EINDHOVEN
e UNIVERSITY OF
TECHNOLOGY

The Brownian net

Citation for published version (APA):
Sun, R., & Swart, J. M. (2006). The Brownian net. (Report Eurandom; Vol. 2006032). Eurandom.

Document status and date:
Published: 01/01/2006

Document Version:
Publisher's PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

* A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOl to the publisher's website.

* The final author version and the galley proof are versions of the publication after peer review.

* The final published version features the final layout of the paper including the volume, issue and page
numbers.

Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

» Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
* You may not further distribute the material or use it for any profit-making activity or commercial gain
* You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:

openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 16. Nov. 2023


https://research.tue.nl/en/publications/53989778-eaa5-4b16-8025-ea7bae03d5bd

arXiv:math.PR/0610625 vl 20 Oct 2006

The Brownian net

Rongfeng Sun Jan M. Swart
EURANDOM UTIA
P.O. Box 513 Pod vodérenskou vézi 4
5600MB Eindhoven 18208 Praha 8
The Netherlands Czech Republic
e-mail: sun@math.tu-berlin.de e-mail: swart@Qutia.cas.cz

October 20, 2006

Abstract

The (standard) Brownian web is a collection of coalescing one-dimensional Brownian mo-
tions, starting from each point in space and time. It arises as the diffusive scaling limit of
a collection of coalescing random walks. We show that it is possible to obtain a nontrivial
limiting object if the random walks in addition branch with a small probability. We call
the limiting object the Brownian net, and study some of its elementary properties.
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Figure 1: An arrow configuration.

1 Introduction and main results

1.1 Arrow configurations and branching-coalescing random walks

The Brownian web originated from the work of Arratia [Ara79), [Ara8T], and has since been
studied by Téth and Werner [TW98], and Fontes, Isopi, Newman, and Ravishankar [FINR02]
FTINRO4, [FINRO6]. It arises as the diffusive scaling limit of a collection of coalescing random
walks. In this paper, we show that it is possible to obtain a nontrivial limiting object if the
random walks in addition branch with a small probability.

Let 72, := {(x,t) : ,t € Z, x +tis even} be the even sublattice of Z2. We interpret
the first coordinate x as space and the second coordinate t as time, which is plotted vertically
in figures. Fix a branching probability 3 € [0,1]. Independently for each (x,t) € Z2,,, with
probability # draw an arrow from (z,t) to (z—1,t+ 1), with probability 155 draw an arrow
from (z,t) to (x4 1,t+ 1), and with the remaining probability § draw two arrows starting at
(z,t), one ending at (x — 1,¢t + 1) and the other at (x + 1, + 1). (See Figure[ll) We denote
the random configuration of all arrows by

Ng = {(2,2') € Z2n X Z2 ey © there is an arrow from z to 2} . (1.1)

even even °

By definition, a path along arrows in Ng, in short an Ng-path, is the graph of a function
7t [og,00] = RU{*}, with o, € ZU{%o0}, such that ((7(t),t), (7(t+1),t+1)) € Rg and 7 is
linear on the interval [¢,t+1] for all ¢ € [0, 00]NZ, while w(+00) = * whenever +00 € [0, >0].
We call o, the starting time, 7(o) the starting position, and z; := (7(0;), o) the starting
point of the Ng-path .

For any A C Z& ., U {(*,£00)}, we let Us(A) denote the collection of all Xg-paths with
starting points in the set A, and we use the shorthands Uy (z) := Us({z}) and Uy := Ug(Z, e, U
{(¥,%00)}) for the collections of all Xg-paths starting from a single point z, and from any point
in space-time, respectively.

An arrow configuration Ng is in fact the graphical representation for a system of discrete
time branching-coalescing random walks. Indeed, if we set

nit = {r(t):meUs(A)}y  (t€Z, ACZl U{(x £0)}), (1.2)

and we interpret the points in 77{1 as being occupied by a particle at time ¢, then (nf)tez is a

collection of random walks, which are introduced into the system at space-time points in A.

At each time t € Z, independently each particle with probability % jumps one step to the
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Figure 2: The compactification R? of R2.

left (resp. right), and with probability # branches into two particles, one jumping one step to
the left and the other one step to the right. Two walks coalesce instantly when they jump
to the same lattice site. Note that the case § = 0 corresponds to coalescing random walks
without branching.

We are interested in the limit of U3 under diffusive rescaling, letting at the same time
B — 0. Thus, we rescale space by a factor &, time by a factor €2, and let ¢ — 0 and 3 — 0 at
the same time. For the case § = 0, it has been shown in [EINRO4] that Uy diffusively rescaled
converges weakly in law, with respect to an appropriate topology, to a random object W,
called the Brownian web. We will show that if 5/ — b for some b > 0, then in (essentially)
the same topology as in [FINR04], /3 diffusively rescaled converges in law to a random object
Ny, which we call the Brownian net with branching parameter b. Here N is equal to W in
distribution, while A, with b > 0 differ from W, but are related to each other through scaling.

1.2 Topology and convergence

To formulate our main results, we first need to define the space in which our random variables
take values and the topology with respect to which we will prove convergence. Our topology
is essentially the same as the one used in [FINRO2, [FTINR04], except for a slight (and in most
applications irrelevant) detail, as explained in Appendix [Al

Let R? be the compactification of R? obtained by equipping the set R? := R? U {(400, 1) :
t € R}U{(*,+00)} with a topology such that (z,,t,) — (+oo,t) if x,, — oo and t,, — t € R,
and (z,,t,) — (%, £00) if t,, — £oo (regardless of the behavior of z,,). In [FINR02) [FINRO4],
such a compactification is achieved by taking the completion of R? with respect to the metric

p(z1,11), (22, 12)) = [O1(21, 1) — O1 (22, 12)| V [O2(t1) — Oa(t2)], (1.3)
where the map © = (01, 03) is defined by

tanh(x)
L+t

O(x,t) = (O1(x,1), Oa(t)) := ( anh(t)). (1.4)

We can think of R? as the image of [—00, c0]? under the map ©. Of course, p and © are by no
means the only choices that achieve the desired compactification. See Figure B for a picture



of R? (for a somewhat different choice of ©).

By definition, a (continuous) path in R? is a function 7 : [0, 00] — [—00,00] U {*},
with o, € [—00,00], such that 7 : [o;,00] NR — [—00,00] is continuous, and 7(+o0) = *
whenever +oo € [o,,00]. Equivalently, if we identify R? with the image of [—00,00]? under
the map ©, then 7 is a continuous map from [O2(c ), O2(c0)] to R whose graph is contained
in ©([—00,00]?). Throughout the paper, we identify a path m with its graph {(w(t),t) : t €
[0r,00]} € R% Thus, we often view paths as compact subsets of R2. We stress that the
starting time is part of the definition of a path, i.e., paths that are defined by the same
function but have different starting times are considered to be different. Note that both the
function defining a path and its starting time can be read off from its graph.

We let II denote the space of all paths in R?, equipped with the metric

d(my,m2) :=|O2(0r,) — O2(0m,)| V  sup  |O1(m1(tV on,),t) — O1(ma(t V ory),t)|. (1.5)

tZoﬂl Ao

The space (II,d) is complete and separable. Note that paths converge in (I, d) if and only if
their starting times converge and the functions converge locally uniformly on R. If fact, one
gets the same topology on II (though not the same uniform structure) if one views paths as
compact subsets of R? and then equips IT with the Hausdorff metric.

Recall that if (E,d) is a metric space and K(FE) is the space of all compact subsets of F,
then the Hausdorff metric dg on IC(E) is defined by

du(K1,Kz) = sup inf d(zi,22)V sup inf d(z1,z9). (1.6)

r1€K1 o€ Ko x2€K> r1€K,

If (E,d) is complete and separable then so is (K(E),dy). For a given topology on E, the
Hausdorff topology generated by dyp depends only on the topology on E and not on the choice
of the metric d.
The Brownian net A}, and web W are K(II)-valued random variables. We define scaling
maps S; : R? — R? by
S.(x,t) == (ex, %) ((z,t) € R?). (1.7)

We adopt the convention that if f : R2 — R? and A C R2, then f(A) := {f(z) : z € A}
denotes the image of A under f. Likewise, if K is a set of subsets of R? (e.g. a set of paths),
then f(K)={f(A): A € K} is the image of K under the map A — f(A). So, for example,
S.(Upg) is the set of all Ng-paths (viewed as subsets of R?), diffusively rescaled with e. This
will later also apply to notation such as —A:={—x:2x € A} and A+y :={zx+y:z € A}
We will sometimes also use the shorthand f(Aj,...,A,) = (f(Al), e ,f(An)) when f is a
function defined on R? and A, ..., A, are elements of, or subsets of, or sets of subsets of RZ2.

Recall from Section [LT] the definition of an arrow configuration Ng and the set U3 of all
Ng-paths. Note that U3 is a random subset of II. In order to make Uz compact, from now
on, we modify our definition of Ug by adding all trivial paths 7 that satisfy o, € {+o0} UZ
and 7(t) = —oo or m(t) = oo for all t € [0, 00]. The main result of this paper is the following
convergence theorem.

Theorem 1 (Convergence to the Brownian net)
There exist K(II)-valued random variables Ny (b > 0) such that, if e, 8, — 0 and By /e, —
b >0, then S, (Ug,) are K(II)-valued random variables, and

£(5:,Us,)) = LNG), (1.8)
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where L(-) denotes law, and = denotes weak convergence. The random variables (Np)p=0
satisfy the scaling relation

L(S:(Np)) = LWNyy)  (6,6>0). (1.9)

We have L(Ny) = L(W), where W is the Brownian web. However, the random variables Ny
with b > 0 are different from W.

For 3, = 0, i.e., the case without branching, Theorem [ follows from [FINR04, Theorem 6.1].
In the next sections, we will give three equivalent characterizations of the random variables
Ny with b > 0. In view of the scaling relation (CH), it suffices to consider the case b =1. We
call N}, the Brownian net with branching parameter b and N := N the (standard) Brownian
net.

1.3 The Brownian web

In order to prepare for our first characterization of the Brownian net A/, we start by recalling
from [FINRO4, Theorem 2.1] the characterization of the Brownian web W. For any K € KC(II)
and A C R?, we let K(A) := {mr € K : z; € A} denote the collection of paths in K with
starting points in A, and for z € R? we write K (z) := K({z}).

Theorem 2 (Characterization of the Brownian web)
There exists a K(II)-valued random variable W, the so-called (standard) Brownian web, whose
distribution is uniquely determined by the following properties:

(i) For each deterministic z € R?, W(z) consists a.s. of a single path W(z) = {r.}.

(ii) For any finite deterministic set of points z1,...,zx € R%, (74, ..., 75,) is distributed as a
system of coalescing Brownian motions starting at space-time points zi,..., 2.

(iii) For any deterministic countable dense set D C R?,

W=W(D) as., (1.10)
where — denotes closure in (11, d).

Note that by properties (i) and (iii), for any deterministic countable dense set D C R2,
the Brownian web is almost surely determined by the countable system of paths W(D) =
{7, : z € D}, whose distribution is uniquely determined by property (ii). We call W(D) a
skeleton of the Brownian web (relative to the countable dense set D). Since skeletons may be
constructed using Kolmogorov’s extension theorem, Theorem P allows a direct construction of
the Brownian web.

Although W(z) consists of a single path for each deterministic = € R?, as a result of the
closure in ([LI0), there exist random points z where WW(z) contains more than one path. These
are points where the map z — m, is discontinuous, i.e., the limit lim, o, 7,, depends on the
choice of the sequence z, € D with z, — z. These special points of the Brownian web are
classified according to the number of disjoint incoming and distinct outgoing paths at z, and
play an important role in understanding the Brownian web, and, later on, also the Brownian
net. We recall the classification of the special points of the Brownian web in Section



1.4 Characterization of the Brownian net using hopping

Our first characterization of the Brownian net will be similar to the characterization of the
Brownian web in Theorem Bl A difficulty is that in the Brownian net N, there is a multitude
of paths starting at any site z = (x,t) € R2. There is, however, a.s. a well-defined left-most
path and right-most path in N'(z), i.e., there exist I, 7, € N'(z) such that [,(s) < 7(s) < r.(s)
for any s >t and m € N (z). These left-most and right-most paths will play a key role in our
characterization.

Our first task is to characterize the distribution of a finite number of left-most and right-
most paths, started from deterministic starting points. Thus, for given deterministic z1, . . ., 2z,
2y, ..., 2}, € R?, we need to characterize the joint law of (., ... oy Torsee ’TZ;,)' It turns
out that (I,,,...,l;,) is a collection of coalescing Brownian motions with drift one to the
left, while (Tzi’ e ,TZ;,) is a collection of coalescing Brownian motions with drift one to the
right. Moreover, paths evolve independently when they do not coincide. Therefore, in order to
characterize the joint law of (I,,, ... ,lzk,rzi, . ’rz;,)> it suffices to characterize the interaction
between one left-most path [, = [, ;) and one right-most path r.; = r(, ;). The joint evolution
of such a pair after time sV s’ can be characterized as the unique weak solution of the two-
dimensional left-right SDE

ALy =17, 2r,dB} + 1{1,_p,ydB; — dt,

1.11

dRy=141,2p,dB; + 141,—p,dB; +dt, ( )
where B%, B}, B} are independent standard Brownian motions, and L; and R; are subject to
the constraint that Ly < Ry for all ¢t > T := inf{u > sV s : L, < R,}. These rules uniquely
determine the joint law of (l,,... ,lzk,rzi, . ,T’Z;C,). We call such a system a collection of
left-right coalescing Brownian motions. See Figure B for a picture. We refer to Sections Bl
and for the proof that solutions to ([LTIl) are weakly unique, and a more careful definition
of left-right coalescing Brownian motions.

Since we are not only interested in left-most and right-most paths, but in all paths in the
Brownian net, we need a way to construct general paths from left-most and right-most paths.
The method we choose in this section is based on hopping, i.e., concatenating pieces of paths
together at times when the two paths are at the same position.

We call t an intersection time of two paths m1,mg € Il if 07, V or, < t < 00 and m(t) =
mo(t). We say that a path 7 crosses a path mg from left to right at time t if there exist
Ony Vor, <t_ <t <ty <oosuch that m1(t_) < ma(t_), ma(t+) < mi(t4), and ¢ = inf{s €
(t—,ty) s ma(s) < mi(s)}. We say that t € R is a crossing time of w1 and o if either 7 crosses
Ty or 7o crosses w1 from left to right at time .

For any collection of paths A C II, we let Hin(,A) denote the smallest set of paths contain-
ing A that is closed under hopping at intersection times, i.e., Hint(A) is the set of all paths
m € II of the form

m
™= U {(Trk(t)vt) tte [tk—latk]}v (112)

k=1
where m,..., Ty, € A, op, =tg < -+ < ty, = 00, and i is an intersection time of 7 and
mg41 for each k = 1,...,m — 1. Likewise, we let Hcyo5(/A) denote the smallest set of paths

containing A that is closed under hopping at crossing times.

Theorem 3 (Characterization of the Brownian net using hopping)



There exists a K(II)-valued random variable N, which we call the (standard) Brownian net,
whose distribution is uniquely determined by the following properties:

(i) For each deterministic z € R?, N'(2) a.s. contains a unique left-most path I, and right-most
path 7.

(ii) For any finite deterministic set of points zi,..., 2k, 21,..., 2 € R?, the collection of
paths (L, ... ,lzk,rzi, . ’TZ;;/) 1s distributed as a collection of left-right coalescing Brownian
motions.

(iii) For any deterministic countable dense sets D', D" C R?,

N = Hcros({lz c2e€DYU{r,:z€ Dr}) a.s. (1.13)

Instead of hopping at crossing times, we could also have built our construction on hopping at
intersection times. In fact, a much stronger statement is true.

Proposition 4 (The Brownian net is closed under hopping)

We have Hint(N) = N.

We note, however, that as a result of the existence of special points in the Brownian web with
one incoming and two outgoing paths, the Brownian net is not closed under hopping at times
t such that m(t) = ma(t) but t = or, V or,(t). Thus, it is generally not allowed to hop onto
paths at their starting times.

1.5 The left-right Brownian web

Given a Brownian net NV, if we take the closures of the set of all left-most and right-most paths,
started respectively from deterministic countable dense sets D', D'  R2, then we obtain two
Brownian webs, tilted respectively with drift —1 and +1, that are coupled in a special way.
Our next theorem introduces this object in its own right.

Theorem 5 (Characterization of the left-right Brownian web)
There exists a K(I1)2-valued random variable (W', W), which we call the (standard) left-right
Brownian web, whose distribution is uniquely determined by the following properties:

(i) For each deterministic z € R?, W\(2) and W*(2) a.s. each contains a single path W' (z) =
{l.} and W*(z) = {r.}.

(ii) For any finite deterministic set of points zi,..., 2k, 21,..., 2 € R?, the collection of
paths (I, -+ ,lzk;rzi, e ’TZ;;/) 18 distributed as a collection of left-right coalescing Brownian
motions.

(iii) For any deterministic countable dense sets D', D" C R?,
W ={l.: 2D} and W' ={r.:z€ D'} as. (1.14)

Note that if we define titling maps by Tilt*(z,t) := (z + t,t), then TiltT™(W') and Tilt~ (W)
are distributed as the (standard) Brownian web. The following lemma, the proof of which can
be found in Section Hl is an easy consequence of Theorem

Lemma 6 (Associated left-right Brownian web)

Let N be the Brownian net. Then N a.s. uniquely determines a left-right Brownian web
(W W") such that for each deterministic z € R?, W'(z) = {l.} and W*(z) = {r.}, where I,
and r, are respectively the left-most and right-most path in N'(z).
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Figure 3: A mesh M (r,1) with bottom point z and a wedge W (7,1) with bottom point z.

If W' Wr) and N are coupled as in Lemma B, then we say that (W' W) is the left-right
Brownian web associated with the Brownian net A/. Theorem Bl shows that conversely, a
left-right Brownian web uniquely determines its associated Brownian net a.s.

In the next section, we give another way to construct a Brownian net from its associated
left-right Brownian web. Since the left-right Brownian web is characterized by Theorem B
this yields another way to characterize the Brownian net.

1.6 Characterization of the Brownian net using meshes

If for some z = (x,t) € R?, there exist | € W!(z) and r € W'(z) such that r(s) < I(s) on
(t,t +¢) for some € > 0, then denoting 7" := inf{s >t : r(s) = I(s)}, we call the open set (see
Figure B)

M=M@rl) = {(y,s) eER*:t<s<T, r(s) <y<l(s)} (1.15)

the mesh with bottom point z, top point (r(T),T), and left and right boundary r and [,
respectively. We call x and t the bottom position and bottom time, respectively, of the mesh
M. We say that a path m € II enters an open set A C R? if there exist o, < s < t such that
m(s) ¢ A and 7(t) € A. Note the strict inequality in s > 0.

Theorem 7 (Characterization of the Brownian net using meshes)
Let (W', WX) be the left-right Brownian web. Then almost surely,

N = {m €Il : 7 does not enter any mesh of (W', W*) with bottom time t > o}  (1.16)

is the Brownian net associated with (W', WF).

The next proposition implies that paths in the net N' do not enter meshes of (Wl,Wr) at
all (regardless of their bottom times), and hence formula (CIG) stays true if one drops the
restriction that the bottom time of the mesh should be larger than o.

Proposition 8 (Containment by left-most and right-most paths)

Let N be the Brownian net and let (W', W) be its associated left-right Brownian web. Then,
almost surely, there exist no ™ € N and | € W' such that I(s) < 7(s) and n(t) < I(t) for some
or Vo <s<t. An analogue statement holds for right-most paths.



Figure 4: Dual arrow configuration with no branching.

Remark Theorem [ and Proposition 8 have analogues for the Brownian web. Indeed, gener-
alizing our earlier definition, we can define a left-right Brownian web (W},, W) with drift b > 0
by replacing the drift terms +d¢ and —d¢ in the left-right SDE (CIIl) with +bd¢ and —bdt,
respectively. Then W) = Ny = W} a.s. and is distributed as the (standard) Brownian web,
and Theorem [ and Proposition | hold for any b > 0. The meshes of the Brownian web are
called bubbles in [FINROG].

1.7 The dual Brownian web

Arratia [Ara79] observed that there is a natural dual for the arrow configuration Xy, the
graphical representation of discrete time coalescing simple random walks. More precisely, Ng
uniquely determines a dual arrow configuration Xo defined as follows (see Figure H):

Ro == {((z,t + 1), (x £ 1,1)) € Z24q x Z24q : ((z,1), (x F 1, + 1)) € Ro}. (1.17)

Observe that directed edges in ¥y and Ry do not cross, and Ny and Ro uniquely determine each
other. A dual arrow configuration No is the graphical representation of a system of coalescing
simple random walks running backward in time, and —Ro + (0,1) is equally distributed with
Ng. In analogy with Uy, let Uo denote the set of backward paths along arrows in No It follows
from results in [FINRO4, [FINRO6] that

E(Sa(U07L?O)) j ﬁ(Wv W)? (1'18)

where W is the standard Brownian web, and W is the so-called dual Brownian web associated
with W. One has R A
E( — (W,W)) = LW, W). (1.19)

In particular, W is equally distributed with —W, the Brownian web rotated 180° around the
origin. It was shown in [STWO0, [FINRO6] that the interaction between paths in W and W is
that of Skorohod reflection.

A Brownian web W and its dual W a.s. uniquely determine each other. There are several
ways to construct W from W. We will describe one such way here, since this construction
generalizes to the Brownian net. For any dual paths 71,79 € W that are ordered as m1(s) <
7a(s) at the time s := 64, A 64,, where 6, denotes the starting time of 7; (i = 1,2), we let
T :=sup{t < s : m1(t) = 72(t)} denote the coalescence time of 7; and 2. We call the open
set

W =W (71, 72) i= {(z,u) ER*: T <u<s, 71(u) << au)} (1.20)
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the wedge with left and right boundary 71 and 7o. We say that a path = € Il enters an open
set A C R? from outside if there exist o, < s < t such that 7(s) ¢ A and 7 (t) € A.

Theorem 9 (Construction of the Brownian web from its dual)
Let (W, W) be a Brownian web and its dual. Then almost surely,

W = {7T € Il : m does not enter any wedge ofW from outside}. (1.21)

The proof of Theorem M is contained in Section B2l

1.8 Dual characterization of the Brownian net

Let (W! WF) be a left-right Brownian web. Then W' and W* each a.s. determines a dual web,

which we denote respectively by W! and Wr. It will be proved in Section below that
L(— (WL, W W) = LOM, W WL WD) (1.22)

In particular, the dual left-right Brownian web (Wl, Wr) is equally distributed with —(W!, Wr),
the left-right Brownian web rotated by 180° around the origin.

For any # € W and [ € W! that are ordered as 7(s) < I(s) at the time s := 67 A o, we let
T :=sup{t < s : #(t) = I(t)} denote the first hitting time of # and [, which may be —co. We
call the open set (see Figure B)

W =W(#1) = {(z,u) € R?:T <u<s, #lu) <z < f(u)} (1.23)

the wedge with left and right boundary 7 and [. The next theorem is analogous to Theorem [

Theorem 10 (Dual characterization of the Brownian net)
Let (W' W WL, Wr) be a left-right Brownian web and its dual. Then, almost surely,

N = {7T € Il : m does not enter any wedge of (WI,WY) from outside} (1.24)
is the Brownian net associated with (W', WF).

We note that there exist paths in A/ (even in W! and W) that enter wedges of (Wl, Wr) in
the sense defined just before Theorem [l Therefore, the condition in (C24]) that 7 enters from
outside cannot be relaxed.

1.9 The branching-coalescing point set

Just as the arrow configuration Ng is the graphical representation of a discrete system of
branching-coalescing random walks, the Brownian net N is the graphical representation of a
Markov process taking values in the space of compact subsets of [—o00, c0], which we call the
branching-coalescing point set. In analogy with (), for any compact A C R?, we denote

G ={nt):Te N(A)} (teR, AecK(R?)). (1.25)

We set R := [~00, c0] and let K(R) denote the space of compact subsets of R, equipped with
the Hausdorff topology, under which IC(R) is itself a compact space. We recall that if E is a
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compact metrizable space, then a Feller process in E is a time-homogeneous Markov process
in E, with cadlag sample paths, whose transition probabilities P;(z,dy) have the property
that the map (x,t) — P;(z, -) from E X [0,00) into the space of probability measures on F
is continuous with respect to the topology of weak convergence. Feller processes are strong
Markov processes [EK86, Theorem 4.2.7].

Theorem 11 (Branching-coalescing point set)
Let N be the Brownian net. Then for any s € R and K € K(R),

&= (<t <o) (1.26)

defines a Feller process (&;)>s in K(R) with continuous sample paths, started from the initial
state K at time s. For each deterministic t > s, the set & 1is a.s. locally finite in R. If
K e K :={K € K(R) : K = K NR}, then

P& € KVt > 5] = 1. (1.27)

Note that K" excludes sets in which either —oo or co is an isolated point, and hence K’ can
in a natural way be identified with the space of all closed subsets of R. Thus, property (L27)
says that we can view the branching-coalescing point set as a Markov process taking values
in the space of closed subsets of R.

The branching-coalescing point set & arises as the scaling limit of the branching-coalescing
random walks 7, introduced in ([LZ). The scaling regime considered in Theorem [0 allows us to
interpret & heuristically as a collection of Brownian particles which coalesce instantly when
they meet but branch with an infinite rate. The infinite branching rate makes it difficult,
however, to develop a good intuition from this simple picture. In particular, even for the
process started at time zero from just one point, there is a dense collection of random times
t > 0 such that & is not locally finite. The proof of this fact is not difficult, but for lack of
space, we defer it to a future paper.

For the branching-coalescing point set started from the whole extended real line R, we can
explicitly calculate the expected density at any ¢t > 0. Below, |A| denotes the cardinality of a

__1 (T —y?)2
set and @(z) = = [f eV /2y
Proposition 12 (Density of branching-coalescing point set)
We have

_ —t

E [\g}“‘m} N a, b]|] =(b—a)- (e— + 2@(@)) forall [a,b] CR, t>0.  (1.28)
Vrt

Note that the density of 5}? A0} 4 proportional to t71/2 as ¢ | 0. This is consistent with the

behavior of the Brownian web, but the decay is faster than is known for other coalescents such

as Kingman’s coalescent or the branching-coalescing particle systems in [AS05, Theorem 2 (b)].

On the other hand, the density approaches the constant 2 as ¢t — oo, in contrast to the

Brownian web.

Our next proposition shows that it is possible to recover N (R x {0}) from ({’,ﬁE X{O})tzo.
Below, for any K C K(R2), we let
UK ={zeR?:3JAc K st ze A} (1.29)

denote the union of all sets in K. We call UK the image set of K. For t € [—o0, 0], let
II; ;== {m € II : 0 = t} denote the space of all paths with starting time ¢. Note that

U NI) = {(2,8) : £ > 0, z € &Y U {(x, 00)}
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Proposition 13 (Image set property)
Let N be the Brownian net. Then, almost surely for all t € [—o0, o],

NN ={rell;: 7 C UNNIL)}. (1.30)

1.10 The backbone

In this section, we study N (*, —00), the set of paths in the Brownian net starting at time
—o00, and its discrete counterpart Ug(*, —0c0). These sets are relevant in the study of ergodic
properties of the branching-coalescing point set and the branching-coalescing random walks.
Borrowing terminology from branching theory, we call N (x, —o00) and U (x, —o0) respectively
the backbone of the Brownian net and the backbone of an arrow configuration.

Proposition 14 (Backbone of an arrow configuration)
For 38 >0, the set of Ng-paths, Ug, satisfies the following properties:

(i) {m(0) : m € Ug(*, —00)} is a Bernoulli random field on Zeven with intensity p := (li%)g.

(ii) Up(*, —o0) and —Us(*, —c0) are equal in law.

even

iii) Almost surely, Ug(zn,tn) — Ug(x, —o0) in IC(II) for any sequence (zp,t,) € Z2
6 n—oo IB

satisfying t, — —oo and limsup,,_, % < g.

Note that (recall ([C2))

T = {n(t) s w € Us(x,—00)}  (tE€Z) (1.31)
defines, modulo parity, a stationary system of branching-coalescing random walks (ng*’_oo) )tez.-
Thus, property (i) implies that, modulo parity, Bernoulli product measure with intensity %
is an invariant measure for the branching-coalescing random walks with branching probability
B. This is perhaps surprising, unless one is familiar with other branching-coalescing particle
systems such as Schlégl models (see, for example, [Sch72, [DDLI0), [AS05]). Property (ii) says
that this invariant law is moreover reversible in a rather strong sense. Note that an arrow
configuration Ng is not symmetric with respect to time reversal, so this statement is not as
obvious as it may seem. Property (iii) implies that the branching-coalescing random walks
(m¢)t>0 exhibits complete convergence, i.e., for any nonempty initial state 19 C Zeyen, as
t — 00, My (resp. Mary1) converges in law to Bernoulli product measure on Zeyen (resp. Zodq)
with intensity p = 337

For the Brownian net, we have the following analogue of Proposition [[4

Proposition 15 (Backbone of the Brownian net)
The Brownian net N satisfies

(i) {m(0) : m € N (%, —00)}\{Fo0} is a Poisson point process on R with intensity 2.

(ii) NV (x, —c0) and —N(x,—00) are equal in law.

(iii) Almost surely, N'(xp,t,) — N (x,—00) in KC(II) for any sequence (x,,t,) € R? satisfy-
|2

ing t, — —oo and limsup,,_, o < 1.

13



35} 09 b
08
3t _
07 Lo
257 08
f
2t o5
04}
15}
03l
1L
02
051 0.1
0 L L L J O - i
=2 0 2 4 6 0 05 1 15 2

Figure 5: Left-right coalescing Brownian motions and the backbone of the Brownian net.

In analogy with the branching-coalescing random walks, it follows that the law of a Poisson
point set on R with intensity 2 is an invariant law for the branching-coalescing point set,
that the latter exhibits complete convergence, and hence this is its unique nontrivial invariant
law. See Figure [ for a picture of the backbone, or rather its image set UN (%, —c0). Note
that by Proposition [[3, any path starting at time —oo that stays in UN(x, —00) is a path in
N (%, —00).

1.11 Discussion, applications, and open problems

This article began with the question whether it is possible to add a small branching probability
to the arrow configuration Ry, which scales to the Brownian web, in such a way that one still
obtains a nontrivial limit. At first sight, this may not seem possible because of the instanta-
neous coalescing of paths in the Brownian web. At second thought, for arrow configurations
N3 with branching probability 3, if we rescale space and time by ¢ and €2 and let € — 0, then
for the left-most and right-most Ng-path starting from the origin to have a nontrivial limit,
we need (/e — b for some b > 0. It seems a coincidence that exactly the same scaling of
B and ¢ is needed for the invariant measures of the branching-coalescing random walks from
Proposition [ (i) to have a nontrivial limit. It was the observation of this coincidence that
started off the present article.

Arratia’s [Ara79, [Ara81] original motivation for studying the Brownian web came from one-
dimensional voter models. In fact, coalescing simple random walks are dual to one-dimensional
nearest-neighbor voter model in two ways. They represent the genealogy lines of the voter
model, and they also characterize the evolution of boundaries between domains of different
types in an infinite type voter model. Voter models are used in population genetics to study
the spread of genes in the absence of selection and mutation. They can also be viewed as the
stochastic dynamics of zero-temperature one-dimensional Potts models. These points of view
suggest several extensions of the Brownian web.
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In [EINROG], the marked Brownian web was introduced for the study of one-dimensional
Potts models at small positive temperature. There, with small probability, a site may change
its type, giving rise to a ‘nucleation event’. In the biological context, such an event may be
interpreted as a mutation. For the dual system of coalescing random walks, this results in a
small death rate. The diffusive scaling limit of such a system is characterized by a Poisson
marking of paths in the dual Brownian web, according to their length measure, where marks
indicate deaths of particles.

There are at least two motivations for studying the Brownian net. First, in the biological
interpretation, if instead of mutation, one adds a small selection rate, then one ends up
with a biased voter model, which is dual to branching-coalescing random walks (compare
[ASO5]). Near the completion of this article, we learned that Newman, Ravishankar, and
Schertzer [NRS06] have been studying a differently motivated model that also leads to the
Brownian net. Their model is a one-dimensional infinite-type Potts model, where, in contrast
to the model in [FINROG], nucleation events can now only occur at the boundaries between
different types. These boundaries then evolve as a system of continuous-time branching-
coalescing random walks, which leads to the Brownian net. Rather than starting from the
left-right Brownian web, their construction of the Brownian net is based on a Poisson marking
of the set of intersection points between paths in the Brownian web W and its dual W according
to the local time measure. We refer the reader to their paper for more details.

There are a number of questions about the Brownian net that are worth investigating.
First, we would like to give a complete classification of all special points in the Brownian
net, in analogy with the classification of special points in the Brownian web. We have partial
results in that direction and will present them in a separate paper. There, we will also discuss
the interaction between forward left-most and dual right-most paths, which can be used to
give an alternative characterization of the left-right Brownian web not discussed in the present
paper.

The second question regards the universality of the Brownian net and the branching-
coalescing point set. Our convergence result is for the simplest system of branching-coalescing
random walks. It is plausible that the same result holds for more general branching-coalescing
systems, such as Schlégl models or the biased annihilating branching process from [Sud99).
Related to this is the question of how to characterize the branching-coalescing point set by
means of a generator or well-posed martingale problem.

The third question is to study the marked Brownian net, which can be defined by a Poisson
marking of paths in the Brownian net paths in the same spirit as the marked Brownian web
introduced in [FINRO6]. In the biological context, such a model describes genealogies in the
presence of small selection and rare mutations. It can be shown that the resulting branching-
coalescing point set with deaths undergoes a phase transition of contact-process type as the
death rate is increased. This model might therefore be of some relevance in the study of the
one-dimensional contact process.

Finally, it would be interesting to know if the branching-coalescing point set is related to
some field theory used in theoretical physics. The physicist’s way of viewing this process would
probably be to say that these are coalescing Brownian motions with an infinite branching rate,
but, due to the coalescence, most of this branching is not effective, so at macroscopic space
scales one only observes the ‘renormalized’ branching rate, which is finite.
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1.12 Outline

The rest of the paper is organized as follows. In Section Bl we construct and characterize the
left-right Brownian web (Theorem Hl) by first characterizing the left-right SDE and left-right
coalescing Brownian motions described in Section [L4l In Section Bl, we establish some basic
properties for the left-right SDE, recall some properties of the Brownian web and its dual, and
prove some basic properties for the left-right Brownian web and its dual.

In Section Hl, we prove the equivalence of the hopping construction (Theorem Bl) and the
dual construction (Theorem [[M) of the Brownian net. In Section Bl we prove Theorem [I our
main convergence result. In fact, we prove something more: denoting the collections of all
left-most and right-most paths in an arrow configuration Rg by L{é and U, respectively, we
show that Se(L{é,L{é,ng) converges to (W W, ), where (W! W) is a left-right Brownian
web and N is the associated Brownian net. Here the hopping and dual characterizations of
the Brownian net serve respectively as a stochastic lower and upper bound on limit points of
Se(Ug).

In Section [Bl, we carry out two density calculations. The first of these yields Proposition [[2]
while the second estimates the density of the set of times when the left-most path starting
at the origin first meets some path in the Brownian net starting at time 0 to the left of the
origin. This second calculation is used in Section [ to establish the characterization of the
Brownian net using meshes (Theorem [) and Proposition B These two results then in turn
imply Propositions Bl and

Finally, in Section B, we prove Theorem [[1l on the branching-coalescing point set, and in
Section @, we prove Propositions [[4] and [[H on the backbones of arrow configurations and the
Brownian net.

2 The left-right Brownian web

In section B, we characterize the left-right SDE described in Section [[4] as the unique weak
solution of the SDE (ILIT)). In Section &2, we give a rigorous definition of a collection of
left-right coalescing Brownian motions described in Section [[4l Finally in Section 23, we
construct the left-right Brownian web and prove Theorem Bl

2.1 The left-right SDE

Recall that a Markov transition probability kernel P;(z, dy) on a compact metrizable space has
the Feller property if the map (x,t) — Py(z, -) from E x [0,00) into the space of probability
measures on F is continuous with respect to the topology of weak convergence. Each Feller
transition probability kernel gives rise to a strong Markov process with cadlag sample paths
[EK86, Theorem 4.2.7]. If E is not compact, but locally compact, then let E,, = E U {o0}
denote the one-point compactification of E. In this case, one says that a Markov transition
probability kernel P,(z,dy) on E has the Feller property if the extension of Pi(z,dy) to Ex
defined by putting P;(co, - ) := doo (t > 0) has the Feller property. The corresponding Markov
process is called a Feller process.

Proposition 16 (Well-posedness and stickiness of the left-right SDE)
For each initial state (Lo, Ry) € R?, there erists a unique weak solution to the SDE (1)
subject to the constraint that Ly < Ry for allt > T := inf{s > 0 : Ly = Rs}. The family
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of solutions {(L¢, R¢)1>0}(Lo,Ro)er? defines a Feller process. The law of the total time that Ly
and R; are equal is given by

ﬁ(/oool{Lt:Rt}dQ :£<Sup (%—HM)), (2.1)

t>0

where By is a standard Brownian motion (started at zero).

Denote R2 := {(z,y) € R? : < y}. A weak R%-valued solution to () is a quintuple
(L, R, B', B", B%) where B', B", B are independent Brownian motions and (L, R) is a contin-
uous, adapted R2-valued process such that (IIT]) holds in integral form (where the stochastic
integrals are of Ito-type).
We rewrite the SDE ([LITJ) into a different equation, which has a pathwise unique solution.*
Consider the equation
(i

(ii
(i
. t

(IV fO 1{L3<Rs}d58 = 0.

Note that (Z2) (iv) says that S; increases only when L; = R;. By definition, by a weak
R%—Valued solution to (Z2), we will mean a 7-tuple (L, R, S,T, B!, B*, B%), where B!, B*, B*
are independent Brownian motions, S,T" are nonnegative, nondecreasing, continuous, adapted
processes such that {2 (iii) and (iv) hold, and (L, R) is a continuous, adapted RZ-valued

process such that (Z2) (i) and (ii) hold in integral form.
Proposition [[@ follows from the following lemma.

) dL; = dBY, +dBg, — dt,

) dR; =dBj, +dBg, + dt, 22)
) Ti+ St =t, '

)

Lemma 17 (Space-time SDE)
(i) There is a one-to-one correspondence in law between weak RZ-valued solutions of ({L11)

and weak R%-valued solutions of (Z2).

(ii) For each initial state (Lo, Ro) € R, equation (Z2) has a pathwise unique solution.
(iii) Solutions to (ZA) satisfy S; = fg Lyr,=r,ds,

Sy = sup (%(Lo + B! -~ Ry— BY) — s) a.s., (2.3)
0<s<T;

and lim;_o, T} = oo.

Proof of Proposition Since L; and R; evolve independently until they meet, it suffices to
consider the case Lo < Ry. The existence and uniqueness of weak solutions to (LIII) under the
given constraint follow from Lemma [T (i) and (ii), while (Z1II) follows from Lemma [[7 (iii).
To prove the Feller property, by the continuity of sample paths, it suffices to show that the
law on path space of solutions to ([LII) depends continuously on the initial state. Since the
first meeting time and position of two independent Brownian motions depend continuously
on their initial states, it suffices to show continuity of R2-valued solutions to ([ZZ)) in the

initial state. Fix Brownian motions B!, B*, and B®, and let (L™, R™ S™ T™) be a sequence of

'In contrast, we believe that solutions to (L)) are not pathwise unique; see [War(l?] and references therein
for a similar equation where this has been proved.
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solutions to ([Z2) with initial states (L%, R}) = (I, ) € R%, such that (I,,,7,) — (I,r) € RZ.
Since L™ and R™ are Brownian motions and S™, T™ increase with slope at most 1, the sequence
(L™ R™ S™,T™) is tight. It is not hard to see that any subsequential limit solves (2] (compare
the proof of Proposition Bl in Section B, and therefore (L™, R™) converges to the pathwise
unique solution of (Z2Z) with initial state (I,7). n

Proof of Lemma [I7 We start with the proofs of parts (ii) and (iii). Our approach is to
transform an equation with a sticky boundary into a SDE with immediate reflection, which is
a standard technique to deal with sticky reflection. Put

Dt = Rt - Lt7
- - (2.4)
Wi:=Ro+ B} — Lo — B;.
Then
dD; = dWr, + 2dt. (2.5)

It is easy to see from () that D; leaves 0 immediately, i.e., there exist no s < ¢ such that
D, =0 for all u € (s,t). Hence, by Z2) (iii) and (iv), 7} is strictly increasing and continuous
in t. Making the random time change 7 = T}, denoting the inverse of T by 7 — T !, and
writing dt = d7} + d.S;, we can transform the equation for D; into

dDy-1 = AW, + 2d7 +2dS, 1, (2.6)

where DT 1 is constrained to be nonnegative for all 7 > 0, and 2ST 1 is a nondecreasing
process that increases only when D.-1 = 0. Equation (8] is an SDE with instant reflection,
known as the Skorohod equation (see e.g., Section 3.6.C of [KS91])). It can be solved (pathwise)
uniquely for 25, —1, yielding

2871 = — oélslir(ws + 2s) (2.7)

Time changing back and remembering the definition of W we arrive at (3]). By the fact that
Sy 4+ Ty = t, we find that

t=T,+ sup (3(Lo+ BL—Ry—BL)—s) (2.8)
0<s<T}
Since the function R A
T 7+ sup (L(Lo+ BL— Ro— B) —s) (2.9)
0<s<t

is strictly increasing and continuous, it has a unique inverse, which is ¢ — T;. This proves that
S and T are pathwise unique, and therefore, by [(Z2) (i) and (ii), also L and R are pathwise
unique.

Since the solution DT;1 of (28] spends zero Lebesgue time at 0, time-changing 7 = T we
see that

T t
0:/0 LD, O}dT—/O 1(p.—oydTs. (2.10)

By Z2) (iii) and (iv) it follows that S; := fO lyr,=r,yds and T} := fg L1, <r,1ds. Finally,
since L and R are Brownian motions with drift —1 and +1, respectively, there is a last time
that L and R are equal, and therefore lim;_.., 73 = co. This completes the proofs of parts (ii)
and (iii).
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To prove part (i), note that we have just proved that any solution to (2)) solves
(i) dL;=dB}, +dBg, — dt,
(i) dRy=dBY, +dBg, + dt,

) Tr=fy L{z.<r.yds,

) Si= [y Lp,—r.ds.

Conversely, solutions to (ZIT]) obviously solve (Z2).
Given a R%-valued solution to ([2), setting

(2.11)

(ii

(iv

t
Bi = B%—‘t + /0 1{Ls=Rs}dBi7
t
By =By + [ 1p.n)dB (2.12)
0
t
By :=DBg, +/ L, <r,ydBs,
0

where Bl, Br, and B® are Brownian motions independent of each other and of B!, B*, and B,
yields a weak R%—Valued solution to (CITl). Conversely, given a weak R%—Valued solution to

(m), let St = fot 1{L5=R5}d37 ,_Tt = fot 1{L5<R5}d37 and
Al ! 1
BTt::/ 1{Ls<Rs}dBtv
0t
B’%t I:A 1{L5<R5}dBtr7 (213)
t
B»Sgt ::/0 1{Ls=Rs}dBts
Then (B}/)te[o,Tw), (B{ )te[0,Tn)» and (Bf)te[o, S.) can be extended to independent Brownian

motions defined for all ¢ > 0, yielding a solution to (ZII). This completes the proof of
part (i). n

2.2 Left-right coalescing Brownian motions

In this section, we give a rigorous definition of a collection I, ,..., lzk,rzi, T of paths
of left-right coalescing Brownian motions, started at points 21, ..., 2, 21,..., 2}, € R2. Write
2 = (x;,t;) and 2, = («},t;). The times ti,...,t,t],...,t}, divide R into a finite number

of intervals. It suffices to define a Markov process that specifies the time evolution of the
left-right coalescing Brownian motions during each such interval.

Thus, we need to construct a Markov process (L1 ¢, ..., Lg¢; Rit, ..., Ry t)e>0 in R*+E" such
that (L1, -+, Lgy) and (Ryy,-- -, Ry 1) are each distributed as coalescing Brownian motions
with drift —1 and +1 respectively, and the interaction between paths in (Li4,--- , L) and
(Riy¢,- -+, Ry ) is that of the left-right SDE ([ILTII). Instead of characterizing the joint process
(L1t -y Ligg; Rig, ..., Ry ¢) as the unique weak solution of a system of SDEs, which is rather
laborious, we give an inductive construction using the distribution of (L, R;).

We first construct the system up to the first time two left Brownian motions coalesce,
or two right Brownian motions coalesce, or a right Brownian motion hits a left Brownian
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motion from the left. In the last case, the right Brownian motion has to continue on the
right of the left Brownian motion, so we call this a crossing. If our left and right coalescing
Brownian motions are initially ordered as LRRLRLRLLLRRLR, say, then we partition them
as {LRY{R}{LR}{LR}{L}{L}{LR}{R}{LR}, letting all pairs of a left Brownian motion
followed by a right Brownian motion constitute a partition element with two members, and
putting all remaining Brownian motions into partition elements with one member. We let
the partition elements evolve independently until the first coalescing or crossing time. Here
partition elements containing two members evolve according to the left-right SDE ([LITl), while
partition elements containing one member are just Brownian motions with drift +1 or —1. At
the first coalescing or crossing time, we respectively coalesce or cross the motions that have hit
each other, repartition the remaining Brownian motions and continue the process. Note that
there can be at most k + &’ coalescence events and at most kk’ crossings, so this procedure is
iterated at most finitely often and eventually leads to a single pair (L, R).

The above construction uniquely defines the system of left-right coalescing Brownian mo-
tions I;,,...,1;,,7, e et By the Feller property of coalescing Brownian motions and
solutions to the left-right SDE, it is clear that the law of (I.,,.. .,lzk,rzi, . ’TZ;C/) depends

continuously on the starting points z1,...,2x,2],...,%),, and the marginal distribution of a
subset of paths in {l,,,... ooy ,TZLI} is also a system of left-right coalescing Brownian
motions. This consistency property allows the definition of a countable system of left-right
coalescing Brownian motions.

2.3 The left-right Brownian web
We now construct the left-right Brownian web and prove Theorem

Proof of Theorem B We need to show existence and uniqueness of a IC(IT) x K(II)-valued
random variable (W', W) satisfying properties (i)-(iii) in Theorem [l Fix countable dense sets
D!, D" ¢ R%. By our construction in Section and the consistency of left-right coalescing
Brownian motions when more paths are added, applying Kolmogorov’s extension theorem,
there exists a I1°' x IT?"-valued random variable ((1)zepr, (r2r)repr ), unique in distribution,
such that for any two finite sets {21,...,2,} C D', {#],... 2t C DY Uy, - NP ’TZ;,)
is distributed as a system of left-right coalescing Brownian motions starting from zq, ...,z
and zi,...,z,. By property (iii), this proves uniqueness in law. To show existence, define

W ={l,:zeD}, W :={r,:z €D} (2.14)

Then W! and W" is each distributed as a standard Brownian web with drift —1 and +1
respectively. Properties (i) and (iii) then follow from the analogous properties for the stan-
dard Brownian web. It only remains to show (ii). Let {ui,---,u;} and {uf,--- ,u},} be
deterministic finite subsets of R?. By (i), almost surely, a unique path ly, € W! starts from
each u;, 1 < i < k, and a unique path r, € WF" starts from each u , 1 < j < k'. Choose

Zni € D!z ;L] € D" such that z,; — u; and A ng uj as n — oo. Slnce the Brownian web is
a.s. continuous at deterministic points (see Proposition [[d), we have [, , — I, and 7. =~ — 7/

n,J J
in II, and hence

E(lzn,p"'alzn,karz;%la s Tyt ) — E(lu17’--7luk77au’17"'7ru;€,)' (215)

n k'’ n—oo

By the continuity of left-right coalescing Brownian motions in its starting points, it follows that
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(Luys - - - ,luk,rurl sees Tul ,) is distributed as a system of left-right coalescing Brownian motions
starting from wy, ..., ug, v}, ..., u,, verifying property (ii). |

3 Properties of the left-right Brownian web

In Sections below, we collect some properties of solutions to the left-right SDE, the
Brownian web and its dual, and the left-right Brownian web and its dual, respectively.

3.1 Properties of the left-right SDE

Recall that a set X is perfect if X is closed and = € X\{z} for all x € X, i.e., X has no
isolated points.

Proposition 18 (Properties of the left-right SDE)

Let (L¢, Rt)t>0 be the unique weak solution of the SDE (LI1l) with initial condition (Lo, Ry) €
R2, subject to the constraint that Ly < Ry for all t > T := inf{s > 0 : Ly = R,}. Let
I:={t>0:L;= R} and let pu; be the measure on R defined by pur(A) := £(I N A), where ¢
denotes Lebesgue measure. Then

(a) Almost surely, I is a nowhere dense perfect set.
(b) Almost surely, I is the support of puy.

Proof If T' = oo, the lemma is vacuous. Since (L, Ry);>0 is a strong Markov process and T is
a stopping time, we may assume without loss of generality that T'= 0, i.e., Ly = Ry. Define
W as in Z4), put W, := W, 4+ 27 (7 > 0), and

X, =W, + R, where R,:=— inf W, (7>0). (3.1)

0<s<rt

Then X is a Brownian motion with diffusion constant 2 and drift 2, instantaneously reflected
at zero. It is well-known (and not hard to prove) that {7 > 0: X; = 0} is the support of dR.

Setting D; := Ry — L; (t > 0), we see by [Z8), 1), and @TII) (iii) that
t
Dy = Xrp, where T;:= / Lip,>0yds (t>0). (3.2)
0

It follows that I = {t > 0 : D; = 0} is the image of {7 > 0: X, = 0} under the map 7 + T~ L.
Since by () and ZII) (iv),

t
S, = / Lp_ods = LRz, (t>0), (3.3)
0

the measure pr is the image of the measure %dR under the map T~!. Since T~! is a continuous
open map, it follows that supp(u;) = T (supp(dR)) = T~'({r > 0: X, = 0}) = I. This
proves part (b). It follows that I has no isolated points, i.e., is perfect. To see that I is nowhere
dense, by the Markov property, it suffices to show that D; leaves the origin immediately.
Indeed, setting o := inf{t > 0: Dy > 0} and using [ZZ), we see that 0 = D, = [ 2dt = 20
a.s. This proves part (a). |
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Figure 6: Types of points in the Brownian web and its dual (W, W)

3.2 Properties of the Brownian web

In this section, we recall some properties of the standard Brownian web W and its dual W,
which can all be found in [FINRO4, [FINRO6, STWO0, [TWO8]. Recall that 6; denotes the
starting time of a dual path 7. Thus, a dual path is a map 7 : [—00, 0] — [—00, 00] U{*} such
that 7 : [—00,04] NR — [—00, 00] is continuous, and 7(+00) := * whenever +00 € [—00, 57].

Proposition 19 (Properties of the Brownian web)
Let W be the Brownian web and W its dual. Then

(a) W, W) is equally distributed with —(W, W).

(b) Almost surely, paths in W coalesce when they meet, i.e., for each m,7' € W and t >
ox V op such that w(t) = 7'(t), one has w(s) = «'(s) for all s > t.

(¢) Almost surely, paths and dual paths do not cross, i.e., there exist no m € W, 7t € W,
and s,t € [ox,0z] such that (7(s) —7(s)) - (w(t) — 7 (t)) <O.

most surely, paths and dual paths spend zero Lebesgue time together, i.e., we have
d) Al ly, paths and dual path d Leb h b
f::r Lin)=r(t)ydt =0 for all m € W and 7 € W.

(e) Almost surely, for each point z = (z,t) € R, x, 1 z, o} | =, m, € W(z,,t), and
e W(zth,t), the limits m,— := limy, oo, and m,4 = lim, oo 7, exist and do not
depend on the choice of m, € W(z,,,t) and 7,7 € W(x},t).

Points z € R? in the Brownian web are classified according to the number of disjoint incoming
and distinct outgoing paths at z. By definition, an incoming path at z = (z,t) is a path m € W
such that o, < t and 7(t) = x. Two incomng paths 7,7 at z are equivalent if T = 7’ on [s, 00],
for some o Vo < s < t. Let mjy(z) denote the number of equivalence classes of incoming
paths in W at z, and let mey(z) denote the cardinality of W(z). Then (miy(2), mout(2)) is
the type of the point z in W. Points of type (1,2) are distinguished into points of type (1,2),
and (1,2),, according to whether the incoming path continues along the left or right of the two
outgoing path. We let (1 (2), Mout(2)) denote the type of a point z in W, which is defined to
be the type of —z in —W, the rotation of W by 180° around the origin. We denote the joint
type of z with respect to (W, W) by (min(2), Mout (2))/(in (2), Mout (z)). The next lemma,
which was first established in [TW9§| (see also [FINRO6, Theorems 3.11 and 3.14]), classifies
all points in R? according to their types in 4% W) Note the relations Moyt = min + 1 and
Mout = Min + 1.

Lemma 20 (Classification of points in the Brownian web)
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(a) Almost surely, all z € R? are in (W, W) of one of the types (0,1)/(0,1), (0,2)/(1,1),
(0,3)/(2,1), (1,1)/(0,2), (1,2),/(1,2)1, (1,2):/(1,2);, and (2,1)/(0,3). See Figure[d.

(b) For each deterministic t € R, almost surely each point on R x {t} is of either type (0,1),
(0,2), or (1,1) in W.

C ac ECTETMINISTIC POIN S 15§ almost surely oj itype s m .
FEach deterministic point z € R? is almost Iy of type (0,1) in W

The next lemma shows that convergent sequences of paths in W converge in a rather strong
sense.

Lemma 21 (Convergence of paths)
Let W be the standard Brownian web. Then

(a) Almost surely, for any {mp}tnen, 7 € W such that m, — m, one has o, — op and
sup{t > o, Vop: m(t) # 7(t)} — on,

(b) Let D be a deterministic countable dense subset of R2. Let {m.}.ep be the skeleton of
W relative to the starting set D. Then almost surely, for all m € W and € > 0, there
exists z = (x,t) € D such that t € (0, —e,0, +¢) and ,(s) = 7(s) for all s > op + €.

Proof By [FINE(4, Prop. 4.1, W' := {y(t) : v € W, 0, < t — &} is a.s. locally finite
for each ¢,0 € Q with § > 0. Therefore 7, — 7 implies that for each o, < t € Q, m,(t)
eventually equals 7(t), and hence m, = 7 on [t,00), which proves part (a). Part (b) is a
trivial consequence of part (a) and Theorem £ (see also Prop. 2.2 of [T'W9S] and Prop. 4.2 of
[FTNE0A] ). n

In applications of Lemma ], one mostly needs part (b). Typically, a property is proved first
for skeletal paths, and then extended to all paths in the web by Lemma ET] (b).

We say that a path 71 crosses a path 7o from left to right if there exist or, Vor, < s <t
such that 71(s) < ma(s) and mo(t) < m1(t). Likewise, we say that a path 71 crosses a dual path
7o from left to right if there exist o, < s <t < 64, such that m1(s) < 72(s) and 72 (t) < w1 ().
The next lemma will be useful in what follows.

Lemma 22 (Equivalence of crossing)

Let (W, W) be the Brownian web and its dual. A path v € 11 crosses some m € W from left
to right if and only if it also crosses some ® € W from left to right. The same is true if we
interchange left and right.

Proof Assume v € II crosses m € W from left to right, i.e., v(s) < 7w(s) and ~(t) > = (¢)
for some oy V o < s < t. Then by the noncrossing property of paths in WV and W, for any
7 € W(z,t) with z € (n(t),~(t)), we have (s) < n(s) < #(s). Hence v crosses 7 from left
to right. The proof of the converse implication is similar. By symmetry, the same statements
hold for crossings from right to left. |

3.3 Properties of the left-right Brownian web

In this section, we collect some basic properties of the left-right Brownian web (W!, W) and its

dual (Wl, Wr). Recall the definitions of intersection times and crossing times from Section [l
For any w1, mo € 11, we let

I(my,me) :={t € (0, V Oy, 0) : 1 (t) = m2(t)} (3.4)
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denote the set of intersection times of m; and mo.

Proposition 23 (Properties of the left-right Brownian web)

Let (Wl,Wr,Wl,Wr) be the standard left-right Brownian web and its dual. Then, almost
surely,

(a) For each I € W' and r € W* such that o; V 0, < 00, one has Tues := inf{t > oV o, :
W(t)<r(t)}=inf{t >0 Vo, :l(t) <r(t)} <oo, and I(t) < r(t) for all t > Tiros-

(b) For each 1 € W' and r € W™, I(1,r) is a (possibly empty) nowhere dense perfect set.

(c) For each | € W' and r € W' such that o, V o, < oo, the set I(l,r) is the support of
the measure piy on (o; V or,00) defined by prq . (A) == £I(l,r) N A), where £ denotes
Lebesgue measure.

(d) Paths in W' cannot cross paths in Wwr from left to right, i.e., there exist no l € W',
7 e W', and o7 < s <t < 6; such that I(s) < 7#(s) and 7(t) < I(t). Similarly, paths in
WE cannot cross paths in W' from right to left.

Proof Let D' and D be deterministic countable dense subsets of R?, and let {l,},cp and
{r.}.epr be the corresponding skeletons of W' and W*. By Theorem B and Lemma BT (b),
it suffices to prove parts (a)—(c) for skeletal paths, and hence for deterministic pairs (I,,7,/)
where z € D! and 2’ € D*. Since such deterministic pairs satisfy the SDE (([CIT) by Theorem [,
parts (a)—(c) follow readily from Proposition [[8 (a) and (b). Property (d) is a consequence of
(a) and Lemma |

4 The Brownian net

Let (W, Wr, Wl, Wr) be a left-right Brownian web and its dual, and set

Nhop = Hcros(Wl U Wr). (4.1)

Note that if D!, D" C R? are deterministic countable dense sets, then by Lemma EII (b), we
also have Myop = Heros(WHD') UWT(D")). Define Nppesh and Nyedge by formulas (ICIH) and
(C24), respectively. In Sections Bl and B2, we prove the inclusions Mpop C Nyedge and
Nivedge C Niop, respectively. As an application, in Section B3], we establish Theorems
and [[0, as well as Lemma In addition, we prove Theorem [ in Section EEZ, and, as a
preparation for the characterization of the Brownian net using meshes, we prove the inclusion
Nhop C Npesh in Section EETL The proof of the other inclusion is more difficult, and will be
postponed to Section [

4.1 Nhop C Nwedgo

Set
Proncros := {7r € Il : w does not cross paths in W! from right to left

or paths in W' from left to right}. (4.2)

Lemma 24 (Closedness of constructions)
The sets /\/Wedgo, Nmesh, and Pooncros are closed.
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Proof Note that if a path «w € II enters a mesh with bottom time ¢t > o, then it must enter
from outside. Likewise, if 7w crosses a dual path [ €W from right to left, then it enters the
open set {(z,t) e R? : t < 67, = < I(t)} from outside. Thus, taking into account Lemma P2
all statements follow from the fact that if m,, 7 € 1I satisfy m,, — m, and 7 enters an open set
A from outside, then for n sufficiently large, m, also enters A from outside. |

Lemma 25 (Noncrossing property)
We have Nyop C Proncros @8-

Proof It suffices to show that no path m € My, crosses paths in W! from right to left.
By Lemma P4, it suffices to verify the statement for paths in Heos(W' U WF). By Proposi-
tions [ (b) and B3 (a), paths 7 € W' U W’ have the stronger property that there exist no
or < s < tandl € W!such that I(s) < n(s) and 7(t) < I(t). It is easy to see that this
stronger property is preserved under hopping. [ |

Let A be either a mesh or wedge with (finite) bottom point z = (z,t). We say that a path
m € II enters A through z if o < ¢ and there exists s > t such that (n(s),s) € A and
(m(u),u) € A for all u € [t,s]. Note that if a path enters a mesh (wedge) from outside, then
it must either cross a left-most or right-most (dual) path in the wrong direction, or enter the
mesh (wedge) through its bottom point.

Lemma 26 (Finite wedges contained in meshes)
For every wedge W with bottom point z there exists a mesh M with bottom point z such that
W cC M.

Proof Write z = (z,t) and let 7, [ be the left and right boundary of W. By Lemma EI, there
exist 7 € W'(z) and [ € W!(z) such that r(s) < #(s) for all s € (¢,67) and I(s) < I(s) for all
s € (t,0;). It follows that r and [ are the left and right boundary of a mesh containing W' (see
Figure Bl). |

Lemma 27 (Hopping construction contained in mesh construction)
We have Nyop C Niesh @.5.

Proof By Lemma B4 it suffices to show that HCKOS(V\/1 UW") C Mpuesh- We will show that,
even stronger, paths in Hepos(W' U W) do not enter meshes regardless of their bottom times.
It is easy to see that this stronger property is preserved under hopping, so it suffices to show
that paths in W' UW" do not enter meshes. By symmetry, it suffices to show this for paths
in W!. By Propositions [d (b) and B3 (a), it suffices to show that paths in W! cannot enter
meshes through their bottom point. Let M = M(r,l) be a mesh with left and right boundary
r and [ and bottom point z = (x,t). Let I’ :== [,_ and 7’ := r., be the left-most path in W!(z)
and the right-most path in W"(z), respectively, in the sense of Proposition (e). Then, by
Proposition B3] (a), I'(s) < r(s) and I(s) < 7/(s) for all s >t (see Figure B) If some 1" € W!
enters M through z, then by Lemma Bl z must be of the type (1,2); or (1,2), in W', and
therefore, I” continues along either [ or /. In either case, I” does not enter M. |

Lemma 28 (Hopping construction contained in wedge construction)
We have Nyop C Nyedge @-5.
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Proof By Lemma P4 it suffices to show that Hepos(W' UWF) C Nivedge- Thus, we must show

that paths in Hcros()/\/1 U W") do not cross paths in Wl,Wr in the wrong direction or enter
wedges through their bottom points. The first assertion follows from Lemmas 22 and B3, while
the second assertion is a result of Lemmas 26 and |

4.2 NWCdgC C Nhop
In this section we prove that Nwedge C Nhop. We start with a preparatory lemma.

Lemma 29 (Compactness of Nyp)
Nuop € K(II) a.s

Proof Recall (©1,03) from (LZ). From the definition of the topology on II introduced in
Section [L2 by Arzela-Ascoli, we note that a set K C II is precompact if and only if the
set of functions defined by the images of the graphs of 7 € K under the map (©1,03) is
equicontinuous, i.e., the modulus of continuity of K,

mi (8) :=sup {|O1(7(t),t) — O1(n(s),s)| : m € K, s,t > 0x, |O2(s) —Oa(t)] <6}  (4.3)

satisfies my(6) | 0 as 0 | 0.

Lemma P23 implies that for each m € Ny,op and s > o, we have [ <7 <7 on [s,00), where
L= lr(s),5)— and 1 := 7(z(5),5)4 denote respectively the left-most and the right-most path in
W(r(s),s) and W*(7(s), s), in the sense of Proposition [[d (e). It follows that for any ¢ > s,

©1(7(t), 1) — O1((s),s)| <[O1(1(F),1) — ©1(I(s),8)| V [O1(r(t),£) — O1(r(s),s)].  (4.4)

Taking the supremum over all 7 € My, and o, < s < ¢ such that |O2(s) — O2(t)] < J, we
see that ma;  (0) < myigw:(9) (in fact, equality holds since WHUWE C Myop), hence the
compactness of Nyop follows from the compactness of WHUWT as. |

The next lemma is the main result of this section. This lemma and Proposition B, which will
be proved in Section [, are the key technical results of this paper.

Lemma 30 (Wedge construction contained in hopping construction)
We have Nyedge C Niop @.5.

Proof We must show that any path 7 € Nyedge can be approximated by a sequence of paths
Tn € Heros(W' UW?). By the compactness of Mop (Lemma 29), it suffices to show that for
any m € Nwedge, e>0,and o, < t1 <--- < t, < o0, we can find 7° € Hcms(V\/1 U W) such
that oz € (0x,t1) and |7°(t;) —7(t;)| < e foralli=1,...,n

Our strategy is to first introduce piecewise continuous functions 7 and [on [t1,t ] such that
#(s) < 7(s) < I(s) for s € (t1,t,] and |#(t;) — 7(t;)| V |I(t;) — w(t;)| < € for i = 2,...,n. These
functions will be constructed by piecing together paths in Wr and W!. We then construct 7°
by steering a hopping path between 7 and l.

We inductively choose n =nq > --- > n,, > 1 and #q,...,7,, such that

T € Wr(ﬂ'(tnk) —&,tp,) and g =sup{i:ng > 1> 1, P(t) < w(t) — e} (4.5)

This process terminates if 7 (t;) > m(t ) — ¢ for all ng, > 4 > 1. In this case we set m := k.
We define 7 := 7 on (¢ tn ] (k — 1) and 7 := 7y, on [t1,ty,,]. By left-right
symmetry, we definen=n} >--->n/ , > 1, ll, .. l , and [ analoguously. We claim that

nk+17

/
m
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Figure 7: Construction of a hopping path in the ‘fish-trap’ (7,1).

(1) # <m <l on [ty,t,).

(2) & = infyep, 4 (I(s) —7(s)) > 0.

(3) |F(t;) — m(ts)| V |I(t;) — m(ts)| < e fori=2,...,n.

(4) limyy, 7(t) < 7(t;) and limy ¢, I(t) > I(t;) for i = 2,...,n— 1, which are the only possible
discontinuities of 7 and [.

Properties (1) and (2) follow from our assumption that m does not enter wedges whose left

~

and right boundaries are any of the dual paths 74,...,7,, and fl, .« oy L. Properties (3) and
(4) are now obvious from our construction. The pair (7,1) resembles a fish-trap (see Figure [).

We now construct a path m° € Heros(W'UW?) such that o € (o, 1), [75(t1) —7(t1)| < &,
and 7(s) < 7°(s) < I(s) for all s € [t1,t,]. To this aim, we inductively choose I1,13,15,... € W',
ro,T4,76, ... € W', and 71,7y, ... such that 7; is a crossing time of [; and r;41 if 7 is odd and
a crossing time of r; and l; 41 if 7 is even, in the following way. First, we choose l; such
that 0, € (o,t1) and I1(ty) € (#(t1),1(t1)) N [7(t1) — &, 7(t1) + €]. Assuming that we have
already chosen I1,...,l; and ro,...,7;_1, we proceed as follows. If #(s) < l;(s) < I(s) for
all s € [1;_1,t,] (where 79 := t1), the process terminates. Otherwise, since paths cannot
cross dual paths (Proposition (¢c)), l; must hit 7 before time t,. In this case, we set
o; = inf{s € [r_1,t,] : li(s) = 7(s)}. Using Proposition [[d (c¢) and B3 (a), we can choose
d > 0 sufficiently small and r;1+1 € W" started in {(z,$) : 0, — 0 < s < 04, 7(s) < & < l;(s)},
such that 7;41 crosses [; at a time 7; € (0; — 0,0;) and r41(7) — 7(7;) < %6/. In case the last
path we have chosen is a right-most path, by left-right symmetry, we proceed analogously. This
process must terminate after a finite number of steps, for if this were not the case, then 7; T 7o
for some 7o, < t,,. By the piecewise continuity of [ and 7, we have |ri() — ri(Tiz1)| > %E/ for
all sufficiently large even i, which contradicts the local equicontinuity, and hence compactness
of Wr.

Defining 7° € Hepos(W' UW?) by hopping between the paths I1,13, ... and ro, 74, ... at the
times 7, 7o, ..., we have found the desired approximation of = by hopping paths. |

Since it is very similar to the proof of Lemma Bl we include here the proof of Theorem Bl
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Proof of Theorem [ Let Wycqge be defined by the right-hand side of (LZII). Since paths
in W cannot cross paths in W, to show that W C Wiyedge, it suffices that paths in WV cannot
enter wedges of W through their bottom points. This can be proved by mimicking the proofs
of Lemmas and

The inclusion Wyedge C W can be proved in the same way as the proof of Lemma
Since W is compact, it suffices to show that path that does not enter wedges from outside can
be approximated by paths in W. We can define a ‘fish-trap’ whose left and right boundary are
constructed by piecing dual paths together. In this case, any path in VW entering the fish-trap
from below must stay between its left and right boundary, so no hopping is necessary. |

4.3 Characterizations with hopping and wedges

Proof of Theorem [Bl, Lemma [6, and Theorem Let W', Wr,Wl, Wr) be a left-right
Brownian web and its dual, and let Nyeqge be defined as in ([CZ) and Nyop be defined as
in ({J). By Lemmas and B, Myop = Nyedge- It follows from Lemma PA that for every
z = (z,t) € R?, we have I,_(s) < m(s) < r,4(s) for all 7 € Myop(2) and s > ¢, where L, 7,4
are defined for W! W" as in Proposition (e). In particular, for deterministic z, the a.s.
unique paths I, € W!(2) and r, € W*(z) are respectively the left-most and right-most paths
in Myop(2). Setting N := Nnop = Nyedge, We have found a IC(II)-valued (by Lemma P
random variable that satisfies conditions (i)—(ii) of Theorem Bl To see that condition (iii) is
also satisfied, note that by Lemma I (b), Nhop = Heros(WH(D') UWT(Dr)) for any determin-
istic countable dense sets D', D" C R2. Since a random variable satisfying the conditions of
Theorem [ is obviously unique in distribution, the proof of Theorem Bl is complete.

Since for each deterministic z, the a.s. unique paths I, € W!'(z) and r, € W*(2) are the
left-most and right-most paths in A/, this also shows that to each Brownian net, there exists
an associated left-right Brownian web, which is obviously unique by properties (i) and (ii) of
Theorem Bl This proves Lemma Bl

Finally, since N' = Nyedge, We have also proved Theorem [T ]

5 Convergence

In this section, we prove Theorem [l In fact, we prove something more: we prove the joint
convergence under diffusive scaling of the collections of all left-most and right-most paths (and
their dual) in the arrow configuration Xg to the left-right Brownian web (and its dual), and
of the collection of all Ng-paths to the associated Brownian net. Throughout this section,
N denotes the (standard) Brownian net, defined by the hopping or dual characterization
(Theorem Bl or [[), which have been shown to be equivalent. We will not use the mesh
characterization of the Brownian net (Theorem [1, yet to be proved) in this section.

In Section Bl we prove the convergence of a single pair of left-most and right-most paths
in the arrow configuration Rg to a solution of the left-right SDE (LII). In Section B2, we
prove the convergence of all left-most and right-most paths and their dual to the left-right
Brownian web and its dual. Finally in Section B3, we prove Theorem [
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5.1 Convergence to the left-right SDE

Recall the definition of N3 and Ug from Section [Tl Let Z/{é (resp. Uf) denote the set of
left-most (resp. right-most) paths in Upg, i.e., Ng-paths which follow arrows to the left (resp.
right) at branching points. We have the following convergence result for a single pair of paths
in (Z/lén,l/{én). Below, Crn[0,00) denotes the space of continuous functions from [0, 00) to R,
equipped with the topology of uniform convergence on compacta.

Proposition 31 (Convergence of a pair of left and right paths)

Let Bn,en — 0 with By /e, — 1. Let 20y € Zeyen such that (.2, e,y — (z,y) for
some (x,y) € R2. Let (LE"))QO denote the path in Z/{én starting at (z(™,0), and (RE"))QO the
path in Uj ~ starting at (y(™,0). Then

E((snLiz%, €nR§7E)%)t20) = L((L¢, Re)i>0), (5.1)

where = denotes weak convergence of probability laws on Cr2[0,00), and (L, Ri)i>0 is the
unique weak solution of (L) with initial state (Lo, Ro) = (x,y), subject to the constraint
that Ly < Ry for allt > T :=inf{s > 0: Ly = Rs}.

Proof Set T, := inf{s > 0: Lg") = Rgn)}. Since up to time T,,, L™ and R™ are independent
random walks with drift —G,, and +3, respectively, it follows from Donsker’s invariance prin-
ciple and the almost sure continuity of the first intersection time between two independent
Brownian motions with drift 1, that

L((e L£75)2 ATy 75nR§7ggATn)t20) = L((Liar; Rint)e0)- (5.2)

Therefore, it suffices to prove Proposition Bllfor the case 2(®) = y("). By translation invariance,
we may take z(® = y(® = (.

Note that (enLE;LE)Q )e>0 and (enRE;?z )e>0 individually converges weakly to a Brownian mo-
tion with drift —1, rgspectively, +1. This implies tightness for the family of joint processes
{(LM, RM)}, cn. Our strategy is to represent (Lﬁ"’,Rﬁ"’)tZO as the solution of a difference
equation, which in the limit yields an SDE with a unique solution. Since the discontinuous
coefficients of the SDE ([LT]) are problematic, we prefer to work with (22)), which behaves
better under limits.

Let (V)ieng, (ViF)teny, and (V¥)ien, be independent discrete-time simple symmetric ran-

dom walks starting at the origin at time zero. For a = [, 7, s, let (Dlgn)’a’_

such that whenever V,* jumps one step to the right, Dlgn)’a’_

)ien, be a process
with probability (3, jumps two
steps to the left. Likewise, let (Dﬁ"”“*)teNe be the process that with probability G, jumps
two steps to the right whenever V,* jumps one step to the left. As a result, V* + le"”a’ is
a random walk with drift —3,,, and V,* + Dt(n)’o"Jr is a random walk with drift +3,.

The unscaled process (Lﬁ"’, Rﬁ"’) at integer times can be constructed as the solution of

LE”) Vl(n) —I—D( n)l,— _|_Vs(n) +D ( ):8,— ,

T(n) St(n)
R{" =V m + D(T(Zz)H + VS(n) + é(zl,)s,+ , (5.3)
TS ST |
S =xg1 (L —R(DY
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compare wit . We define , , , BN , an at non-integer times
ith We defi LEN) Rin) V;a D,gn)ai ,Tt(n) d St(n) . .
by linear interpolation. Note that th(")

(compare with (Z2))

(0) enbifly = enlV 4 D) en(VE4 D)
(i) B0 = cu(VF 4 DOIPT) o 4 en(V 4 D7)

t/s% t/s%

=1 . dt. The rescaled process then satisfies
(L) <R P

(i) (T 4+ 5M), 0 =1, (5-4)
! 2 g(n)
iv 1 . " d(e2587,) =0,
0 e e e
where in the indicator event in (iv), we impose the lower bound of &,, instead of 0 for EnRS/LZQ —
enLir/LiQ to compensate the effect of linearly interpolating S between integer times.
Clearly
1 r s n),l,— n),r,+ n),s,+ n),s,—
(Eth/agv5nm/a%=5n‘/;/a%75nD§/gg ,EnDi/a)% ,EnDi/a)% ,EnDi/a)% )tzo (5.5)
converge weakly in law on Cr7[0,00) to
(B} B, B t,t,tt) 0. (5.6)

We have noted that the laws of {(snLEZ)z,snRE;LE)z )t>0neN are tight. Since ¢ — 27

nlt/eR,

increases with slope at most 1, the laws of {(E%@(/Z)Q )t>0tnen are also tight. The same is true

for {(2 ) )t>0nen. Therefore for n € N, the laws of the 11-tuple, which consists of the

nt/el
7-tuple in (BH) joint with (EnL(n) EnR,E?gza@%j;(/?er% é;za)z

t/e2
subsequence, we may assume that the 11-tuple converges weakly to some limiting process

)t>0, are also tight. By going to a

(3%73{7B§7t7t7t7t,Lt7Rt,Ttast) (57)

>0
By Skorohod’s representation theorem (see e.g. Theorem 6.7 in [Bi99]), we can couple the
11-tuples for n € N and the limiting process in (B7), such that the convergence is almost sure
in Cgi1[0, 00).

Assume this coupling, we claim that (L, R, Ty, St)t>0 solves the equation ([ZZ), and is
therefore determined uniquely in law by Lemma [[7 Indeed, [Z2) (i)—(iii) follow immediately
by taking the limit n — oo in ([&4) (i)—(iii). We claim that [ZZ) (iv) follows from (&) (iv). For
each § > 0, choose a continuous nondecreasing function ps : [0,00) — R, such that ps(u) =0
for u < § and ps(u) = 1 for u > 26. Then, using ([B4)) (iv) and taking the limit n — oo, we
find that

/ " s(Re — L) dS.s = 0 (5.8)
0

for each § > 0. Letting ¢ | 0, we arrive at [Z2) (iv). |
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5.2 Convergence to the left-right Brownian web

In this section we prove the convergence, under diffusive scaling, of the collections of all left-
most and right-most paths in the arrow configuration R (and their dual) to the left-right
Brownian web (and its dual). As a corollary, we also prove formula ([LC22]).

Recall the scaling map S, defined in (7).

Proposition 32 (Convergence of multiple left-right coalescing paths)
Let Bp,en, — 0 with B,/e, — 1. Let zln),...,z,g"),zi("),...,zl;(,n) € 72, be such that
Sen(zl-(")) — z; and Sgn(z;-(")) — 2 fori=1,...;k and j = 1,... K. Let lg") denote the
path in L{én starting from z;, and let )

; denote the path in Ug, starting from z;-. Then on
the space TIF+K

E(San(lgn), RN l,(fn),rgn), - ,T](:))) nfzo ﬁ(ll, ey lk,Tl, - ,Tk/), (59)
where (Iy, ..., lk,71,...,7k) is a collection of left-right coalescing Brownian motions as defined
in Section [Z3, starting from (21, ..., 2k, 21, Zps)-

Proof Recall the inductive construction of (I1,...,lk,71,...,7) from Section Note that
(lgn), . ,l,(g"), Tgn), e ,r,(:)) can be constructed using the same inductive approach. Since the
inductive construction pieces together independent evolutions of sets of paths, where each
set consists of either a single left-most or right-most path or a pair of left-right paths, the
proposition follows easily from Proposition BIl and the observation that the stopping times
used in the inductive construction are almost surely continuous functionals on [TF+* with

respect to the law of independent evolutions of paths in different partition elements. |

Let &5 denote the arrow configuration dual to Xg, defined exactly as in (LId), and let Z]g
denote the set of all Ng-paths. Let L{é (resp. Uj;) denote the set of Ng-paths dual to L{é (resp.
Z/{é), i.e., the set of all left-most (resp. right-most) paths in Zf(g after rotating the graph of Z]g

by 180°. Let I := {—7 : m € II}, the image space of Il under the rotation map —, while
preserving the metric. We have

Theorem 33 (Convergence to the left-right Brownian web and its dual)
Let By,en, — 0 with B,/e, — 1. Then San(Uén,Uén,Uén,Uén) are K(I1)? x K(I)?-valued
random variables, and

E(Se’ﬂ (uén ’ uén’z;{én’z;{én)) = (Wl? Wr? Wl’ WI‘)’ (510)

n—oo

where (W' WF, Wl, Wr) is the left-right Brownian web and its dual.

Proof It follows from Theorem 6.1 of [FINR04], Theorem P and Proposition [[J, that

LS, Uy, Ub,)) = LOVLVY) and - L(S., U5, U5,)) = LOV AR (5.11)

n—oo

Therefore {Sgn(uén,Z/{én,aén,agn)}neN is a tight family. Let (X!, X', X!, X*) be any weak

limit point. Then (X!, X!) and (X", X*) are distributed as (W, Wl) and (W", Wr) respectively.
Therefore (X!, X™) satisfies conditions (i) and (iii) of Theorem Bl By Proposition B2, (X', X™)
also satisfies condition (ii) of Theorem B, and therefore (X!, X*) has the same distribution as
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the standard left-right Brownian web (W!, W¥). Since W' and W* determine their duals Wl
and Wr almost surely, (X, X, X!, Xr) has the same distribution as (W' W*, W', Wr) |

Proof of formula (IL22]) Since the analogue of (LZA) obviously holds in the discrete setting,
([C22) is a consequence of the convergence in (BI0). |

5.3 Convergence to the Brownian net

In this section, we prove Theorem [l It suffices to prove (L)) for b = 1 and b = 0. The
general case b > 0 follows the same proof as for b = 1 if we set L(N}) := L(S15(N)), which
automatically gives the scaling relation (C3). Thus, Theorem [ is implied by the following
stronger result.

Theorem 34 (Convergence to the associated Brownian net) R
Let By, en, — 0 with B, /e, — b € {0,1}. Then San(UQn,Z/lén,b{én,b%n,ugn) are KC(TT)3 x IC(I1)2-
valued random variables. If b =1, then

LS., Us, U, U5, UL U5 ) = LN, LW WL WD), (5.12)

n—oo

n

where N is the (standard) Brownian net and (Wl,Wr,Wl,Wr) is its associated left-right
Brownian web and its dual. If b= 0, then

L(S., Us, Uy U5 Uy UL )) = (W, W, W, VW), (5.13)

n—

where (W,W) is the Brownian web and its dual.

Proof We start with the case b = 1 and then say how our arguments can be adapted to cover
also the case b = 0.

Recall the modulus of continuity mg () of K € K(II) from [E3]). Just as in the proof of
Lemma P9, we see that

mSEn (uﬁn) (6) S isn (ul

ﬁ’lluu/gn)(é)’ (5.14)

hence the tightness of {S., (Ug, ) }nen follows from the tightness of the S, (Z/Ién) and S, (U, )
Thus, by going to a subsequence, we may assume that the laws in (I2) converge to a
limit £(N*, WL WrT, Wl, Wr), where by Theorem B3, (W', Wr, Wl, Wr) is the left-right Brow-
nian web and its dual. We need to show that N* is the Brownian net associated with
WL WE WL, Our strategy will be to show that Muop € N* C Nyedge; Where Npgp,
and Nedge are defined as in Section El It then follows from the equivalence of the hopping
and dual constructions of the Brownian net (Theorems Bl and Theorem [[) that N* = N.
Let D!, D" C R? be deterministic countable dense sets. For each z € D! (resp. 2/ € DY), we
fix a sequence z, € Z2 ., (resp. 2!, € Z2..,) such that S., (z,) — z (resp. S, (z,) — 2'), and
we let ") (resp. fgl)) denote the path in S, (Z/A{én) (resp. Se, (L?Bn)) starting in S;, (zy) (resp.
Se, (21)). Let
7'(7%'1,73’2) = sup{t < 57}1 A 57}2 : ﬁ'l(t) = ﬁQ(f)} (5.15)
denote the first meeting time of the two dual paths 71, 75. Since, up to their first meeting

time, iﬁ") and f’gl) are independent random walks, and since random walk paths joint with
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their first meeting time converge under diffusive scaling to Brownian motions joint with their
first meeting time, we have
LS W U, Uy U U, ), (70 700)) e )

— LN W WL (7(D,, 7.0))

n—00 2€D}, z’eDf) :

n

(5.16)

By Skorohod’s representation theorem, we can construct a coupling such that the convergence
in (B16) is almost sure. Assuming such a coupling, we will show that Myep C N* C Nyedge-
To show that Mo, C N*, it suffices to show that Hewos(WHDY) U WH(DY)) € N*. Any
T € Heros(WHDY) UWF (D)) is constructed by hopping at crossing times between left-most
and right-most skeletal paths 71, ..., 7, as in (LIZ). By the a.s. convergence of S, (Z/{én,Z/{én)

to (W', W), there exist 7T§n) € Sgn(Z/{én U Uy ) such that 7Ti(") —m; (i =1,...,m). By the

(n) (n)

structure of crossing times (Proposition (a)), the crossing time between m; ' and

i it1
converges to the crossing time between m; and m;41 for all ¢ = 1,...,m — 1. Therefore, the
path 7(") that is constructed by hopping at crossing times between w%n), e ,wﬁﬁf) converges

to . Since 7™ € S., (Up,) by the nearest-neighbor nature of Ng -paths, this proves that
Heros( WD UWH (DY) € N*.

To show that N* C MNedge, We need to show that a.s. no path 7 € N* enters a wedge
W (#,1) from outside. If 7 € N* enters a wedge W (#,1) from outside, then by Lemma E1 (b),
7 must enter some skeletal wedge W (7,/, l;), with z € D' and 2/ € D, from outside. By the
a.s. convergence of S, (Ug,) to N*, there exist 7 € S., (Up,) such that 7™ — 7. By the

a.s. convergence of f’gl) and ig") to 7, and [, and the convergence of their first meeting time,
for n large enough, 7™ must enter a discrete wedge from outside, which is impossible.

This concludes the proof for b = 1. The proof for b = 0 is similar. Note that if in the left-
right SDE (CIT]), one removes the drift terms +dt, then solutions (L, R) are just coalescing
Brownian motions. Using this fact, it is not hard to generalize Propositions BIl and B2 in the
sense that if 3, /e, — 0, then left-most and right-most paths converge to coalescing Brownian
motions (with zero drift). Modifying Theorem B3 appropriately, we find that

1 r 71 r A A
E(SE (uﬁn,uﬁn,uﬁn,uﬁn)) = W, W, W W), (5.17)

n—

n

By going to a subsequence if necessary, we may assume that S, (Ug,) converges to some limit
W*. The inclusion W C W* is now trivial, while the other inclusion can be obtained by
showing that no path in W* enters a wedge of W from outside, applying Theorem [ [ |

6 Density calculations

In this section, we carry out two density calculations for the Brownian net A, based on the
hopping and dual characterizations (Theorem B and Theorem [[M), which have been shown in
Section Hlto be equivalent. In Section Bl we calculate the density of the set of points on Rx {¢}
that are on the graph of some path in N starting at time 0, i.e., we prove Proposition In
Section B2, we estimate the density of the set of times that are the first meeting times between
1 € WY0,0) and some path in AN, starting to the left of 0 at time 0. Our calculations show
that both sets are a.s. locally finite. The second density calculation gives information on the
configuration of meshes on the left of a general left-most path [, which will be used in Section [
to prove that paths in N, cannot enter the area to the left of [. From this, we then readily
obtain Theorem [, as well as Propositions B, B, and
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6.1 The density of the branching-coalescing point set

In this section, we prove Proposition Let A be the Brownian net, defined by the hopping
or dual characterization (Theorem Bl and Theorem [M). Set

& i=A{n(t):meN, o, =0} (t>0). (6.1)

Note that & = & X{O}, the branching-coalescing point set (defined in Section [LH) started at
time zero from R. The exact computation of the density of & is based on the following two
Lemmas.

Lemma 35 (Avoidance of intervals)

Almost surely, for each s,t,a,b € R with s <t and a < b, there exists no 7 € N (R x {s})
with 7(t) € (a,b) if and only if there exist # € Wr(a,t) and [ € Wl(b, t) such that sup{u < t:
Fu) = l(u)} > s.

Proof If f,i with the described properties exist, then by the dual characterization of the
Brownian net (Theorem [[M), no path in A starting at time s can pass through (a,b) x {t}.
Conversely, if there exists no w € N(R x {s}) such that m(t) € (a,b), then for each ¢ > 0 and for
each 7. € Wr(a+e,t) and I, € Wl(b—a t), we must have 7, := sup{u < ¢ : f’a(u) =1.(u)} > s.
For if 7. < s, then by the steering argument used in the proof of Lemma B0, for each § > 0
we can construct a path in Heps(W'U W) starting at time s + ¢ in (7(s + 5) l.(s+0)) and
passing through [a+e,b—¢] x t. Letting 7, [ denote any limits of paths 7, lE/ along sequences
en,€h | 0, we see that 7 := sup{u < t : #(u) = I(u)} > s. In fact, by Lemma Il (a), we must
have 7 > s. |

Lemma 36 (Hitting probability of a pair of left-right SDE)
Let Ly and Ry be the solution of (LIl) with initial condition Ly = 0 and Ry = € for some
€>0. Let T, =inf{s > 0: Ly = Rs}. Then

1—U.(t):=P[T.<t]=d <—\/2_t — %) +e *0 (\/2_15 — i) : (6.2)

2

where ®(x) = [*_ ¢ ;d

Proof Let Y; = B, + V2t with Yy = 0, and let M; = —info<cs<t Ys. Clearly Ry — Ly — ¢ is
equally distributed with v/2Y; before it reaches level —¢. Therefore P[T; < t] = P[M; > £/v/2].
We compute this last probability by first finding the joint density of Bj, a standard Brownian
motion, and M, = —info<s<; B.. We then apply Girsanov’s formula to change the measure
from (B;)Ogsgt to that of (}/s)Ogsgt'

For a standard Brownian motion Bj, it is easy to check by reflection principle that for
z>0andy > —x,

22

e
P[M/} > x,B, > y| = P[B, > 2z + :/ dz . 6.3
(M > >y (B > Yl 2x+y\/% (6.3)
Differentiating with respect to x and y gives the joint density
1 2(2 (2a+y)?
P[M] € dz, B, € dy] = 2oy ety 20> o (6.4)

V2t t
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By Girsanov’s formula, the measure for (Y;)o<s<¢ is absolute continuous with respect to the
measure for (B])o<s<; with density eV2Bi~t  Therefore

€ Bl 1 22z +y) _ee+w?
P [Mt > | = eV2u-t . ce” 2t dydx (6.5)
B \/§:| /5 —x V2t 13

S

Split the integral into two regions: I = [% dy [T dz; and 11 = f_‘fi dy f_oz dz. Then we have
V2 V2

o) \/_y o9 )2
[ ot 2(2w+y) JC=

=V 27t t

2
1 \fy (y+;/t§s)

= e_ Y
= V2t
*© 1 (y+v2e—v21)? €
—92¢ — —2¢
= e e 2t dy = e = (V2 ——>. 6.6
/ vV 2t Y < vV 2t ( )
Vo)
Similarly,
v 2
I = e_t/ Vg
—oo V27t Y
\7_% 1 (y—van? €
= e 2 dy=o—-v2%A——|. 6.7
/;oo V 27t Y < V 2t> ( )
This concludes the proof. |

Proof of Proposition [[2 1t follows from Lemmas BA and B, and the continuity of & — W (t)
that

P& N (a,0) # 0] = P[§; N [a,b] # 0] = ¥p_o(t)  (£>0) (6.8)

for deterministic a < b. Since the law of &; is clearly translation invariant in space, to prove
(C2]), without loss of generality, we may assume [a,b] = [0,1]. Let R = {55 :n € N,0 < i <
2"} denote the dyadic rationals. By ([6]), Plz € &] = 0 for each deterministic x € R. Since
R is countable, we may assume that almost surely & N'R = (). Then

€N [0,1]] = lim [{1<i<2":6N['5, 5] # 0} (6.9)
By monotone convergence and translation invariance,
E (&N [0,1]]] = lim 2"P [& N [0, 55 # 0] = FP(t)]._, (6.10)

which yields equation (Z2J]). n

6.2 The density on the left of a left-most path

Let N be the Brownian net, defined by the hopping or dual characterization (Theorem B and

Theorem [[M), and let W', W*, Wl, Wr) be its associated left-right Brownian web and its dual.
For each [ € W', let

Cl)y:={t>o: AT €N st. oxr =0y, w(t) =1(t), 7(s) <(s) Vs € [o,) } (6.11)

35



be the set of times when some path in N, started at the same time as [ and to the left of [,
first meets [. We will prove that almost surely, C(l) is a locally finite subset of (oy,00) for
each | € W'. By Lemma Il (b), it suffices to verify this property for I € W' with deterministic
starting points, in particular, [ started at (0,0), which is implied by the following lemma.

Proposition 37 (Density on the left of a left-most path)
Let 1 be the a.s. unique path in W' starting at the origin. Then, for each 0 < s < t,

E[lC(1) s, 1]]] < / 2 (u)2du, (6.12)

where Y(t) := aQ\I/ (t)‘e:O = f/;ﬂ—tt + 2®(v/2t) is the density of the branching-coalescing point
set in (L28).

Proof By a similar argument as in the proof of Proposition [[2, it suffices to show that

1
lim sup P[C() N [t,t+e] # 0] < 24(2)°. (6.13)
e—0
For t > 0, let 7; be the left-most (viewed with respect to the graph of (Wr,Wr)) path in
Wr(i(t),t) and let lAm be the right-most path in W(I(t), ) that lies on the left of I. Note that

by Lemma 20 (b), for each deterministic ¢ > 0, W!(I(t),t) almost surely contains two paths,
one lying on each side of [. Similar arguments as in the proof of Lemma BH show that

PIC(1) N[t t +e] # 0] = Py o(s) < ly(s) Vs € (0,1)]. (6.14)
Set
Ls:=1(t+¢e)—1(t—s), s € [—e,t],
Ly:=1(t+e) — It — s), se 0,4, (6.15)
Ry=1(t+e) —fuqlt—s), s€ et

It has been shown in [STW(] (see also [FINRQA]) that paths in W and W interact by Skorohod
reflection. Similar arguments show that if a path 7 € W is started on the left of a path [ € W',
then 7 is Skorohod reflected off [. Therefore, on the time interval [—¢, 0], the process (Ls, I%s)
satisfies L < R and solves the SDE

dL,=dB! — ds,

. . 6.16
dR,=dB! +ds +dA), (6.16)

where B! and B are independent Brownian motions, and Al is a reflection term that increases
only when L, = ﬁ Set o :=inf{s > 0: Ly = R} At Then on the time interval [0, 0], the
process (Ls, Ls, Rs) satisfies L < L < R and solves the SDE

dL,=dB! — ds,

dLs=dBl — ds + dA,, (6.17)
dR,=dB: + ds,

36



where B!, Bi, B" are independent Brownian motions and A, increases only when L, = Ls. By
Lemma B8 below,

P[Ls < Ry Vs (0,t)] < /IP[RO — Lo € dn]¥,,(t)*. (6.18)

Set X, := Ry .—Ls . (s € [0,¢]). Then X is a Brownian motion with diffusion constant 2 and
drift 2, Skorohod reflected at 0, which has the generator 8%25 + 28% with boundary condition

a%f(n)‘n:o = 0. Therefore,

lim e’ / B[R — Lo € dn] U, (1)? = lim e W (1)7] = (25 +2) (Uy(0)*) ], = 20(0)%

e—0
(6.19)
where we have used that for fixed ¢ > 0, n — ¥, (¢)? is a bounded twice continuously differen-
tiable function satisfying our boundary condition. |
Lemma 38 (Hitting estimate) o
Let (L, L, R) be a solution to the SDE [6&I7) started at (Lo, Lo, Ro) = (0,0,n). Then
P[Ls < Ry Vs (0,t)] <V, (1) (6.20)
where W, (t) is defined in (G2).
Proof We introduce new coordinates:
Vi= i/t — Ly,
. 6.21
Wt = Rt - Lt. ( )

The process (V, W) lives in the space {(v,w) € R? : 0 < v < w} up to the time 7 := inf{t >
0:V; = W} and solves the SDE

AV, :=dB! — dB! + dA,,

; : (6.22)
AW, :=dB! — dB! + 2ds,

where Ay is a reflection term, increasing only when Vs = 0. Changing coordinates once more,
we set

Xy =Wy = Vi,
Y, : =W+ V.

Then (X,Y) takes values in {(z,y) € R?: 0 < x <y} up to the time 7 := inf{t > 0: X; = 0}
and solves the SDE

(6.23)

dX,:=dBt — dBl + 2ds — dA,,
S (6.24)
dY,:=dB! + dB. — 2dB! + 2ds + dA,,

where Ay increases only when X = Y. Our strategy will be to compare (X,Y") with a process
(X", Y") of the form X' = U' AU? and Y’ = U v U?, where U', U? are independent processes
with generator 88_52 + 28%. We will show that X hits zero before X’. Note that if U¢ = u, then
P[U! > 0 Vs € [0,t]] = W,(¢t), which is defined in [EZ). Therefore

90,(t) = (8‘”—1; +22)0,(¢). (6.25)
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l

Figure 8: Meshes stack up on the left of a leftmost path [ € W'

Moreover, if (X’,Y’) is started in (z,y), then P[X, > 0 Vs € [0,t]] = P[U} > 0 Vs €
[0,¢]] P[U2 > 0 Vs € [0,t]] = U, (t)¥,(t). With this in mind, we set

F(t,x,y) = U ()W, (1). (6.26)
Let G be the operator , ,
Gi=25 428 + 3§—yg +24. (6.27)

By 1t6’s formula,

AF(t = 5, Xopr, Yorr) = (= 57 + 1a<r}G) F(t = 8, Xonr, Yonr)ds

(6.28)
+1{s<'r} (% - %)F(t — 8, Xsar, Ys/\T)dAs

plus martingale terms. It follows from the definition of ¥, (¢) that %\I’u(t) < 0and %\I/u(t) >
0, and therefore, by (G.2H), ;—;\I/u(t) < 0. As a result, using (E2H) and (E26]), we see that
(6% — %)F(t,:n,y)‘x:y =0 and

(=% + G)F(t,2,y) = 225 (Vo (1) ¥, (1)) < 0. (6.29)

Inserting this into (E28), we find that (F/(t — s, Xsar, Ysar))sc[o,enq] 18 a local supermartingale,
which implies that

Plr > t] = E[F(t — t AT, Xinr, Yinr)] < F(t, Xo, Yo) = ¥, (1)2. (6.30)

As a corollary to Proposition B, we obtain the following lemma, which describes the
configuration of meshes on the left of a left-most path. (See Figure )

Lemma 39 (Meshes on the left of a left-most path)
Almost surely, the set C(l) in [GI1) is a locally finite subset of (o7,00) for each 1 € W'. For
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each consecutive pair of times t,u € C(l) (i.e., t < u and C(I) N (t,u) = 0), there exists a
mesh M (', 1") with bottom time s € (oy,t) and top point (I(u),u), such thatl' <1 on [s,t) and
I'"=1on [t,u]. If C(l) has a minimal element t, then there exists a mesh M (r',1) with right
boundary 1, bottom point (I(0y),07), and top point (I(t),t).

Proof For any path 7 and ¢ > 0, define a trunctated path by 7(€) := {(n(t),t) : t € [ox+¢, ]}

Let [(g,0) be the a.s. unique left-most path starting in the origin. The proof of Proposition B1

applies to lé?o) as well; in particular, C (lé?

By Lemma ET1 (b), if follows that a.s., C(I)) is a locally finite subset of (o, + ¢, 00) for each
l e W'and € > 0. Since C(I9) N (07 + 0, 00) decreases to C(1) N (074 6, 00) as € | 0, for each
fixed 6 > 0, it follows that a.s., C(l) is a locally finite subset of (o7, 00) for each I € W'

For any [ € W! (see FigureB), consider t,u € C(I)U{o;} such that ¢t < u and C()N(t,u) =
0, i.e., either ¢,u is a consecutive pair of times in C(l), or t = 0; and u is the minimal element
of C(l). By an argument similar to the proof of Lemma B3l there exist 7, € Wr(l(u),u) and
f[t] € Wl(l(t),t) such that 7p,) <1 on [0, u], ZAM <l on [o},t], and 7y, = sup{s < t: 7,(s) =
Z[t](s)} satisfies 73, > o7 if 74, < t. (Note that possibly 7, = t.)

Set 2zt = (P[u)(Te,u), Tew)- Let 7)) denote the left-most path in W¥(z,). Let Iy denote
the right-most path in Wl(zt,u) if 7t < t, and let l;;) denote the path in Wl(zt,u) that is
the continuation of I if 7, = t. Set v’ := inf{s > 7, : ry(s) = I(s)} and ¢’ := inf{s >
Tew * ly(s) = I(s)}. By Proposition I3 (c) and (e), rp, < 7}, on [Tyu,u), and therefore, by

0)) has the same density as C'(l()) for each e > 0.

Propositions 23 (a),(b), v’ > u. Likewise, since I > I on [7¢, t], we have t’ < t. Now 7, and
Iy are the left and right boundary of a mesh M (ry,), ;) with bottom time 7, and top point
(I(u'),u’), such that Iy <1 on (14,t") and Iy =1 on [t',u']. Since Nnop C Nmesh (Lemma 1)
and both ¢ (if to;) and u are times when a path in Ny, starting at time oy first meets ! from
the left, it follows that ¢ = ¢ and « = u. (If t = oy, then obviously 7, = 0y =t =t'.) To
complete the proof, we must show that 7, <t if t > ¢;. This follows from Lemma Bl below.®

Lemma 40 (Top and bottom points of meshes)
Almost surely, no bottom point of one mesh is the top point of another mesh.

Proof Assume that z € R? is the bottom point of a mesh M (r,[) and the top point of another
mesh M (r’,l"). By Propositions (c) and (d), any # € Wr starting in M(r,1) must
pass through z (and likewise for [ e Wl). Therefore, I’,r’, and 7 are three paths entering z
disjointly. This can be ruled out just as in the proof of Theorem 3.11 in [FINRO6], where it is
argued that a.s. there is no point z € R? where two forward and one backward path in (W, W)
enter z disjointly. [

7 Characterization with meshes

In this section, we prove Theorem [ as well as Propositions H B and We fix a left-
right Brownian web and its dual (W', W', W!, Wr) and define Nhops Nyvedge, and NMyesh as in

Section Bl The key technical result is the following lemma, which states that Proposition
holds for Npesh-

Lemma 41 (Containment by left-most and right-most paths)
Almost surely, there exist no © € Nyesh and 1 € W' such that I(s) < w(s) and w(t) < I(t) for
some o V op < s <t. An analogue statement holds for right-most paths.
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Proof Without loss of generality, we may assume that o; > o,; otherwise consider a left-most
path starting at any time in (o, s) that is the continuation of . By Lemma B9, there exists
a locally finite collection of meshes on the left of I, with bottom times in [0, 00), that block
the way of any path in Nyesn trying to enter the area to the left of [. (See Figure B) |

Proof of Theorem [7] and Proposition B We start by proving that NMpesh C Nyvedge- Since
by Lemma B8, paths in Men do not enter wedges through their bottom points, it suffices
to show that paths in Nyeqn do not cross dual left-most and right-most paths in the wrong
direction. By Lemma B2 it suffices to show that paths in M esn do not cross forward left-most
and right-most paths in the wrong direction. This follows from Lemma BTl

Since it has already been proved in Lemmas 27, P8, and B0 that Nyesh O Nnop = Nivedge:
it follows that all these sets are a.s. equal. This proves Theorem [l Lemma Bl now translates
into Proposition B |

Proof of Proposition El By Theorem [ and Proposition B, the Brownian net A associated
with a left-right Brownian web (W! W) consists exactly of those paths in II that do not enter
meshes. It is easy to see that this set is closed under hopping. [ |

Proof of Proposition Let (W! W) be the left-right Brownian web associated with
N. We have to show that for each ¢ € [—o00,00] and 7 € II; such that # C UWN N1IL),
we have 7 € N. By Theorem [ each mesh of (W' Wr) with bottom time in (¢,00) has
empty intersection with U(N N1II;), and therefore m does not enter any such mesh. Again by
Theorem [, it follows that m € A/. ]

8 The branching-coalescing point set

In this section, we prove Theorem [[11 We start with two preparatory lemmas.

Lemma 42 (Hopping paths start_ing from a closed set)
Let N be the Brownian net. Let K C R be compact, t € R, and let D', D* C R? be deterministic
countable dense sets such that moreover, D' N (K x {t}) is dense in K x {t}. Then

N(K x {t}) = TI(K x {t}) N Heros WD) U WE(DY)). (8.1)

Proof The inclusion D is trivial. To prove the other inclusion, by the dual characterization of
the Brownian net (Theorem [[[), it suffices to show that any path 7 starting in K x {t} that
does not enter wedges from outside can be approximated by paths in Heres(W!(D) UWF (DF))
starting in K x {t}. We use the steering argument from the proof of Lemma For a path
m € N with starting point (7(0),0,) = (z,t), where z € K, and for t =t; < --- < t,, and
e > 0, we construct a ‘fish-trap’ with left and right boundary f,i as in Figure [ We need to
show that there exists a path n° that stays between 7 and [. This will follow from the same
arguments as in the proof of Lemma BT, provided that ((7(¢),1(t)) x {t}) N D' is nonempty.
Since t is deterministic and dual paths do not meet at deterministic times, we have #(t) < I(t).
Since K is closed, K¢ is the countable union of disjoint open intervals. Denote the set of
endpoints of these intervals by B. We now distinguish the cases ¢ B and x € B. If ¢ B,
then 2 € K N (z,00) and 2 € K N (—o0, x) (or one of the two if = +00). Since D'N (K x {t})
is dense in K x {t}, ((7(t),1(t)) x {t}) N D! is nonempty. If 2 € B, then since B is countable
and dual paths do not hit deterministic points, #(t) < = < I(t) for all # € B, hence also in
this case ((7(t),1(t)) x {t}) N D" is nonempty. |
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Lemma 43 (Almost sure continuity) B
Let N be the Brownian net, and let K,, K € K(R) and t,,t € R be deterministic sets and
times satisfying K,, — K and t, — t. Then N (K, x {t,}) = N(K x {t}) a.s.

Proof Using the compactness of NV, by going to a subsequence if necessary, we may assume
that (K, x {t,}) — A for some compact subset A C N. Obviously, all paths in A have
starting points in K x {t}, so A C N(K x {t}). To prove the other inclusion, choose a
deterministic countable dense set D C R? such that moreover, D N (K x {t}) is dense in
K x {t}. For each z € DN (K x {t}), choose z, € K,, x {t,} such that z, — z. Thenl,, — [,.
If I, crosses a path » € W', then for n large enough, [, crosses r. Therefore, it is not hard to
see that

ADII(K x {t}) N Hepos( W (D) UWH(D)). (8.2)

By Lemma B2 it follows that A D N (K x {t}). N

Remark We conjecture that Lemmas B2 and B3] stay true if the set K x {t} is replaced by a
compact set K C R? such that K = K\{(*, —00)}, but we have not been able to prove this.
We do not even know how to prove the analogue statements for the Brownian web.

Proof of Theorem [l The continuity of sample paths of (& ):>0 is a direct consequence of
the definition of & and the fact that N is a K(II)-valued random variable. The fact that & is
a.s. locally finite in R for deterministic ¢ > s follows from Proposition

For ¢ > 0, the transition probability kernel P; on K(R) associated with ¢ is given by

P(K, ) =P e, KeKk®). (8.3)

Note that the right-hand side of (83]) does not depend on s € R by the translation invariance
of the Brownian net. By Lemma B3 if K,, — K and t, — t, then

Py, (Ky,) =Pl €] = Ple T e ] = RI(K), (8.4)

n—~0o0

proving the Feller property of (P;):>0. We still have to show that (P;);>0 is a Markov transition
probability kernel. This is not completely obvious, but it follows provided we show that, for
any s < tg < 11,

]P)[ftl € - ! (fu)ue[s,to}] = Py —1 &ty ) a.s. (8.5)
Let 7| == {(m(u),u) : u € [s,#] N [0, 00]} denote the restriction of a path m € II to the time
interval [s,t], and for A C II, write Al% := {r|% : 7 € A}. In view of the definition of &, it
suffices to show that

PIN(E x {shlyy € - [N(K x {s}]] =PIV (&, x {to}) € -], (8.6)

where A is an independent copy of M. Let (W! W) be the left-right Brownian web as-
sociated with /. By the properties of left-right coalescing Brownian motions, (W', VV‘V)|t_0Oo
and (Wl,Wr)];’g’ are independent, and therefore, by the hopping construction, it follows that
N, and N[f° are independent. In particular, &, and N(K x {s})|% are independent of
N(R x {to}). To show (B8, it therefore suffices to show that

N(K x {s})|z = N (&, x {to}) a.s. (8.7)

The inclusion N (K x {s})[5> C N (&, x {to}) is trivial. To prove the converse, we need to
show that any path 7 € N (&, x {to}) is the continuation of a path in N (K x {s}). By the
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definition of &, we can find 7’ € N(K x {s}) such that 7/(t9) = 7(to). Let #” be the path
obtained by hopping at time ¢y from 7’ to 7. We claim that 7”7 € N(K x {s}). Indeed, if this
is not the case, then by the dual characterization of the Brownian net, 7" must enter a wedge
from outside, which can only happen if (7(ty),to) lies on the boundary of a dual path. This
is not possible since &, is locally finite and independent of (Wl, Wr)\%’, and a.s. no Brownian
web path passes through a deterministic point.

To prove (LZT7), note that K € K'(R) if and only if sup K < oo, or sup(K NR) = oo and
oo € K, and likewise at —oo. Thus, by symmetry, it suffices to show that, almost surely,

(i) sup(&s) < oo implies sup(§) < oo Vit > s,
(ii) sup({sNR) =00  implies sup(&NR) =00 V> s, (8.8)
(iii) 00 € & implies oco€& Vit>s.

Formula (i) follows from the fact that (sup(&;))¢>s is the right-most path in N (&s % {s}), which
is a Brownian motion with drift +1. Formula (ii) is easily proved by considering the right-most
paths starting at a sequence of points in s NR tending to (oo, s). Lastly, formula (iii) follows
from the fact that N (oo, s) contains the trivial path 7(t) := oo (t > s). ]

We end this section with a proposition that will be used in the proof of Lemma E6l, and that
is of interest in its own right. Note that the statement below implies that, provided that
the initial states converge, systems of branching-coalescing random walks, diffusively rescaled,
converge in an appropriate sense to the branching-coalescing point set.

Proposition 44 (Convergence of branching-coalescing random walks)
Let B,,en, — 0 with ﬁn/en_—> 1. Let A, C Zeven, A € K(R) satisfy e, A, — A, where —
denotes convergence in K(R). Then

£(S2, Us, (A x {01)) = LIN(A x {0})). (8.9)

Proof Going to a subsequence if necessary, we may assume that £(Sc, (Us, ,Us, (A, x{0}))) =
L(N,A) for some compact subset A C N(A x {0}). To prove the other inclusion, choose a
deterministic countable dense set D C R? such that moreover, DN (A x {0}) is dense in A x {0}.
By the same arguments as those used in the proof of Theorem B4l to show that NMpe, C N,
we have

(A x {0}) N Heros WD) UWH (D)) C A. (8.10)
By Lemma B2 it follows that AV/(A x {0}) C A. |

9 The backbone

In Sections and .2, we prove Propositions [[4] and [[3, respectively.

9.1 The backbone of branching-coalescing random walks

Let Rg be an arrow configuration. Recall the definition of 77{1 from (). Let Zeyen := 2Z and
Zioqd := 27+ 1. For any s € Z and A C Zeyen or A C Zygqq depending on whether s is even or
odd, setting

Ax{s}
t

N =1 (tE€Z, t>s) (9.1)
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defines a Markov chain (7;);>s taking values, in turn, in the spaces of subsets of Zeyen and
Zoaa, started at time s in A. We call n = (m)1>s a system of branching-coalescing random
walks. We call a probability law p on the space of subsets of Zeyen an invariant law for n if
L(no) = w implies L£(n2) = p, and a homogeneous invariant law if p is translation invariant
and L(ng) = p implies £(n; + 1) = p. Note that we shift n; by one unit in space to stay on
Zeven'

It is easy to see that E(n(()*’_oo)) defines a homogeneous invariant law for n. Our strategy
for proving Proposition [[4 will be as follows. First we prove that the Bernoulli measure 1,
with intensity p = % is a homogeneous invariant law for 7, and that p, is reversible in
a sense that includes information about the arrow configuration Ng. Next, we prove Propo-
sition [[4l (iii). From this, we derive that there exists only one nontrivial invariant law for 7,
hence E(n(()*’_oo)) = pp, which proves part (i). Lastly, part (ii) follows from the reversibility of
Hp-

We first need to add additional structure to the branching-coalescing random walks that
also keeps track of the arrows in Ng that are used by the walks. To this aim, if (7;)i=s s+1,...
is defined as in (@1I) with respect to an arrow configuration Ng, then we define

Mgy = H{z, 2"}z em, ((2,1), (@, t+1)) € Rg} (t € [s,00) NZ). (9.2)

Note that 7, 1 keeps track of which arrows in R are used by the branching-coalescing random
2

walks between the times ¢ and ¢+ 1. It is not hard to see that (1,44/2)ken, is @ Markov chain.

Lemma 45 (Product invariant law)
43

The Bernoulli product measure i, on Zeyen with intensity p = A2 1s a reversible homo-

geneous invariant law for the Markov chain (s k/2)ken, defined above, in the sense that, if
L(no) = p1p, then for all even t > 0,

ﬁ(n()un%a"' 777t_%777t) = ﬁ(ntant_%w" 777%7770)' (93)

The same holds for all odd t > 1, provided that the configurations on the right-hand-side of
@3) are shifted in space by one unit.

Proof It suffices to prove the statement for ¢t = 1, i.e., we need to prove that if L(ng) = p,,
then

£(770,77%,771) 25(771 +1777% +17770+1) (94)

Indeed, since (1/2)ten, is Markov, (1o, ...,n,_1) and (n,, 1,...,7) are conditionally indepen-
2 2

dent given 7, for all s € [1,¢] N Z. The identity ([@3) for general even ¢ > 0, and its analogue
for odd t > 0, then follow easily from (@4]) by induction.
Note that 7,/ determines 7 and 7y a.s. Indeed,

10 =42 € Zeyen : 37" € Zoga s.t. {z,2'} € n%},

9.5
m =42 € Zoaq : 3T € Zeyen s.t. {,2'} € n%} (9:5)

Therefore, (@A) follows provided we show that
L(m1/2) = L(miyo +1). (9.6)
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We will prove ([L8]) by showing that if £(n9) = p, with p = ﬁ, then L(n;/2) is a Bernoulli
product measure on the set of all nearest neighbor pairs of integers. Note that for € Zeyen,
the event {z,r + 1} € 7/, means that the arrow from (,0) to (z 4 1,1) is used by a random
walker. Since L(7g) is a product measure, arrows going out of different x,2’ € Zeyen are
obviously independent. Thus, it suffices to show that for © € Zeyen, the events {z,z—1} € n; /2
and {z,x + 1} € 11/, are independent. Now, for = € Zeyen,

P[{z,z — 1} € n1p and {z,z + 1} € ny5] = pf, (9.7)

while
P{z,x =1} € o] =P[{z,z + 1} €myp0] = P(Tﬁ 3). (9-8)
Thus, we obtain the desired independence provided that p8 = ( 5 )2, which has p = = 4%)2
as its unique nonzero solution. [ |

Proof of Proposition [[4] (iii) By going to a subsequence if necessary, we may assume that
Us(xy,t,) — A for some A C Ug. Since all paths in A start at (x, —oc0), A C Ug(x, —o00). To
prove the other inclusion, it suffices to show that for each 7 € Ug(*, —00) and t € Zcyen, for
n sufficiently large we can find 7’ € Ug(xy,t,) such that 7' = 7 on [¢,00) N Z. By hopping,
it suffices to show that for each even N > 0 and t € Zgyen, there exists ng such that for all
n = ny,

[—N,N]N{n(t) : 7 € Ug(xn,tn)} D [-N,NJN{n(t) : m € Ug(x,—0)}. (9.9)

Let [ := lA(_N_Lt) and 7 := 7(y414) be the dual left-most and right-most paths in &5 started
from (—N — 1,¢) and (N + 1,t), respectively. By the strong law of large numbers, almost
surely R
i .
lim s) = and lim #s) = —pf. (9.10)
§—>—00 —S§ s§——00 —8

Therefore, by our assumptions on (z,,t,), we have #(t,) < x,, < I(t,) for n sufficiently large.
Since forward paths and dual paths cannot cross, it follows that eventually [, ¢.)(t) < —N
and N <7y, 4,)(t). Therefore, any path 7 € Ug(, —o0) passing through [~ N, N] x {t} must
cross either l(;, ;) Or 7(4, 1,). Since we can hop onto 7 from either I(,,, ¢.) Or (4, ¢,), formula

@3) follows. |

Proof of Proposition 4 (i) and (ii) It is not hard to see that ﬁ(néo’_oo)) is the maximal
invariant law of n with respect to the usual stochastic order. Proposition [[4 (iii) implies that

0,0 0,—2 0,—
Plng,” €] =Blny " €] = P’ € ). (9.11)
Using monotonicity, it is easy to see from (@IT]) that ﬁ(néo’_oo)) is the limit law of 79, as

n — oo for any nonempty initial state ng. In particular, this implies that E(n(()o’_oo)) is the
unique invariant law of ) that is concentrated on nonempty states, and therefore, by LemmaEH]
(07_00) —
L(ng ) = Hp-
Part (ii) now follows from the reversibility of y, as formulated in Lemma ]
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9.2 The backbone of the branching-coalescing point set
In this section, we prove Proposition

Proof of Proposition (iii) This can be proved by the same arguments as in the proof
of Proposition [[4] (iii), except we now need Proposition Hl to hop between paths in the net. B

We will derive parts (i) and (ii) of Proposition [Tl from their discrete counterparts, by means
of the following lemma.

Lemma 46 (Convergence of the backbone)
If Bn,en — 0 with By, /e, — 1, then

E(Sen Us,, (*, —oo))) = E(N(*, —oo)) (9.12)

n—~o0

Proof By going to a subsequence if necessary, using Theorem [, we may assume that

L(S., Uz, Uz, (*,—00))) = LN, A), (9.13)

where NV is the Brownian net and A C N. Since all paths in A start in (*, —00), obviously A C

N (x,—00). To prove the other inclusion, it suffices to show that (using notation introduced
in the proof of Theorem [IT])

N (%, —o0)|;” = A][”. (9.14)

for all t € R. As a first step, we will show that
{m(t):m e N(x,—0)} = {m(t) : m € A}. (9.15)

The inclusion D is clear. Taking the limit in Proposition [[4 (i), we see that for all ¢ € R,
{m(t) : m € A} is a Poisson point set with intensity 2. On the other hand, taking the limit in
Proposition [, we see that {n(t) : # € N(*, —00)} is a translation invariant point set, also
with intensity 2. Hence (@IH) follows.

Since the inclusion D in ([@I4) is clear, it suffices to show that the law of A/ (x, —oo)‘tOO
is stochastically dominated by the law of A|?O with respect to the usual partial order of set
inclusion. Let P be the random set in (IH). Clearly N (x, —oo)LC:O C N(P x {t}). By the
independence of N|. ., and N[ (see the proof of Theorem [MI), it follows that N'(P x {t})
is equally distributed with N (P’ x {t}), where P’ is a Poisson point set with intensity 2,
independent of . By Proposition B, the law of A|;X’ is the same as that of N'(P’' x {t}), and
the desired stochastic domination follows. n

Proof of Proposition (i) and (ii) The statements follow by a passage to the limit in
Propositions [[4 (i) and (ii), using Lemma EGl |

A Definitions of path space

In this appendix, we compare the definition of the path space II and its topology used in
the present paper with the definitions used in [FINR0OZ, [FINR0O4]. Let P be the space of all
functions 7 : [0, 00] — [—00, 00|, with o, € [—00, 00], such that ¢ — O4(x(t),t) is continuous
on (—o00,00). For my,m9 € P, define d(y, m2) by (LH) and define d’ in the same way, but with
the supremum over all ¢ > o, Aoy, replaced by an unrestricted supremum over all t € R. Call
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two elements 71, Ty € P d-equivalent (resp. d’-equivalent) if d(m1, ) = 0 (resp. d'(m1,m3) = 0),
and let IT (resp. IT') denote the spaces of d-equivalence classes (resp. d’-equivalence classes) in
P. Then (II,d) is in a natural way isomorhic to the set of paths defined in Section [ while
(IT',d’) is the space of paths used in [FINR0Z, [FINR04]. The difference between these two
spaces is small. Indeed, two paths 71, 7w are d-equivalent if and only if

On, =0ny, and mi(t) =m(t) Vor <t<oo, (A1)
while they are d’-equivalent if and only if
On, =0y, <00 and m(t) =ma(t) Vor <t <oo. (A.2)

Thus, the only difference between IT and II’ is that while the former has only one path with
starting time oo, the latter has a one-parameter family (W(T))re[—oo,oo] of such paths, given by

o =00, m(c0):=r (r € [—o0,0]). (A.3)

A sequence of paths 7, converges in d’ to the limit 7(") if and only if o, — oo and 7, (o, ) — 7.
Both the spaces (II, d) and (IT', d’) are complete and separable, and the former is the continuous
image of the latter under a map that identifies the family of paths (ﬂ-(r))re[—oo,oo] with a single
path.

Of course, it is more natural to identify all paths starting at infinity. In fact, it seems that
the authors of [FINR04] used the metric in (CH) in earlier versions of their manuscript, but
then by accident dropped the restriction that ¢ > o, A oy, in the supremum [C.M. Newman
pers. comm.].

Acknowledgement We thank Charles Newman, Krishnamurthi Ravishankar, and Emmanuel
Schertzer for answering questions about [FINR04] and [NRS0O6].
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