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BUSY PERIOD ANALYSIS OF THE LEVEL DEPENDENT
PH/PH/1/K QUEUE

AHMAD AL HANBALI

EURANDOM AND DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE,
EINDHOVEN UNIVERSITY OF TECHNOLOGY, THE NETHERLANDS

ABSTRACT. In this paper, we study the transient behavior of a level dependent
PH/PH/1/K queue during the busy period. We derive in closed-form the joint
transform of the length of the busy period, the number of customers served during
the busy period, and the number of losses during the busy period. We differentiate
between two types of losses: the overflow losses that are due to a full queue and
the losses due to an admission controller. For the M/PH/1/K, M/PH/1/K under
a threshold policy, and PH/M/1/K queues we determine simple expressions for
their joint transform.

Keywords: PH/PH/1/K queue; Phase-type distributions; Level dependent
queues; Busy period; Absorbing Markov chains; Matrix Analytical Approach;

1. INTRODUCTION

In practice, it is often the case that arrivals and their service times depend on the
system state. For example, in telecommunication systems this happens at the packet
switch (router): when its buffer size increases, a controller drops the arriving packets
with an increasing probability. In human based service systems, it is known that
there is a strong correlation between the volume of work demanded from a human
and her /his productivity. Moreover, the transient performance measures of a system
are important for understanding the system evolution. All these facts motivate us
to study the transient measures of a state dependent queueing system.

The transient regime of queueing systems is much more difficult to analyze than the
steady state regime. This explains the scarcity of transient research results in this
field compared to the steady state regime. A good exception is the M/M/1 queue
which has been well studied in both transient and steady state regimes. This paper
is devoted to the study of the more general case of the transient behavior of the
state dependent PH/PH/1/K, i.e., the state dependent PH/PH/1 queue with finite
waiting room of size K — 1. In particular, we shall analyze the transient measures
related to the busy period.

Takécs in [14, Chap 1] was among the first to derive the transient probabilities of the
M/M/1/K, referred to as P;(t). Basically, these are the probabilities that at time
t the queue length is j given it was ¢ at time zero. Building on these probabilities
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Takacs also determined the transient probabilities of the M/M/1 queue by taking the
limit of P;;(t) for K — oo. For the M/G/1/K, Cohen [6, Chap III.6] computed the
Laplace transform of P;;(t) and the bivariate transform of the number of customers
served and number of losses due to overflow during the busy period. This is done
using complex analysis. Specifically, the joint transform is presented as a fraction of
two contour integrals that involve K and the Laplace-Stieltjes transform (LST) of
the customers’ service time. Rosenlund in [12] extended Cohen’s result by deriving
the joint transform of the busy period length, the number of customers served and
the number of losses during the busy period. In a similar way to [12], Rosenlund
in [13] analyzed the G/M/1/K and gave the trivariate transform. The approach of
Rosenlund is more probabilistic than Cohen’s analysis. However, Rosenlund’s final
results for the trivariate transform for M/G/1/K and G/M/1/K are represented
as a fraction of two contour integrals. For more recent works on the busy period
analysis of M/G/1/K we refer to [7, 15]. Recently, there was an increased interest
in the expected number of losses during the busy period in the M/G/1/K queue
with equal arrival and service rate; see, e.g., [1, 11, 16]. In this case, the interesting
phenomenon is that the expected number of losses during the busy period in the
M/G/1/K equals one for all values of K > 1.

In this paper, we shall assume that the distribution of the inter-arrival times and
service times is phase-type. For this reason, the embedding of the queue length
process at the instants of departures or arrivals becomes unnecessary in order to
analyze its steady state distribution. We emphasize that is a key difference between
our approach and those used in [6, 12, 13]. For an algorithmic method of the LST
of the busy period in the PH/PH/1 queue see, e.g., [9, 10]. Bertsimas et al. in [4]
derived in closed form the LST of the busy period in the PH/PH/1 queue as a
function of the roots of a specific function that involves the LST of the inter-arrival
and service times.

In [2], we extended the results of Rosenlund in [12] for the M/M/1/K in several ways.
First, we studied a state dependent M/M/1/K with admission control. Second, we
considered the residual busy period that is initiated with n > 1 customers. Moreover,
we derived the distribution of the maximum number of customers during the busy
period and other related performance measures. In this paper, we shall extend
these results by considering the level dependent PH/PH/1/K queue. In a similar
way to [2], this shall be done using the theory of absorbing Markov chains. The key
point is to model the event that the system becomes empty as absorbing. Contrary
to the analysis in [2], the derivation of the joint transform shall not use the explicit
inverse of some Toeplitz matrices, however, we shall here proceed with a different
approach that is based on the analyticity of probability generating functions.

The paper is organized as follows. In Section 1.1, we give a detailed description of
the model and the assumptions made. Section 2 reports our results that shall be
presented in a number of different Theorems, Propositions, and Corollaries. More
precisely, Theorem 1 gives our main result for the four variate transform as function
of the inverse of a specific matrix. Proposition 1 presents a numerical recursion to
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invert this matrix. In Propositions 2, 3, and 4, we derive the closed form expressions
for the four variate transform for the M/PH/1/K, the level dependent M/PH/1/K,
and PH/M/1/K queues.

1.1. Model. We consider a level dependent PH/PH/1/K queueing system, i.e., a
level dependent PH/PH/1 queue with finite waiting room of size K — 1 customers.
The arrival process is a renewal process with phase-type inter-arrival times distribu-
tion and with Laplace-Stieltjes transform (LST) ¢;(w), Re(w) > 0, in the case where
the queue length is i € {0,1,..., K'}. The service times distribution is phase-type
with LST &;(w), in the case where the queue length is i € {0,1,..., K'}. A phase-
type distribution can be represented by an initial distribution vector 7, a transient
generator F, and an absorption rate vector F°, i.e., F7'FO = —eT where €T is a
column vector with all entries equal to one. For more details we refer, e.g., to [9,
p. 44]. Then, it is well-known that the LST of the inter-arrival times can be written
as follows

¢i(w) = filwl —F;) ' F?, Re(w) >0, (1)
where the initial probability distribution f; is a row vector of dimension M,, the

transient generator F; is an M,-by-M, matrix, and the absorption rate vector FY is
a column vector of dimension M,. Similarly, the LST of the service times reads

Ei(w) = si(wl —8;)71S?,  Re(w) >0, (2)

where s; is a row vector of dimension M,, S; is an M,-by-M, matrix, and S? is a
column vector of dimension M.

We assume that an admission controller is installed at the entry of the queue that
has the duty of dropping the arriving customers with probability p; when the queue
length is i € {0,1,..., K'}. In other words, the customers are admitted in the queue
with probability ¢; = 1 — p; when its queue length is 7. The arrivals to the queue of
size K are all lost. It should be clear that in this case px = 1 and gqx = 0.

We are interested in the queue behavior during the busy period which is defined as:
the time interval that starts with an arrival that joins an empty queue and ends at
the first time the queue becomes empty again. We note that an arrival to an empty
queue is admitted in the system with probability ¢g, 0 < ¢o < 1. Similarly, we
define the residual busy period as the busy period initiated with n > 1 customers.
Note that for n = 1 the residual busy period and the busy period are equal. In
the following, we shall assume that, unless otherwise stated, at the beginning of the
residual busy period the distribution vector of the phase of the inter-arrival times
and service times is distributed according to f,, and s,.

Consider an arbitrary residual busy period. Let B,, denote its length. Let S, denote
the total number of served customers during B,,. Let L,, denote the total number of
losses, i.e. arrivals that are not admitted in the queue either due to the admission
control or to the full queue, during B,. We shall differentiate between the two
types of losses. Let L¢ denote the total number of losses that are not admitted
in the queue due to the admission control, during B,. Let L? denote the total
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number of the overflow losses that are not admitted in the queue because it is full,
i.e. due to px = 1, during B,,. In this paper, we determine the joint transform
E[e_WB”zf"zQL%szi], Re(w) > 0, |z1] <1, |22| < 1, and |2z3] < 1. We will use the
theory of absorbing Markov chains. This is done by modeling the event that ”the
queue jumps to the empty state” as an absorbing event. Tracking the number of
customers served and losses before the absorption occurs gives the desired result.

A word on the notation: throughout = := y will designate that by definition x is
equal to y, 1{g the indicator function of any event E (1g} is equal to one if E
is true and zero otherwise), 7 the transpose vector of x, e; the unit row vector
of appropriate dimension with all entries equal to zero except the i-th entry that is
one, and I the identity matrix of appropriate dimension. We use ® as the Kronecker
product operator defined as follows. Let X and Y be two matrices and x(4,7) and
y(i, 7) denote the (i, j)-entries of X and Y respectively then X ®Y is a block matrix
where the (7, j)-block is equal to z(i,7)Y.

2. RESuLTS

Before reporting our main result we shall first introduce a set of matrices, then
we define our key absorbing Markov chain (AMC), and finally we order the AMC
states in a proper way that yields a nice structure. The event that the queue
becomes empty, i.e. the end of the busy period, is modeled as an absorbing event
which justifies the need of the theory of absorbing Markov chains.

Let us define the following K-by-K block matrices: the matrix A that is an upper
bidiagonal block matrix with i-th upper element equal to ¢;(F?f;) ® I and i-th
diagonal element equal to F; ® I + I ® S;, the matrix B that is a lower diagonal
matrix with i-th lower diagonal element equal to I® (S¢s;), and the matrix C that is
a diagonal matrix with i-th diagonal element, i = 1,..., K — 1, equal to p;(F?f;) ®1
and K-th element equal to 0, and the matrix D that is a zero block matrix with
(K, K)-block element equal to (F fx) ® I. Note that 77 is a column vector and
fi is a row vector thus F?f; is a matrix. Similarly, S¢s; is a matrix. Moreover,
note that A + B represents the generator of a level dependent PH/PH/1/K queue
restricted to strictly positive queue length, see, e.g., [9, Chap. 3]. Let us denote
Qx(w, 21, 29, 23) = wl — A — 2B — 2,C — z3D. For ease of presentation, we shall
refer to Qg (w, 21, 22, 23) as Q.

Let Q(t) := (Phs(t), Pha(t), N(t),S(t), L°(t), L°(t)) denote the continuous-time
Markov process with discrete state-space & := {1, -+, Mg} x{1, -+, M.} x{0,1,---,
K} xNxNxN, where Ph,(t) represents the phase of the (if any) customer in service
at time ¢, Ph,(t) the phase of the inter-arrival time at time ¢, N(t) represents the
number of customers in the queue at time t, S(¢) the number of served customers
from the queue until t, L°(¢) the number of losses due to admission control in the
queue until t, L°(¢) the number of overflow losses in the queue until t, and N the
set of non-negative integers. States with N(¢) = 0 are absorbing. We refer to this
absorbing Markov process by AMC. The absorption of AMC occurs when the queue
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becomes empty, i.e., N(t) = 0. By setting the initial state of AMC at t = 0 to
(Ps, Pa,n,0,0,0), n > 1, ps € {1,---, My} with distribution vector equal to s, and
o € {1,---, M,} with distribution vector equal to f,, the time until absorption is
equal to B, the residual busy period length. Moreover, it is clear that S, (resp. L?
and L¢), the total number of departures (resp. losses) during the residual busy pe-
riod, is equal to S(B, +¢€) = S, (resp. L(B, +¢€¢) = Lt and L°(B, +¢€) = L?),
e > 0.

During a residual busy period, the processes S(t), L°(t), and L°(t) are counting
processes. To take advantage of this property, we order the transient states of
the AMC, i.e. (4,4, k,l,m,0) € £\ {(-,-,0,-,-,-)}, increasingly first according to o,
then m, [, k, 7, and finally according to . In the following, we shall express the
generator of AMC as a function of the aforementioned matrices A, B, C, and D.
The proposed ordering induces that the generator matrix of the transitions between
the transient states of AMC, denoted by G, is an infinite upper-diagonal block
matrix with diagonal blocks equal to Gy and upper-diagonal blocks equal to Uy,
ie.,

GO UO e e

We note that Gy denotes the generator matrix of the transitions which do not
induce any modification in the number of overflow losses, i.e., L°(t). Moreover, U
denotes the transition rate matrix of the transitions that represent an arrival to a
full queue (an overflow), i.e., transitions between the transient states (i, j, K, 1, m, 0)
and (i,7", K,l,m,0+ 1), where j' is the initial phase of the next inter-arrival time
after an overflow loss. For this reason, Uy is a block diagonal matrix with diagonal
blocks equal to Ugyy. The blocks Uy are in turn diagonal block matrices with entries
equal to D. The block matrix Gg is also an infinite upper-diagonal block matrix
with diagonal blocks equal to G, and upper-diagonal blocks equal to U;. Therefore,
Gy has the following canonical form:

Gl U1
GO: 0 Gl 'U'1 ’ (4)

where U; denotes the transition rate matrix of the transitions that represent a
dropped arriving customer by the admission controller, i.e., transitions between the
transient states (i, 7, k, [, m, o) and (4, j', k,l,m+1,0). For this reason, Uj is a block
matrix of diagonal entries equal to C. The matrix G is the generator matrix of the
transition between the transient states (i, j,k,l,m,0) and (i, 5, k',I',;m,0), i.e. the
transitions that do not induce any modification in the number of overflow losses
and of losses due to the admission controller. Observe that G; has the following
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canonical form:

The upper-diagonal blocks of Gy represent the transition between the transient
states (i,7,k,0 ,m,0) and (',j,k — 1,1 + 1,m,0), i.e. a transition that models a
departure from the queue. For this reason, the upper-diagonal blocks are equal
to the aforementioned matrix B, which is a lower diagonal matrix of ¢-th element
equal to S?s; ® I. The matrix G, represents the transitions due to a modification
in the inter-arrival phase, service phase, or an arrival that is admitted in the queue.
Therefore, G is equal to the previously mentioned matrix A, which is an upper-
diagonal matrix of the following form:

F1®I+I®Sl (]1F10f1®1
0 FoRI+1®Sy ¢pFofa®l
Gy = . . .
FrI+1I®Sk
(6)

In the following we model the event that the queue becomes empty, i.e. the end of the
busy period, as an absorbing event. The joint transform is deduced by determining
the last state visited before absorption.

We are now ready to formulate our main result.

Theorem 1 (Level dependent queue). Assume that the residual busy period starts
with n customers at time zero, and at time zero the phases of the inter-arrival time
and the service time are distributed according to f, and s,. The joint transform of
B,, S,, and L, s then given by

Ele™P 202727 ] = 216, ® fo ® 5,Q5 (1 @ €)7 @ SF.
Proof: Let us denote
Tijhedmol(t) == ]P’(Q(t) = (1,5, k,l,m,0) | (ps,Pa,n, 0,0, O))
The Laplace transform of 7; j  1.m.0(t) denotes

[oe)
Tijdedmo(W) :/ e_w':m’%k’lvmp(t)dt, Re(w) > 0.
=0

Moreover, let us define the following row vectors:
T o tmo(w) = (T1jgetimo(W), - Tty jketmo(W)),
ﬁk,l,m,o<w) = (ﬁl,k,l,m,o<w)7 T 71:[Ma,k,l,m,0(w>)7
ﬁz,m,o(w) = (ﬁl,l,m,o(w)7 T 71:[K,l,m,o(w))-

The Kolmogorov backward equation of the absorbing state (i, 7,0,1,m, 0) reads

d 0/ -
aﬂi,j,o,l,m,o(t) = Tj1i-1,m0(t)ST(1), (7)
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where S9(i) is the i-th entry of S¢. Since (i,7,0,l,m,0) is an absorbing state it is
easily seen that

Tisoamolt) = IP(B <t, Phy(By) = i, Pha(By) = j, Su = 1, LS, = m

L ‘ <p87pa7n7070,0)).

Hence, the Laplace transform of the l.h.s. of (7) is equal to the joint transform
Ed [G_WBnl{PhS(Bn)zi} . 1{Pha(Bn)=j} . 1{Sn:l} . 1{L%:m} . 1{L%:O}]. Taking the Laplace
transform on both sides in (7) and summing over all values of ¢ and j gives that

Eale™"" - Lig,y - Lizgmmy - Lizg=0)] = ZHM 1m.o(W)SY

= Hl,lfl,m,o(w)e @ Sf
= ﬁl—l,m,o(w>(€1 X e)T ® Sf

Removing the condition on S, L¢,, and L? we deduce that

oo o o0

EyeBezinbi i) = Z D A g g o(w)(er @ €)” @ SF

=1 m=0 0=0

= Z 2 25 Z 20 mo(w)(er @ €)' ® S0, (8)
=0 m=0 0=0
We now derive the r.h.s. of Eq4 [e*“’B” P 22L sz } Taking the Laplace transforms of

the Kolmogorov backward equations of AMC we find that
ﬁl,m,o(w)(w]: - A) - l{l,m,OZO}en 0%y fn ® S, + 1{l21}1~_-[l—1,m,0(w>B
+1{m21}Hl,m—1,o(w)C + 1{021}Hl,m,o—1(w)Da (9)

where e, ® f, ® s, represents the initial state vector of AMC. Multiplying (9) by

22722 and summing the result first over all o, then m, and finally [ yields that

Zzl ZZQ ZZ3Hlmo J(wI— A — 2B —2C—23D)=¢,® f,®s,. (10)
Note that (wI — A — 1B — 2,C — 23D), Re(w) > 0, is invertible since it has a

dominant main diagonal. Inserting (10) into (8) completes the proof. O

Remark 1. Assume that the residual busy period starts with n customers at time
zero, and at time zero the phases of the inter-arrival time and the service time are
distributed according to some distribution vectors fno and s,o. The joint transform
of By, Sp, and L, is then given by

E,; [e’WB”zf"ZQ zéz] = z1€, ® frno ® snoQ[}l(el ® e)T ® SY.
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Proposition 1. The joint transform By, Sy, L§, and LS is given by
E,; [6_“’3125122 23{4 } = 211 ®8 (Xl)_leT ® SY,
where X;, 1 =1,..., K — 1, satisfies the following (backward) recursion
Xi = wI-F,I-1I®S;, —2p; F7f; 1 — 21 F f; ® I(Xi+1)_1I ® 57\ 15i+15
with
Xg=wl—FrI-1®Sk — 23Ffr ®L

Proof: According to Theorem 1 the joint transform of By, Sy, L{, and L{ can be
written as

Eq [e_wBlziqué Z:;: ] =21f1 ® 1Qx(1,1)e" ® 57,

where Qg (1,1) is the (1,1)-block entry of Q. Let us partition the matrix Qy as
follows

Fi,| Fpio
- , 11
K ( For | Qr s (1)
where F11 = wl — F1 & I-1 & Sl — nglFlofl & I, F12 = —e ® qulofl & I,
For = —21(e1)T @ T ® Sgsy, Qg1 is obtained from the matrix Qg by removing

its first blocks row and first blocks column. A simple linear algebra gives that the
inverse of Qg reads

-1 (Fj)* ‘ —F'Fip(F3,) " )
_ _ , 12
Q ( —F, Fy (Fj)) ™ ‘ (F3,)~" (12)

where F¥, := Fi; — F15Q%" [Fo1 and F, := Qi1 — Fy F['Fio. It is readily seen
that

Eq [e_wBlzsle Z3L | = afiosF)) e @8]

= 211 ®s1(Fi1 — Fi2(Qr_1) 'Far) e @ Y
= afi@s (wl-F @T-108, - mp Fif o1

PR @ IQk (1, DI ® 5532) TS, (13)

where Q_1(1,1) is the (1,1)-block entry of Q' ,. Qg_; is a tridiagonal block
matrix. Repeating the same way of partitioning the matrix Qg to Qx_1 one can
show that

QK—I(L 1) =wl — F2 X I-1 X SQ - ZQPQFQOfQ X I-— q2F20f2 X IQK_Q(L ].)I X S§83.

Qx_2(1,1) is the (1,1)-block entry of Q' , and Qx_» is obtained from the matrix
Qx_1 by removing its first row and first column. For this reason, we deduce by
induction that Eq4|[e “’Blzsl 2 sz | satisfies the recursion defined in Proposition 1.

U
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2.1. M/PH/1/K Queue. For the M/PH/1/K we have that —F; = F2f; =\, i =
1,---,K,S; =S and S%s; = S°s,i=1,--- , K. Let {(w) = s(wl — S)~15° denote
the LST of the service times. Moreover, we assume that ¢; =¢,i=1,--- | K — 1.

Lemma 1. The function x — zlé(w + A1 —gqx— pZQ)) has My + 1 distinct non-null
T00tS 71, Tar.+1, such that 0 < |rq| <|ra| < -+ < |rans1]-

Proof. Tt is well known that &(w), the LST of the service times which has a phase-
type distribution of M, phases, is a rational function. Therefore, the denominator of
&(w) is a polynomial in w of degree M, and the numerator is a polynomial of degree
< Mj. For this reason, the numerator of z — z1£(w+ A(1 — gz — pz2)) is a polynomial
in x of degree M, + 1. Therefore, the function x — zlf(w + A1 — gz — ng)) has
M, + 1 roots. It is easily checked that zero is not a root of this function.

For the sake of clarity of the presentation, we will assume that these roots are
distinct. In Section 3 we shall relax this assumption by considering that r;; = r;+le,
e>0,1€{l,...,My+1}and [ = 0,...,L — 1, and taking the limit in our final
result for ¢ — 0. This means, we have that r; is a root of multiplicity L. [l

Proposition 2 (M/PH/1/K Queue). The joint transform of B,, Sn, L%, and L¢
for the M/PH/1/K queue is given by

L[ 1 1 da
] 271 JDy aB =17 qudpao—z3 w—z16(wHA(1—qr—p22))
1 dx ’

—wBy, Sn L5 L7,
]E[e 27" 2y " 2 T T
2mi J Do K1 qrt+pzo—23 —216(w+A(1—gx—p22))

where Dq, denotes the circle with center at the origin and with radius |af, [P <
la| < ||, m1 is the root with the smallest absolute value of
z—z&(w+ A1 — gz — pz)) =0. (14)

Proof: According to Theorem 1 the joint transform B,, S,, LS, and L¢ for the
M/PH/1/K queue can be reduced as follows: (due to the Poisson arrivals we have
that f,, = 1 and the vector e is of dimension one, i.e., e = 1 in Theorem 1),

Efe—vBr 250200 = e, @ sQilel @ S, (15)

where Qg in this case is a K-by-K tridiagonal block matrix with upper diagonal
blocks equal to Eg = —¢AI, i-th diagonal blocks equal to E; = wI+ A(1 —pze)I—S,
i=1,---,K —1, and K-th diagonal block equal to Ef = wI + \(1 — 23)I — S, and
lower-diagonal blocks equal to Ey = —215%. Let u = (uy, - ,ug) =€, ® sQl}l.
Note that the entries of the row vector u are in their turns a row vectors of dimension
M; and are all functions of w, 21, 23, and z3. Then (15) in terms of u rewrites

E[e‘“’B"zf”ZZL%z;%] = 21u11.5°. (16)

The definition of u gives that uQg = e, ® s. Developing the latter equation yields
Lisoyuim1Bo + wi[ <1y Er 4 Lpm i B 4+ 1<k-nuiiBs = 1znys,  (17)
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where i = 1,--- , K. Since u; is analytic we deduce from (17) that u;, i =2,--- | K,
are analytic. Multiplying (17) by z* and summing it over ¢ we find that

K
) 1 -1
Z uixZ = (u1E2 + ZL’KUK(ZEEO + E1 — ET) + ZEnS) (ZEE() + E1 + EEQ)
i=1
-1
= (2111 S% — 2”s + A" (qz + pzo — 23)uk) (S —pl+ éSos) (18)
x
where p := w + A1 — qv — pzs). Let S, := S — pl. Note that under the condition

Re[p] > 0 the matrix S, is nonsingular. Hence, the Sherman-Morrison formula, see,
e.g., [3, Fact 2.14.2, p. 67], yields that

21
T + 2585 1S°
The multiplication to the right of (18) with the column vector S° and (19) give

S;15°sS . (19)

*

(s,ﬁJr%Sos)_1 — s

K
; wr'Se = m(aulé’os —2"s 4+ \x™ (qz + pzy — 23)uK) S, 15°, (20)
From (2) we know that sS;15° = —¢(p) and S;15° = — (¢! (p), - - - ,§Ms(p))T, where

& (p) = e;(pI — S)~15°. Therefore, £(p) = s(&(p), - - - ,fMS(p))T is a linear combi-
nation of £(p), i = 1,--- , M. Inserting sS;15° and S;1S° into (20) yields

K M
. —x .
S = 0[S — ")) + M (gt pza — ) Y i€ ()] (21)
— z — z1€(p) s
where ux = (ugy, - ,ukn, ). We recall that u;S° is a joint transform function. For

this reason, the Lh.s. of (21) should be analytical for any finite z. This gives that
the singular points, roots of x — 21£(p), on the r.h.s. of (21) are removable.

Lemma 1 and the analyticity of Zfil w;z'S° gives that

M
Zlulsog(pi) + )\rzK(qu +p22 - 23) Zqufj (pl) = Tzng(pl)’ = 17 e aMs + 17(22)
j=1
where p; := w 4+ A(1 — gr; — pz3). The system of equations in (22) has M, + 1
equations with M, + 1 unknowns which are zyu; S uk1,- -+, uxn,. Using Cramer’s

rule we find that
—w Le Le ° det(Ml)
E[e anlsnz2n23n:| — Zluls —_— W’ (23)

where det(M) is the determinant of the (M, + 1)-by-(M + 1) matrix M with i-th

row equal to (&(p:)/[AMrfS (qri + pz2 — 23)], € (pi), -+, €M (pi)), i = 1, -+, My + 1,
and M; is obtained from M by replacing its first column by

£(p1) §(part1) T
)) .

</\rf(_"(q7“1 +pzy —23) )\rﬁ;{‘l(qrMSH + pzg — 23
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The Laplace expansion of the determinant along the first column of M and M; gives
that

Ms+1 i) (—1)i 11 .
SMe /\fﬁ(np(l)zi +;z2 — det(Ml(z,l))

Ms+1 _ &(pa)(=1)"H! ;

ST SR det (MG, 1))
Ms+1 (~1)¢ .

P fpzz_z3)det(M(z,1)> 4
Ziﬂislﬂ - (=1)° det(M(z',l)) ’

T (qri+pza—23)

E [e_wB"zS ZQL szo]

where M(i, 1) is the M-by-M; matrix that results by deleting the i-th row and
the first column of M, and the second equality follows from &(p;) = r;/z and
M, (i,1) = M(i,1).

Let D, denote the circle with center at the origin and with radius equal to |a|.
Assume that )’%‘ < |a] < |r1]. Let us define f;(x) ~; g;(x) if fi(x)/g:(z) = h(x)

that is independent of 7. Therefore, for K —1—mn > 1 or ¢ > 0 the following equality
holds

Zil\islﬂ — (-1)° det(M(i,l)) 1 1 dz

r; "(gri+pza—z3) 27r1 Do zE=1-7 grtpzo—23 2—216(w+A(1—qz—p22))

Mo+1 1) . - 1 da
Zi:l TiK_l( (rl—l—)ng—z3)det (M(Z7 1)) 2mi fDa K =1 qr+pzo—z3 2—21&(WHA(1—qr—Dp22))
(25)

)

if and only if

1

Res,,
T — zlﬁ(w + A1 — gz — p2o

y (—1)'det (M(i, 1)), (26)

where Res,f(z) is the residue of the complex function f(z) at point a. In the
following we shall prove condition (26).

Since the service times have a phase-type distribution, £(w) is a rational function
with denominator, Q(w), of degree M, and numerator of degree < M. Note that
by Lemma 1 the roots of x — zlf(w + A1 — gz — pZQ)) are distinct. Therefore, we
deduce that

Res 1 _ Q(w + (1 — gr; — pz))
M=z (w A1 - gz — pz2)) (—Aq)Ms ijsf]l#(n —rj)
Q(p:)

Mo+1 .
H] lJr];ﬁz(pl p])
M(i, 1) is an M,-by-M, matrix of j-th row equal to (£'(p;), -+, (p;)) for j =
1,--+, Mg+ 1 and j # i. We have that (see the appendix for the proof)
My+1
HJ 1,j#i Hk; ;;1 k;éz( Pj)

det(M(i,1)) = C (27)
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where C' is a constant, see the Appendix. It is easily checked that

M I s -y elomtee) 23)

Ms+1
j=1,5#1 k=j+1,k#i H] ljyéz(pj pz)

Substituting the last equation into (27) yields

T T ok = ) y Qp)
15 Q) [ (o — i)
Q(Pi)

i (_1)i M,+1 :
H] g1—"_]7'52(pl p])

det(M(i,1)) = C(-1)

The latter equation yields (26) which completes the proof. 0

Remark 2. We emphasize that Proposition 2 extends the result of Rosenlund [12]
on the M/G/1/K in two ways. First, it gives the four variate joint transform of
B,, Sy, LS, and L%, for the case when n > 1. Second, it allows the dropping of
customers even when the queue is not full.

2.2. M/PH/1/K queue under threshold policy. Let m € {1,..., K} denote
the threshold of the M/PH/1/K queue length. According to the threshold policy
if the queue length at time ¢ is ¢ the inter-arrival times and service times are then
defined as follows. For ¢ < m — 1, we have that —F; = F°f = Ao, S; = So, s; = s,
and p; = pp. For m < ¢ < K — 1, we have that —F;, = F?f = X\, S; = S; and
s; = s, and p; = p; and pg = 1.

Let &(w) = s(wl — S;)71S? = Pi(w)/Q;(w), i = 0,1, denote the LST of the service
times when the queue length is below the threshold or above it. Moreover, we let
E(w) = e(wl — S;)71S? = Plw)/QYw), i = 0,1. Note that since Qq(w) is the
common denominator of & (w) we have that & (w) = Pl(w)/Qo(w) is a rational
function where P}(w) is polynomial of degree < M,. Let Cy denote the matrix
with (j,1)-entry equal to the coefficient of w’~! of the polynomial Pi(w). In the
following, we shall assume that the matrix Cg is invertible. Note that the Erlang,
hyper-exponential, and Coxian distribution satisfy the latter assumption.

Lemma 2. The function x — z&; (w—i—)\(l —qix—piZQ)), 1=0,1, has My+1 distinct
non-null roots r;, -+, r(m,+1)i, such that 0 < |ry;| < -+ < |r(a+1)il-

Proof. By analogy with the proof of Lemma 1. 0

We are now ready to state our first result.

Proposition 3 (M/PH/1/K under Threshold Policy). The joint transform of By,
S1, LS,and LS in the M/PH/1/K queue operating under the threshold policy is given

by
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ZMSJrl 21—08(3) Qo(pio)

=1 r""72 HM5+1

—wB S LS Lo - il j:l,]'7éi(pi0_pj0)
E[e 1y le 25 ] = ZMS‘H T Golo) , (29)
=1 r;'ﬂll_l H;MS;];&Z(P'LO PJO)
where, ry0, 1 =1,--- , Mg+ 1, are the roots of
z— 2160 (w + Mo(1 — gz — poz2)) =0,
pio = w + Ao(1 — qorio — poze), Qo(w) is the denominator of & (w),
M, Mo+1 M,
B =>_v(l) > Qolpmo) Y coll, k)vo(k,m),
=1 m=1,m7#i k=1
where co(l, k) is the (I, k)-entry of Cy?,
(=Dt
vo(k, m) = Zumlo X oo X Uy, 0, kymo=1,--- My (30)
Hl 1l W —
where 1 < my < - < myp < My, my, -+ smpyp # k, and (ug, -+ yup,) =

(P107"' y P(i—1)05 P(i4+1)05 " * 7p(Ms+1)0) (f07“ k= M, Zum10 X X Um0 = 1);
and

f 1wt 1-qz—piz2)) da
N — 271 Da1 zK=m qiz+p1za—23 z—21&1 (w+A(1—gi1z—p122)) 31
U( ) =z 1 f 1 1 dr ) ( )
27ri Doy o= qra+piza—z3 v—z161 (wHA(1—q1z—p122))
where Dq, denotes the circle with center at the origin and with radius |oy |, 222=20 <

q1
lag| < |r11|, 11 is the root with the smallest absolute value of

r— 26 (w+ M1 - qz—piz) =0.

Proof: By analogy with Proposition 2 the joint transform Bj, S;, L{, and L{ for
the M/PH/1/K queue can written as follows:

E[e_wBl 51 2y 231): :| =211 ® SQ 6{ & 587 <32)

where in this case Qg has the following canonical form

Foo | Fou
QK_(Fm F, )
The matrix Fy, [ = 0,1, is a block tridiagonal matrix with upper diagonal blocks
equal to Eq, = —¢ A1, diagonal blocks equal to Ey; = wl 4+ A(1 — pz2)I — S; and
lower-diagonal blocks equal to Ey = —2,57s. Note that Fyq is an (m—1)-by-(m—1)
block matrix and Fy; is an (K —m+1)-by-(K —m+ 1) block matrix. Moreover, the
(K—m+1, K—m+1)-block entry of Fy; is equal to Ej; = wI+\;(1—23)I—S;. The
matrix Fg; is a block matrix with all its blocks equal to the zero matrix except the
(m—1,1)-block that is Egg = —goAol. Finally, the matrix Fyq is a block matrix with
all blocks equal to the zero matrix except the (1,m —1)-block that is Eg; = —215¢s.
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Equations (12) and (32) yield that

E[€*w3125122L Z??O} = e S(FOO - FOlF;llFlo) - T © 5

= 2161 ® S(FOO — QO)\oleﬁl(l, 1>S(1)SUTU) ! T Sg,(33)
where U is a row vector of blocks with all entries equal to zero except the last that
is T and F*(1,1) is the (1, 1)-block entry of Fi!

We shall now derive an expression for z;F}}'(1,1)S¢. First, observe that Fy; has the
same structure as the matrix Qg in (15) with K replaced by K —m + 1, A by Ay,
S by Si, and S°s by S?s. Second, note that z,Fi;'(1,1)S¢ is a column vector with
size M, and with j-th entry, referred to as v(j), that reads

v(l) = 2161 @ ¢(F11) lel @Sy, j=1,--+, M, (34)
Therefore, by analogy with the proof of Proposition 2 we find that v(l) satisfies (31).

Note that Fyo has the same structure as the matrix Qg in (15) with K = m — 1,
Ey = Eo, E; = Ejg, E; = Ey, and E; = Ejy — go\ovsUTU. Moreover, (33) has
the same form as (15). By analogy with the proof of Proposition 2 we find that

K s
; i go = _—.:C (0] _ m—1 ' j
; S z — 21&(p) [(Zlulso )& (p) + Aogox ]221 Om—1; (xfo(ﬂ)

—v(j)(p) ) |

where 0 = (01, ,0m-1) = €1 ® S(Foo — qo)\ovsUTU) s Om—1 = (Om—11," ",
Om—1M, ), and p = w + Ao(1 — gox — poz2). Let us denote r;, i = 0,--- , My + 1, the
roots of & — z1&p(w + Ao(1 — gox — poz2)). The analyticity of Zfil 0;7'Sg gives that

M,

21015 fo(ﬂzo) + )\0%7"@0 ZOm 15 Tzofo(on) - U( )50(p20>) = TiO£O(ﬂiO)a

7j=1

where i =1,--- | M+ 1 and p; = w + Ao(1 — gox — poz2). Cramer’s rule yields that
ZMS-H éo(Pz[l)( K det (M()(Z))

=1

SV Mdet (Mo ()

St e L det (Mo (i)
- Mot1 ( (35)
>in1 Tm C2rdet (Mo(i))

where My(i) is an M,-by-M, matrix with j-th row, 7 = 1,--- /M, + 1 and j # 1,

equal to (& (pjo) — v(1)/z1,- -+, &) (pjo) — v(M;)/21). 1t is easily seen that Mo (i)
can be decomposed as follows

E [e’“’Bl zfl 24 zL?}

— o __

1
Mo(i) = V(i) — Z—leTv,



BUSY PERIOD ANALYSIS OF THE LEVEL DEPENDENT PH/PH/1/K QUEUE 15

where V(i) is an Mg-by-M, matrix with j-th row, j = 1,--+ , My+1 and j # i, equal
to (&(pjo)s -+ &0 (pso)). Since &(w) = P{(w)/Qo(w), I = 1,--- , Mj, are rational
functions with common denominator Qo(w) the matrix V(i) can be decomposed as
follows
V(i) = D(i) Vo(4)Co,

where D(7) is an M,-by-M, diagonal matrix with j-th diagonal element, j =1, - |
M +1 and j # 4, equal to 1/Qo(pjo), Vo(i) is a Vandermonde matrix with j-th row,
j=1,---, My+ 1 and j # i, equal to (1,pj0, e ,p%s 1) and Cy is a matrix with
(4,0)-entry equal to the coefficient of w’~! of the polynomial P}(w). By Sylvester’s
determinant we have that

det(Mo(i)) = —det(V( )) (21— vV(i)"e")

_ Zildet (V(@) (21 = vC3 Vo (i) "D (i) e")

1
= —det(V(9)) (21 — vCy Vo (i) L), (36)
21
where d is a column vector of dimension M, with d(j), j-thentry j =1,--- My +1

and j # i, equal to Qo(pjo). By analogy with the Appendix we find that

H] 1,541 Hk =j+1, k;él(Pk:o Pjo)
Hysfjlﬁ Qo(pjo)
Motie 1H H%ﬁh(l)ko Pjo) Qo(pio)
[0 (oo — pio)  TIEs™ Qolpjo)

where the last equality follows from (28). Let vo(k,l) denote the (k,l)-entry of
Vi (i)~! which is of Vandermonde type. Note that the inverse of a Vandermonde
matrix is known in closed form, see e.g. [8]. We deduce from [8] that the values of
vo(k, 1) given in (30). Let us denote cy(7,7) the (i,j)-entry of Cy' it then follows
right away that

= det(Co)(-1) (37)

M,

’UC 1V0 ld Z QO Pmo Z CO(l7 k>vo<k7m)~
= m=1
Substituting the last equation into (35) gives (29), Wthh completes the proof. [

2.3. PH/M/1/K Queue. For the level independent PH/M/1/K we have that

= Ssi = i=1,-,K F, = Fand F°f; = F°f, i = 1,--- K. Let
d(w) = f(wl — F)"'F° denote the LST of the inter-arrival times. Moreover, we
assume that ¢; =¢,7=1,--- , K — 1, and gqx = 0.

Lemma 3. The function x — (q+xpz2)¢(w+p(l—z12)) has M,+1 distinct non-null
T00tS 01, , 06,11, Such that 0 < |oy| < |oo| < -+ < |oag,+1]-

Proof. By analogy with Lemma 1. O
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Proposition 4 (PH/M/1/K Queue). The joint transform of By, S, L%, and L¢
for the PH/M/1/K queue with p >0 andn=1,--- K is given by

o

—wBy, ,Sn Ly L3,
E[e 27" 2y " 25 }

((w+ )1 — p22) — qpiza) (R+ flo)+ %) (38)

where, |a] € C with 70 < |a| <o1| and oy is the root with the smallest absolute
value of

z = (q+ 2pr)p(w + p(l — z12)) =0, (39)
and where
o) - [ L1 1 dx
2mi Jp, 2"t g+ pzorw + p(l — z12) & — (¢ + pzox)d(w + p(l — z1x))’
(40)
1 1 1 dz
_ , 11
9(@) 2mi Jp, 2"t g+ pzr x — (¢ + p2ox)d(w + p(l — z12)) (41)
1 q+ (pz2 — 23)x dx
h (0% = —/ 5 42
(@) 2mi Jp, 2K(q+p=nr) x— (q+ prze)d(w+ p(l — 212)) (42)
I(a) = 1 q+ (pzo — z3)x 1 dx
2mi Jp, xB(q+pzz) w4+ p(l —zz)z — (g +png)¢(w + pu(l — le)) ’
(43)

D,, denotes the circle with center at the origin and with radius to |a|, and finally

R = — (“Zl)n 1 1 (44)

(w+ p)"t quz + p(w + p)ze (w + p)(1 — pz2) — qua1

Proof. According to Theorem 1 the joint transform B, S,, LS, and L? in this case
can be written as follows: (due to the exponential service times we have that s, = 1
and S§ = p in Theorem 1),

E [e_WB"zf”sz%ZgL%} = pzie, ® fo_<1€1T ® e, (45)

where Qg in this case is a K-by-K tridiagonal block matrix with upper diagonal
blocks equal to Ey = —qF°f, i-th diagonal blocks equal to E; = (w + p)I — F —
pzF°f,i=1,--- | K — 1, and K-th diagonal block equal to Ef = (w + u)I — F —
23F°f, and lower-diagonal blocks equal to Ey = —zjul. Let u = (uq,- -+ ,ug) =
en @ fQ%'. Note that the entries of the row vector u are in their turn row vectors
of dimension M, and are all functions of w, z1, 2o, and z3. Eq. (45) in terms of u
rewrites

Maq
E[eBr 28l — pzpune” = pz > . (46)
i=1
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By analogy with the proof in Proposition 2 we find that

K ' . »
Z wir' = (wEs + 2™ ug(zEg + By — E}) + 2" f) (:cEO +E; + EEZ)
i=1

-1
= (MZ1U1 — 2" f + 2" (qx + pzy — 23)uKFOf) (F — 01+ (qx —|—p22)F°f> ,

where 0 := w + u(1l — z;/x). Let F, := F — 0I. Note that under the condition
Re[f] > 0 the matrix F, is nonsingular. Hence, the Sherman-Morrison formula, see,
e.g., [3, Fact 2.14.2, p. 67], yields

o) ! - qr + pz o o
(Fo+ (g +pm)For) = Bl - (quZQ;F_l PSR (47)

Multiplying to the right of Zfil u;z" with the column vector F° and using (47) gives

K
; wr' FO = T+ (gr + QZQ)fF*_IFO (21w —a" f+ 2™ (qu4pze—23)u FO f)F [ FO.

(48)
From (1) we have that fF['F° = —¢(f) and F;'F° = —(¢'(0),--- ,QSM“(Q))T,
where ¢(0) = ¢;(01 — F)~1F°. Therefore, ¢(0) = f(¢'(9),--- , M (9))T is a linear
combination of ¢*(6), i = 1,--- , M,. Inserting fF;1F° and F_1F° into (48) yields

i ‘o o (qu + pza — 23)(O)urc F + iz 300wy (0) — 2" ¢(0) (49)
u;x = — )

v 1 — (qz + pz2)9(0)

where ug = (u11, -+ ,u1p, ). Note that u;F° is a joint transform function. For this

reason, the L.h.s. of (49) is analytical for any finite x and the poles on the r.h.s. of (49)
should be removable. Note that the roots of 1 — (gz + pz2)¢(w + p(1 — 21 /z)) are
equal to the inverse of the roots of z — (¢ + zpz2)(w + pu(1 — z1)).

Lemma 3 and the analyticity of S5 w;a'F° gives that

M,
+ (pzo — 23)0; Y - ; 1 :
1 (p ;.;,_1 3) (b(el)uKF + H1%1 Z u1j<;57(91) = O—n(ﬁ(el), 1= 1, s ,Ma + 1, (50)

) J=1

(¢

where 0; := w + (1 — z10;). The system of equations in (50) has M, + 1 equations

with M, + 1 unknowns which are ug F°, uyq,--- ,uip,. Using Cramer’s rule we find
that
M
c o < det(H)
—wWbn n Ln Ln — — _
E[@ B Zf 2o Zg } = /L21U1€T = Uz E U; = —m, (51)

J=1
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where det(K) is the determinant of the matrix K with i-th row equal to (%ﬁ
0(6;),0"(0;), - -+, ¢M(0;)),i=1,--- ,M,+1, and His an (M, +2)-by-(M, —i—2) ma-
trix with ¢-th row, s =1,--- | M, +1, equal to (‘H@iﬁ%gb( D), 010, oM (),
L ¢(6;)) and (M, + 2)-th row equal to (0,1,---,1, O).
The Laplace expansion of the determinant along the first column of K and H gives
that

Sy R e G (6,) (— 1) det (H(G, 1))
_ Zi]\ial—i-l q“’:;?lf?’)oigb(ﬁi)(—1)i+1det (I{(27 1))

S L el )i det (HI(G, 1)
- - i T

ST e ()i et (K (1, 1))

where a matrix X (i, 1) is obtained by deleting the i-th row and the first column of
the matrix X, and the second equality follows from ¢(6;) = 0;/(q + pz20;).

Note that ¢(w) is a rational function with denominator, Q(w), of degree d = M,
and numerator of degree < d. By analogy with the determinant of M(i, 1) given in
(27) and (28) we find that

E[e‘“’anfan Lo :fo}

q+pz20;

HJ 1,j#i HkMa]Tl k;éz( —6;)
ijafr]l;éz Q¢( )
SIS TLES 0= 0)  Qu(0))
[0 Qu0)  TIh. (0, —6)
My +i— 1H HQ/[ag—:-ll( 0]‘)
[T Qo(0))
1
z = (q+2pz)p(w + p(l — z12))’
where C} is a constant that is a function of the polynomials parameters of the

det(K(z,l)) = Ck

= Ci(-1)

= Cu(=1)

x Res,,

(53)

numerators of ¢'(w), i = 1,--- , M,. Let a € C with ¢/|pzs| < |a| < |o1|. We find
that
Mao+1 1 q+(pza—23)0; i1 . . M, HMa [Tpfeth (0x—0;)
Zi:l ?qzﬁ_#(_l) * det(K(Z7 1)) - Ck(_l) Hf\{akJrljJé;(ej) : ( - h(OZ)),
(54)

where h(«a) is given in(42). Note that the minus sign that is next to h(a) is due to
the fact that the sum of all residues of the function

q+ (pza — z3)x 1
oK (q+ p2x) - (g +px22)¢(w +pu(1 - zlx)) ’

including the residue at infinity which is equal to zero (K > 1), is zero. We shall
refer to the latter property of complex functions as the Inside-Outside property.
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The expansion of the determinant of H(i, 1) along the last column yields
Matl
det(H(i, 1)) = Y =
i=1yi %
where J is obtained by deleting the j-th row and the last column of the matrix
H(i,1). It is easily seen that J is an M,-by-M, matrix with the [-th row equal to
(@(0)), -, &M (6))), 1 =1,--+- M, + 1 and [ # 1,5, and the last row is equal to e.
By analogy with the determinant of M(i, 1) we find that

(_1)Ma+j+1

det(J %)
q + pz20; e(), (55)

C Ma+1 M, Ma+1
det(J) = 0ol J H Q H H (Op — )
l 1,l#4,5 l 1,l#4,5 k=14+1,k#i,j
Mﬁl z+] 1 l]wal fc\/lal—:-ll (ek 01)
Q¢ I=1,l#4,5 Q¢ 01 Hljw{i_'l_;lél( ) Hljw{i—"ljﬁlj( 9.7)
_ ey A TS LG (0 —6)  Qu(6)
Q) Qe O TT (0 — 0)

Qs (0)

0; Tt (60— 65)
where (Q4(0) is due to the last row of det(J) which is equal to e = (1,---,1) =

(Pé(O)/Qé(O), e ,P(ZZ)\/"“(O)/Q(Z) 2(0)). It follows from the definitions of the matrices
J and K that C; = ). We note that

Ma+1 Ma+1

_ Ma+1 wtp
H 0 = (p21) H < o Ol)
st o Qs(0) = ( T4) Py (0)
= (H’Zl) ¢ M
(—pzg)Ma

= (=DM Qu(0)[(w + p)(1 = pz2) — qu],
where the second equality follows from the fact that ol, l=1,--- ,M,+ 1, are the
roots of © — (q + xpza)p(w + p(1 — zlx)) and ¢(w) = Py(w)/Qe(w), and the last

from ¢(0) = 1. Inserting det(J) and 1M 6, into (55) yields

&1 (1) Mt

det(H(i,1)) = > p

j=lj#i J

det
q + pz20; ¢ <J)

[T T (6 — 6))

= Cy(=1)"[(w+ p)(1 = pz) — qu=]

et Qu(6)
Qs(9:) %fl 1 Qs(9;)
0: TTZ (00— 60:) 4=, 05 a+p20i 0, T[40, (60— 0;)

(56)
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Note that, for p >0 and n=1,..., K, we have that

Ma+1
Z 1 1 Qs(6;)
M
j=1,j#i J Q+p220]6 Hl 14;;1](91 6)
Ma+1
SIS 1 1 (0; — 0,)Qs(0;)
j=1 o~ 1q+p220]9 H1Ma1+l;1é]( —61)
Ma+1
1 1 1 1
= (=1)Ma {91' ———— —Res,,
=) jz_; 0?_1 q+pz0;0; 71 — (q+ p2x)d(w+ u(l — zw))
Mg+1 1
—Res,,
Q+p2203 "z — (¢ + p2ox)p(w + p(l — z12))

= (—UM"“ (@-(f(@) +R) +g(a)),

where the last equality follows for p > 0 from the Inside-Outside property of the
integrands of f(«) and g(«) given in (40) and (41),

1 1 1 1
R = Reswtu—r7
w1 2" g + prw + p(l — 212) 1 — (g + pax)d(w + p(l — z11))
(w + u)”*l gz + p(w + )z (w + p)(1 = pz2) — quz
Substituting (53) and (56) into (51) yields
Ie Lo a)l(a

E[e—anZSan 2 | = ((w+p)(1—pz)—qu=) (R + f(a) + %)’

where I(«) is given in (43), which completes the proof. O

Remark 3. We emphasize that Proposition 2 extends the result of Rosenlund [13]
on the G/M/1/K in two ways. First, it gives the four variate joint transform of By,
Sp, LS, and LY, for the case whenn > 1. Second, it allows the dropping of customers
even when the queue is not full. Note that in the particular case with n = 1 and
p=1—¢q=0, we have that f(a) =0, g(a) =1, and R = —1/(w + p(1 — z1)).
Inserting these values into (38) yields that

Mg+1 1— 1—p(w+u(l—z10; Qe (0;
HZz1 Z 2302 (ﬂi(+,u,(/;( zlol) ) HMafl( ) 0,
E[e_WB”zS"z chO} — ' =i 00
273 ZMa+1 1 Qg0 )
=1 of HMa+1 iy

1=1,1i
f nz1(1—z3z) 1—p(w+p(l—z12)) dx
Dq K wtp(l—z1z)  x—p(wtpu(l—z17))

f 1—z3x dx
Dy X z—d(w+p(l—2z12))

We note that the last equation is in agreement with (11) in [13].
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3. DISCUSSION: NON-DISTINCT ROOTS

Until now we have assumed that the roots of the equations in (14) and (39) are
distinct. We shall now relax these assumptions and show that the results in Propo-
sitions 2 and 4 still hold. In the following, we shall focus on extending the result in
Proposition 2. Similarly this can be done for Proposition 4.

Let consider that r; .y = r; +1le, e > 0,1 € {1,..., Mg+ 1} and 1 =0,...,L — 1,
and take the limit in our final result for ¢ — 0. This means that r; is a root of

multiplicity L. In order to show that the results in Proposition 2 hold in this case,
it is readily seen that one needs to prove that

1 1 1
Resy, ——
oKl qr 4+ pze — z3 2 — 21§(w + A1 — qr — pz2))
L-1
1 1 i
— hr% e MS+1Q(p +l) . (58)
0 i i T P22 — 2 Hj:1,j¢i+l(/7z’+l - pj)
First, note that when r; is a root of multiplicity L the complex residue reads
1 1 1
Res,,
B g + pzg — z3 0 — z1§(w + M1 — gz — p29))
B 1 dtt 1 (x —ry)F
(L= D) daEt \ oK1 (qw + pzo — z3) 1 — 21€(w + A1 — gz — p2y)) o,

T=r;

B 1 d! 1 Q(p)
= e T =) [ 10 1)

-1 < L—-1 )(_1)L—1—l
— im
(=A@)F ML = Dm0 b=t =\ (ry 4 1)1 (q(rs + le) + pzo — 23)
Q(pi — Aqle)
=y ’ (59)

[ i r—1 (0 — Agle — pj)

where p = w4+ A1 — qx — pz2), pi = w+ N1 — qr; — pza), and the last equality
follows from the following identity for the analytical function f(z) around xz¢:

x _ limiz ( TZZ )(—1)”_if(xg+ie).

Note that the previous equation follows right away using the Taylor series of f(xq+ie)
around zy and the binomial series of (x — 1) and its derivatives.
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The r.h.s. of (58) rewrites

L—1
li 1 1 Q(pit1)
im
ST qri e pz — 2 Hg 1 j7£z+l(pz+l p;)
L—1
1 1 i — Aql
R (ri +1e) q(ri +1e) +pz2 — 23 HJ —1 j¢z+z(Pz Agle — pj)
where,

Q(p: + leo) _ (=) 1Q(ps + leo)

Ms+1 - — M+1
H] 1+]7$1+l(p1 +leg — pj) 66“ 1“(L —1- l)! Hj:rJ#O’...,Lfl(pi +leg — Pj)

(")
l () 1Qp, + Teo)
(L —1)! 6OL_l H?/I:‘ﬁl;éo,---,Lfl(pi +leg — pj)’

with g = —Age. Inserting the last equation into (60) yields that the r.h.s. and
Lh.s. of (58) are equal, which completes the proof.

APPENDIX

M(i, 1) is an M,-by-M, matrix of j-th row equal to (£'(p;), -+, (p;)) for j =
1,---,M,+1and j # i. Note that £(p) is a linear combination of £!(p), - -+, EM5(p),
and it is a rational function with denominator, Q(p), of degree d = M, and numer-
ator of degree < d. Moreover, £ (p), i = 1,--- , M, are also rational functions with
denominator of degree d; < M, and numerator of degree < d;.

Lemma 4. .
s+1
HJ 1,j#i Hk =j+1, k;éz( - p;)

det(M(i,1)) = C o
t( ( )) Hj:Lj;éiQ(pj)

, (61)
where C is a constant.

Proof. Note that Q(p) is the common denominator of £(p), i = 1,--- , M,, which
yields

Mol
det(M(z,1)) = det(P(p1, ..., pmo+1)) H 00 "
J=L1j#i
where
P'(p1) PY(py)
_ Pl(biﬂ) pM (.pifl)
PO o) =1 Py P |

PY(par,41) e pM: (Prt,11)
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where P'(p), i = 1,---, M, are polynomials of degree < M,. Note that P'(p) #
Pi(p), i # j. Therefore, we deduce that

det (:l?(,Ol7 PN 7pMs+1)) = CV(pl, PN 7pMs+1)7 (62)
where C is the determinant of the matrix with (j, [)-entry equal to the coefficient of
w’™ of PY(w), and V(p1,...,pa.+1) is the Vandermonde matrix:

L ()™
1 pia cee (pz’—l)MS
V(p1,... =
(P15 pry41) 1 pis o (pig1) M ,
Loy oo (o)™

It is well known that, see, e.g., [5],

M Ms+1

det(V(pr,--oom) = [T TI (k= i)

=1, k=j+1 ki

Substituting the latter equation into (62) completes the proof. [l
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