMTA by using linear 

viscoelastic theory and then compared with those obtained from the instrumented 

indentation. 
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Abstract 

A quantitative study is presented on the influence of the sample misalignment on load-

displacement curves measured in instrumented indentation. Three different tip geometries are 

considered: a Berkovich tip, a spherical tip and a flat-ended punch. A special alignment tool was 

developed, that allowed us to perfectly align the sample surface perpendicular to the loading-axis 

of the tip, regardless of the tip geometry and the origin of the misalignment. Moreover, this tool 

enabled us to systematically vary the angle of misalignment and study its effect on the indentation 

results. 

It is shown that sample-misalignment angles smaller than 1.2º have no effect for the 

Berkovich and spherical tips, whereas flat-ended punch indentations are extremely sensitive to 

these small alignment errors. The strongest influence is observed in the linear elastic region, 

where the contact stiffness decreases markedly with increasing misalignment. In the plastic 

regime the sensitivity to misalignment disappears. 

Finally we present a simple method to correct the influence of sample misalignment on 

the load-displacement curves obtained in flat-ended punch indentation. 
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2.1. Introduction  

Instrumented indentation is now routinely employed to determine local mechanical 

properties of surfaces or thin films. Its main advantage is that it is not required to remove 

the film from its substrate, which provides the opportunity to probe the mechanical 

properties of thin layers of material in complex structures. The small amount of deformed 

volume allows assessment of the local mechanical properties and given the considerable 

improvement today in measuring and controlling loads and displacements at small scales, 

it is now possible to obtain mechanical properties at a sub-micron level.  

During instrumented indentation tests, loads and displacements are constantly 

recorded. When the material response is linear elastic, analytical expressions can be 

derived for the relation between the indentation load and displacement. This subsequently 

enables the determination of the elastic modulus. These general expressions have the 

form [1-3]: 

 

q

rMhEP =          (2.1) 

 

where P is the force applied, Er the reduced modulus, h the indentation depth, and M and 

q are parameters determined by the tip geometry. For a spherical indenter with a radius R, 

RM
3

4
=  and q=3/2 [2]. For a flat punch indenter with a radius R, M=2R and q=1 [1]. 

Er is defined by: 
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where Es and υs are, respectively, the elastic modulus and the Poisson’s ratio of the 

sample and Ei and υi are those of the indenter. For polymer samples, the influence of the 

indenter can be neglected, since the diamond indenter is generally two orders of 

magnitude stiffer. In that case the reduced modulus reads: 

 

21 s

s
r

E
E

ν−
=           (2.3) 

 

In instrumented indentation usually three different tip geometries are employed: 

the Berkovich, spherical and flat-ended. Only in the case of the flat-ended punch the 

contact area between indenter and sample remains constant during the experiment. This 
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advantage has been fully employed to characterize linear viscoelastic properties under 

quasi-static [4] and dynamical excitation [5], plastic deformation [6, 7], and debonding 

[8]. However, despite its attractiveness, the flat punch geometry is not commonly used. 

The main reason for this is the difficulty to perfectly align the indenter with the sample, 

resulting in a non-constant contact area during indentation [9]. Moreover, in the case of 

small indenter sizes and/or small indentation depths, the misalignment can not be easily 

controlled and/or corrected.  

In general, misalignment can be defined as a situation where the surface of the 

sample is not perpendicular to the symmetry axis of the tip. Based on this definition, we 

can distinguish two different types of misalignment, as depicted in Figure 2.1. The first 

case represents the sample misalignment (called misalignment type 1, Figure 2.1a). Here, 

the axis of symmetry of the tip is identical to the axis of force application, both not 

perpendicular to the sample surface. The second type of misalignment refers to an 

imperfect indenter/machine assembly (called misalignment type 2, Figure 2.1b). Here the 

axis of symmetry of the tip is not parallel to the load application axis whereas the latter is 

indeed perpendicular to the sample surface.  

 

 

 

Figure 2.1: Representation of different types of misalignment: a) due to the sample and; b) due to 

the imperfect tip/machine assembly; F
r

 represents the load application axis and n
r

 the normal to 

the surface. 

 

Misalignment, regardless of its origin, introduces an error in the force applied on 

the sample. Fortunately, this error is very small since it scales with the cosine of the 

misalignment angle (a misalignment angle of 1º introduces an error of 0.02% in the force 

applied on the sample). Therefore, this influence can be safely disregarded and 

a) b) 
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misalignment basically only induces changes in the development of the contact area 

during testing. 

Here we present a study of the influence of misalignment on instrumented 

indentation using all three different tip geometries: Berkovich, spherical and flat-ended. 

For that we designed a special tool that not only allowed for perfect sample-tip alignment, 

but also provided the possibility to apply pre-defined misalignments. This allowed us to 

perform a systematic study on the effect of misalignment on the indentation load-

displacement curves for the three tip geometries. The surface of the sample was first 

carefully aligned and then systematically tilted from that position. Finally, a “post-

processing” method is presented that corrects for the influence of misalignment by 

directly modifying the load-displacement curves measured.  

2.2.  Experimental 

2.2.1. Materials and techniques 

The material used was polycarbonate (Makrolon, Bayer), obtained in the form of 

extruded sheet of 3 mm thickness. No further thermal treatment was applied to the 

samples. Prior to the indentation tests, the sheet roughness was determined by direct 

imaging using a commercial Atomic Force Microscope (Nanoscope IIIa, Digital 

Instruments, Santa Barbara, California) in tapping mode. A mean roughness, Ra, of about 

5 nm was measured. 

Indentation experiments were carried out using a nano-indenter XP (MTS Nano-

Instruments, Oak Ridge, Tennessee). Three different tip geometries where used: a 

Berkovich tip, a spherical tip (radius, R= 25 µm), and a flat-ended cone (Rflat=5 µm; cone 

angle, φ=72º). All experiments were performed under displacement control with a speed 

of 50 nm·s
-1

. All tests were performed four times to check reproducibility.  

Samples are considered well aligned when their surface is perpendicular to the 

axis of symmetry of the tip. To achieve this, a special alignment tool was designed, based 

on the construction mechanism of the elastic hinges (see Figure 2.2) and fabricated using 

electro-discharge wire cutting.  

The alignment tool allows the rotation of the sample along two perpendicular 

axes. For each rotation axis, the mechanism used is the same and the rotation is realized 

by using elastic hinges with cylindrical cross sections [10-12]. Elastic hinges have the 

following advantages: they exhibit no hysteresis and no friction during bending, and they 

possess a high stiffness in the indentation loading direction and low stiffness 

perpendicular to that direction. The thickness of the elastic hinges was calculated to 

prevent plastic deformation up to a maximum rotation angle of +/- 0.7º
 
from the 

horizontal position (corresponding to a total angle of 1.4º in each direction). The rotation 

is activated by a micro spindle for each rotation axis. A displacement of 10µm of the 

spindle rotates the stage by 0.1º. 
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Figure 2.2: a) alignment tool designed to rotate the sample along two perpendicular axes using 

elastic hinges; b) cross section in the y-z plane showing the principle of one of the precise rotation 

mechanisms allowed by the elastic hinge; c) cross section in the x-z plane 

 

2.2.2. Misalignment correction: procedure 

First we deal with how to quantify and correct the misalignment that originates only from 

the sample (misalignment type 1). Please note, here we assume (for the moment) that the 

symmetry axis of the tip coincides with the loading axis. For all three tip geometries the 

same procedure is used. In the first set of tests, the samples are mounted on the alignment 

tool that is set in its neutral position. Subsequently four indentations are performed 

positioned on the four different corners of a square whose sides are parallel to both 

rotation axes (see Figure 2.3). The difference of the displacement at which the tip  

a) b) 

c) 
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Figure 2.3: Four load-displacement curves obtained under sample misalignment conditions. The 

raw displacement values at which the tip touches the surface are used to quantify the angle 

between the surfaces of the tip and the sample. 

 

contacts the surface of the sample gives the value hi-j, which is the difference in the height 

between two indentation locations i and j along one rotation axis. With the distance (d) 

between the two indentation points, the misalignment angle (φ) equals: 

 

φ = arctg (hi-j / d)         (2.4) 

 

The differences h1-2 and h3-4 (compare Figure 2.3) determine the correction angle φy with 

respect to the y-axis, while h1-4 and h2-3 determine φx.  

If the surface of the sample is sufficiently flat (which is easily verified), the height 

differences h1-2 and h3-4 will be equal, as will be the case for the height differences in 

along the other rotation axis (h1-4 and h2-3). Deviations will be indicative for a rough or 

wavy surface. From the values of the required correction angles φx and φy, the total 

misalignment angle, φ, between the normal to the surface and the loading axis can be 

deduced (derivation, see the Appendix): 
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It is mentioned here that the procedure described in first instance only holds for 

misalignment which originates from the sample. If additional misalignments are present 

during indentation, like misalignment of the tip relative to the direction of force 

measurement, the procedure is not valid anymore. For that, a different solution is 

proposed, see below.  

2.3.  Results and discussion 

2.3.1. Frame compliance correction 

Using the alignment tool during the indentation tests leads to a change of the original 

frame compliance. Therefore the new frame compliance was determined by indenting 

fused silica.  

For the Berkovich tip, the frame compliance Cf was calculated using the Oliver 

and Pahrr method [13] with the following relation:  
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where C is the total compliance (determined from the experimental load-displacement 

curve), A is the contact area and Er is the reduced modulus defined by Equation 2.3. In 

that case the frame compliance was determined to be 430 nm·N
-1

 for the alignment tool 

(instead of 153 nm·N
-1

 obtained with the conventional sample holder).  

For the spherical tip, the frame compliance Cf was calculated using two 

indentation points on the load –displacement curve in the elastic regime [14] :  

 





























−









−

=

2

32

2

1
1

2

32

2

1
1

P
P

P
P

h
P

P
h

C f        (2.7) 

 

where h is the indenter displacement into the surface, P is the load, and the indices 1 and 

2 indicate two points on the curve. This procedure does not require knowledge of the 

reduced modulus and the tip radius. Using this indenter and this method, the same frame 

compliance was found as for the Berkovich tip: 430 nm·N
-1

.   
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For the flat-punch indentation, the frame compliance Cf was calculated in the 

elastic regime by using: 

 

r
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2
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where h is the tip displacement into the surface, P is the load, R is the tip radius and Er is 

the reduced modulus of the fused silica defined by Equation 2.3. A frame compliance of 

546 nm·N
-1

 was found for flat punch indentation with the alignment tool. The difference 

in the frame compliance found for Berkovich and spherical tip on the one hand (430 

nm·N
-1

) and the flat punch on the other, originates from the difference in tip holder 

construction. For the typical indentation loads and depths used in the present study, the 

frame compliance differences will lead only to minor correction effects of the results. 

2.3.2. Misalignment study 

Berkovich tip 

To measure and correct the sample misalignment, the procedure described in the Section 

(2.2) is applied. Figures 2.4a and 2.4b give the load-raw displacement curves of each test. 

Figure 2.4a shows results without correction of the sample misalignment and the data are 

used to probe the misalignment. As can be seen in Figure 2.4a, the tip touches the surface 

at different height positions since they are shifted.  

Figure 2.4b shows results where correction was applied by rotating the sample 

after determining the misalignment angles, φx and φy, from Figure 2.4a. The load-

displacement curves overlap, indicating that the sample surface is indeed horizontal now.  

To investigate the influence of misalignment on load-displacement curves, the 

corrected sample is now deliberately tilted over an angle of 0.4º, 0.8º (solely along the x-

axis) and 1.2º (0.9º along the x-axis and 0.8º along the y-axis) with respect to its perfectly 

aligned position. Figure 2.4c shows the load-displacement curves under each 

misalignment angle, averaged over four independent tests. The results show perfect 

overlapping of the curves obtained under different angles, illustrating that for the 

Berkovich tip misalignment has no effect on indentation, at least in this range of angles 

investigated. As a consequence, the contact stiffness (defined as S =dP / dh) is also 

independent from misalignment, see Figure 2.4d.  

Elastic modulus and hardness are calculated from the load-displacement curves, 

by the method proposed by Oliver and Pharr [15] and the hardness determined from the 

unloading curve shows a constant value of 0.2 GPa. For the elastic modulus, two variants 

of basically the same method were used: (i) the continuous stiffness measurement (CSM) 

technique [13] and (ii) calculation of the elastic modulus and hardness from the results at  
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Figure 2.4: For Berkovich tip: a) load raw displacement curve when no sample misalignment 

correction was applied; b) after correction of the sample misalignment using the alignment tool; 

c) effect of the sample misalignment on the load displacement curves for an angle of 0º, 0.4º, 0.8º, 

1.2º; d) contact stiffness for an angle of 0º, 0.4º, 0.8º, 1.2º. 

 

the beginning of unloading [13]. Both methods lead to the same value of the elastic 

modulus of 2.8 GPa regardless of the misalignment angle. Thus, it can be conclude that, 

using the Berkovich tip, misalignment has no influence on the hardness and elastic 

modulus determined.  

Please note that the value of the elastic modulus of polycarbonate found by 

indentation is higher than the value commonly measured in tensile tests (which equals 

2.2- 2.4 GPa). As just proven, this difference can not be assigned to misalignment of the 

sample but is due to the occurrence of pile-up, which is not considered in the Oliver and 

Pharr method [16] (developed using the experimental data measured on fused silica, 

where no pile up occurs). Consequently, when pile-up occurs the contact area is 

underestimated, leading to the observed overestimation in elastic modulus. 

A change in the residual contact area profile with misalignment angle was also 

observed by Oliver and Pharr [13], but the conclusion here, that this does not influence 

modulus determination is in agreement with results obtained by Shafirstein et al. [17]. In 

their work, misalignment was achieved by indenting a 10 mm diameter single crystal 

alumina ball using a Berkovich tip. Later, the indentations were examined by SEM and 
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the angle between the surface of the sample and the indenter normal was calculated by 

the geometry of the indentations. The authors could determine that the surface 

misalignment has no effect on the hardness and elastic modulus for surface angles lower 

than 8º. They also observed that, by an increasing angle, the residual contact area became 

increasingly elongated.  

Spherical tip 

Next we investigate the influence of misalignment on the load-displacement curves using 

a spherical tip. Figure 2.5a shows the results used to probe misalignment, again 

demonstrating that curves are shifted. After quantifying and correcting the sample 

position for misalignment, the load displacement curves plotted for each test indeed 

overlap, see Figure 2.5b.  

Figures 2.5c and 2.5d present the results of tests where the sample was 

systematically tilted to a misalignment angle up to 1.2º. Both the load-displacement as 

well as the contact stiffness displacement curves are completely identical for all tests, 

indicating that misalignment has also no influence for this tip geometry at least in the 

range of φ’s experimentally investigated.  

 

 

Figure 2.5: As Figure 2.4 now for spherical tip. 
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1
 If the tip is removed and replaced in the nanoindenter, misalignment will always be different 

and a new angle value at which the maximum stiffness is reached will be obtained. 

Flat-ended punch  

Finally the flat punch indenter is investigated; see Figures 2.6a and 2.6b. Figure 2.6a 

presents the uncorrected case, with shifted load-displacement curves. After the correction 

procedure, all curves overlap, see Figure 2.6b. Although this indicates that the sample 

surface is perfectly aligned with respect to the indenter surface, it is observed that the 

load-displacement curves initially do not show the linear dependency as expected from 

Equation 2.1, see Figure 2.6b zoom. This indicates the presence of a misalignment type 2, 

where the tip surface is not perpendicular to the loading axis, implying that an additional 

alignment procedure is needed. 

 

 

Figure 2.6: For flat punch: a) load raw displacement curves when no sample misalignment 

correction was applied; b) after correction of the sample misalignment using the alignment tool. 

 

The procedure used is based on the fact that the contact stiffness will be maximal 

in the situation where tip and sample surfaces are parallel. To obtain the maximum 

contact stiffness a trial and error process is followed where the surface of the sample is 

first tilted along one rotation axis, plotting the contact stiffness as function of the rotation. 

This is repeated until the maximum contact stiffness is reached for a certain angle. Next 

the same procedure is applied along the other rotation axis. The corrections values 

required prove to be always in the range of 0.2º to 1.2º
 
(defined by Equation 2.5)

 1
. Figure 

2.7a, presents the difference in contact stiffness using procedure 1 (dashed line), only 

correcting for sample misalignment, and using procedure 2 (solid line), correcting for the 

total misalignment. It can be observed that procedure 1 does not lead to the highest value 

of the contact stiffness, whereas procedure 2 does.  

Figure 2.7b presents the load displacement curves obtained after procedure 1 

(dashed line) and after procedure 2 (solid line). The curves are shifted to lower 
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indentation depth and possess a larger linear range when the surfaces of the sample and 

the tip are parallel. However, even in this situation, the load-displacement curve still 

exhibits a small non-linearity at indention depths up to 30 nm. Besides the fact that this 

could be related to imperfections of the tip’s geometry, it could also originate from an 

intrinsic scale effect. In the latter case the mechanical properties of the material change 

when approaching a free surface. This phenomena has been observed earlier, and is 

thought to be related to a decrease of the glass-transition temperature in the vicinity of a 

free surface [18-20]. 

 

 

 

 

 

Figure 2.7: Comparison between the sample misalignment correction only (dashed line) and the 

total misalignment correction (solid line): a) for contact stiffness as function of the depth and b) 

for the load-displacement curve. 

 

Figure 2.8a shows the influence of a stepwise misalignment of the flat indenter on 

the load-displacement curves. An increasing misalignment angle leads to a shift of the 

curves to higher displacements (as previously observed). In the case of misalignment, the 

edge of the tip first touches the surface and at this stage, this is not yet a flat punch 

indentation. Therefore, Equation 2.1 is no longer applicable. With ongoing indentation, 

the contact area increases until a full contact between the two surfaces is obtained. When 

the misalignment angle increases, full contact is reached at larger depth.  

a) b) 
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Figure 2.8: Effect of the sample misalignment for the flat ended punch indentation for angles of 

0º, 0.4º, 0.8º, 1.2º: a) load-displacement curves; b) zoom of the load displacement at low 

indentation depth where the sample misalignment has a strong effect. 

 

Next, the contact stiffness is plotted, as a function of indentation depth, for 

different misalignment angles, Figure 2.9. At large displacements, in the plastic regime, 

all the curves obtained for different misalignment angles (from 0º until 1.2º) are actually 

overlapping and in this plastic region misalignment has no effect on the contact stiffness. 

In contrast, in the elastic regime, an increase in misalignment angle results in a clear 

decrease in stiffness. 

 

Figure 2.9: Contact stiffness as function of the displacement for the flat ended punch indentation 

under sample misalignment angles of 0º, 0.4º, 0.8º, 1.2º 
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To quantify the effect, we plot the elastic modulus as function of the 

misalignment angle, Figure 2.10. Using the Equation 2.1, the elastic modulus is 

calculated from the maximum stiffness, Smax from Figure 2.9, by: 

 

R

S
E

2

)1( 2

max ν−
=         (2.9) 

 

where R is the tip’s radius and ν is Poisson’s ratio. A linear relation is found and, for a 

misalignment angle of 0º
 
and a tip’s radius of 5 µm, a value of 2.4 GPa is found for the 

elastic modulus which agrees well with the commonly accepted value for polycarbonate 

(2.2 -2.4 GPa) as determined in tensile testing.  

 

 

 

Figure 2.10: Linear dependency of the elastic modulus with the misalignment angle on 

polycarbonate. 

 

2.3.3. Possibility for post-indentation correction 

At large indentation depth, the contact stiffness is not influenced by misalignment and is 

constant with the depth and, moreover, from the point of maximum stiffness, curves are 

only horizontally shifted, see Figure 2.9. Based on these observations, we try to correct 

for the shift in the indentation depth by applying a linear interpolation. For that, we 

linearize the load-displacement curves, determine the cut-off on the displacement axis at 

zero load, and shift all curves with this value to the left, see Figure 2.11a. The result of 

this correction method is presented in Figure 2.11b. It can be observed that now, in the 
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plastic regime, all curves overlap, indicating that the misalignment has been effectively 

corrected for in the rather straight forward manner.  

 

 

 

Figure 2.11: Method for correcting misalignment, without using the alignment tool: a) a linear fit 

of the experimental load-displacement curve used to obtain the correction factor; b) load-

displacement curves under different misalignment, see Figure 2.8, after correction.  

 

2.4. Conclusions 

Using our specially designed alignment tool, we carried out a quantitative study of the 

effect of misalignment on load-displacement curves for three different tip geometries, a 

Berkovich tip, a spherical tip and a flat-ended punch. It was found that, for angles smaller 

than 1.2º, sample misalignment has no effect for the Berkovich and the spherical tip. In 

contrast, flat-ended punch indentation is very sensitive to misalignment. In the linear 

elastic regime, the contact stiffness decreases with an increasing misalignment angle 

whereas there is no influence of misalignment on the stiffness at large deformation (in the 

plastic regime). It was also found that the elastic modulus, calculated from the maximum 

stiffness, shows a linear dependency on the misalignment angle. 

By using the designed alignment tool, we were able to perfectly align samples and 

tips regardless of the different tip geometry and origin of the misalignment. Finally, we 

developed a method to correct misalignment effects in flat punch indentation by directly 

modifying the load-displacement curves. 
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Appendix 

 

To calculate the total misalignment angle we consider the normal to the surface for the 

misaligned case to be ),,( zyx nnn=n
r

. After correction of the misalignment, by rotation 

along the y-axis (by an angle φy) and subsequently along the x-axis (by an angle φx) the 

normal of the surface should be parallel to the loading axis, which is assumed to be in the 

z-direction, i.e. . )1,0,0(=′n
r

. The rotation can be described by a rotation matrix R: 

 

nRnRRn yx

rrr
⋅=⋅⋅=′ .       (2.10) 

 

where Rx and Ry describe the rotation along the x- and y-axis, respectively. It can be 

shown that the R can be expressed as follows, in terms of the rotation angles φx and φy:
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The combination of Equations 2.10 and 2.11 results in: 

0=cos(φy) nx - sin(φy) nz       (2.12a) 

0= sin(φy) sin(φx) nx + cos(φx) ny + sin(φx) cos(φy) nz    (2.12b) 

1 = cos(φx) sin(φy) nx - sin(φx) ny + cos(φx) cos(φy) nz    (2.12c) 

 

Elimination of  nx and ny from these equations yields: 
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The projection of n
r

 on the z-axis gives: 

 

nz = )cos(. ϕn
r

         (2.14) 
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with n
r

 = 
222

zyx nnn ++ =1 and φ is the total misalignment angle between n
r
′  and n

r
.  

From equations 2.13 and 2.14 we finally obtain:  
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It can be proven that the reversal of the order of the rotation operations along the x- and 

y-axis (see Equation 1) leads to the same result. 
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Abstract 

Flat-tip micro-indentation tests were performed on quenched and annealed polymer glasses at 

various loading speeds. The results were analyzed using an elasto-viscoplastic constitutive model 

that captures the deformation characteristics of a polymer glass: a strain-rate dependent yield 

stress, strain softening and strain hardening. The advantage of this model is that changes in yield 

stress due to physical aging are captured in a single parameter. 

The two materials studied (polycarbonate (PC) and poly(methyl methacrylate) (PMMA)), 

were both selected for the specific rate-dependence of the yield stress they display at room 

temperature. For PC the yield stress increases proportionally with the logarithm of strain-rate, 

whereas for PMMA, a characteristic change in slope can be observed at higher strain rates.  

We demonstrate that, given the proper definition of the viscosity function, the flat-tip 

indentation response at different indentation speeds can be described accurately for both 

materials. Moreover, it is shown that the parameter set obtained for each material is also 

representative for the mechanical response on a macroscopic scale. This implies that the 

thermodynamic state of PC and PMMA can now be determined by fitting a single parameter on a 

single indentation test. 
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3.1. Introduction 

Instrumented indentation is a versatile technique to probe local mechanical properties of 

films and/or bulk materials [1, 2]. In principle, a well-defined body is pressed into the 

surface of a material while measuring both applied load and penetration depth. The data 

obtained can subsequently be analyzed to determine the mechanical properties of the 

indented material. Especially with respect to elastic modulus quantitative analytical 

analysis methods are available [3, 4]. With the aid of the elastic-viscoelastic 

correspondence principle these methods are also applicable to quantitatively assess the 

viscoelastic properties [5-9]. With respect to the large strain mechanical properties the 

analysis of indentation data is less straight forward. Even for the determination of the 

yield strength a direct analytical method or analysis is not available, and an estimate can 

only be obtained using empirical scaling laws. Although these have been proven to be 

quite useful, the scaling factor between hardness and yield strength is not universal for all 

materials [10-12].  

The availability of numerical, FEM-based analysis methods created new 

possibilities. Supported by the development of appropriate finite-strain constitutive 

relations a detailed analysis of local deformation and stress fields became feasible. An 

excellent example is the work in Larsson’s group on Vickers [13] and Berkovich [14] 

indentation of elasto-plastic materials.  In the case of polymeric materials, the analysis of 

such contact problem is complicated by their complex large strain behavior, characterized 

by a pronounced strain-rate and pressure dependence of the yield stress and a post-yield 

response that is governed by a combination of strain softening and strain hardening. 

Especially in the case of polymer glasses considerable effort has been directed towards 

the development of 3D constitutive models that are capable to capture the experimentally 

observed behavior, e.g. in the group of Mary Boyce at MIT [15-17], the group of Paul 

Buckley in Oxford [18-20], and in our Eindhoven group [21-23]. These developments 

enabled a quantitative analysis of localization and failure in glassy polymers [22, 24-29], 

and revealed the crucial influence of the intrinsic post-yield characteristics on 

macroscopic strain localization.  

Van Melick et al. [28] were the first to apply such a constitutive model to 

spherical-tip indentation of polystyrene (PS), in order to analyze radial craze formation. 

They demonstrated that the load-penetration depth curves could be well reproduced for 

different indentation speeds by numerical simulations using the “Eindhoven” model [21]. 

In a subsequent study, Swaddiwudhipong et al. [30] showed that the same model was 

unable to describe the Berkovich indentation response of polycarbonate (PC). To 

reproduce the response at different indentation speeds correctly, they required an 

additional strain gradient effect. It should be noted, however, that they adopted the 

parameters for polycarbonate from Govaert et al.[21] without verifying whether this set 

was appropriate for the thermodynamic state of their own polycarbonate samples. In a 

more recent study, Anand and Ames [31] presented an extension of the BPA-model [16], 

which proved successful in describing the conical–tip indentation of PMMA, albeit at a 

single indentation rate. 

In the present study, we demonstrate that the “Eindhoven” model [22] is also 

capable to quantitatively describe the indentation response of PC and PMMA over a 
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range of indentation speeds. A flat-ended cone is chosen as indenter body, since this 

specific tip geometry results in a load-penetration depth curve in which elastic and plastic 

ranges are clearly distinguishable. At low indentation depth the response is governed by 

elastic deformation, whereas at large depths plastic deformation sets in, leading to a 

marked change in slope and resulting in a characteristic knee-shaped load-displacement 

curve [11, 32, 33]. Moreover, we show that an excellent description of the experimental 

indentation results is accomplished by using a parameter set which also quantitatively 

describes the materials mechanical response in macroscopic testing.  

3.2. Finite strain deformation of glassy polymers  

3.2.1. Phenomenology 

To study the intrinsic stress-strain response of polymers, an experimental set-up is 

required in which the sample can deform homogeneously up to large plastic 

deformations. Examples of such techniques are uniaxial compression tests [15, 34] or 

video-controlled tensile tests [35]. An illustrative example of the intrinsic stress-strain 

response of a polymer glass is presented in Figure 3.1a. Typical features of the post-yield 

plastic deformation at large strains are strain softening, the decrease in true stress that is 

observed after passing the yield point, and strain hardening at large deformations. Strain 

hardening is generally interpreted as the result of a stress contribution of the orienting 

molecular network [15, 34, 36, 37]. Strain softening is closely related to the fact that 

polymer glasses are not in a state of thermodynamic equilibrium. Over time the glass will 

strive towards equilibrium, a process usually referred to as physical aging [38], and, as a 

result, its mechanical properties change. This is demonstrated in Figure 3.1a which 

compares the intrinsic response of two samples with different thermodynamic state. It is 

clear that physical aging results in an increase of both modulus and yield stress, but upon 

plastic deformation the differences between curves of originally different thermodynamic 

state disappear and eventually they fully coincide at a strain of approximately 0.3. 

Apparently all influence of thermal history is erased at that strain and both samples are 

transformed to a similar state, the so-called mechanically rejuvenated state. From Figure 

3.1a it is clear that an increase in yield stress, due to a thermal treatment, directly implies 

an increase in strain softening. The influence of molecular weight on the intrinsic 

response is usually small and negligible [20, 22], which makes thermal history the key 

factor in influencing the intrinsic properties of a specific polymer glass. The thermal 

history is also reflected in the long-term failure behavior of polymer glasses. This was 

demonstrated for PC, where an annealing treatment, leading to an increase in yield stress, 

improved the life-time under constant stress by orders of magnitude [39].  

The intrinsic stress-strain response of glassy polymers also displays a pronounced 

dependence on the time-scale of the experiment. This is illustrated in Figure 3.1b, where 

the strain rate dependence of the compressive stress-strain response of 

poly(methylmethacrylate) (PMMA ) is shown [40]. It is clear that with increasing strain 

rate the overall stress level in the yield and post-yield range increases. Also the amount of 

strain softening and strain hardening appears subject to change. At strain rates over 3·10
-2

  



Chapter 3 38 

a)             b) 

 

 

Figure 3.1: Stress-strain response of PMMA in uniaxial compression, a) influence of thermal 

history where the sample was annealed (dashed line) and quenched (solid line) and b) influence of 

strain rate.  

 

s
-1

 the material heats up as a result of viscous dissipation, and, as a result, strain 

hardening disappears [41]. 

The strain rate dependence of the yield stress is shown in Figure 3.2a for PMMA 

and polycarbonate (PC). For the latter the yield stress increases linearly with the 

logarithm of the strain rate, which indicates that in this range of strain rates the 

deformation of PC is governed by a single molecular relaxation process [42, 43], the 

amorphous α-transition (main-chain segmental motion). Although the present work only 

focuses on the isothermal response, it is relevant to note that the α-stress contribution 

displays an Arrhenius type of temperature dependence that leads to a horizontal shift of 

the yield stress characteristic along the logarithmic strain rate axis: a behavior that is 

generally referred to as thermo-rheologically simple.  

In the case of PMMA, the strain-rate dependence of the yield stress displays a 

clear change in slope which was shown to be related to the onset of a stress contribution 

of a second molecular process, the β-transition [44, 45]; a secondary glass transition 

related to side-chain mobility. A successful description of such a yield response is 

obtained using a Ree-Eyring approximation, where, as schematically represented in 

Figure 3.2b, it is assumed that each process can be described with an Eyring flow rule, 

whereas the stress contributions of both molecular mechanisms are additive [46]. In the 

case of PMMA, it should be noted that each process possesses its own characteristic 

activation energy, implying that curves measured at different temperatures will no longer 

coincide by horizontal shifting. A correct translation to other temperatures can only be  
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a)             b) 

 

 

Figure 3.2: a) yield stress of PMMA and PC in uniaxial compression as a function of strain rate; 

b) decomposition of the strain rate dependence of the yield stress of into two separate molecular 

contributions [45]. 

 

achieved by application of rate-temperature superposition on each contribution 

separately: this behavior is generally referred to as thermo-rheologically complex.  

3.2.2. Numerical model, the “Eindhoven” model 

In the present study we employ a 3D elasto-viscoplastic constitutive model that 

accurately captures the deformation characteristics of polymer glasses [21, 23, 39, 47]. 

The basis of this constitutive model is the decomposition of the total stress into two 

separate contributions, as first proposed by Haward and Thackray [36]: 

 

s r
= +σ σ σ  (3.1) 

 

here σr denotes the strain hardening contribution that is attributed to molecular 

orientation of the entangled network, and in this case described with a Neo-Hookean 

elastic expression [21, 37]: 

 

d

r r
G=σ B%                  (3.2) 
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where Gr is the strain hardening modulus and d
Β%  the deviatoric part of the isochoric left-

Cauchy-Green strain tensor.  

The driving stress σs is attributed to intermolecular interactions on a segmental 

scale [23, 39] and is split up in a hydrostatic ( h

s
σ ) and a deviatoric part ( d

s
σ ) [47, 48] : 

 

( )1h d d

s s s e
K J G= + = − +σ σ σ I B%             (3.3) 

 

where K is the bulk modulus, J is the relative volume change, G is the shear modulus, and 
d

e
B%  is the deviatoric part of the isochoric elastic left Cauchy-Green strain tensor. The 

evolution of J and 
e

B% are implicitly given by: 

 

( )tr= ⋅&J J D                  (3.4) 

( ) ( )= − ⋅ + ⋅ −% % %
o

d d d d
e pl e e pl

B D D B B D D            (3.5) 

 

where 
o

eB%  is the Jaumann derivative of 
e

B% , D
d
 is the deviatoric part of the rate of 

deformation tensor. Crucial for an adequate evolution of the driving stress is the plastic 

part of the rate of deformation tensor Dpl, which is related to the deviatoric driving stress 

by a non-Newtonian flow rule: 

 

( )2 , ,η τ
=

d

s

pl

a
p S

σ
D                (3.6) 

 

A correct expression for the solid state viscosity η is essential in obtaining an 

accurate description of the 3D stress-strain response. For glassy polymers, this choice 

mainly depends on the number of molecular relaxation mechanisms that contribute to the 

stress. In the simplest case only a single molecular mechanism is active, the α-process 

(main-chain segmental motion), and an expression for η can be obtained by taking the 

pressure-modified Eyring flow equation [22, 49, 50] as a starting point. In the isothermal 

case this leads to: 
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( ) ( ) ( ) ( )0, 0, 0,, , sinh exp exp
pl r

p S p Sα α αγ τ γ τ τ µ τ= ⋅ ⋅ − ⋅ −& &      (3.7) 

    

         I                    II     III 

where plγ&  represents the equivalent plastic shear rate [51]. The part marked (I), where τ  

is the equivalent shear stress [52], represents the stress dependence of the viscosity 

governed by the parameter τ0. Part (II), where p is the hydrostatic pressure [53], yields 

the pressure dependency governed by the parameter µ. Part (III) represents the 

dependence of the viscosity on the thermodynamic state of the material expressed by the 

state parameter S. Finally 
α

γ&0, r  is a pre-exponential factor representative for the 

rejuvenated, unaged state, where the index α refers to the identity of the contributing 

molecular process. 

Equation 3.7 leads to the following expression for the stress-dependence of the 

solid state viscosity: 
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&

 (3.8) 

 

where ηo,αr (= 0, 0, rα ατ γ& ) is the zero-viscosity for the rejuvenated state. The part between 

brackets can be regarded as a stress-dependent shift factor that equals 1 at equivalent 

shear stresses lower than τ0,α and decreases exponentially with increasing equivalent shear 

stress.  

The dependence of the viscosity on physical aging and rejuvenation (strain 

softening) is included by defining [22]: 

 

( ) ( )γ γ= ⋅
a pl

S S t R                (3.9) 

 

Here the parameter Sa can be regarded as a state parameter that uniquely determines the 

current state of the material. Evolution of Sa with time allows us to capture the time 

dependent change of mechanical properties as a result of physical aging [22]. In the 

present investigation, however, we will only consider materials with different initial Sa 

values (obtained by application of different thermal histories). The function Rγ describes 

the strain softening process, the erasure of thermal history with plastic deformation. It is 

expressed as: 
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where r0, r1 and r2 are fitting parameters, and γ pl  denotes the equivalent plastic strain. 

The initial value of Rγ(0)=1, and with increasing equivalent plastic  strain Rγ decreases to 

zero. 

The essence of the influences of physical aging and strain softening, modeled 

within the state parameter S (Equation 3.8), is illustrated in Figure 3.3a which shows the 

strain-rate dependence of the yield stress resulting from Equations 3.8 and 3.9. In the 

reference state, i.e. the fully rejuvenated state, the parameter Sa is initially equal to zero. 

With physical aging (also during processing) the value of Sa increases, which leads to a 

shift of the yield stress versus strain rate characteristic along the logarithmic strain rate 

axis. At a constant strain rate, the result is an increase in yield stress compared to that of 

the rejuvenated state. Upon deformation, the increasing equivalent plastic strain γ pl  

triggers strain softening (Equation 3.10) and the yield stress shifts back to that of the 

rejuvenated state. As a result, the yield stress drops with increasing strain and the intrinsic 

stress-strain curve evolves back to that of the rejuvenated state (see Figure 3.3b).  

a)            b) 

 

 

Figure 3.3: a) schematic representation of the influence of the thermal history and strain 

softening on the strain-rate dependence of the yield stress; b) model prediction of the intrinsic 

stress-strain curve indicating the influence of the physical aging. 
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It is important to note that the parameters in the model (see Table 3.1 [39]) proved 

to be independent of the molecular weight distribution of the polymers, PC in this 

example, and the key parameter, needed to adjust for differences in thermal history 

(illustrated in Figure 3.1), is the initial value of the state parameter S: Sa. This parameter 

can, in principle, be determined directly from the yield stress value of a single tensile test 

[22, 39], or, if the thermal history during processing is known, it can be calculated 

directly [54, 55].  

Equations 3.7 and 3.8 both describe a linear increase of the yield stress with the 

logarithm of the strain rate, a situation that can be observed for all glassy polymers, albeit 

over a limited range of temperatures and strain rates. When studied over a sufficiently 

large range of temperatures and strain rates, most glassy polymers reveal a change of 

slope that is related to the stress contribution of a secondary relaxation mechanism 

(generally referred to as the β-process) [43, 45, 56]. A successful description of such a 

yield response can be obtained using the Ree-Eyring model [46], where it is assumed that 

both molecular relaxation mechanisms act in parallel, implying that the stress 

contributions of both are additive:  

 

tot α βτ τ τ= +                  (3.11) 

 

This approach has been successfully employed to describe the strain rate 

dependence of the yield stress of various amorphous and semi-crystalline polymers [44, 

45, 56-59]. An expression for the individual stress contributions can be obtained by 

rewriting the pressure-modified Eyring flow expression (Equation 3.7) in terms of 

equivalent shear stress: 

 

( )1 1

0, 0,

0, 0, 0, 0,

sinh exp exp sinh exp
pl pl

tot a

r e

p p
Sα α

α β

α α β α

γ γµ µ
τ τ τ

γ τ γ τ

− −
      

= ⋅ ⋅ ⋅ + ⋅ ⋅            
      

& &

& &
 (3.12) 

 

While the expression for the β-contribution is equivalent to that of the α-process, 

there are two amendments. To a first approximation we assume that the pressure 

dependence of the β-contribution is identical to that of the α-process. Moreover, since for 

the materials under investigation (PC and PMMA) the β-contribution is already in its 

equilibrium state [60] and does not change position during aging, there appears no use for 

a state parameter Sa,β. The state is fixed by the equilibrium value of 0,βγ& ; 0, eβγ& . 

Here we follow an alternative route, where we capture the slope change in a single 

viscosity expression. To accomplish this we first approach the response of the material in 

the α+β-range, where both the α- and the β-process contribute to the stress, as a single 

flow process: 



Chapter 3 44 

 

( ) 0,

0, 0,

, sinh exp
pl

p
p α

α β

α β α

µτ
γ τ γ

τ τ
+

+

   
= ⋅ ⋅     

  

& &          (3.13) 

 

where again it is assumed that the pressure dependence of the α+β process is identical to 

that of the α-process. Changes in thermodynamic state are captured in the pre-exponential 

factor 0,α βγ
+

& . Equation 3.13 leads to an expression for the stress- and temperature 

dependence of the solid state viscosity in the α+β-range : 
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To obtain a single viscosity function that covers both the α-range as well as the α+β-

range, we define the total viscosity as:  
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A schematic representation of this decomposition is given in Figure 3.4a. The expression 

between brackets in Equation 3.17 is again a stress-dependent shift factor. Its value 

equals 1 at shear stresses well below  τo, and decreases towards zero with increasing shear 

stress. An essential consequence of Equation 3.17 is that the α- and the β-contribution 

both display identical softening. As illustrated in Figure 3.4b, upon plastic deformation, 

the yield stress characteristic shifts horizontally along the logarithmic strain rate without 

any shape change. 

 

a)            b) 

 

 

Figure 3.4: a) schematical representation of the decomposition of the stress-dependence of the 

viscosity of a thermo-rheologically complex material into two separate parts; the α and the α+β 

viscosity function; b) influence of strain softening on the strain-rate dependence of the yield 

stress. 

 

3.3. Experimental 

3.3.1. Materials and sample preparation 

Materials 

The materials used in this study are polycarbonate, PC, (Makrolon
®

, Bayer ),  obtained in 

the form of extruded sheet of 3 mm thickness, and poly(methylmetacrylate), PMMA 

(Perspex
®

, ICI) obtained in the form of extruded rod of 6 mm diameter.  
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Sample preparation: PC 

For planar extension tests, rectangular samples with a dogbone-shaped cross-section were 

milled from the sheet, see Govaert et al. [50], with in the testing region a thickness of 1.7 

mm over a length of 10 mm and a width of 50 mm. Because of the large width-to-length 

ratio the contraction of the material is constrained, creating a plane strain condition [61]. 

For simple shear tests, samples similar to those used in the planar tests were used, now 

with a width of 100 mm instead of 50 mm. With a gauge length of 10 mm, this results in 

an aspect ratio of 10. To avoid any influence of orientation effects due to the extrusion 

process all samples were taken from the same direction. For the uniaxial tensile tests, 

samples according to ASTM D638 were milled from the extruded sheet. To avoid an 

influence of a processing-induced yield stress distribution over the thickness of the 

samples [55], the tensile bars were milled to a thickness of 1.7 mm, i.e. identical to that of 

the test section of the samples for planar extension and shear. 

To enable a direct comparison between the indentation tests and the conventional 

macroscopic tests, indentation experiments were performed on a cross-section of a planar 

extension sample. A small specimen was cut from the gauge-section of the sample and 

subsequently the cross-sectional surface was microtomed (cryogenic cut) to obtain a 

smooth surface. Flat punch indentation tests were then performed in the middle of the 

sample area. For other indentation tests, samples of a size of 10 mm x 10 mm were cut 

from the extruded PC sheet.  

To change the thermodynamic state of the material, some of the samples were 

annealed at 120 ºC for 48 hours in an air circulated oven and subsequently slowly air-

cooled to room temperature.  

Sample preparation: PMMA 

Cylindrical samples of Ø 6 x 6 mm were cut from the extruded rod. The end-faces of the 

cylinders were machined to optical quality employing a precision turning process with a 

diamond tool. Indentation and uniaxial compression tests were performed on the same 

samples. To vary their thermodynamic state, some samples were annealed at 120 ºC for 5 

days in an air circulated oven and subsequently slowly air-cooled to room temperature.  

3.3.2. Techniques 

Indentation experiments were performed using a nano-indenter XP (MTS Nano-

Instruments, Oak Ridge, Tennessee) under displacement control. The geometry of the tip 

was a flat-ended cone, chosen for the fact that the elastic and the plastic regions in the 

load-displacement curve can be clearly distinguished. Unfortunately this flat-tip geometry 

has the drawback that the force-displacement response is very sensitive to tip-sample 

misalignment. This problem was solved by sample re-alignment using a specially 

designed alignment tool. Details on the alignment procedure can be found in chapter 2 of 

this thesis and in reference [62]. The geometry of the tip was characterized using SEM 

and AFM and proved to have a tip-diameter of 10 µm (Figure 3.5a), a cone angle of 72
º
 

(see Figure 3.5b higher SEM picture), and an edge radius of 1 µm (Figure 3.5b lower 

picture).  



Numerical simulation of flat-tip micro-indentation of glassy polymers: influence of loading speed and thermodynamic state 47 

a)             b) 

         

 

Figure 3.5: Characterization of the tip: a) top view SEM picture, b) side view SEM picture 

(higher picture) with tip profile obtained by AFM (lower picture).  

 

Uniaxial compression tests were performed on a servo-hydraulic MTS Elastomer 

Testing System 810. The specimens were cylindrical shaped and compressed under true 

strain control, at constant true strain rates of 10
-4

 to 10
-2

 s
-1

 between two parallel, flat steel 

plates. Friction between samples and plates was reduced by an empirically optimized 

method. Onto the sample ends a thin film (3M 5480, PTFE skived film tape) was applied, 

and the contact area between steel and tape was lubricated using a 1:1 mixture of liquid 

soap and water. During the test no bulging of the sample was observed, indicating that the 

friction was sufficiently reduced. 

Uniaxial and planar tensile tests were performed on a Zwick Z010 tensile tester, at 

constant linear strain-rates of 10
-5

-10
-1

 s
-1

. Shear tests were performed on a Zwick 1475 at 

shear rates ranging from 10
-5

-10
-2

 s
-1

. Stress-strain curves were recorded and, where 

appropriate, true stresses were calculated assuming a constant sample volume. 

3.3.3. Numerical simulations 

Axisymetric simulations were performed using the Marc/Mentat finite element package. 

The contact between indenter and sample was assumed to be frictionless. In the 

axisymetric model, the polymer sample was chosen large enough to prevent the edges 

from influencing the stress-distribution, and the indenter was modeled as a solid body; 

the flat-ended cone with the geometrical specifications as determined by SEM and AFM 

(see Figure 3.5) was used. 

The finite element mesh used for the simulation is shown in Figure 3.6. To 

exclude any mesh-dependence a stepwise element refinement was performed until the 
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solution converged to a steady, mesh independent, result. In order to prevent excessive 

computation times the mesh refinement was restricted to areas of interest (see Figure 3.6). 

 

 

 

Figure 3.6: Mesh used to simulate the indentation tests. 

3.4. Results and discussion 

3.4.1. Thermorheologically simple behavior: PC 

Material characterization 

In the case of PC, only a single molecular process contributes to the yield stress which 

implies that the viscosity function defined in Equation 3.8 can be applied. Besides the 

parameters in this expression (η0,αr, τ0,α, µ, r0, r1, r2), the model requires the 

determination of the strain hardening modulus Gr, the elastic shear modulus G and the 

bulk modulus K. Most of these parameters can be determined from fitting the results of 

uniaxial compression tests at different strain rates. A proven strategy is to start by fitting 

the response of a rejuvenated material (Sa = 0) in the strain hardening regime of the 

experimental curves, which yields the values for τ0,α, η0, αr and Gr. Softening can be 

added by using the aged curve of the sample and r0, r1, r2 and Sa can be determined. 

Next, we need the values of the elastic bulk modulus K, the shear modulus G, and 

the pressure dependence µα. The value of K is calculated from the values of the elastic 

modulus E and the Poisson ratio ν.  The latter were determined in a uniaxial tensile test, 
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yielding values of 2250 MPa for the elastic modulus E and a value of 0.4 for the Poisson 

ratio ν  [47]. Using the interrelations:  

 

( )3 1 2

E
K

ν
=

−
                 (3.18) 

   

a value of 3750 MPa is found for the bulk modulus K . In the present, single mode, 

approach, the elastic shear modulus G is first chosen slightly too low such that the 

predicted yield strain approximately equals the experimentally observed one; this 

facilitates the characterization of the post-yield response. For polycarbonate a value of G 

= 320 MPa proves optimal.  

An excellent method to obtain the pressure dependence µ is by performing 

experiments directly under superimposed hydrostatic pressure [63-65]. Therefore, µ is 

determined by numerically predicting the yield data obtained from compression tests at 

different true strain rates and, finally, from the tensile tests under superimposed 

hydrostatic pressure, as reported by Christiansen et al.[63]. Figures 3.7a and 3.7b show 

that an excellent description is obtained using the material parameters given in Table 3.1 

with an initial Sa-value of 27.0 for the compression, and 34.0 for the yield experiments, 

representing the difference in thermal history between the two material sets used. 

 

 

 

Table 3.1: Material parameters used in the numerical simulation of macroscopic tests on PC. 

 

K [MPa] G [MPa] Gr [MPa] ηo,r [MPa s] τo [MPa] µ Sa [-] 

3750 321 26 2.1·1011 0.7 0.08 - 

 

 

 

 

 

 

 

 



Chapter 3 50 

a)             b) 

 

 

Figure 3.7: a) compression tests, experiments (open symbols) compared with the numerical 

simulation (solid lines) using material parameters presented in Table 3.1 for three different true 

strain rates: 10
-2

 s
-1

 ( ), 10
-3

 s
-1

 ( ), 10
-4

 s
-1

 ( ); b) yield stress versus superimposed hydrostatic 

pressure, model prediction (solid line) compared to experimental results (symbols) by 

Christiansen et al. [63] at a strain rate of 1.7·10
-4

 s
-1

. 

 

Macro-scale simulations 

Since both rejuvenation and aging kinetics proved to be independent of the molecular 

weight of the polymer, the only unknown parameter in the model is the initial value of the 

state parameter, Sa, which can be directly determined from the yield stress measured in a 

single simple tensile test at a single strain rate. This is demonstrated in Figure 3.8a, which 

shows the results of uniaxial tensile tests at a strain rate of 10
-3

 s
-1

 for the as-received 

polymer sheet as well as for a sample annealed for 48 hrs at 120 
o
C. As a result of this 

thermal treatment the yield stress of the material has increased substantially [22, 66, 67]. 

In both cases the samples are observed to neck shortly after the yield stress has been 

reached, initiated by intrinsic strain softening and qualitatively captured by the model.  

For both thermodynamic states the Sa-value is determined by matching the 

experimental yield stress with the yield stress of a FEM-simulation using an 

axisymmetric model of a tensile bar with a small imperfection in the middle (for details 

see van Melick et al. [68]). The simulations, shown in Figure 3.8a, yield Sa = 31.7 for the 

as-received material and Sa = 39 for the annealed material. With these final values a 

complete parameter set for both materials is obtained. 

To demonstrate the capability of the material to describe the mechanical response 

in different loading conditions we present in Figure 3.8b the strain rate dependence of the 
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yield stress of the as-received material in planar extension, shear and uniaxial extension. 

The solid lines are predictions of the model, using the parameter set presented in Table 

3.1 with the Sa-value of 31.7 that was determined in Figure 3.8a. The predictions are 

obtained by performing FEM-simulations on the actual sample geometries (see also [39]). 

It is clear that an accurate, quantitative description is obtained. In the next section we 

investigate the predictive capabilities of the model in micro-indentation. 

 

a)             b) 

 

 

Figure 3.8: Experiments (open symbol) compared with the numerical simulation (solid line) on 

PC a) for tensile tests at a strain rate of 10
-3

 s
-1

 for two different thermal histories with for the as-

received Sa=31.7 ( ) and for the annealed material Sa=39 ( )and b) predicted yield stress at 

different strain rates, Sa = 31.7, for planar extension ( ), uniaxial extension ( ) and shear ( ). 

 

Micro-scale simulations 

Before we apply the model to numerical simulations of the micro-indentation tests, we 

first have to address an imperfection within the model. In the fitting procedure described 

above, we employ a shear modulus of 320 MPa which implies an elastic modulus of 900 

MPa, considerably smaller than the 2250 MPa observed in uniaxial extension. The reason 

was the use of the one mode model (only with its linear initial response) and the wish to 

accurately capture the post yield behavior at the expense in the elastic regime. In the case 

of indentation, where the elastic deformation also significantly contributes at larger depth, 

the low value of the modulus leads to a drastic underestimation of the materials 

resistance. The best method to improve the description of the pre-yield behavior is a 

multimode extension of the present approach. In a previous study we already 

demonstrated that the pre-yield response can be accurately captured by a parallel 



Chapter 3 52 

arrangement of eighteen modes [23]. Unfortunately, this solution tremendously increases 

the computation time required. Instead, we chose to simply increase the shear modulus G 

until the initial slope of the compressive stress-strain curves is properly described. This is 

achieved with G = 784 MPa. To ensure that the yield and post-yield response remains 

identical, this change of G subsequently requires an adaption of the rejuvenated zero 

viscosity η0,αr. The resulting new data set is given in Table 3.2. The consequences of 

these changes are demonstrated in Figure 3.9. Figure 3.9a shows the influence of an 

increase of the shear modulus G on the compressive stress-strain curve. The initial 

modulus increases and the strain-at-yield decreases, leading to a shift of the yield and 

post-yield response to lower strain values. As mentioned before, the value of the yield 

stress as well as the shape of the post yield behavior remains the same.  

 

Table 3.2: Material parameters with increased G, used in the numerical simulation of indentation 

tests on PC. 

 

K [MPa] G [MPa] Gr [MPa] ηo,r [MPa·s] τo [MPa] µ Sa [-] 

3750 784 26 2.8·1012 0.7 0.08 - 

 

 

a)             b) 

 

 

Figure 3.9: Effect of the elastic modulus a) simulated compression tests for two different values 

of the elastic modulus: G = 321 MPa (dashed line) and G = 784 MPa (solid line) compared with 

the experiments ( ) and; b) for the indentation tests.   
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The influence on the indentation curves is shown in Figure 3.9b where 

experimental data on the as-received material are compared to numerical simulations 

using the Sa-value of 31.7 determined above (Figure 3.8a). From Figure 3.9b it becomes 

clear that a correct modulus leads to an accurate, quantitative prediction of the loading 

path of the indentation test, whereas the low modulus value leads to a large 

underestimation of the indentation resistance. Figure 3.9b also shows that the current 

approach is reasonably successful in capturing the unloading path. We expect that this 

prediction could even be improved if a multimode version of the model would be 

employed. 

In Figure 3.10d a characteristic loading curve of an indentation measurement is 

shown. Three points are marked: A, B and C. In Figures 3.10a-10c graphical 

representations of the development of the plastic deformation under the tip are given for 

these three points. From the numerical evaluations it is derived that the plastic 

deformation starts at the edge of the indenter, as can be seen in Figure 3.10a, and grows 

in the form of a hemisphere towards the symmetry axis. This is a result of the fact that 

stress localizes at the edge of the indenter. Around point B, see Figure 3.10b, the plastic 

deformation zone concludes the formation of the hemisphere. From point C on, see 

Figure 3.10c, this hemisphere starts to expand in thickness. These results correspond well 

to experimental observations made by others [11]. 

The amount of detail given by our approach is further demonstrated in Figure 

3.11, which shows the influence of thermodynamic state (Figure 3.11a) and strain rate 

(Figure 3.11b) on the response in flat-tip indentation tests. In Figure 3.11a the results are 

presented of micro-indentation experiments (at a rate of 50 nm·s
-1

) on both the as-

received and the annealed PC-sheet. It is clear that the numerical simulations, employing 

the Sa-values determined in Figure 3.8a, quantitatively predict the load-displacement 

curves. The agreement is that well that the flat-tip indentation test can be used to 

determine the Sa-value of a PC with an unknown thermal history. To achieve this, the 

load-displacement curve has to be fitted with numerical simulations. For PC the Sa-value 

can be determined in this way in practice with accuracy of ± 1 (corresponding to a yield 

stress inaccuracy of ± 1 MPa).  

The feasibility to characterize the Sa-value from an indentation test is 

demonstrated in Figure 3.11b, which presents micro-indentation results at different 

indentation rates (5 nm·s
-1

, 50 nm·s
-1

, and 200 nm·s
-1

). The material indented is a PC 

which was annealed for a few hours at 120 
o
C. An Sa-value of 34 is determined by fitting 

the numerical prediction to the load-displacement curve of 5 nm·s
-1

. The loading curves 

of the other indentation rates are subsequently simulated with this value. The result is 

clear; the influence of strain rate is also quantitatively predicted by our model. 
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a)             b) 

 

 

c)             d) 

   

 

Figure 3.10: Simulation of the development of the plastic deformation at different indentation 

depth for PC: a) at 460nm; b) 965 nm; c) 2.2 µm; d) the load displacement curve where points a b 

c indicate at which deformation the simulated plastic deformation are captured.   
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a)             b) 

 

 

Figure 3.11: Flat punch indentation experiments (open symbols) compared with the numerical 

prediction (solid line): a) as-received (Sa = 31.7) ( ) and for annealed (Sa = 39) ( ) PC at an 

indentation speed of 50 nm·s
-1

 and b) for speeds of 5 nm·s
-1

 ( ) , 50 nm·s
-1

 ( ) and 200 nm·s
-1

   

( ) on the as-received PC (Sa=34).   

 

3.4.2. Thermorheologically complex behavior: PMMA 

Material characterization 

In the case of PMMA, there are two molecular processes that contribute to the yield stress 

which implies that the viscosity function defined in Equation 3.17 must be applied. This 

means that, besides the parameters already discussed in the previous section (η0,αr, τ0,α, µ, 

r0, r1, r2, Gr, G, and K), we also have to determine the values of η0,α+β and τ0,α+β. For the 

characterization we make use of the fact that the β-contribution is only present at high 

strain rates and, therefore, the stress-strain response in the low strain rate range will be 

determined by the α-process only. As a consequence, we can use the same 

characterization strategy at low strain rates as employed in the previous section for PC. 

For the elastic properties of PMMA we used a bulk modulus K of 3 GPa [69], the 

appropriate value of the shear modulus G is determined to be 760 MPa from the initial 

slope of the compressive stress-strain curves. To facilitate the fitting procedure we 

initially adopt a lower value for G (630 MPa). After characterization of the α-parameters, 

the values for η0,α+β and τ0,α+β  were subsequently determined by fitting numerical 

predictions to the compressive stress-strain curves obtained at higher strain rates 

(α+β region).  
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To obtain the true value of the pressure-dependence parameter µα we use a 

method inspired by the work of Bardia and Narasimhan [70], who employed an spherical 

indentation test to characterize the pressure sensitivity index of the Drucker–Prager 

constitutive model. Here we follow a similar route. Since the compression tests and the 

indentation tests are performed on the same sample, the Sa value is identical in both cases. 

In the α-range, the only unknown parameter is therefore the pressure dependence µα. We 

again generate different parameter sets by fitting the compression data for different 

values of µα. Note that each set describes the compressive stress-strain curves equally 

well (Figure 3.12a). With these data sets we subsequently predict the load-deformation 

curve for an indentation rate of 5 nm·s
-1 

(see Figure 3.12b) and found that a value of µα = 

0.13 is in good agreement with the experiments. The complete data sets, used for the 

predictions in Figures 3.12, are tabulated in Table 3.3 (compression) and Table 3.4 

(indentation). The corresponding Sa-value is determined to be 7.8. 

 

a)              b) 

   

 

Figure 3.12: Experiments (open symbols) compared to numerical simulation (solid lines) for: a) 

compression tests ( ) performed on PMMA at a strain rate of 10
-4 

s
-1

, 3·10
-4 

s
-1

, 10
-3

 s
-1

, 3·10
-3

 s
-1

, 

10
-2

 s
-1

, 3·10
-2

 s
-1

 and; b) flat indentation performed at 5 nm·s
-1

 ( ). 
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Table 3.3: Parameters used in the numerical simulation of compression tests on PMMA. 

 

K 

[MPa] 

G 

[MPa] 

Gr 

[MPa] 

0,ατ  

[MPa] 

0,α β
τ

+
 

[MPa] 

η0,αr 

[MPa·s] 

η0,α+β 

[MPa·s] 

3000 628 26 2.71 7.05 8.13· 10
6 

2.12·10
5 

 

µ Sa ro r1 r2 

0.13 7.8 0.96 30 -3.5 

 

Finally, indentation tests are performed at indentation rates of 5 nm·s
-1

, 10 nm·s
-1

, 

20 nm·s
-1

 and 40 nm·s
-1

. The results are compared to numerical predictions (employing 

the parameters listed in Table 3.4) in Figure 3.13a. It is clear that the numerical 

predictions are in excellent agreement with the pronounced rate-dependence observed in 

the experimental force-displacement curves. To demonstrate the presence of a β-

contribution in the indentation response, we perform simulations of indentation test at 

rates of 0.1 nm·s
-1

 and 40 nm·s
-1

 with, as well as without, a β-contribution (without 

implies η0,α+β =0). The results are presented in Figure 3.13b and show that at a low 

indentation rate (0.1 nm·s
-1

) the β-contribution is negligible, whereas at higher rates a 

significant contribution is visible. 

 

Table 3.4: Parameter set with corrected G, used in the numerical simulation of indentation tests 

on PMMA. 

 

K 

[MPa] 

G 

[MPa] 

Gr 

[MPa] 

0,ατ  

[MPa] 

0,α β
τ

+  

[MPa] 

η0,αr 

[MPa·s] 

η0,α+β 

[MPa·s] 

3000 759 26 2.71 7.05 9.27·10
6
 2.22·10

5 

 

µ Sa ro r1 r2 

0.13 7.8 0.96 30 -3.5 
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a)             b) 

 

 

Figure 3.13: a) flat punch indentation performed on PMMA at a speed of 5 nm·s
-1

 ( ), 10 nm·s
-1

 

( ), 20 nm·s
-1

 ( ), 40 nm·s
-1

 ( ) compared with the numerical simulations (solid lines) and b) 

numerical simulation performed using a model which takes into account the α contribution 

(dashed lines) only and the α+β contribution (solid lines) at two different speeds 0.1 nm·s
-1 

and 40 

nm·s
-1

. 

 

3.5. Conclusions 

In the plastic regime, glassy polymers possess a rather complex intrinsic behavior, with a 

pronounced pressure- and rate-dependence of the yield stress as well as a post yield 

region displaying both strain softening and strain hardening. We employ a state-of-the-art 

constitutive model, previously developed in our group, which describes this intrinsic 

behavior, to numerically predict the indentation response. In the model, a single 

parameter, the state parameter Sa, is used to uniquely determine the initial yield stress of 

the material, and to capture all variations in its thermal history. We demonstrate that this 

model can capture the rate-, and history-dependence of PC and PMMA on both the 

macroscopic and microscopic scale. The excellent accuracy of the description also creates 

the possibility to accurately extract the state parameter Sa directly from micro-indentation 

experiments. This offers interesting possibilities with respect to quality control of load-

bearing polymer products. Moreover, it was found that the pressure dependence of the 

yield stress can also be obtained by combining indentation tests and compression tests on 

the same samples. 
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Abstract  

In this chapter we study the development of the contact area during indentation of polycarbonate. 

The contact area was measured in situ using an instrumented indentation microscope and 

compared with numerical simulations using an elasto-plastic constitutive model. The parameters 

in the model were obtained using macroscopic tests. Indentations were performed on samples 

with different thermal histories and at different speeds. For all cases, the numerical model 

correctly predicted the development of the contact area during indentation. For increasing strain 

rates, the contact area decreases at equal indentation depths. Annealing the samples results in a 

smaller contact area at equal indentation depth. Using only numerical simulations, it was also 

shown that pile-up around the indenter results from localization effects and is thus promoted by 

strain softening properties of the indented material. Strain hardening, on the other hand, tends to 

promote sink-in. 

Finally, we performed simulations of load-relaxation during indentation. The results 

indicate that about 40% of the total observed relaxation may be assigned to plastic effects. 
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4.1. Introduction 

Nowadays, indentation is a fairly mature technique to probe mechanical properties of 

small volumes of materials and especially thin films. The main requirement for an 

indentation sample is that the indented surface should be sufficiently smooth to obtain 

reproducible results, but no further special sample preparation is needed. During 

indentation, the applied load and the tip displacement are continuously recorded. From 

such data mechanical properties, like the elastic modulus or the yield stress of the 

materials, can be extracted using various methods depending on the deformation regime 

and tip’s geometry. In all indentation analysis models, the accuracy of the estimated 

mechanical properties is strongly related to the accurate determination of the contact area 

between the indenter tip and the material surface, which is not always straightforward. 

The main difficulty is, that for most materials the contact area cannot be estimated 

directly from the measured tip indenter displacement. Figure 4.1 illustrates the fact that 

the measured displacement of the tip (h) is in practice hardly ever equal to the contact 

depth (hc). hc is the depth over which the tip and the surface make contact, and knowing 

the tip’s geometrical shape this determines the (projected) contact area. At the vicinity of 

the tip, the surface can sink-in (on the right in Figure 4.1) or pile-up (on the left in Figure 

4.1). 

For the special case of frictionless contact of a spherical indenter with a flat 

linearly elastic half space, the surface will sink-in in such a way that the contact depth 

(hc) is equal to half of the tip displacement h. For small displacements with respect to the 

tip size (radius), the projected contact area for spherical indentation is given by [1]: 

 

Ap = π a
2
 ≈ π R h        (4.1) 

 

where Ap is the projected area, a is the contact radius, R is the tip radius and h is the tip 

displacement defined by: 

 

 

 

Figure 4.1: Contact profile developed during indentation where h is the indentation depth, hc is 

the contact depth, a is the contact radius.  



Quantitative assessment and prediction of the contact area development during spherical tip indentation of glassy polymers 67 

h = hp + hc         (4.2)   

 

where hc is the contact depth and hp the difference between the displacement and the 

contact depth (see Figure 4.1). 

In the general case, the projected contact area is defined as a function of the 

contact depth by a simple geometric relation:  

 

Ap = π a
2
 = π (2R-hc)hc       (4.3) 

 

where hc is the contact depth. Unfortunately, when in addition to elastic deformation, also 

plastic deformation occurs, no analytical solution exists that describes the relationship 

between the actual contact depth and the experimentally measured tip displacement. 

Therefore the contact area cannot be determined directly from the load-displacement 

curves, which makes it impossible to determine the mechanical properties without 

assumptions or approximations about the contact area.  

Popular methods to determine mechanical properties from indentation were 

proposed by Oliver and Pharr for a Berkovich tip [2] and by Field and Swain for a 

spherical tip [3]. Essentially, the method is based on elastic contact theory of symmetric 

indenters. Plastic deformation, occurring in addition to purely elastic strains, is assumed 

to result only in a shift of the total indentation depth and not in a change of the nature of 

the surface deformation near the contact. The final analysis, therefore, is a purely elastic 

analysis of the (elastic) unloading part of the indentation curve. In principle, the method 

is thus not applicable to materials exhibiting pile-up or extensive sink-in. In daily 

practice, calibration procedures involving the fitting of a polynomial function, that 

describes the relationship between the projected contact area and the indentation depth, 

indirectly compensate for this flow in the method. However this compensation is only 

valid for the material used for the calibration, which is usually fused silica.  

Pile-up, which may occur in many metals and in polymers, can lead to significant 

errors in the determination of the contact area. Using finite element simulations, it was 

shown that the Oliver and Pharr method may significantly underestimate the contact area 

when the material piles-up [4]. The amount of pile-up depends on the ratio of the elastic 

modulus to the yield stress and on work hardening properties. For a large ratio and no or 

little work hardening, the material will exhibit a pronounced pile-up. In contrast, an 

increase in work hardening will tend to inhibit the pile-up. Compared to Berkovich 

indentation, the situation is more complex for spherical indentation as the amount of pile-

up is a function of the indentation depth [5]. It should be mentioned, that the numerical 

model used in reference [5] to study pile-up is based on an elasto-plastic constitutive 

model with strain hardening, which is appropriate for a class of metals.  

Compared to metals, glassy polymers possess a more complex intrinsic behavior, 

namely a more pronounced strain rate dependence of the yield stress and a post yield 



Chapter 4 68 

region displaying strain softening as well as strain hardening. These intrinsic properties 

result in an evolution of the contact area during indentation that cannot be described with 

common metal models since these do not capture these specific intrinsic features.  

In the last 20 years, considerable effort has been made to model the post yield 

behavior of glassy polymers and a number of 3D numerical models were developed and 

validated, by Boyce et al. at MIT [6-8], Paul Buckley et al. in Oxford [9-11] and our own 

group in Eindhoven [12-14]. Common factors of these models are the application of a 

stress dependent viscosity to capture the deformation kinetics and the use of rubber 

elasticity to model strain hardening.  

We will use our numerical model to investigate the evolution of the contact area 

during spherical indentation on polycarbonate. The simulations will be validated using a 

recently developed technique, the instrumented indentation microscope [15, 16], which 

enables the direct measurement of the contact area during  indentation.  

4.2. Mechanical properties of glassy polymers: phenomenology  

Intrinsic behavior is defined as the response of the material under homogenous 

deformation. In general the intrinsic behavior of amorphous polymers, like 

polycarbonate, polystyrene, or polymethylmethacrylate, exhibits a non-linear viscoelastic 

regime at low deformation followed by yielding and complex post yield behavior. After 

yielding, the true stress drops with increasing the plastic strain (strain softening) and 

finally increases again at larger deformation (strain hardening).  

This response is dependent on temperature, pressure and thermodynamic state. An 

illustration of the influence of deformation rate on polycarbonate (PC) is shown in Figure 

4.2a. With an increasing strain rate the yield stress increases leading to a shift of the total 

plastic response to higher stress. Contrary to the yield stress, the strain softening is rate 

independent. Figure 4.2b shows the influence of the material’s thermal history on the 

plastic response. By annealing the sample, the yield stress and the strain softening 

increase. It should be noticed that the response at large deformations is independent of the 

thermal history. At large deformations, namely, the effect (of the thermal-history) has 

been erased by the plastic deformation, i.e. the material returns to the rejuvenated state. In 

such a state, the intrinsic response of amorphous polymers exhibits no strain softening as 

is illustrated in Figure 4.2b.  

4.3. Modeling 

4.3.1. Constitutive modeling 

In previous work we developed an 3D elasto-viscoplastic constitutive equation that 

accurately captures the deformation characteristics of polymer glasses [12, 13, 17, 18]. 

The basis of this constitutive model is  the division of the total stress into two  
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a)      b) 

  

 

Figure 4.2: Intrinsic behavior of amorphous polymer: a) under the influence of different true 

strain rates and; b) at different thermal histories. 

 

contributions, first proposed by Haward and Thackray [19]:  

 

s r
= +σ σ σ          (4.4) 

 

in which σr denotes the strain hardening contribution that is attributed to molecular 

orientation of the entangled network, modeled using a Neo-Hookean elastic expression 

[13, 20]: 

 

d

r r
G=σ B%          (4.5) 

 

where Gr is the strain hardening modulus, d
Β% is the isochoric left-Cauchy-Green 

deformation tensor, and the superscript d denotes that we take the deviatoric part. 

The so-called driving stress σs in Equation 4.4 accounts for the rate-dependent 

plastic flow response, attributed to intermolecular interactions on a segmental scale [12, 

18] and is represented by a compressible Leonov model [17, 21]: 
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where K is the bulk modulus and G is the shear modulus. The relative volume change J 

and the isochoric elastic left Cauchy Green deformation tensor eB
~

 are implicitly given 

by: 
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The left hand side of Equation 4.8 represents the (objective) Jaumann derivative of the 

isochoric elastic left Cauchy Green tensor. The tensor D denotes the rate of deformation 

tensor, and Dp the is plastic rate of deformation tensor. To complete the constitutive 

description the plastic deformation rate is expressed in the Cauchy stress tensor by a 

generalized non-Newtonian flow rule: 

 

(((( ))))a

d

s
p

Spτη ,,2

σσσσ
====D         (4.9) 

 

Under isothermal conditions the nonlinearity of the model is completely governed by the 

stress-, pressure- and state-dependent viscosity η, defined as [18] 
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Here the parameter ηo,r represents the zero-viscosity for the completely rejuvenated 

(unaged) state. The part marked (I), with τ  being the equivalent stress [22], represents 

the stress dependent part of the viscosity governed by the parameter τo. Part (II) is the 

pressure dependent part, governed by the pressure dependence parameter µ and the 

hydrostatic pressure p [23]. The combination of part (I) and (II) gives a rate dependent 

plastic flow response according to the pressure modified Eyring flow expression [24, 25]. 

Finally, part (III) represents the dependence of the viscosity on physical aging and 

rejuvenation (strain softening) this on the temperature- and deformation history. The 

parameter Sa can be regarded as a state parameter that uniquely determines the current 
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state of the material. Evolution of Sa with time allows us to capture the change of 

mechanical properties over time as a result of physical aging. In the present investigation, 

we will only consider materials with different initial Sa values (obtained by application of 

different thermal histories). 

The function Rγ in Equation 4.10 describes the strain softening process that is the 

erasure of thermal history by plastic deformation. It is expressed as: 
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      (4.11) 

where r0, r1 and r2 are fitting parameters, and pγ  denotes the equivalent plastic strain 

[26]. 

The essence of the influence of physical aging and of strain softening, modeled by 

the state parameter Sa (Equation 4.10), is illustrated in Figure 4.3a which shows the 

strain-rate dependence of the yield stress resulting from Equation 4.10. In the reference 

state, i.e. the fully rejuvenated state, the parameter Sa is initially equal to zero. With 

physical aging (also during processing) the value of Sa increases, which leads to a shift of 

the yield stress- strain rate along the log (strain rate) axis. At a constant strain rate, the  

 

a)      b) 

 

 

Figure 4.3: a) influence of the thermal history and strain softening on the strain rate dependence 

of the yield stress; b) intrinsic stress-strain curve indicating the influence of the physical aging.  
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result is an increase in yield stress compared to that of the rejuvenated state. Upon 

deformation, the increasing equivalent plastic strain γ
p
 triggers strain softening (Equation 

4.11) and the yield stress shifts back to that of the rejuvenated state. As a result of 

rejuvenation due to deformation, the yield stress drops with increasing strain and the 

intrinsic stress-strain curve evolves back to that of the rejuvenated state at large strains 

(see Figure 4.3b). 

For polycarbonate (PC) the parameters in the model (see Table 4.1 [18]) prove to 

be independent of the molecular weight distribution and the key parameter, needed to 

adjust for differences in thermal history (illustrated in Figure 4.2b), is the initial value of 

the state parameter Sa. 

 

Table 4.1: Material parameters used for the numerical simulation of tensile and compression tests on PC. 

 

K [MPa] G [MPa] Gr [MPa] ηo,r [MPa·s] τo [MPa] µ Sa [-] 

3750 321 26 2.1·1011 0.7 0.08 - 

 

4.3.2. Indentation modeling 

In the present model, the elastic regime is approximated with compressible, linear-elastic 

behavior. To correctly describe post-yield response, the elastic modulus is generally 

chosen such that the yield strain is accurately predicted, see Figure 4.4a. This is justified  

a)       b) 

             

Figure 4.4: Compression tests: a) experiments (open symbols) compared with the numerical 

simulation (solid lines) using material parameters presented in Table 4.1 for three different true 

strain rates: 10
-2

 s
-1

 ( ), 10
-3

 s
-1

 ( ), 10
-4

 s
-1

 ( ); b) simulated compression tests (solid lines) for 

two different values of the elastic modulus (E = 900 MPa and E = 2.2 MPa, see Table 4.2) 

compared with the experiments ( ).  
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for problems in which large strains are predominant. For polycarbonate, this yields a 

value of 900 MPa [14] which is much smaller than the 2200-2400 MPa generally 

observed. For indentation, where the elastic deformation also significantly contributes at 

larger depth, a drastic underestimation of the material resistance is obtained when the 

modulus is chosen too low. Two possibilities are available to solve this problem. The first 

is to use a multimode version of the model to describe the complete pre-yield viscoelastic 

behavior. In previous work we showed that the behavior can be accurately captured by a 

parallel arrangement of eighteen modes [12]. Unfortunately, this solution increases the 

computation time tremendously and will therefore not be used. The second possibility 

consists of a simple increase of the elastic modulus, which requires adaptation of another 

single parameter, ηo, to assure that the post yield response remains identical, see Figure 

4.4b. In that case the modeled yield strain is smaller than the experimental one. The new 

set of parameters used for the indentation simulation is presented in Table 4.2. 

Simulations are performed using the Marc / Mentat finite element package. The 

finite element mesh used for the simulation is depicted in Figure 4.5. Axisymmetric 

quadrilateral linear elements are used. The total domain shown in Figure 4.5a has 

dimensions 1 mm x 1 mm and consists of 2192 nodes and 2061 elements. The mesh 

becomes more refined towards the region of contact (Figure 4.5b) and the size of the 

elements which come into contact with the indenter is about 300 nm. The indenter is 

modeled as a rigid sphere with a radius of 100 µm, and the contact is assumed to be 

frictionless. The contact radius is estimated by the y coordinate of the last node in 

contact. 

Table 4.2: Material parameters used for the numerical simulation of indentation tests on PC.  

 

a)      b) 

 

Figure 4.5: Finite element mesh used to simulate the indentation tests. 

K [MPa] G [MPa] Gr [MPa] ηo,r [MPa·s] τo [MPa] µ Sa [-] 

3750 784 26 2.8·1012 0.7 0.08 - 
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4.4. Materials and experimental methods 

4.4.1. Materials 

The material used in this study is polycarbonate (Makrolon, Bayer), obtained in the form 

of extruded sheet of 3 mm thickness. Prior to the indentation tests, the sheet roughness is 

determined by using a commercial Atomic Force Microscope (Digital Instruments, 

Nanoscope IIIa) operating in tapping mode. A mean roughness, Ra, of about 5 nm is 

measured. 

From the extruded sheet, samples with a size of 10 mm x 10 mm are cut. For half 

of the samples no further heat treatment is applied prior to indentation. The other half is 

annealed at 130ºC for 24 hours in an air circulated oven and subsequently cooled down 

slowly to room temperature.  

4.4.2. Optical indentation microscope 

In order to make in situ observations of the contact area during indentation tests, a unique 

indentation device has been designed where a transparent indenter is coupled with a 

microscope and a CCD camera (see Figure 4.6) [15, 16]. The tip of the indenter is 

optically aligned to a microscope and a CCD-video-camera and the contact area is 

observed through the indenter tip. At the maximum magnification, the inaccuracy in the 

lengths measured on video-images is ± 0.5 µm. The depth of penetration (h) is measured 

by a couple of linear transducers and the indentation load (P) is monitored by a load cell. 

A diamond cone indenter (the apex angle of 90 degree) with a tip radius of 100 µm is 

used. This tip geometry offers the possibility to fully exploit the advantage of the 

axisymmetry condition for the numerical simulation and to reduce the number of 

elements. Using the instrumented indentation microscope, the contact area can be 

determined directly without approximation or assumption.  

 

 

Figure 4.6: Instrumented indentation microscope set up.  
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Indentation tests are performed at a displacement rate of 0.1 µm·s
-1

, 1 µm·s
-1

 and 5 

µm·s
-1

 up to a maximum load of approximately 1 N, followed by unloading with the same 

displacement rate. Since the main interest is in the loading, no holding time at the 

maximum of the loading is applied.  

For the load relaxation tests, the indenter penetrated into the sample at a speed of 

1 µm·s
-1

 until a maximum force of approximately 1.1 N is reached. The depth of 

penetration is then fixed at the value at the peak load during the load relaxation. 

4.5. Results and discussion 

4.5.1. Experimental determination of the contact area 

Using the instrumented indentation microscope, the contact area is continuously recorded 

during indentation tests. Figure 4.7a shows the development of the contact area during the 

loading. The images are captured in-situ during indentation tests on PC. Figure 4.7b 

shows the state of the deformation corresponding to the images. As expected the contact 

area increases gradually with an increasing indentation depth, see Figure 4.7a.  

The diameter of the contact radius is determined from the pictures, using an image 

processing program. From the contact radius a obtained, the contact area Ap is 

subsequently calculated as Ap = πa
2
, and then plotted against the penetration displacement 

h in Figure 4.7c. For the lower indentation depths (up to 1.8 µm), the experimental 

contact area as function of the displacement shows a linear dependence, indicating an 

Hertzian contact (Figure 4.7c). At deeper indentation depth, this trend gradually deviates 

from the linearity, indicating the occurrence of plastic deformation.  

4.5.2. Numerical simulation vs. experiments 

To complete the constitutive model for our materials, the state parameter Sa must be 

determined in addition to the already known parameters listed in Table 4.2. This is done 

by carrying out macroscopic tensile tests on the as received and on the annealed 

materials. Experiments are performed at an engineering strain rate of 10
-3

 s
-1

 on samples 

with geometry according to ISO 527. Numerical simulations of the tensile tests are 

performed using the 3D tensile bar geometry and Sa values are subsequently increased 

until the simulated yield stress agree well with the experimental one. For the as received 

PC a yield stress of 63 MPa leads to a value of 31.7 for Sa. For the annealed material, a 

yield stress of 71 MPa corresponds to a value of 39 for Sa.  

The experimental indentation tests, performed with the optical indentation 

microscope, are simulated using these values for the state parameter. A direct comparison 

between the numerical simulation and experiments, shown in Figure 4.8, proves that the 

model can perfectly predict the experimental load-displacement curves (Figure 4.8a) as 

well as the evolution of the experimental contact areas during the indentation tests 

(Figure 4.8b). At small indentation depth, the contact follows a Hertzian description, 

hence it is purely elastic. In contrast, at deeper indentation depth, the curves gradually  
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Figure 4.7: Contact area measurements: a) pictures of the contact area obtained in situ during 

indentation tests; b) load displacement curve indicating at which state of the deformation the 

pictures were recorded; c) experimental contact area ( ), determined from the pictures, as 

function of the indentation depth. The dashed line corresponds to a Hertzian contact.  

  

deviate from the the Hertzian contact due to onset of plastic deformation. In addition, it is 

observed that annealing leads to a shift of the load-displacement curve towards higher 

force at the same indentation Hertzian contact due to onset of plastic deformation. In 

addition, it is observed that annealing depth and a shift towards a deeper indentation 

depth for the same contact area (Figure 4.8). In general, these observations are in 

agreement with an extension of the elastic range due to an increase of the yield stress.  

b) c) 

a) 
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Figure 4.8: Indentation experiments (open symbols) compared with the numerical simulation 

(solid line) for two different thermal histories: annealed ( ) and as received ( ): a) for the load-

displacement and; b) for the contact area normalized with the square of the tip radius as function 

of the displacement normalized with the radius (100 µm). 

 

Annealing leads to an increase of the yield stress and it therefore extends the elastic 

range. 

Since mechanical properties of glassy polymers are time-dependent, the effect of 

the indentation speed on the evolution of the contact area is also investigated. Simulation 

of indentation tests on the as-received polycarbonate at different speeds (0.1 µm·s
-1

 and 5 

µm·s
-1

) are therefore performed and compared with the experiments. Figure 4.9 presents 

this comparison and shows that the model perfectly predicts the experimental load-

displacement curves, see Figure 4.9a, as well as the evolution of the contact areas during 

indentation at different speeds (Figure 4.9b). Again the curves follow the Hertzian 

contact at low displacement, and gradually deviate at larger displacement after the onset 

of plastic deformation. Moreover, an increase in speed leads to an increase in yield stress 

and therefore to a prolonged elastic range during the indentation.  

A difference of a factor 50 in speed leads to a difference of 5 MPa in the yield 

stress. Besides the difference in yield stress between the “as received” and annealed PC is 

8 MPa. Although the influence on the yield strength of the annealing step is more 

pronounced than that of the indentation speed (in the range between 0.1 µm·s
-1

 and 5 

µm·s
-1

), it can be seen from a comparison between Figures 4.8 and 4.9, that the thermal-

history effect induces a slightly smaller effect on the evolution of the contact area than 

the speed. This agrees well with the fact that by increasing the speed the complete  

a) b) 
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Figure 4.9: Indentation experiments (open symbols) compared with the numerical simulation 

(solid line) for two different speeds: =h&  0.1 µm·s
-1

 ( ) and 5 µm·s
-1 

( ): a) for the load-

displacement and b) for the contact area normalized with the square of the tip radius as a function 

of the displacement normalized with the radius. 

 

intrinsic response of the PC is shifted to higher stress whereas the thermal-history only 

induces differences in the intrinsic response close to the yield stress (see Figure 4.2). 

4.5.3. Large deformation investigation: pile-up 

To further investigate the effect of thermal history on the evolution of the contact area we 

perform numerical simulations of indentations to large indentation depths for two 

extreme values of Sa; 0, which is the completely rejuvenated state, and 30, further 

referred as slightly annealed, for a speed of 0.1 µm·s
-1

. The difference in intrinsic 

behavior between these two materials is illustrated in Figure 4.2b. Figure 4.10a presents 

the calculated contact-area evolution during indentation for both cases. At indentation 

depths smaller than 20 µm (i.e., h / R < 0.2), the curves exhibit a similar trend as that 

observed in Figure 4.8b, i.e. a shift of the contact area evolution towards larger depths 

with increasing value of Sa. Remarkably, however, this trend is inverted for larger 

indentation depths (>20 µm), i.e. a shift of the contact area evolution towards smaller 

depths with increasing value of Sa.  

The occurrence of this trend inversion is clearly coupled to the presence of strain 

softening in the case of Sa=30, and not to a simple increase of the yield stress. This is 

supported by the results in Figure 4.10b of simulations of indentation of the rejuvenated  

a) b) 
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Figure 4.10: Normalized contact area as function of the normalized indentation depth: a) for two 

different thermal-histories modelled by two different Sa values: 0 (rejuvenated) for the solid line 

and 30 (annealed) for the dashed line; b) for two different speeds (Sa=0): 10 µm·s
-1

 for the solid 

line and 0.1 µm·s
-1

 for the dashed line. 

 

material (Sa=0) at two different speeds (0.1 µm·s
-1

 and 10 µm·s
-1

). The increase of 

indentation speed leads to an increase in yield stress, but for both speeds strain softening 

is absent (Sa=0). 

Since the evolution of the contact area is related to the contact geometry, i.e. pile-

up or sink-in, we now plot the surface profile in the vicinity of the tip obtained for Sa =0 

and Sa =30 at different indentation depths, see Figure 4.11. This figure shows that, at low 

depths, the surface exhibits the same sink-in profile for both the annealed and rejuvenated  

 

 

 

Figure 4.11: Contact profile for the slightly annealed material (solid line) and the rejuvenated 

material (dashed line) at different indentation depths (12.5 µm for profile number 1, 25 µm for 

number 2, 37.5 µm for number 3 and 50 µm for number 4). 

a) b) 
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material. At large indentation depth, the simulations show that the annealed material 

piles-up whereas the rejuvenated material sinks-in near the tip. Therefore the trend 

inversion in the contact area evolution observed in Figure 4.10a, results from the 

difference in the contact geometry, which is determined by the post-yield behavior. In 

general, strain softening promotes the occurrence of strain localization phenomena [27]. 

The occurrence of pile-up for the annealed material appears to be a related phenomenon. 

This becomes especially clear if we look at Figure 4.12. This figure represents the surface 

profile at the maximum depth. It can be seen that for both materials, the surface piles-up 

but the effect is much more pronounced for Sa=30. Moreover, even if the surface piles-up 

for the rejuvenated material, it does not affect the contact area evolution. Reason is that 

the first contact point between the surface and the tip (D in Figure 4.12) is lower than the 

free surface. Therefore, this indicates a sink-in contact which is consistent with 

observations from Figure 4.11. For the slightly annealed material an opposite situation is 

observed. The differences between the two materials are caused by the strain softening 

behavior of the annealed material that localizes the deformation close to the contact 

region, whereas the absence of strain softening for the fully rejuvenated sample 

distributes the deformation over a larger volume of the material.  

 

 

 

Figure 4.12: Simulated contact profile as function of the radial distance from the center: for the 

rejuvenated PC (dashed line: ABCD) and slightly annealed PC (solid line: AB’C’D’) at an 

indentation depth of 50 µm. The dotted line on the left represents the tip profile 

 

4.5.4. Relaxation  

Load relaxation indentation has been performed and simulated for an as-received 

polycarbonate sample for which no further heat treatment has been applied, using the 
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experimental conditions described in the section 4.3.2. It should be noticed that our 

model takes into account only plastic effects, and no viscoelastic relaxation is 

incorporated, given the only one-mode version used here. The intention is to have an 

estimation of the contribution of plasticity to stress relaxation during indentation. Figure 

4.13 represents the simulation of the load relaxation test, using only a plastic model, 

compared with the experiments. It is shown that the simulated plastic contribution 

represents 40% of the observed force relaxation, which is quite substantial.  

 

 

 

Figure 4.13: Experimental indentation load relaxation test result ( ) compared with the 

simulation (solid line) using a one mode version of the model that incorporates only plasticity, but 

no viscoelasticity. 

4.6. Conclusions 

The evolution of the contact area between a spherical indenter and a polycarbonate 

surface was measured in-situ using a specially designed instrumented indentation 

microscope. Indentations on PC samples with two different thermal histories were 

performed at two different speeds and, subsequently compared with numerical 

simulations carried out using an advanced elasto-plastic constitutive model for 

polycarbonate. The parameters used in the constitutive model were determined using 

tensile tests. For all cases, the numerical model perfectly predicted the development of 

the contact area during indentation. The results show that by annealing or by increasing 

the speed, the purely elastic range is extended during indentation due to the increase of 

the yield stress, which leads to a decrease in contact area at equal indentation depths.  

Using numerical simulation, it is also shown that the post yield behavior of the 

material has a dominant influence on the contact geometry, which may exhibit pile-up or 
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sink-in. Particularly, pile-up results from localization effects and it is therefore promoted 

by strain softening.    

Finally, in load-relaxation indentation of polycarbonate, using our model, we 

found that approximately half of the total relaxation is constituted by plasticity, on top of 

possible viscous effects.  
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Abstract: 

Instrumented indentation is used to determine the linear viscoelastic properties of two acrylate 

films with different glass transition temperatures (Tg). The results are compared to data obtained 

with a classical rheological method, DMTA. The creep compliance and relaxation moduli are 

predicted from the dynamical properties obtained from DMTA tests by using the linear 

viscoelastic theory. In addition, these properties are measured using indentation-creep and 

indentation relaxation (quasi-static) measurements, as well as from dynamic indentation testing. 

For the lower- Tg material, that exhibits a stronger time dependency, the viscoelastic properties 

determined under quasi-static and dynamic conditions are comparable to those obtained from 

DMTA. A difference of about 10 % between the two methods is generally found. On the contrary, 

the creep compliance and loss modulus for the higher- Tg material differs significantly from the 

DMTA data. This may be explained by the fact that the hard material has a weak time 

dependency and therefore the measurements are more sensitive to experimental errors. 



Chapter 5 

 

86 

5.1. Introduction 

In instrumented indentation testing, an indenter is pressed into the surface of a material, 

meanwhile continuously monitoring the force applied and the displacement of the 

indenter. From the resulting load-displacement curves, mechanical properties like elastic 

modulus and hardness are determined [1, 2], as well as fracture behavior [3-8] and 

residual stresses [9-12]. Existing models used in those analyses are only valid when the 

time-dependency of the material is weak and can be neglected.  

Many materials such as polymers, amorphous metals and inorganic glasses may, 

however, deform in a viscoelastical way, and the time dependency cannot be neglected. 

The extent of this time-dependency of course depends on the temperature applied and the 

experimental time-scale. For small displacements, the material viscoelastic response is 

often linear implying that the material state is not altered by the applied stress or strain. 

In principle, time-dependent material properties can be probed by using quasi-

static loading or dynamic loading. Some effort has been given to the development of  

analytical models to determine linear viscoelastic properties for quasi static [13-23] and 

dynamic loading [24-27]. Only few studies, however, are dedicated to compare 

viscoelastic properties obtained from indentation to results from conventional mechanical 

tests [28, 29]. These studies show a substantial discrepancy between the bulk rheometry 

characterization and instrumented indentation technique under quasi-static testing 

conditions [28], but a good agreement between dynamic indentation and the bulk 

rheological method [29].  

Here we carry out a comparative study of viscoelastic properties obtained with 

indentation and the properties found with conventional DMTA testing. Dynamic and 

quasi-static indentation tests are carried out for two acrylate films with different glass 

transition temperatures. The linear viscoelastic properties obtained from indentation, like 

storage and loss moduli, as well as creep compliance and relaxation modulus, are 

compared to the properties obtained from the DMTA tests.  

5.2. Theory 

Linear viscoelastic problems can often be solved using the so-called correspondence 

principle. This method consist of removing the time dependence in the equations 

governing a viscoelastic problem by application of the Laplace transform. As a result the 

corresponding elastic problem with the same initial and boundary conditions is obtained. 

If the elastic problem can be solved, the viscoelastic solution is obtained from the elastic 

solution by applying the inverse Laplace transform. However, the correspondence 

principle is limited to the cases for which the boundary conditions are independent of 

time. Therefore, for contact problems in which the contact area increases with time this 

approach cannot be used in general, and viscoelastic solutions therefore can generally not 

be obtained from the associated elastic solution by replacing the elastic constant by the 

viscoelastic operator. Nevertheless, Lee and Radok [13] have shown that correct 

viscoelastic solutions still can be obtained using such an approach, if the contact area is 

monotonically increasing. Later, Ting [14, 15] and Graham [16, 17] used a different 
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approach and proposed a solution allowing for the contact area to pass through one or 

more maxima.  

During so-called indentation-creep tests, a constant load, fixed in time, is applied 

while the change of the displacement is measured. In that case, for spherical creep 

indentation, the load and the displacement are related by the following equation [14, 15, 

23]: 
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where R is the tip radius, P0 is the constant applied load, h is the time dependent 

displacement, ν is the Poisson’s ratio and D(t) is the creep compliance. In contrast to the 

creep indentation experiment, in an indentation-relaxation experiment the displacement is 

kept constant while the time-evolution of the force is measured. In that case, the 

following relation describes the linear viscoelastic spherical indentation problem [14, 15, 

23]:   
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in which h0 is the constant displacement, P is the load, and E(t) the relaxation modulus. In 

Equations 5.1 and 5.2 the Poisson’s ratio is assumed to be independent of time. 

Another approach to obtain linear viscoelastic properties is to perform dynamic 

indentation tests [24-27]. In such tests, an oscillatory load, superposed on a fixed finite 

load, is applied and the resulting oscillating displacement is measured. The oscillatory 

load and resulting oscillating displacement are given by:  
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where P0 is the force amplitude, h0 is the displacement amplitude, ω is the frequency and 

φ is the phase shift of the displacement with respect to the oscillating force.  

The dynamic instrument-sample interaction is represented by a damped harmonic 

oscillator model consisting of a combination of a spring and a dashpot [1, 25-27]. Since 

all motions are restricted to 1-D, the equation for the motion is a simple harmonic 

oscillator subjected to a force:  



Chapter 5 

 

88 

 

)()()()( tKhthDthmtP ++= &&&        (5.5) 

 

where K is the equivalent stiffness (defined as a combination of the contact stiffness, the 

load frame stiffness and the support spring stiffness) and D is the damping factor in both 

indenter head and sample (defined as the sum of the damping factor of the indenter and 

the damping factor of the sample).  

The stiffness, S, and the damping factor, Ds, are calculated from Equation 5.5 with 

the oscillating force and displacement expressed in Equation 5.3 and 5.4. The stiffness 

and the damping are then given by: 
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where Ks is the support spring stiffness, Kf is the load frame stiffness and Di the damping 

factor of the indenter.  

The storage and loss moduli are related respectively to the stiffness and the 

damping factor by assuming an elastic solution to the tip-sample contact. For a Berkovich 

indentation, the elastic solutions are those obtained by Oliver and Pharr [30]:   
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where A is the contact area, β is a correction factor (=1.034) that takes into account the 

deviation in stiffness caused by the lack of axial symmetry of the Berkovich tip [31] and 

Er is the reduced modulus, given by: 

21 ν−
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E
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with E is the storage or loss modulus of the specimen and ν is the Poisson’s ratio 

(Equation 5.9 is valid only for the case where the sample is much more compliant than 

the indenter).  

The reduced storage modulus 
′

rE  and reduced loss modulus 
″

rE  are then given 

by [25]: 
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Equations 5.10 and 5.11 are obtained from Equation 5.8 by replacing the elastic 

constant by the viscoelastic operators. According to White et. al. [29] the correspondence 

principle is not properly used in this case since it can be used only when the contact area 

is monotonically increasing (which is not the case for dynamic contacts). Nevertheless 

they found a good agreement between dynamic indentation and DMTA [29]. 

5.3. Materials and methods 

Samples investigated were two different acrylate films with a thickness of 100 µm. The 

glass transition temperature of the two films was 323 K, (further referred as the soft 

material) and 353 K (hard material), respectively.  

Quasi-static indentation tests were performed using a micro indenter custom-

designed and made at Philips Research Laboratories in Eindhoven. Forces and 

displacements are measured by means of coils at the bottom of the indenter column with 

an accuracy of 2 mN and 20 nm respectively. We used a sapphire sphere indenter with a 

radius of 150 µm. The compliance of the apparatus was determined by a reference 

measurement on silica glass with an elastic modulus of 72 GPa and a Poisson’s ratio of 

0.3. The compliance, determined from the experimental curve, was 6·10
-2

 µm·N
-1

.  

During indentation creep tests, a constant applied force of 30 mN and 50 mN was 

reached in 0.4 s and maintained at this value for 1000 s meanwhile recording the 

displacement response. For relaxation tests, a displacement of 1.5 µm for the soft material 

and 2.2 µm for the hard material (reached in 0.4s) was kept constant during 1000 s while 

recording the load response. In order to minimize effects of thermal drift, the indenter 

was placed inside a cabinet and experiments were conducted in a temperature-controlled 

room. In order to stabilize the temperature, a waiting period of 1000 s was applied prior 

to the start of an experiment. All creep and relaxation tests were performed at a 

temperature of 299 K.  
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Dynamic indentation tests were carried out using a nano-indenter DCM (MTS 

Nano-Instruments, Oak Ridge, Tennessee). A Berkovich tip was used and pressed into 

the sample with a strain rate of 0.05 s 
-1 

(defined as the speed divided by the depth) until a 

depth of 100 nm or 400 nm was reached. The tip was accordingly kept at this depth 

during the frequency sweep measurements. The range of frequencies investigated was 

from 1 to 300 Hz with a displacement amplitude of 1nm. Finally five indentation tests 

were performed at each indentation depth. The indentation tests were performed at a 

temperature of 298 K. 

The DMTA measurements were performed in tension with a TA Instruments 

RSA-III dynamic mechanical analyzer in a frequency sweep mode. The temperature 

range was from 273 K to 348 K, with a step of 5 K. The frequency range was from 0.1 to 

10 Hz.  

5.4. Results and discussion 

5.4.1. Macroscopic viscoelastic characterization 

Figure 5.1 shows the storage and loss moduli obtained from the DMTA experiments at 

several temperatures. Master curves are obtained using the time-temperature 

superposition principle (see Figure 5.2). The shift factor aT is determined to achieve the 

closest superposition and is found to obey the Williams- Landel -Ferry relation [32]: 

 

02
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TTC
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−+

−−
=        (5.12) 

 

where C1 and C2 are constants, determined to be respectively 91 and 550 for the soft film 

and 100 and 523 for the hard film. T0 is the reference temperature at which the master 

curves are constructed (in our case 298 K for both materials). It is checked and confirmed 

that the vertical shift, applied to compensate for the elastic modulus change with 

temperature [33], is small and therefore the effect can be ignored [34]. 

The dynamic modulus obtained from DMTA is then subsequently converted into 

the time domain to obtain the relaxation modulus. This is done using the standard 

software package IRIS, and details of the method can be found in the work of Baumgartel 

and Winter [35-37]. The storage modulus and loss modulus master curves are first fitted 

using a Maxwell model (i.e. a spring and a dashpot in series) with twenty two modes for 

the hard material and twenty three modes for the soft material (see Table 5.1 in 

Appendix). Figure 5.2 represents the Maxwell fit of the experimental master curves. The 

relaxation modulus can be described using Equation 5.13: 
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     a)      b) 

         

     c)      d) 

        

Figure 5.1: DMTA results at several temperatures. Storage modulus obtained on a) hard material 

and b) soft material. Loss modulus obtained on c) hard material and d) soft material. 
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where the relaxation times, kτ , and Gk are obtained from the fit of the dynamic 

measurements. 

The storage G′  and loss G ′′  moduli can be inverted to obtain the corresponding 

compliance by:  
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a)      b) 

 

 

Figure 5.2: DMTA master curves fitted using a Maxwell model (solid lines) compared with the 

experimental curve for the hard material ( ) and the soft material ( ): a) storage modulus; b) loss 

modulus.  
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The storage and loss compliance can be fitted with a Kelvin-Voigt model (i.e. a 

spring and a dashpot in parallel) with twenty one elements for the hard material and 

twenty two elements for the soft material (see Table 5.2 in the Appendix). The results of 

the fit are given in Figure 5.3. The creep compliance can be described using: 
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where retardation times, iτ , and Ji are obtained from the fit of the dynamic measurement.  
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Figure 5.3: Storage compliance fitted using Maxwell model (solid lines) compared with the 

experimental curve for the hard material ( ) and the soft material ( ). 

 

5.4.2. Linear viscoelastic indentation 

Dynamic indentation 

In order to determine the tensile storage and loss moduli, dynamic indentation tests are 

performed on the two acrylate films. From the experimental data, consisting of the load 

and displacement amplitudes and the phase angle, the tensile storage and loss moduli are 

computed using Equations 5.10 and 5.11. Figure 5.4, presenting the tensile storage and 

loss moduli as a function of the frequency, shows that the method is sensitive enough to 

capture the frequency dependence of the moduli for the two acrylate films. Moreover, it 

is shown that the dynamic properties of each material, obtained at a depth of 100 nm are 

equal to those obtained at a depth of 400 nm. This indicates that the linear viscoelastic 

conditions are not violated. Finally, it is important to notice from Figure 5.4, that the 

experiments are reproducible (the experimental error is represented by the size of the 

symbols).  

In order to validate the dynamic indentation analysis we compare the tensile 

dynamic properties obtained from the two methods: indentation and DMTA (see Figure 

5.4). This figure shows that the frequency dependence of the storage and loss moduli are 

correctly captured by indentation for both the soft and the hard material. An exception 

seems to be the loss modulus, which is somewhat overestimated by the indentation tests. 

Quantitatively, the storage modulus obtained from the indentation technique differs from 

the DMTA results by 10-12% for the hard material and 3-7% for the soft material. The 

loss modulus obtained from indentation differs 8-15% from the DMTA results for the soft 

material and 5-40% for the hard material. The source of the discrepancy for the loss 
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modulus of the hard material might be due to the fact that the time dependence is not 

pronounced and thus more sensitive to the noise or limitation in the force measurement 

accuracy, rather than the surface detection or imprecise determination of the contact area. 

 

a)      b) 

 

 

Figure 5.4: Indentation storage modulus obtained at a depth of 100 nm ( ) and 400 nm ( ) and 

loss modulus obtained at a depth of 100 nm ( ) and 400 nm ( ) compared to the DMTA storage 

modulus (solid lines) and loss modulus (dashed lines) for a) the hard material and; b) the soft 

material. The size of the symbols corresponds to the experimental error. 

 

Creep indentation 

Since the time dependence can also be represented in the time domain, quasi static 

indentation tests are performed. For indentation creep tests, typical creep responses are 

depicted in Figure 5.5. The creep response of the hard material is noisier and less 

reproducible than that of the soft material. A maximum noise of 20 nm in displacement is 

usually found. From the experimental data, the tensile creep compliance is computed 

using Equation 5.1. Figure 5.6 represents the experimental mean creep compliance 

obtained under two different forces for the hard material and the soft material. This figure 

shows that the method is sufficiently sensitive to capture the time dependence of the 

mechanical properties. Moreover, it is observed that the estimated creep compliance is 

hardly affected by the creep force. This supports the validity of the assumption of linear 

viscoelastic response in this particular range of forces and displacements. Additionally, it 

is also observed that the creep compliance remains unchanged with the indentation depth, 

indicating that for these values of the indentation depths the film thickness has no 

influence on the mechanical properties.  
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Figure 5.5: Indentation creep response for the hard material at a constant force of 30 mN ( ) and 

50 mN ( ) and for the soft material at a constant force of 30 mN ( ) and 50 mN ( ). 

 

The creep compliances predicted from indentation are compared with those 

obtained from the DMTA measurements in Figure 5.6. The time-dependent mechanical 

properties for the soft material are correctly determined by the indentation, since the 

slopes of the curves are the same. Moreover, the creep compliance predicted from the 

DMTA is always equal to that determined from the indentation, within the range of the 

experimental error. For the hard material, the comparison is less favorable since the time 

dependence is overestimated by the indentation, especially for longer times. A 

discrepancy of 5 to 35 % was found between the two methods. This difference can be 

explained by the limitation in accuracy of the force measurement by the indenter 

combined with the relatively small force change at long waiting times. 
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Figure 5.6: Indentation creep compliance obtained at a constant force of 30 mN ( ) and 50 mN 

( ) compared with the DMTA prediction for the hard (solid line) and soft material (dashed line). 

The size of the symbols corresponds to the error.  

 

Relaxation indentation 

Complementary to the creep indentation tests, we also perform relaxation indentation 

tests, see Figure 5.7 that shows a typical stress relaxation response of the soft and the 

hard material. These stress relaxation experiments show less reproducibility than creep 

experiments. The noise level, measured during the experiments, was 2 mN. Since we 

already have shown for the creep indentation test, that the conditions for linear 

viscoelasticity are fulfilled in this particular range of forces and displacements, the 

relaxation compliance can be computed from the measured loads and displacements by 

using Equation 5.2. Figure 5.8 presents the results of the relaxation modulus plotted as 

function of time. The method is sufficiently sensitive to capture the time dependence of 

the mechanical properties, like for the creep tests. A direct comparison in Figure 5.8 

shows that the tensile relaxation moduli obtained from indentation are in good agreement 

with those obtained from DMTA tests in a quantitative manner for the soft material. On 

the contrary, the relaxation modulus for the hard material from the DMTA is 4-18% 

higher than that obtained from indentation. Nevertheless, it still provides a satisfactory 

estimation of the relaxation modulus. Therefore, we can conclude that the relaxation 

moduli predicted from the indentation are in good agreement with those obtained from 

DMTA. 
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Figure 5.7: Indentation relaxation response for the hard ( ) and soft ( ) material. 

 

 

 

Figure 5.8: Indentation relaxation modulus (open symbols) compared with those derived from 

DMTA (solid lines), of the hard ( ) and soft ( ) material. The size of the open symbol 

corresponds to the error. 

5.5. Conclusions  

We have demonstrated that, in the linear viscoelastic regime, the mechanical properties 

determined by the instrumented indentation technique are comparable with those 

obtained from conventional DMTA testing. We have found a difference of about 10 % 
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between the results of indentation experiments and those of DMTA performed on a low-

Tg acrylate film for quasi-static and dynamic tests. The creep compliance and loss 

modulus for a higher-Tg acrylate show deviations from the data obtained with DMTA, 

although the obtained result may still be satisfactory. The deviations can be explained by 

the fact that the hard material exhibits a less pronounced time-dependency than the soft 

material and therefore is more sensitive to experimental errors. 
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Appendix 

 

Table 5.1: Value for the Maxwell parameters. 

 

Soft Material Hard Material 

Gk [Pa] τk [s] Gk [Pa] τk [s] 

7.74E+07 4.13E-06 4.25E+07 2.28E-05 

4.32E+07 1.80E-05 2.89E+07 1.13E-04 

5.37E+07 6.67E-05 2.92E+07 4.65E-04 

3.29E+07 9.97E-04 3.54E+07 1.63E-03 

4.41E+07 2.50E-04 3.16E+07 8.15E-03 

4.52E+07 2.74E-03 4.06E+07 2.52E-02 

3.22E+07 1.45E-02 5.39E+07 1.43E-01 

2.51E+07 2.89E-02 5.79E+07 1.10E+00 

3.68E+07 1.03E-01 5.21E+07 3.37E+01 

3.43E+07 5.52E-01 4.92E+07 6.20E+00 

2.86E+07 2.64E+00 5.17E+07 7.38E+02 

2.16E+07 4.01E+01 5.99E+07 4.34E+03 

1.53E+07 1.51E+02 5.68E+07 2.20E+04 

1.53E+07 5.59E+02 5.85E+07 1.22E+05 

1.77E+07 3.50E+03 5.57E+07 5.85E+05 

1.11E+07 1.88E+04 5.52E+07 2.78E+06 

8.41E+06 8.14E+04 5.00E+07 1.48E+07 

2.05E+07 1.03E+01 3.21E+07 8.20E+07 

6.35E+06 3.95E+05 1.96E+07 4.30E+08 

4.59E+06 1.80E+06 4.62E+07 1.66E+02 

3.34E+06 8.37E+06 1.18E+07 2.61E+09 

3.03E+06 4.88E+07 1.81E+07 1.15E+11 

1.59E+07 7.79E+09   
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Table 5.2: Value for the Kelvin-Voigt parameters. 

 

Soft Material Hard Material 

Ji [Pa-1] τi [s] Ji [Pa-1] τi [s] 

2.31E-10 4.72E-06 4.97E-11 2.38E-05 

1.68E-10 1.96E-05 3.70E-11 1.17E-04 

2.58E-10 7.51E-05 3.96E-11 4.81E-04 

2.75E-10 2.79E-04 5.30E-11 1.70E-03 

2.27E-10 1.09E-03 4.94E-11 8.48E-03 

4.46E-10 3.16E-03 7.27E-11 2.66E-02 

3.25E-10 1.60E-02 1.09E-10 1.54E-01 

4.14E-10 3.21E-02 1.36E-10 1.20E+00 

7.35E-10 1.22E-01 1.38E-10 6.73E+00 

9.22E-10 6.60E-01 1.74E-10 3.71E+01 

1.10E-09 3.15E+00 1.85E-10 1.82E+02 

1.12E-09 1.20E+01 2.58E-10 8.29E+02 

1.64E-09 4.86E+01 3.77E-10 5.05E+03 

1.70E-09 1.78E+02 5.01E-10 2.61E+04 

2.53E-09 6.82E+02 7.17E-10 1.50E+05 

4.40E-09 4.65E+03 1.07E-09 7.51E+05 

4.76E-09 2.38E+04 1.89E-09 3.89E+06 

6.06E-09 1.02E+05 3.77E-09 2.34E+07 

7.02E-09 4.90E+05 6.46E-09 1.33E+08 

7.81E-09 2.18E+06 1.18E-08 7.20E+08 

8.24E-09 9.90E+06 2.40E-08 4.52E+09 

1.08E-08 5.85E+07   
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6.1. Conclusions 

Mechanical properties of materials are usually determined using macroscopic tensile or 

compression tests. Instrumented indentation testing represents an alternative in the case 

that the latter cannot be used, for example for thin films or small specimens. In this thesis 

we studied the ability of instrumented indentation testing to determine mechanical 

properties of polymers. As a verification test, we compared indentation results to those of 

macroscopic tests. Three main topics were considered: the practical issue of 

misalignment between indenter and sample, characterization of the large deformation 

properties of glassy polymers, and the estimation of linear viscoelastic properties from 

indentation.  

The influence of misalignment on the indentation has been presented in Chapter 2. 

It was found that misalignment is important only for the flat punch indenter where the  

stiffness measured decreases with an increasing misalignment angle. By using a specially 

designed alignment tool, we were able to perfectly quantify and correct the misalignment 

regardless of the different tip geometry and the origin of the misalignment.  This is a 

major practical requirement for sound flat-punch indentation experiments. 

In Chapter 3 indentation experiments have been combined with numerical 

simulations to probe glassy polymers in the large deformation, plastic, regime. The flat-

tip micro-indentation response, obtained on two materials (polycarbonate and 

poly(methyl methacrylate)) at various loading speeds and thermal histories, was 

numerically predicted using a constitutive model, that quantitatively captures intrinsic 

behavior of glassy polymers. In the model, a single parameter, the state parameter Sa, is 

used to uniquely determine the initial yield stress of the material, incorporating all 

variations in its thermal history. For PC the yield stress increases proportionally with the 

logarithm of strain-rate, whereas for PMMA, a characteristic change in slope can be 

observed at higher strain rates. We demonstrate that the flat-tip indentation response at 

different indentation speeds can be described accurately for both materials. Moreover, it 

is shown that the parameter set obtained for each material is also representative for the 

mechanical response on a macroscopic scale. This implies that the thermodynamic state 

of PC and PMMA can now be determined by fitting a single parameter on a single 

indentation test. Moreover, it was found that the pressure dependence of the yield stress 

can also be obtained by combining indentation tests and compression tests on the same 

samples. 

The development of contact area during indentation tests of glassy polymers has 

been studied in Chapter 4 using the combination of numerical modeling and an optical 

indentation microscope enabling the in-situ measurement of the contact area. It is shown 

that the model can perfectly predict the development of the contact area. Furthermore, we 

found that the contact area follows the Hertz theory at small indentation depth from 

which it gradually deviated when plastic deformation occurs. In addition to this, 

numerical simulation showed that the pile-up which occurs at large deformations results 

from localization effects and is therefore promoted by strain softening. Strain hardening, 

on the contrary, tends to promote sink-in. 



Conclusions and recommendations 105 

In Chapter 5 we have shown that the linear viscoelastic properties of polymers, at 

small deformations, can be determined from instrumented indentation testing. The results 

obtained from both quasi-static and dynamic indentation measurements turned out to 

agree favourably with results obtained from conventional DMTA testing. 

6.2. Recommendations 

The constitutive model used in this thesis has been developed to describe large strain 

deformation of polymers and thus, in the present single mode version, the small 

deformation pre-yield  regime is not very well represented. Stress and strain are linearly 

related through an elastic modulus and no time dependence is incorporated. The elastic 

modulus used to simulate the macroscopic tests, is tuned in order to correctly describe the 

yield strain and due to this it is lower than the generally accepted value. Chapter 3 shows 

that for indentation, this value has to be increased to correctly describe the indentation 

tests. However, using this approach, the unloading curve is not correctly described. 

Therefore a model that combines a viscoelastic multimode approach with the viscoplastic 

implementation is needed to fully describe both the loading and the unloading curves. 

The straightforward extension of the present single mode approximation to multi-mode, 

as previously proposed by Tervoort et al. [1], performed well in describing the non-linear 

viscoelastic response of polycarbonate and its implementation would be a significant 

improvement in modeling indentation.  

In Chapter 3, the indentation load-displacement curves were used to determine 

only the state parameter, Sa which takes into account the thermal history dependence of 

the yield stress and the pressure dependence parameter µ. Parameters that cover the rate 

dependence were determined from macroscopic compression tests. The next step should 

be to fully characterize the material from the indentation experiments. For instance, 

indentation tests at different speeds could be used to determine the rate dependence of the 

yield stress if performed on the rejuvenated state material. In addition, different tip 

geometries could be combined. This would allow the determination of the pressure 

dependence parameter using only indentation tests.  

It has been proved that the indentation data set is equivalent to the data set 

generated by macroscopic tests when performed on bulk materials. Very thin films as 

well as small volumes of material are known to exhibit size effects, i.e. their material 

properties deviate from bulk properties. Since we have proven the soundness of 

instrumented indentation for determining bulk mechanical properties, as a next step 

indentation on thin films or small volumes of material could be performed with 

confidence in order to study in detail length scale effects. 
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Geïnstrumenteerde indentatie is een techniek die lokaal mechanische eigenschappen van 

films en/of bulkmaterialen meet. Een indenter met een goed gedefinieerde geometrie 

wordt in het oppervlak van een materiaal gedrukt, terwijl indentatiekracht én 

penetratiediepte worden gemeten. Mechanische eigenschappen zoals elasticiteitsmodulus 

en vloeispanning kunnen uit deze data worden bepaald. Vooral bij toepassing op 

polymeren wordt deze analyse echter belemmerd doordat zowel het contactoppervlak als 

de indringdiepte niet voldoende nauwkeurig bekend zijn. Kwantitatieve analysemethoden 

ontbreken. Dit proefschrift beschrijft de ontwikkeling van een numeriek-experimentele 

methodologie voor de kwantitatieve interpretatie van indentatie-metingen op polymere 

materialen. 

 

Het proefschrift bestaat uit twee delen. In het eerste deel concentreren wij ons op 

de karakterisering van het deformatiegedrag van glasachtige polymeren bij hoge rekken, 

in het bijzonder poly(carbonaat) (PC) en poly(methylmethacrylate) (PMMA). Indentatie 

experimenten werden uitgevoerd met een vlakke indenter, omdat hiermee  de overgang 

van het elastische naar het plastische gebied duidelijk tot uiting komt in de gemeten 

kracht-diepte relatie. De bestaande indentatie-opstelling is uitgebreid met een nieuw 

ontworpen module waarmee de uitlijning van de indenter ten opzichte van het 

materiaaloppervlak nauwkeurig kan worden ingesteld, waardoor het contactoppervlak 

constant is tijdens de gehele meting. De module maakt het tevens mogelijk de invloed 

van scheefstand van indenter ten opzichte van materiaal te analyseren, hetgeen belangrijk 

is voor de interpretatie van resultaten verkregen met standaard indentatiemethodes. 

 

In het plastisch deformatiegebied vertonen glasachtige polymeren een complex 

intrinsiek gedrag; de vloeispanning is in sterke mate afhankelijk van druk en 

deformatiesnelheid en het post-yield gedrag vertoont zowel strain softening als strain 

hardening.  Teneinde het indentatieproces numeriek te voorspellen gebruiken we het in 

onze onderzoeksgroep door de jaren heen ontwikkeld constitutief model dat het 

intrinsieke deformatiegedrag kwantitatief beschrijft. Het model bevat slechts één 

parameter, de toestandsparameter Sa, om de initiële vloeispanning, en dus de leeftijd, van 

het polymeer te kwantificeren, daarbij de volledige thermische geschiedenis van het 

materiaal meenemend. Er zijn vlakke indentatiemetingen, bij verschillende deformatie 

snelheden, uitgevoerd op PC en PMMA, met verschillende thermische geschiedenissen. 

De vloeispanning van PC neemt evenredig toe met de logaritme van reksnelheid 

(thermoreologisch eenvoudig gedrag). PMMA laat een kenmerkende verandering in 

helling zien voor hogere reksnelheden (thermoreologisch complex gedrag). Wij tonen aan 

dat, met een juiste definitie van de viscositeitsfunctie, indentatiemetingen bij 
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verschillende snelheden nauwkeurig kunnen worden beschreven voor beide materialen. 

De aldus verkregen materiaalparameters beschrijven tevens het macroscopisch 

deformatiegedrag van de polymeren. Dit impliceert dat de thermodynamische toestand 

van PC en PMMA kan worden beschreven door één enkele parameter, bepaald uit één 

enkele indentatiemeting. 

 

De ontwikkeling van het contactoppervlak is bestudeerd gebruikmakend van een 

optische microscoop uitgerust met een indentatie set-up en een bolvormige indenter. Het 

numerieke model voorspelt deze ontwikkeling correct, zowel in het elastische als in het 

plastische deformatiegebied, met inbegrip van de invloed van thermische geschiedenis en 

deformatiesnelheid. Ophoping van materiaal rondom de indenter wordt veroorzaakt door 

lokalisatie-effecten en wordt bevorderd door strain softening. 

 

Het tweede deel van het proefschrift behandelt de karakterisering van lineaire 

viscoelastische eigenschappen van polymeren gebruikmakend van dynamische indentatie. 

Gebruikmakend van een Berkovich indenter zijn metingen uitgevoerd op twee acrylaat 

films met een groot verschil in glasovergangstemperatuur. De dynamische eigenschappen 

aldus gemeten zijn in overeenstemming met macroscopische DMTA metingen. Met het 

lineair-viscoelastische correspondentie-principe worden de verkregen relaxatietijden-

spectra gebruikt voor het kwantitatief voorspellen van kruip en spanningsrelaxatie tijdens 

indentatie zoals gemeten met een bolvormige indenter. 
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