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Abstract

We address the control synthesis of hybrid systems with discrete inputs and outputs. The control
objective is to ensure that the events of the closed-loop system belong to the language of the
control requirements. The controller is sampling-based and it is representable by a finite-state
machine. We formalize the control problem and provide a theoretically sound solution. The solu-
tion is based on solving a discrete-event control problem for a finite-state abstraction of the plant.
In addition, we identify classes of hybrid systems for which a suitable finite-state abstraction can
be computed and we sketch the algorithms for computing the finite-state abstractions. Unlike
most of the existing algorithms, the algorithm of this paper is not based on discretizing the state-
space. Instead, a discrete-time counterpart of the hybrid plant is constructed. The state-space of
this discrete-time hybrid system consists of those state of the original system which are reachable
at sampling times. In order to obtain a finite state abstraction in this way, we restrict attention
to those hybrid systems, for which the set of states reachable at sampling times is finite, and the
continuous dynamics and the continuous state change only under the influence of the control in-
puts. In addition, we present Lyapunov-like conditions for checking the former property. We also
present an example of practical relevance satisfying the above restrictions.
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Introduction

Motivated by applications in the area of high-tech systems, in particular control of printers, [22],
we are interested in the following control problem. The plant is a hybrid system which is subject
to discrete-valued disturbances and control inputs and which generates discrete-valued outputs
and internal events. The disturbances are imposed by the environment and the control inputs can
be used to influence the system behavior. The desired controller can read the outputs and it gener-
ates control inputs. Furthermore, the controller should be realizable by a finite-state machine, and
it is activated on equidistant sampling times. The control objective is to ensure that the sequences
of internal events generated by the plant satisfy the control requirements.

Contribution We present a rigorous formulation and solution of the control problem described
above. The solution consists of the following steps

Step 1 Compute a suitable abstraction (over-approximation) of the symbolic (event) behavior
of the plant, such that the abstraction has a finite-state representation. This abstraction is
based on time discretization of the hybrid system, but it does not involve discretization of
the state-space, i.e. dividing the state-space into regions.

Step 2 Solve the related discrete-event control problem for the finite-state abstraction. The
solution is a discrete-event controller representable by a Moore-automaton. Interpret the
solution as a controller for the original plant.

We prove that the procedure above is theoretically sound. The discrete-event control problem
of Step 2 is not a supervisory control problem. It can be solved using game theory [11] or,
under additional assumptions, using classical supervisory control. For more details, see [21].
Furthermore, we identify classes of hybrid systems for which the finite-state abstraction can be
computed. In addition, we present a hybrid system based on an industrial use case which belongs
to one of the identified classes. We consider the identification of suitable classes of hybrid sys-
tems, for which the procedure above can be applied to and which are relevant for practice, as one
of the major contributions of this paper.

Construction of the finite-state abstraction The finite-state abstraction presented in this paper
is in fact a discrete-time counterpart of the hybrid system. This discrete-time system has finitely
many states, if the original hybrid system satisfies certain assumptions. If some of those assump-
tions are dropped, then we obtain a discrete-time hybrid system with possibly infinite state-space.
The discrete-time system is obtained from the original continuous-time hybrid system in a man-
ner which is similar to the time sampling of continuous systems. Hence, the construction of this
paper represents a generalization of time sampling for hybrid systems.

More precisely, the state-space of the discrete-time system consists of precisely those states of the
original hybrid system which can be reached at integer multiples of the sampling rate. Moreover,
it is assumed that the control inputs are applied only at the sampling times. Then the challenge
is to estimate the events and their effect on the system evolution between the sampling times. To
this end, we put the following restrictions on the hybrid systems we consider.

e Disturbances or internal events do not influence the continuous dynamics.
e Output events do not influence the system dynamics.

e Only finitely many events are generated on any time interval.

With the assumptions above, we are able to construct a discrete-time counterpart of the original
hybrid systems. The obtained discrete-time system is an abstraction of the original one, in the
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sense that it predicts all the possible sampled outputs and sequences of internal events which the
original system generates under the influence of sampled inputs. Note that the discrete-time sys-
tem may also predict outcomes which the original system never generates. But each sequence of
sampled outputs and internal events generated by the original system will be a possible behavior
of the discrete-time system. That is why we refer to the discrete-time system as abstraction. Here,
by a sampled output we mean the collection of output events generated by the system between
two sampling times. By a sampled input we mean an input signal which takes values only at
sampling times.

In order to obtain a finite-state system from the discrete-time system described above, we have
to assume that the set of states of the original hybrid systems which are reached at sampling
times is finite. This looks like a strong assumption which is difficult to check. We present suf-
ficient conditions for this property to hold. The conditions are formulated in terms of existence
of Lyapunov-like functions. Intuitively, the existence of Lyapunov-function implies the existence
of a physical quantity (potential energy, distance) which periodically decreases as the system
evolves. When this quantity becomes zero, the system is set to one of the finitely many possible
initial states. Distance from the end of the conveyer belt (paper path) is an example of a Lya-
punov function which occurs in models of manufacturing or logistics systems or machines such
as printers or copy machines.

In addition, we formulate classes of systems for which the assumptions above can be checked
effectively and the finite-state abstraction can be computed. One such a class is the class of hybrid
systems where the state-space is polyhedral, the reset maps are affine, the guards are defined by
hyperplanes and the continuous dynamics is defined by L’ure-type systems. For this class of
systems many of the assumption outlined above can be checked by an algorithm. In addition, we
are able to present sufficient conditions for the finiteness of the set of states reached at sampling
times. This condition is based on existence of Lyapunov-like functions and can effectively be
checked. Finally, we present an example of a hybrid system of the above form which satisfies the
assumptions and which is based on an industrial use-case.

Motivation The applications which motivate the presented theory differ from usual control en-
gineering problems in the following sense. We are interested in systematic methods for designing
high-level control algorithms and software for complex electro-mechanical systems. The goal is
to decrease the cost of development of new generations of such systems, while increasing their re-
liability. In contrast to classical control, the challenge is not so much to solve a particular control
problem, but to come up with a method for systematic solution of control problems, i.e. we aim
at automated “mass production” of controllers solving a class of control problems. This calls for
algorithms (and software tools) for generating controllers for a well-defined and fairly general
class of plant models and requirements. The correctness of these algorithms and the ability to
automatically check whether the proposed system models fits model class is of great importance.
The success of this approach very much depends on our ability to reduce the role of engineering
insight in the design of control software. Hence, algorithms for generating controllers which are
correct by construction and which solve simple control problems (particular instances of which
can be solved by hand, without using any theory), are still desirable. We believe that the class of
models and control requirements considered in this paper is general enough to cover a wide range
of applications while it still allows automated generation of controllers.

Related work To the best of our knowledge, the contribution of the paper is new. Some of
the results described in this paper have already appeared in [20]. Control of hybrid systems
using finite-state approximation is a classical topic, [10, 5, 8, 19, 17, 15]. The main difference
with respect to [10, 5, 15] is the presence of partial observations, that the generation of events
is not synchronized with inputs, and that the hybrid plant contains reset maps. With respect
to [8, 19, 17] the main differences are that we consider hybrid systems as opposed to continuous
ones, and we address partial observations. In addition, we do not propose a general purpose finite-
state abstraction, rather the proposed abstraction is intended as a vehicle for solving the specific
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control problem. Contrary to [26, 19, 18, 17, 25], we are not using the behavioral framework at all
and we look at systems in continuous time. The results of [26, 19, 18, 17, 25] address a problem
which is quite different from the one considered in this paper. In contrast to [28, 15], here we
consider a hybrid plant model, as opposed to a continuous one and we allow unobservable events.
In addition, for the control problem of the paper, the event generation and controller activation
are not synchronized.

The approach of the paper resembles [1, 30, 7, 2]. However, the abstraction notion of this paper
and the problem formulation are quite different. Note that in [1, 30] abstraction is used for
hierarchical control. In contrast, here abstraction is used for computational purposes only, it has
no relationship with hierarchical control.

Unobserved internal events in combination with other constraints render the control problem of
this paper different from [23, 31].

In addition, the construction of the finite-state abstraction presented in this paper is different
from the existing constructions described in the literature. One class of existing constructions
[10, 15, 28, 1, 7, 2, 23] attempts to discretize the state-space by dividing it into regions. The
state-space of the thus obtained finite-state machine is the set of regions. The state-transition
map prescribes a transition from one region to another one, if there exists a trajectory of the
original system which starts in one region and upon leaving the first region immediately enters
the other one. In contrast, the approach of this paper does not divide the state-space into regions.
In fact, the finite-state abstraction of this paper lives on a subset of the original state-space of the
hybrid system. Another approach, described in [8, 5, 19, 17, 26, 19, 18, 17], appromixates the
underlying system by storing the output (or state) response of the system to input sequences of
finite length. In contrast, the abstraction presented in this paper lives on the same state-space as
the original system. Moreover, in contrast to the two approaches above, the construction of this
paper involves transition from continuous- to discrete-time. Note that the finite-state abstraction
of this paper is not directly related to the finite bisimulation of [1].

QOutline of the paper In §3 we state the control problem we want to solve. The reduction of
the hybrid problem to a discrete-event one is discussed in §4. §4.2 sketches the solution of the
discrete-event control problem. In §5 the class of hybrid systems of interest is defined and the
computation of a finite-state abstraction of the hybrid plant is discussed. In §6 we illustrate the
presented results by means of an example of practical relevance. We end the paper by conclusions
in §7.

Preliminaries

The goal of this section is to present an overview of the necessary background on automata theory.
In Subsection 2.1 we review the elementary notion and terminology from formal language theory.
In Subsection 2.2 we recall the definition of Moore-automata and related concepts. In Subsection
2.3 we review the classical concept of monoid, automata on monoids and rational subsets of
monoids. In Subsection 2.4 we will use these notions to define the concept of sequential input-
output maps, quasi-sequential deterministic transducer and quasi-recognizability. The material of
Subsection 2.4 can be found in [21].

General notation

Most of the time, we will use the standard notation and terminology from automata theory [6, 9].
Let X be a finite set, referred to as the alphabet. ¥* denotes the set of finite strings (words) of
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elements of 3, i.e. an element of X* is a sequence w = aqas - - - a, where a1, as,...,ar € %,
and k > 0; k is the length of w and it is denoted by |w|. If k = 0, then w is the empty word,
denoted by e. The concatenation of two words v and w is denoted by vw. An infinite (w-) word
over X is an infinite sequence w = ajas - - - ay - - - with a; € 3, ¢ € N. The set of infinite words
is denoted by >“.

A language over X is a set of finite strings (words) over X. For any (in)finite word w, and for
any ¢ € N (in case w is finite word, for any ¢ € N such that i < |w|), wy.; denotes the finite word
formed by the first ¢ letters of w, i.e. wy.; = ajas - - - a;. If i = 0, then wy; is the empty word e.

For any word w € ¥* U X%, a finite word p € X* is a prefix of w, if there exists an index ¢ € N,
such that wy.,; = p. If K C ¥*, then lim(K) C X is the set of all infinite words, infinitely many
prefixes of which belong to K, i.e.

lim(K) = {w € ¥¥ | 3{k; € N};en : suchthatVi € N: (k1 > k;), and Vi € N:wqy, € K}

If L C ¥* U XY, then the prefix closure of L is denoted by L and is defined by L = {p € £* |
Juv € L: pisaprefix of v}; L is called prefix closed, if L = L.

The set of non-negative reals is R .

Moore-automata

Below we will review the notion of Moore-automata. Note that Moore-automata will play the
role of controllers in our setting. Recall from [6, 9] that a Moore-automaton is a tuple A =
(Q,1,Y,4, A\, qo) where @ is the finite state-space of A, I is the input alphabet of A, Y is the
output alphabet of A, § : Q x I — Q) is the state-transition map of A, X : Q — Y is the readout
map of A, and gy € @ is the initial state of A. The Moore-automaton A is a realization of a map
¢ I = Y, ifforall w = wyug---up € I, k > 0and uy,us,...,ux € I, p(w) = A(qx)
where ¢; = 0(g;—1,u;) foralli = 1,2,..., k. The map ¢ is realizable by a Moore-automaton, if
there exists a Moore-automaton which is a realization of ¢.

Monoid, automata, rational sets

The goal of this section is to recall the notions of monoid, rational and recognizable subsets of
a monoid, and automata on monoids. These concepts will then be used to define the concept of
sequential input-output maps and their automaton representations. The latter concepts are used
to model the behavior of the discrete-event abstraction of the hybrid plant.

Recall from [3, 6] that a monoid M is a (not necessarily finite) semi-group with a unit element
which is denoted by 1j;, or simply 1, if M is clear from the context. That is, there exists a
multiplication operation, denoted by -. The set of all finite strings >* over the finite alphabet X
forms a monoid, if we take the concatenation as multiplication and the empty word € as the unit
element. The monoid X* is also referred to as the free monoid. Another example of a monoid is
the cartesian product X* x Y*, where X and Y are finite alphabets. Here, identity element is
(¢, €), and the multiplication operation defined by (s1, s2)(v1,v2) = (s1v1, S2v2).

Below we will recall from [3, 6] the notion of a finite-state automaton on monoids.

Definition 1 (Automaton on monoid [3, 6]). A finite-state automaton on a monoid M , abbreviated
as DFA ,isatuple T = (Q, M, E, F, q9) where

e () is a finite set of states

Preliminaries
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e ) is the monoid of inputs

E C Q x M x @ is arelation called the state-transition relation. We assume that F is a
finite set.

e [ C (@ is the finite set of accepting states
® gy € (@ is the initial state

Definition 2 (Accepting run, [3, 6]). Anelementm € M is accepted by T’ if there exists elements
m; € M; and states ¢; € @, i = 1,2,... k for some k > 0 such that (¢;, m;11,q;+1) € FE for
1=0,1,....,k—1,qx € Fandm = mims - - - my.

The definition of a subset of M accepted by the DFA T is completely analogous to the definition
of the language accepted by an automaton.

Definition 3 (Sets recognized by DFA , [3, 6]). The set L C M is recognized by T, and it is
denoted by L(T), if L consists of precisely those elements m € M which are accepted by T'.

Definition 4 (Rationality). A subset L C M is called rational, if there exists a finite-state au-
tomaton 7" on M such that L is recognized by 7T'.

In other words, rational subsets of M are precisely those subsets which can be described by
(possibly non-deterministic) finite state automata. Rational subsets of monoids have been studied
since the 1960’s [3, 6, 16] and the references therein.

Sequential input-output maps

The goal of this section is to define the notion of sequential input-output maps. Sequential input-
output maps will be used to model the input-output behavior of non-deterministic discrete-event
plants, which arise as abstractions of hybrid systems.

Definition 5 (Sequential input-output maps, [21]). Let X,Y Y be finite sets. A multi-valued
map R : ¥* — 2V %X is called a sequential input-output map, if the following conditions are
satisfied

1. R(e) = {(e,€)}, and for all s € X*, R(s) is a non-empty set.

2. Forall s € ¥*,if (y,z) € R(s), withy € Y* and z € X*, the length of s and y are the
same, i.e. |s| = [y|.

3. R is prefix preserving, i.e. for each word s € ¥*, for each letter a € X, and for each pair
of words (y,z) € R(sa), there exist aletter y € Y and words z € X*, € Y*, 2 € X*
such that y = gy, x = 2x and (§,2) € R(s).

4. R is non-blocking, i.e. for each word s € X*, for each letter a € X, and for each pair of
words x € X*, y € Y* such that (y,z) € R(s) , there exists a letter y € Y and a word
x € X*, such that (yy, zz) € R(sa).

Intuitively, the set > corresponds to input symbols, the sets X and Y correspond to output sym-
bols. Moreover, the map R synchronizes between ¥ and Y, i.e. the length of the Y *-valued
component of R coincides with the length of the argument. However, this is not true for the
X*-valued component of R. In this paper we will mainly be interested in sequential input-output
maps which are quasi-recognizable, i.e. sequential input-output maps whose graph is a ratio-
nal subset of the monoid M = ¥* x Y* x X* and which can be recognized by a finite-state
quasi-sequential transducer.



Definition 6 (Quasi-sequential transducer, [21]). ADFA T = (Q, M, E, F, qo) defined over the
monoid M = ¥* x Y* x X* is called a quasi-sequential transducer, if

1. F = (@, i.e. all states are accepting,

2. the state-transition relation is a partial map £ : @ x X x Y x X* — Q. That is, the state-
transitions are deterministic and are labeled by letters from ¥ and Y and by sequences from
X*.

3. For each state ¢ € @ and letter a € 3 there exist a letter y € Y and a word z € X™* such
that E(q, u,y, z) is defined.

Definition 7 (Quasi-recognizable sequential input-output maps, [21]). The sequential input-output
map R : ©* — 2Y %X is called quasi-recognizable, if the corresponding graph graph R of R,
defined as

graph R = {(u,y,2) € " x Y x X" | (y,z) € R(u)} M
has the following property. If graph R is viewed as subset of the monoid M = ¥* x Y* x X*,
then graph R is recognized by a quasi-sequential deterministic transducer.

3 Control problem

Below we define the control problem we are interested in.

Plant The plant of interest is a hybrid system which reacts to discrete-valued control inputs and
disturbances, and generates discrete-valued outputs and internal events. We view the inputs and
outputs as discrete events. Thus, the control inputs are events generated by a potential controller,
the disturbances are events generated by the environment. The outputs and internal events are
events generated by the plant. The only difference between outputs and internal events is that
outputs are visible for control purposes (i.e. detectable by sensors), while internal events are not
visible.

The environment and the plant generate events asynchronously. More precisely, the plant gener-
ates at most one output at each time instance, and at most one internal event at each time instance.
However, it may happen that an output and an internal event are generated at the same time. Sim-
ilarly, at most one disturbance is generated at any time, and at most one control input is generated
at any time. However, it may happen that a control input and a disturbance occur simultaneously.
In addition, a control or disturbance can reach the plant at the same time as the plant generates an
output or internal event. Note that the plant is assumed to live in real time.

Notation 1 (Plant and events). We denote the plant by H. We denote the events of interest as
follows.

e [ is the finite set of control inputs,
e F; is the finite set of disturbances,
e [, is the finite set of outputs,

e F; is the finite set of internal events.

The external behavior of the plant is formalized as an input-output map, which maps time signals
of control and disturbance events to time signals of outputs and internal events. In order to for-
malize the input-output maps of the plant of interest, we need the notion of a time-event function.
The latter is just a function obtained by interpreting a time-event sequence as a function of time.

7 Control problem



Definition 8 (Time-event functions). Let F be a finite set and let 1 ¢ FE. Consider a finite or
infinite timed sequence of elements of E.

s = (e1,t1)(e2,t2) -+ (ex, t) -+ @)
where 0 < t] < t; <ta < ---,¢; € E,t; € Ry fori € N, i > 1and i < |s| where |s]
is the length of s. Here |s| = +oo if s is an infinite sequence. If |s| = +oo, we assume that

sup;cy ti+1 = +oo. We can identify s with the map

eir1 € EF ift=1t;4 forsomes € N
1 otherwise

g:R+9tl—>EUJ_9{ 3)

A map as in (3) induced by a sequence (2) is called a time-event function. The set of all time-event
functions is denoted by Pg.

Le., the timed-event function g takes values in the event set F at isolated time instances, and the
value | encodes the absence of events at a certain time instance.

Notation 2. Let g € Pg be a time-event function as in (3). Define the sequence of elements of
induced by g as UT(g) = ejea -+ - e - - € E* U E¥. That is, two cases are possible.

1. There exist time instances 0 < t; < to < ... < tj such that for all s € Ry, g(s) € F
if and only if s € {t1,t2,...,¢k}. Then UT(g) = g(t1)g(t2) - g(tx) € E* and hence
UT(g) is finite.

2. There exists an infinite sequence of time instances 0 < t; <ty < ... < tg < ... such that
forall s € Ry, g(s) € E if and only if s = ¢; for some ¢ = 1,2,.... Then UT(g) is an
infinite word, ith element of which equals g(¢;).

By applying the definition of time-event functions for E € {E., Eq4, E,, E;}, we obtain spaces of
functions Pg., Pg,, Pr,, Pg, describing the signals with values in control inputs, disturbances,
outputs and internal events respectively.

The behavior of the plant H is formalized as a causal input-output map which maps time-event
functions of control inputs and disturbances to time-event functions of outputs and internal events.

Definition 9 (Input-output map of the plant). The input-output map of the plant H is a causal map
vy : P, X Pe, — Pg, X Pg,. By causality of vy we mean that for any two inputs u; € Pg,,
and disturbance d; € Pg,, and for any two outputs o; € Pg,_, and internal event signals 6; € Pg,
such that (Oi, (31) = ’UH(U,i, dz), 1=1,2,

[Vs € [0,t] : di(s) = di(s) and Vs € [0,t) : u1(s) = ua(s)] = o01(t) = 02(t), 61(t) = 62(t)

That is, causality means that the outputs and internal events depend only on the past inputs and
on the past and present disturbances. In addition, we require that if (0,6) = vy (u, g) for some
u € Pg,, g € Pg,, theno(0) = L ¢ FE, and 6(0) = L ¢ E;, i.e. no output or internal event is
generated at time instance 0.

Controller The controllers of interest are modeled as maps from outputs to control inputs.

Definition 10 (Controller). A hybrid controller is amap C : Pg, — Pg,.

Remark 1 (External inputs). In many application one encounters external inputs, i.e. inputs
which are visible to the controller and which change the dynamics of the system, but which
are generated by the environment or user. That is, external inputs cannot be influenced by the
controller. External inputs can be incorporated in our framework as follows. We extend the set of
disturbances and outputs by copies of external input events We model each occurrence an external
input event v as the simultaneous occurrence of the disturbance event which is a copy of v and
the output event which is a copy of v.
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Figure 1: Control architecture

In order to define the behavior of the feedback interconnection of the plant H and controller C,
we need to define when this interconnection is mathematically well-posed.

Definition 11 (Well-posedness). The interconnection of H and C is well-posed if for any distur-
bance signal d € Pg,, there exists a unique input signal v € Pg_, output signal o € Pg,, and
internal event signal 6 € Pg, such that

(0,6) = vy (u,d) and u = C(0) 4)

Notice that the interconnection of H and C need not always be well-posed.

We restrict attention to controllers which have a finite-state representation and are activated on
integer multiples of a fixed sampling rate A > 0.

Notation 3. In the rest of the paper A > 0 denotes the sampling rate.

We assume that the controller has no knowledge of the relative order or the timing of the events
between sampling times. More precisely, the controller is the interconnection of a Moore-
automaton with interfaces, converting time signals to discrete symbols and back. These interfaces
map functions from Pp, to sequences of subsets of E,, where the ith element of the sequence
is the set of outputs which took place on the time-interval ((i — 1)A,4A]. At each sampling
time the controller generates a symbol from E, or the symbol L. The latter encodes the case
when no control input is applied. The symbols generated by the controller are converted to a
time-event function Pg, whose value at A is the output of the controller at the (i 4+ 1)th step,
and L otherwise.

Definition 12 (Discrete input and output alphabet). Define the set of discrete inputs as U =
E. U {1}, and the set of discrete outputs as O = 2F°.

Remark 2 (Choice of the sampled alphabet). The choice of O made in this paper is not the only
possible one. In fact, one could define a different sampling mechanism, not just simply collecting
the set of output events which took place in the sampling interval. For example, often the relative
order of events is known.

Definition 13 (Sequential controllers). A sequential controller is a map ¢ : O* — U such that ¢
is the input-output map of a Moore-automaton.

The Moore-automaton part of the desired controller will be a sequential controller. The desired
hybrid controller is then defined as follows.

Definition 14 (Hybrid controller from a sequential one). For a sequential controller ¢ let the
hybrid controller Cy associated with ¢ be such that for all 0 € Pg_,

#(S152---Sg) ift=kAforkeN k>0
Vit e Ry : Cylo0)(t) = ole) ift=0
1 otherwise

where S; = o(((i — 1)A,iA])N E, foralli =1,2,... k.
Proposition 1. The interconnection of Cy, and H is well-posed.

9 Control problem
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The proof of Proposition 1 can be found in §8.

The significance of hybrid controllers associated with a sequential one is that it is precisely the
type of controllers which can be implemented on computer, based on sampling.

In order to formulate the control problem we are interested in, we have to formally define the
relevant aspects of the closed-loop behavior of the system. Since we are interested in the symbolic
behavior of the plant, i.e. in the relative order of internal events generated by the plant, we define
formally only the closed-loop language, i.e. the set of sequences of internal events generated by
the plant when interconnected with the controller. However, in order to be able to solve the arising
control problem, it is sensible to restrict the class of disturbances, by requiring that only at most
a fixed number of disturbance events occurs within a sampling interval. This assumption renders
the problem of controlling the plant behavior much simpler. In particular, in case of sampled-data
control, the assumption allows the controller to consider only finitely many different scenarios of
occurrence of disturbances within the sampling interval.

In order to keep the notation to minimum, we will define the closed-loop language only for this
restricted class of disturbance signals.

Definition 15 (Bounded number of events on the sampling interval). Denote by A > 0 the sam-
pling rate. Let 4 € N be a positive integer. The set of time-event functions g such that on any
interval of the form ((i — 1)A,4A], i = 1,2, ... the number of events of g is not greater than p is
denoted by 77]%7 ..~ That is, a time-event function g € Pg belongs to Pﬁ ,, if and only if for each
i=1,2,...,

card{le=g(s) e E|se€ ((i—1)AiA]l} < p

Notation 4 (Maximal number of disturbances). In the sequel, 1+ > 0 will denote the fixed upper
bound on the number of disturbance events in a sampling interval (0, A]. In particular, we will
be interested in disturbances from P2 o

For many practical situations, this assumption is reasonable. We define the symbolic behavior the
feedback interconnection of C and H as follows.

Definition 16 (Closed-loop). If the interconnection of H and C is well-posed, then let the closed-
loop language L(H/C) be the set of words UT(6) € Ef U E¢ for all time-event functions
0 € Pg, for which there exist an input u € Pg, a disturbance d € P@m ,, and an output o € Pg,
such that u, d, o, 0 satisfy (4).

That is, L(H/C) is just the collection of sequences of internal events generated by the feedback
interconnection of the plant H and controller C.

The control problem we are interested in can be stated as follows.

Problem 1 (Sampled-data control). For a specification language K C ES U EY, find a sequential
controller ¢ such that for the associated hybrid controller Cy, the closed-loop language satisfies
L(H/Cy) CK.

Notice that the closed-loop and the specification languages contain only sequences of internal
events. This is done in order to simplify notation. Our results can easily be extended to include
sequences of events from E. U E; U E, in the closed-loop and specification languages.



4 Solution of hybrid control problem

4.1

11

The goal of this section is to present the solution of Problem 1. The main idea is to reduce
Problem 1 to a discrete-event control problem. To this end, notice that the desired controller is a
sequential controller, which can only see the symbolic sampled-data behavior of the plant.

General idea: convert the hybrid control problem to a discrete one

We model the symbolic sampled-data behavior of the plant as a non-deterministic system Ry,
which reacts to sequences of discrete inputs and disturbances and generates sequences of outputs
and internal events. The inputs of the system Ry are sequences from U™, the outputs are se-
quences from O*, where the U and O are as in Notation 12. The alphabet of internal events of
Ry coincides with the alphabet of internal events F; of R. Finally, the set of disturbances of Ry
is obtained by sampling the disturbance signals of R.

Definition 17 (Discrete disturbances). The set discrete disturbances is defined as D = UZ:O Efj
Here o is as in Notation 4.

That is, the set of discrete disturbances D is the set of all words over F; of length at most p.
Recall that p is the maximal number of disturbance events which is allowed to occur in a sampling
interval. An element of D is a sequence, which describes the relative order of disturbance events
between two consecutive sampling times. Thatis ejes - - - e, € D says that between the previous
and the current sampling times disturbance events ey, es, ..., e took place, in this order. The
empty sequence encodes the scenario when no disturbance event occurs between two sampling
time instances.

Remark 3 (Inter-arrival time is greater than the sampling time). Notice that if p = 1, i.e. the
inter-arrival time is greater than the sampling time, then D = {e} U Ey, i.e. D consists of the set
of disturbance events and the empty sequence.

Formally, the behavior of Ry is modeled as a a multi-valued map from sequences in D* and U*
to O* and E}, see Fig. 1. Note that due to the sampling mechanism, the relevant sequences from
U*, D* and O* have the same length. Formally, by identifying the system Ry with its external
behavior, we get that Ryr is amap Ry : (U x D)* — 20 *Fi_ Notice that here we have used
the fact that a pair of sequences from U* x D* of the same length can be identified with a single
sequence from (U x D)*. For the formal definition of Ry, we need the following notation.

Notation 5. Let g € Pg be a time-event function as in (3). For all t € R™, let UT(g,¢) € E*, be
the sequence of events prescribed by g up to time ¢, i.e. UT(g,t) = ejeq---¢; if | € N is such

that either | < |s|and t € [0, ¢, Zl;ll t.)or|s|=1landt € [er:1 ty, +00).

r=1

| s>y o le UT(g, t) is the finite

sequence of events prescribed by the time-event function g*, where the restriction of g to [0, ¢]
equals g, and after time ¢, gt prescribes no event.

Alternatively, UT(g,¢) = UT(g"), where ¢'(s) = { g(s) ifs<t

Definition 18 (Sequential input-output map of ). The sequential input-output map Ry of H is
the map Ry : (U x D)* — 2977 defined as follows. R (€) = {(e,¢)} and for each sequence
of discrete input symbols w1, us, . .., ur € U, disturbance symbols dy,ds,---dx, € D, k > 0,

(0102 -0k, 0) € Ru((u1,d1)(uz,dz) - - - (ug, d))
for letters 01,02, ...,0, € O and words 0 € E if there exist time-event functions g € 7)1%&7 w

Solution of hybrid control problem
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0 € Pg, and 6 € Pg, such that (0,6) = vy (u, g) where

) _fou ift=(G—-1)Aforsomei=1,2,....k
vt E R ult) = { 1 otherwise

0 =UT(5,kA)
Vi=1,2,...,k:0, =o(((i — 1)A,iA])

gt + (i —1)A) ift >0

Vi=1,2,...,k:d; = UT(g;, A) where Vt € R, : g;(t) = { 0 Cherise

Notice that UT (g, kA) = dyds . . . di.

Proposition 2. The map Ry is a sequential input-output map in the sense of Definition 19.

Intuitively, Ry is the result of composing the input-output map of H with the interfaces convert-
ing outputs from Pg_, signals of internal events from Pg,, disturbances from Pg, to sequences
in O*, £ and D*, and with the interfaces which convert sequences U* to maps Pg, .

More precisely, the behavior described by Ry can be derived from the behavior of the hybrid
plant as follows. Consider the sequence s = (u1,dy)(us,ds) - (dg,ur) € (U x D)*. The
response Ry (s) is obtained as follows. We construct a time-event function u € Pg, which
takes value u; at time instance (¢ — 1)A and L otherwise. The input signal u corresponds to a
control input generated by a sampled-data controller. We construct every possible disturbance
signal g € Pg, ;.. such that on the interval ((i — 1)A, ¢A] the sequence of events prescribed by g
equals d;, i.e. there exists t1,ta,...,t; € ((i — 1)A,¢A] such that g(¢1)g(t2) - - - g(t;) = d; and
g(s) = Lif s & {t1,ta,...,%;}. We feed the control input u and each such disturbance signal
g into the hybrid plant H and as a result we obtain output signal o € Pg_ and internal event
signal 6 € Pg,. We then convert o into a sequence 0103 - - - 0, € O* by defining o; as the set of
output events which are values of o on the interval ((i — 1)A,4A]. Similarly, we convert 6 into
the sequence of events o0 prescribed by the time-event function 6. We then assign (0102 - - - 0, 0)
as a possible response of Ry . Notice, that due to the fact that several disturbance signals g can
be consistent with the sequence dy, ds - - - di, there are several possible responses (0102 - - - 0k, 0)
of Ry, i.e. Ry describes a non-deterministic discrete plant.

It turns out the in order to solve Problem 1, we can view Ry as the input-output map of a purely
discrete-event plant, and solve a discrete-event control problem for Ry as a plant and K as a
requirement. The solution of the latter control problem is a sequential controller, such that the
corresponding hybrid controller solves Problem 1. In the subsequent subsections we present the
formal definition of the discrete-event control problem and the reduction of Problem 1 to the
discrete-event control problem.

Discrete control problem

The discussion above prompts us to formulate the following discrete counterpart of Problem 1.
The controllers of interest are sequential controllers. The discrete-event plants of interest admit
the following signals; control inputs from U, disturbances from D, observable outputs O, and
internal events from E;. We use sequential input-output maps to formalize the behavior of the
plant.

Definition 19 (Discrete plant). A discrete plant is a sequential input-output map R : (U x D)* —
20* xEf )

The language of the closed-loop system is defined as follows. Recall that w;.; denotes the prefix
of a (possibly infinite) word w, formed by the first 7 letters, and that |w| = oo if w is an infinite
word.
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Definition 20 (Closed-loop language). The closed-loop language L(R/¢$)) C Ef U E¥ of the
interconnection of R with the sequential controller ¢ is the set of all words 6 € E; U EY for
which there exist letters d; € D, 0; € O, u; € U,i € Nandindices 0 = ko < k1 < ---k; <
satisfying sup,cy ki = || such that

Vi S N,Z >0: (0102 s Oivélzki) € R((Ul,dl)(UQ, dg) cee (Uz,dz))

Ui = ¢(0102"'0i71)

The discrete counterpart of Problem 1 is the following.

Problem 2 (Discrete control problem). For a sequential input-output map R, and for a language
of control requirements K C EY U E¥, find a sequential controller ¢ such that the language
inclusion L(R/¢) C K holds.

For more details on the discrete-event control problem above, see [21]. In order to solve Problem
2 we will assume that the sequential input-output map and the specification language both have a
finite-state representation. More specifically, we need to assume that R is quasi-recognizable, i.e.
it is recognized by a quasi-sequential transducer. As to the specification language K, we require
that its component made up of words of finite length is a regular language, and its component
consisting of words of infinite length can be recognized by a Biichi automaton. If R is quasi-
recognizable and K satisfies the above assumption, then in many cases Problem 2 can be reduced
to finding a winning strategy of a Rabin- or parity-game [14, 11]. We defer the details to another
paper. If the assumptions below hold, then a solution of Problem 2 can be obtained by using
Ramadge-Wonham (RW for short) supervisory theory with partial observations, see [21] for more
details.

Assumption 1 (Assumptions for applying RW [21]). e R is a quasi-recognizable sequential
input-output map,

o K =KgpeU lim(Ksafe) where K7 C I is regular and prefix-closed.
Theorem 1 ([21]). If Assumption 1 holds, then a controller solving Problem 2 can be computed
using classical Ramadge-Wonham supervisory control synthesis with partial observations.

From Problem 1 to Problem 2

It turns out that any sequential controller solving Problem 2 for the sequential input-output map
Ry also solves Problem 1.

Theorem 2 (Hybrid vs. discrete control). If ¢ is a sequential controller, then the closed-loop
language of the interconnection of Ry with ¢ contains the closed-loop language of the intercon-
nection of the associated hybrid controller C, with H, i.e. L(H/C4) C L(Ru/¢). Hence, if ¢ is
a solution of Problem 2 for Ry and K C E; U EY, then the associated hybrid controller Cy is a
solution of Problem 1.

The proof of Theorem 2 can be found in §8. The only remaining problem is that Ry need
not admit a finite-state representation suitable for solving Problem 2. according to §4.2. The
remedy is to solve Problem 2 not for Ry but for an quasi-recognizable abstraction of Ry. The
computation of a quasi-recognizable abstraction, more precisely, a finite-state quasi-sequential
transducer recognizing it is discussed in §5. In fact, if K also satisfies Assumption 1 of §4.2, then
Ramadge-Wonham theory can be applied to solve Problem 2, and hence Problem 1.

Informally, an abstraction of R is a sequential input-output map which has the property that its
response to any sequence of discrete inputs and disturbances includes the response of Ry to that
particular sequence. The formal definition is as follows.

Definition 21 (Abstraction). The sequential input-output map R is an abstraction of the map Ry
if forall s € (U x D)*, the inclusion Ry (s) C R(s) holds.

Solution of hybrid control problem
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Theorem 3 (Control of abstraction). Assume that R is an abstraction or Ry;. Then for any se-
quential controller ¢, L(Ry/¢) C L(R/$). Hence, if ¢ solves Problem 2 for R, then ¢ solves
Problem 2 for Ry;.

The proof of Theorem 3 is presented in §8. A finite-state abstraction of Ry can be computed as
described in §5. Theorem 2 and Theorem 3 yield the following procedure for solving Problem 1.

1. Use §5 to compute a finite-state abstraction R of Ry

2. Use the results of §4.2 to compute a solution to Problem 2 for R and the original control
requirements specified by K.

3. Compute the hybrid controller C associated with ¢.

Finite-state abstraction of Ry

In this section we define a quasi-sequential transducer recognizing an abstraction of Ry . To this
end, we will have to restrict the class of hybrid systems under consideration. In §5.1 we define
the class of hybrid systems for which a quasi-recognizable abstraction can be computed. In §5.2
we present the precise definition the above-mentioned quasi-sequential transducer, and list some
system classes for which it can be computed effectively.

Hybrid systems

The definition of hybrid systems of interest is as follows.
Definition 22. A discrete i/o hybrid system [ is a tuple
(SH7 5a )‘i7 >\O7 Ea {fqa Ru,qv q)q,e | qc Qa u < E07 ec EZ U E0}7 hO) (5)

e F=FE.UF,UE,U E; is aset of events

e F; is the finite set of disturbances,

e [ is the finite set of control inputs,

e [, is the finite set of outputs,

e [; is the finite set of internal events

o () = Q. X Qg is the discrete state-space of H, Q).., ()4 are finite sets.

e 0. : Q x E. — @, is the discrete-state transition function which determines the state-
transition rules for control inputs,

e 04 : Q X (EqUE;) — Qg is the discrete-state transition function determines the state-
transition rules for disturbances and internal events.

e X C R"™ is the continuous state space, X is a closed set with non-empty interior and
boundary, i.e. int X # (), 0X = X \ int X # (.

e Sy = @ x X is the state-space of H.

o fg=fge :R" = R" qg=(¢°, q%) € Q, is a continuous and globally Lipschitz map; note
that f, depends only on the Q).-valued component ¢ of g,
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o Ryq: X — X withqg e @Qandu € E, is the reset map,
o &, . Cint X, g € Qis a guard generating the evente € £, U E;.

e )\, : @ x E; — E, is apartial map, responsible for generating outputs when a disturbance
event occurs.

e )\, : Q x E; — E; is a partial map, responsible for generating internal events when a
disturbance event occurs.

e ho = (q5,qd,20) € Sy is the initial state of the system.

The system H is simply a hybrid system [32], evolution of which follows the classical definition,
but whose parameters are subject to the following restrictions. The set E = E,UE; U E, U E;
can be regarded as the set of discrete events. The disturbances from E; are imposed by the
environment. The control inputs from E. can be used by the controller to influence the system
behavior. Only disturbances from E; and control inputs from F. can change the continuous state
of the system. Anevente € E, U E; is generated by H either if the continuous state crosses
the guard set, or when an event from E; arrives. The generation of an event from E, does not
change the state of H. Generation of an event from E; changes only the ()4-valued component
of the discrete state-space.

The discrete states of H are elements of Q = Q.xQg, i.e. each discrete state is a pair ¢ = (¢¢, ¢%)
where ¢; € Q;, i = 1,2. The continuous dynamics in the discrete state (¢¢, ¢%) depends only on
q°. The state-transition rule for a discrete state ¢ = (¢, qd) € (@ is as follows. If an event u from
E,. arrives, and the current discrete state is ¢ = (¢°, ¢?) € Q, then the Q.-valued component of
the new discrete state becomes d.(q, u). If a disturbance event d € E, arrives, then the Q) 4-valued
component of the new discrete state is §4(q, d). If an event e € E; occurs, then the Q4-valued
component of the new discrete state is d;(q,e). For an event from E, the discrete state does
not change. The continuous dynamics in the discrete state ¢ = (¢°, ¢%) is determined by the
differential equation & = fg(z). The reset maps for an event u € E. are specified by R,, 4. For
all the events from F; U E, U E; the corresponding reset map is the identity. Note that while
the differential equations associated with a discrete state (¢°, qd) depend only on ¢, the readout
maps A;, Ao, the reset maps, the discrete state-transition maps d. and §4 and and the guard sets
®, ., e € E, U E; depend on both ¢° and q%.

In order to define the dynamics of H formally, we will need the following result.
Proposition 3. For any ¢° € Q)., and for any initial state 2y € int &', the initial value problem

z2 = fge(2) and 2(0) = 2o (6)
has a unique differentiable solution in R™ on the whole time axis [0, +-00). In addition, either
z(t) remains inside the interior int X of X forever, or it leaves int X’ through the boundary of
X in finite time. That is, there exists § = ((¢%, z0) € [0,+o0] such that for all ¢ € [0, 5),

z(t) € int X. In addition, 8 < +o0, then z(3) € 0X, i.e. z((3) belongs to the boundary of X.
We refer to [0, 3) as the maximal interval of existence of the solution of (6) inside int X.

Definition 23 (Flow of the vector field f,<). For any time instant ¢ € [0, +oc0) and for any ¢° € Q.
define the flow fgc : X — X of fse as follows. For any 2y € int X, consider the solution z of
the initial value problem (6) and its maximal existence interval [0,3) in X. Then fl.(z) =
{ 2(t)  ift<p

t _
AB) B <t< oo . For any z9 € 0.X, let f;.(20) = 20

In other words, f;c (z0) gives either the solution of (6) inside int X" at time ¢, if it exists, or the
the point of the curve z which belongs to the boundary of X and through which z leaves int X,
i.e. the first point of z which does not belong to the interior int X. Notice that our definition of

Finite-state abstraction of Ry
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the flow differs from the classically accepted one. The reason for the definition above is that we
are interested in the evolution of the system only in the interior int X of X.

Proposition 4 (Semigroup property). The flow defined above has the semi-group property; for

each s,t € Ry, fle(fo(x)) = fi°(x) and f2.(z) = z forall ¢° € Q., v € X.

The proof of Proposition 4 is presented in §8. Using the notation above, we formulate the follow-
ing additional assumptions, which will be used in the rest of the paper.

Assumption 2. Forall ¢ = (¢°,¢%) € Q, % € {E,, E;},

Al. Initial state is not on the boundary We assume that the initial continuous state zy belongs
toint X.

A2. Disjoint guards: Ve; # e; € ¥ : @, NP, ., = 0, ie. the guard sets $, ., and P, ,
are disjoint,

A3. Minimum time between repeating events: for each e € X, there exists 0 < T =
T(g,e) € Ry such thatif x € ®, . then Vs € (0,T) : foe(z) & Pye, Vo € X

A4. Bounded number of events on bounded time interval For each 7' > 0, there exists
T(¢q,T,%Y) € N such that for any x € X, the system H generates at most T (¢, T, %)
events from ¥ on the interval [0, T'), if started from the state (¢, ). Formally, if the events
e1,€es,...,e, € F;, and time instances t; < to < ... < ty € [0, 7] are such that f;é (z) €
Qe i .. Where qd =q% ¢! € Qa,i=1,2,...,k are arbitrary, then k < T(q, T, X).

q°,q5 4,

A5. Reset maps and the state-transition map 6. depend only on Q... For each ¢ = (¢, qd) S
@ and each u € E., R, 4 and 6.(¢, u) depend only on the Q.-valued component ¢ of g.
Le. if ¢ = (¢%, ¢%), then R, ; = Ry 5 and 6.(q, u) = 6.(g, u).

A6. Internal events generated by discrete states The map \; is a complete map, i.e. for any
q € Q,d € E4, \i(g,d) is defined. Moreover, if ¢ = \;(g,d), then for any § € @,
®; . = 0. In other words, no internal event generated by \; can be generated by crossing a
guard.

Remark 4 (Assumption A5 can be dropped). The definition of the state trajectory and input-
output map of H which is presented below can still be used, if Assumption A5 is dropped. The
computation of a finite-state abstraction which is presented in §5.2.1 can be extended to hybrid
systems for which Assumption A5 does not hold. However, this extension is notationally more
involved.

Proposition 5 (Assumption A3 implies Assumption A4). If Assumption A3 holds, then Assump-
tion A4 holds and T(¢¢, ¢%, T') can be bounded from above as follows. If T = min{T(¢¢, s, ¢) |
e € BE;UE,, s € Qq} > 0,then T(¢% ¢%,T) < [|Qq||E: U E,|(1 +T/T)].

The proof of Proposition 5 can be found in §8. The intuition behind the assumptions is the
following. Assumption A2 ensures that at most one output and at most one internal event is
generated at any time instance. Assumption A3 ensures that the continuous state crosses the
guard set, i.e. if a continuous state hits the guard set, then it also leaves the guard set and does
not return for some time. Finally, Assumption A4 ensures that only a finite number of outputs or
internal events are generated on any finite time interval. In fact, it provides an upper bound on
the number of events. This is needed in order to avoid accumulation of events.

Next, we define the state evolution of H, by defining the input-to-state map. The latter maps
inputs from Pg, and disturbances from Pp, to states.
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Definition 24 (State trajectory). For any state h = (gn, 1), gn = (¢5,q}) € Q, z, € X and for
any input u € Pg, and disturbance d € Pg,, the corresponding state-trajectory is the map

Ea(hyu,d) : Ry 3t (q(t),x(t)) € Sy

where the discrete state components ¢(t) = (¢°(), ¢%(t)) € Q and the continuous state compo-
nent z(t) € X satisfy the following.

Define ¢(0~) = ¢ and for ¢ > 0 let g(t7) = limgy g(s), i.e. ¢(¢7) is the left hand-side
limit of ¢(s) at time instance ¢. That is, ¢(t~) = g if there exists » € (0,¢) such that for all
s € [t —1,t), q(s) = q. Denote by ¢°(t~) and ¢%(t™) the Q.- and Qg-valued components of
q(t™),ie qt™) = (¢°(t7),q%(t7). Letz(0~) = zp, and if ¢t > 0, then let z(¢~) = limgy¢ (s),
i.e. z(t7) is the left-hand side limit at ¢ of the map s — x(s). Then,

1. The value of (q(t), z(t)) at t = 0 is as follows; ¢?(0) = ¢,

°(0) = 0c(qn,u(0)) ifu(0) € E.

1 N qs, otherwise

20) = { Fu@an(on) ifu(0) € B
Th otherwise

2. Lett > r > 0 be such that for all s € [t — r,t), u(s) = L, i.e. no input event takes place
between t — r and ¢. If u(t) = u € E,, i.e. a control input arrives at time instance ¢, then

q°(t) = 0(q(t7), u) and (t) = Ry g (2(t7)).

3. If u(s) = L on the interval (¢ — r,t] for some ¢ > r > 0, then ¢°(t) = ¢°(t — r) = ¢° and
x(t) = fge(x(t —r)), where fg. is the flow for time r as in Definition 23. In other words,
we let the continuous state evolve from x(¢ — r) according to the differential equation
Z = fqe(t—r)(2) for time 7 or until the solution z hits the boundary 0X’, whichever happens
first. In the latter case, the continuous state does not change after it has hit the boundary.

4. Lett > r > 0 be such that for all s € (t — r,t), d(s) = L, u(s) = L and x(s) ¢
Uecer, ®qt—r),e> 1. no disturbance, input or internal event takes place on the interval
(t—r,t). Then ¢%(s) = ¢%(t —r) forall s € [t —r,t). If d(t) = e € Fy, i.e. a disturbance
event occurs at time ¢, then ¢%(t) = d4(q(t™),e). If d(t) = L, and z(t7) € Py,
for some e € E;, then q%(t) = 64(q(t™),e). Finally, if both d(t) = L and x(t7) ¢
Ueer, Pq(t-).e» then ¢(t) is unchanged, i.e. ¢*(t) = ¢*(t — ).

Proposition 6. The state trajectory g (ho, u, d) is well-defined.

The proof of Proposition 6 can be found in §8. Note that the proof of Proposition 6 provide an
explicit construction for the state trajectory and it could be used as an alternative constructive def-
inition. Also note that in the definition of the state trajectory the disturbances have a preference;
the system first reacts to inputs, then to disturbances, and only after this the generation of events
using guards takes place.

Notice that the state-trajectory g (h, u, d) is well-defined, even if disturbances and control inputs
happen simultaneously. Next, we define the input-output map of H induced by its initial state.
This input-output map will be of the same form as in Definition 9.

Definition 25 (Input-output map of H). Define input-output map of the hybrid system H induced
by state h € Sy as vy : Pe, X Pg, — Pg, x Pg, so that for any input u € Pg_ and
disturbance d € Pg,,

v n(u, d) = (o0, 0)

where the time-event functions o € Pg, and 0 € P, are defined as follows. For each time
instance ¢ € R, denote the current state of H by £y (h,u,d)(t) = (q(t),z(t)) € Q x X,

Finite-state abstraction of Ry
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q(t) = (¢°(t),q%(t)). Recall from Definition 24 the definition of the state g(¢~). For each
t € Ry, o(t) and 6(t) are defined then as follows.

ec B, ifx(t”) € Pyy-yeandd(t) =1, andt >0
o(t) =<1 Ao(q(t7),d(t)) ifd(t) € Eq,t >0, and A\y(q(t™),d(t)) is defined
1 otherwise
ec By ifx(t”) € ®yy-yandd(t) = Landt >0
o(t) =< Ailq(t™),d(t)) ifd(t) € Eq,t >0, and \;(q(t™),d(t)) is defined (7
L otherwise

We denote by vy the input-output map vy, of H induced by the initial state hg of H.

Informally, the output of H is obtained from the current state (g, ) is follows. If there are no
disturbances, then an output or internal event e is generated if the continuous state x belongs to
the corresponding guard set ®, .. If a disturbance d arrives, then an output (resp. internal event)
is generated according to the readout map A, (resp. ;). That is, the output (resp. internal event)
equals A, (q, d), (resp. A;(q, d)) whenever a disturbance d has arrived.

Remark 5 (Role of disturbances). In other words, we assume that the disturbances do not influ-
ence the differential equations describing the continuous state evolution.

Proposition T (Input-output maps are well-defined). The input-output map vy j, is well-defined,
i.e. for any input u € Pg, and d € Pg,, (0,6) = vu p(u,g) is uniquely defined and o, 6 are
time-event functions from Pg, and Pg, respectively. Moreover, v, n(u, g) is causal.

The proof of Proposition 7 can be found in §8.

Remark 6 (Role of Assumption A3). Notice that while (7) indeed defines o and 0 as functions of
time with values in E, U{_L} and E; U{L} respectively, Assumption A3 is needed to ensure that
these maps are time-event functions.

Computation of a finite-state abstraction of Ry

Below we will present the definition of the quasi-sequential transducer, which recognizes an
abstraction of the sequential input-output map Ry associated with H. Throughout the section
we assume that H is the hybrid system of Definition 22, and that H satisfies Assumption Al-
Ab6.

Quasi-sequential transducer recognizing the sampled input-output behavior of H

We will need a number of assumptions on H. In order to state these assumptions, we need the
following definitions. We start with the definition of the state-space R(H) of the finite-state
abstraction of H.

Definition 26 (State-space of the finite-state abstraction). Let R(H) be the set Let R(H) =
Ui2, @ x H;, such that

Hy = {wo} and Hiy = H; U{f2(), f2(Rus(x)) | = € Hj,
“€ Qs €Que E},VieN

where z is the continuous component of the initial state of H.

In the sequel we will use the following assumption

Assumption 3 (Finiteness of R(H)). We assume that the set R(H) is finite.
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The assumption above is a very strong one, and finding systems for which it is true is a non-
trivial task. We will provide sufficient conditions for the finiteness of R(H) in §5.2.2. In §6 we
will provide an example of a system for which these sufficient conditions are true.

Remark 7 (Finiteness of R(H ) can be dropped). The notion of a quasi-sequential transducer can
be extended to allow systems with infinite state-spaces. The concept of a sequential input-output
maps recognized by a quasi-sequential transducer with an infinite state-space can be defined in
the same way as for the finite-state quasi-sequential transducer. If we drop the assumption that
R(H) is finite, then the system Ha (P) to be defined below is an infinite-state quasi-sequential
transducer and all the results of this subsection hold. In particular, Proposition 8, Theorem 4 and
remain true, even if R(H) is infinite. Hence, the construction below can be seen as a general
scheme to sample a hybrid system, i.e. to convert a continuous-time hybrid system to a discrete-
time one.

The main idea behind the construction of the sampled-time abstraction is that it is enough to look
at states at sampling times, i.e. at elements of R(H). In addition, it is possible to estimate the
events generated during a sampling interval by using the state at the beginning of the sampling
time and applying the flow. More precisely, we will introduce the notion of guard abstraction
predicates, i.e. predicates which are true whenever an event is generated in the sampling interval
as a result of crossing a guard. The guard abstraction predicates can be thought of as an abstrac-
tion (approximation) of the guard set. The sampled-time abstraction will be parameterized by a
collection of such predicates. The better these predicates approximate the guard sets, the closer
the behavior is of the sampled-time abstraction to that of the original plant.

Definition 27 (Guard abstraction predicates). Consider a discrete state ¢ = (¢¢,¢?) € Q and an
event e € E; U E,. The relation P, . C X is said to be a guard abstraction predicate for the
guard set O, ., if either P, . = () and e = \;(q, d) for some ¢ € Q,d € Ey, or

Ve e R(H) : [(3t € (0,A] : f;c(q:) €d,.) = z€P,] ®)

We call a collection P = {P, . }4cq,ccE,uE, a collection of guard abstraction predicates, if for
each ¢° € Q., e € E; UE,, P, is a guard abstraction predicate for the guard set ®, .. The
collection of guard predicates P is called computable, if for every g € Q, e € E;UE, anumerical
algorithm ! exists to decide whether = € Py . The collection P is called exact approximation of
guards, if for all ¢ = (¢°,q¢%) € Q, e € E; UE,,

Vo € R(H) :[(3t € (0,A]: fl(z) € Bge) < z € Py )

i.e. instead of the implication in (8), equivalence holds.

Intuitively, a guard abstraction predicate P, . contains those continuous states, started from which
the guard set corresponding to the event e is crossed within time A. Consequently, a computable
collection of guard abstraction predicates is just a collection of computable (in a certain sense)
sets P, . with the above property.

We will present a general scheme for constructing a quasi-recognizable abstraction of H. The
construction uses a fixed collection of guard abstraction predicates as parameters. In general, the
behavior of this state abstraction will contain the original symbolic behavior of Rz. Note that
finding computable collections of guard abstraction predicates is a non-trivial task, and represents
one of the core problems in computing the abstraction. Later in this paper, we will present
classes of hybrid systems, for which such computable guard abstraction predicates can be found.
However, first we present the general procedure for constructing a symbolic abstraction of H.

Definition 28 (Sampled-time abstraction). Let P = {P, . }4c0,ccE;uE, be a collection of guard
abstraction predicates for the system H. Define the quasi-sequential transducer Ha (P) as

HA(P)=(R(H), (U x D)* x O* x Ef, E,R(H), hy) where

!By a numerical algorithm we mean an algorithm which uses the usual elementary arithmetical operations on real
numbers. It means that when applied to rational numbers, the algorithm becomes an algorithm in the usual sense.

Finite-state abstraction of Ry
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o ho = (g5, qd, z0) is the initial state of H; it coincides with that of H.

o E: R(H)x (Ux D) x O x Ef - R(H) is the state-transition relation defined as
follows. Foreachu € U,d € D, 0 € O and 6 € E}, E(hy,u,d,o,06) is defined and
E(hy,u,d,0,0) = hyif and only if h; = (g;,z;) € R(H), i = 1,2, where ¢; = (¢5,q%) €
Q: X Qqand x; € X, i = 1,2, and the following holds.

1. The state components g5 and x5 are computed as follows.
g5 = 0c(q1,u) and w2 = fo2 (Rug, (1)) (10)
Here 6.(¢1,u) and R,, 4, (1) are interpreted for u = L as identity maps, i.e.
55(6117 J—) = ¢j and Ry 4, (ml) =T

2. Assume that d = ejeq---eg, 0 < k < p, e1,e2,...,ex € E4. Here pu is the fixed
bound on the number of disturbances within the intervall (0, A] from Notation 4.
Then the sequence 6 is of the form 6 = 2125 - - - 2, where k < 1 < T((¢5, ¢), A) +k

and z1, 22, . .., 2; € E; and the following holds. There exists indices i1 < i3 < -+ <
ir € {1,2,...,1} and discrete states s; € Q%, i = 0,1,...,l such that sy = ¢,
s;=gq5andforalli=1,...,1
(5d(q§,si_1, Zl) ifR%ql (331) S Pq§7si71,z,i and ¢ ¢ {’L'1,7;2, . ,ik}
si=1< 04(q5,8i-1,e.) ifi=1i,forsomer € {1,2,3,... k},

and z; = A\;(¢5, si—1,€r)
1D
3. The output o C 2 is an arbitrary subset of events from E,, such that if e € o, then
the following condition holds;
Ry, (21) € Pyg s,y e forsomed € {1,2,...,1} and i ¢ {i1,d2,...,i}, 0r
Ao((g5,8i,-1),e.) = eforsomer € {1,2,3,...,k} (12)

Here i1, 12, ..., and s1, S92, . .., 5; are the same as in (11) from the previous item.

Intuition The intuition behind the definition of H (P) is the following. The states of Ha (P)
are those states of H which can be reached from % at sampling times. By assumption, this set is
finite. A state transition of H (P) associated with a discrete input u, disturbance d € D, output
o € O and sequence of internal events 0 € E is obtained as follows. First, if the current state of
HA(P)is hy = (g5, %, z1), then the new state will be hy = (g5, ¢§, ¥2), where hy is the state of
H reachable from /4 in time A, under the following conditions;

1. H receives input event v at time 0, and no input event after that,

2. H receives a disturbance signal g, such that the sequence of disturbance events correspond-
ingtogisd

3. the sequence of internal events generated by H while moving from h; to he equals 6.

4. the set of outputs generated by H while moving from state i to iy coincides with o

Condition 1 and the fact that the @).- and R™-valued state components depend only on the time
and input events yield (10).

The definition of ¢§ takes into account the fact that the evolution of the Q4-valued state com-
ponent depends on the disturbances and internal events. In order to define the value fo g3, the
sequence of disturbances and the sequence of internal events should be specified. The former is
d, the latter is encoded in 0.
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From the definition of H and Assumption A6 it follows that an internal event is generated either
as the result the application discrete readout maps at the arrival time of a disturbances, or when
crossing a guard, and for each event precisely one of the above conditions hold. The latter means
that the knowledge of 6 and d is sufficient to determine the relative order of internal events and
disturbances. This allows us to compute the sequence of ()4-valued discrete states which the
system H goes through on the interval (0, A] while moving from h; to hy. The computation of
these ()4-valued states along with checking Condition 3 is formalized in (11). There, the first
case describes the situation when an internal event is generated because of crossing a guard, and
the second one describes the generation of an internal event by discrete readout map. The former
is approximated by checking if x5 belongs to the guard abstraction predicate corresponding to the
guard. It is clear that if the system evolution indeed crosses the guard, then x5 will belong to the
guard abstraction predicate. The converse need not be true in general. We need guard abstraction
predicates because we cannot precisely estimate the fime and state in which H crosses the guard.

Finally, Condition 4 is formalized in (12). Indeed, an output event can be generated while crossing
the guard, or by using the discrete readout maps. The former is stated in the first branch of (12),
the latter is stated in the second branch. Notice that in (12) crossing the guard is checked by
checking if x5 belongs to the corresponding guard abstraction predicate.

Notice that the rules (12-11) allow more sequences o and 0 than H (more precisely, Ry) can
generate. However, we will claim that anything H can generate is also allowed by Ha(P), i.e.
HA(P) is an abstraction of Ryy.

Formally, we state the following regarding the well-posedness and computability of Ha (P).

Proposition 8 (Well-posedness and computability). The tuple Ha (P) is a quasi-sequential trans-
ducer. If P is computable and the reset maps and flows are numerically computable, then the
state transition map E of Ha (P) is computable.

The proof of Proposition 8 is presented in §8. The most important property of Ha (P) is that it
provides an abstraction of Ry;.

Theorem 4 (Abstraction). The relation R(Ha (P)) recognized by Ha (P) is a sequential input-
output map and it is an abstraction of Ry;.

The proof of Theorem 4 is presented in §8. This and the fact that Ha (P) is a quasi-sequential
transducer, implies RW theory can be used to solve Problem 4.2 for R = R(HaA(P)), if K
satisfies Assumption 1, and the solution yields a solution of the original control problem for H.

Sufficient conditions for Assumption 3

Notice that the computation of Ha (P) relies heavily on the finiteness of R(H). This calls for
studying conditions under R(H) is finite. Below we will present sufficient conditions for a
finiteness of R(H). The conditions are based on existence of a Lyapunov-like function and are
inspired by [29].

Theorem 5 (Lyapunov-like conditions for finiteness of R(H)). . Consider the hybrid system H
from Definition 22. Consider a finite set Xy C X'. If there exists a smooth map V' : R" — R
such that

1. Forallz € X,V (z) > 0and V- }(0) N X C OX.

2. There exists a constant ¢ > 0 such that for all ¢° € Q., gradV (z) fy(z) < —¢, Vo € X,

3. Forallz €eint X,u € Ecand ¢ € Q, V(Ry q(x)) < V(z),

Finite-state abstraction of Ry



22

4. Foralle€ E.,q € Q, Ry q (0X) C Ap, i.e. the boundary of X" is mapped to the finite set
A\ by reset maps

then R(H) is finite.

The proof of Theorem 5 is presented in §8.

Remark 8 (Possible extensions). The sufficient conditions of Theorem 5 are probably not the
most general ones. In particular, on could consider non-smooth Lyapunov functions V, or Lya-
punov functions which depend on the discrete state component. The investigation of all these
possibilities would go beyond the scope of this paper.

Remark 9 (Feedback transformation rendering R(H ) finite). The conditions of 5 indicate that it
might be possible to transform a system by a feedback transformation to a one for which R(H ) is
finite. To this end, one could follow an approach similar to stabilization using control Lyapunov
functions [27]. That is, one could try to find a control law and a function V : X — R such that
V satisfies the conditions of Theorem 5 if the control law applied. This approach would allow to
apply the construction of H (P) to systems which do not satisfy Assumption 3. In this paper we
will not develop the theory of feedback transformation yielding a finite R(H ).

Remark 10 (Robustness of computation of Ha(P)). Assume that the conditions of Theorem 5
hold and assume that the reset maps are continuous on int X, and that Xy = {20}, i.e. is a
singleton set. In addition, assume that each abstraction predicate P, ., ¢ € Q, e € F; U I, is
an open subset of int X'. We then conjecture that if we perturb the hybrid system H by a small
perturbation, and we apply Definition 28 to the perturbed hybrid system H¢?, then the resulting
quasi-sequential transducer H¢ (P) recognizes the same sequential input-output map as Ha (P),
ie. R(HL(P)) = R(HA(P)).

Finally, we would like to discuss computational methods for finding maps V' satisfying the condi-
tions of Theorem 5. Since V' is a Lyapunov-like functions, the computational methods for finding
V' are simillar to that of for Lyapunov-functions. Assume that the reset maps are affine on int X,
and the vector fields f, are L’ure-type [13]. More precisely, assume the following.

Assumption 4. The reset maps of H are affine in int &, the vector fields of are of L’ure-type, the
state-space is polyhedral, i.e.

X={zecR"|nlz—-b<0,i=1,2,...,K}
Ryq(x) =My qx+byq, Vreintk,
m
foe(x) = Ager + Z ch7j¢qc7j(r£7jx), Vo € R"
j=1
10+ 71 < @ge j(0) < poo 4+, Yo €R
for matrices M,, 4, Age € R™*™, vectors by, 4, Tqc j, Bqe,j, ni € R™, and scalars b, i1, pt2, 1,72 €
R,q = (¢°¢%) € Qe € BE;UE,,u € E.,i = 1,2,...,K,j = 1,2,...,m. The maps
¢ge; R — R, j=1,2,...,m are piecewise-affine, continuous, globally Lipschitz.
Proposition 9. Assume that H satisfies Assumption 4. If for some j € {1,2,..., K}, ¢ > 0 and
forallz € X, ¢ = (¢%,¢%) € Q,

L. n?(chx + Zﬁl(uiquc,ﬂch,

{1,2}.

2. If z € int X, then n]T(Mu,qx — 2 +byy) >0foranyu € E,

ST+ Yi; Bge,j)) > ¢, for any choice of iy,idz,...,im €

then V(z) = (b; — nJTx) satisfies the conditions 1-3 of Theorem 5.
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Remark 11. If X is a bounded closed polytope, then we can replace Condition 1 of Proposition
9 with n] (Agew + Y210 (pi; Bye j7ge ;& + Vi, Bge j)) > 0, for all iy, da, ..., im € {1,2} and
Vz € X. Indeed, if the above condition holds, then

m
. T T
c= min ni (Agex + i Bge ir’e x4+ ;. Bge s
i1,82,000m €{1,2},2EX i (Aq ;(% g¢.3Tge % + Vi; Bge 5))
exists (in fact, the minimum is taken at one of the vertices), and ¢ > 0. Hence, Condition 1 of
Proposition 9 holds.

Notice that the conditions of Proposition 9 can be checked numerically. In particular, by check-
ing for each facet an:E + b; = 0 whether the conditions of Proposition 9 holds, one can find a
Lyapunov-like map satisfying the conditions of Theorem 5. Notice the resemblance of Proposi-

tion 9 to the control-to-facet approach of [12].

Classes of hybrid systems for which computable collection of guard abstraction predi-
cates exist

As it was noted before, Ha (P) is computable, if P is a computable collection of guard abstraction
predicates. Below we present two system classes for which a computable collection P exists,
along with the definition of P. The first such class is the class well-discretizable hybrid systems.
The main property of these systems is that the guard set is monotone in the continuous dynamics.

Definition 29 (Well-discretizable hybrid systems). A hybrid system H of the form (5) is called
well-discretizable if for each ¢ = (¢°,¢%) € Q = Q. x Qg and event e € E, U E;, there exist
smooth maps hq . : R” — R, such that

Q.. C{reint X | hye(z) =0} (13)

O, #0 = (VxeR": %hq,e(x)ch(a:) > 0) (14)

That is,(13) says that an (output or internal) event is generated, if the state-trajectory passes the
zero set of some smooth map, and (14) says that the image of the state-trajectory by each of this
map is monotone increasing function of time. The latter means that if the state crossed a guard,
then it will not come back to this guard any more, unless a discrete state change occurs. These
smooth maps can originate from timing constraints or from sensor position, passing of which
triggers an event. Notice that well-discretizable hybrid systems automatically satisfy Assumption
A3-A4.

For well-discretizable hybrid systems, we can define the following collection of guard abstraction
predicates.

Definition 30 (Guard abstraction predicates for well-discretizable systems). Assume that H is
a well-discretizable hybrid system. Using the notation of Definition 29, for each (¢¢,¢%) € Q,
e € E; U E, define the set P, . as

P,e ={z€int X | hg(z) <0and hqye(quc(x)) >0} (15)
The collection P = { P, ¢ }qc0,ec E;ur, Will be called a well-discretizable collection.

Lemma 1. If H is a well-discretizable hybrid system, then for each ¢ = (¢¢,¢%) € Q, e € E;UE,,
the set P, . defined in (15) is an abstraction predicate of the guard ®, ., and thus the collection P
from Definition 30 is a collection of guard abstraction predicates. In addition, P is computable, if
hg,e(x) and the flow f/.(x) can be computed forall z € R",t € R, ¢ = (¢°, 7)€ Q = Q:.xQuq,
ec F,UFE,.

The proof of Lemma 1 is presented in §8.

Finite-state abstraction of Ry
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Remark 12 (Exact approximation of guards). If (13) holds with equality for all ¢ € @, e €
E,UE, ie. ®,. = hq_é(O), then the well-discretizable collection P from Definition 30 is an
exact approximation of guards.

Below we define the class of semi-algebraic hybrid systems for which Ha is computable as
well. For the definition of semi-algebraic sets and maps we refer the reader to [4]. Roughly
speaking, semi-algebraic sets and maps are sets and maps defined using polynomial equations
and inequalities.

Definition 31 (Semi-algebraic hybrid systems). A hybrid system H of the form (5) is semi-
algebraic if for all ¢ = (¢%,¢%) € Q,

1. The reset maps R, 4 are semi-algebraic for all u € E..
2. The guards sets @, . are semi-algebraic forall e € E, U E;.
3. The flow X x Ry > (z,t) — fl(x) is a semi-algebraic map.

4. X is a semi-algebraic set.

The above system class is a subclass of semi-algebraic hybrid automata of [24]. For semi-
algebraic hybrid systems, we can define the following collection of guard abstraction predicates.

Definition 32 (Guard abstraction predicates for semi-algebraic systems). Assume that H is a
semi-algebraic hybrid system. For each ¢ = (¢¢, ¢%) € Q, e € E; U E,, define the set P, .

Pje={2€R"|3s € (0,A]: fre(2) € .} (16)

We call the collection P = {P, . }4eQ,ccE,UE,; a semi-algebraic collection of guard abstraction
predicates.

Lemma 2 (Guard abstraction predicates). Assume that H is a semi-algebraic hybrid system. For
each ¢ = (¢°,¢%) € Q, e € E; U E,, the set P, . defined in (16) is semi-algebraic and P, .
is an abstraction predicate for the guard ®, .. Hence, the collection P from Definition 16 is a
collection of guard predicates. Moreover, P is computable, and it is an exact approximation.

lllustrating example

The goal of the section is to illustrate the theory by presenting the solution of a control problem
occurring in printers. A more detailed exposition of the control problem can be found in [22].

The task of desired controller is to take care of error-handling of the toner system of the printer.
More explicitly, recall from [22] that the process of transferring the image onto the paper sheet
takes place in a section of the printer which is known as the fuse pinch. This is the point where
the tape containing the image meets the paper sheet, which is carried from the feeder tray of the
printer to the finisher. The tape which contains the image is called the TTF belt and it is part of
the toner subsystem. After being treated in the fuse, the paper gets transferred to the finisher,
which is the place it can be picked up from.

The TTF belt forms a closed loop which revolves around its center. That is, each point of the TTF
belt makes a full cycle. The image gets onto the TTF belt from a separate entity, which we call
the writing unit. This unit is situated at a certain point of the loop formed by the TTF belt. The
fuse is situated at another point of the loop. There is a third important item, the cleaner, which
is the point after the fuse where the TTF belt is cleaned. The error situation we are interested in
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arises when there is a paper jam, i.e. the paper does not arrive to the fuse pinch at the designated
time instance. In this case if nothing is done, the TTF belt touches directly the pinch of the
fuse, instead of the paper. The pinch gets polluted, which leads to bad quality when printing
subsequent pages. The task is to prevent the portion of the TTF belt containing the image from
coming into contact with the fuse pinch, if there is no paper in the fuse. The only sensor which is
available is the X-fine sensor which becomes activated when the sheet gets delayed in the paper
path, possibly due to paper jam. When activated, the sensor generates the Sheet too late signal .
We have the following control actions at our disposal to solve the control problem.

Lift the fuse pinch from the TTF belt. This action physically decouples the TTF belt from the
fuse pinch, so that no physical contact between the two entities is possible. Note that this
action requires certain amount of time.

Change the speed of the TTF belt. Note that there is a range of admissible speeds for the TTF
belt.

Informally, the task is to figure out when and by how much to slow down the TTF belt so that
there is time to lift the fuse pinch. The main underlying idea of the proposed plant model is
the following. We model the behavior of the toner system from the point of view of the TTF
belt. That is, we start looking at the system from the moment when writing unit starts writing the
image on the TTF belt. Subsequently we keep track of the point of the TTF belt which was at the
writing unit when the transfer of the image from the writing unit onto the TTF belt started.

Formal model of the plant

In this section we will present the formal model of the plant. When defining the model, we will
use the following parameters of the toner system.

Fp The relative position of the fuse with respect to the writing unit along the TTF tape. More
precisely, this is the length of the section of the TTF tape which is spanned between the
fuse and the writing unit. The length is measured in the direction of revolution of the TTF
belt.

Cp The relative position of the cleaner with respect to the writing unit along the TTF tape. In
other words, this is the length of the section of the TTF tape which is spanned between
the cleaner and the writing unit and passes through the fuse. The length is measured in the
direction of revolution of the TTF belt.

V.naz The maximal allowed speed of the TTF belt.

V.nin The minimal allowed speed of the TTF belt.

T, The time which is needed to open the fuse pinch.

Tpi,mae The latest time instance at which a Sheet too late signal can be generated.
Tpi,min The earliest time instance at which a Sheet too late signal can be generated.
A The maximal value of acceleration with which the speed of TTF can be increased.

D The maximal value of deceleration in with which the TTF tape can be slowed down.

In the sequel we will assume that the parameters satisfy the following conditions.

lllustrating example
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Assumption 5. Viae > Vinin > 0, Ty mae > Tpi,min > 0,0 < Fp < Cp, and

F
Tpl,maa: > VmI:I .

For the concrete parameter values occurring in practice, these conditions hold.

Formally, the plant model is a hybrid system of the form
H = (SHa 67 )\i7 >\o; E7 {fq7 qua (I)q7e | qc Q7 u € Ec» ec Ez ) Eo}a hO)

The various components of H are explained below.

The set of control actions F. = {cry,crp,ca,Cp}

where the elements of . denote the following control actions

cry - lifts the fuse pinch (i.e. physically decouples the fuse pinch and the TTF belt),

crp — puts back the fuse pinch (i.e. physically couples it with the TTF belt),

ca — accelerate the TTF tape with a constant acceleration A,

cp —slow down the TTF tape with a constant acceleration —D.

Output events £, = {e, pr}

The event e, py, is generated when the plant receives the Sheet too late signal. In a sense, it
would be more logical to model the arrival of Sheet too late as an external input, which is visible

to the controller. However, we can always model external inputs as a combination of disturbances
and outputs, as described in Remark 1.

Disturbances E; = {e4 pr.}
The event e, pr, models that Sheet too late signal was sent to the plant. The arrival of e4 pr,
immediately leads to the generation of the output e, py, and internal event e; pr,.

Set of internal events I; = {expiFr,€i L, €min,PL; €maz,PL, €FUc, L}

eryc Theevent ey, denotes the situation when the lifting of the fuse pinch has been completed.

envprr The event eyprr is generated when the toner image reaches the fuse, the fuse is not
decoupled from the TTF belt, but there is no sheet in the paper path at the fuse. In short,
enprr is generated exactly in a situation which we want to avoid.

1 is a dummy event introduced to make \; a complete map. It has no physical meaning.

e;.pr. The evente; py, is generated if Sheet too late signal is fed to the plant in the time interval
[T pt,min, Tpl,maz]s 1-€. €, pr is just a copy of Sheet too late .

€min,pr, The event e,,;, pr, is generated after Ty iy, time units have passed.
€maz,PL The event e,,,, pr, is generated after T 1,4, time units have passed.
The intuition behind the choice of internal events is the following. The internal events capture a

situation which is relevant for specifying the control requirements. The role of each event will
become clear after we have formulated the control requirements.

Discrete state-space () The discrete state-space Q@ = Q. x ()4 is defined as follows.



e (g is the set of maps ¢ : Vary — {True, False}, where Vary = {Spr,,S,, Sry.} The
interpretation of the elements of Var, is as follows.
Spr equals True, if a Sheet too late has arrived.
Sruc equals True if the lifting of the fuse pinch has been completed.
S, equals True if the current time which has passed since the start-up of the plant is be-

tween [Tpl,mina Tpl,maz]~

e (). is the set of all maps ¢ : Var — {True, False} where Var = {Sry,Srp,Sa,Sp}
is the set of predicate symbols. The physical interpretation of the variables is as follows.
Sy equals True if an order to lift the fuse pinch has been received.

Srp equals True if the fuse pinch is on the TTF belt.
S4 equals True if a command to accelerate the TTF belt was received.

Sp equals True if a command to decrease the speed of the TTF belt was received.

That is, the elements of ()4 and Q.. are valuations of predicates from Var, and Var, respectively.
In the sequel, we will write ¢(X) instead of ¢(X) = True, and —¢(X), instead of ¢(X) =
Falseforall ¢ € Qq, X € Varg,or ¢ € Q. and X € Var,.

Continuous state-space X C R, ¥ = {# = (P,V,Cy,,T) € R* | P < Cp} where
P,V,Cy,, T € Ris as follows.

P The variable P denotes the current position of the point of the TTF belt which stood at the
writing unit when the writing of the image began.

V' The variable V denotes the current speed of the TTF tape.

Cyy The variable Cy,, is active only if the pinch is being lifted. It denotes the time which has
passed since the command to lift the pinch was issued.

T Denotes the time which has passed since the start of the TTF tape. It is an auxiliary variable
which is needed to determine whether a Sheet too late signal arrives within the designated
time interval [Tp; min, Tpi,min]-

Vector field f,c, ¢° € Q. The vector field for the discrete state component ¢¢ is defined as
follows. Forany z = (P, V,Cy,,T) € R*, fae (@) = (1,40 (%) f2,00 (%), f3,4¢ (), fa,4¢ (7).

fl,qC (.Z‘) = maX{Vm'm7 V}
A¢7nin (x)¢maz (.13) if qC(SA)

f2,qC (LII) = _D¢mzn<x)¢maw(x) if qC(SD) and qC(SFD)
0 otherwise
1 if Ve (Vpin + € +00)
Gmin(x) = YVmind £V € (Voin, Vinin + €
0 i V € (—00, Vininl
1 if Ve (—00, Ve — €)
Gmaz(@) = NVmee V) iV € [V,00 — €, Vi)
0 iV € [Vinae, +00)
faqe(x) =1and fy4c(z) =1 (17)

Here € is an arbitrarily chosen small enough number. The intuition behind the definition of ¢,,,;y,
and ¢p,q, and fo 4e is the following. The TTF belt is accelerated or slowed down depending
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on the input, but if the maximal (minimal) speed is reached, then the speed does not change
anymore. The is expressed by multiplying the right-hand side with ¢y,inPmaz. The map ¢dpin

1 ifV>Va,in

0 ifV <V,
1 if V<V,
0 ifV>V,
indicates the accuracy of the approximation; the smaller ¢ is, the better is the approximation. It is
easy to see that with the definition above, f; 4o(z), ¢ = 1,2,...,k are continuous, and globally
Lipschitz.

is the continuous approximation of the indicator function and @ppqz 1S

the continuous approximation of the indicator function . The number ¢

Recall that with the definitions above, the continuous dynamic of H in state ¢ is defined by

P = f1.,(P,V,Cp,,T)
V = fou.(P,V,Cy,,T)
Cru = [34:(P,V,Cyy,T)
T = fi4(P,V,Cp,,T)

In other word, the derivative of the position P of the image is the variable V describing the speed
of motion of the image (the speed of motion of the TTF belt). Moreover, we look at the motion
of the image up to the point of the cleaner, i.e. if P is greater or equal than Cp, the we assume
that P does not change. This is expressed in the definition of f; 4o and X. The speed of TTF
belt either increases, decreases or stays the same depending on whether control inputs c 4, cp or
neither ¢4 nor cp were fed into the system in the past. Notice that cp leads to slowing down
the TTF belt only if the fuse pinch is still on the TTF belt, i.e when ¢°(Srp) true. Moreover, the
speed is not allowed to go below V,,;,, and above V... This is expressed in the definition of
f2,q. The component f3 .- describes the evolution of the clock variable Cy,, and fy 4- describes
the evolution of T.

Resetmap R, ;,u € E.and g € Q
The value of the reset map for the continuous state = (P, 'V, Cy,, T) is defined as follows.

(P, V,0,T) ifu=cppand P < Cp
R, ,P,V,Cf,, T)=¢ (P,V,Cy,,T) ifu # cpp and P < Cp
(Cp7 Vmaa:; Tfoa Tphmaa:) if P = CI)

That is, the reset map is the identity map except when the control input is the command to lift
the fuse pinch. In the latter case, the variable Cy,, is set to zero. In addition, the position Cp
has been reached, all the states are mapped to (Cp, Vynaz, T o, Tpimaz). The latter is just for
convenience, it has no physical meaning, as the evolution of the plant beyond Cp is of no interest.



Discrete state-transition map 6. : Q x E. — Q.. For each ¢; = (¢§,q¢¢) € Q, ¢ € Q°, and
foreach u € E., 6.(¢q1,u) = ¢5 if and only if the following holds.

¢i(Sry) ifué {cru,crp}

¢5(Srpy) =4 False ifu=-cpp
True ifu=cpy
qi(Srp) ifu ¢ {cru,crp}
q¢5(Srp) = ¢ True ifu=cpp
False ifu=cpy
qi(Sa) ifu ¢ {ca,cp}
q5(Sa) =< False ifu=cp
True ifu=-cy
4i(Sp) ifu ¢ {ca,cp}
¢5(Sp) =< False ifu=cy
True ifu=cp

Discrete state-transition map 6 : Q x (Eq U E;) — Qqg. For each ¢ = (¢$,¢}) € Q, for all
e€ EqUE;, ¢ =0(q1,e)

(Spr) = True ife=eypr and ¢&(S,)
2 q¢’(Spr) otherwise

True if e = emin, pr, and —¢{(S,)
qg(sr) = False ife= €max,PL and qg(ST)
q#(S,) otherwise

d(S ) = True ife=epy.
Q2\SFue) = ¢4 (Srue) otherwise

Discrete readout map )\, : Q x E; — E,. Forallqg € Q,eq € Ey,

_ | eorr ifea = eq,pr
Ao(q; €q) _{ undefined  otherwise

Discrete readout-map \; : Q x E; — E;. Forall ¢ = (¢°,q%) € Q, eq € Ey,
1 otherwise

Ai(g,eq) = { ei,pr ifeq = eqpr and¢’(S;)

Guard sets ®, . Foralle € E, U E;, ¢ = (¢°,¢%) € Q, ®ge, », = 0, and for

ec {eNPIF7 €FUc)©min,PL; emaw,PL}
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the guard set ®4c . is defined as follows.

{(P7Va CfuaT) € R4 | P= Fp’ P < Cp} lch(SFD) or (qC(SFU) and

CD%GNPIF = ﬁqd(SFUC)) and qd(SPL)
0 otherwise
{P,V,Cy,,T) € R* | Ctu =Ty, P <Cp} if ¢°(Spy) and ~¢°(Srp),
(P‘LeFUc = and _‘qCSFUc

otherwise

0
{(P.V.Cp,. T) €R* [ T = Ty min. P < Cp}\ Byepy, i ~g(S,),
(D(Lem,in,PL = and —\qd(SpL)
0 otherwise
{(

P,V,C,,T) € R* | T = Tpi,maw, P < CP}\ Pyepn.  if ¢%(Sy),
(bq7e'm,a:l_',PL = and _‘qd(SpL)
0 otherwise

The initial state is by = (¢§, q¢, o) Here ¢5(X) = False for all X € {Sry,Sa,Sp}, and
q$(Srp) = True. For Y € {Spr,Srue,Sr}, ¢4(Y) = False and 29 = (0, Vinaz, 0,0).
That is, in the initial state no command is issued and no Sheet too late has been received yet.
Moreover, in the initial state the image is in position zero, the clocks C¢,, and T are zero, the
speed of the TTF belt is maximal.

It is easy to see that Assumption 1 are satisfied for H.

Formal model of the control requirements

The control requirements are formulated as a language K = Ko pe Ulim(Kgqp.) € Ef U EY.
The language K, r. allows for any sequence as long as it does not contain ey prr, i.e. Kyqfe =
(Ei \enpIr)*.

Formal statement of the control problem

The control problem for the toner system can be stated in formal terms as follows. Fix a sample
rate A > 0. Assume that at most one disturbance even can occur in a sampling intervall, i.e.
u = 1. That is, we assume that in any sampling interval at most one Sheet too late signal
can arrive. The task is to find a sampled-data controller ¢ : O* — U, where O = 2F0 and
U = E. U {L} such that the closed-loop language satisfies L(H/C,) C K.

Solution of the control problem

We can solve the the formulated control problem using the procedure outlined in §4. That is,
first we compute a finite-state approximation Ha (P) of H. Notice that the language of control
requirements K = K5 Ulim(Kqp.) and Ha (P) satisfies Assumption 1. Hence, we can apply
the algorithm described in [21] to solve the following control problem. Find a discrete controller
¢ : O* — U such that L(R/¢) C K. Here R is the input-output map recognized by the quasi-
sequential transducer Ha (P), and L(R/¢) is the closed-loop language of the interconnection of
R and ¢. By Theorem 3 and Theorem 4 it then follows that the obtained controller ¢ solves the
original control problem.

Notice that Ha (P) is computable. In fact, we argue that the plant H defined above has the



property that R(H) is finite and H is well-discretizable. Define the set

XO = {(Cp7 Vmam7 Tfo; Tpl,maw)}

Clearly, Xy C X. In addition, notice that 90X = {(x1, 72,3, 24) € R* | 21 = Cp} and hence
R, 4(0X) C Xy forall w € E. and ¢ € Q.. In addition, define the map V' : X — R as
V(z1, 22,23, 24) = (Cp — z1). We will show that V' satisfies the conditions of Theorem 5. It
then follows that for all 2z € X, V(z) > 0 and V(x) = 0 if and only if x € OX. For each ¢ € Q°,
by computing gradV f,c we get the following

gradqu” ($) = *fl,qc (l‘) < —Vnin

Finally,
V(zx) ifu+#cpyandx ¢ 0X
V(Ryq(x) =< V(z1,22,0,24) =V(z) ifu=cpyandz ¢ oX
0 ifr € 0X

ie. V(Ry4(x)) < V(x)forall z ¢ OX. That is, all the conditions of Theorem 5 hold.
It is left to show that H is well-discretizable.

To see that H is well-discretizable, notice the following. Fore € {ery¢,enNprF, €min,PL:€maz,PL
for each ¢ = (¢°,¢%) € Q, @, C P, = {x € R* | hy.(z) = 0}, where h, . is defined as
follows

(z3 = Tyo} if ¢°(cru)
hgepy. () = { otherwise

h

‘Lemin,PL otherwise

—~ =

24 — Tpimaz) if ~¢%(Spr) and ¢%(S,)
otherwise

h

Q1ema,.7:,PL

—_

1
{ Ty — pl mzn) if _'qd(sr) and _‘qd(SPL)

A _ [ 1 —Fp if¢*(Spr)and (¢°(Skp) or (¢°(Srv) and —¢*(Sru.))
qevpir () = 1 otherwise

It then follows that for all ¢ = (¢¢,¢%) € Q, e € E;, if @, # 0, then grad h () fye(z) = 1
or grad hy.e(z)fge () = fi,4e() > Vipin > 0. That is, H is indeed well-discretizable and
P = {P,.c}qcq.ccE, defines a collection of guard abstraction predicates.

Using the collection of guard abstraction predicates P defined above we computed the finite-state
abstraction Ha (P) of H. Subsequently, we can use Ha(P) as the plant model to solve the
discrete-event control problem. The controllers synthesized for various parameter values, based
on an algorithm related to what was presented in this paper can be found in [22]. Note that in
[22] no proof of correctness of the algorithm is provided. The current paper can be seen as a
theoretical foundation of algorithms of the type [22].

7 Discussion and conclusions

We have presented a control problem for hybrid systems with discrete inputs and outputs. In addi-
tion, we have proposed a class of hybrid systems for which the control problem can be solved by
solving a discrete-event control problem for a finite-state abstraction of the original hybrid sys-
tem. Furthermore, we identified several system classes, for which such a finite-state abstraction
can be computed.
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The above system classes are not only theoretically interesting, but they can also be applied
practice. In particular, we can apply our results to the error-handling problem for printers, see
[22]. In [22] a preliminary version of the solution procedure of this paper was already used for the
simplified problem without partial observations. We expect that the results of this paper will be
relevant for control problems arising in other application domains, such as logistic and production
systems.

Future research includes extension of the results to more general classes of hybrid systems and
study of robustness and numerical issues. Furthermore, we would like to improve the computa-
tional complexity of the algorithms and reduce the size of the obtained finite-state controller.

Acknowledgments This work was supported by the ITEA project Twins 05004. The first named
author would like to thank Aleksander Pogromsky for his valuable comments and suggestions
regarding Theorem 5.

Proofs

The goal of this section is to present the proofs of the results stated in the main text of the paper.
In §8.1 we state the proofs of the statements from §4. In §8.2 we state the proofs of the statements
from §5.1. In §8.3 we state the proofs of Proposition 8, and Theorem 4. In §8.4 we present the
proof of Theorem 5. In §8.5 we state the proof of Lemma 1.

Proofs of the statements from 54

Proof of Proposition 1. Consider any disturbance signal d € Pg,,,. We will construct the input
signal © € Pg,, the output signal o € Pg, and the signal of internal events 6 € Pg, such
that (4) holds. To this end, define the input signal u; € Pg,, output signal o; € Pg, and
internal event signal 6; € Pg, for all i € N recursively as follows. For i = 0, let ug(s) =
{ ple) ifs=0

1 otherwise and (09, 6,) = vy (ug, d). For i > 0, define u;, o; and 6, as follows. Let

ui—1(s) ifs <iA
wi(s) =< ¢(S152---85;) if s =1iA

1 otherwise

where S; = 0,1 (((j—1)A, jA])NE, forall j = 1,2,...,i. Moreover, let (0;,6;) = v (u;, d).
Notice that u;(s) = u;—1(s) for all s € [0,7A), and hence by causality of the input-output map
vH, 0;(s) = 0;—1(s) and 6;(s) = 6;_1(s) for all s € [0,¢A). Define the input signal u € Pg_ by
u(s) = u;(s) forall s € [0, (i + 1)A), ¢ € N. Consider (0,6) = vg(u,d). By causality of vy
we getthat forall i = 1,2,...,k, o(s) = 0;(s) and 6(s) = 0;(s) forall s € [0,7A). Hence, we
getthat o(((j — 1)A, jA]) N E, = 0;((7 — 1)A,jA]) N E, = S; for j € N, j > 0. From this,
due to the definition of Cy, it follows that v = C¢(o). Combining the conclusions above, we get
that (4) holds. O

Proof of Proposition 2. We will show that Ry satisfies Conditions 1-4 of Definition 5. To this
end, consider a sequence

s = (uy,dq1)(ug,ds) - - (ug,di) € (U x D)* (18)



where k > 0, u; € U, d; € D. We will construct maps « € Pg,_ and g € ’Pﬁd,u such that

w; ift=(i—1)Aforsomei=1,2,...,k
u(t) = { 1 otherwise and
gls+ (i —1)A) ifs>0

UT(gi, A) = d; with g;(s) = { 7 foralli=1,2,...,k (19)

otherwise
Existence of  is trivial. For any d = ejes---¢€;, I < pand ey, eq, ..., e € E4, define the map
gd € Pﬁx,u as follows.
e; ifs=i-2 forsomei=1,2,...,1
— T 'M+1 = ’ 20
9a(s) { 1 otherwise (20)
It follows that UT (g4, A) = d and g4(0) = gq4(A) = L. The map g can then be defined as
follows
(s) = ga; (s — (F—1)A) ifse ((t —1)A,iA]forsomei=1,2,... .k
98I =1 L if s > kA

It follows that g;(s) = gq, (s) forall s € (0, A] and hence UT(g;, A) = d; foralli = 1,2,..., k.
Now we are ready to prove that Conditions 1-4 of Definition 5 hold.

Condition 1

From definition of Ry it follows that Ry (e) = {(¢,€)}. Next, we show that Ry (s) is a non-
empty set for all s € (U x D)*. To this end, assume that s is of the form (18) and consider maps
u€Pg,g€ Pﬁd}u satisfying (19). Consider (0, 6) = vy (u, g) and define 6 = UT(6,iA), 0; =
o(((i — 1)A,iA]), i = 1,2,..., k. From the definition of Ry it follows that (0102 ...0x,0) €
Ry (s). Thatis, Ry (s) is a non-empty set.

Condition 2

Again, assume that s is of the form (18). Assume that (0,6) € Ry (s). From the definition of
Ry (s) it then follows that there exist maps u and g satisfying (19) and such that o = 0109 - - - 0
for some 01, 09, ...,0r € O. Hence, |o| = |s| = k.

Condition 3

Assume that s = $a € (U x D)* is of the form (18) with k¥ > 0 and let a = (ug, di). It then
follows that § = (uj,dy)...(uk—1,dr—1). Assume that (0,0) € Ry(sa). Then there exists
maps u and g which satisfy (19) and for which it holds that (o0, 6) = vy (u, g), 6 = UT(6) and
0=0102...05,0; = 0((i—1)A,iA]),i = 1,2,... k. Letu(s) = u(s) forall s € [0, (k—1)A)
and u(s) = L otherwise. Consider (y,x) = vy (4, g). By causality of vy we get that y(s) =
o(s) and xz(s) = 6(s) forall s € [0, (k—1)A]. Hence, 0; = y((i — 1)A,iA]),i=1,2,...,k—1
and z = UT(z, (k — 1)A) = UT(6, (k — 1)A). Notice that UT (6, kA) = UT(6, (k — 1)A)&
for some £ € E}. Hence, we get that 0 = z&. Moreover, the definition of Ry implies that
(0102 -+ 0k—1,2) € Ry (8). That is, Condition 3 of Definition 5 holds.

Condition 4

Assume that s is of the form (18) and let (0,6) € Rp(s). Assume that a = (ugy1,dg+1) €
(U x D). We will show that there exists yx1+1 € O and £,11 € E} such that (oyj11,0%k11) €
Ry (sa). To this end, notice that there exist maps u and g satisfying (19) such that for (0, 6) =
v (u,g),0=0103...0, 0 = UT(6,kA) and 0; = o((i — 1)A,iA]) fori = 1,2, ..., k. Define
the map @& € Pg, as follows; u(s) = u(s) if s € [0,kA), 4(kA)) = ug41 and 4(s) = L
otherwise. Recall the definition of the map g4 from (20) and apply it to d = dj1. Define the
map g as follows;

i(s) = g(s) ifsel0,kA]
9 Gar (s —kA) if s > kA
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Consider (y, z) = v (4, g) and let z = UT(z, (k + 1)A) and y = y1y2 -+ Yrt1, ¥i = y(((i —
1)AiA]), i = 1,2,...,k + 1. From the definition of Ry it the follows that (y,z) € Ry (sa).
By causality of vz, y(s) = o(s) and z(s) = 6(s) for all s € [0, kA]. It then implies that o; =
y(((i — 1)AiA]), i = 1,2,...,k and z = UT(z,kA) = 6. Moreover, from the definition of
UT it follows that UT(z, (k+1)A) = UT(x, kA)Zk11. Hence, y = oyg+1 and z = 0&p41. O

Proof of Theorem 2. Consider any sequence v € L(H/C,) in the closed-loop language of the
interconnection of H with the controller C4. We will show that v belongs to the closed-loop lan-
guage L(Ry/¢) of the interconnection of the sequential input-output map Ry with the discrete
controller ¢.

To this end, notice that from v € L(H/Cy) it follows that there exists a disturbance signal
d € Pg,, ., input signal u € Pg_ and an output signal o € Pg,_, internal event signal 6 € Pg,
such that v = UT(6) and (0, 6) = vm (u,d) and u = Cy(0). Since C, is a sampled-data controller,
we get that u = Cy(0) if and only if there exist discrete input symbols u; € U, discrete outputs
0; € 0,i=1,2,...suchthat u; = ¢(0102---0;—1) and 0, = o(((i — 1)A,iA]) N E,, and

u(t):{ u; ift=(j—1)Aforsomej=1,2,...

1 otherwise @D

But from definition of Ry, we get that the sequences 0105 - - - 0; and UT(6,4A) are generated
by the input-output relation Ry as a response to the sequence uqus - - - u; of input symbols and
dids - - - d; of disturbances, i.e.

(0102-+-04,0;) € Ra((u1,d1) -+ (ui, ds)) (22)

Here, 6, = UT(6,iA), i.e. 6; is the sequence of internal events prescribed by the signal 6 on the
interval ((¢ — 1)A,iA] and d; = UT(g;, A), where g; is the shift of the disturbance signal d by
(1 — 1A, ie. gi(s) = d(s+ (i — 1)A), for all s € Ry. In other words, d; is the sequence of
disturbances prescribed by d in the interval ((¢i—1)A, iA]. Notice that vy.x, = 6;, where k; = |6;]
is the length of the word 0;. That is, either lim k; = 400 and then v is simply the limit of the
increasing sequence of words 61, 0, . . . ,, or there exists IV such that v = o = ¢; forall j > N.
From this, (22) and u; = ¢(0102 - 0;-1),% = 1,2, ... we conclude that v € L(Rg /). O

Proof of Theorem 3. Consider any sequence v € L(Ry/¢$). Then there exist sequences of dis-
turbance symbols d; € D, output symbols o; € O, input symbols u; € U, and sequences of

internal events 6; € Ef, i = 1,2,3, ..., such that u; = ¢(0102---0;_1) and (0102 - 0;,0;) €
Ry ((u1,d1)(ug,dz) - - - (ui,d;)), and either there exists a finite N € N such that 6; = v for all
i > N, ie. Ry stops producing internal events after N steps, or v1.p, = 0;, where k; = [6;],

i.e. Ry keeps on producing internal events and v is the concatenation of internal events. But
by definition of abstraction we get that (0103 ---0;,0;) € R((u1,d1)(ug,ds) - (u;,d;)), i.e.
(0102 - - - 0;, 0;) is also produced by the sequential input-output relation R as a response to distur-

bances di, ds, . . ., d; and inputs uq, us, . . . , u;. Notice that the inputs uy, usa, . . . , u; represent the
responses of the controller ¢ to the outputs 01, 09, . . ., 0;_1. Hence, v belongs to the closed-loop
language of the feedback interconnection of R and ¢, i.e. v € L(R/®). O

Well-posedness of H

Proof of Proposition 3. Consider the solution z : R, — R”™ of the differential equation z =
fqe (%) from an initial condition z(0) = zy. Since fq is continuous and globally Lipschitz, such
a solution exists and it is unique. Consider the set

L={teR;|[t>0andVse[0,t):2(s) €int X}



Since zp € int X’ and z is continuous, z~!(int X') is open and contains 0. Hence, there exists
t > 0 such that [0,¢) C 2~ !(int &X), i.e. t € L. Hence, L is a non-empty set. Define 3(¢°, z9) =
sup L.

If 5(¢%, 20) = +oo, then for any t € R, there exists ¢ € L such that ¢ < ¢ and hence
z(t) € int X. That is, z never leaves int X'.

Assume now that 3(¢°, zp) < +o0. Then 3(¢° 2z¢) > 0, due to the definition of L. Assume now
that ¢ < 5(¢°, z0). Then there exists t' € Lsuch that ¢ > ¢ and hence z(t) € int X. That is, for
all t € [0, B(¢%, 20)), 2(t) € int X.

Next, we show that x(8(¢%, z0)) € X. Notice that there exists a monotonically increasing se-
quence t,, € L such that lim,_, ;o t, = 8(¢°, 2z0). Continuity of z implies that z(/3(¢°, z9)) =
lim,, 400 2(ty). Since z(t,,) € int X, we get that z(8(¢°, z9)) € X.

We show that z(3(q° 20)) ¢ int X. Since OX = X'\ int X, this shows that z(5(¢°, 29)) € OX.
Assume that z(3(q%, 20)) € int X. Then (¢ z9) € 2~ *(int X) and hence for some ¢ > 0,
(B(q%, 20) — €,8(¢%, 20) + €) C 2~ (int X), due to the fact that 2! (int X') is open. Hence, for
all s € [0, 8(¢% 2z0) + €) : 2(s) € int X. This then implies that 5(¢°, 20) < B(¢%, z0) + € € L,
which is a contradiction. O

Proof of Proposition 4. Assume first that s > (¢, ). Then f5.(x) = fc(qc’m) (r) € 0X and

hence fl.(fs-(x)) = fc(qL’m)(x). Butt+ s > s > ((¢°, ) and hence fj:'(z) = ffu(qc’m)(x).
That is, the required property holds.

Assume now that s < 3(¢%,z). If s +t < ((¢° ), then we get that f3:"'(z), f2.(x) and
fie(fi-(x)) are the solutions of the differential equation Z = f,- () at time instances s+t, s, t and
initial conditions x, x and fg.(z) respectively. Then by the semigroup property of the solutions
of differential equations we get that [ (z) = fl.(f.(x)). Assume that s +t > B(¢°,x).
Consider the solution of the differential equation z = fgc(2) from the initial state 2(0) = x.
It then follows that 2(7) € int X for all 7 € [0,8(¢%,x)). Hence, fii*(z) = 2(8(¢", x)).
On the other hand, f;.(z) = 2(s) € int X. By the semi-group property of the solutions of
differential equations, the solution z = f,- (%) from the initial state 2(0) = z(s) has the property
that 2(7) = z(s + 7). In particular, 2(8(¢°,x) — s) € OX and for all 7 < ((¢°% z) — s,
%(7) € int X. Hence, by definition of f!. we get that f}.(z(s)) = 2(3(q°, z) —s) = 2(B(q°, x)).
Thatis, fi°(z) = fL.(f3(z)). O

Proof of Proposition 5. Assume that Assumption A3 holds. Consider the upper bound N =
[|Qql|E; U E,|(1 + T/T)] defined in the statement of Proposition 5. Consider any sequence
Q05 q1,--->qeand er,...,ep € X, 1 < ta < ... <t € [0,T] such that fl.(z) € @

i=1,2,..., k. For each discrete state ¢ € (Q; and event e € 3, define the set
Jga e = {i e{1,2,...,k}| ql(»i :qd and e; = e}

d
sq; ,€4

Assume that Jga . = {i1, 0k, -0}, 81 < ig < ... <14 for some [ > 0. From Assumption A3
it then follows that ¢; —t; , > Tforall? =1,2,...,1 — 1. Then
-1
T2ty —ti, = (t, —ti,_,) 2 |JgelT
r=1

That is, | J,a .| < T'/T holds for all g € Qg, e € X. Consider the set

I= U Tyt e

q1€Qa,e€X,J a4 |>1

q%,e

35 Proofs



36

The set I is exactly the set of those indices, for which a discrete state and event combination
occurs more than once. It follows then that

T
< > Vool < 5lQlIS

(¢%,e)€Qax%

Notice that k& < |I]| + |Qq
and there are at most |Qq
get that

SEINT, (¢ i) # (qf,e))
< |E;UE,|, we

E<(T/T+1)|Qq||E; UE,| =N

In order to prove Proposition 6 and Proposition 7 we need a number of technical results. These re-
sults state that hybrid systems which satisfy Assumption A1 — A4 generate finitely many internal
and output events on each time interval.

Lemma 3 (Existence of a smallest time instances when an event is generated). For any state
qg=(¢q¢)) € Q, € X,any X € {E;,E,} and any T > 0, the following holds. Either
fie(®) & U.cx @g.e forall 7 € (0, T] or there exists a unique time instance 7; € (0,77] and a
unique event e; € ¥ such that f¢ (z) € ®, ., and 7y is the smallest such, i.e. for all s € (0,71),

Iqe (z) ¢ Ueez Dg.e-

Proof of Lemma 3. Consider the set

SWT = {r € (0,7] | f3.(x) € | Py}
ees
of als those time instances 7 € (0, T, for which the flow f.(z) crosses a guard. If SWT is

empty, then for all 7 € (0,77, f7-(z) ¢ U.cx; Pg.e- ie. the conclusion of the lemma holds.

We will show that if SW'T is non-empty, then the infimum 71 = inf SWT is in fact a minimum,
iie. m € SWT and for all ; # 7 € SWT, 73 < 7. This then shows that there exists e; € ¥
such that f¢ (z) € @4, andforall0 <7 < 7,7 ¢ SWT,ie. fr(2) ¢ U,.cx Pye. Moreover,
by Assumption A2 (disjointness of the guards), the choice of e; is unique.

We proceed to prove that 73 = inf SWT = min SWT. Assume the contrary. Then there
exists a monotonically strictly decreasing sequence (s, ),en such that s, € SWT, n € N and
lim s, = 7. Consider T = min.ex T(g, e), where T(q, e) is as defined in Assumption A3. It
then follows that there exists Ny € N such that for all n > Ny, |s,, — 71| < T/2, and hence
|sg — si| < T forall k,I > Nr. It follows from the definition of SW'T that for each k € N there
exists e, € X such that f;p’? (z) € ®, ., - Notice that the choice of e, is unique, due to disjointness
of the guards according to Assumption A2. Let k = Np + 1. Then there exists 0 < [ < || such
that e = e, = exyy. Since, k, k +1 > N, we get that sp4; — s < T < T(qg,e). Notice that
by definition of the sequence (s,,), f,* () € ®q and f,;5*' (x) € ®4.c. But by Assumption A3,
fq¢(x) € @4 implies that for all s E Ry, 0 < s—s, <T(g,e), fic(x) ¢ Py, in particular,

S
fq ki (z) ¢ ®, .. Hence we arrive to a contradiction. H

Lemma 4 (Finitely many events on a finite time interval). For any state ¢ = (qc, qd) €Qandx €
X and any time duration 7" > 0, the following holds. Either f7 ¢ |J.cp, ®q.c forall 7 € (0,71,
or there exists a unique collection of time instances 0 = 79 < 7 < To < ...< 7 <T,events
e1,€2,...,¢ € E;, and discrete states ¢@ = q¢d,qf,...,q? € Qq for some [ €N, >0, such



that forall j = 1,2,...,1,

6a((q°, a5 1), €65) = dqf 23)

Vse(rjn,m) : frx)é¢ Qe gt cand fol € Pue o o 24)
eel;

Vse (mT] ¢ f@) ¢ | Ppegu (25)
eckE;

Proof of Lemma 4. Below we present procedure for constructing a unique collection of sequences
e1,62,...,6 € B, gt =qd,ql,.... ¢! € Qu, 11 < 12 < ... <7 €(0,T] satisfying (23-24).
The procedure is recursive in [. We will show that after at most T(q, E;, T') steps the procedure
stops, yielding a unique collection of sequences €1, s, ..., e € E;, q¢? = qf,q¢¢,..., ¢ € Qu,
71 < T <...<7 € (0,T], which satisfy (23), (24) and (25).

For [ = 0, let q§ = . By applying Lemma 3, we get that either for all 7 € (0,77, f7.(z) ¢
Uecer, Pq.e» or there exists a unique choice 71 € (0,77, e1 € E; such that fid (z) € @, and
forall 0 < 7 < 71, f7.(2) ¢ U.cp, Poe. I weset g1 = 6((¢°, qf), e1), then we get that ¢f, ¢,

71, €1 satisfy (23-24) for [ = 1.

Assume that for some [, we have constructed sequences ¢% = qg, ..., qld € Qg,€e1,€2,...,€ €
Ei,and 7y < 1o < ... <7 € (0,T] such that (23-24) hold. By applying Lemma 3 to the dis-
crete state ¢ = (¢°,¢;') and continuous state z; = f;¢(x), and time duration T — 7, we get
that either for all s € (0,7 — 7], fje(@1)) ¢ U.cp, Py e. or there exists a unique time in-
stance t € (0,7 — 7] and event z € E; such that fl.(z;) € ® . and for all s € (0,1),

foe(@1) &€ Uecp, Paie- In the former case, by using the fact that fg.(z;) = T (z), we get

qC
that (25) holds. In the latter case, by setting 741 =t + 71, e141 = 2, ¢4 = 0a((¢°, '), 2), we
get that the time instances 71, 72, . .., 7y+1 € (0, T, discrete states qg =q%ql,44,... ,qf_H, and
events ej, e, ..., €41 € E; satisfy (23-24).

Thus the procedure above either stops with a collection of sequences 71 < 72 < ... < 7, € (0,77,
= qg, q,. .., qld € Qg,and ey, €2, ..., e € E; which satisfy (23-25), or it produces infinite
sequences 71 < 7o < ... € (0,7, ¢ = qd,q%,... € Qu, e1,e2,... € E;, such that for each
I =1,2,...,(23-24) holds. In particular, we get that f ¢(x) € (I)qc,q{‘,l,ez foralll =1,2,.....
But from Assumption A4 it follows that this can hold only for a finite sequence of time instances
T1,7T2,...,7n Of length at most T(q, E;,T'). Hence we arrived to a contradiction. It means that
after at most T(q, E;, T) steps, the procedure above stops, yielding a sequence of time instances,
discrete states and internal events satisfying (23-25). This collection of sequences is unique, as
the first element of each sequence is fixed, and at each step, the procedure above yields a unique
extension of the sequences at hand.

O
Using the lemmas above, we are ready to present the proof of Proposition 6.

Proof Proposition 6. Define the states §5, = (45, G¢) and &, as follows.

Qi = di
o | dc(gn,u(0)) ifu(0) € E,
O otherwise

L { R0y, (xn)  ifu(0) € E,
Th = x h .
h otherwise
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In order to prove the proposition, we need to show that the following is true.

Claim 0
There exist unique maps ¢ : Ry — @ and z : Ry — X, such that ¢(0) = §p, (0) = 2 and
(¢, x) satisfies conditions 2—4.

Indeed, assume that Claim 0 is true. Then set {g(h,u, g)(t) = (q(t),x(t)) for all t € R,.
Notice that then (g, x) also satisfies conditions 1-4 of Definition 24. In addition, if (§, Z) is
a pair of maps which satisfy conditions 1-4 of Definition 24, then (g, Z)(0) = (Gn,&n) and
(g, &) satisfies conditions 2—4 of Definition 24 and hence by Claim 0, (§, %) = (g, ). That is,
Definition 24 defines g (h, u, g) uniquely.

Proof of Claim 0

To this end, assume that ¢;,1, ¢ € N, ¢+ < K are the positive switching times of u and d; i.e.
0 <t <ty <...suchthatforallt € Ry, ¢t > 0, u(t) € E. or d(t) € E; if and only if
t € {tit1 |7 € N,i < K}. Here either K = +ocoor K € N. If K € N, then for all ¢ > K, let
ti=tg_1+i.Let K={0,1,2... K —1}if K < +oocor K =N, if K = 4o0.

Consider the interval 7; = [t;,t;11] N Ry, i € K, where ty = 0. Consider an arbitrary state h €
Spr. We will construct pair of maps (¢;(h), z;(h)) : 7; — Spr such that (g;(h)(t;), z:(R)(t;)) =
h and the following holds.

1. Claim 1
Let ho = (qn, Zr,) as in Definition 24 and for each i € N let

hit1 = (qi(hi)(tiv1), zi(hi)(tit1))

Define the pair of maps (¢,2) : Ry — Su by (q(t),2(t)) = (g:(hi)(t), zi(hs)(t)) if
t € T; for some i € N. Then (g(t), z(t)) satisfies conditions 2—4 of Definition 24.

2. Claim 2
If (4,2) : Ry — Sy is a pair of maps satisfying the conditions of Definition 24 and
G(t:) = qi(h)(t:), Z(t;) = x;(h)(t;), then the restriction of (g, &) to the interval 7; equals

(qi(h), zi(h)).

Assume for a moment that the two statements above are true. Then by Claim 1 (g, z) satisfies
conditions 2—4 of Definition 24. Moreover, if (§,#) also satisfies conditions 2-4 of Definition
24 then Claim 2 implies that (¢,z) = (¢, Z). Indeed, by induction on i we can show that the
restriction of (g, x) to 7; equals the restriction of (¢, Z) to 7;. Since | J;cn 7i = Ry, this then
implies that (¢, ) = (4, ).

We conclude the proof by defining the functions (g;(h), z;(h)) and by showing that Claim 1 and
Claim 2 hold.

Definition of (¢;(h),x;(h)) fori € N
First, we define (g;(h), z;(h)). By applying Lemma 4 to the state h = (qn, =) , gn = (¢5,q}) €
@, and interval (0, ¢;41 — ;] it follows that either fé{t (zh) & Ueer, Pgn.e forall t € (¢;,ti11]

or there exists an integer [(i,h) > 0 events ey (i, h),ea(i, h), ..., e n)(i,h) € E;, and time
instances
t; = To(i, h) < Tl(i, h) < Tg(i, h)<...< Tl(i,h)(iy h) < Tl(i,h)+1(iu h) =tit1 (26)

and discrete states ¢§ (i, k) = ¢, ¢¢(i, h), . .. ,qld(i py (i) € Qasuchthatforall j =1,2,....1(i, h),



the following holds.

0a((gr, 45-1(3 1)) (i, h) = gj(i, h) @7
Vs € (r-1(i,h),m5(0h) o foti(an) ¢ | @ g5l (iuh). AN (28)
eckE;
7i(i,h)—t;
fq;l( ) ( ) € C,q;l 1(3,h),e;(i,h) (29)
Vs € (rigim (i h),to] = fo @) ¢ Py, it e (30)
eck;
We then define the maps ¢;(h) = (¢5(h), ¢2(h) : T; — Q., and x;(h) : T; — X as follows.
qj 1 (4, h) ift € [rj_1(i,h), (i, h)) forsome j = 1,2,...,1(¢, h)
q‘.i(t) _ 6d(qh7 ql(z h)(’i, h>7 Z) %ft =1t and d(ti) =ze Ly 31)
v ql(z h)( h) ift € [Tl(i,h) (7, h),tH_l) and Ti(i,h) (, h) < tit1
ql(Z h)(Z h) ift = Tl(i,h)(i7 h) = ti+1 and d(ti+1) =1
a ift < tipq
@t = 6C(Q}i7q[d(i,h)(i7 h),u(tiy1)) if t = t;y1 and 73,5 (4, h) < tig1 (32)
8e(dfys iy py—1 (B h), ultinn))  ift = tipy and 7y p) (i, h) = tig
far " (n) it < tis
zi(t) = Ru(tiJrl)HEqud(i,h)(ixh)(f;;;rl_ti (zn)) ift = tipy and 7yp) (i, h) <tiv1 (33)

ti —t; . .
Ru(ti+1)vf1qu#(i,h)—1(ivh)(ch+l (zn)) ift=tip1 and Tl(ivh)(% h) =tiy

Here the notation §.(s¢,s%, 1) = s, R, () = z, and J4(s¢, 5%, L) = s is used for all

s=(s%s1) €q.

Proof of Claim 1
We will show that (g, x) satisfies Part 2 — 4 of Definition 24. To this end, consider any ¢t € R,
t > 0 and notice that

q(t) = qi(h ,)( ) and x(t) = x;(h;)(t) forall t € T;
hiv1 = (gi(hi)(tit1), zi(hi)(tit1)) = (q(tiv1), 2(tit1)) (34)
It then implies that if ¢ € (¢;,t;41] for some i € N, then

2(t7) = £ (ot)

2(t) = fro i (@(t) if t < tip

¢l(t) = qffl(i, hi)ift € [1;-1(4, k), 7j(4, h;)) forsome j = 1,2,...,1(3, h;)

q(t™) = (¢°(t:), ¢} 1 (i, hs)) if t € (7j-1(i, hs), 75(i, h)] for some j = 1,2,...,1(i,h;) (35)

We investigate three different cases, corresponding to Part 2, Part 3 and Part 4 of Definition 24
respectively. To this end notice that

1. Assume that forsome ¢ > r > 0, forall s € [t—r, 1), u(s) = L. Without loss of generality
we can assume that r is small enough so that t—r, ¢t € (¢;, ;1] for some i € N. We then get
that ¢°(s) = ¢5(s) = ¢§(h;)(t;) = ¢°(¢;) forall s € [t — r,t). Ifu( )=u€ E. thent =
ti+1 and from (32) we get that i (hi)(ti+1) = dc(gi(hi)(ti), g 4@, hg), ul(t z+1)) for some
j € {l(i,h),1(i,h) — 1}. Combining this with (35) we get that ¢°(¢t) = 0.(q(¢t™), u(t)).
From (33) and (35) we get that x(t) = x;(h;)(tiv1) = Ry q¢—)(x(t7)). fu(t) = L, then
from definition of ¢;(h;) and the discussion above it follows that ¢ (h;)(t) = ¢S (h:)(t;) =
q°(t — r). That s, (¢, x) satisfies Part 2 of Definition 2.

2. Assume that for some ¢ > r > 0, forall s € (¢t —r, ], u(s) = L. Without loss of generality
we can assume that r small enough so that t — r € [t;,t;41) and t € (¢;,¢;41]) for some
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i € N. From (35) it follows that ¢°(t — ) = ¢°(¢;). The semi-group property of the
flow implies that f;;&"_r)(a:(ti)) = gc(tfr)(f; (Z f)( x(t;)). Hence, by (35) we get that
x(t) = fye4—)(@(t —1)). Thatis (¢, z) satisfies Part 3 of Definition 2.

3. Assume that for some ¢ > r > 0 it holds that for all s € (t —r,¢), u(s) = L and d(s) =
and (s) & Ueep, Pg(t—r),e- It then follows that ¢ — r,t € 7; for some 7 € N. Consider
now the time instances 71 (4, h;), 72(4, R ), - - -, Ty(i,n) (4, B), Ti(s,n) 41 from (26) with b = h;.
For simplicity we shall denote 7;(¢, h;) by 7; and {(¢, h) by [ in the sequel. We then get
that there exists j € {1,2,...,l + 1} such thatt — r,t € (7,_1,7;]. From (35) it follows
that ¢%(s) = q(t — r) forall s € [t — r,t). Assume that d(t) = L. If 2(t7) € @y
for some e € Ez, then from (35) and (28)—(29) it follows that ¢t = TJ e = e;(i,h;) and
(t) = 4 4(i, hy). Comblnmg this with (27) and (35) we get that that ¢%(t) = 64(q(t7), €).
If 2(t7) ¢ Ueep, Pq(t-),e> then by an argument simillar to the previous one we get that
t < 7jand ¢*(t) = q¢_, (i, hi) = ¢*(t — ). Finally, if d(t) € Eq, then from the definition
of t;,t;41 we getthatt = ;41 = 741. Hence, j € {l,1 + 1} and qq(t) = qZ(h;)(tiz1).
From the definition of ¢{'(h;)(t;41), using the fact that q(t~) = (¢°(t;), ¢}, ), we get that
qa(t) = 6q(q(t™),d(t)). That s, (g, z) satisfies Part 4 of Definition 24.

Proof of Claim 2
Assume now that (¢,%) : Ry — Sy satisfies the conditions of Definition 24 and §(t;) =
qi(h)(t;), &(t;) = x;(h)(t;). The proof of Claim 2 is done in two steps.

1. Claim 2.1 (4, 2)(s) = (g:(h)(s),z;(h)(s)) forall s € [t;,t;y1).
2. Claim 2.2 (ti11) = qi(h)(ti+1) and &(ti41) = zi(h)(tiy1).

Since 7; = [t;, ti+1], Claim 2.1 and Claim 2.2 indeed imply Claim 2.

Proof of Claim 2.1
Since on the interval (¢;,¢;4+1) no input or disturbance event occurs, i.e. u(t) = L and d(t) =
forall t € (t;,t;41), by Part 2 and Part 3 of Definition 24 we get that

z(t) = f;*(il)(x(tl)) = z;(h)(t) and ¢°(t) = ¢ (h)(t;) forall t € [t;, tiv1) (36)

Finally, we will argue that ¢f(h)(t) = ¢%(t) for all t € (t;,t;41) holds. To this end, consider
the time instances 7o(7, k), 71 (¢, h), . .., Ty(5,p) (i, k) from (26). For the sake of simplicity we will
denote 7;(¢, h) by 7; forall j = 0,1, ...1(3, h) and we will denote {(i, 1) by {. We will show by
induction on j that |-, , 7y = ¢ (h)l(r,_y.7;) = @f_1(6,h) forall j = 1,2,..., 1+ 1.

Consider j = 1. By assumption we have that ¢%(79) = ¢2(i, h;). From (36) and (29-30), it
follows #(s) ¢ U.cp, Pg(t,).e for all s € [t;, 71). From Definition 24, Part 4, the latter implies
that ¢%(s) = ¢%(t;) = q%(t;) = q¢ for all s € [t;,71). Hence, the induction hypothesis holds
for j = 1. Assume that qu|[Tj71,T].) = q;»ifl(i,hi) forall j = 1,2,...,r, r < [. From (36) and
(29-30) it follows that (7)) € @, (n Dsers and forall s € (1-1,7), 2(8) € Ueer, Picrr_1).e-
Hence, by Part 4 we get that that §%(7,.) = 5d( (7,_1), e-). By induction hypothesis, ¢%(7, 1) =
q?_,(i,h), and thus from (27) we get that §¢(7,.) = q¢¢.

Proof of Claim 2.2
Notice that Claim 2.1 implies that

[ @mt),g!) it <t
it = { () i @7
th) = Jim S (lt) = fieey " (k) (38)



First, we show that ¢°(t;+1) = ¢¢(h)(t;+1). From Part 2 of Definition 24, it follows that

qc( z+1) 5 ( ( z+1)7u(ti+1))

From this, using (37) and the definition of ¢f(h)(t;+1), we get that ¢S (h)(ti41) = G°(ti+1). Next,
we show that &(¢;41) = x;(h)(t;+1). By Part 2 of Definition 24,

E(tipr) = Ru(tiﬂ),q(t;ﬂ)(i(t;ﬂ))

Combining this with (38-37), and the definition of x;(h)(¢;11), we get that z;(h)(t;y1) =
Z(tig1)-

Finally, we show that §4(t; 1) = q(h)(ti+1). Three cases need to be distinguished. First, if
d(ti+1) € Eq, then by Part 2 of Definition 24, Gq(t;+1) = 6a(G%(t;11), d(ti+1)). Combining this,
(37) and the definition of ¢&(h)(t;+1) we get that in this case §q(t;+1) = qZ(h)(ti11). Similarly,
if d(tiy1) = L and 7y(;) < tiy1, then from Part 4 of Definition 24 and (38) it follows that
qu(tH-l) = qf(h)(ti+1). Finally, if d(ti+1) = 1 and Tl(i, h) = t;y1, then i'(ti—i-l) S q)@(t;rl),ez
and hence by Part 4 of Definition 24 §¢(t;,1) = da(4(t;, 1), er). Combining this with (37) and
definition of ¢ (h)(t;11), we get that ¢%(t;41) = ¢ (h)(tis1)-

O

The proof of Proposition 6 yields the following corollary which is interesting in its own right.

Corollary 1. Lett; € Ry,i € N,0 < i < K, K € NU {400} be the increasing sequence
of switching times of w and d, i.e. 0 = tg < ¢ < to < --- < tp < ---, and for u(t) € E.
ord(t) € Eqifandonlyift € {t;, | i e NNO<i < K}. Let K = {i e N|i < K}. If
K e N, thenforalli > K, i € N, lett; = tx_1 + ¢. Then there exists discrete state ¢§ € Q.,
integers [(i) € N, time instances t; = 7(¢,0) < 7(¢,1) < ... < 7(4,1(¢)) < t;41, internal
events e(i,1),...,e(i,1(i)) € E; and discrete states ¢%(i,5) € Qq,j = 0,1,...,1(i) + 1 and
continuous states z; € R4, 7 € N such that

fH(hO’ u, d)(t) = (qic’ qd(iaj - 1)’ f;;tl (331))

ift € [7(i,5 — 1),7(i,j)) for some i € N,j = 1,2,...1(i). Here hy = (¢§,¢%(0,0),z0), and
—0,1,...1(1) — 1,

forall? € N, 5

Qi1 = { §C(sz (Z l( ), ( z+1)) if 7(,1( )) <tit1
o Oc(qf, q (i, 1(1) = 1), u(tiyr)) i 7(3,1(1)) = tiga
iy = 4 Bl gzt >>(ft"+1_ti(xz)) if 7(6,1()) < tig
TN Ruttinapatia-n g " @a) i 7(0,0(5)) = tig
q(i,j+1) = a((af,q"(i, 5 — 1), ( J)ifj+1<1(3)

da(qs. q ( 1(4)), d(ti+1)) ifd(tiy1) € Eqand 7(3,1(i)) < tit1
q*(i+1,0) = ¢ da(qf, q?(i,1(i) — 1),d(tis1))  if d(tiy1) € Eqand 7(3,1(i)) = tiya

q?(i,1(3)) otherwise
Ji @) ¢ | ®apquig,e ift € (76,5 = 1),7(0, )

eckE;
Sl D70 @) € Dye qatijo1) ei
(39)

Moreover, for every ¢t € R, t > 0 there exists an index ¢ € Nand j = 1,2,...,1(i) + 1 such
thatt € [7(i,5 — 1),7(4,5)).
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In other words, there exists a sequence of time instances on which either an input or disturbance
event occurs ((¢;)) or an internal event is generated (7 (4, j)). Moreover, this sequence of time in-
stances has no accumulation points and it has the property that no events occurs at time instances
other than those belonging to this sequence. This sequence of time instances and events induces
a sequence of instantenous state transitions. Each state transition is either triggered by an input
or disturbance event, or by an internal event.

Proof of Proposition 7. Tt is easy to see that (7) determines the maps o : Ry — E, U {L} and
6: Ry — E; U{L} uniquely. Causality of vy j, follows directly from the fact that the value of o
and 0 at time ¢ depends only on the state (¢(¢~), 2 (¢ )) of H at time ¢ and the values of u(¢) and
d(t). Moreover, the state (q(¢~),z(t7)) of H is evidently independent of the values of « and d
at time instances later than ¢.

In order to show that v 5, is of the required form, we need to show that 0 and o are time event
functions. More precisely, we need to show that there exist monotincally increasing sequences of
time instances ti"*,t¢ € R, i € N, such that 6(t) € E; if and only if t = ¢i"* for some i € N,
and o(t) € E, if and only if ¢ = ¢2 for some ¢ € N.

We begin with 6, i.e. with proving the existence of a sequence i, i € N such that 6(t) € E;
if and only if ¢t = ¢; for some ¢ € N. To this end, consider the time instances 7(¢,7), i €
j=1,2,...,1(i) defined in Corollary 1. Consider the set

SW={7(i,5) |ieN,j=1,2,..., 1))} U{t; | i € N,d(t;) € Eq4,t; > 0}
That is, SW consists of the elements of the sequence 7(¢,j), ¢ € N, j = 1,2,...,1(¢) and of
those time instances ¢;, ¢ € N, for which d(¢;) € E,. Define the sequence tﬁ”t as the listing
of the elements of SW in increasing order. Corollary 1 implies that if d(t) € E; then t = ¢;
for some 7 € N. In addition, Corollary 1 implies that if g (ho, u, d)(t) = (g(t),x(t)), t > 0,
d(t) = L, then 2(t7) € ®y4-),. for some e € Ej if and only if ¢ = 7(i, j) for some i € N,
j=1,2,...,1(i). Indeed, ift € (7(i,5 — 1),7(¢,5)) forsome s € Nand j = 1,2,...,¢;, then
z(t™) = f;ic_ti (z(t;)) and q(t7) = (g5, q%(i,7 — 1)) and hence z(t~) ¢ UeEEi ®y(t-),e» Which
is a contradiction. From the definition of 6 it then follows that 6(¢t) € E; if and only if ¢ € SW,
i.e. t = ti"! for some i € N,

)

Next, we construct a sequence t2, ¢ € N such that o(t) € E, if and only if ¢ = ¢ for some ¢ € N.
To this end consider the sequences t;, ¢ € N and 7(4,5), % € N, j = 0,1,...,1(¢) + 1 defined
in Corollary 1. We will show that foreach ¢ € N, j = 1,2,...,1(i) + 1, there exists an integer
1°(i,7) € N, time instances and output events

7(i,j — 1) = t°(i, 5,0) < t°(i,4,1) < ... < t°(i,4,1(3,5)) < t°(i, 5,1(i, 5) + 1) = 7(3, J)
60(i7j7 1)7 MR eo(i’j7 10(27])) e EO

(40)
such that forall k = 1,2,...,1°(¢,5) + 1,
Vt € (to(iajak - 1)at0(iaja k)) : f;;t7(xz) ¢ U q)qf,qd(i,jfl),e
eckE,
© 1;7 .7k —Ulg
f;f( ! ) ! (‘7}1) € éqf,qd(id—l),e“(i,j,k) (41)

Assume that sequences from (40) exist and they satisfy (41) for all kK = 1,2,...,1°(3,5) + 1.
Consider the set

SWO = {t°(i,j,k) | i e N,y =1,2,...,1(i),k =1,2,...,1°(i,5) }U

{t: | i € N,t; > 0,d(t;) € Eq, and A\y(q(t; ), d(t;)) is defined }
It then follows that o(t) € E, if and only if ¢ € SWO. Indeed, o(t) = A,(q(t™),d(t)) and

d(t) € Eqif and only if t = t; for some ¢ € N, ¢; > 0 and A\,(q(t™),d(t)) is defined. Assume
that o(t) = e such that d(t) = L, ¢ > 0 and x(t~) € ®4(;—) .. Then from Corollary 1 it follows
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thatt € [7(i,j — 1),7(¢,5)) forsome i € Nand j = 1,2,...,0(i) + land z(t7) = f;_c_ti (x4)
and q(t~) = (q¢,q%(i,7 — 1)). Then from (41) it follows that t = t°(4, j, k) must hold for some
k=1,2,...,1°0,j,k). Combining the results of the discussion above, we get that o(t) € E,
if and only if £ € SWO. Let now t¢, ¢ € N be the listing of the elements of SWO in increasing

order. It is easy to see that t7, ¢ € N has the required properties.

In order to show the existence of a sequence of the form (40) which satisfies (41) for all £ =
1,2...,1°(3,4) + 1 we will use Lemma 3. More precisely, we will construct recursively se-
quences of the form (40) satisfying (41). Let t°(¢,5,0) = 7(i,j — 1). Assume that time
instances t°(i,j,1) < ... < t°(4,4,0) and and events e(i,7,1),...,e(i,5,1) € E, were de-
fined for some | € N such that for ¥ = 1,2,...,1 (41) holds. Then apply Lemma 3 to the
state ((¢f, q?fl), f;G(m’j’l)_t" (z;)) and interval [0,7(i,5) — t°(¢,7,1)]. Then either for all ¢t €
(t°(i, 4. 1), (0 5))s for "' (21) & Ueep, Pye gt e OF there exists (i, 5,1) < t°(i, 5,1 + 1)
and there exists e(7,7,l) € E, such that f;ic(l’j’lﬂ)*ti (7i) € Pye g2 | c(ijp) and f;gti (z;) ¢
Ueer, Pge qa e forall ¢t € (¢°(4,5,1),t°(i, 4,1 4+ 1)). In the former case define I = I(i, j),
t°(i, 5,0+ 1) = 7(4,7) and we get that

to(i7j’0)7"'7to(i7j7l(i7j) + 1)7e(i7j’ 1)7"'7e(i7j’l(i7j))

are of the form (40) and for all k¥ = 1,2,...,1(4,5) + 1, (41) holds. In the latter case, con-

sider the sequences t°(4, j,0),...,t°(¢,5,1 + 1) and e(4, 4,1),...,e(4,4,0 + 1). It is easy to see

that then for all & = 1,2,...,1 4+ 1, (41) holds. Repeat then the step above for the sequence

t°(i,4,0),...,t°(¢,5,l + 1) and e(i, 4,1),...,e(i, 4,0 + 1). Note that by Assumption A4, [ <

T((gf, q}i_l), E,,7(i,j)—7(i,j—1)) must hold, and hence after at most T'((¢f, q}i_l), E,,7(i,7)—
7(i,7 — 1)) iterations we get a sequence of the form (40) satisfying (41), as desired.

O

Sampled-time abstraction of H

In this section we present the proof of Proposition 8, and Theorem 4. The proofs rely on a
number of lemma, which are interesting in their own right. Throughout the section we will use
the notation of Definition 28.

Lemma 5. The state-transition relation £ of Ha (P) is a partial map.

Proof. That is, for any h; € R(H), and forany v € U,d € D, 0 € O and 6 € E, there exists
at most one hy € R(H) such that E(hy,u,d,0,6) = he. From (10) it follows that ¢S5 and x5
are uniquely determined by Ay, u and d. Moreover, ¢4 is independent of the output o. It is left to
show that d and 6, k1 uniquely determine ¢J.

To this end, consider the decomposition 6 = 2725 - - - 2; and assume that ¢ satisfies (11) with the
indices i < 72 < ... < 7. We argue that there is only one choice of indices 1 < 19 < ... < ig
for 0 such that it satisfies (11). In turn, this unique choice of indices and the decomposition
of 6 = z129--- 7, together with d determine the states s; € Qq, ¢ = 1,2,...,[ uniquely.
Since ¢¢ = s;, this already implies that 6 and d determine ¢¢ uniquely. In order to see that
the choice of i1, 19, ..., % is unique, notice that according to Assumption A6, \; is a complete
map and no event in the range of \; can be generated by a guard. Hence, for each letter z; of
0, if z; is in the range of \;, then Py .. = () for all s € Q4. By (11), for each letter z;,
either Ry 4, (21) € Pygs;_,,z OF z; = A\i(g5, 8i—1,¢,). Hence, if 2; is in the range of \;, then

2; = A\i(8i—1, e,) must hold. This means that {41, is, ..., } is precisely the set of indices ¢ such
that the letter z; of 6 is in the image of \;. This set is unique for each 6. Moreover, if 6 satisfies
(11), then the number of such letters is exactly k. [
Proofs
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Next, we present a relationship between state transitions of Ha(P) and time evolution of H.
More precisely, we show that a transition step in H () amounts to the end-state of the evolution
of H at time instance A.

Lemma 6. Assume that hy € R(H), u € U and assume that d = ejes---ex, ¢; € Eg, k < p.

€I, 1.9)(A) = (@A), 2(A)) = ha. Hereu(t) = { | Upo . candg € PR, i

such that UT(g, A) = d and ¢g(0) = L. Such a time-event function g exists, see for example the
_ A _

following map g(t) — { e; ift=i 2y forsomei=12,..k .

otherwise

Then u(t) € Pg, and g(t) € Pﬁd’u and hence hy is well-defined. Consider output signals
(v, B) = vp p, (u, g) where o € Py, and 8 € Pg,. Defineo = {e € E, | 3s € (0,A] : a(s) =
e}, and 6 = UT(B, A), i.e. o is the set of output events generated by H under the input » and
disturbance ¢ on the interval (0, Al, if started from h;. Likewise, 6 is the sequence of internal
events generated by H on the interval (0, A], under the input u and disturbance g, if started from
hi. Then E(hy,u,d,0,0) is well-defined, E(hy,u,d,0,06) = hg and hy € R(H).

Proof of Lemma 6. Assume that 7;, i = 1,2,... k are the switching times of ¢ on [0, A] in
increasing order, ie. 71 < T2 < ... < 7 € [0,A], and for all s € (0,A], g(s) € Ey if
and only if s = 7; for some ¢ = 1,2,...,k. Recall that g(0) = L and hence 7; € (0,A],
i=1,2,...,k Lethy = (¢f,q},21) and hy = (g5, g%, z2). Then from the definition of H it
follows that g5 = d.(q1, u), x2 = j”qu(Ru,q1 (x1)), ie. g5,z satisfy (10). Here R 4, (1) = 21
and 0.(q1, L) = ¢f. In addition, it is easy to see that if hy € R(H), then hy € R(H). Indeed,
if hy € R(H), then with the notation of Definition 26, z; € H; for some ¢ € N. Since,
Ty = f(%(]i’%q1 (1)), it follows then that zo € H; 11 and hence ho € Q X H;+1 C R(H).

Notice that g takes values in E; only at time instances of the form ¢ = 7;, and then g(t) =
e;. Notice that 7, < A, i.e. all the events of g(t) occur on the interval (0, A]. Assume that
0 =z129...z7and let t; < to < ... < t; € [0,A] be such that 8(¢;) = 2; and ((s) = L
forall s ¢ {t1,ta,...,%}. Notice that from the definition of vy p, it follows that 5(0) = L
and o(0) = L and hence ti,ta,...,t € (0,A]. It then follows from the definition of H, that
eithert; = t;, = 7 and z; = )\(q(t;),e,,) forsomer =1,2,... .k orz(t;) € ® a(t),z and
t; ¢ {rr | r = 1,2,...,k} Hence, there exists i; < iz < ... < i € {1,2,...,1} such that
{til,tiz,. .. ;tik} = {7'1,7'2,. .. ,Tk}.

From the definition of H it then follows that forall i = 1,2,...,1 q(¢;) = (¢5,s;) and q(¢; ) =
(S, si—1) where 5o = ¢, and the states s; € @ satisfy the following recursion

_f bales,sicn,z)  ifi g i |r=1,2,... k}
8= 04(4q5, si—1,e.) ifi =i, forsomer =1,2,...,k
where z;. = X\;(¢5, i, —1,€r), forallr =1,2,..., k. In addition, since x(¢;) = fég (Ru,q: (1)),
we get thatz(t; ) € (-

(¢S, 1) for all t € [t;, A]. In particular, ¢(A) = (g5, s;), which implies that ¢¢ = s;. From
Assumption A3 it follows that the number of elements in {1,2,...,1}\ {i1,42,...,i} is at most
T(q1,A), and hence k <1 < T(q1,A) + k. Combining all this we get that ¢ satisfies (11).

implies that R, ¢, (1) € Pys s,_, -,- Moreover, notice that q(t) =

Finally, we know that e € o if and only if either e = )\o(q(rr‘), e.) forsomer =1,2,... k, or
z(t7) € g4y, forsomet € (0,A],t ¢ {7, | r=1,2,...,k}. It follows from the definition
of H that g(t7) = (¢5,si—1) forall t € (t;_1,¢;] foralli € {1,2,...,1}, and g(¢t7) = (¢5, 1)
for all t € (¢;, A]. Hence, either e = A,((q5, $i—1),er) for some ¢ = i, 7 = 1,2,...,k, or
Ry, (21) € Pyg s,y e forsomed € {1,2,...,1} \ {1,2,...,[}. Hence, e must satisfy (12).
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Combining the results above we get that E(hy,u,d,0,0) = hy and E(hy,u,d,0,0) is well-
defined. O

Now we are ready to present the Proof of Proposition 8.

Proof of Proposition 8. We will use the notation of Definition 28. In order to show that Ha (P)
is a quasi-sequential transducer, we have to show that the map E is partial map which satisfies
Definition 6. But the latter follows from Lemma 5. Next, we need to show that for each « and
d there exists o and ¢ such that E(hy,u,d,0,0) is defined. But this follows from Lemma 6.
Finally, notice that if R(H) is known, then the only component of Ha (P) which is problematic
to compute is the state-transition map E. However, if the flow of the vector fields and reset
maps are computable, then the state-transition map E is computable, if R,, 4, (z1) € P, can
be checked by a numerical algorithm for all ¢ € @, e € E; U E,. The latter holds if P is
computable. O

Next, we present the proof of Theorem 4 stating that the relation recognized by Ha (P) is an
abstraction of Ry. This follows essentially from Lemma 6, which informally states that Ha (P)
is simulates H.

Proof of Theorem 4. Since Ha(P) is a quasi-sequential transducer according to Proposition 8,
it follows that R = R(Ha(P)) is a sequential input-output relation. We will show that for all
sequences s € (U x D)*

(0,0) € Ru(s) = (0,0) € R(s)
To this end, assume that
s = (u1,dq)(ug,dg) -+ - (ug,dg) and 0 = 0109 - - - 0

for some discrete input symbols u; € U, disturbance symbols d; € D, output symbols 0; € O.
It then follows from the definition of Ry that there exists a disturbance signal g € 77]% i and a
control signal u € Pg, such that
(avﬁ) = UH,ho(uvg)
i.e. «a, (3 are the output and internal event response of H to the input v and disturbance g, and
0 =UT(B,kA), 0; = a(((i — 1)A,iA]), d; = UT(g;, A), i = 1,2,..., k where
() = w; ift=(i—1)Aforsomei=1,2,...,k
M= L otherwise

o= { 26D

Define now the states h; € Sy, i =1,2,...,k of H as follows. Foreachi = 1,2, ...k, define
the map u(i) € Pg, as follows

Vs € Ryt u(i)(s) = { 71(8+ (i —1)A) Lfi ; [g, A)

Then define
hi = §H<hi71; u(z),gl)(A) forall ¢ = 17 2, ceey k
Here hy is the initial state of H. The proof of the theorem is based on the following claims.

Claim 1
Foreachi =1,2,...,k, consider now

(i, Bi) = vin,_, (u(i), 9)
Proofs
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We claim that
a;(s) =a(s+ (i —1)A) and G;(s) = B(s + (i — 1)A) for all s € (0, A]

Notice that by definition of the input-output maps of H, «;(0) = L and 3;(0) = L for all
i=1,2,... k.

Claim 2 With the notation of Claim 1
0; = a;((0,A]) = a(((i — 1)A,iA]) foralli = 1,2,...,k
Further, consider
0; =UT(B;,A) foralli =1,2,...,k
It then follows that 6105 - - - 0, = 0.

Assume now that Claim 1 and Claim 2 are true. Notice that hy € R(H). Then by Lemma 6 and
by induction on i, we get that h; € R(H) and h; = E(h;—1,u;,d;,0;,0;) foralli =1,2,... k.
Hence, we get that the sequence
(ul,dl,ol,él) cee (’U,i,di,Oi,éi) S (U x D x O)* X Ez*
is accepted by Ha(P) forall ¢ = 1,2, ..., k The latter is equivalent to
(0102 -+ 0k, 0102 - -~ O) = (0,0) € R(s) = R((u1,d1) - -+ (uk, d)),
since R is the relation recognized by Ha (P).

We conclude the proof by proving Claim 1 and Claim 2.

Proof of Claim 1
Assume that h; = (¢;,x;) € Sy and ¢; = (¢f,q¢). By induction, we can show that for all
i=1,2,...,k
gH(h07 U, g)(S + (7’ - 1)A) = gH(hi—ly U(Z)a gl)(s) if s € (07 A) (42)

Assume that (42) is true. From the definition of vy 5, (u, g) it follows that if (o, 3) = vi p, (U, g),
then forall s € (0, A}, a(s+(i—1)A) and 5(s+(i—1)A) depend only on the left-hand side limit
§r (ho, u, 9)((s+(i—=1)A)7) = (q((s+(i=1)A)7), z((s+(i—=1)A)7)) and on g(s+(i—1)A).
From (42) it then follows that

€ (ho,u, 9)((s + (i —=1)A)7) = Er(hi—1,u(i), g;)(s™) forall s € (0, A (43)
If (i, 0:;) = v, (u(i),g;), then a;(s), B;(s) depend only on &g (hi—1,u(i), g;)(s™) and
gi(s) = g(s+ (i — 1)A) for all s € (0, A]. Hence, combining this with (43) and the discussion
above we get the statement of Claim 1.

We conclude the proof of Claim 1 by proving that (42) holds for all ¢ = 1,2,..., k. Assume
that £ (ho, u, 9)(t) = (q(t), 2(t)), q(t) = (¢°(t), q%(t)) for all t € R,. In addition, assume that
€ (hi-1,u(i), gi)(s) = (Gi(s), Zi(s)) forall s € [0, A]. Hence, h; = (¢;, zi) = (4i(A), :(A)).

For i = 1, (42) follows from the fact that h;_1 = hg and u(i)(s) = u(s), gi;(s) = g(s) for all
s € (0,A), and hence {gr (ho, u, 9)(s) = &m(ho, u(i), g;)(s) forall s € (0, A).

Suppose that (42) holds for some i = 1,2,...,k — 1. We will show that (42) holds for ¢ + 1. To
this end, we will argue that

Em(ho, u, 9)(iA) = (q(iA), x(iA)) = Eu(hi, u(i + 1), 9:)(0) (44)
From this, due to the definition of state-trajectory £, it follows that (42) holds.

In order to prove (44) let us compute &g (ho,u, g)(iA) = (q(iA),xz(iA)). From the defini-
tion we get that ¢°(iA) = dc(q((1A)7),uit1) and 2(1A) = Ry, ., q(in)-)(@((1A)7)). Since
u(i)(A) = L, it follows that ¢¢ = ¢5(A) = ¢S(A~). From the induction hypothesis we
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then get that ¢f = ¢5(A™) = ¢°((¢A)7). Since .(q((iA)7),uir1) and Ry, | q(ia)-) de-
pend only on u;41 and ¢¢((iA)~), it follows then that ¢°(iA) = 0.(g;, ui+1) and z(iA) =
Ry, ., q(x((iA)7)). Notice that since u(i)(A) = L, it follows that &;(A™) = #;(A) = ;.
From the induction hypothesis it follows that Z:; (A~) = 2((¢A) ™) and hence z; = x(A™). That
is, we get that

qc(iA) = 50((]1’7 ui+1) and LE(ZA) = Ruwl,% (1‘1) 45)

Finally, notice that either no internal event is generated on the interval (A — r, A] for some
r < A, or an internal event is generated at A, when H is started from h; ;. In the former
case, forall s € (A —r,Al], gi(s) = g(s+ (i — 1)A) = L and &;(s™) = x((s + (i —
DA)T) ¢ Ueer, Paia—r).e = Ucer, Poiia—r),c From the induction hypothesis it then follows
that no internal event is generated by H on the interval (¢A — r,iA], if H is started from hg.
Hence, ¢?(iA) = ¢%((iA)7) = ¢¢(A~) = ¢?. Assume now that an internal event occurs at
time A if H is started from h;_;. i.e. if either g;(A) = g(iA) = d € E4 or &;(A7) =
z((1A)7) € P4 a-),e = Py(in)-),e for some e € E;. Then from the induction hypothesis it
follows that the same internal event is generated by H at time A is started from ko, i.e. ¢¢(A) =
8a(Gi(A7), 2) = q where z = e or z = \;(G;(A7),d) = \i(q((iA)7),d). Combining all the
cases above we get that

g =q'(2) (46)

Since u(i + 1)(0) = u;41, we then get that (45) and (46) implies (44).

Proof of Claim 2 That o, = «;((0, A]) follows from the fact that o; = a(((i — 1)A,4A]) and
Claim 1.

Next we show that 6 = 6103 - - - 6, where 6; = UT(0;, A). Tothisend, lett; <2 < ... <t €
[0, EA] be such that §(s) € E; if and only if s = t; for some j = 1,2, ...,l. From the definition
of v, (u, g) it follows that 5(0) = L, and hence t; > 0. Foreachi =1,2,...,k, let J; be the
subset of indices of j = 1,2,..., I suchthatt; € ((i — 1)A,A], i.e.

Ji:{jE {1,2,...,[}‘25]' S ((Z—l)A,ZA]}

From 1 > 0 it then follows that Ule Ji ={1,2,...,1}. Moreover, it is easy to see that the sets
Ji,Ja, ..., Ji are pairwise disjoint. In addition, since the sequence t1,t2, ..., ?; is increasing,
we getthat J; = {m;_1 +1,...,m;} fori =1,2,...,k, where mgp = 0 and m; € {0,1,...,1}
and m; < mgy < ... < my. We will show that foralli =1,2,...,k

0; = ﬁ(tm'i—1+1)6(tmi—1+2) U ﬁ(tmi) 47)

Since 6 = [B(t1)---B(t;) and Ule Ji = {1,2,...,1}, it is clear that (47) implies that 6 =
0102 - - - 0, and hence Claim 2 is proven.

In order to show (47), notice that from Claim 1 it follows that 3;(s) = G(s + (i — 1)A) for all
s € (0,A] and 3;(0) = L. Hence, 3;(s) € E; ifand only if s = t; — (¢ — 1)A for some t; €
((i—=1)A,iA]),i.e. ifand only of s = ¢, — (i —1)A for some r = m;_1 +1,m;—1 +2,...,m;.
From this and the definition of 6; = UT(5;, A), (47) follows. O

Proof of the Lyapunov-like conditions for finiteness of R(H)

Proof of Theorem 5. To this end, let K = max{V(z) | x € &y U {zo}}. Let N = [K/cA].
Consider the sets H;, i € N from Definition 26. Define the sets ﬁz C X, i € N as follows.

I;[o =AU {1‘0}

Hit1 = {f2(Res(2)), f(z) | # € Hi,q = (¢°,q"),s € Q,u,e € B} UH;

Proofs
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Notice that H; C H; for all i € N. This can be show by induction on i. Fori = 0, Hy = {zo} C
Ho Assume that Hy, C Hk+1 Then if © € Hpyq, then either x € Hy C Hk - Hk+1, or
osfquc(Ru,g( ) forsome ¢ € Q, s € Q,u € E.U{L}, % € Hy C H,.. Hence, xEHk_H

Notice that fIZ- is a finite set for each 7 € N, and hg € H'O. We will show that ﬁN+1 = ﬁN. From
this the finiteness of R(H) follows. To see this, first we show that H N4l = H ~ implies that
Hy = H N4k for all k. We can prove this by induction on k. For & = 1 the statement follows
from H N = = H N+1. Assume that statement is true for all £ < [. In particular, H N = H Nl
Recall that H ;41 = Hy g U {fye(z)? JE(Rus(®) [ ¢° € Qeys €Que By x € Hyy}
Using Hy = Hyq, we get that Hy 41 = HN U {fge(@)2, f2(Rus(x)) | ¢° € Qeys €
Q,u€ E.xe€ HN} = HNH, by definition of HN+1 Hence, we get that HN = HN+k for all
k > 0. Since H; C Hz+1, for all i € N, we then get that | J;~, H; C U, oH Hy and hence
R(H)CQ x HN. Since ( is finite, and HN is finite, we get that R(H) is finite.

We conclude the proof by showing that H N4l = Hy. To this end, by induction on ¢ we will
show that

Vo e Hy\ H;_,:3z € Hy: V(z) < V(2) — ciA (48)
For 7 = 0, the statement above trivially holds. Suppose it holds up to ¢ > 0 and consider
x e Hiyy \H Then, there exists & € H;, eo € E. U {1} and q1,q2 = (qz,qz) € @ such
that z = f, 2( er,q(2))). Here, we assume that R, 4, (2) = &. We argue that £ ¢ 0X and

f2(Re, ,(%) ¢ OX. Indeed, assume that & € OX. Then Re, 4, (&) = zy = RL 4, (z,) € X0,
and hence qug(RLq1 (z5))) € Hy. Buti > 0 implies that H; C H;, i.e. 2 € H; which is
a contradiction. Assume that qug(Rehq1 (z)) € 0X. Thenx € Xy C Hy C H; whichis a

contradiction.

In order to finish the proof of (48), we need to show that for any solution of the differential
equation 2(s) = fse(2(s)) with 2(0) = 29 € X,
V(z(1)) <V(z) —er (49)
In order to see (49), notice that £V (z(s)) = gradV/(z(s)) fs (2(s)) < —c, and hence V (z(7)) =
(2) + fOT %V(z(s)) <V(z)— fOT c=V(z) —cr.

From (49) it then follows that if for all s € [0,7]: f5.(20) € X \ 0X, then f7.(20) = 2(7) <
V(20) — c7. Hence, we get that V/(Ry, ¢, (£)) < ( ), V(£ (Raye)(@)) < V(Rgy e, (2)) =
cA < V(&) — cA, and finally

V(z) = V(5 (Re,q)(®) S V(&) — cA (50)

q2
Notice that & € H; \ H;_1; indeed, & € H;_; implies x € H;, which is a contradiction.
Hence, for some zy € Hy, we get that V(Z) < V(z9) — ciA. By combining this with (50), we
immediately get that (48) holds.

Flnally, we use (50) to show that H N+1 = H ~. By construction, H N C H N+1. Assume that
@ € Hy 1\ Hy. Then there exists 2o € Hy suchthat V (z) < V(z¢)—c(N+1)A < K—K = 0.
But x € X and hence V() > 0, and hence a contradiction.

O
Proof of Proposition 9. We have to check that conditions 1-3 of Theorem 5 hold. Consider V' of

the proposition. Since for all 2 € X, n] z — b; < 0, we get that V(x) —(b; —njx) < 0.
Moreover, V(z) = 0, x € X, if and only if n]Tx —bj =0andnl —b <0 for all i €
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{1,2,..., K} \ {j}. Hence, the Condition 1 of Theorem 5 holds. As to Condition 2 of Theorem
3, we need to show that for all ¢° € Q., grad(V)(z) fge(x) < —c for some ¢ > 0 and for all
x € X. Notice that grad(V')(z) = —n; and hence

grad(V)(x) fye (¢) = —n] (Agew + Y Byeadge1(rge 1))
1=1

Notice that forall I = 1,2,...,mn] Bge 1¢ge 1(rL. ;&) belongs to the interval [n] Bge i (i, oe 4+

Yir)s 1 Bye i(thj,7ae ;@ 4 7;,] for some choice of i; # j; € {1,2}. Hence,

m
nJT(chx + Z BqC,l¢qC,l(T(§,zx)) €
=1

[ (Age + D Bea (i ge o +%0))s15 (Aqew + 3 Bae ity + 7))
=1 =1
Condition 1 of the proposition implies that n} (Agex + >y Byei(phi,70e j2 4 73,)) > ¢ and
nl (Agew + 3% Bye (ptj,mae ;& +75,)) > ¢. Hence, we get that then

an(ch.w + Z ch,lqch’l(r;’;’lx)) >c
=1
Thus grad(V')(z) f4e(x) < —c, i.e. Condition 2 of Theorem 5 holds.

Finally, if z € int X, then V(R,, 4(z)) — V(z) = (b; — nJT(Ru,q(x)) — (b — nfx) = n?(l’ -

Ry q(x)) = —n] (Ryq(x)) — x). But Ry 4 () — & = My 4@ — & + by, 4, and hence by Condition

2. we get that V(R 4(x)) — V(z) < 0. That is, Condition 2 of Theorem 5 holds. O

Well-discretizable hybrid systems: proof of Lemma 1

Proof of Lemma 1. Ttis enough to show that if there exists s € (0, A] such that fy.(z) € ®ge ga .,
then x € Py qa . for each x € X. To this end, notice that f7.(z) € P4 ga . if and only
if hge ga(fo-(2)) = 0. In addition, in this case @y 4o . # (). Let z be the solution of the

differential equation ¢ = fue(2) from z(0) = 2. Then, it follows that %h.. .4 (2(t)) =
gradhge qa o(2(t)) fqe(2(t)) > 0. Hence, hge qa .(2(t)) is a monotonically non-decreasing func-
tion of ¢. It follows that fo.(z) = 2(s) if s < B(¢%,x) or fi.(x) = 2(B(¢°,)). Since
B(q°,x) > 0, we get that hye ga () = hge ga 0(2(0)) < hye ga o(2(min{s, 3(¢% x)})) = 0.
Moreover, f&(z) = z(min{A, 3(¢°, x)}). Since s € (0,A], we get that min{A, B(¢,z)} >
min{s, 8(¢%, x)}, and hence

hqc,qd,e(fgc(x)) < hqc,qd,e(quc(x)) <0
Hence, we get that z € Pe g .. O

Proofs
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