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A NUMERICAL SCHEME FOR THE PORE-SCALE SIMULATION
OF CRYSTAL DISSOLUTION AND PRECIPITATION
IN POROUS MEDIA*

V. M. DEVIGNE'#, 1. S. POPS, C. J. VAN DUILJN§, AND T. CLOPEAUT

Abstract. In this paper we analyze a numerical scheme for a dissolution and precipitation
model in porous media. We focus here on the chemistry, which is modeled by a parabolic problem
that is coupled through the boundary conditions to an ordinary differential inclusion defined on the
boundary. We use a regularization approach for constructing a semi-implicit scheme that is stable
and convergent. For dealing with the emerging time discrete nonlinear problems, we propose a simple
fixed-point iterative procedure. The paper is concluded by numerical results.
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tem, differential inclusion

AMS subject classifications. 656M12, 65N12, 35K57, 76505

DOI. 10.1137/060673485

1. Introduction. In this paper we consider a pore-scale model for the dissolu-
tion and precipitation of crystals in a porous medium. This model is studied in [7] and
represents the pore-scale analogue of the macroscopic (core-scale) model proposed in
[17]. The particularity of the model is in the description of the precipitation processes
taking place on the surface of the grains I', involving a multivalued function. Models
of similar type are analyzed in a homogenization context in [23, 5, 12, 13, 24].

Without going into details, we briefly recall the background of the model. A fluid
in which cations and anions are dissolved occupies the pores of a porous medium. The
boundary of the void space consists of two disjoint parts: the surface of the porous
skeleton (the grains), named from now on the internal boundary, and the external
part, which is the outer boundary of the domain. Under certain conditions, the ions
transported by the fluid can precipitate and form a crystalline solid, which is attached
to the internal boundary and thus is immobile. The reverse reaction of dissolution is
also possible.

The model proposed in [7] consists of several components: the Stokes flow in
the pores, the transport of dissolved ions by convection and diffusion, and disso-
lution/precipitation reactions on the surface of the porous skeleton (grains). It is
assumed that the flow geometry as well as the fluid properties are not affected by
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896 V. DEVIGNE, I. POP, C. VAN DUIJN, AND T. CLOPEAU

the chemical processes. Therefore the flow component can be completely decoupled
from the remaining part of the model. This situation appears, for example, if the
crystal size is negligible when compared to the typical grain size or the pore scale.
We mention [25] for a preliminary investigation of the case where dissolution and
precipitation lead to changes in the pore space.

Another simplification follows by considering the total electric charge in the fluid.
This is a linear combination of the concentrations of the ions and can be determined
by solving a linear parabolic problem that depends only on the flow and not on
the chemistry. Therefore once the fluid flow is determined, the total charge can be
decoupled from the chemistry (see [6] for details).

Our main interest is focused on the chemistry, this being the challenging part of
the model. Here we investigate an appropriate numerical scheme for the dissolution
and precipitation component of the model in [7]. The present work is closely related

o [11]. The numerical scheme proposed there also involves a special treatment of the
diffusion on the grain boundary. The coupled system is solved by iterating between
the equations in the pores and on the solid matrix.

Numerical methods for the macroscale equations modeling the dissolution and
precipitation in porous media are considered in [1, 8, 9, 21, 22]. The time stepping is
performed by various first order implicit schemes, and finite elements or finite volumes
are employed for the spatial discretization. For the upscaled version of the present
model, a numerical algorithm for computing traveling wave solutions is proposed in
[17].

We denote the flow domain by © C R? (d > 1), which is assumed to be open,
connected, and bounded. Further, the boundary 052 is assumed to be Lipschitz contin-
uous. It consists of two disjoint parts: an internal and an external one. The internal
boundary I'¢ is the surface of the grains, and the external boundary I'p is the outer
boundary of the domain. Let # denote the outer normal to 92 and T' > 0 be a fixed
but arbitrarily chosen value of time. For X being ), ', or I'p, and any 0 <t < T,
we define

X'= (0,1 x X.

To simplify the presentation, we assume that the initial data are compatible in the
sense of [6, 17]. Essentially this means that initially the system is in equilibrium.
Moreover, the boundary data are assumed such that the total charge remains constant
in time and space. In this way, and after an appropriate scaling, the model can be
reduced to

Ou+ V- (qu—DVu) =0 in QT
(L) —Di-Vu =endv  on Fé,
u=0 on I'p,

U = uy in 2, for t =0,

for the ion transport and
O = Dy(r(u) —w) on Tk,
(1.2) w € H(v) on I'L,
v = vr on I'g, fort =0,

for the precipitation and dissolution. Here u denotes the cation concentration and
is defined in the entire void space €2, whereas v stands for the concentration of the
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DISSOLUTION AND PRECIPITATION IN POROUS MEDIA 897

precipitate, which is defined only on the interior boundary I'g. These two concen-
trations, together with w modeling the actual value of the dissolution rate, are the
unknown quantities.

In the above ¢ 'is the divergence-free fluid velocity, which is assumed to be known
and to have a zero trace along the internal grain boundary I'g:

(1.3) qge[HY (D)4, V-7=0inQ, 7=0onTg.

By H'(Q) we mean the space of functions defined on Q and having L? generalized
derivatives. To avoid unnecessary technical complications we also assume that the
fluid velocity ¢ is essentially bounded, ¢ € [L>(€2)]%, and define

(1.4) M, =|qlloo,0 < o0.

For the Stokes model with homogeneous Dirichlet boundary conditions, the essential
boundedness of ¢ holds if, for example, the domain is polygonal (see [16] or [20]).

The above equations are employing several functions, which are model-specific.
Here we assume them to be given. By r we denote the precipitation rate. Assuming
mass action kinetics, with [-]; denoting the nonnegative cut,

(L5) ), = 0 ifu<,

' T w ifus 0,
the precipitation rate is defined by

(1.6) r(u) = [u]7[(mu — ) /A%,

where m and 7 are the valences of the cation and the anion, respectively. As mentioned
before, the total negative charge c is assumed to be known and constant in time and
space. In a generalized framework, r satisfies the following:

(A)) (i) 7 : R — [0, 00) is locally Lipschitz in R;
(ii) there exists a unique u, > 0, such that

T(u):{o for  u < uy,

strictly increasing for u > wu, with r(co0) = cc.

Remark 1.1. In this setting, a unique u* exists for which r(u*) = 1. If u = u*
for all t and z, then the system is in equilibrium: No precipitation or dissolution
occurs, since the precipitation rate is balanced by the dissolution rate regardless of
the presence or absence of crystals.

In (1.29), H stands for the Heaviside graph,

{0} ifv<0O,
H(v)=1< [0,1] ifv=0,
{1} ifv>0.

This implies that the dissolution rate is constant (scaled to 1) in the presence of
crystals, i.e., for v > 0 somewhere on I';. In the absence of crystals (v = 0), the overall
rate is either zero, if r(u) < 1, or positive. In the first case we have u < u*, and we
speak about an undersaturated fluid since there are not sufficient ions for an effective
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898 V. DEVIGNE, I. POP, C. VAN DUIJN, AND T. CLOPEAU

gain in the precipitate. This second situation is appearing in the oversaturated regime,
when u > u*. Then we take w = 1, and the overall rate is r(u) — 1 > 0. Following
the detailed discussion in [6], this can be summarized as

0 if v <0,
(1.7) w=4 min{r(u),1} ifv=0,
1 if v > 0.

Finally, D in (1.1)—(1.2) denotes the diffusion coefficient. D, represents the ra-
tio of the characteristic precipitation/dissolution time scale and the characteristic
transport time scale—the Damkohler number. Both D and D, are assumed to be of
moderate order O(1). By e we mean the ratio of the characteristic pore scale and
the reference (macroscopic) length scale. In an appropriate scaling (see Remark 1.2
of [7]), this gives

(1.8) e meas(I'g) ~ meas(Q).

This balance is natural for a porous medium, where meas(I'¢) denotes the total surface
of the porous skeleton and meas(Q2) the total void volume. Throughout this paper we
keep the value of € fixed. However, the convergence results are uniform with respect
to € and thus also for arbitrarily small values of €.

The present setting is a simplification of the dissolution/precipitation model in
[7]. However, the main difficulties that are associated with that model are still present
here: The system (1.1)—(1.2) consists of a parabolic equation that is coupled through
the boundary conditions to a differential inclusion defined on a lower-dimensional
manifold. For ease of presentation we have considered here only the case of homo-
geneous Dirichlet boundary conditions on the external boundary I'p, but the results
can be extended to more general cases. With Hj () being the subspace of H' (1)
functions having a zero trace on the external boundary I'p, for the initial data we
assume the following:

(Ap) The initial data are assumed essentially bounded and nonnegative. Further,
ur € H(},FD (Q) and vy € L2(Fg>.

Due to the occurrence of the multivalued dissolution rate, classical solutions do not
exist, except for some particular cases. For defining a weak solution we consider the
following sets:

U :={ueL?0,T; H&ID(Q)) : Opu € L2(0,T; H-H(Q))},
V:={ve HY (0,T;L*(T'g))},
W= {we L®(TL), : 0 <w <1},

where by H~'(Q) we mean the dual of Hj . (€2). Here we have used standard no-
tations in the functional analysis. In what follows (-,-)x stands for the usual scalar
product in a Hilbert space X, or the duality pairing between H~! and H'. With
t € (0,T], by (,-)x+ we mean the integration in time of (-,-)x on (0,1).

DEFINITION 1.1. A triple (u,v,w) € U XV x W is called a weak solution of (1.1)
and (1.2) if {u(0),v(0)} = {ur,vr} and if
(1.9) (Oru, p)ar + D(Vu, Vo)ar — (qu, Ve)or = —en(dv, @)rz,
(1.10) (0, 0)pz, = Dq(r(u) —w,0)r,

we Hw) ae inT§
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DISSOLUTION AND PRECIPITATION IN POROUS MEDIA 899

for all (¢,0) € L*(0,T; Hy p, () x L*(TE).

In the above definition the initial condition should be understood in the sense of
L? functions. This makes sense since U C C([0,T]; L%(Q)) and V C C([0,T]; L*(Tg))
(see, for example, [31] or [36]). The existence of a weak solution is proven in [7,
Theorem 2.21]. Moreover, with

(1.11) M, = max{|jur||oo,0,u"},

(1.12) M, := max{||vi]|co,0,1}, Cp:i= ——,
a weak solution satisfies
(1.13) 0<u<M, ae inQT,
0 <w(t,") < M,e®" forall t €[0,7] and a.e. on T'g,
0<w<1 a.e. oan,
and
(1.14) lu@) & + IVulldr + 18:ull 20 710
+ellv®)F, +ellowllpr < C

for all0 <t < T'. Here C > 0 is a constant not depending on u, v, w, or . The proof
is based on regularization arguments and provides a solution for which, in addition,
we have

w =r(u) a.e.in {v=0}NTE.

This is in good agreement with the definition in (1.7).
Finally we mention that (1.1) and (1.2) have a unique weak solution, as proven
in [26].

2. The time discrete numerical scheme. In this section we analyze a semi-
implicit numerical scheme for the system (1.1)—(1.2). To overcome the difficulties that
are due to the multivalued dissolution rate, we approximate the Heaviside graph by

0 if v <0,
(2.1) Hs(v) =< v/6 ifve(0,0),
1 if v >,

where 6 > 0 is a small regularization parameter.

Next we consider a time stepping that is implicit in » and explicit in v. Though
possible here as well, an implicit discretization of v would involve an additional non-
linearity in v without bringing any significant improvement of the results.

With N e N, 7 = T/N, and t, = nt (n = 0,...,N), the approximation pair
(u™,v™) of (u(ty),v(t,)) is the solution of the following problem.

Problem P}. Given u"~! and v"~! compute u" € H&,FD(Q) and v" € L?(T'g)
such that

(2:2) (u" —u" 1, )a + TD(VU", Vd)a — 7(qu", Vo)a
+ Eﬁ‘(vn - vn_17 ¢)FG = 07

(2'3) (Unv H)FG = (Un_17 0)FG + TDG(T(UH) - H§(U7l_1)7 Q)FG
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900 V. DEVIGNE, I. POP, C. VAN DUIJN, AND T. CLOPEAU

for all ¢ € Hj () and § € L*(Tq).
Here n =1,..., N, while u° = u; and v° = v;. For consistency with the original
setting, in (2.3) we approximate the dissolution rate w(t,) by

(2.4) w” = Hgs(v").

To simplify the notations, we have given up the subscript § for the solution triple
(u™, v, w™).

Remark 2.1. As we will see later, for guaranteeing the stability of the scheme
the regularization parameter ¢ should be chosen such that 6 > 7D,. This is the only
restriction that is related to the explicit discretization of v. Further, the convergence
result is obtained under the assumption that the ratio 7/6 approaches 0 as 7 \, 0.
This happens, for example, if 6 = O(7%), with some « € (0,1), which is consistent
with the previous restriction. To simplify the presentation, from now on we assume
8 = Dg+/7. Then the stability condition § > 7D, is ensured whenever 7 < 1, which
is a mild restriction.

Due to the explicit discretization of v, the ion transport equation in Problem P}
can be decoupled from the time discrete precipitation/dissolution equation. Replacing
the T'g-scalar product in (2.2) by the last term in (2.3), we end up with an elliptic
problem having a nonlinear boundary condition on I'g. Specifically, given "' and
v™ 1, we seek for u™ € Hj () such that

(u" — w1, ¢)q + TD(Vu™, Vo)q — 7(Gu™, V)
+ TenDg(r(u™) — Hs(v" 1), 0)p, =0

for all ¢ € H&ID(Q). Since r is monotone and Lipschitz, standard monotonicity
methods provide the existence and uniqueness for the above problem (see, e.g., [34,
Chapter 10]). Alternatively, a contraction argument is described in section 3. This
writing is used there as the starting point for constructing a linear iterative scheme
for solving Problem PY. The fixed-point approach proving the convergence of the
iteration procedure discussed in section 3 can also be employed for the existence
and uniqueness of a u™ solving the nonlinear problem above. Having u"™, v™ can be
determined straightforwardly from (2.3). In this way we obtain the following.
LEMMA 2.2. Problem P} has a unique solution pair (u™,v™).

2.1. Stability in L°°. All of the estimates in this section should be interpreted
in the a.e. sense. As follows from (1.13), the concentrations u and v as well as the
dissolution rate w are nonnegative and bounded. Here we prove similar results for the
time discrete concentrations u™ and v™. The bounds for w™ follow straightforwardly
from (2.4).

LEMMA 2.3. Assume 7 < 1 and that u™~ ! and v~ are nonnegative. Then u™
and v™ are nonnegative as well.

Proof. We start with the estimate in v™. With [-]_ denoting the nonpositive cut
(see also (1.5)), we test (2.3) with 6 := [v"]_ and obtain

10" - NIfg = 7Da (r(@™), "] )pg, + (0" = 7D Hs (0" 1), [0"] ),
In view of (A,), the first term on the right is nonpositive. Further, since v"~1 > 0
and 6 = D,+/T, by the construction of Hs we have

V"t — D Hs(v" 1) > 0" (1 = 1D, /6) >0
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a.e. on I'g. Hence the second term on the right is nonpositive as well. This yields

I[o")- 12, <0,

implying the assertion for v™.
For proving that u™ is nonnegative we proceed in a similar manner. Testing (2.2)
with ¢ := [u™]_ gives

(2.5) I[w"]- Nl + 7D [IV[u")- |l = 7 (@™, V]u"]-)g
+ e (v — 0", [u”],)rc = (" [u"])a.

The first two terms in the above are nonnegative, whereas the third one vanishes.
This follows from

(qu™, V[u"]-)a = 5(q. V[u"]2)a

(7 @ [u"?)rpure — 3(V - ¢ [u"]?)a

1
2
1
2
and the boundary conditions on 012, since V - ¢= 0 in .

Further, since [u”]_ < 0 a.e. and it belongs to Hj (), its trace [u"]_|p, is a
nonpositive L?(I'g) function. Testing (2.3) with [u"]_|r. gives

(0" =0 ] g = TDL(r(u") = Ho(0" ). ("]

= —7Do(Hs(v" ™), [u"])re = 0,

where we have used (A,) and the positivity of Hs.

Finally, the term on the right in (2.5) is nonpositive, since u"~! > 0. In this way
we obtain [u"]_ = 0 a.e. in 2, implying the result. 0

Now we turn our attention to the upper bounds for ©™ and v™. First, with M,
defined in (1.11) we have the following.

LEMMA 2.4. Ifu"~ ! < M,, then the same holds for u™.

Proof. We test (2.2) with ¢ := [u™ — M,]+, the nonnegative part of u™ — M,,.
This gives

[ = Mo I3 + DIV — M, | — 7(@a, V" — M+ )o
=W = My, [u™ — M)+ )a — en(v™ — v [u™ — M)+ )re-

Arguing as in the proof of Lemma 2.3, we first observe that the convection term
vanishes. Further, since u”~* < M,, the first term on the right is nonpositive. Finally,
for the last term we have

(0" = v 0" = M) )rg = 7Da(r(u™) — Hs(o" ), [0 = M4 )re.

By the definition of M, whenever u™ > M, we have r(u™) > 1 > Hs(v"~!). This
implies the positivity of the above scalar product. We are therefore left with

fu™ = Mu] 4 [[§ + TDIV[u" — M)+ ]I <0,

implying that u™ < M,,. a

Remark 2.5. Since for the initial data we assume 0 < u; < M, and 0 < vy,
Lemmas 2.3 and 2.4 show that 0 < u"” < M, and 0 < v" for alln=0,...,N.

Upper estimates for v™ can be obtained as for u™.
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LEMMA 2.6. With M, and C, defined in (1.12), assume that v"~' < M,eC+»=D7,
Then v™ < M,eC»",
Proof. Testing (2.3) with 0 := [v™ — M,e®*"7], gives

(26) ”[Un _ MvernT]+“%G _ (,Unfl _ MveCU(nfl)T, [,Un _ MUeC,UnT]+)FG

+ Mv(ecv(nq)r _ eCﬂnT’ [Un _ MveCUnTh_)FG

+ 7Dy (r(u") — Hg(v"_l), [0 — Mvec”"7]+)rc.

We denote the terms on the right by I, s, and Is. We first notice that the assumption
on y" 1 implies I; < 0. Further, since 0 < u™ < M, H5(v"_1) > 0, and due to the
monotonicity of » we obtain

I3 < 7D, (r(M,), [v" — M,e“"" ], )r

o
Recalling (1.12), this gives
I 4 Iy < My(rCly + o0 (1 — 70 [y — Me©"])r, < 0.

Here we have used the elementary inequality e” > 1+ xz, as well as e»(»~1D7 > 1. In
this way (2.6) becomes

o™ = Moe®mm] 2, <0,

implying the upper bounds for v". 1]

Remark 2.7. As before, since v; < M, it follows that v < M,e€™" for all
n=1,...,N.

Remark 2.8. The essential bounds provided by Lemmas 2.3, 2.4, and 2.6 are
uniform in 6, whereas 7 appears only in the upper bounds for v"™. But for any
0 <n < N onehas nt =t, <T, and we have v < M, eCvin < MveCUT, which is
7-independent as well.

2.2. A priori estimates. We continue the analysis of the numerical scheme
(2.2)-(2.3) by giving some energy estimates for the sequence of time discrete con-
centrations {(u™,v™), n = 0,...,N}. We start with the estimates in v, which are
depending on meas(T'¢).

LEMMA 2.9. For any n > 1 we have

(2.7) o™ — v”_lurG < 7D, r(M,) meas(Tg)"/? and

(2.8) lv"llre < llvrllvg +nTDy m(My,) meas(Fg)l/Q.

Proof. Testing (2.3) with 6 := [v® —v""!] € L?(T'¢) and applying Cauchy’s
inequality gives

(2.9) [v" = v" IR, < 7Dallr(u™) = Hs(v" ™)l 0" — 0" Hirg

The essential bounds on u™ and v™, together with the assumptions on r and Hs, imply
-1 < r(um) — Hs(v"!) < r(M,). By (1.11) we have r(M,) > 1, implying the first
estimates.

In a similar manner, by taking 6 := v™ € L?(I'g) in (2.3) and applying the Cauchy
inequality we obtain

(210) ("R, < 10" Hirg o™ llvg + 7Da r(My) meas(Ta) 20" rg.-
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DISSOLUTION AND PRECIPITATION IN POROUS MEDIA 903

By dividing by ||[v"||r, and applying the inequality backward we immediately obtain
the estimate (2.8). d

Remark 2.10. Notice that the estimates in Lemma 2.9 are é-independent. Next,
for n < N, the term on the right in (2.8) is bounded uniformly in 7 as well. Finally,
due to (1.8) we can replace meas(I'¢) by C/e, where C does not depend on 8, 7, or e.

Now we proceed by the estimates for w.

LEMMA 2.11.  Assume 7 < 19, with 79 > 0 a fized value that will be given below.
For the time discrete solute concentrations we have

N
(2.11) Y IV < C,
n=1
N
(2.12) Sl —u TG < CV,
n=1
N
(2.13) Y IV —u" G < CVT,
n=1
N
(2.14) >t =", < C
n=1

Here C is a constant that does not depend on 6 and T.
Proof. We start by testing (2.2) with ¢ = «™. This gives

(2.15) (u" —u"" u")g + 7DV
+7(qu™, Vu™)q + en(v" — v u™)r, = 0.
We denote the terms on the right by 71, ...,7T,;. We have
T = SOl — =+ — ).
Furthermore, T5 is nonnegative, and T3 vanishes as argued in the proof of Lemma 2.3.
Before estimating the last term we notice the existence of positive constants C;

and Cy such that

(2.16) lellte < Cillelld, + Collellal Vello

for all p € H&FD (). This can be obtained by following the proof of the trace theorem
(e.g., see [10, Theorem 1.5.1.10]). By the inequality of means

1
(2.17) ab < 4—(12 + pb? for all a,b, and p > 0,
0
we get
C2
(218) lelizg < (€3 + 52 ) el + AVl

Here p > 0 can be taken arbitrarily small.
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904 V. DEVIGNE, 1. POP, C. VAN DULJN, AND T. CLOPEAU
With M := enD, r(M,) meas(I'¢)"/?, we use (2.7) to estimate T:
n TMQ n|2
Ty < TMJu*llre < —— +7llu"|rg-

Now we use (2.18) with p = D/2 and obtain

2

M C? D "
Using the estimates above into (2.15), summing for n = 1,..., N, and multiplying

the result by 2 yields

N N T2
a1 + D lu = w7 HIG + 7D Y I Vu[E < urld + — G
n=1 n=1
where C' = T(Cy + C3/(2D)) M2 meas(Q). This estimate follows by the essential
bounds on u". An alternative proof can be given based on the discrete Gronwall

lemma. In this way we have proven (2.11). Notice that we have also obtained

N
Sl —un Y <

n=1

which is not as good as (2.12).

n n—1 :

To proceed with (2.12) and (2.13) we notice that, since uy € H&’FD, u —u is
a Hé,FD function for all n > 1. Testing (2.2) with u"™ — u"~! gives
(2.19) [u = "G + TD(Vu", V(u" —u""1))o
— 7(qu", V(u" —u""))g +en (v =" ut —u" ), =0.

Denoting the terms in the above by I1,..., 14, we have
TD n n— n n—
I = (9~ IV + V(" ).

Recalling (1.4), the inequality of means gives

Is| = 7(V - (qu"), u" —u" "o < 7M, || Vur[oflu” — u o
1 2772

.
< sl = + T v,

With M defined above, for I, we use the estimate (2.7) and obtain

- _ _ TM)?
1] < ello™ — 0" e -y < T2
M1

+pflu” =",

where g7 > 0 will be chosen below. Now we can take p = 7D/(4pq) into (2.18) to
obtain

1C3
7D

M2
< T <01+

n n— D n n—
I )l =+ TR -
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DISSOLUTION AND PRECIPITATION IN POROUS MEDIA 905

Using the above estimates into (2.19), taking p; = v/7D/(2C5), multiplying the
result by 2, and summing up for n =1,..., N, (2.11) gives

1 Civ7D ol n n—1,2 7D J n n—1y2
(5 2 ) Sy P S -l

TM?
< 1D||Vuy|3 + 70271/2 +7C.

vD

For 7y := C3/(16C? D) and T < 79, since ur € Hjp , the inequality above immedi-
ately implies (2.12) and (2.13).

Finally, using (2.18) with p = 7/2, (2.14) is a direct consequence of (2.12) and
(2.13). d

Remark 2.12. As in Remark 2.10, if the medium is e-periodic, the constant C' in
Lemma 2.11 does not depend on e. To see this we recall (1.8), and Lemma 3 of [12],
saying that there exists a constant C' > 0, independent of ¢, such that

ellelite < C (llellé +*IVelld)

for all ¢ € H'(Q). Then the boundary term in (2.19) yields a constant C' which does
not depend on ¢ as well.

2.3. Convergence. In this part we proceed by proving the convergence of the
numerical scheme defined in (2.2)—(2.3) to a weak solution of the system (1.1)—(1.2), as
given in Definition 1.1. The multivalued dissolution rate hinders us in obtaining useful
error estimates. Therefore convergence will be achieved by compactness arguments.
In doing so we mainly follow the ideas in [7].

By considering the sequence of time discrete triples {(u", v, w™),n =1,...,N}
solving Problem P}, where w” is defined in (2.4), we construct an approximation
of the solution of (1.1) and (1.2) for all times ¢ € [0,T]. Specifically, define for any
n=1,....,N and t € (tp_1,tn]

(2.20) 77y = oty 0 20

where (z, Z) stands for (u,U) or (v,V), and define

)

(2.21) W7(t) == Hs(V™(1)).

Notice that U,, V;, and W, depend not only on 7 but also on the regularization
parameter 6.

For the time continuous triple {U™, V", W)} we can use the uniform L* bounds,
as well as the a priori estimates in Lemmas 2.9 and 2.11, to derive é-independent
estimates that are similar to those for the solution defined in Definition 1.1 (see [7]).

LEMMA 2.13. Assume 6 > 7D,. Then for (U™, VT, WT) we have

(2.22) 0<U" <M, ae. inQF,
(2.23) 0< VT < MeCT, 0<W™< 1 ace inTF,
(2.24) UT e+ IV ()R, < C forall0<t<T,
(2.25) 10U 220 73111 (2 + VU e + 18:V 7 [[7r < C.
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906 V. DEVIGNE, I. POP, C. VAN DUIJN, AND T. CLOPEAU

Here C' > 0 is a constant that does not depend on T or 6.

Proof. The essential bounds in (2.22) and (2.23) are a direct consequence of
Lemmas 2.3, 2.4, and 2.6 and (2.4). The same holds for (2.24), for which we employ
the stability estimates in Lemmas 2.9 and 2.11.

To proceed with the gradient estimates in (2.25) we notice that

T N
[ 1900l <23 e

0 n=1

t 2
" t_tnf —

tnfl
N N
<9 vn—lQ 2l V(u" — n—1 2<C
<2r) Vel + S D IVET —ut TR < C
n=1 n=1

Here we have used the estimate in (2.11) and (2.13).
The estimate on 0;V7 follows by (2.7):

T N tn
/ 10T (02 dt =S /
0 n=1 tn—1

Finally, for estimating 0;U” we notice that

OU(1),6) = (H¢)

T

n _ ,n—1 2
YU | at<CNr=CT.
-

T'e

for all ¢ € Hy () and all t € (t,_1,t,]. By (2.2) this gives
[(0U7,0)| < D [[Vu"|la [[Volla + My [[Vu"{la [|¢]lo
€n n n—
+7HU -v 1||FG ||¢||FG
By using the trace theorem we obtain
(2.26) [(0.U7, 9)] < (D + Mp)[[Vu"|lal[dl a1 (o)
€n n n—
+ Q) —[lv" —v Hirg 1ol a o)

for any ¢ € H&,FD (©). This implies that

T n eﬁ n n—
(2.27) 100 Ol -1y < € (19l + Lo = 0"

for all t € (t;,—1,t,], and the remaining part is a direct consequence of the L>° and
stability estimates. 0

Remark 2.14. For an e-periodic medium, the estimates in Lemma 2.13 can be
made e-independent. This follows from Remarks 2.10 and 2.12. In this case the
estimates (2.24) and (2.25) become

U™ @)l + 10U 720 711 (<)) + VU e

+ e (IVT@IR, + a7z < ©
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DISSOLUTION AND PRECIPITATION IN POROUS MEDIA 907

for all0 <t < T, where C' does not depend on 7, 6, or €.

Having the 7 and ¢ uniform estimates in Lemma 2.13, we can proceed by sending
7 and § to 0. For any 7 > 0 and 6 = /7D, > 7D, we have (U™, VT, WT7) €
UxVxL>®(TE). Obviously 7\, 0 implies the same for §, as well as for the ratio 7/6.
Compactness arguments give the existence of a triple (u,v,w) € U x V x L=(T'%) and
a subsequence 7 \, 0 such that

(a) U™ —u weakly in L((0,T); Hy p,, (),
(b) OUT — du weakly in L2((0,T); HY()),
(¢) VT —w weakly in L?((0,T); L*(Tg)),
(d) VT — Ow weakly in L3((0,T); L*(Tg)),
() W™ —-w weak star in  L>®°(T'5).

It remains to show that the limit triple (u,v,w) solves (1.1)—(1.2) weakly. By the
uniqueness of the solution, this would actually imply that, along any sequence 7\, 0,
the approximating triple (U™, V™, W7) converges to (u,v,w). This result is proven in
the following.

THEOREM 2.15. The limit triple (u,v,w) is the weak solution of (1.1)—(1.2) in
the sense of Definition 1.1. Moreover, for the dissolution rate we have

w = r(u) a.e. in {v=0}NTE,
meaning that w satisfies (1.7).

Proof. By the weak convergence, all of the estimates stated in Lemma 2.13 hold
for the limit triple (u,v,w). Furthermore, for any ¢ € (t,,—1,t,], by (2.2) we have
(228) (8tUT (t)v (j))ﬂ + D(VUT (t)v V¢)S)

+ (V- (qU™ (1)), d)a + en(9 VT (1), d)re
=D(V(U"(t) —u"),Ve)a + (V- (@UT(t) —u")), d)a

for all ¢ € H(},FD (©). Denoting the terms on the right by I;(t) and I2(t), taking
¢ € L*0,T; H&FD(Q)), and integrating (2.28) in time gives

(2.29) (0:UT, p)ar + D(VUT,V)ar
+ (v ' ((T UT); ¢)QT + Eﬁ(atv‘ra QS)FE

N #n
- Z/ L (t) + Iy(t)dt.

n=1"7tn-1

The definition (2.20) of U™ implies for almost all 0 <t < T

ln —1 n n—
(2.30) L) < D——[IV(u" —u HllelVelle
and
ln —1 n n—1
(2.31) [L2(t)| < My [u” = u" " alVella

In (2.31) we have integrated by parts and used the essential bounds (1.4) on ¢. Now
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908 V. DEVIGNE, I. POP, C. VAN DUIJN, AND T. CLOPEAU

we can proceed by estimating the terms on the right in (2.29). For I; we get

< Z
N 1 n
Z( D3|V (u™ — u™ )H?z)Q (/t V¢(t)||?2dt>

1 1

3 N
< = _ri VoD 3dt + —— S D2V (0" — w112
25 [ 1Tl T2 0w I

1 T ) 1
< = (/ ||v¢<t>|gdt+c> .

In the above we have used the inequality of means (2.17) with p = 7
the estimates (2.12) and (2.13). In a similar manner, for I we get

I )
t<|-—= Vo(t)|[pdt + Cr2 | 73
_<m/0 V(o) e + )

Letting 7 \, 0, the weak convergence of U™ and V7 as well as the estimates above
imply that u and v satisfy (1.9).

For the dissolution-precipitation equation (1.10) we start by analyzing the behav-
ior of U™ on I'L. The a priori estimates, together with Lemma 9 and Corollary 4 of
[31], imply

n n

t)dt

(" —u" el V) |adt

tnl

1
2

IN

/4 as well as

U™ —u strongly in  C([0,T]; H~*(Q)) N L*(0,T; H*(Q))
for any s € (0,1). Then the trace theorem (see, for example, Satz 8.7 of [36]) gives
U™ —u strongly in  L*(T'%).
Taking into account the Lipschitz continuity of r, this yields
r(UT) — r(u) strongly in L*(T%).

Further we proceed as for (1.9). For any ¢, 1 < t < t, and 6 € L*(Tg) we rewrite
(2.3) as

(2.32) (VT (t),0)rg = Da(r(U7 () — W™ (1), 0)re
+ Do(r(u™) —r(U" (1)), 0)rq
D,(WT(t) — Hs(v" 1), 0)r.

Denoting the last two terms on the right by I3(t) and I,(¢), with € L?(I'%), we
integrate (2.32) in time and obtain

(2.33) BV, 0)pz = Do(r(UT) — W7, 0)p
o

+Z +I4 )d

n=1 tn—1
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DISSOLUTION AND PRECIPITATION IN POROUS MEDIA 909

For almost all 0 <t < T, since r and Hg are Lipschitz, we use the definition of V'™
and W7 in (2.20) and (2.21) to obtain

(t _t) n n—
(2.34) 1501 < Dale =D e o,
and
D, (t, —t _
(2.35) )< 22 Bt ol

respectively. Using the estimate in (2.14), the first sum in (2.33) is bounded by

n n

t)dt| < DL, Z u" e 100) g dt
tn—1 th—1
N - 1 tn %
n n— 2
er(gnu —u 1II%G) (/ G(t)ll%cdt>
— 1
<2 o (lellerIIu u 1%G> 3
D,L ,

< S (i +0) 7.

In the above we have use the inequality of means (2.17) with p =7
the last sum in (2.33), by (2.7) we get

1/2 " Similarly, for

n

< Y Z e Un_IHFGHe(t)”FGdt

tn—1

D N T 3 £ :
a n n—1(2 2 2
? Z (g”'l} — v 1||FG) </tn1 ||9(t)||1“cdt>

n=1

— < 1002 + Z o ||FG)

T

5.

g

t)dt

tnl

IN

IN
| =

< 2o (1612, +r(M1,)? meas(T)

2\f
We now let 7 \, 0. Since § = /7D,, the above estimates together with the weak
convergence of 9; V7, the strong convergence of r(U7), and the weak-star convergence
of W7 imply that u, v, and w satisfy (1.107).

It remains only to show that the dissolution rate satisfies (1.102). To this aim we
improve the previously stated weak L? (Fg) convergence of V7 to a strong one, imply-
ing also a pointwise convergence a.e. This is done by employing the Riesz—Fréchet—
Kolmogorov compactness criterion, requiring estimates on translations in time and
space.

We first notice that V7 is bounded uniformly in L?(T'%). Moreover, by (2.7)
it immediately follows that, as h \, 0, the time translations of V7 converge to 0
in L%ngh), and the convergence is uniform with respect to 7. So we only have
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910 V. DEVIGNE, I. POP, C. VAN DUIJN, AND T. CLOPEAU

to consider estimates for translations in space. To avoid an excess of technicalities,
these are proven in a simplified setting: Decomposing € R™ into = = (y, x,,), with
y € R"1 we assume I'g to be open and bounded in the hyperplane {z,, = 0}. The
proof for general (compact and Lipschitz) boundaries follows similarly and involves a
finite number of homeomorphisms, mapping 2 locally inside the half-space {x,, > 0}.

Given a ¢ € R"!, we consider an arbitrary v C I'g such that y + ¢ € Q for any
y € 7. With A denoting the translation operator

Acf(y)=fly) = fly+Q)
and fixing a t € (t,—1,tn] (0 <n < N) and ay € v, by (2.20) we get
AVT(ty) = Acv" M y) + (t — ta—1) Da [Acr(u™)(y, 20) — AcHs (0" ) (y)].
Since 6§ = /7D, and because r is Lipschitz continuous, this yields
[AVT (8 y)] < [A" ()| + DaLi(t — ta-1)[Acu" (y)].

Continuing the argument for t = ¢,,_1,...,t; we obtain
AV (ty)] < [Acvr(y)| + 7DaLy Y |AcuP(y)].

p=1

Since nt < T, standard arithmetic inequalities as well as integration over v yield
N
IAVT(t, )I72ry < 20 Acvrl[F2qy + 27TDILE D 1A || 2 -
p=1

With U7 denoting the piecewise constant time interpolation of the time discrete ap-
proximations {u™*,n=1,..., N},

U™ (t) = u™ whenever tho1 <t <ty,,
the inequality above becomes
(2.36) AVt )22y < 201A¢vrl1 22 + 2T DILEIATT 72,7

Since vy is L?, the first term on the right vanishes as || — 0. It remains only to deal
with the last term. In doing so we notice that

- ty —t

U™ -U"t) = (u™ —u"h).

T

By the estimates in (2.14), this gives

N t 2
7 "ot =1 n n—
07 =V ey = 3 [ Eo 20— s gy < O
n=1 -1

Since U™ — u strongly in L2(Fg) along a sequence 7 \, 0, the same follows for U”.
Therefore the last term in (2.36) approaches 0 uniformly with respect to 7 (see also
Corollary IV.26 in [2] and its converse).
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Once the strong L?(I'L) convergence V™ — v is proven, we can proceed as follows.
For almost every pair (t,z) € I'5, we have either v(t,z) > 0 or v(t,z) = 0. In
the first case and with p := wv(t,z)/2 > 0, the pointwise convergence of V7 to v
yields the existence of a 7, > 0 so that V7 (¢t,xz) > p for all 7 < 7,. Then for any
7 < min{7,, (1/Dy)*} we have W7 (t,z) = 1, implying w(t,z) = 1. For the second
case we let Sy = {v = 0}. Since dyv € L?(T'L), it follows that d;v = 0 a.e. in the
interior of Sy, and therefore w = r(u) with 0 < w <1 there. d

Remark 2.16. Notice that in the proof of Theorem 2.15 we have improved the
convergence of V7 stated before. Specifically, we have shown that V™ — v not only
weakly but also strongly in L?((0,7); L*(T'g)).

Remark 2.17. Besides the convergence of the numerical scheme, Theorem 2.15
also provides an alternative existence proof for a weak solution of (1.1)—(1.2). In [7]
this is obtained by fixed-point arguments, whereas here the solution is the limit of a
time discrete approximating sequence.

Remark 2.18. In this section we have considered only the time discretization of
the system (1.1)—(1.2). For performing the numerical calculations that are presented
in section 5, we have employed piecewise linear finite elements on (), whereas the
crystal concentration is determined at the nodes located on I';. Since the solutions
of the time discrete problems are sufficiently regular, the convergence of the fully
discrete scheme can be proven by standard techniques (see, e.g., [35]). In the case
of convection-dominated regimes, numerical instabilities may occur as the result of
the lacking maximum principle for the standard finite element method discretization.
Such situations require appropriate stabilization techniques, as proposed, for example,
in the book [14] or more recent works [3, 15, 19].

3. A fixed-point iteration for the time discrete problems. In this section
we analyze a linear iteration scheme for solving the nonlinear time discrete Problem
P%. The nonlinearity appears in the boundary condition (2.3). Numerical experiments
based on a Newton-type iteration led to instabilities in the form of negative concen-
trations or to a precipitation in the undersaturated regime (u < u*). Moreover, there
is no guarantee of convergence, unless the time stepping is not small enough. Here we
discuss an alternative fixed-point approach that provides stable results. Moreover, the
scheme converges linearly in H', regardless of the initial iteration or of the parameters
e, 7, and 6.

Assume v~ ! and v™ ! to be given and to satisfy the bounds in Lemmas 2.3, 2.4,
and 2.6. To construct the iteration scheme we proceed as discussed in the beginning of
section 2 and decouple the ion transport equation from the dissolution/precipitation
equation on the boundary. Using (2.3), (2.2) can be rewritten as

(3.1) (u" —u"", @)a + TD(Vu", Vé)a — 7(qu", Vo)
+7enDy(r(u™) — Hs(v"™1),0)r, =0
for all ¢ € Hjp, (Q). This is a scalar elliptic equation with nonlinear boundary
conditions on I'g. We first construct a sequence {u™® i > 0} approximating the
solution u™ of (3.1). Once this is computed, we use (2.3) for determining v™ directly.
Let L, be the Lipschitz constant of the precipitation rate r on the interval [0, M,].
With

(3.2) K:={ueHjpr,(Q)/0<u<M,ae. inQ},
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and for a given u™*~! € K, we define u™* as the solution of the linear elliptic equation
(3.3) (u™" —u"h d)g + TD(VU™, V)a — 7(qu™, Vo)
= T Do Ly (u™ ™1 — ™, d)rg
—1enDg(r(u™1) — Hs(v" 1), 0)r,

for all ¢ € H&’FD (©). The starting point of the iteration can be chosen arbitrarily in

n,0 n—1

K. However, a good initial guess is u™" = u

Comparing the above to (3.1), disregarding the superscripts ¢ — 1 and i, the
only difference is in the appearance of the first term on the right in (3.3). In the
case of convergence, this term vanishes, so u™* approaches u™. Before making this
sentence more precise we mention that the above construction is common in the
analysis of nonlinear elliptic problems, in particular when sub- or supersolutions are
sought (see, e.g., [34, p. 96]). In [29], this approach is placed in a fixed-point context,
for approximating the solution of an elliptic problem with a nonlinear and possibly
unbounded source term (see also [37]). The same ideas are followed in [32, 28], where
similar schemes are considered for the implicit discretization of a degenerate (fast
diffusion) problem in both conformal and mixed formulation. We also mention here
[33] for a related work on nonlinear elliptic equations.

Since (3.3) defines a fixed-point iteration, only a linear convergence rate is to
be expected. This drawback is compensated by the stability of the approximation
sequence, as well as its guaranteed convergence. These statements are made precise
below.

LEMMA 3.1. Assume 0 < u™~1 < M, a.e. on Q. Then u™"* solving (3.3) satisfies
the same bounds.

Proof. This can be shown by following the ideas used in proving Lemmas 2.3
and 2.4. We omit the details here. O

Starting the iteration with u™° € K, a straightforward mathematical induction
argument shows the stability of the entire sequence {u™% i > 0}. To prove the
convergence of the scheme we let

(3.4) et =y — y™?
denote the error at iteration i and define the H'-equivalent norm

(3-5) AP = I£1 + DIV FIE + ClF IR -

Here f is any function in H&FD (©2), and the constant ¢ > 0 is defined as
T
(3.6) ¢ = §enDaLr.

Notice that if 7 is reasonably small, ¢ < 1.

The lemma below shows that the iteration error defined in (3.4) is a contraction
in the norm (3.5).

LEMMA 3.2. For 7 < 2/(enD,L,), an i-independent constant 0 < v < 1 exists
such that

n,i|||2 n,i—1|||2,

llle <llle

n,i—1

provided u satisfies the bounds in Lemma 3.1.
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Proof. With ( given above, we start by adding 2¢(u"™, ¢)r,, on both sides of (2.2).
Subtracting (3.3) from the resulting equation gives

(€™, 8)q +7D (Ve Vo), =7 (ge™", Vo), +2¢ (e, ).,
=2 (e"’i_l, qS)FG + 1enD, (r(u") —r(u™h), QS)FG )
Since V- ¢ = 0 and €™ has a zero trace on I'p, taking ¢ = ™’ into the above yields
le™ |3 + 7D Ve™ | + 2¢[le™ |7,
< reiiDg||Lre™ ™t — (r(u™) — r(u™ 1) g le™ Ire
< 2¢)|e™  HIrg €™ v

We then immediately get

(3.7) Hle™ NII* < clle™ g, = ¢ = a)lle™ M7, + Calle™ 7,
where ||| || is introduced in (3.5) and « is an arbitrary constant in (0, 1) to be chosen
below.

Using the trace estimate (2.16) and the inequality of means, for any § > 0 we
have

2

- C. - .
Hen,z 1H%G < (01 + 4;) He"’l 1”&2] _|_6||ven,z 1“?1

By using this in (3.7) and taking o € (0,1), 8 > 0, and v > 0 satisfying the constraints

3
(38) Ca (01 + 45> <7
Caff < TDn,
(1-a) <7,
we obtain
(3.9) lle™[[1? < (1= a)¢lle™ R, +aBc[Ve™ G

Cz n,i— n,i—
tac (cl ; 4ﬁ) =113 < Al P

—1
_ 1D ., O3 _ C: 1 , C3
52<C1+\/E and a = 1+?+§ ClJrTT ,

the restrictions on « and ( are fulfilled. Further, this choice also gives identical lower
bounds for « in (3.8), for which we can now take

, 3 , 2\
(3.10) 72( Ci + C1+5 2+Ch + C1+5 .

With
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By the assumptions on 7 we have v < 1, and hence the iteration error is contractive
in the norm defined in (3.5). d

Remark 3.3. The iteration (3.3) defines an operator 7 : L — K. Following the
steps in the proof of Lemma 3.2, we can show that 7 is a contraction with respect to
the norm defined in (3.5). Therefore 7 has a unique fixed point, yielding the existence
and uniqueness of a solution for the nonlinear equation (3.1). This immediately implies
the existence and uniqueness of a solution for Problem P¥, as stated in Lemma 2.2.

Lemma 3.2 implies the linear convergence in H! of the iteration sequence {u™* i >
0}. Moreover, its limit is the solution u™ of (3.1).

THEOREM 3.4. With u™° € H&’FD (Q) bounded essentially by 0 and M, if T <
2/(enD,L,), the iteration (3.3) is convergent. Specifically, for all i > 0 we have

™ I < A" lle™ 111

Remark 3.5. The contraction constant v in the above is bounded from above by
¢ = teilD,L, /2. Notice that the first term in the H'-equivalent norm in (3.5) does not
depend on 7. As 7\, 0, v approaches 0, implying a fast convergence of the iteration
at least in the L? sense. In the numerical computations presented in the following
section, 3—4 iterations were enough for obtaining a good numerical approximation of
the time discrete solution.

As stated in Theorem 3.4, convergence is achieved as i — oco. In practice we stop
this procedure after a finite (small) number of iterations. This means that at each
time step we are adding an iteration error to the time discrete approximation. This
error depends on the number of iterations performed per time step, as well as on the
initial iteration error. As mentioned before, the solution at the previous time step
can be used for initiating the iteration. In the remaining part of this section we show
that by this choice the total error is vanishing as 7 ™\, 0.

To make this statement rigorous we assume that i iterations are performed at
each time step n. The computed solution %" = u™* will be only an approximation of
u™, the solution of (3.1). Let now é" denote the error at the time step n:

Based on the stability estimates in Lemma 2.11, we can estimate the total error
that is accumulated in the numerical approximation of the time discrete sequence
{u",n=1,...,N}
LEMMA 3.6. Assume that, for eachn =1,..., N, i iterations (3.3) are performed
by starting with u™® = "1 = u"~%*. We have
N /2
Sl < ¢ X

n=1

Remark 3.7. Since v = O(7), the total error vanishes as 7\, 0.
Proof. With 4™° = @™~!, the initial error at the time step n is given by

n,0 _ u — anfl — " — unfl + énfl.

By Theorem 3.4 the error at the time step n can be estimated as

eIl <2l < A2 (Il = a1+ [ H]]) -
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Repeating this estimates inductively for n = 1,..., N, since é* = 0 we obtain
n
(3.11) I[E"]]] < YA B2 — WP,
k=1

Adding the above for n =1 up to N gives

N 72/2 N )
Z em|l| < T Z (1 _ '7(N+17k)l/2) |||uk _ ukflm.
n=1 v k=1

By the definition of 7 in (3.10), if 7 is small enough, the fraction in the above can
be bounded by C~%/? for some constant C' > 0. Now the proof can be completed
straightforwardly by applying the stability estimates in Lemma 2.11. 0

4. Numerical results. In this section we present some numerical simulations
obtained for the undersaturated regime, when only dissolution is possible. Extensive
numerical results for both dissolution and precipitation, and for high or low Damkohler
numbers, will be presented in a forthcoming paper. All of the computations are
implemented in the research software SciF’'EM (Scilab finite element method [38]; see
also [4]).

Here we consider a two-dimensional domain €2, obtained by removing the disc
Bg(0,0) of radius R = 1/4 and centered in the origin form the square (—1/2,1/2)2.
The impermeable grain is represented by the disc, and flow takes place around the
grain, from the left boundary to the right one. The present experiments are similar to
those presented in [7], where a simple geometry—a two-dimensional strip—has been
considered. There the occurrence of a dissolution front has been investigated both
analytically and numerically. After a waiting time t*, the front started moving in the
flow direction. As we will see below, the present computations reveal similar features.

We have used the following parameters and rate function:

10
D=1,D,=1,e=1, m=n=1.0, and r(u,c) = g[u]_s_[u —0.1]4.

This gives u, = 0.1 and u* = 1.0. The initial and (external) boundary conditions are

vr = 0.1 on I'g,

ur = 1.0 in Q,

U= Uy ife=-1/2t>0,
Oyu=0 on ON\{T'qU{z=—-1/2}}.

With the data above, the system is initially in equilibrium: No precipitation or disso-
lution is taking place. This equilibrium is perturbed by injecting an undersaturated
fluid at the inflow boundary = —1/2. We start with a uniformly distributed layer
of precipitate. As resulting from the L° estimates, only dissolution is possible.

The fluid velocity ¢ is determined by solving numerically the Stokes system

uAG =Vp in Q,
V-g=0 in Q,

where p = 0.01. At both the in- and outflow boundaries x = £1/2 we take ¢ = (2,0).
On the upper and lower boundaries y = +1/2 we take ¢, = 0, and 0d,q, = 0. For
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Modes
Vl:IMaE

Fi1G. 1. The computed velocity field q.

v
o
o
o3
(]
o
™
o3t
o
am
a

[

F1G. 2. Concentration of the cation u at t1 = 0.1 (left) and t2 = 0.2 (right).

symmetry reasons, the computations are restricted to the upper half of the domain.
The numerical approximation of ¢ is obtained by employing the bubble stabilized
finite element method proposed in [30] (see also [18]). The computed velocity field is
presented in Figure 1.

For computing the cation concentration v and the precipitate concentration v we
have applied the scheme (2.2)—(2.3) with a fixed time step 7 = 10~* and the regulariza-
tion parameter 6 = 10~%. As mentioned in the appendix of [6] (see also Theorem 2.15),
we set w = min{r(u), 1} whenever v = 0. The emerging nonlinear time discrete prob-
lems are solved by the linearization (3.3), with «™° = 4"~!. The procedure is stopped
once the maximal difference between two successive iterations is reduced below 1073.
In our experiments 3—4 iterates were sufficient to fulfill this stopping criterion. We
have used piecewise linear finite elements for the spatial discretization of the time
discrete problems in 2. The crystal concentration is determined at the corresponding
nodes on I'g. In this specific example the Peclet number is moderate, so no special
stabilizing techniques were needed.

The computations are performed up to T' = 0.4. Figure 2 displays the cation
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FiG. 3. Concentration of the precipitate v at t1 = 0.1 (left) and to = 0.2 (right) as a function
of the arc length.
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F1G. 4. The position of the dissolution front as a function of time: At t* ~ 0.1415 precipitate is
present everywhere on the grain boundary; after t = 0.3359 the entire precipitate has been dissolved.

concentration u at two different times ¢; = 0.1 and ¢ = 0.2. As expected, u is higher
at the outflow than at the inflow and stays bounded by u, and u*. This excludes
the possibility of precipitation. Moreover, the amount of cations is decreasing in
time. Figure 3 displays the precipitate concentration v as a function of the arc length
s = RO. Here R = 1/4, while 6 is the angle between the radii through the leftmost
point (—R,0) through the location of interest on I'¢. Notice that v is monotone
with respect to s. A major difference can be noticed in the v profiles for t; = 0.1
and to = 0.2. In the former case we have v > 0 for any s, and thus precipitate is
present everywhere. For ¢ we identify two different regions on I'. In the left one the
precipitate has been completely dissolved, whereas crystals can be found everywhere
in the region on the right. This shows the occurrence of a dissolution front, located
at the free boundary separating the two regions on I'g. At ¢5 the dissolution front is
located close to (0, R), the upper point of I'g.

The evolution of the dissolution front is presented in Figure 4, where the angle 6
is given as a function of time. Up to t* = 0.1415, the precipitate is present everywhere
on the grain surface I'. For any time between t* and £ ~ 0.3359 the dissolution front
moves towards the rightmost point on I'g, (R,0). After ¢ the entire precipitate has
been dissolved. Notice the fast movement of the free boundary as t is greater than
but close to the waiting time t*. This is due to the fact that the grain boundary I'g
is nearly transversal to the flow. Since the inflow boundary conditions for v and ¢
are constant, a minimal variation of u in the vertical direction can be expected. This
implies a similar behavior for v if s (or 6) is close to 0, and therefore the complete
dissolution along this region occurs nearly simultaneously.
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5. Conclusion. We have analyzed a numerical scheme for the time discretization
of (1.1)—(1.2). This is a simplification of the pore-scale model for crystal dissolution
and precipitation in porous media. The main difficulties associated with the model,
a parabolic problem that is coupled through the boundary to a differential inclusion,
are still present in this setting.

The numerical scheme is implicit in « and explicit in v. A regularization step is
employed for dealing with the multivalued dissolution rate. We prove the stability of
the scheme in both L as well as energy norms. Further, compactness arguments are
used for showing that the scheme is convergent.

A fixed-point iteration is proposed for solving the nonlinear time discrete prob-
lems. This linearization is stable and converges linearly, regardless of the discretization
parameters and the starting point.
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