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Krawtchouk Polynomials and Iterated Stochastic
Integration

Nicolas Privault'! and Wim Schoutens?

Abstract

We show that for the binomial process (S),)nen, the orthogonal functionals con-
structed in Kroeker [8] for Markov chains can be expressed using the Krawtchouk
polynomials, and by iterated stochastic integrals. This allows to construct a chaotic
calculus based on gradient and divergence operators and structure equations, and
to establish a Clark representation formula.

AMS Subject classification 60H05, 05E35

Keywords MARKOV CHAINS, KRAWTCHOUK POLYNOMIALS, BINOMIAL PROCESS,
ITERATED STOCHASTIC INTEGRALS, CLARK FORMULA

1 Introduction

In the classical deterministic integration theory the polynomials {p,(z) = 2", n > 0}, and
the exponential function exp(z) = Y%, p,(z)/n! play a special role because they satisfy
3 pu()dz = 7 Pns1(t) and s exp(z)dx = exp(t) —exp(0). In the stochastic case it turns
out that the role of p, is taken up by orthogonal polynomials related to the distribution of
the integrator. The most studied stochastic case is integration with respect to Brownian
motion {By,t > 0}, where B; has a Normal distribution N'(0,¢), i.e. with mean zero and
variance t > 0. The notion of multiple stochastic integration for this process was first
introduced by Wiener. As is well known, in stochastic It6 integration theory with respect
to standard Brownian motion, the Hermite polynomials play the role of the p,, as such

Hn+1(Bt;t)
n+1

b

t
/ H,(By; 5)dB, =
0

where H,(x;t) is the monic (with leading coefficient equal to one) Hermite polynomial
with parameter t. The monic Hermite polynomials H,,(z,t) are orthogonal with respect to
the Normal distribution N (0, ¢), the distribution of B;. Note also that because stochastic
integral are martingales, that { H,,(By;t)} are martingales, see also Schoutens and Teugels
[14] (1998). Using the generating function Y00 o H,,(x;t)2"/n! = exp(—tz?/2 + zx), one

can easily see that the role of the exponential function is now taken by the function
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exp(—t/2+ B;) because we have [} exp(—s/2+ B,)dB, = exp(—t/2+ B,) — 1. The trans-
formation exp(B; — t/2) of the Brownian motion is sometimes called geometric Brow-
nian motion or the stochastic erponent of the Brownian motion. There is a similar
result for the compensated Poisson process My = N; — t: the monic orthogonal poly-
nomials with respect to the Poisson distribution P(¢) are the monic Charlier polyno-
mials, C),(x;t), defined by the generating function (Koekoek and Swarttow, [7], 1998):
Wiz, t,2) =30 Cp(x;t)2" /n! = exp(—tz)(1 + z)*. We have:

Cn+1(Nt; t)

t
n(Vs—; dM, =
/0 Cn ) n+1

(1)

In terms of the generating function, this is equivalent with

W(Nt, t, U]) —1

w

t
/ W (N, s,w)dMg =
0

This result goes back to Ogura [10] (1972) and Engel [3] (1982), and also implies that the
monic Charlier polynomials {C,,(/Ny;t)} are martingales, see also [14] (1998).

Chaos expansions for Markov chains have been constructed in Kroeker [8] (1980) via
orthogonal functionals that are the analogs of multiple stochastic integrals with respect
to martingales. A natural question for investigation is the determination of martingales
whose multiple stochastic integrals can be expressed as polynomials. In continuous time,
Privault, Solé and Vives [12] (1997) proved that the only normal martingales solutions
of structure equations which have an associated family of polynomials are the Poisson
process and the Brownian motion. In the i.i.d. case it is shown in [5] that such polyno-
mials have to be Meixner polynomials. In this paper we will show that the Markov chain
approach to multiple stochastic integrals coincides with the i.i.d. approach of [5] only for
the binomial process, and that the binomial process is the only i.i.d. discrete time pro-
cess for which the multiple stochastic integrals of [5] can be expressed with polynomials,
namely the Krawtchouk polynomials. Moreover, in this case these functionals can be also
expressed as discrete iterated integrals with respect to the compensated binomial process.
This paper is organised as follows. In Sect. 2 we reformulate the construction of [8] in the
language of tensor products. We give a particular attention to this construction because
it is valid for processes with non-independent increments, and the non-independence of
increments is always a non-trivial problem in chaotic representation, c¢f. Emery [2] and
Biane [1] in continuous time. Sect. 3 deals with the i.i.d. case. Sect. 4 is devoted to the
representation of orthogonal functionals of the binomial process as Krawtchouk polyno-

mials, and Sect. 5 presents the iterated stochastic integrals and the relation between the



Krawtchouk polynomials and the binomial process. In Sect. 6 we obtain a Clark repre-
sentation formula for functionals of the binomial process, using gradient and divergence

operators.

2 Orthogonal expansions for Markov chains

In this section we formulate the construction of orthogonal functionals of Markov chains
due to [8], in the language of tensor products. This construction does not seem to be
related to the chaos expansions defined in [1] (1989) for finite Markov chains in continuous
time. The notion of tensor product makes the construction significantly different, but leads
to the same objects. The tensor product, resp. symmetric tensor product of functions

in 2(IN*) with N* = N\{0} = {1,2,...} will be denoted as “®”, resp. “o” and (ex)ren

ong
iq

ony

denotes the canonical basis of I*(IN*). In particular, e; o---oe;" is the symmetrization

in ny + -+ ng =n variables of e;™ ® -+ ® ;" and

ny!l- - ng!
ony ong oni ong —
<€i1 O+++ 0O eid 7€i1 O+++ 0O eid >l2(N*)°” -

(2)

n!
The symmetric tensor product [?(IN*)°" is by definition the set of all square-summable
symmetric functions in n strictly positive integer variables. Let (S,)n,en be a Markov
chain with state space IN and transition matrix (P(z,y))syen, starting from 0, on a
probability space Q. Let u(k) € N U {oo}, denote the dimension of [*(IN; P(k,-)), and
let (¢"(- | k))o<n<u be a complete orthogonal set of polynomials in {*(N; P(k,-)), with
o™ (- | k) of degree n, [|¢™(- | k)||l22(N,P(Ic,-)) =nl,0<n<ulk), k>0,and ¢"(z | k) =0,
n > u(k), z,k € N.

Remark: In the construction of [8], the functional ¢"(z | y) is not constrained to be a
polynomial in z € N, and the choice of the family (¢™(- | ¥))nen is not unique. O

Also, in [8], the data of the initial distribution 7 of (S,)nen is also considered. In our

notation this can be easily taken into account by letting P(0,-) = 7(-).

Definition 1 With 1 <i; <---<i,, andni+---+ng=n>1, let

k=d

Jn(eflm Or:+0 ezdnd) = H ¢nk (Slk | Sik—l)'
k=1

We let Jo(fo) = 1, fo € R, i.e. *(IN)° is identified to R. A Wick type product o of

random variables may also be defined as

i=d i=d =
=1

=1 =1



(By induction on d € N, [T:Z% ¢"i(Sy,

Jnleg o oeg")). For all symmetric function f, € I*(IN*)°" of n variables with finite

Sk;—1) is the unique functional representing

support written as

f”:Z Z Qiy,..., ide;'):“o"'oezlda (3)

d=1 1<ij<-<ig
ni+--+ng=n

we let

d=n
Talfa) =22 D i u(el) o0 o€ ).

d=1 1<ij<-<ig
ni+--+ng=n

The functional .J,, is the analog of the multiple stochastic integral in the case of continuous

time martingales. In terms of the Wick product ¢ we have for f,, and g, as above:

Jn(fn) <& Jm(gm) - Jn+m(fn o gm)

Proposition 1 The functional J,(f,) is orthogonal to J,,(¢m) in L*(Q) if n # m, and

Jo t P(N*)°" — L%(Q) extends as a linear continuous operator with
E[Ju(f2)?] < 2l fullforyon,  fo € P(ND)®", n e N. (4)

The equality E[J,(fn)?] = 0!l fulliyen, fo € BN, n € N, holds if p(k) = oo,
ke IN.

Proof: By construction we have
E" (Siy, | Sip—1)0™ (Sj | Sj—1) | Sigs - - -+ Sip—1] = m i, =3 g =iy Line<u(Ss, 01>
and for n; > 1:
E[¢nk(5’% | Sikfl) | Sioa R Sikfl] — 07

hence by induction on £k =1,...,d,

E[Ju(e" 0+ -0 e ) Jm(ef™ 0 0e™)] =0

if{ila"'aid}%{jla"'ajd} Orn%ma and

0 S E[Jn(e?nl O+++0 eond)Q] < nl! . nd'

21 id -~

With f,, € *(N*)°" and g,,, € [?(N*)°™ as in (3) we have E[J,(fs)Jm(gm)] = 0if n # m,
and

d=n

E[Jo(f)7] < nld >

d=1 1<ij<-<ig
ni+---+ng=n

nl'nd' 2

n’ a’il,...,id = n'<fn7 fn>l2(N*)°",



from (2). O

Remark: The isometry formula E[J,(fn)Jm(9m)] = Lin=m}n!(fa, gm)iz(ven (see Re-
lation (13) in [8]) does not hold in general, e.g. for the binomial process we have
EL1,(153)?) = ()2 (N) < nlf| 157y 1B ey f. Sect. 4. O

From the expression

d=n :
- Z Z ﬁfﬂl(ll)"'fnd(ld)ezn o...OGE":"d, f c lZ(N*) (5)
d=1 1<ij<--<ig 1- d:
ni+--+ng=n

We have

= n

Pl Z > H¢”k | S,
d=11<i) <--<ig<N ny!
ni+--+nqg=n

and a stochastic exponential €3 (z) can be constructed as

k=d

on = nd:n n! n
ZZ 11N :ZZZ Z 7H¢k( ik|Silc*1)7 ZG]R.

| !

n=0 d=1 1<i; <--<ig<N ny- Nq
ni+-+ng=n

(6)

3 Orthogonal expansions for i.i.d. processes

From now on we consider processes with i.i.d. increments, i.e. (S, —Sp_1)n>1 = (Xpn)n>1
is a family of i.i.d. random variables. In this case the function ¢"(z | y) depends only on
the difference x — y, so that we denote ¢™(z | y) = ¢"(x — y). We have

N]):dil Z

d=1 1<i) <---<ig<N
ni+--+ng=n

d!(]sn1 (XZI) R (Xid)'

nl---n

Definition 2 Given f € [?(IN*) we denote by fO" the symmetrization in n variables of
(kla R kn) = l{kl?f;ﬁkn}f(kl) e f(kn),
and call 1*(IN*)®" C [(IN*)®" the completed linear span generated by {f°" : f € [*(N*)}.

The space [?(IN*)®" consists in fact of all the symmetric functions in [?(IN*)°" that vanish

on every diagonal in (IN*)". We have
(62”1 ®-® 68”‘1, 62”1 ®-® egnd>lz(N*)®n = l{nlz...:ndzl}l{il?g...;,gid}, (7)

and [2(IN*)®" is also the n-th chaos of the toy Fock space, cf. Meyer [9], p. 14. For all

symmetric function f, € [?(IN*)®" we have

Jn(fn): Z fn(ll,,ln)(]ﬁl(X“)(]ﬁl(in)

1<y <-+<ip



Proposition 2 The functional J,(f,) is orthogonal to J,,(¢m) in L*(Q) if n # m, and

Jn : B(N*)O" — [2(Q) extends as a linear continuous operator with

E[Ju(f)?] = Ifallpeyens  fo € PN, n € N. (8)

Proof: The orthogonality property follows from Prop. 1. By independence we have if

{il, . ,Zn} #* {jl,jn},
E[Jn(eiIQ"'Qein)Jn(ejl®"'®€jn)]:0, 7120,
and
E[(Jn(en ©---0 ezn))Q] = 1{1'175...751-“}.

With f,, € [2(IN*)®" we have

E[Jn(f”)2] = Z fn(ih"'ain)Z = <fn7fn>l2(N*)®"- U

1<y <-+<ip

The corresponding exponential martingale £5(z) is constructed as

(2 = 3 05 = [0 +20'(0) = [[(1+ 50+ X)), z€R ()

We now completes the result of [5] by showing that the integral .J,,(1f [.n) is a polynomial

in Sy if and only if (S,,)nen is the binomial process. We have
i=N i=N
n) = Jile) = Y ¢'(Xi) = aN + BSn.
i=1 i=1
Proposition 3 FEach of the following statements holds if and only if (S,)n>0 is a binomial

process.

i) The exponentials E(2) and EF(2) coincide, i.e.

n=N

Ex(z) = > 2" Ju(1y) Z ML) = Exv(2), z€R.

i) The integrals J,(fO") and J,(f°") coincide, f € [*(N*), n € IN.

iii) The integral Jg(l[Gf?N]) can be expressed as a second degree polynomial in Sy for all

N > 1.



Proof: We note that (i) is equivalent to (iz). Taking n = N = 2, (i) implies ¢* =
hence the distribution of X}, is supported by two points only and (5, ),>0 is the binomial
process. Concerning (iii) we have 1%72]\,] = Y1<izj<n €i© €j, and
L3 = Y 6'(X)e'(X)) = (aN +8Sy)* = Y ¢'(X
1<i#j<N 1<i<N
If Jo(1f) N ]) is a second degree polynomial in Sy, then /=N ¢'(X;)? = ey S% +dnSy +en

is polynomial of degree at most two in Sy, hence
¢ (Xn)? = cnS% +dySy +en — cn_1S%_ | —dn_1SN_1 — en—1
Hence, i.e. with Sy = Xy + Sy_1, we have for N > 1:
(a + 5XN)2 =cn(Xy + SN—l)2 +dn (XN + Sno1) +en — CN—1512V_1 —dn_1SN-1 —en—1
or

X]%f(ﬂ2 — CN) + XN(Qaﬁ — QCNSN,1 — dN)
_CNS]2V—1 —dnSy_1 —en + CN—IS]2V71 +dy_1Sy_1+eny_1+ a? =0.

If Xy is allowed to take at least three distinct values, then ¢y = 3% and 203 —2¢cySy_1 —
dy =0, N > 1, which is impossible. As X can only attain 2 values, the process S, is a
binomial process. The fact that J,(17y;) is a polynomial in Sy if (Sp)nen is the binomial

process will be proved in Sect. 4. O

4 Krawtchouk polynomials and the binomial process

In the following we assume that (S,),en is the binomial process with parameter p, i.e.
P(z,y) = ql{y=} +Pl{y=2+1}, ©,y € N. In other terms, S, = 0 and (X;)i>1 = (Si—Si—1)i>1
is a family of i.i.d. Bernoulli random variables with parameter 0 < p = Pr(X; = 1) <1,
and Sy has a binomial distribution Bin(N, p), given by the probabilities ( )pqu L=
0,1,...,N. The monic orthogonal polynomials with respect to the binomial distribution
are the monic Krawtchouk polynomials and are determined by the generating function

(Koekoek and Swarttouw [7] , 1998):

N n
- z
= Ka(z;Np)— = (1+¢2)"(1 = p2)" 7,
=0 :
where N € N, 0 < p<1andp+q=1, with K,(z; N,p) =0, € R, n > N. Explicitly,
this implies

)n % —2)i (1/p)’ z,n €N, (10)

K(x N,p) = ,
= — )l 7!




and in particular K (z; N, p) = & — Np, where (a);, = a(a+1)...(a +k + 1) denotes the
Pochhammer symbol, with (a)y = 1, @ € R. The Krawtchouk polynomials are orthogonal
with respect to the binomial distribution Bin(N, p):

=N N o 5
S (V) R N0 8,0) = (1PN ) Loy, 0% <,

- (11)
see [7] (1988). We have ¢'(z | y) = (pg) V2Ki(z — y;1,p) = (pg) Y*(z — y — p) and
o"(x|y)=0,z,y € R, n> 1.

Proposition 4 With (S),)nen the binomial process we have

k=d
In(Li 1,8, © 70 @ 1?}\%“,%]) = (pg) "* kl_[ Ko, (Sv, — Sars Ni — My, p),
=1

ny+---+ng =n, OSMi<Ni§Mi+1,izl,...,d—l, and Mg < Ny.

Proof: From (5) we have

d=n

on _ : ony . ong

1[M—I-I,N] - Z Z nl... € © © €y
d=1 M<ij<--<ig<n U1 d:

ni+--+ng=n

hence

k=n
Jon(Wiriin) = Lo<nen—an! > I ¢'(Xs,)

M<iy <-<in<N k=1

k=n
= ljo<n<n—m) (pg) "/ > II (X5, —p).

M<iy <-<in<N k=1

This also shows that J, (175, n7) is a (polynomial) functional of Sy — Sy since it de-
pends only on the number of jumps of (S,,),>1 on {M +1,..., N}, and not on jump times.
Moreover, Jn(l‘[’]\’ﬁ, .y N]) satisfies the same orthogonality property as the Krawtchouk poly-
nomials. Since

N-—-M

. ) — nl(=1)"(M = N),,

L)) = (n!)?(

and from the orthogonality relation (11): E[(K,(Sy — Sy; N — M, p))?] = n!(=1)"(M —
N)..(pq)™, we obtain

In(Liirg,n) = (pq) " Kn(Sy — Sui N — M, p).



Finally, from the definition of .J,, we have since ¢'(Xj,) is independent of S;, ;:

l=d k=n;
Jn(lff\?flﬁ‘l,]\fﬂ oo IEJ‘TZ-H,NA) - H ny! Z H d)l(sz)
I=1  M;<ig<-<in, <N; k=1

I=d
= H Jnl(l[ﬂlH,Nl])
=1

[=d
= (pg) 2 [] Kun/(Sn, — Swi;; Nt — My,p). O

=1
Note that as N goes to infinity, N "E[J,(1'y;)?] converges to n!, which is the usual
value of the square norm of the multiple stochastic integral over [0, 1]" with respect to a

continuous time normal martingale. We also obtained the relation
5 k=n k=n
Ju(1'ny) = Kn(Sn; N,p) = n! > (X, —p) = > 11 (X, —p),
1<i1 <--<in <N k=1 1<iy # i <N k=1

see §V-9-3 of [4] for the symmetric case p = ¢ = 1/2.

5 Iterated stochastic summation with respect to the
binomial process

In the usual continuous time stochastic integration with respect to a martingale (M;)er.,,
the multiple stochastic integral I,,(f,) of a symmetric function of n real variables is n!

times the iterated integral of f,, over the simplex {0 <¢; <--- <t,}:

1 o] tn to
_,In(fn) :/ / e / fn(tl, . ..,tn)thl .. -thn.
n. 0 0 0

Given f, € L*(R") one lets I,,(f,) = In(fn), where f, denotes the symmetrization of f,
in n variables. Given f,; € L?(Ry)°" ® L*(R.) this implies

L B (0 L0ae (VL (AN = Lo (o L,

where f,11(-, )14~ ()1a,(-) is the function of n variables defined as

(t1, ooy tn) = fopa (bt )10 g(B1) - Lo g (Tn)1a, (B1s - - -5 tn), (12)

and I,,(f,) = n!L,(fula,), fo € L*(R.)°™. We will show that analogously, the functional
%Jn(fn) is an iterated multiple stochastic integral in discrete time with respect to the
compensated binomial process (S, — np)pen. We set Jo(fn) = Jo(fn) if fu € I2(N") is
not symmetric, and let A, = {0 < k; < --- < k,} denote the simplex in N", and let
Y: = (Xx, —p)/\/P?, k > 1, denote the normalised (centered with variance one) increment
of (Sp)nen-



Theorem 1 We have for f,.1 € *(N*)" @ [?(IN*):

k=00

Z YkJn(fn+1('7 k)l[l,kfl]”(')lAn(')) = Jn+1(fn+11An+1)7 (13)

k=1

where foi1 (5 k)l g—112(-)1a,(-), & > n+1, is defined as in (12).

Proof: First we note that J,, (fu41(-, k)111k—112(-)) = 0if n > £ —1, so that the summation
(13) actually starts at k = n + 1. We start by proving that

k=N . K,i1(Sy — Sy N — M
Z (Xk_p)Kn(Sk—l_SMak_]-_Map) = +1( al M ,p)a (14)
k=M+1 n+1

with R’n(a:; N,p) the monic Krawtchouk polynomial of degree n. Using the generating

function it is sufficient to prove

k=N B - -
2 (Xk_p)Y(Skﬂ—SM,k—l—M,z):Y(SN Su, N = M, 2) L
k=M+1 .

This follows immediately from the fact that
Y(Sk - SMak - M,Z) B Y(Sk)—l B SMak —-1- M?’Z)

z

_ Y(Skl—SM,k—l—M,z)< (14 gz)™* _1>

z (1 — pz)Xs—t
= Y(Sk_l — SM,]C — 1 — M, Z)(Xk —p).

Another way of proving (14) is to directly use the representation formula (10). From the

relation
Jn(lff\%ﬂ,m -0 1<[)]\TZ+1:N11]) - H Jnk(lmiﬂ,m])’
k

we deduce that (13) holds for

fn+1 = ]‘F]T\Z—FI,Nl] ©--+0 ]'[O]ﬁfdd—l—l,Nd} ® l[Ml+17Nl]'

For this it suffices to consider [ = d and to note that

k=00

X _

192::1 7\k/pqp<]n(fn+1(7k)1[1,k—1}"()1An())
k=00 1 X. —

N k=1 n! \k/pqp‘]n(fnﬂ("k)l[l,k1]”('))

1 Fe X —p

= w2 T g oo )
tk=Mg+
1 k=d—1 5

= ﬁ(pqy(nﬂ)/z II K. (Sn, — Sas; Ni — My, p)
: =1

10



k}:Nd ~

X Z Knd(sk—l - SMd; kE—1-— Mdap) (Xk: - p)

k:Md+1

(o) P ke

m nd+1( Ng = ©PMyg)iVd — d;p) kl;[l nk( Ny — OM; Vg — k,p)
1

_ on o(ng+1)
N n!(nd + 1) Jn+1(1[Mll+1,N1] o 1[Md+1:Nd])'

Now, for 0 < k; <+ < k, 41 we have

on o(ng+1)
(1 iy 0 L0 Y (ke )
nl(ng+1) /. o
- (n+1) (1[1\%+1,Nl} © 0 I ng @ I[Md+1,Nd]) K1y e ees kngr)
nl(ng + 1)
————— fati(kr, .k
(n_|_1)! f +1( 1 +1)

nl(ng+1)

(TL 4 1)' fn+1(k1, ceey kn+1)1An+1(k17 Ly kn+1)-

This shows that 177, v 00 1f$dd:11)]m is nl(ng + 1) times the symmetrization of

fon1la,,,- Hence
"1 X —p
oot Vg

Finally from (4), by linearity and density, Relation (13) holds for all f,,; € I*(N*)" ®
I2(N*). O

Jn(frr1 (B p—1n () = Jn1 (far1la,,,)-

The interpretation of this result is that the Krawtchouk polynomials are the stochastic
counterparts of the usual powers (Sy — Np)* = (K;(Sy; N, p))*, n > 0 for the compen-
sated binomial process {S, — np,n € N}. Also we found that the role of the classical

exponential function, now is taken by Y (S,,n,1) = (1+¢)°"¢"~*" because of the relation
i=n 1"‘(] Si—1 . 1_|_q Sn .
Z(—) ¢ (Xi—p)=|—) " -1
i1\ 4 q

Furthermore there is a striking similarity with integration with respect to Brownian mo-

tion and Hermite polynomials on the one hand and the Poisson process and the Charlier

polynomials on the other hand.

6 Gradient, divergence and Clark formula

In this section we introduce gradient and divergence operators, and obtain a Clark formula

for the functionals of (Sy)n>1. We use the convention 1y = 0if M < N. Let P denote

11



the set of polynomials in X, X5, X3,..., and let U denote the space of discrete-time
processes (u(k))g>1, with finite support in & > 1 and such that u(k) € P, k > 1. The space
P is clearly dense in L*(2, P), hence the process (S,),>1 has the chaos representation
property, i.e. any F € L?*(2, P) can be represented as a series of multiple stochastic

integrals:
o0

F=YJu(fu), fu€B(N)*, keN,
n=0

with Jy(fo) = E[F).

Definition 3 We define the gradient operator D : L?(Q) — L?(Q x N*) on P as

i=d
DiF =Y niliaggm; ng (B) Joct (R g @ 0 T v 0 0 1 1y )
i=1
with F = J, (177 oo iyt ).

[M1+1,Nq] [Mg+1,Ng4

We have in particular

Dy (1555 1.37) = 1 pran ) (B) Juca (17 ), k€ N*.
Definition 4 The divergence operator § : L*(Q x N*) — L?(Q) is defined on U as
O(Tu(fari (%)) = Jns1(fas1) = Tnsr (fasr),
for1 € P(N*)" @ 12(IN¥).
We have in particular
6(u) = Jn+1(lfj\%+1,N1] OO lfﬂlill,N,} ©---0 lfﬂ%—l—l,Nd})

with w(k) = Ju (137 41800 0L adss1n,) Lisr1,8) (k). Let Fy denote the o-field generated
by Xl,...,Xk.

Proposition 5 Let (u(k))r>1 be a predictable square-integrable process, i.e. u(k) is Fy_1-
measurable, k > 1, and Ef||ulx-] < oco. Then 6(u) coincides with the discrete time

stochastic integral with respect to (Sy)n>1-
d(u) =Y Yyu(k),
k=1

with B[5(u)’) = Ellully-)

12



Proof. Given f,; € *(N)"®1*(N*) and u(k) = J,(fus1(-, k), k > 1, the predictability
condition means that fn1(-, k) = fay1 (-, k)1pk—11(-), hence the symmetrization of f, 1y

is n! times the symmetrization of f, 11 Thus from Th. 1 we have,

n+1"*

5(Jn(fn+1(*a'))) = n-l-l(fn-l-l):n’Jn-i-l(fn-l—llAnH)
= N'ZYk (o1 ()= () 1A, ()

= ZYk (frr1 ()1 =y ZYkU O]
The truncation by the function l[n,N}(k) in
on o(n—1
Din(1f) = nlin (6) a1 (il ),

is not present in continuous time. The following proposition shows that it disappears

after taking the predictable projection of the gradient process.

Proposition 6 Let f, € [*(N)°". We have

E[DkJn(fn) | -,Fk—l] = an—l(fn(', k)l[l’k_l}nfl(')), k € IN*.

Proof. It is sufficient to note that if M < k < N,

EDen(ia) | Feca] = nlpren (R B[t (1077 108) | Fica]
= nl[M+n,N](k)Jn—l(lfjs/?+ll,)k—1])

o(n—1)
= ndy i ( [M+1,k71])7

since Jn—l(lE)JE;L:,)NA(k—m) =0ifn>k—M. Ift k> Nork < M we have 0 =
on o(n—1

E[Dk‘]n(l[MJrl,N]) | Fi1] = nl[M-H,N}(k)Jnfl(l[JE/IJrl,)N])' O

The following proposition shows that D : L*(Q2) — L?(Q x N*) and § : L?*(Q x N*) —

L?(Q) are mutually adjoint.
Proposition 7 We have

E[(DF,u)pn-| = E[Fo(u)], uwel, FeP,
and D : L*(Q) — L*(2 x N*), § : L*(Q x N*) — L?(Q) closable.

Proof. It suffices to consider F' = J”(lfl\%rl,N}) and u(k) = Jm(l‘[’]\r},JrLN,])l[M,Jrl,N,](k),
with M < M < N' < N. We have if n = m + 1:

E[(DF,u)pxy] = ”k; Lt vy (]) Bl Tamt (170 ) Jon (LR, v
N' — M)! (N' — M)!
= (N = M — m)ml— - 1)!
g LOLL Ty y e T I ULy gy y gy

= B[540 3 It (Lap )] = BIF6(u)).

13



If n # m+1 then 0 = E[(DF,u)pn+] = E[F§(u)]. The closability of D and ¢ is a
consequence of the duality formula and of the density of P and & in L?(Q) and L?(Q x N*)
respectively. O

The normalised increment Y; of (S,,),en- satisfies the structure equation

. . q—p
Yi=1+¢Y;, i>1, with p="--,
Z VP4

see §I1-2-1 of [9] (1993), and [2] (1990). This implies in particular the following elementary

product formula for single stochastic integrals:

Ji(f)i(g) = Jo(f o g) + (f, 9w + »Ji(f9), (15)
for f,g € [*(IN*) such that fg € [*(IN*). We also have
Jn(lfﬂH,N])Jl(l[MH,N])
o(n o(n—1 on
from the three term recurrence relation for Krawtchouk polynomials, see e.g. [7]:

K1(Sy = Sy N = M, p)Ko(Sy — Sars N = M, p) = Kyni1(Sw — Sar; N — M, p)

+npg(N — M —n+ 1)K, 1(Sy — Su; N — M,p) +n(q — p)K,(Sy — Su; N — M, p).

The operator D and ¢ do not satisfy the same product rules as in the continuous time

case (cf. Prop. 1.3 of [11]), since we have in general:

and

Fé(u) # 6(Fu) + (DF,u)pm<y + 0(puDF), FecP, ucl. (17)

The latter inequality expresses the fact that there is no explicit formula for the product

K,(x; N,p)K,,(xz; N,p), n,m > 1. In fact Dy is not the operator a, that acts by removal

of an eventual jump at time £ as
al;kn(SN;pa N) = kn(SN - 1{Xk:1};p7 N)a

cf. §11-2-2 of [9], since we have DK, (Sy;p, N) = nlpn(k)Ku—1(Sx;p, N). The next

result is the predictable representation of the functionals of (S, )n>1.

Proposition 8 We have the Clark formula

F = E[F] + fj E[DyF | Fy1lY = E[F) + 6(E[D.F | F_1]), F € L*(<).

k=1

14



Proof. For F' = J,(f,) we have

E[ijn(fn) | fkq] = nt]nfl(fn('a k)1[1,k71}n—1) = N!an(fn(', k)l[l,kfl]"—l(')1An_1('))-

We apply Th. 1:

Fo= Ju(fa) = nla(fula,) = n! i Tur (ful ) L et (Vs ()Y

o0

= Y Jua(falss k)l pgn—( ZEDk (fn) | Fre-1]Ye.

k=1

Next we apply Prop. 5 to the predictable process v = (E[DyF' | Fi_1])i>1:
F = EDuu(f) | FerlVy = S(EIDF | F), FeP.
This identity also shows that F' +— E[D.F | F. 1] has norm bounded by one as an operator
from L?(Q) into L*(Q x IN*):
IEID.F | FoillZo@unsy = |1 F = E[F|[L20) < |F = E[F]|[i2) + E[F]* < [|F|[Z20)

hence the Clark formula extends to F' € L*(Q2). O

A generalisation consists in replacing the constant ¢ in the structure equation Y;? = 1+¢Y}
by a deterministic function ¢ : N* — R and considering the solution of the structure
equation

72 =1+4¢iZ; i€N*

i.e.

— —1+@i/\Jo; +4
The process (Z1 + -+ + Z,),,», will be a martingale under P if and only if

—1+<Pi/\/%2+4__
5 —

i.e. o =(q—p)/\/qp- In fact it is a Markov chain with transition matrix

. 1 ©i . 1 Vi .
P(i,i) = = + 5 '7g0,2+4 i, P(i,i+1) 275 712—1—4 pi, 1>1

Remark: The results of Sects. 5 and 6 can be generalised by replacing (Y7 + -+ Y,)p>1
by the process (Z + - - -+ Z,),», solution of Z? =1+ ¢;Z;, i € IN*, except for the fact
that .J,(17"y)) is not a (polynomial) functional of Sy if ¢; is dependent on ¢ since J,, (17" y;)

depends not only on the number of jumps from 1 to /N but also on their positions.
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