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ON EXACT GROUP EXTENSIONS

JON AARONSON AND MANFRED DENKER

ABSTRACT. We give conditions for the exactness of R%-extensions.

§0 INTRODUCTION

A nonsingular transformation (X, B, m,T) of a standard probability space is
called a fibred system if there is a generating measurable partition a such that
T : a — Ta is invertible, nonsingular for a € a, and a Markov map (or Markov
fibred system) if in addition, Ta € 6(a) mod m V a € a.

Write & = {as; : s € S} and endow SN with its canonical (Polish) product
topology. Let

Y= {s=(s1,82,...) € SN: m(m T *a,,) >0 Vn>1},
k=1

then ¥ is a closed, shift invariant subset of SN, and there is a measurable map
¢ : £ — X defined by {¢(s1,82,...)} := Neey T~ *Va,,.

The closed support of the probability m’ = mo ¢~! is ¥, and ¢ is a conjugacy
of (X,B,m,T) with (X, B(X), m’,shift). Thus we may, and sometimes do, assume
that X = X, T is the shift, and a = {[s] : s € S}.

For n > 1, there are m-nonsingular inverse branches of T' denoted
Vg : T"a — a and with Radon Nikodym derivatives denoted

, __dmou,

Vg = dm

Let (X, B, m, R) be a nonsingular transformation of a standard probability space.
The Frobenius-Perron operators Pgn = Pgn ,, : L1(m) — L'(m) are defined by

/ PRnf-gdmz/ f-goR"dm
X X
and for the locally invertible (X, B, m, T, a) (as above) have the form

Prf= Y lreav) - foua.

n-—1
aeao
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2 JON AARONSON AND MANFRED DENKER

A locally invertible map (X, B, m, T, a) has:
the Renyi property if 3 C > 1 such that Vn > 1, a € ag~*, m(a) > 0:

v, (y)

(z) (z)‘ < C for m x m-a.e. (z,y) € T"a x T™a.

It is well known (a proof is recalled in [A-D-U]) that any topologically mixing
probability preserving Markov map with the Renyi property is ezact in the sense
that ,5; 7 "B = {#,X} mod m.

Examples include:

e topological Markov shifts equipped with Gibbs measures ([Bo],[Bo-Ru]) and
e uniformly expanding, piecewise onto C? interval maps T : [0, 1] — [0, 1] satisfying
Adler’s condition sup,¢(o 1] %“;—;l < oo ([Ad]);

or, more generally,
¢ Gibbs-Markov maps as in [A-D1].

Now let ¢ : X — R be measurable and consider the skew product T} : X xR? —
X xR? defined by Ty(z,y) := (T'z,y+ ¢(z)) with respect to the (invariant) product
measure m X mpgd where mga denotes Lebesgue measure.

We say that ¢ is aperiodic if y(¢) = zhh o T has no nontrivial solution in v €
Rd, z € S'and h : X — S! measurable. It is not hard to show that if T} is ergodic,
and T is weakly mixing, then T, is weakly mixing iff ¢ is aperiodic.

We’'re interested in the exactness of Tj.

We establish two (partial) results in this direction.

Theorem 1. :

Suppose that (X,B,m,T,a) is a probability preserving Markov map with the
Renyi property. Let N > 1 and ¢ : X — R4 be aév'l-measumble (i.e. ¢(x) =
d(ad " (x)) where z € o) “1(z) € a)71).

If Ty s topologically mizing, then Ty, is exact.

For the other result, we assume that (X,B,m,T,a) is an exact probability
preserving locally invertible map with the property that for some Banach space
(L, || - ||z) of functions with || - ||2 < || - ||z, such that Pr : L — L and 3M >0, 0 €
(0,1) such that

|Ppn f — / fdmllz < MO|IfIlL Y f € L.
X

This property can be obtained as a consequence of the quasi compactness of Doeblin-
Fortet operators, see [D-F|, [IT-M]).

Given ¢ : X — R? measurable, we define the characteristic function operators
P.(f) = Pr(eit®) f) (t e RY).

We assume also that P, : L — L (¢t € R?) and that ¢ — P, is continuous
(R — Hom (L, L).

It is shown in [Nag] (see also theorem 4.1 of [A-D1]) that
() there are constants € > 0, K > 0 and § € (0,1); and continuous functions
A: B(0,¢) — Be(0,1), g: B(0,¢) — L such that
|Ph — A(#)"g(t) [x hdm||L < KO™||h||L V|| <e, n>1, he L

and
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(#%) in case ¢ is aperiodic, then V0 < § < M < 00, 3 K >0, 0 < p < 1 such that
IPPRllL < Ko™ VheL, n>1, 6< |y <M.

Examples include:

e (see [A-D1]), (X,B,m,T,a) a Gibbs-Markov maps and ¢ : X — R? uniformly
Holder continuous on partition sets. Here L is a space of Holder continuous func-
tions f: X — C.

e (see [Rou], [Ry]), X = [0,1], m Lebesgue measure, a a partition of X mod m
into open intervals, and T : a — T'a an invertible, m-nonsingular homeomorphism
for each a € a with inf |7”| > 1 and = of bounded variation on X; and ¢ : X — R?
either: of bounded variation on X; or constant on each a € a.

Set ¢, =p+¢poT + ...+ ¢poT" L.

Theorem 2.

Suppose that
(0) V)\>13nk—>oosuchthat(§%:—>0a.e.ask—»oo
and that ¢ is aperiodic;

then Ty is exact.

Remarks.

1) Theorem 2 generalises the corresponding theorem on page 443 in [G].

2) The condition (o) is satisfied if m-dist (¢) is in the domain of attraction of a
stable law.

3) The condition (o) is not satisfied iff 3 A > 1 and € > 0 such that m([|¢n| >
A™) > € V n > 1 and there are independent processes like this.

§1 FROBENIUS-PERRON OPERATORS, EXACTNESS AND RELATIVE EXACTNESS
Let (X, B, m, R) be a nonsingular transformation of a standard probability space.

The tail o-algebra of (X,B,m,R) is T(R) := (o, R™"B and the nonsingular

n=1

transformation R is called ezact if = {0, X} mod m.

Theorem 1.1 [D-L].
1Pr flls = | E(fIT(R))ll1 asn — oo ¥ f € L}(m).

In particular (see [L]), R is exact iff | Pgn f|l1 — OV f € L'(m), [, fdm =0.

Proof.
First note that |Prf| < Pr|f| whence || Pg~ f]|1 | and 3 lim,_, || Pg~ f||1. Next,
Vn2>113 g, € L®(B) with [, (Pg»f)gndm = || Pg~ f||1, whence

|| Pr~ fl|1 =/ fgn o R™dm.
X

By weak * compactness, 3 ny — oo and g € L°°(B) such that g,, o R™ — g weak
* in L>°(B).
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It follows that g € L=®(T(R)), |lgllc < 1 and lim,_ . [|Pr-fll1 = [y fgdm.
Thus

tim || Pg~fll1 < sup{/x fhdm: k€ L¥(T(R)), ||hlleo <1} = |E(f|T(R))]

To show the converse inequality, note that 3 ¢ € L= (7 (R)), ||9llcc = 1 such
that

1-

IEGIT@)I = [ BUAT(R)gdm = | £gam
X X
whence Vn > 1, 3 g, € L*(B),g = g, o R" and

IEGITR)) = /X fgdm = /X fgn o R*dm = /X (Pgn f)gndm < || Pan 1.
O

Let (X,B,m,R) and (Y,C,u,S) be nonsingular transformations of standard
probability spaces. A factor map is a function 7 : X — Y satisfying 771C C
B, roT=Som, mon~!=p.

The fibre ezpectation of the factor map n ; X — Y is an operator

f v E(f|r), L}(X,B,m) — LY(Y,C, )

defined by [, E(f|n)gdp = [, fgondm.
The factor map 7 : X — Y is called relatively exact if

feLY(B), E(flr)=0ae. = |[Pa-fli— 0.

The corollary below appears in [G]. For the convenience of the reader, we supply
a (possibly different) proof.

Proposition 1.2. Suppose that m : X — Y 1is relatively exact, then T(R) =
7~17T(S) mod m.
Proof.

Evidently, #=17(S) C T(R). We show that #=17(S) 2 T(R).

By relative exactness and theorem 1.1, if f € L}(B) and E(f|r) = 0 a.e., then
Jx fgdm =0V g € L=(T(R)).

Thus if f € L3(B) © L?(n~1C), then E(f|r) = 0 a.e. and so

/ fgdm =0V g € L®(T(R)), = f L L*(T(R)).
X

Thus L%(B) 6 L*(7~1C) c L%(B) © L*(T(R)) whence L*(T(R)) C L?*(x~1C) and
T(R)C m~1C mod m.
To see that in fact T(R) C #~17(S) mod m, fix N > 1, then
T(R)=(|R™B= (] R"B
n>1 n>N+1
=R MI(R)c R Nrlc=n"15"Nc.
Taking the intersection over N shows the claim. O

Corollary 1.3 ([G], proposition 1).
If S is exact and w : X — Y is relatively exact, then T s ezact.
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§2 PROOF OF THEOREM 1

For a nonsingular transformation (X, B, m, R), define the tail relation of R:
T(R)={(z,y) e XxX: In>0, R"z = R"y}.

Evidently ¥(R) is an equivalence relation and if (X, B, m) is standard, then
T(R) € B(X x X).

If R is locally invertible, then T(R) has countable equivalence classes and is
nonsingular in the sense that m(T(R)(4)) = 0V A € B, m(A) = 0 where
T(R)A):={ye X: dz€ A(x,y) € Z(R)}

A set A € B(X) is invariant under the equivalence relation ¥ € B(X x X) if
T(A) = A and the equivalence relation ¥ is called ergodic if T-invariant sets have
either zero, or full measure.

The collection of invariant sets under T(R) is the tail o-algebra 7(R) (whence
the name ”tail relation”).

In order to prove theorem 1, it suffices to show that T(T}y) is ergodic.

The tail relation of Ty is given by

UT,)
= {((:L', 8)’(?/’ t)) € (X X G)2 :3dAn>0, T"z=T"y, s—t= d’n(y) - ¢n(x)}
={((z,9), (, 1)) € (X x )*: (z,y) € UT), d(z,y) = s -t}

where ¢ : ¥(T) — R? is defined by ¢(z,y) := 3.°0 ,(#(T"y) — ¢(T™x)).
We prove that ¥(T}) is ergodic by the method of Schmidt (explained in [S]), by
showing that V t € R?, U a neighbourhood of t and A € Bm(A) >0, 3IBe BB C

A and 7 : B — B nonsingular such that (z,7(z)) € T(T) and ¢(z,7(z)) e UV z €
B

This boils down to showing that

VAeB, geR p>0,3BeB, BCA, n>1
and 7 : B — 7B C A nonsingular such that
(1) T"or=T" and || ©T — ¢dn — go|| < 1 on B.

The proof of (1) will be written as a sequence of minor claims, 40,91, ... .
90 We first claim that there is no loss in generality in assuming that N =1 (i.e.
that ¢ : X — R? is a-measurable). This is because (X, B,m,T, af)v 1) is also a
probability preserving Markov map with the Renyi property and inducing the same
(shift) topology on X as (X,B,m, T, a).
fiVs,teS Ie=ksy>1anda=ass = [a1,...as), b =bss = [b1,...bs] €
af!, ay = by = 5 a, = b, =t such that ||¢.(b) — dx(a) — gol| < 7

This follows from topological mixing of Ty.

By the Renyi property, 3 M > 1 such that

M~ 'm(u)m(v) < m(unT o) < Mm(u)m(v) Yu € of ™, v € a§™?, [v1] C Tukl.
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Given u = [u,...,un] € ag'l withu, =t,definer =7, : uNT"a — unNT™"b
by
T(Uly ooy Uny @1y - - Cr, Y) i= T(ULy .. oy Un, b1, .. b, Y).
27r=7,:unT"a — uNT~"b is invertible nonsingular and dm” = M* 283

PROOF

/ dmOTdm:m(uﬂT'"bﬂc)
uNT~"aNc dm

= ME2 0 o (ym(b)m(c)

m(unNT "anNc).

(6)
m(a)
m(b)
m(a)

a

93 PROOF OF 1}
Fix 0 < € < M~ min{m(as.), m(bs:)}, then

m(unT "as ), munNT b,,) > em(u) YV u € af™?, [s] C Tlun).

Let 6 > 0 be so small that § < Tzv(be)y(:(_a_‘;)'

In>1and u € af~! such that m(ANwu) > (1 — §)m(u) and [s] C Tu,].

Consider 7, : uNT "a — uN T~ "b as in §2. Evidently T"** o 7 = T™** and
||¢n+n OT ~ Py — 90” <nonuNnT "a

To complete the proof we claim that 3 B € By B C ANuNnT "a such that
7B C A.

To see this, note that
muNT"an A) >m(unT "a) —m(u\ A) > (e — §)m(u),
whence using €2,

m(b)(e — 6)

m(r(unNT"an A)) > _m(b) m(uNT "anN A) > Mim(a) m(u).

M4m(a)

Since T7(u N T~ ™a N A) C u, the condition on § > 0 ensures that m(r(uNT "a N
A)N A) > 0 whence m(B) > 0 where B := 771 (T(u NT "an A)N A) CA 0O

§3 PROOF OF THEOREM 2

We prove theorem 2 via corollary 1.3. To do this, we must consider Ty as a
nonsingular transformation with respect to some probability P ~ m X mga.

Let p : R? — R, be continuous with JgaP(¥)dy = 1 and define a probability
P on X x R? by dP(z,y) := p(y)dm(zx)dy; then (X x R, B(X x R?), P, Ty) is a
nonsingular transformation with Frobenius-Perron operators given by
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Pry pf(z,y) = Prr(f-19p)(z,y)

L
p(y)
where PTn = PT mXma-

Cons1der the map 7 : X x R — X defined by n(x,y) = . ThlS is a factor map
as it satisfies 771B(X) C B(X xR¢), roTy=Tom, Por ! =m.

The fibre expectation of 7 is given by

B(fln)(@) = [ f(n 9oy (f € I'X x RY,B(X xRY), P)).

By corollary 1.3 and exactness of T, it suffices to show that 7 is relatively exact.
To do this, we show that

| fepin=0ae. —

| APrpesiap= [ \Pry(7-1@p)dm x mee) 0
X xR4 X xR4
as m — oo; equivalently (taking F'(z,y) := f(z,v)p(y)),

(%) / F(z,y)dy=0ae. =— | Pr= F|d(m x mge) — 0
R4 XxRd °
as n — oo.

To prove (x), we first claim that
1 for A > 1, h € L'(m) and f € L}(R%),

[Py (R ® f)ll < CAE ”PT"’“ (h® f)ll2 +o(1)

as k — oo where C = 28m(B(0,1)) and Fﬁh — 0 a.e..
PROOF As can be checked,

Pry(h® f)(z,y) = Pra(h(-)f(y — 6n(-)))(x) (k€ L'(m), f € L}(R?)).
Denoting E(H) := [, Hdm for H € L*(m), we have

(2) I1Prze (h@ f)lly = /R NE@Pre(h()f (Y = 6n ()))ldy < [ . + /| o

By the Cauchy-Schwartz inequality,

(3) / < +/mga(B(0, 2X)) | P (h @ £)ll2 = CA IIPT"k (R ® f)ll2
|yl <22

whereas
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/ Yk </ | ( T k(h’(.)f(y ¢’Ilk(')) [l nk())|<A k])l y
\[ | 2™ | ( ( (.)f(y ’ "k('))lnd’nk()|>)\"k}))|dy — 1 + II.

Here as k — oo

(4) II < || fIhE(RILfg,, ()1>rm)) = O

since ;Z—z — 0 a.e;; and

I< / E(IAl|f(y = dn) 1|16, (drme])dY
ly[>2A7%

= E(lhll[losnklsm] / |fy ~ ¢nk)|dy>
ly|>2A"k
(5) < E(|R[) |f(y)ldy — 0,
fy|>A™k

Substituting (3),(4) and (5) into (2) proves 1. O
To complete the proof of (), let F € L(m X mga) satisfy [pa F(x,y)dy =0 for
m-a.e. £ € X and fix ¢ > 0. We show that

(%) limsup/ |Pr» F|d(m x mga) < €.
Xxrd °

n-—oo

Standard approximation techniques show that Ve >0, 3 N €N, hy,...,hn €
L, g1,--.,9n € LY(R?) such that fRd gr(y)dy =0 (1< k< N)and

N

€

1F = 7k ® 9kl 3 () < 5
k=1

Next, it follows from theorems 1.6.3 and 1.6.4 in [Rud] that
3 f1,-.., f~v € L' 0 L? such that

e [fr # 0] is compact and bounded away from 0 (1 <k < N);
and

* k= glinienen < R

(1 <k < N), whence

N N N
ID @ f—> m® k]| 11 (mxmga) < > Bkl m) - s = gl ey < %’
k=1 k=1 k=1

N
I - I;hk ® firll 1 (mxmga) < €
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where h € L and f € L' N L? is such that [ f+# 0] is compact and bounded away
from 0.

We claim

92If h € L and f € L' N L? is such that | f # 0] is compact and bounded away
from 0, then 3 0 < p < 1 such that

(6) |Pry(h@ )2 = O(p") as n — co.

Proor
Let [f # 0] ¢ B(0, M)\ B(0,6). By (i) (above), 3 K > 0, 0 < p < 1 such that

|IPPh(z)| S Kp® YeeX, n>1, 6§ <y <M,

whence using the fact that the Fourier transform of y — Pr, (h® f)(z,y)is v —
f (7)P7h(x) and Plancherel’s formula, we have

IPrz ke DI = [ ([ 1Prst 0 Dty Jam(a)

— £ 2| pn 2 mlx

= [ ([ ieripgh@lay ) ane)

= [ JF)PIPpaldy < K2 [ (7P
R4 R4

proving §2. O
To finish the proof of theorem 2, we claim

93 if (6) holds for h € L and f € L' N L?, then

(7) | Pry (R ® f)[ls — 0.
PrRoOF

Fix A > 1 such that A% p < 1. Suppose that %— — 0 a.e.. Using (6), we have
by 91,

nid ngd
1Prre (h® Hlln < CAE |[Ppoac (R ® f)ll2 + 0(1) = O(AE p™) +0(1) — 0
as k — oo; establishing (7) since ||PT£(h Ll O

This completes the proof of theorem 2.
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